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The quest to understand three-body dynamics from first-principle QCD includes the study of
nonresonant and resonant systems. The isospin I ¼ 2 system is of particular interest having no three-
body resonance but featuring a resonance in a subchannel, while also being a coupled-channel problem. In
this study, we calculate the finite-volume spectrum from lattice QCD at two different pion masses, map the
amplitude to the infinite volume through a generalized Finite-Volume Unitarity three-body quantization
condition, investigate the limit of a narrow ρ, and compare with an effective Lagrangian prediction at
leading order. Chiral extrapolations between different pion masses are performed.
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I. INTRODUCTION

Quantum chromodynamics (QCD) dictates the dynamics
of strongly interacting matter that manifests itself in
resonances which exhibit a complex mass and decay pattern
that is difficult to explain directly from QCD. Many
theoretical tools have been developed in the past to address
this issue. Among others, the recently most applied methods
are effective field theories (EFTs), lattice QCD (LQCD),
and functional methods; for a recent review see Ref. [1].
One complication in resolving the resonant hadron spectrum
is that the window in which their multihadron decay
products (three or more) can be safely ignored is usually
small. Already the first excited state of the nucleon, the so-
called Roper resonance N�ð1440Þ1=2þ, is above the ππN
threshold, decaying substantially into effective three-body
channels πf0ð500Þ and πΔ leading to the unusual line shape
of that resonance [2–4].
In recent years, approaching three-body systems from

LQCD has become possible due to two closely intertwined

factors. First, the increased computational capacities and
algorithmic developments made the implementation of
multihadron operators possible; see Refs. [5–21].
Typically, such programs provide a discrete finite-volume
energy spectrum, which encodes the full QCD dynamics.
Relating this spectrum to the infinite-volume (coupled-
channel) amplitude is accomplished by the so-called
quantization conditions (QC). For the development and
application of QCs see Refs. [20–81], papers comparing
different approaches [52,82,83], Refs. [84,85] for dedicated
reviews, and Ref. [86] for a recent status overview.
Matching the quantization condition to energy eigenvalues
from lattice QCD determines the short range, volume-
independent QCD dynamics that enters an integral equation
to calculate the infinite-volume amplitude. A third analysis
step requires the analytic continuation of the amplitude to
the resonance poles to determine the resonance poles’
position and residues, corresponding to masses and branch-
ing ratios. For three-body states, this is a nontrivial step
[87–90]; see also a recent review [91].
Through these developments several repulsive systems

including pions and kaons at maximal isospin have been
studied [9–12,18,46,92,93]. Still, explicit expressions of
the formalisms to other isospin sectors are also available in
Ref. [58] (for the formalism of Ref. [26]) and in [94] (for
the formalism [46] employed in this work). Resonant πππ
system from LQCD has been studied for the IG ¼ 1−;
JPC ¼ 1þþ quantum numbers of the a1ð1260Þ [16] in πρ
coupled S- andD-wave channels. In Ref. [19] the three-pion
system with ωð782Þ quantum numbers was analyzed (see
also a recent analysis in a different formalism [81]), and in
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Ref. [21] the excited pion spectrum was studied revealing
evidence of a resonance that could correspond to
the πð1300Þ.
In this paper we calculate and analyze the intermediate-

isospin I ¼ 2 three-pion system, similar to a recent
analysis [95]. This system is simpler than the I ¼ 1 system
as there is no three-body resonance and there are fewer
channels referring to different possibilities to arrange the
total isospin. It is still different from systems at maximal
isospin because there is a resonance in a subchannel
(“isobar”), the ρð770Þ. We extend the three-body QC to
the appropriate coupled channel system, including all isobars
up to P-wave. This is necessary since I ¼ 2 can be built
either by combining a ρ-meson with a pion or, alternatively,
by combining the isotensor ππ-system in S-wave, referred to
as to “isograviton,” G, with another pion. Comprehensive
studies of (iso)spin structures and channels with pions and
kaons, for (non)strange systems were recently conducted in
Refs. [94,96] for up to nine channels.
After the derivation of the QC, we study technical

aspects, such as the cutoff dependence. We find that by
over-subtracting the one-particle exchange term the volume
dependence of the cutoff can be reduced. This is part of a
larger question: As shown in Ref. [23], there is a one-to-one
correspondence between the finite-volume spectrum and
the on shell, infinite-volume amplitude, up exponentially
suppressed contributions. In principle, the dependence on
the cutoff and the two-body isobar parametrization below
threshold can always be absorbed by energy- and momen-
tum-dependent three-body contact terms. In practice one
has to truncate that dependence, which warrants numerical
tests of residual cutoff dependence that will be carried out.
In addition, here we use the mentioned technique of
oversubtraction of the exchange contribution, that is equiv-
alent to adding a real-valued, energy- and momentum-
dependent contact term. In addition, one of largest sources
of uncertainty comes from the open question of which
channel transitions to fit if only a few lattice QCD levels are
available. We will find that, not entirely unexpectedly, the
largest source of uncertainty of the infinite-volume ampli-
tude comes, indeed, from this source.
Besides LQCD, effective field theories provide another

systematic approach to strong interactions; see, e.g.,
Refs. [1,97–100] for related reviews. In the present work,
we study the predictive power of a particular effective
Lagrangian of πρ interactions [101] that has been used to
study the nature of axial resonance hadronic molecules
[102,103]. Effective Lagrangians also provide an ordering
in energy and momenta that guides the construction and
constrains the form of phenomenological contact terms in
fits to lattice data. See also Ref. [104] for a review.
Besides low energies, another limit to be explored is the

one of a narrow ρ. In that case, the three-body equation
becomes a two-body equation, and results can be repre-
sented in terms of phase shifts and inelasticities. In that

respect, it is of interest to compare to Ref. [105] in which
the ρ is a bound state at almost twice the pion mass than in
the present study.
This paper is organized as follows. In Sec. II we provide

the details of the formalism including the extension to
coupled channels. There we also summarize the corre-
sponding three-body quantization condition providing a
comprehensive set of equations. Finally, cutoff effects are
studied, and a modification of the scheme is provided to
ensure better convergence. In Sec. IV we provide a
qualitative analysis of various aspects of the coupled-
channel dynamics. In that, the cutoff dependence of the
contact term is studied as well as the prediction from
effective field theories. In Sec. V we provide the lattice
QCD finite-volume spectrum at two different pion masses
and quantitative analysis of this spectrum through the finite
volume unitarity (FVU) three-body quantization condition.
The section is finalized providing infinite-volume results.
The paper is concluded in Sec. VI.

II. FORMALISM

A. Coupled-channel three-body scattering amplitude

The unitary three-body scattering amplitude for the pro-
cess πðp1Þπðp2Þπðp3Þ → πðp0

1Þπðp0
2Þπðp0

3Þ can be rewrit-
ten using cluster decomposition in terms of a two-body
cluster (“isobar”) and a third particle (“spectator”) as [32,106]

hp0
1p

0
2p

0
3jT3ðsÞjp1p2p3i

¼ 1

3!

X
i;j

X
m;n

vjðp0̄n; p0̄n̄Þðτ̃jðσp0
n
ÞTjiðs; p0n; pmÞτ̃iðσpm

Þ

þ 2Epn
ð2πÞ3δ3ðp0n − pmÞδjiτ̃iðσpm

ÞÞviðpm̄; p ¯̄mÞ; ð2:1Þ

where i=j denote a combined index of quantum number of
the ingoing/outgoing isobar-spectator states in order. The
total energy squared is denoted by s ¼ P2

3 for the total four-
momentum P3. The invariant mass squared of the isobar is
σq ¼ sþm2 − 2

ffiffiffi
s

p
Eq where Eq ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ q2

p
, q ¼ jqj

and m ¼ mπ is the spectator mass. In each occurrence
x̄∈ f1; 2; 3gnfxg (i.e., x̄ can be anything but x) and
¯̄x∈ f1; 2; 3gnfx; x̄g (i.e., ¯̄x can be anything but x or x̄).
Note that we have unified the notation compared to that of
Refs. [32,106] to ensure the consistency within the present
article. The first summand on the right-hand side of the
previous equation represents the fully connected isobar-
spectator interaction, Tji, which satisfies the integral equation

Tjiðs; p0; pÞ ¼ B̃jiðs; p0; pÞ þ C̃jiðs; p0; pÞ

þ
Z

d3l
ð2πÞ3 ðB̃jkðs; p0; lÞ þ C̃jkðs; p0; lÞÞ

×
τ̃kðσlÞ
2El

Tkiðs; l; pÞ: ð2:2Þ
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Here, the sum over repeating channel indices k is implied.
Note also that, in principle, τ̃ can have subchannels [94,96]
(i.e., different decay channels of the same quantum numbers)
which are absent in the present approach, so here it carries
only one channel index, k.
In this study we consider isospin I ¼ 2 scattering of

three pions with total angular momentum J ¼ 1, i.e.,
IGðJPCÞ ¼ 2−ð1þ−Þ in the three-body center of mass,
P3 ¼ 0. This differs from the a1ð1260Þ channel by the
isospin. For these quantum numbers, all possible pion
isobars up to spin 1 are considered, i.e., the isovector II ¼ 1

ρ channel and the isotensor II ¼ 2 channel abbreviated as
G (“isograviton”) in the following. This defines possible
isobar-spectator channels in the helicity basis as as HB ¼
fπρðλ ¼ −1Þ; πρðλ ¼ 0Þ; πρðλ ¼ þ1Þ; πGðλ ¼ 0Þg, denot-
ing the helicity of the vector-meson by λ. We describe the
matching of two-body amplitudes at the end of this section
and, first, discuss the channel transitions between the πρ
and the πG channels.
In the plane-wave basis, we denote the transition

amplitude from channel i to j as [94]

B̃jiðs; p0; pÞ ¼
ĨFv�jðp;P3 − p − p0Þviðp0; P3 − p − p0Þ
2Ep0þpð

ffiffiffi
s

p
− Ep − Ep0 − Ep0þpÞ þ iϵ

for i; j∈HB; ð2:3Þ

with the angular structures of P- and S-wave isobar decay vertices, respectively,

viðp; p0Þ ¼
�

ϵλðiÞ;μðpþ p0Þðp − p0Þμ for i < 4ðρ of helicity λÞ
1 for i ¼ 4ðGÞ: ð2:4Þ

The incoming ρ-meson, that is not in its center of mass, is
parametrized through the polarization vector ϵ [107] while
the outgoing one is expressed through the complex con-
jugate, ϵ�. Explicit expressions can be found, e.g., in
Ref. [16].
These vertices merely contain the angular structure of the

two-body subamplitudes, that have their isospin structure
absorbed in the definition of the τ̃ [94]. This allows one to
express the isospin coefficients of the transitions as simple
recoupling of Clebsch-Gordan (CG) coefficients,

