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Nonaxisymmetric (2 + 1) black holes with Dym boundary conditions

Miguel Pino 12

* .
" and Francisco Reyes

1t

lDepartamento de Fisica, Universidad de Santiago de Chile, Avenida Victor Jara 3493, Santiago, Chile
*Center for Interdisciplinary Research in Astrophysics and Space Exploration (CIRAS),
Universidad de Santiago de Chile, Avenida Libertador Bernardo O’Higgins 3363, Santiago, Chile

® (Received 8 September 2026; accepted 15 September 2026; published 9 October 2026)

We present the spectrum of stationary black hole solutions associated with the first nontrivial member of
the Dym family of boundary conditions. The analysis combines the holonomy conditions provided by
the Chern-Simons formulation of AdS; gravity with the periodic solutions of the stationary Dym equation.
The resulting spacetimes are characterized by two positive real parameters, two positive integers, and a
relative phase, generically describing stationary, nonaxisymmetric black holes.
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I. INTRODUCTION

Motivated by the study of gravitational dualities beyond
the standard AdS/CFT correspondence, a variety of boun-
dary conditions for the gravitational field have been explored
in the literature [1-18]. Three-dimensional gravity with a
negative cosmological constant has proven to be a particu-
larly fruitful arena for such exploration, owing to its relative
simplicity. Several proposals [19-39] have extended the
well-known Brown-Henneaux boundary conditions [40], for
which the asymptotic symmetries span two copies of the
Virasoro algebra with central charge ¢ = 3¢/2G, where ¢
represents the AdS radius and G is Newton’s constant. One
approach to modifying these boundary conditions is to
exploit the freedom in choosing the boundary behavior of
the lapse and shift functions [41,42]. This path is most
naturally expressed in the Chern-Simons formulation
[43,44], where the dynamical fields are two 8I[(2,R)
connections A*. The radial coordinate p can be removed
by a suitable gauge choice,

A =blatb, + bildb., (1.1)
where b are taken to capture the entire radial dependence of
the fields. The boundary conditions are then given by [45]
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where ¢ and ¢ stand for the temporal and angular coor-
dinates, respectively, while the generators {L;,L_;, Ly}
span 8[(2, R). The functions £* (¢, ¢) represent the dynami-
cal modes, and p~ (¢, ¢) encode the boundary behavior of the
lapse and shift functions. In this formulation, the zero-
curvature condition, equivalent to FEinstein’s equations,
reduces to

H£0,LE = 2LEOpE + pto,LE - ﬁa;,ﬁ. (1.3)

The u* can be chosen freely, provided that the resulting
boundary conditions are consistent. One such possibility is
to choose u* as suitably constructed functionals of £*, for
which the evolution equations (1.3) reduce to members of
integrable hierarchies [31,33,36]. Implications and exten-
sions of these integrable cases have been analyzed
in [35,37,46-52]

A particular family of functionals for u*, introduced
in [36], yields the Dym hierarchy of integrable equations [53]
as the evolution equations. The construction is based on an
expansion of y* in negative powers of the Brown-Henneaux
central charge,

N
247\ N-n+1 SHE
j:zl = n
wmre s (2) T

where Hi denotes the conserved charges of the Dym
hierarchy (see Appendix A), up to an arbitrary positive
integer N.

(1.4)
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An important requirement for any admissible boundary
condition is that it must accommodate physically mean-
ingful solutions, such as black holes. As shown in [36],
configurations with constant £* correspond to black hole
spacetimes, extending the well-known BTZ geometry
[54,55]. The present work aims to characterize the spec-
trum of stationary black hole solutions compatible with the
Dym boundary conditions.

Stationary nonaxisymmetric black holes in three dimen-
sions, often referred to as black flowers, are comparatively
scarce. In several known examples, the angular dependence
is described by arbitrary periodic functions, or the gravi-
tational field equations reduce, for a suitable ansatz, to
linear differential equations [32,56,57]. Configurations
whose angular profile is instead determined by a nonlinear
stationary integrable equation are considerably less
common, with notable examples arising in connection with
integrable hierarchies [31,35,49]. The Dym boundary
conditions provide a new realization of this latter mecha-
nism: the angular dependence of the geometry is con-
strained by the nonlinear stationary Dym equation, and the
existence of smooth black hole solutions requires finding
nontrivial periodic solutions of this equation.

Our analysis is carried out in the Chern-Simons formu-
lation, where black holes can be defined in the Euclidean
framework [42,58,59]. In particular, we impose two
conditions:

(1) The Euclidean manifold must have the topology of a

solid torus.

(2) The corresponding solution to the Dym equation
must satisfy periodic boundary conditions in the
angular coordinate ¢.

We demonstrate the existence of solutions to the N = 1
Dym equation fulfilling these requirements, representing
nonaxisymmetric black hole spacetimes.

The paper is organized as follows. In Sec. II we derive
the conditions that the functions £* must satisfy in order
for the corresponding Euclidean manifold to describe a
solid torus. Section III is devoted to the construction of
periodic solutions to the Dym equation. In Sec. IV we study
the metric properties of the resulting black hole. We
conclude with remarks regarding the higher-order equa-
tions in the Dym family.