ĨF ¼
X
m;n
m0 ;n0

ðIIn ISmjII3ÞðII0n0 IS0m0jII3Þ

× ðIxn −m0 IS0m0jIInÞðIxn −m0 ISmjII0n0Þ: ð2:5Þ

As Eq. (2.5) shows, these coefficients describe how an
exchanged particle of isospin Ix couples to the isospin II
(II0 ) of the incoming (outgoing) isobar and the isospin IS
(IS0) of the incoming (outgoing) spectator (the particle
phases associated with πþ and ρþ always cancel). These
isospins are then combined to total isospin I with a third
component I3. For the total isospin I ¼ 2 (for any I3) the
elements read as

ĨFðI ¼ 2Þ∶
πρ πG

πρ 1=2
ffiffiffi
3

p
=2

πG
ffiffiffi
3

p
=2 −1=2

: ð2:6Þ

This clear separation of isospin structure associated with
the exchange and with the propagation is different from
previous work [16,89,108], in which Lagrangians were
used to calculate isospin coefficients. We, therefore,

introduce the “tilde” notation here to distinguish it from
previous work. For example, the πρ → πρ transition B̃ is half
the size of B of these previous studies, while a factor of 2 is
absorbed in τ̃ compared to the previous τ. The calculation of
ĨF in terms of CG allows one to use isobar amplitudes as
“black boxes” in contrast to using Lagrangians that always
contain isospin factors of the isobars themselves. See
Ref. [94] for further discussions.
The partial-wave decomposition of the scattering equa-

tion (2.2) proceeds in the same way as in Refs. [16,89,108].
See Ref. [94] for the chosen convention. In particular, the
partial-wave projection is obtained by

B̃jiðs; p0; pÞ ¼ 2π

Z
1

−1
dzdJλðjÞλðiÞðzÞB̃jiðs; p0; pÞ; ð2:7Þ

where z ¼ cos θ for θ being the scattering angle between p
and p0. Note that for the spinless πG channel, λ ¼ 0. This
expression is given in the helicity basis (HB), while in the
JLS basis the πρ channel can couple to J ¼ 1 in relative
S- and D-wave, and πG couples in P-wave, i.e., JLS ¼
fπρðL ¼ 0Þ; πGðL ¼ 1Þ; πρðL ¼ 2Þg. The transformation
between both bases follows from Ref. [107] as

B̃L0Lðs;p0;pÞ ¼UL0λðjÞB̃jiðs;p0;pÞUλðiÞL for L;L0∈JLS;

ð2:8Þ

ULλ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Lþ 1

2J þ 1

r X
λ2

ðL0 SλjJλÞðS1λ1 S2 − λ2jSλÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Lþ 1

2J þ 1

r
ðL0 SλjJλÞ; ð2:9Þ
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where S1 ¼ S (λ1 ¼ λ) is the spin (helicity) of the isobar
and S2 ¼ 0 (λ2 ¼ 0) is the spin (helicity) of the spectator.
Note that for πρ,

U ¼
0
@ 1ffiffi

3
p 1ffiffi

3
p 1ffiffi

3
p

1ffiffi
6

p −
ffiffi
2
3

q
1ffiffi
6

p

1
A; ð2:10Þ

where the first and second rows denote S- and D-wave,
respectively. For the πG channel, U ¼ 1. After projection,
the infinite-volume, partial-wave projected isobar-spectator
equation reads as

TL0Lðs; p0; pÞ
¼ B̃L0Lðs; p0; pÞ þ C̃L0Lðs; p0; pÞ

þ
Z

Λ

0

dqq2

ð2πÞ32Eq
ðB̃L0L00 ðs; p0; qÞ

þ C̃L0L00 ðs; p0; qÞÞτ̃L00 ðσqÞT̃L00Lðs; q; pÞ; ð2:11Þ

where τ̃0 ¼ τ̃2 ¼ τ̃ρ and τ̃1 ¼ τ̃G. As a last step, we
discuss the matching of the two-body subamplitudes to
the isobars τ̃ρ and τ̃G. Each channel transition TL0L is still
a matrix over the different momenta in the numerical
discretization scheme to solve this equation as discussed in
Sec. VA. Ultimately they are parametrized through phase
shifts that are obtained in an intermediate step from the
inverse amplitude method [109–111] (IAM). The IAM
amplitude represents the two-body amplitude obtained at
the same unphysical pion masses as in the present LQCD
calculations (see Sec. III), encoded in the low-energy
constants (LECs) of Ref. [112]. In principle, one can also
choose other unitary representations of the two-body
input, but here we take advantage of our previous results
[112]. In addition, the IAM contains also the Adler zero
and allows for chiral extrapolations.
Suppressing the channel index, the IAM partial-wave

amplitudes in isospin II are normalized according to
Ref. [113]:

tII ;lðp0; pÞ ¼ 1

32Nπ

Z
1

−1
dxPlðxÞtIIðp0; pÞ; ð2:12Þ

where we use small t and l for two-body subamplitudes
and their angular momentum [l ¼ S from Eq. (2.9)] to
distinguish them from the isobar-spectator amplitude T and
their relative angular momentum L. For identical particles
like pions in any isospin, N ¼ 2. The inversion is given by

tIIðp0; pÞ ¼ 64Nπ2
X
l;m

Y�
lmðp̂0ÞtII ;lðp0; pÞYlmðp̂Þ: ð2:13Þ

Notably, it is the plane-wave tII that enters the ampli-
tude (2.2). No symmetry factorsN should be absorbed in its
definition, which is, indeed, the case here, because that

factor is only present in the partial-wave projected ampli-
tude tIl. As discussed in the context of Eq. (2.5), the isospin
structure of the transitions is clearly separated from that of
the isobars, meaning that for S-wave, II ¼ 2 we simply
have

τ̃G ¼ −t2 ¼ −32πt2;0 ð2:14Þ
with the minus sign originating from an opposite sign in
the definition of the T-matrix in the IAM vs the current
formulation. For the ρ-channel in its center of mass, one can
use that

ϵμλðpÞpμ ¼ −jpj
ffiffiffiffiffiffi
4π

3

r
Y1λðθp;ϕpÞ; λ ¼ −1; 0;þ1

ð2:15Þ
for a vector meson at rest to rewrite Eq. (2.13) as

t1ðp0; pÞ ¼ 96π

p2
t1;1

X
λ

ϵμλpμϵ
ν�
λ p0

ν

¼ 24π

p2
t1;1

X
λ

vρ;λðp; p̃Þv�ρ;λðp0; p̃0Þ

¼ 96π cos θt1;1; ð2:16Þ
with v from Eq. (2.4); θ is the scattering angle, p0 ¼ p̃0,
p ¼ −p̃, p00 ¼ p̃00, and p0 ¼ −p̃0. The second to last
expression allows one to identify vertices v that are
reshuffled to the B-term of Eq. (2.3). The remainder is
identified with τ̃ according to

τ̃ρðσÞ ¼ −
24π

p2
t1;1ðσÞ ð2:17Þ

with p ¼ jpj the ππ magnitude of the center of mass three-
momentum defined in the rest frame of the ρ-meson.
This concludes the identification of the isobar-spectator

propagation with IAM amplitudes which can also be directly
expressed in terms of observables, noting that for any isospin
and partial wave

tIIlðσÞ ¼
ffiffiffi
σ

p
2

1

ðp cot δIIl − ipÞ ; ð2:18Þ

leading to

−
p2

24π

2ffiffiffi
σ

p ðp cot δIIl − ipÞ ¼ 1

τ̃ρðσÞ
¼ K̃−1

ρ ðσÞ − ΣIV
ρ ðσÞ;

ð2:19Þ

−
1

32π

2ffiffiffi
σ

p ðp cot δIIl − ipÞ ¼ 1

τ̃GðσÞ
¼ K̃−1

G ðσÞ − ΣIV
G ðσÞ;

ð2:20Þ
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that can be cast in terms of a real-valued K-matrix like
function K̃ and a loop function ΣIV,

K̃−1
ρ ðσÞ ¼ −

p3 cot δ11

12π
ffiffiffi
σ

p þ ReΣIV
ρ ðσÞ;

ΣIV
ρ ðσÞ ¼ 1

48π2

Z
dk

σ2

E5
k

k4

σ − 4E2
k

;

K̃−1
G ðσÞ ¼ −

p cot δ20

16π
ffiffiffi
σ

p þ ReΣIV
G ðσÞ;

ΣIV
G ðσÞ ¼ 1

64π2

Z
dk

σ2

E5
k

k2

σ − 4E2
k

: ð2:21Þ

With these equations, the three-to-three scattering amplitude
is fully defined. In that, the only unknowns are encoded
in the two-body input K̃ and three-body force C̃. Their
determination from data or effective field theories will be
discussed in the following sections.

B. Coupled-channel three-body quantization condition

Having fixed the infinite-volume three-body scattering
amplitude in the previous section, we are now in the position
towrite down the corresponding three-body coupled-channel

quantization condition. Individual stepping stones of the
derivation have been discussed in Refs. [32,46,47].
The finite-volume spectrum in fE0; E1;…gΓ in a given

irreducible representation of the Oh group Γ is predicted
through the following condition:

ffiffiffi
s

p
∈ fE0; E1;…gΓ ⇔ TΓðsÞ ¼ ∞: ð2:22Þ

The quantity on the right represents a finite-volume
equivalent of the three-body scattering amplitude obtained
by discretizing all momenta in the three-body scattering
amplitude Tð ffiffiffi

s
p Þ, corresponding to a cubic box of size L

with periodic boundary conditions. Specifically, the
allowed momenta are SL ¼ 2π=L · Z3 which means that
in the finite-volume Eq. (2.1) becomes a matrix equation
over the SL ×HB space for the helicity/channel space
HB ¼ fπρðλ ¼ −1Þ; πρðλ ¼ 0Þ; πρðλ ¼ þ1Þ; πGðλ ¼ 0Þg.
Note that the helicity of the spinless ππ isobar G is given
by 0, which allows one to use the same Wigner-D formulas
as for the ρ-meson. In this discretized form the equations
occurring in Eq. (2.2) can be solved directly leading
together with the disconnected part to the following
three-body quantization condition:

Method 1:
ffiffiffi
s

p
∈ fE0; E1;…gΓ ⇔ hEL½ðK̃−1ðsÞ − ΣFVðsÞÞEL − ðB̃ðsÞ þ C̃ðsÞÞ�−1ELiΓ ¼ ∞: ð2:23Þ

Here, h…iΓ denotes the projection to the irreducible representation (irrep) Γ and EL ¼ 2L3Ep diagonal matrix with respect
to channels and spectator momenta p∈SL. Note that this corresponds to solving the discretized scattering equation in the
plane-wave basis before projection to irreps, requiring a suitable labeling of involved three-momenta pi. For completeness
we provide the explicit form of the quantities in Eq. (2.23) in the following. First, the elements of the one-pion exchange
matrix read as

½B̃ðsÞ�ðp0;jÞðp;iÞ ¼ Ĩji
v�jðp;P3 − p − p0Þviðp0; P3 − p − p0Þ

2Ep0þpð
ffiffiffi
s

p
− Ep − Ep0 − Ep0þpÞ

; Ĩji ¼
1

2

0
BBB@

1 1 1
ffiffiffi
3

p

1 1 1
ffiffiffi
3

p

1 1 1
ffiffiffi
3

p
ffiffiffi
3

p ffiffiffi
3

p ffiffiffi
3

p
−1

1
CCCA

ji

; ð2:24Þ

where Ĩji denote the isospin factors of the πρ=πG terms to the total isospin I ¼ 2. It is the explicit representation of the
matrix ĨF in Eq. (2.5), written in the helicity basis HB ¼ fπρðλ ¼ −1Þ; πρðλ ¼ 0Þ; πρðλ ¼ þ1Þ; πGðλ ¼ 0Þg. Next, the
self-energy of the ππ pair is defined combining the infinite- and finite-volume expressions in the unphysical energy region
Reg ¼ ½ ffiffiffiffiffi

s2
p

;
ffiffiffiffiffi
s2

p þ 0.1ð ffiffiffiffiffiffiffiffiffisphys
p − ffiffiffiffiffi

s1
p Þ� for ffiffiffiffiffiffiffiffis1=2

p ¼ ðEp � jpjÞ and ffiffiffiffiffiffiffiffiffisphys
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ 4m2

π

p
þ Ep. This is necessary since

Lorentz invariance is broken on the lattice and the two-body self-energy needs to be determined in the boosted system with
respect to the three-body rest frame; see the discussion in the Appendix of Ref. [16]. Technically these boosts are defined
only for on shell particles, i.e., outside of the above energy region, and, thus, matching is performed as

½ΣFVðsÞ�ðp0;jÞðp;iÞ ¼ δp0p

8>>>>>>><
>>>>>>>:

δjiΣIV
j ðσpÞ for

ffiffiffi
s

p
∈Reg0

BBBB@
ΣLP
ρ ðσp;−1;−1Þ ΣLP

ρ ðσp;−1;0Þ ΣLP
ρ ðσp;−1;þ1Þ 0

ΣLP
ρ ðσp;0;−1Þ ΣLP

ρ ðσp;0;0Þ ΣLP
ρ ðσp;0;þ1Þ 0

ΣLP
ρ ðσp;þ1;−1Þ ΣLP

ρ ðσp;þ1;0Þ ΣLP
ρ ðσp;þ1;þ1Þ 0

0 0 0 ΣLP
G ðσÞ

1
CCCCA

ji

otherwise:
ð2:25Þ
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Explicit formulas for the self-energy terms in finite volume
read, with quantities defined in the isobar rest frame
(superscript ⋆, not to be confused with complex conjuga-
tion �), as

ΣLP
ρ ðσ; λ0; λÞ ¼ 1

2

JP
L3

X
k∈SL

�
σ

4E2
k⋆

�
2 ð−2k⋆μ ϵ⋆μ�λ0 Þð−2k⋆ν ϵ⋆νλ Þ

Ek⋆ðσ − 4E2
k⋆Þ

;

ð2:26Þ

ΣLP
G ðσÞ ¼ JP

L3

X
k∈SL

�
σ

4E2
k⋆

�
2 1

2Ek⋆ðσ − 4E2
k⋆Þ

; ð2:27Þ

whereas those in infinite volume are quoted in Eq. (2.21),
and the ϵ⋆ can be found in Ref. [16]. We checked that the
difference between the finite- and infinite-volume expres-
sion at the matching points Reg are exponentially sup-
pressed in mπL. For an illustration of the difference
between a finite and an infinite-volume quantity below
threshold see the brown and dashed green lines in Fig. 8.
The two-body K-matrix provides the first part of the

physical input. It is defined again in two different regimes:

½K̃ðsÞ−1�ðp0;jÞðp;iÞ ¼ δp0pδji

(
K̃−1

j ðσpÞ for σp ≥ σ0;

K̃−1
j ðσ0Þ otherwise:

ð2:28Þ

The introduction of the matching point σ0 is a manifestation
of the fact that in the three-body sector, the third particle
(spectator) can formally carry away arbitrarily highmomenta

p∈ ½0;∞Þ even though there is a maximal physical spectator
momentum. Thus, the three-body equation depends explic-
itly on the K-matrix in the unphysical (with respect to the
corresponding two-body) energies σp ∈ ð−∞; 4m2

πÞ. See
Fig. 1 for a representation of the phase-space for the relevant
scenarios. The question of how to fix the two-body input in
this unphysical region seems to have an answer through a
case-by-case decision. For example, in some purely data-
driven studies [10] some features of the ππ amplitude below
the two-body threshold such as the Adler zero could be
extracted. Here, we chose to include the pertinent phase-shift
from the inverse amplitude method [110] with parameters
obtained from the finite-volume two-body analysis with
respect to the same lattice ensembles as the one employed
here; see Sec. III A. After performing pilot studies we
see that for the I ¼ 2 πρ=πG system the influence of the
K-matrix in the unphysical region (see Fig. 4) is a minor
effect and choose, thus, σ0 ¼ 4m2

π . Another smooth match-
ing procedure is chosen in recent studies [19,21]. Finally we
also note that, since the infinite-volume equation is solved by
a deformation of the complex contour in Eq. (2.11) one has
to bend the contour back to real values of spectator momenta
q0 < q < Λ for q0 defined by σðs; q0Þ ¼ σ0 because con-
tour deformation is forbidden across the nonanalyticity
introduced by the matching.
The second part of the physical input is provided through

the three-body force encoded in the FVU formalism
through the isobar-spectator interaction term C̃. In terms
of C̃L0L defined in the JLS basis fðπρÞS; ðπGÞP; ðπρÞDg,
the contact term in helicity basis reads as

½C̃ðsÞ�ðp0;jÞðp;iÞ ¼
3

4π

X1
M¼−1

D1�
−M−λðjÞðϕ−p0 ; θ−p0 ; 0ÞC̃jiðs; p0; pÞD1

−M−λðiÞðϕ−p; θ−p; 0Þ ð2:29Þ
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FIG. 1. Kinematical coverage of the considered heavy (left panel) and light pion mass (right panel) finite-volume setups. Notation: p,
three-momentum of the spectator; full horizontal line, physical two-body threshold of the two-body cluster; thick vertical lines, πππ
noninteracting levels; dotted vertical lines, πρ pseudo-non-interacting levels.
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with C̃jiðs; p0; pÞ ¼ UjL0C̃L0Lðs; p0; pÞULi for ULj ¼

0
BBB@

1ffiffi
3

p 1ffiffi
3

p 1ffiffi
3

p 0

0 0 0 1

1ffiffi
6

p −
ffiffi
2
3

q
1ffiffi
6

p 0

1
CCCA

Lj

ð2:30Þ

with C̃L0Lðs; p0; pÞ ¼
X∞
k¼0

�
p0

mπ

�
L0

c̃kL0Ls
k

�
p
mπ

�
L

for c̃k ∈R: ð2:31Þ

The latter definition finalizes the set of equations needed to
determine the finite-volume spectrum for a given set of
two-body phase shifts and constants c̃L0L.
The remaining question is the cutoff dependence of

the quantization condition, Eq. (2.23), which, so far, has
only hard cutoffs, i.e., fixed by choosing the size of the
matrix TΓ. For easier reference, we also define “shells”
referring to all points on a cubic lattice which can be
related to one another through the Oh. We refer to shell
i ¼ 1 as momentum p ¼ ð0; 0; 0Þ, shell i ¼ 2 as the six
momenta with jpj ¼ 2π=L, shell i ¼ 3 as the 12 momenta
with jpj ¼ 2

ffiffiffi
2

p
π=L, and so on; see also Ref. [114]. In

this work, we usually consider momenta up to shell 3
(Λ ¼ Λ3 ≔ 2

ffiffiffi
2

p
π=L) or 4 (Λ ¼ Λ4 ≔ 2

ffiffiffi
3

p
π=L). We

emphasize that (1) the actual finite-volume calculations
in this study do not rely on shells but use as the basis the
momentum space of ordered three-momenta, e.g., 19
momenta for Λ3; (2) we only have to consider the cutoff
in spectator momenta, not the summation in the self
energy, because the self energies have been made con-
vergent by subtraction.
The unavoidable appearance of the cutoffs in the

intermediate steps of the three-particle formalisms requires
a special look. Clearly, in continuum quantum field theory
any observable quantity must be independent of the choice

of the cutoffs. In finite-volume formalism, energy eigen-
values are determined through the quantization condition,
Eq. (2.23). The change of the hard cutoff in spectator
momentum will certainly change the size of the matrix in
Eq. (2.23) and, thus, change the position of the predicted
energy eigenvalues. To study this quantitatively, we con-
centrate on the example of the ground state energy E0 for
the heavy pion mass ensemble (2448). Specifically, for
fixed parameters c̃L0L and fixed two-body input we deter-
mine the ground state level via Eq. (2.23) for different
maximal spectator momenta imax ∈ f2; 3; 4g in lattice units.
Then we determine the difference for two different imax;1

and imax;2:

Eimax;1
0 ðmπLÞ − Eimax;2

0 ðmπLÞ: ð2:32Þ

The result is shown in the left panel of Fig. 2, which shows
slower than exponential behavior with mπL.
To improve this behavior one can add a smooth form

factor [26,46]. Here we follow a slightly different path and
subtract the one-particle exchange term, which leads to
suppression of large momenta without spoiling unitarity.
For this we start with the discontinuity of a generic B-term,
following Ref. [106] adapted to the current notation and
convention,