II. HOLONOMIES

Following [42,58,59], we define a Euclidean black hole
as a manifold with the topology of a solid torus. An
advantage of the Chern-Simons formalism is that it allows
to probe the topology of the manifold using holonomies
Hol,, where y is a closed curve in the manifold. Hence, for a
black hole configuration, the holonomy along the temporal
cycle should be trivial, while nontrivial in the angular cycle.
In what follows, these two conditions are translated into
requirements for the functions £*.

First, consider the angular holonomy

2z
Hol} = Pexp M A,,i,d(p} (2.1)

Since the connection is flat on shell, the trace of the
holonomy is invariant under continuous deformations of
the curve that preserve its homotopy class. Therefore, a
sufficient condition for the angular cycle to have nontrivial
holonomy is

Tr[Hol;] # 2. (2.2)

We can find a simple sufficient condition ensuring the
above relation, even without knowing the explicit form of
the solutions for L. Consider only the + sector, since
analogous arguments apply to the — sector. We proceed to
calculate the holonomy by means of the associated linear
problem [60,61]

PO _ s,

(2.3)

The auxiliary connection a(}j can be used instead of A{J/j,

since the two are related by a gauge transformation and the
trace of the holonomy is gauge invariant. Once the solution
to (2.3) is found, the angular holonomy is, by definition,

Hol;g = U(2n). (2.4)
We now analyze the solution for the matrix U(¢)

through the corresponding differential equations. For this
purpose, assume that it takes the form

M1(¢>

M2(¢> (23)

01(45)} .

v = |
v2(9)

The linear problem (2.3) implies the identifications u, = u}

and v, = v, together with the following differential

equations':

127 127
u) = —Luy, v =—~Lu. (2.7)
c c
Furthermore, the initial condition U(0) = I implies
'For concreteness, we use the representation

0 1 -1/2 0 0 O
Ll:|: :|’ L0:|: :|7 L_1:|: :|

0 0 0 1/2 -1 0
(2.6)
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w(0) =1 v,(0)
w(0) =0, 21(0)
If £(¢) > 0forall ¢, then the differential equations (2.7),

together with the initial conditions (2.8), imply that u, vy,
u’, and v are strictly increasing functions. In particular,

07
1.

(2.8)

w@r) > 1, o2n) > 1. (2.9)

Therefore,

Tr[Holy] = u (27) + v} (27) > 2. (2.10)
Hence, the condition £(¢) > 0 is sufficient to ensure that
the angular holonomy belongs to the hyperbolic conjugacy
class of SL(2, R) associated with black hole solutions [62].

Now consider the holonomy along the thermal cycle. In
the Euclidean formulation, where for stationary configu-
rations A7 = i A7, the relevant holonomy is

p*
Holf = Pexp {/ A;tdr}, (2.11)
0

where the period * stands for the inverse temperature. For
stationary configurations the holonomy is straightforwardly
evaluated. Notably, the choice

pt = 2nt (2.12)

VB L (0 — ol

renders the holonomy trivial HolZ = —I. Although it seems
to be a function of the angle ¢, A+ is actually a constant
since

4828 W (2LT0pp™ + 0pLEp* — 55 0up™)
c (ﬁlfj_‘ﬂﬁj:’u:i:Z + (a([)/’ti)z _ 2ﬂiaéﬂi)3/2’
(2.13)

0p* = —

whose numerator is proportional to the stationary equation
of motion (1.3), and then vanishes for time-independent on-
shell configurations. Hence, for any stationary solution of
Eq. (1.3), there is a constant 4= that trivializes the temporal
holonomy. Since in general it might be a complex number,
the triviality of the temporal holonomy translates into the
simple condition of a real and positive * given by (2.12).

In summary, the condition £*(¢) > 0 for all values of ¢,
and the existence of a real and positive 4=, ensure that the
topology of the manifold corresponds to a solid torus,
thereby characterizing black hole configurations. The
periodic solutions constructed in the next section fulfill
both conditions.

II1. PERIODIC SOLUTIONS

Another necessary condition to describe a stationary
black hole is that the corresponding solution of the Dym
equations must obey periodic boundary conditions in the
angular coordinate ¢. Although explicit solutions to Dym
equations are scarce [63—73], analytical insight reinforced
by numerical methods is sufficient for the purposes of this
work. We outline the construction of periodic and time-
independent solutions.

For simplicity, we will focus on the case N =1, for
which (1.3) becomes the stationary Dym equation

a¢zi—a;( (3.1)

1
= 0’
2\/£i>

where the functions £* depend solely on the angular
coordinate £*(¢p). We drop the + signs in the following
expressions and will reinstate them when necessary.

By first integrating the equation, then multiplying by the
term 9, (ﬁ) and then integrating once again, the equation
readily becomes

e o) -2

where A and B are integration constants. As a byproduct of
such a procedure, the following identities are obtained:

(3.2)

(04L)% = 16L52(2BVL — L — A), (3.3a)

RL=4L(12BVL-TL-54).  (3.3b)

which will prove to be useful later on. At this point, it is
helpful to perform the field redefinition

1
u
by which Eq. (3.2) becomes
u? = f(u), (3.5)
where the function f(u) is given by
4A B+ VB2-A
f) ==L u—u)u—uy),  w= A
u A
(3.6)

A plot of the function f(u) can be found in Fig. 1.
Further integration of (3.5) is straightforward by sepa-
ration of variables
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4

f(u)

A

FIG. 1. Plot of the function f(u), showing two turning points
u, that surround the region where u’> > 0, which is necessary for
periodic solutions to exist. In this example A > 0 and B > V/A.

/ du
+1/8B — 2 — 4Au

rendering the third integration constant ¢,, which corre-
sponds to a phase. Although not particularly enlightening, the
integral of the left-hand side can be evaluated explicitly,
resulting in combinations of incomplete elliptic integrals of
the first and second kind [64], thus obscuring the possibility
of inverting and expressing u as a function of ¢. Furthermore,
the explicit evaluation of the integral does not clarify whether
the solution obeys periodic boundary conditions.

The necessary condition to obtain real periodic solutions
can be better understood from Eq. (3.5): the function f(u)
should be positive in a range between two real positive
zeros u.., assuring that the function u(¢) oscillates between
two positive turning points. These conditions are met by

imposing A > 0 and B > \/A on the integration constants

(see Fig. 1). Once these conditions are fulfilled, a simple
numerical integration of (3.5) renders the periodic solution
for u(¢) shown in Fig. 2(a). The function L£(¢) can then be
obtained from the relation (3.4) [see Fig. 2(b)].

Intricate relations among the parameters are a staple
characteristic of periodic solutions in nonlinear integrable
equations, and the solution presented here is not an
exception. For example, the inflection point located at
u= ﬁ gives the characteristic “height” of the oscillation. On

the other hand, the “amplitude,” i.e., the difference between
the turning points, is given by u, —u_ = 2—”12_4 Moreover,
the period T of the solution can be obtained from (3.7),
yielding

Uy d
T = 2/ S (3.8)
u- /8B —%—4Au

Since we are interested in periodic solutions in the range
0 < ¢ < 2x, the period is restricted to T = %’”, where m is a
positive integer representing the “mode” of the solution.
Hence, for a chosen value of m, the parameters A and B are
related to each other since the integral in (3.8) must evaluate
to a period 27/m. Hence, the constant B can be obtained
from (3.8) once A and m are chosen [see Fig. 3(b)].

Although not evident from the relation (3.8), for a fixed
value of A, both the magnitude of B and the amplitude
decrease as the mode m increases, as illustrated in Fig. 3(a).
However, arbitrarily large values for m are not supported
for a given A, as can be seen in Fig. 3(b): for a given value
of A (or B), only a finite number of modes can be reached.
Equivalently, attaining a periodic solution with a given
mode m requires the parameters A and B to exceed
corresponding threshold values, as shown in Fig. 3(b).

After finding the periodic solutions, we can evaluate the
Dym conserved charges H,, shown in Appendix A. For this
purpose, relations (3.3a) and (3.3b) prove useful, since they
allow the higher derivatives of L(¢) to be reduced to

1/u? -
ABVBT— A
A -
1/u - 0]

(b)

FIG. 2. Numerical integration of equation (3.5). In this example, A = 2 and B = 1.8945, thus rendering a periodic solution with
T =2 (a) Integration of the function u(¢). (b) Integration of the function £(¢).
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o

(a)

FIG. 3.

A

8 9 10 11 12 13 14 15 16

(b)
Exploring the parameter space of stationary periodic solutions of the Dym equation. As can be seen in the plot on the right, for
= 5, the maximum attainable mode is m = 6, which is the highest displayed in the plot on the left. The limiting values Amm and BS::H

dellmltmg the parameter region supporting the mth mode (represented by small white circles in the plot on the right) are given by

min min

= (%)4/ 3, which follows by evaluating the period integral (3.8) in the limit B — /A. (a) Plots of the function u(¢) for

A =5 and various mode values m = {2, 3, 4, 5, 6} . (b) Parameter space for stationary periodic solutions. Values for A and B within
the shaded area, below the dotted parabola A = B2, are not allowed. The loci where the period corresponds to 2z/m are shown.

expressions involving only the function itself and the
parameters A and B. The resulting expressions are remark-
ably simple, depending only on the first two Dym charges
H, and H,, defined by

Hy = A T Lpydp. Hy = A T VE@dp. (3.9)

and exhibit a recursive structure reminiscent of the recur-
sion relation (A1),

H2 = 2BH| — 2H0, (3103)
2 5 4

H; = (A= 3B%)H, + 5 BH, (3.10b)
4 3 4 2
2 2 2 4

8

+5(=3AB + SB)H, (3.10d)
4 2 3 5
+- ( 3A% + 30AB? — 35B*)H,), (3.10e)

4
1—( —105A%B% + 315AB* — 231B%)H

8

+1 (15A%B — 70AB? + 63B°)H,, (3.10f)

etc. Surprisingly, when setting A = 1, the coefficients in
parentheses correspond to the Legendre polynomials evalu-
ated on B.

To finalize this section, we show that the periodic
solutions indeed fulfill the conditions specified at the
end of the previous section, which are necessary to describe
black hole spacetimes.

First, let us examine the condition £(¢) > 0 required for
a nontrivial angular holonomy. This is trivially satisfied
within the family of periodic solutions identified here, as
the function £(¢) oscillates between two positive values,
without ever reaching zero.