FIG. 2. Cutoff dependence test between method 1 (left panel) and method 2 (right panel). In both figures the ground state level is
predicted with no three-body force using a hard cutoff imax ∈ f2; 3; 4g. Solid lines linearly connect the first and second values to guide to
the eye.
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DiscBð ffiffiffi
s

p Þ ¼ −2πi
δð ffiffiffi

s
p

− ffiffiffiffiffiffi
son

p Þ
2Epþp0

N; ð2:33Þ

with
ffiffiffiffiffiffi
son

p ≔ Ep þ Ep0 þ Epþp0 and N a nonsingular
numerator depending on momenta, scattering angles, and
energy. Note the minus sign owing to the different con-
vention of the S-matrix in the current work compared to
Ref. [106]. Dispersing in

ffiffiffi
s

p
one obtains

Bð ffiffiffi
s

p Þ ¼ 1

2πi

Z
∞

3m
dW̄

DiscBðW̄Þ
W̄ −

ffiffiffi
s

p
− iϵ

¼ N
2Epþp0

1ffiffiffi
s

p
− ffiffiffiffiffiffi

son
p þ iϵ

; ð2:34Þ

which has, indeed, the exact denominator structure of
Eq. (2.3). One can repeat this exercise with two subtrac-
tions in

ffiffiffi
s

p
, leading to

Bð ffiffiffi
s

p Þ ¼ Bð0Þ þ B0ð0Þ ffiffiffi
s

p þ s
son

N
2Epþp0

1ffiffiffi
s

p
− ffiffiffiffiffiffi

son
p þ iϵ

:

ð2:35Þ

The first two terms can be absorbed in fit parameters.
Inserting helicities, isospin, and momentum dependence for
the second term, we obtain

B̆λ0λðs; p0; pÞ ¼
s
son

B̃λ0λðs; p0; pÞ ð2:36Þ

with B̃ from Eq. (2.3). These subtractions ensure a stronger
suppression for large spectator momenta without changing
the one-particle exchange term at the (three-particle) on shell
point (s ¼ son), i.e., without spoiling three-body unitarity.
The three-body force term C̃ depends also on the spectator
momenta. Since it is not fixed from unitarity it can be simply
regulated with a form factor, to obtain a similar suppression
of large momenta as the B̆-term,

C̆L0Lðs; p0; pÞ ¼ FL0 ðp0Þ
�
p0

mπ

�
L0

c̆L0LðsÞ
�

p
mπ

�
L
FLðpÞ;

FLðpÞ ¼
�

Λ̆2

Λ̆2 þ p2

�Lþ1

: ð2:37Þ

This leads to a modified quantization condition,

Method 2:
ffiffiffi
s

p
∈ fE0; E1;…gΓ ⇔ hEL½ðK̃−1ðsÞ − ΣFVðsÞÞEL − ðB̆ðsÞ þ C̆ðsÞÞ�−1ELiΓ ¼ ∞: ð2:38Þ

Repeating the previous test leads to the result depicted in
the right panel of Fig. 2. Indeed, the jumps of the predicted
ground state finite-volume level due to the increased cutoff
show much milder (close to exponentially suppressed)
behavior in mπL.
In summary, we derive two types of the three-body

quantization conditions for the I ¼ 2 πππ system extending
the finite volume unitarity framework [32,46] through a
coupled-channel πρ=πG system. Both methods have their
respective areas of application, i.e., method 1 maintains a
closer connection to diagrams derivable from some micro-
scopic (Lagrangian) theory, while method 2 can be consid-
ered as a more controlled way to extract the infinite-volume
information from a given finite-volume spectrum directly.
Both methods will be utilized below.

III. LATTICE QCD SPECTRUM

A. Lattice QCD setup

The finite-volume energy spectrum can be accessed
through two-point correlation functions in the lattice
QCD framework; see, e.g., Refs. [1,115,116] for reviews.
This is done by calculating the time dependence of the
correlation function of operatorsOi which create/annihilate
the states of interest,

CijðtÞ¼hOiðtÞO†
jð0Þi¼

X
n

h0jOijnihnjO†
j j0ie−Ent: ð3:1Þ

If the operators are constructed with definite quantum
numbers matching the states of interest, the only contribu-
tions to the above sum will come from states n with the same
quantum numbers. The energies En can then be extracted by
measuring the correlation function on an ensemble and fit-
ting the temporal behavior. To better determine the excited-
state spectrum we use a variational analysis [117–119] on a
basis of several different operators. In this work we perform
all calculations on the two cubic ensembles from the
GWQCD Collaboration detailed in Table I. These ensembles
were generated using Nf ¼ 2 quarks with an normalized
hypercubic (nHYP)-smeared clover action. Details of the
determination of the mass and decay constant for the pion
and kaon can be found in Ref. [12]. Valence quarks that
appear in operators are treated using all-to-all Laplacian
Heaviside (LapH) perambulators [120] computed using our
optimized inverter [121].
Due to the calculations being performed in a cubic

volume the SOð3Þ symmetry found in nature is reduced to
the cubic symmetry group G ¼ Oh. Our operators must
then be constructed to have overlaps with states n labeled
by the irreducible representations (irreps), Λ, of Oh instead
of angular momentum. For this study of πρ scattering with
I ¼ 2, we are interested in the T1g irrep to complement our
results on the a1ð1260Þ [16]. In this irrep the lowest infinite
volume quantum numbers that appear are JP ¼ 1þ. Our
operator basis is then constructed out of two types, ρπ and
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πππ. First we construct operators to have definite isospin I ¼ 2, and we choose I3 ¼ 2 which is arbitrary in Nf ¼ 2

simulations; these are

ρðpρÞπðpπÞ ¼ ρþðpρÞπþðpπÞ;

πππ1ðp1;p2;p3Þ ¼
ffiffiffi
2

p

2
½πþðp1Þπ0ðp2Þπþðp3Þ − π0ðp1Þπþðp2Þπþðp3Þ�;

πππ2ðp1;p2;p3Þ ¼
ffiffiffi
6

p

3

�
πþðp1Þπþðp2Þπ0ðp3Þ −

1

2
πþðp1Þπ0ðp2Þπþðp3Þ −

1

2
π0ðp1Þπþðp2Þπþðp3Þ

�
: ð3:2Þ

The above operators are then projected onto an irrep of Oh using the formulas

OΛ;μ
ρiπ ðpρ;pπÞ ¼

nΛ
jGj

X
g∈G

UΛ
μμðgÞ det½Rg�ðRgÞijρjðRgpρÞπðRgpπÞ;

OΛ;μ
ðπππÞðp1;p2;p3Þ ¼

nΛ
jGj

X
g∈G

UΛ
μμðgÞ det½Rg�πðRgp1ÞπðRgp2ÞπðRgp3Þ: ð3:3Þ

Here μ is a row of the irrep Λ, nΛ is the dimension of the
irrep, for each group element g, U is the representation
matrix in the irrep Λ and R the three-dimensional rotation
for the element. The same finite-volume projector is used
for both three-pion isospin combinations because the
isospin and finite-volume rotations are independent of each
other. The above cubic group projectors are applied to all the
definite isospin constructions for all momenta combinations

that have a noninteracting energy below or slightly above
the next inelastic threshold.
Once the correlation functions are computed on the

GWQCD ensembles, we must apply the variational method
and fit the eigenvalues to extract the energies. The usual
GWQCD procedure is to choose a set of fitting parameters
that produce a result which is stable under small changes of
these parameters and report a statistical error bar. In this

TABLE I. Details of the GWQCD Nf ¼ 2 ensemble parameters used in this work. Here, a is the lattice spacing, and Ncfg the number
of Monte Carlo configurations for each ensemble. The pion and kaon masses are aMπ and aMK , respectively. The errors on every value
are purely stochastic except the lattice spacing which includes an estimated 2% systematic uncertainty.

Ensemble Nt × N3 a=fm Ncfg aMπ afπ aMK afK

2448 48 × 243 0.1210(2)(24) 300 0.1931(4) 0.0648(8) 0.3236(3) 0.1015(2)
2464 64 × 243 0.1215(3)(24) 400 0.1378(6) 0.0600(10) 0.3132(3) 0.0980(2)

3 4 5 6

150

200

250

300

350

2464

2448

physical point

2448

2464 0.

0.2

0.5

0.7

1.0

1.2

1.4

FIG. 3. Summary of the lattice results for ensembles in Table I. Left panel: overview of the finite-volume lattice spectrum with respect
to the relevant thresholds and pion mass values. Error bars represent a combination of statistical and systematic error from model
averaging. Right panel: covariance matrix of the pertinent results.
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work we use model averaging [122,123] to improve our
error estimates. The procedure is to perform a χ2 mini-
mization on many different sets of fitting parameters. Data
from all of these fits are used to then compute an average
over all of the models, giving errors that include statisti-
cal and systematic uncertainties. To ensure the models

included in the averaging are reasonable representations of
the data, we make quality cuts if the model probability is
extremely small or if the statistical error on the mass is
larger than 0.5mπ . The resulting finite-volume spectrum
and covariance matrices resulting frommodel averaging are
depicted for both ensembles in Fig. 3 and read as

E2448=mπ ¼

0
BBBBBB@

3.56901

4.41120

4.66988

4.67493

5.32662

1
CCCCCCA
; Σ2448=m2

π × 103 ¼

0
BBBBBB@

þ1.01877 þ0.26637 þ0.08848 þ0.15485 þ0.06649

þ0.26637 þ2.53427 þ0.1188 þ0.26144 þ0.1986

þ0.08848 þ0.11880 þ0.1563 þ0.06604 þ0.06259

þ0.15485 þ0.26144 þ0.06604 þ0.62033 −0.01832
þ0.06649 þ0.1986 þ0.06259 −0.01832 þ0.50127

1
CCCCCCA
;

E2464=mπ ¼

0
BBB@

4.48159

4.88395

6.09908

6.28352

1
CCCA; Σ2464=m2

π × 103 ¼

0
BBB@

þ2.07964 −9.31646 −0.35639 þ0.03441

−9.31646 þ1484.79 þ8.25206 þ6.25899

−0.35639 þ8.25206 þ18.1982 −0.86329
þ0.03441 þ6.25899 −0.86329 þ7.07176

1
CCCA; ð3:4Þ

with finite-volume energy eigenvalues Eens and the covari-
ance matrices Σens of heavy (mπ ≈ 315 MeV) and light
(mπ ≈ 224 MeV) ensembles as denoted in Table I.

B. Fits to lattice finite-volume spectrum

We determine the parameters of the three-body scat-
tering amplitude by fitting them to the LQCD data of
Eq. (3.4) using the quantization condition (QC) of
method 2 of Eq. (2.38). The lattice results presented in
Sec. III A are available for two different scenarios: mπ ∼
224 MeVðmπL ∼ 3.30Þ and mπ ∼ 315 MeVðmπL ∼ 4.63Þ,
both for the cubic box in the Γ ¼ T1g irrep. As summarized
in Fig. 3 the heavy pion mass (2448) results are more
precise and numerous in the elastic region, and we
concentrate our analysis on them. All results in the
following refer to this ensemble unless specified otherwise.
Comparing these results with the kinematics shown in
Fig. 1 we note that at least three spectator momentum shells
are needed to cover the physical two-body dynamics in the

subsystem of the three-body system, in the elastic window
for 3mπ <

ffiffiffi
s

p
< 5mπ. This defines the intrinsic cutoff of

our calculation to Λ3 ¼ 2π=L ·
ffiffiffi
2

p
≈ 1.91mπ . To study the

cutoff dependence we will also consider four shells,
corresponding to Λ4 ¼ 2π=L ·

ffiffiffi
3

p
≈ 2.35mπ .