Regarding the temporal holonomy, the inverse temper-
ature f can be evaluated from Eq. (2.12). As we are
addressing the first nontrivial case of the Dym boundary
conditions with N = 1, the function y corresponds to

127 1
¢ VL)

The inverse temperature can then be reduced to a constant
by virtue of the conditions (3.3a) and (3.3b), yielding

== ‘n . (3.12)
127 A + 12 (25 + 125

U= (3.11)
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Given the constraints A > 0 and B > /A, f§ is guaranteed
to be real and positive. Therefore, the temporal holonomy is
indeed trivial within the periodic solution space.

IV. METRIC FORMALISM

Since we are dealing with two copies of the construction
described in the previous section, the full parameter space
of the black hole solution comprises three real numbers and
two integers.

On the one hand, we have the two positive real numbers
A* and the two integers m*. As explained above, for a fixed
value of A* only finitely many values of m* are allowed [see
Fig. 3(b)]. These two parameters uniquely determine the
corresponding values of B* through Eq. (3.8).

Regarding the phases ¢¢ introduced in (3.7), only one of
them can be set to zero by a rotation of the reference frame.
Hence, the physically relevant parameter is the phase
difference A¢ = ¢; — ¢y, which is constrained to lie
within 0 < A¢ < 2.

Once these five parameters are fixed, physical quantities
of the black hole configuration can be determined [74]. For
instance, the black hole mass M is given by

) (4.1)

(

M= 1
¢

24
H{ + Hy +—”(H++H )

which is obtained as the boundary term necessary to obtain
a functionally differentiable Hamiltonian [75].

Although 9, is not a Killing vector for the solution, the
angular momentum of the black hole can still be obtained
from the boundary term of the generator associated with the
corresponding asymptotic symmetry [36]. Its value is

J=H} - Hj. (4.2)

The inverse temperatures of both sectors f* can be
computed from (3.12), while the total black hole inverse
temperature is given by = (7 + 7)/2.

The metric field is constructed from the connec-
tions A* (1.1) by the relation

2

G =5 (AF =), (A7 - AD)), (43)

where (,) denotes the invariant bilinear form of 81(2, R).
The radial dependence is restored by choosing the group
element b, = exp [£1og(%)L,] in (1.1). The nonvanishing
components of the metric then read

2
p 127 ) ( 127 ) 67 { 487
=-=(1+ 1+ 2(AT + A +—B++B
g == (14 ) (147 ) + & a4+ e )
576x*> 3z LML 1447%¢? 127 127 —
c? _?£+3/2[,_3/2] a c’p? <A+ c L+>< +T £ >’ (442)
3xt [ LT L~
- 6mp? 1 1 (Y14 n n _ _ 247 T —
9 ="z <\/Z+— \[—>+ [(E +AT) = (LT+A)+ C(\/C VL)
2.3
s KN 12”\/,c_+>£ <A‘+12—”\/E>£+} (4.4c)
c’p c c
f2
9op = /7 , (4.4d)
12762 144 204
dpp = P+ 2 oy B e (4.4¢)

In the above expressions, primes denote derivatives with respect to ¢p. The relations (3.3a) and (3.3b) are helpful to express the
metric in the desired form, which involves the functions £*(¢) and the parameters A* and B*. We intentionally leave the first

derivatives appearing in (4.4a) and (4.4b) unchanged, to avoid

introducing =+ signs.

Note that the above metric does not satisfy the standard Brown-Henneaux boundary conditions [40]. Instead, it lies
within a broader class of asymptotic behaviors [30,76-79], which generalizes the Fefferman-Graham expansion in three

dimensions [41,80-82].
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(a)

/A

(©)

<<

(b)

X

(d)

FIG. 4. Examples of surfaces at fixed p = py < ¢, illustrating the nonaxisymmetric features of the spacetime. The plots are not to
scale with respect to each other. (a) (AT, A7) = (11.2, 11.2), (m*,m™) = (12, 11), implying (B™, B~) = (3.53, 4.40), and A¢p = 0.
Invariant under dihedral group D;. (b) (A",A7) = (3.50, 4.00), (m",m~) = (5. 5), implying (B*,B~) = (1.99, 2.74), and
A¢ = z/4. Tnvariant under cyclic group Cs. (¢) (AT,A7) = (0.5, 1.2), (m™,m™) = (1, 2), implying (B*,B~) = (1.09, 1.55),
and A¢ = /4. No discrete symmetry group. (d) (AT,A™) = (2.60, 3.00), (m*,m~) = (4, 4), implying (BT, B~) = (1.72, 2.42),

and A¢ = z/4. Invariant under dihedral group D,.

When evaluated in the above metric, Einstein’s equations
are solved by virtue of Dym equation (3.1) and the relations
(3.3a) and (3.3b).

To visualize the nonaxisymmetric features of the space-
time, a useful approach is to examine surfaces at fixed time
and radial coordinate, p = p,. For simplicity, we focus on
surfaces close to the origin, i.e., with p, < £. The induced
geometry on such a surface is approximately given by

12

T 2
T DE G,

These surfaces correspond to closed curves which wobble
around the origin. Several examples for different parameter
choices are illustrated in Fig. 4. By appropriately tuning the
parameters, the resulting curves can display discrete rota-
tional symmetries, reflective symmetries, or a combination
of both.

di~ (4.5)

The absence of axisymmetry in the present solutions
renders the identification of the black hole horizon signifi-
cantly more delicate. Stationary nonaxisymmetric black
holes are comparatively rare in the literature, mainly due
to four-dimensional uniqueness theorems [83-92]. Explicit
examples are typically found in higher or lower dimensions,
or with different asymptotic behavior [31,32,35,57,93-98].

In our case, the spacetime admits the exact Killing
vector field 0,, which allows us to identify the hypersur-
face p = px(¢) where its norm vanishes. Likewise, the

hypersurface where the lapse function N =1/4/—g"
vanishes can be written as p = py(¢). The explicit forms
of the functions pg(¢) and py(¢), though straightforward
to derive from (4.4), are not particularly illuminating and
are therefore omitted. In general, these two hypersurfaces
do not coincide, and neither provides by itself an imme-
diate identification of the event horizon.

084032-7
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These difficulties are alleviated when we consider a
simpler sector of the solution space. Let AT = A~ = A,
B™ =B~ =Band LT = £~ = L. The metric then reduces
to the diagonal form

127 c 1 4 127 2
2 _ _ =A== 2
sV (et ) (a0 vE) [
2 1272
+de2+< . ) g,

In this sector, the angular momentum (4.2) vanishes,
while the remaining Dym charges remain nonzero. Despite
this simplification, the spacetime remains nonaxisymmet-
ric, since L retains a nontrivial dependence on the angular
coordinate ¢, and consequently d, is not an exact Killing
vector.

For the diagonal metric, the two hypersurfaces intro-
duced above coincide and yield the same hypersurface,

(4.6)

P 1om(A+ VD)
Lpz c (1_’_1%”\/1_).

Thus, in this particular sector, pg () = pn(P) = pu(P).

The identification of (4.7) as the black hole horizon can
be tested through two independent thermodynamic con-
sistency checks. First, its surface gravity can be obtained
directly from (4.6) by the usual relation

(4.7)

where h;; denotes the metric on a constant-time spatial

slice. Making use of (3.3), the right-hand side becomes
independent of ¢ and yields

2 12 12 12
Ky = 2\/—” [A ” <2B ”)} (4.9)
c c c

thus related to the inverse temperature f in (3.12) through

Ky = — (4.10)

as expected for a regular nonextremal Killing horizon.

A second independent check follows from the entropy.
Since the horizon is described by p = py(¢), its length
corresponds to

2n
A= [\ fagal, + ol G- D)

In three spacetime dimensions, Ay plays the role of the
horizon area. As shown in Appendix B, the boundary term
of the Euclidean Chern-Simons action evaluated at the
horizon gives

'AH
Seg = 1
S 746

Thus, the entropy obtained independently from the Chern-
Simons formulation (B25) coincides exactly with the
Bekenstein-Hawking entropy associated with the geometric
length of the same curve (4.7).

The agreement between the Lorentzian surface gravity
and the Euclidean temperature, together with the agreement
between the Chern-Simons entropy and the geometric
horizon length, provides two independent consistency
checks supporting the identification of (4.7) as the black
hole Killing horizon in the diagonal sector.

For the general nondiagonal solution, pg(¢) and py ()
no longer coincide, and the identification of the correspond-
ing horizon remains more involved. A detailed analysis of
this case, together with the global causal structure of the
spacetime and the relation between the Killing and event
horizons, will be addressed in subsequent work.

(4.12)

V. FINAL COMMENTS

Having characterized the black hole spectrum for the
simplest nontrivial element of the Dym family of boundary
conditions, we now sketch a method for carrying out the
periodic solution analysis for the higher-order equations in
the Dym hierarchy.

The stationary equation for an arbitrary integer N takes

the form
SHE
0,L5 - ) =0,
¢ ¢<5£i

where the Dym conserved charge H3 is constructed via the
recursive procedure detailed in Appendix A. In analogy
with the N = 1 case described above, this equation admits a
first integration, yielding

¢3Hi
2 4+
L* 8(5£i>—A ,

(5.1)

(5.2)

where the integration constant A plays the same role as
in (3.2).

To proceed with further integrations, we exploit the
integrable structure of the hierarchy. As shown in
Appendix C, multiplying the integrated equation by

9y ( 5 Li) where H3; is any of the Dym conserved quantities,
transforms the equation into a total derivative, affording a
further integration and introducing new integration con-
stants. Once enough integrations have been performed for
different values of M, finding relations equivalent to those
in (3.3a) and (3.3b) becomes an algebraic goal, although
very involved and not simple to achieve. This path toward
finding black holes for the higher members of the Dym
family of boundary conditions will be pursued elsewhere.

It is worth noting that not all the integration constants
emerging from the described procedure are independent,
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since the differential equation (5.1) is of order 2N + 1; two
of them correspond to A* and the phase of the periodic
solution, while the remaining 2N — 1 arise via the
described integrations. Accordingly, the above procedure
can only be applied for values of M from 1 to 2N — 1 before
becoming redundant. This observation can be simply
illustrated in the N = 1 case, where (5.2) becomes

zi_a;(

yields (3.2) and introduces the

1

=A%, 53
2vci) 53
Multiplying by 04,( 5 ﬁi)
constant B*. Multiplying instead by 6¢( 5 Li) and manipu-
lating according to the steps described in the Appendix C
introduces a new constant C*

) -4

(1-522) (%

However, the conditions (3.3a) and (3.3b) imply that
C* = B*? — A*, so C* is not an independent constant.
A similar observation can be made for higher values of M.