On one hand, the input of the QC consists of the ππ
phase shifts δ11 and δ20 in Eq. (2.21). In the present study,
we take this information from the best fit to the ππ energy
eigenvalues for all possible isospin combinations calculated
on the same and other ensembles [112]. The other input to
the quantization condition is the three-body force C̆ in
Eq. (2.37). In general, this real-valued term is energy and
spectator-momentum dependent. For the latter we chose a
smooth cutoff of Λ̆ ¼ 2mπ.
In addition, there are six independent channel transitions.

With four data points available in the elastic window, we try
different two- and three-parameter strategies. They are shown
in Table II, quoting only the central values. We have also tried
to perform fits with additional energy dependence, but the

TABLE II. Fit results (method 2) to all lattice QCD data in the elastic window; see Fig. 3. Different values of imax correspond to
different cutoffs Λ. Note that, for a confidence level of α ¼ 20%, only those fits are shown that cannot be rejected due to their χ2, i.e., if
0.2 < χ2 < 4.6 for dof ¼ 2 and 0.02 < χ2 < 2.7 for dof ¼ 1.

Fit mπ imax χ2=dof c̆00 c̆02 c̆22 c̆01 ·mπ c̆11 ·m2
π c̆12 ·mπ

1 315 3 1.86=ð4 − 2Þ ¼ 0.93 24.3 10.2 4.3 � � � � � � � � �
2 315 4 1.98=ð4 − 2Þ ¼ 0.99 28.9 12.3 5.3 � � � � � � � � �
3 315 3 0.30=ð4 − 3Þ ¼ 0.30 26.7 10.2 7.5 � � � � � � � � �
4 315 3 1.68=ð4 − 2Þ ¼ 0.84 12.4 � � � � � � 13.4 14.5 � � �
6 315 4 0.42=ð4 − 3Þ ¼ 0.42 27.4 10.1 7.5 � � � � � � � � �
7 315 4 1.48=ð4 − 2Þ ¼ 0.74 12.3 � � � � � � 13.4 14.5 � � �
9 224 3 0.26=ð2 − 1Þ ¼ 0.26 33.8 � � � � � � � � � � � � � � �
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data are too few and not precise enough to make mean-
ingful statements. We also note that we cannot fit the heavy
pion mass data with c̆00 alone. One of the reasons is the
occurrence of two data points at almost the same energy at

ffiffiffi
s

p
≈ 4.7mπ. This is a clear sign that S-wave πρ dynamics

alone cannot explain the LQCD spectrum.
For most of the fits (1, 2, 4, 7) we chose a factorization of

the contact term

c̆00 ¼ g2S; c̆22 ¼ g2D; c̆02 ¼ gDgS; c̆01 ¼ gSgP; c̆11 ¼ g2P; c̆12 ¼ gPgD;

minimizing the number of parameters. Fit 3 has one parameter for each term c̆00, c̆02, and c̆22, but the fit values stay close to
the ones using factorization (fit 1).
We observe that fits 1 and 2 (that is fitting gS and gD only) already lead to a good description of the spectrum. In the

following we explore these two fits in more detail. The respective best fit values, their uncertainties and their correlations,
obtained from resampling the correlated LQCD data read as

Fit 1ðimax ¼ 3Þ∶
�
gS
gD

�
¼

�
4.929

2.063

�
; ΣFit 1 × 103 ¼

�
1.1 0.40

0.40 0.15

�
;

Fit 2ðimax ¼ 4Þ∶
�
gS
gD

�
¼

�
5.377

2.296

�
; ΣFit 2 × 103 ¼

�
1.9 0.73

0.73 0.29

�
: ð3:5Þ

The comparison of the fitted levels with the LQCD ones is shown in Fig. 4 for fit 2. As a technical aspect, we found that
using multiple matrix elements—hereby πρð0Þ denoting the πρ → πρ transition for momenta on the first shell and πGð1Þ
denoting πG → πG the transition on the second shell projected to the relevant irrep Γ ¼ T1g—stabilizes the search for the
roots of T−1

Γ significantly. Furthermore, this gives access to additional information, namely the dominant channel for each
individual interacting energy eigenvalue. For example, for the ground state level E0 ≈ 3.57 we clearly observe that the πρ
channel is dominant. This is in line with the finding shown in Fig. 6 that removing the πG channels barely changes the value
of E0.

3.5 4.0 4.5 5.0

3.5 4.0 4.5 5.0 5.5 6.0

FIG. 4. Example of the level determination through the FVU approach. Top panel: fit 2 [see Table II using method 2 (2.38)] to the
heavy pion mass lattice QCD spectrum (open symbols) for

ffiffiffi
s

p
< 5mπ. Energy eigenvalues correspond to the zeros (crossing with gray

horizontal line) of T−1
T1g

(green for πGð1Þ and blue for πρð0Þ as explained in the main text). Thin green/blue lines denote the same

quantity but for turned off interchannel coupling. Lower panel: Prediction of the light-pion mass spectrum using fit 2 parameters. In both
plots the thick solid (dashed) vertical lines denote noninteracting levels of the 3πðπρÞ system.
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To study the channel dynamics further, we turn off the
interchannel coupling (off diagonal elements in B̆ and C̆ for
fixed diagonal elements of the three-body force C̆). The
resulting T−1

T1g
are shown with the thin green/blue lines in

Fig. 4. Indeed, we observe that in this unphysical showcase
scenario only the πρ channel has a zero transition at E0.
This also makes sense from the point of view of the nearby
presence of the pseudo-πρ noninteracting level, assuming a
stable ρ-meson with the mass provided by δ11 ¼ π=2, i.e.,
mρ ≈ 2.46mπ . Apparently, the much weaker interaction in
the πG channel only leads to small corrections which has
already been discussed for Fig. 6. Naturally, the interpre-
tation of the dominant mechanism becomes harder with
higher energies. For E1 ≈ 4.41mπ we observe that the T−1

T1g

for both decoupled πG and πρ channels have zeros, while
for the next two levels, again, the πρ channel dominates.
To be more specific, we define a quantitative measure for

the importance of the πρ vs πG channel as the absolute
value of the residuum of TT1g

ð ffiffiffi
s

p ¼ EiÞ for the respective
energy eigenvalue and in each of the final isobar-spectator
states. This leads to the result depicted in Fig. 5 where we
restrict the discussion to the spectator momentum zero for
the πρ state, πρð0Þ (πρ → πρ transition with all states at
rest), and the πGð1Þ state (πG → πG transition with back-
to-back momenta of magnitude 1 in lattice units). Taking
the result at face value, e.g., without addressing the
question if residues are measurable, we observe that E0

is mostly dominated by the πρ state. The residues reveal
that the first excited state, E1, has a considerable πG
admixture, but it should also be noted that the ρ meson has
a finite momentum at E1, i.e., the considered πρð0Þ state is
off shell, rendering its residue small without the amplitude
necessarily being small. Indeed, we note that the highest-
energy eigenvalue overlaps very weakly with both the
πρð0Þ and πGð1Þ states, which indicates the importance of
higher-momentum states. Our observation seems to be
independent of the chosen cutoff. Extending on this pilot
investigation, one can think of using these states on higher
shells and then determining residua of individual channels.

It is then tempting to think that such a decomposition could
be compared to the operator overlap of individual plateaus,
providing another input for the three-body quantization
conditions.
As a further remark we also observe that even outside

of the range of validity of the quantization condition
(

ffiffiffi
s

p
> 5mπ) one predicted level (see Fig. 4) overlaps with

that from the lattice QCD determination within ≈1σ. This
suggests that 5π interactions are rather subleading to those
of three pions. Finally, assuming that the obtained three-
body force C̃ does not change with the pion mass, but
changing the two-body input as demanded by the IAM
implementation, we can predict the finite-volume spectrum
for the 2464 ensemble; see Fig. 4. We observe agreement
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FIG. 5. Residua of the determined finite-volume energy eigenvalue states for the heavy pion mass setup (fit 2). Residua are
compared between the πρ → πρ state of zero momenta ðπρð0ÞÞ with the πG → πG state with back-to-back momenta of magnitude 1
in lattice units ðπGð1ÞÞ.

3.45 3.50 3.55 3.60 3.65

FIG. 6. Different contributions to the ground state energy eigen-
value for the heavy pion mass using method 1 (unsubtracted B̃, no

form factor for C̃), forΛ ¼ Λ3 (third shell). All c̃
ðkÞ
L0L ¼ 0 except for

c̃000, i.e., C̃00 ¼ c̃000. The dashed vertical line shows the infinite-
volume πρ “threshold” defined as

ffiffiffi
s

p ¼ mπ þmρ such from the
condition f ffiffiffi

σ
p ¼ mρj cot δ11ð

ffiffiffi
σ

p Þ ¼ 0g. The thin vertical line,
showing the finite-volume energy without any interactions between
π and ρ, is shifted to higher energies due to the small but finite width
of the ρ-meson. See text for further explanations.
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(χ2=dof ∼ 1) of our prediction with the available finite-
volume spectrum, but note large uncertainties on the latter.

IV. COUPLED-CHANNEL DYNAMICS

In this section we discuss qualitative aspects of the
coupled-channel system, mostly relying on method 1 [see
Eq. (2.23)] to study the cutoff dependence and the influence
of individual channels, as well as the limit of a narrow ρ and
a comparison with an effective πρ interaction. Fits to lattice
energies and infinite-volume mappings are carried out in
Sec. V using method 2 [see Eq. (2.38)].