L OHF
5[2*

SHE

P oLt

SHE

O6H3 *
e Eﬂ:
SL*

sL* +C

(5.4)
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APPENDIX A: DYM CONSERVED CHARGES H,*

As explained in [99], the conserved quantities of the
Dym hierarchy can be obtained by means of the recursion

o (25)-o(25)

where the Hamiltonian operators are given by D* =
2L%0y 4 04LF and € = 6;’5, and considering as a starting
point the simplest conserved quantity Hy = [d¢L*. In
what follows, the prime denotes derivatives with respect
to ¢. Introducing the notation Hy = [ d¢H;t, the first five
charge densities are as follows:

5Hn+1
SL*

SH
SLF

(A1)

Hi = VL,
1 /5C.%2 1.0
My=— =552 .=)
20WrE\8 L 2L
+14 +12 pEn +12 +1 ptm +(4)
oL (8L TILERLE T LT T LYL 1L ’
3 2/ [E\256 £ 32 [*4 16 £ 12 £ 12 £*2
L 1 /85085 L*° 51051 LF4L*" 35607 LE2LE"2 671 L*3
4 2/ £\ 4096 £ 1024 FT 1280 %0 320 £+
409 LEB LN 1419 LE LI pEm 69 L£E"2 165 Ei/2£i(4)
32 L 160 L5 160 ¢ 64 L
57 ﬁi//ﬁi(zt) 27 Ei/ﬁi(s) 1 ﬁi(6)
+@ [ +@ £ 40 C:tS)’
L 1 185910725 £*'8 37182145 L' L*'0 9006855 L £+
S o/rE\ 262144 N 16384  £*10 14336 £*°
123740331 L7204 1859715 LW LE4 36465 £LE6) £+3
57344 L0 14336  [*8 1792 L£*7
3201627 L' LE" L3 282711 LE2 L2 226083 L L3 L+/2
"~ 3584 L8 3584  LF7 1792 L7
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2145 ﬁi(é)ﬁi/Z 629629 ﬁi—//3£i/2 97383 Ei//Zﬁi—///ﬁi/ 11 ﬁi(7)£i/

896 %6 1024 £ g LE 56 £
1287 LE"LEG) £E 3861 LE"LEH L 180323 L4 253 £F(4)2
T2 £ 204 LF6 Y7068 77 448 5

209 Lﬁi”’Li(5) 121 Ei”ﬁi(6> 1 E:i:(S) 13299 L+ pEm2
24 £ 24 £ 12 L 8% L

10725 £LE"2L+®)
896 L6 > (A2)
The corresponding functional derivatives are
SHY 1
SLE 2/ rE’
OHY 1 (5L 1L
SCE o /LE\I6 LF 4LE)
5H3i 1 1155 Ei/4 231 Ci/zﬁi” 21 ﬁi//Z 7£i/£i/// 1£i(4)
LY o/[E <512 L5664 55 3L T3 it g e >
SHY 1 (425425[* 255255 L*'*L* N 35607 LE2LE2 671 LE73
SCE o /rE\ 8192 £ 2048 [F8 512 [ 128 L6
2145 Ei/SEi/// 1419 Ei/ﬁi//ﬁi/// 69 Ei///Z 825 Li/ZﬁiM)
64 L5 64 [ ed ¥ 128 L6
57 LENLEG) 27 pE LES) 1 £x(6)
+3_2 LE5 +3_2 £ 16 £i4)’
SHE 1 1301375075 L8 260275015 LE" £L+'0 N 9006855 LE" L*'5
SCE o/ rE\ 524288 12 32768 LN 4096  L*10
123740331 L2 L£E* 1859715 LW £+/4 N 36465 L) L3
16384 L£E10 4096 L9 512 [*8
3201627 LE/LE"LE3 282711 LE"2LE2 226083 LELEH) £+72
T 1024 L9 T = T sz L£+8
2145 LEO) L2 4407403 LEBLE? 97383 LE2LE L
56 £ 2048 £ 128 L8
11 ﬁi(7)£i/ 1287 Ei//ﬁi(S)Eil 3861 ﬁi///ﬁi@)ﬁi/
16 £ 32 LY 64 L7
180323 £+ 253 £¥W2 209 £EEG) 121 £LELFO)
T o048 £ T8 056 T ea L6 64 L£i6
1 L*®) 13299 L+ L+ 10725 L*"2 L+ A3
3L 256 £F 0 256 £ ) (A3)
Note that these satisfy the following identity [100]:
2 SHE
HE = T / de e LE. (A4)

APPENDIX B: EUCLIDEAN FORMULATION AND THE COMPLEX DYM EQUATION

In this appendix, we construct the Euclidean counterpart of the boundary conditions introduced in (1.2) and study the
corresponding complex Dym equation. To this end, we follow the Euclidean construction described in [42].
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First, consider a 8[(2,C) connection Af. As in the
Lorentzian case, the radial dependence can be removed
through a suitable gauge choice,