A. Dynamics at the πρ threshold

First, we turn our attention to the ground state level E0

determined in various scenarios of method 1 of Eq. (2.23)
for the heavy pion mass with a summary plot in Fig. 6.
From top to bottom, we note that the energy eigenvalue
determined from method 1 is inside the 1σ band of the
LQCD calculation for a choice of the contact term of
Eq. (2.31), c̃000 > 30, saturating at around

ffiffiffi
s

p
≈ 3.548mπ

for c̃000 → ∞. We will come back to this particular behavior
in Sec. IV B. Reducing c̃000, the energy eigenvalue becomes
smaller, i.e., the repulsion is reduced, as the case c̃000 ¼ 0

demonstrates. If one also removes the πG channel (for fixed
c̃000 ¼ 0), the energy is further reduced, demonstrating that
the πG channel provides a small repulsion. In addition to all
these changes one can also consider the limit of vanishing
πρ → πρ interaction, B̃πρ→πρ → 0. In that case the energy
increases as shown toward the bottom of the figure,
demonstrating that pion exchange leads to a small attraction
in the I ¼ 2 channel. This last data point best reflects the
“noninteracting” case, which is why we draw the thin, solid
reference line through it. The reference point is shifted

compared to the value
ffiffiffi
s

p ¼ mπ þmρ (dashed vertical
line) due to finite-volume effects. For this comparison we
define mρ through f ffiffiffi

σ
p ¼ mρj cot δ11ð

ffiffiffi
σ

p Þ ¼ 0g, i.e., the
two-body energy at which the ρ phase passes through 90°.
In summary, the I ¼ 2 πρ system is clearly repulsive at

the πρ threshold. Pion exchange in the πρ channel provides
a small attraction while the πG channel exhibits an even
smaller repulsion. The observed, much larger repulsion can
only be achieved by a repulsive contact term C̃whose value
depends on the regularization as discussed in the next
subsection.

B. Singular behavior of the contact term

The saturation effect for C̃ observed in Fig. 6 is only part
of the singular behavior in C̃ as shown in more detail in
Fig. 7. There, the c̃000 is fitted in method 1 [see Eqs. (2.23)
and (2.31)] to the ground state E0 of the heavy pion mass
lattice result for various values of the cutoff Λi defined
through the number of included shells i. Starting at the
lowest cutoff i ¼ 1, the best fit value c̃00 ≈ 17, growing to
≈31 when two shells are included. Interestingly, FVU with
three shells fits the ground state lattice eigenvalue only if
c̃00 ≈ −25, growing thereafter again with the increasing
cutoff. All numerically stable results are collected in Fig. 7,
where a gray line is added to guide the eye.
To study the mechanism of this unusual behavior, it is

instructive to consider only connected diagrams, i.e.,
Tjiðs; p0; pÞ. Physical singularities of the finite-volume
amplitude like E0 are unchanged by this because the
disconnected part only cancels unphysical singularities
(spurious poles) [74,106]. To obtain a qualitative under-
standing we set B̃πρ→πρ ¼ 0 which is allowed because that
term is small and smooth in the vicinity of E0. In addition,
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FIG. 7. Best fit values of c̃000 in method 1 of the FVU quantization condition [cf. Eq. (2.23)] fitted to the ground state energy E0 of the
heavy pion mass ensemble at different cutoff values (maximal shell imax). All other coefficients (c̃kL0L) are set to zero. The gray thick line
is a crude interpolation added to guide the eye.
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we remove the πG channel, because the saturation of c̃000
observed in Fig. 6 persists without that channel. Omitting
the channel index, we note that in finite volume the integral
equation for the connected piece, Eq. (2.2), becomes a
matrix equation, the elements of which read as

Tðs; p0; pÞ ¼ C̃ðs; p0; pÞ þ 1

L3

X
k∈ ð2π=LÞZ3

C̃ðs; p0; kÞ

×
τ̃ðσkÞ
2Ek

Tðs; k; pÞ: ð4:1Þ

Assuming that C̃ is both momentum and energy indepen-
dent one gets

TðsÞ ¼ 1

C̃−1 − G̃ðsÞ ; for G̃ ¼ 1

L3

X
k∈ ð2π=LÞZ3

τ̃ðσkÞ
2Ek

: ð4:2Þ

Note that shell 1 (k ¼ 0, σ0 ¼ ð ffiffiffi
s

p
−mπÞ2) plays a special

role because it produces a pole in τ̃ close to the observed
ground state level. In the proximity of the pole of a stable
ρ-meson we can approximate

τ̃0 ≈
að0Þ−1ffiffiffi

s
p

− ðmπ þmρÞ
; ð4:3Þ

abbreviating τ̃k ≔ τ̃ðσkÞ, because τ̃0 has a pole at aroundffiffiffi
s

p
≈mπ þmρ ¼ 3.487mπ; see Fig. 6. Here, að0Þ−1 is the

residue, and all residua are found to be positive, aðkÞ−1 > 0.
Furthermore, one trivially has that

ffiffiffiffiffi
σk

p
<

ffiffiffi
s

p
. Consequently,

for all k ≥ 1, τ̃k < 0 at threshold,
ffiffiffi
s

p ¼ mπ þmρ. This is
then also true for the sum, b ≔

P
k≥1 τ̃k < 0 at threshold. Of

course, the size of b depends on the cutoff in the spectator
momentum.
Note now that we evaluate G̃ at the measured three-body

energy level, E0, which fulfills E0 > mπ þmρ as Fig. 6
shows. Putting everything together, the lattice three-body
energy E0 implies TΓðs ¼ E2

0Þ ¼ ∞ so that

0 ¼ C̃−1 − G̃ðE2
0Þ

¼ C̃−1 −
að0Þ−1

E0 − ðmπ þmρÞ
− b

≕ C̃−1 −
að0Þ−1
ΔE

− b ⇒ C̃−1 ¼ að0Þ−1
ΔE

þ b ð4:4Þ

with ΔE > 0, að0Þ−1 > 0, and b < 0 becoming more and
more negative with increasing Λ, i.e, increasing imax. This
explains why the contact term C̃ can diverge. We illustrate
this behavior numerically using the discussed simplifica-
tion. For this, we consider the limit of a narrow isobar. For
an isobar mass mρ, we have approximately

τ̃k →
2g21

σk −m2
ρ þ iϵ

ð4:5Þ

as considered in the Appendix of Ref. [106]. Here, g1 ≈ 5.8
calculated from Ref. [112] by using the quoted residue in
combination with Eq. (3) from Ref. [124]. This value,
determined from a global fit to LQCD data across different
isospins, is very similar to the value determined in
Ref. [125], g1 ≈ 5.6. In finite volume, one neglects the ϵ
and obtains that G̃ from the quantization condition of
Eq. (4.4) is replaced through Eq. (4.5) according to

0 ¼ C̃−1 − 4πG̃FV
lim with

G̃FV
lim ¼ 2g21

L3

X
k∈SL

1

4π

1

2Ek

1

sþm2
π − 2

ffiffiffi
s

p
Ek −m2

ρ
: ð4:6Þ

Note that this equation is still defined in the plane-wave
basis. In light of Eqs. (2.31) and (2.7), there is a factor of
ð4πÞ of the C̃ ¼ C̃00=ð4πÞ compared to the S-wave pro-
jected C̃00. We will need the partial wave G̃lim in the
following which is why it is introduced here with a factor of
1=ð4πÞ. In the infinite-volume partial-wave basis, neglect-
ing B̃ and the πG channel, and substituting τ̃ according to
Eq. (4.5), Eq. (2.11) becomes

T00ðsÞ ¼ C̃00ðsÞ þ C̃00ðsÞG̃IV
limT̃00ðsÞ where

G̃IV
lim ¼

Z
Λ

0

dll2

ð2πÞ32El

2g21
sþm2

π − 2
ffiffiffi
s

p
El −m2

ρ þ iϵ
; ð4:7Þ

which demonstrates that, indeed, G̃FV
lim can be obtained from

G̃IV
lim by the canonical substitution

R
d3l=ð2πÞ3 → P

k =L
3.

In fact, we could have started from Eq. (4.7) all along and
derived the quantization condition (4.6) from there, which
shows that this quantization condition is semiquantitative
up to the discussed approximations.
Numerical results are shown in Fig. 8. As the left

picture illustrates, the value of the lattice propagator G̃FV
lim

taken at
ffiffiffi
s

p ¼ E0 (thin vertical line), slightly above
threshold (dashed vertical line) determines C̃ according
to Eq. (4.6). The resulting values indeed exhibit a pole, as
a function of the cutoff, as the picture to the right shows. It
is remarkable how much this figure resembles the actual
behavior of the singularity in C̃ shown in Fig. 7.
In summary, the contact term C̃ can exhibit singularities

in the right kinematic conditions. This is a consequence of
the current situation thatΔE ¼ E0 − ðmπ þmρÞ > 0 (over-
all repulsive three-body amplitude) and that b in Eq. (4.4) is
a monotonous function of cutoff Λ, large enough to cancel
a=ΔE. The situation appears similar to the infinities in the
contact term discussed in Ref. [47], but it is not identical.
Here, we have a repulsive level, and we do not observe
bound states even for negative C̃, while in Ref. [47] the
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cyclic behavior of the contact term with Λ, for a preexisting
three-body bound state was investigated. For a recent study
of similar structures in charm three-body systems see
Ref. [126].

C. Comparison with an effective Lagrangian

The three-body force (contact term C̃) depends on the
details of regularization [35,127], C̃ ¼ C̃ðΛÞ. Still, one can
match its size order-by-order to a given theory. For example,
at leading order we may compare it to the predictions
provided by the effective Lagrangian for the interaction
between the octets of pseudoscalar and vector mesons; see
Ref. [101]. This Lagrangian was used in Refs. [102,103] as
the kernel driving the unitarized interaction of these mesons
leading to the dynamical generation of several axial reso-
nances, among them the a1ð1260Þ. Here, we need the
isospin I ¼ 2 interaction of πρ in S-wave to compare to the
extracted C̃-term, that is, IGðJPCÞ ¼ 2−ð1þ−Þ.
The Lagrangian has been expanded to two pseudoscalar

meson (P) and two vector-meson (V) fields in Ref. [103]
resulting for the relevant interacting part in

L ¼ −
1

4f2π
h½Vμ; ∂νVμ�½P; ∂νP�ji; ð4:8Þ

where the trace is taken over the octet matrices [103].
We evaluated the I ¼ 2 interaction and reproduced the
results for other quantum numbers quoted in Ref. [103].
Assigning four-momenta and helicities as Vðq; λÞPðpÞ →
Vðq0; λ0ÞPðp0Þ, the Feynman vertex is

Ceff;I¼2
λ0λ ðp0;pÞ ¼−ϵλνðqÞϵνλ0 ðq0Þ�

ðpþp0Þμðqþq0Þμ
2f2π

; ð4:9Þ

which happens to fulfill Ceff;I¼2 ¼ −Ceff;I¼1. Explicit
expressions for the polarization vectors are given in the
Appendix of Ref. [89]. Subsequently, this expression is
partial-wave projected according to the Eq. (2.7) and trans-
formed from helicity basis to JLS basis using Eq. (2.10).
Calling the resulting S-wave amplitude Ceff

00 ðp0; pÞ, where
now p ¼ jpj, the result is shown in Fig. 9 to the left with the
solid red curve, transformed as