AE = b~'aFb + b~'db, (B1)

where b is taken to depend solely on the radial coordinate
and to capture the entire radial dependence of the fields.
The boundary conditions are then given by

Clg :L _7£EL 1s (BZa)

i 1
Y (ﬂanb; — OpppLo + Ea(%ﬁ/‘EL—l) . (B2b)

o

a, =0. (B2c)

E
P
Here, the complex function L represents the dynamical
mode, while p, also complex, will be chosen as a suitable
functional of Ly and its angular derivatives. Since we
restrict the analysis to stationary configurations, both Lg
and pp are taken to depend solely on ¢.
The zero-curvature condition reduces to
(B3)

C

A procedure analogous to that described in [36] and
outlined in the Introduction can then be applied. To recover
the first nontrivial member of the Dym hierarchy, we
consistently choose

The resulting equation is the stationary complex Dym
equation. Its form is identical to that of its real counter-
part (3.1), except that the dynamical field is now
complex-valued,

0pLr — = 0. (BS)

%a)

The complex Dym equation can be integrated twice
following the same steps as in Sec. III, yielding two
complex integration constants, Ar and By, and fulfilling
the analogous relations

(6¢£E)2 = 16£E5/2<2BE\/ ‘CE - ‘CE - AE)? (B6a)
05 Ly = 4L ?(12Bgy/ L = TLg — 5A). (B6b)

As explained in Sec. II, triviality of the temporal holonomy
fixes the Euclidean period f to

¢
B |- ” . (B7)
127 A +12 2B + 120

For the configuration to define a regular Euclidean geom-
etry, this quantity must in addition be real and positive.

The Euclidean metric components are then recovered by
the usual relation

fZ
, =5 ((AF + A (A + AED). (BS)
127 1
pp =14+ ——7=. B4
¢ ¢ VLg (B4) resulting in
J
2
E_ P 127 127 675 487 —
o=t (1 o) (14 ) = ot 7+ 5 B )
576x° 3z LLLy 1447%¢? 127 — 12z /=
c2 ¢ Ly 327 3/2] + czpz (AE - \/EE> <AE+— L > (B9a)
3nt [ L) Ly
E _ _ 0" E _ E
Gop = 71 cp (£E3/2 E—E3/2>’ (B9b)
6n'p 1 1 Y14 2471'
L+ A Lp+Ap)+— K/ Lg—/L
gn/) (\/L:_E \/?E) C|:(E+ E) (E+ E+ :|
,7275253 127 — 127 |—
—1 Czpz |:<AE+7\/ ’CE>’CE_ (AE+— ’CE>£E:|’ (B9C)
2
Gor = 77> (B9d)
1277 . 1447%*
9¢¢—/) + (Le+ L) + 25 LpLp, (BYe)
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where the overline denotes complex conjugation. By
construction, the resulting metric is real.

It is useful to note that the Euclidean metric can be
formally obtained from the Lorentzian metric (4.4) through
the identifications

£+ = ‘CE7
A” = Ag,

L~ —>£_E,
BJr d BE!

AT > Ag,
B~ — By, (B10)
along with 1 — it.

We now seek the complete set of Euclidean solutions that
can be connected to the Lorentzian solutions described in
Sec. IV. Recall that a Lorentzian solution is characterized
by two independent periodic functions, £ and L~.
Accordingly, its Euclidean counterpart should encode two
independent real periods within a single complex solution.

In general, stationary solutions to the complex Dym
equation possess two independent periods, although these
need not be real. This follows from the fact that periodic
solutions are determined by an algebraic curve. Indeed, by
introducing

1

Lp= —7> PE = UEOpUE, (B11)
Ug
the integrated equation (B6a) can be written as
Pi = —4Agug(up — ug)(ug — ug), (B12)

which defines a complex elliptic curve and, consequently,
a genus-one Riemann surface.

Finding two real periods therefore amounts to identify-
ing two independent closed cycles on this Riemann surface
for which the complex integral

TJ, = f
}/

Ug

ug)(ug — ”E)

% \/ 44, (ME _
(B13)

takes real values. The elliptic curve possesses four ram-
ification points,

{uz, uz,0, 00}, (B14)

where qut are defined as in (3.6). The associated Riemann
surface has the topology of a torus and therefore admits two
independent noncontractible cycles. The corresponding
periods are, however, generically complex.

Determining the conditions on Az and B for which both
periods become real is, in general, a nontrivial problem.
Moreover, the formal identification (B10) and comparison
with the Lorentzian case suggest that the Euclidean solution
should not be fully doubly periodic, but encode the two
periodicities within different parts of the complex function.

This imposes an additional restriction and makes a com-
plete characterization considerably more involved. For
this reason, we restrict the analysis to a particular class
of complex solutions that can be directly related to the
Lorentzian configurations.

A simple class of such solutions is obtained by assuming
constant phases,

Ap = €A, Bp = "B, Lp=¢e%L, (B15)
where A, B, and L are real. Within this ansatz, the
integrated relation (B6a) admits three consistent choices
for the phases (a,7,6),

n  2m 2m r 2 2rm
<_§7_?7?>7 <§9?’_?>9 (07070>5

(B16)
while L satisfies the real stationary Dym equation (3.3a).
Hence, every real periodic solution gives rise to three
constant-phase solutions of the complex Dym equation.