C̃eff
00 ðp0; pÞ ¼ Ceff

00 ðp0; pÞ
2g21

: ð4:10Þ

The factor of 1=2 arises from a redefinition of the
amplitude as explained following Eq. (2.6). The factor
g21 comes from the observation that the term B̃ of Eq. (2.3)
is not at the level of a Feynman rule as factors g21 are
missing. To match the Feynman rule of Eq. (4.8) one,
therefore, has to divide it by g21. Note also the compensat-
ing factor 2g21 in Eq. (4.5). For the numerical comparison,
we use fπ ¼ 0.336mπ , mρ ¼ 2.463mπ at the heavy pion
mass of mπ ≈ 315 MeV determined on the same ensemble
[112], and g1 ¼ 5.8 as before.
In the same plot, we show limits allowed by the lattice,

i.e., the values of the C̃ determined from a fit of method 1 of
Eq. (2.23) to the ground level E0 ¼ 3.569ð32Þmπ , using a
momentum-independent C̃00 term. At the given cutoff
ðΛ2;Λ3;Λ4Þ for imax ¼ 2, 3, 4 as explained following
Eq. (2.31), the limits on the shaded areas of allowed values
of C̃ are determined by matching C̃ to the extension of
the 1σ error bar of the lattice data,

ffiffiffi
s

p ¼ E0 − ΔE andffiffiffi
s

p ¼ E0 þ ΔE; see Fig. 6. Due to the singular behavior
discussed in the previous subsection, allowed values can
include C̃00 ¼ �∞. As the figure shows, the prediction
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FIG. 8. Left: black and brown solid lines: Lattice propagator G̃FV
lim, assuming a stable ρ and a stable π for different cutoffs (shell 2 and

shell 4). For comparison, the real part of the infinite-volume propagator G̃IV
lim is also shown (green dashed). The vertical line shows the

choice of the measured energy level E0, situated slightly above the πρ threshold (compare also to Fig. 6). The red dots show two values
of C̃−1

00 with different sign [cf. Eq. (4.6)] implying the possibility of a singularity, C00 ¼ ∞. Right: the resulting C̃-term exhibits a
singularity that explains the phenomenon observed for the full amplitude in Fig. 7. The gray line is to guide the eye.
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from the effective Lagrangian lies at the borders of the 1σ
allowed region if the cutoff is not chosen too large. In
summary, the effective Lagrangian predicts a repulsion of
the πρ interaction in the I ¼ 2 channel that matches the sign
of the interaction, with mild tension in its magnitude.

V. INFINITE-VOLUME AMPLITUDE

A. Three-body amplitude

The infinite-volume amplitudes are obtained by solving
Eq. (2.11) using the input obtained from fits to the finite-
volume lattice QCD spectrum. That input consists of
contact terms parametrizing the channel transitions listed
in Table II and in the two-body phase-shifts entering
through Eq. (2.21). We proceed here with results from fits
2, 6, and 7 (heavy pion mass and larger cutoff, imax ¼ 4).
The cutoff dependence is further discussed in Sec. V B.
The infinite-volume scattering equation (2.11) is solved
along a complex contour as discussed in detail in
Refs. [89,94,96]. In particular, there is a spectator momen-
tum contour [SMC in l in Eq. (2.2)] and a self-energy
contour [in k in Eq. (2.2)]. The former is chosen to avoid
the three-body singularities in the B̆ term from Eq. (2.36)
and all singularities/branch points from the two-body
amplitude, and the latter is chosen to avoid the usual
two-body singularity for the calculation of Σ of Eq. (2.21)
and the SMC. The SMC adopted here differs from that
introduced in the three-body formalisms in Ref. [89] used
later in different variations in Refs. [17,19,21,94,96].
Typically, such a contour starts at the origin, bends into
the lower half of the complex momentum plane, and ends at
the cutoff. In the present finite-volume formulation, how-
ever, a matching point at the two-body threshold σ0 ¼ 4m2

π

is introduced in Eq. (2.28). Contour deformation across this
nonanalyticity is forbidden so that the SMC must return to
the real axis at the matching point before continuing along
the real axis toward the cutoff. An example of such a
contour in the complex σ plane is shown in Fig. 10.

The location of the matching point in spectator momentum
depends on the total three-body energy

ffiffiffi
s

p
.

The infinite-volume amplitude is obtained for N ¼ 60
integration nodes of incoming and outgoing spectator
momenta. The resulting matrix is of dimension 3N corre-
sponding to the three isospin/angular momentum channels
in the JLS basis. To represent the amplitude we chose to
calculate the production process that includes the rescatter-
ing amplitude Γ̃ as a function of total energy and outgoing
momentum according to Ref. [94]. This process starts with
an elementary isobar-spectator production D, followed by
the isobar-spectator propagation and undergoing three-
body interaction, T:

ð5:1Þ

where j, k are channel indices. In contrast to Tðs; q; pÞ this
quantity depends only on one momentum which makes it
easier to examine numerical results. Note that three-body
Dalitz plots with resonant channels can be calculated as
demonstrated in Ref. [108] (FVU formalism) and more
recently in Ref. [95] [Relativistic Field Theory (RFT)
formalism]. The relation of Γ̃ to the physical 1 → 3
production process is discussed below. In Eq. (5.1),
Dkðs; pÞ is a real-valued, energy- and momentum-depen-
dent production function, analogous to that employed in
isobar analyses. We define it as

Dkðs; pÞ ¼ Dfkðs; pÞbLðkÞðλpÞ; ð5:2Þ
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FIG. 9. Left: S-wave projected πρ interaction at the leading order from the effective Lagrangian of Ref. [101] (red solid line). The
shaded areas show values for C̃eff

00 allowed to 1σ by the ground state energy E0 from lattice QCD. These areas depend on the cutoff as
indicated (shells 2–4 considered). The unusual cutoff dependence is discussed in the text. Right: dependence of C̃eff

00 ðp0; pÞ on incoming
and outgoing spectator momenta.
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where LðkÞ denotes the orbital angular momentum corre-
sponding to channel k. Here,Dfk can additionally depend on
spectator momentum and energy. The centrifugal barrier
factors bL scale with pLðkÞ at low momenta, but then
smoothly approach unity at higher momenta. This momen-
tum suppression is regulated by the parameter λ [128]. For
this paper, we chose λ ¼ 0.5m−1

π , Df0 ¼ Df2 ¼ mπ for the
πρ channels, and Df1 ¼ 1 for the πG channel. We also note
that Γ̃ still needs to be continued to real spectator momenta q

for which we use a continued-fraction extrapolation method
[96,129]. These references provide also a comparison of
different methods of analytic continuation in momentum.
Figure 11 shows the real (solid lines) and imaginary parts

(dashed lines) of the rescattering term Γ̃ of all three
channels in terms of outgoing momentum q. The plot ends
at the momentum corresponding to the isobar two-body
thresholds, showing only the physical region. Firstly, we
note that two of the fits (2 and 6) are almost indistinguish-
able in the ðπρÞS and ðπGÞP channels and very close in the
ðπρÞD channel. For fit 2 we calculate the (correlated)
statistical uncertainties through a resampling procedure
with the result shown as the green bands.
The statistical uncertainties are substantially smaller than

the spread between results when using different fit forms,
i.e., using different parametrizations of the three-body force
C̆. In particular, results change substantially for fit 7 (blue
lines). Indeed, that fit exhibits a smaller c̆00 and larger c̆11
than the others as quoted in Table II. In other words, the πG
interaction in that particular fit plays a larger role. More
precise data could help in the determination of relative
strengths of different channels. Still, there is a clear
indication for sign and size of the S-wave and at least
the sign for the D-wave seems to be determined. The result
also shows the importance of using various parametriza-
tions to avoid bias in the extracted physical picture.
The bottom panel of Fig. 11 shows the energy depend-

ence of the amplitude for a fixed q ¼ qmax=2, i.e., half of

2 0 2 4 6 8

0.0

0.2

0.4

0.6

0.8

1.0

1.2

FIG. 10. An example of the SMC mapped to the isobar
subenergy σ plane at

ffiffiffi
s

p ¼ 4mπ with imax ¼ 4. The contour
consists of two segments: a complex segment in the upper half
plane and a real-axis segment beyond the matching point as
required by analyticity. The vertical black line indicates the
matching condition at Re σ0 ¼ 4m2

π .

FIG. 11. Top panel: the production amplitude [real(solid lines) and imaginary(dashed lines) parts] Γ̃Lð
ffiffiffi
s

p ¼ 4mπ; qÞ of the fits to
the heavy pion mass case with imax ¼ 4, i.e., fits 2, 6, 7 from Table II. Bottom panel: Γ̃ðs; q ¼ qmax=2Þ from Eq. (5.1). The black line
indicates the pseudothreshold,

ffiffiffi
s

p ¼ mπ þmρ defined through cot δ11ðmρÞ ¼ 0; see Fig. 6. The bands in the upper plot show the
statistical uncertainties for fit 2. For simplicity these bands are omitted in subsequent plots and for the other fits 6 and 7, and only best fit
values are shown for them.

COUPLED-CHANNEL APPROACH TO ISOTENSOR πππ … PHYS. REV. D 114, 034506 (2026)

034506-17



the largest physical spectator momentum [89] (see also
Fig. 1),

q2max ¼
s2 þ 9m4

π − 10sm2
π

4s
: ð5:3Þ

For simplicity, we only show the central value of fit 2
(green lines) in the lower panel of Fig. 11 and subsequent
figures. The most prominent feature is a kink in Γ̃ of the

ðπρÞS outgoing state at around the lowest noninteracting πρ
level at

ffiffiffi
s

p ¼ 3.46mπ (see also Fig. 6). This structure is the
πρ S-wave threshold cusp that appears “washed out” due to
the finite ρ width. It is also visible for the πG final state
through coupled-channel effects.
The full, physical 1 → 3 production amplitude Γ̆ con-

tains not only the rescattering piece, Γ̃, but also a final
isobar and its decay, as well as a disconnected piece as
formulated in Ref. [94]. It reads as

ð5:4Þ

The v̆ is the final decay vertex attached to the isobar. For the
S-wave isobar decay,G → ππ, it is simply v̆i ¼ 1 because τ̃
corresponds already to the full amplitude in plane-wave
basis. For the P-wave isobar decay, ρ → ππ, v̆ ∼ qσ with qσ
the pion momentum defined in the ρ rest frame; see
Ref. [94] for explicit expressions.
The line shapes for fixed energy andmomentum are shown

in Fig. 12. To provide more quantitative insight into the

effects of three-body rescattering we allow for a normali-
zation Nj that is chosen such that the areas under all line
shapes are the same. For comparison, we also show the
“disconnected part” with black dashed lines, Njv̆jτ̃jDj. This
part contains no three-body rescattering and corresponds to
the amplitude in a traditional isobar model. See Fig. 1 in
Ref. [94] for a graphical representation. In such a model,
the three-body dynamics is encoded in a complex-valued
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FIG. 12. The normalized physical 1 → 3 production amplitude Γ̆L; ðL ¼ 0; 1; 2Þ for fixed ffiffiffi
s

p ¼ 4mπ in terms of spectator momentum
(upper panel), and for fixed q ¼ qmax=2 in terms of three-body energy (lower panel), for fits 2, 6, 7 shown in red, blue, and green,
respectively. The black dashed curves show the “disconnected” amplitude, corresponding to a line shape without three-body interaction.
The solid black vertical lines indicate the nominal ρþ π threshold, whereas the dashed vertical lines indicate the position of the ρ isobar.
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production mechanism (the “partial wave”) followed by a
chain of isobar decays, while here we have a real-valued
production mechanism D, followed by the explicit, com-
plex-valued, and unitary three-body dynamics. Deviations
of the line shapes of fits 2, 6, and 7 from the disconnected
part can, therefore, be attributed to the nontrivial three-body
rescattering and coupled-channel effects calculated from
lattice QCD.
The ρ line shapes from the final isobar in Eq. (5.4)

are clearly visible for both πρ channels. In the upper
panel of Fig. 12, the ρ peak appears at qðsÞ ¼ qcm ≔
ðλðs;m2

π; m2
ρÞÞ=ð2

ffiffiffi
s

p Þ (vertical dashed lines). In the lower
panel, the ρ peak is shifted to the right of the nominal πρ
“threshold” (solid vertical lines) due to the chosen nonzero
q ¼ qmax=2 spectator momentum. In particular, the isobar
position in

ffiffiffi
s

p
is given by σðs; qmaxðsÞ=2Þ ¼ m2

ρ.
Overall, the modifications to the line shape appear

moderate and of similar size as in Ref. [94] when plotted
as a function of spectator momentum q (upper panel in
Fig. 12), except in the πG channel for fit 7 that exhibits
stronger πG rescattering than the other fits. If shown as a
function of three-body energy (lower panel of Fig. 12),
there can be noticeable differences at higher

ffiffiffi
s

p
, even for

the πρ channels. Indeed, for fits 2 and 6, the line shape

reaches a comparable size as the isobar peak itself. This
simply reflects the nontrivial energy dependence of the
three-body amplitude which differs among the fits.

B. Narrow ρ-limit

To obtain additional insights into the dynamics of the
system and the different fits, we take the limit of a
narrow ρ meson. As mentioned before, the ρ-meson has a
small width of Γ ¼ 0.13mπ [112] at the heavier pion
mass ensemble. At the same time, the πρ S-wave channel
largely dominates the I ¼ 2 system close to threshold
as Fig. 6 demonstrates. To illustrate the strength of the
dominant πρ channel, one can calculate the two-body
“phase-shift” in the narrow-ρ approximation. Obviously,
this should not be mistaken for a representation of the
full three-body dynamics discussed in the previous
section. For this exercise we use the propagator from
Eq. (4.7) and the fitted c̆00 for the πρ channel, neglecting
the subdominant B̃ term and all channels other than ðπρÞS
for simplicity. Phase shifts are then calculated from the
two-body unitary T̄00 obtained by solving the following
equation which is of Lippmann-Schwinger type with
relativistic kinematics:

T̄00ðs; p0; pÞ ¼ C̄00ðs; p0; pÞ þ
Z

Λ

0

dll2

ð2πÞ32El

C̄00ðs; p0; lÞ2g21T̄00ðs; l; pÞ
sþm2

π − 2
ffiffiffi
s

p
El −m2

ρ þ iϵ
; C̄00 ∈ fC̃eff

00 ; C̆00g; ð5:5Þ

which iterates either C̃eff
00 from Eq. (4.10) or the fitted C̆00

from Eq. (2.37). The resulting phases are shown in Fig. 13
to the left for the representative fits 1, 2, and 7 according to
Table II. We do not show fit 6 which would appear very
similar to fit 2. Fitting all four lattice energies clearly
restricts the phase-shift to be negative/repulsive in the entire
energy window, in agreement with the situation at thresh-
old; see the discussion of Fig. 6. The smallest phase shift,
clearly separated from the other black lines, originates from
fit 7 (see Table II) in which the coupling to the πG channel
plays an important role (fit 4 is very similar to 7 and not
shown either). This emphasizes again the need for more
LQCD data to better resolve the individual three-body
channels.
The phase shifts predicted from the effective Lagrangian

of Eq. (4.8) are shown with the blue dash-dotted lines. Of
course, these predictions are cutoff dependent and, therefore,
shown for the typical values Λ3 and Λ4 used in this study. In
agreement with the situation discussed for Fig. 9, we observe
that the predicted repulsion at the πρ threshold is at the lower
end of results allowed by the LQCD calculation. However,
one can now also see that, at larger energies, the effective
Lagrangian predicts the same or even larger repulsion than
observed in LQCD. We also study the off shell dependence
of these predictions by solving Eq. (5.5) with an on shell

factorized interaction, C̃eff
00 ðp0 ¼ pcm; p ¼ pcmÞ where pcm

is the on shell three-momentum of the pion and stable ρ
meson in the center of mass. This leads to a noticeable
change of results as indicated with the blue long-dashed
lines. Overall, it is rather surprising how well the LQCD
results are predicted by the effective interaction at the rather
large pion mass of mπ ¼ 315 MeV.
On the right-hand side of Fig. 13 the cutoff dependence

is illustrated. The gray shading connects fits 1 and 2
(imax ¼ 3, 4) and shows little variation of results. This
demonstrates that changes in cutoff can quite effectively be
absorbed in the fit parameters. One can demonstrate that this
renormalization works well by evaluating fits 1 and 2 with
each other’s cutoff, without refit. This leads to the wrong
“fits” 1 and 2 that exhibit substantially larger discrepancies
for the observables. Still, the overall cutoff dependence is
moderate. One reason lies in the weakness of the inter-
actions, making loops less relevant for the dynamics than in
stronger interacting systems, such as three-body resonances
[16,19,21]. The second reason lies in the effective sup-
pression of high-momentum contributions through the form
factor for the contact terms in Eq. (2.37) [note also the
subtraction procedure for B̆ from Eq. (2.36) even though
this term is neglected in the present exercise]. The moderate
cutoff dependence also ensures that potential residual
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finite-volume effects from the cutoff are further suppressed
as shown in Fig. 2.
Overall, our S-wave “phase-shifts” exhibit the same

moderate repulsion as in Ref. [105]. In that study, the
ρ-meson is a bound state due to the large pion mass
(mπ ≈ 700 MeV). It is remarkable how much the phases
resemble each other given the large difference in pion mass.

VI. CONCLUSIONS

In this work we studied the three-pion system with I ¼ 2
using lattice QCD and a unitary coupled-channel three-
body framework in finite and infinite volume, referred to as
FVU [32,106]. We extended the quantization condition to
include isobars up to P-wave, i.e. the coupled channels πρ
and πG, where G stands for the isospin-2 S-wave ππ
system. We also formulated a subtraction scheme for the
three-body interaction that conserves unitarity while reduc-
ing the sensitivity to the hard cutoff and possible finite-
volume effects tied to it.
The finite-volume spectrum of the system was deter-

mined in a dedicated lattice QCD calculation using
GWQCD ensembles with two unphysical pion massesmπ ≈
315 MeV and mπ ≈ 224 MeV. Using the coupled-channel
quantization condition, three-body contact terms were fitted
to the finite-volume spectrum in the elastic window and
mapped to the infinite-volume amplitudes, thus, predicting
three-body rescattering contributions and 1 → 3 three-pion
production amplitudes. Exploring different parametrizations
for the channel transitions revealed that the sign and size of
the real part of the dominant ðπρÞS amplitude can be
determined within large (mostly systematic) uncertainties.
A qualitative study at threshold revealed that the dynam-

ics is repulsive: one-pion exchange in the πρ channel gives

only a small attractive contribution, the πG channel
provides an even smaller repulsion, and the observed net
repulsion requires a repulsive short-range three-body inter-
action. In addition, we compared the extracted interaction
pattern with the predictions from a leading-order effective
πρ Lagrangian and found a repulsion of comparable size
although the prediction is, of course, regularization
dependent.
To further interpret the dynamics, the limit of a narrow ρ

was considered. In this limit, the system reduces to an
effective two-body problem, allowing a definition of a πρ
“phase shift” for the dominant S-wave channel. The
resulting “phases” from LQCD are negative with a typical
size of −20° to −40°, which is consistent with the repulsive
behavior inferred from the full coupled-channel analysis.
As for the robustness of results against cutoff variations,

we find very similar infinite-volume amplitudes (phase
shifts) as shown for the heavy ρ limit comparing fits 1 and
2. As for dependence on different parametrizations, we find
that results are still similar if one allows for a separable vs a
nonseparable three-body term (fit 2 vs fit 6) connecting the
two πρ partial waves. As mentioned, the by far largest
variation comes from allowing three-body terms coupling
to the repulsive πG channel (fit 7), which shows that more
and better data are needed to resolve individual channels.
In conclusion, the present study is limited by the

available lattice information, with only a few levels in a
single irrep at unphysical pion masses, affecting the
determination of the amplitudes and individual isobar
channels. Yet, through the inclusion of constraints from
effective field theories it was, indeed, possible to isolate the
repulsive nature of the dominant ðπρÞS channel in agree-
ment with predictions of an effective Lagrangian. To reach
more quantitative conclusions, future work should include
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FIG. 13. Left: πρ S-wave “phase shifts” for the mπ ¼ 315 MeV ensemble assuming a stable ρ-meson and omitting the ðπρÞD and πG
channels. The black curves show results obtained from the central values of some fits to the LQCD data (fits 1, 2, and 7 according to
Table II). The blue dashed lines show the predictions from the effective Lagrangian of Eq. (4.8) and their inherent cutoff dependence by
using different cutoffsΛ3 andΛ4. Right: fits 1 and 2 produce similar results demonstrating that cutoff dependence is effectively absorbed
in fit parameter values. Indeed, evaluating the fits with exchanged cutoffs Λ3 ↔ Λ4 (without refit) produces fits 1’ and 2’ that produce
substantially different outcomes.
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additional volumes and boosts. A naive chiral extrapolation
of the mπ ¼ 315 MeV lattice spectrum with FVU success-
fully predicts the lattice spectrum at mπ ¼ 224 MeV,
allowing for a check, but higher precision data at that
and lighter pion masses would allow for a better determi-
nation of chiral trajectories of the πρ interaction.
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