The two nontrivial branches are related by complex
conjugation and therefore give rise to the same Euclidean
spacetime (B9). However, the corresponding Euclidean
period S is complex, and hence these branches do not
describe a regular real Euclidean geometry with solid-torus
topology.

The vanishing-phase scenario remains the only possibil-
ity within this family. In this case, the solution is real,

Lr = Lz = L, and the Euclidean metric reduces to

127 c 1 4 127 2
= () [p () -5 (o ovE)
1272 ) .

This is precisely the Euclidean counterpart of the
Lorentzian spacetime with vanishing angular momentum
described at the end of Sec. I'V.

Having constructed the corresponding real and regular
Euclidean geometry, the entropy can be evaluated from
the Chern-Simons action. In the Euclidean formulation,
the entropy is obtained from the boundary term that must
be added to the action to make it differentiable. In the
Hamiltonian formulation, the variation of such a boun-
dary term is

52
+[7dp2+ <p+ (B17)

SBE = drd’xeio,(AFSAE).  (B18)

1271

This receives contributions from the boundary at infinity
and from the horizon. In the present case, the latter is
described by
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p = pu(d). (B19)

Since the radial coordinate ranges from py(¢) to infinity,
Stokes’s theorem gives

SBE = dr dp(AEGAL)|

p=00
de dp( AL (8A] + pydAL))| .
12” pr=pu(9)

(B20)

12n

The first term contains the contributions from the
asymptotic charges, while the second gives the horizon
contribution. The horizon corresponds to the hypersurface
p = pu(¢), and therefore dp = pl,(¢p)d¢p. Hence, restrict-
ing the connection A* = Afdr + Ajdp + Ajde to the

horizon gives

A, = Abde + (AS + py Ag)dg.  (B21)

=PH

Thus, the combination appearing in the horizon term is
simply the component of the connection tangent to the
horizon.

Equivalently, one may introduce the horizon-adapted
radial coordinate

r=p=pu(d), (B22)

for which the horizon is located at the fixed position r = 0.
In this coordinate system, the variation is performed
keeping the position of the inner boundary fixed, so that
pr(¢) is not independently varied.

On the other hand, Euclidean regularity fixes the
holonomy of the connection along the contractible tempo-
ral cycle. Using a Euclidean-time coordinate with fixed
period, and choosing a gauge in which a fixed represen-
tative of this holonomy is kept fixed at the horizon [42], one
may impose

SAE| _ =0. (B23)

|P—PH

The horizon contribution is then integrable. Recalling that
the Euclidean Einstein-Hilbert action is recovered from
the 81(2,C) Chern-Simons action as Igy = i(Ics[AF] —
Ics[AFT]), then the entropy is given by

(B24

~—

__c FOAE o aE
S=-Cim / dedplAE G+ A

Using the horizon defined in (4.7), this gives

32 12 12
s=21(—) \Ja+-Z(2B+-L
127 c c

x/2”d¢ (A+22/L+ L)V
0 (1+£VE)(A+122V0)

which agrees with one quarter of the horizon length (4.11),
as expected from the Bekenstein-Hawking formula.

(B25)

APPENDIX C: INTEGRATION OF THE Nth
STATIONARY DYM EQUATION

The objective of this appendix is to demonstrate that
Eq. (5.2) becomes a total derivative and can be readily
integrated when multiplied by appropriate terms. In what
follows, we drop the + signs. We begin by multiplying by

the term d, ({S?—LM), yielding,

SHy\ o (6Hy SHy, SHy,
ek U I A
(') = (e oo (o) =26 ()
(C1)

First, the term on the right-hand side of the equation is a
total derivative since A is a constant.

Next, consider the recursion relation (A1), which, after
some straightforward manipulation, can be expressed as

5Hn+l _ Y] 6Hn _ 5Hn+l
La¢< h >a¢{a¢(5£) g( h )] )

Thus, the first term on the left-hand side of Eq. (C1) also
yields a total derivative.

The proof that the second term on the left-hand side is a
total derivative follows the same logic as demonstrating that
the Dym conserved quantities H, span an Abelian algebra
under both Poisson brackets defined by the operators D
and & (see [101]). First, note that both operators are
antisymmetric, in the sense that

fDg+ gDf = 04(2Lfg),

JEg+ gEf = 04(f05,9 — 04 0pg + 9031),

(C3)
(C4)

for any functions f and g. These results, along with the
recursion relation (A1), lead to the identity

< SHy\ (6Hy _¢ OHy 1\ (O0H y—y
5L sC ) 5L 5L

+ boundary terms.

(C5)
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Assuming M > N, without loss of generality, this identity
is applied recursively M — N times, implying

Combining this result with the antisymmetry relation (C4),

(5 (') ==(52) (52)

+ boundary terms. (Co6)

it follows that £ (‘?—EN) (‘Zl—ﬁ’”) is a boundary term. Since the

second term on the left-hand side of equation (C1) differs
only by a boundary term, it follows that this term is also a

boundary term. Thus, the complete Eq. (C1) is a total

derivative and can be readily integrated.
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