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Long-range forces in the early Universe may lead to early structure formation and, perhaps, to primordial
black holes. We generalize previous studies of fermions coupled to a light scalar field by considering general
scalar field dependent couplings in cosmological backgrounds with a fixed equation-of-state parameter. We
identify two broad regimes: a scaling regime, in which the scalar field oscillates around a point of vanishing
fermion mass, and an asymptotic regime, in which the field evolves toward configurations where the
fermions recover their bare mass. We show that the scaling regime arises from an approximate scale
invariance in the scalar-fermion action, which becomes an approximate conformal invariance at late times. In
the scaling regime, the ratio between the scalar and fermion energy densities is approximately constant. Our
work provides a first step toward a general study of the growth of perturbations in this system.
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I. INTRODUCTION

Primordial black holes (PBHs) are promising dark
matter candidates and can provide a powerful probe of
small-scale physics in the early Universe [1–3]. In the
standard scenario, PBHs are generated from the collapse of
local overdensities in the primordial density field [4–6].
However, large density contrasts are required to trigger
gravitational collapse in the radiation-dominated universe.
Thus, one needs a large variance of the random Gaussian
primordial density field. This means that PBH formation is
an extremely rare event.
A common proposed mechanism for generating a suffi-

cient abundance of primordial black holes is to consider
inflationary models with a phase of ultraslow-roll, produc-
ing an enhancement of the curvature power spectrum (see,
e.g., Ref. [7] for a review), although some may argue that
severe fine-tuning is required [8–15]. It has been recently
argued that this might be different in a period of kinetic
domination, so-called “kination” [16], where the Universe is
dominated by a stiff fluid [17]. The reason is that, during
kination, perturbations decay more slowly than the back-
ground stiff fluid. This can generate large local density

contrasts, which subsequently undergo nonlinear dynamics,
as confirmed by numerical simulations [17].
An alternative mechanism that may generate PBHs is the

presence of long-range forces stronger than gravity [18,19],
often acting only on the dark sector. Although it is still
unclear whether PBH formation eventually occurs, long-
range forces may substantially boost early structure for-
mation in the radiation-dominated universe [18,20]. For
instance, the presence of a light scalar field coupled to dark
matter can mediate an attractive force, enhancing the growth
of dark matter perturbations and potentially leading to halo
formation and even primordial black hole formation. Very
early structure formation may explain, or be constrained, by
the early galaxies seen by the James Webb Space Telescope
[21–24], the EDGES 21 cm signal [25] and the seeds of
supermassive black hole formation [26–28].
Long-range scalar forces have been widely considered in

dark-sector cosmology [29–34]. A characteristic example is
quintessence [29,35–37] coupled to a nonrelativistic dark
matter fluid, for which the scalar dependence of the particle
mass induces an effective time-dependent mass for the dark
matter particles. Related scalar-dependent mass scenarios
also appear in mass-varying-neutrino and growing-neutrino
quintessence models [38–42]. One realization of this idea is
a fermion fluid coupled to a scalar through a Yukawa-type
interaction. In such models, the scalar mediates an attrac-
tive force between fermions, while the fermion mass
becomes a function of the scalar background.
The scalar force is long-range whenever the scalar mass

is small compared to the physical scale of interest. In this
regime, the scalar dynamics is controlled not only by its
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bare potential, but also by the effective potential induced by
the interaction with the fermions. For a scalar-dependent
fermion mass, the system can be dynamically driven toward
configurations that minimize the effective fermion mass.
When this happens, an initially nonrelativistic description
may break down, as the effective mass can become
comparable to, or smaller than, the typical fermion momen-
tum. A fully relativistic formulation is therefore needed.
Such a general, relativistic treatment was developed in

Ref. [43], where the dynamics of a homogeneous scalar
coupled to a degenerate fermion gas were studied during
radiation domination under the assumption of thermal
equilibrium. The resulting background solutions provide
the starting point for studying perturbations. In Ref. [20], it
was shown that scalar-mediated Yukawa forces can lead to
the rapid growth of fermion perturbations in the radiation
era, resulting in the formation of dark matter halos; this
behavior was also confirmed using N-body numerical
simulations. These results suggest that long-range forces
in a dark sector may provide a more “natural” mechanism
for producing large small-scale overdensities—that is,
apparently less fine-tuned than the standard scenario,
although further investigation is needed to make any
definitive claim—and motivate further investigation from
the point of view of primordial black hole formation
[19,44–46].
However, the cosmological background expansion may

also play an important role in this mechanism. If the
postinflationary universe is not immediately radiation
dominated but instead undergoes an early matter-dominated
or kination era, as motivated by nonstandard cosmologies
and string-theory scenarios [16,47,48] (see, e.g., Ref. [49]
for a review), the growth of perturbations and the evolution
of the scalar-mediated force can be substantially altered.
Another question concerns the functional form of the scalar-
fermion coupling. Most studies have focused either on the
linear Yukawa coupling [19,20,43] or the dilatonic coupling
[18,50–53]. However, more general scalar dependencies can
be motivated by high-energy extensions. Dilatonic cou-
plings can arise in string theory and modified-gravity
models, whereas higher-order monomial couplings may
arise as effective field theory extensions of the Standard
Model of particle physics [54].
In this work, we restrict ourselves to the homogeneous

dynamics of the coupled scalar-fermion system, leaving the
analysis of perturbations for future work. We generalize the
background analysis of Ref. [43] by considering monomial
and dilatonic scalar-fermion couplings on a fixed FLRW
background with an arbitrary constant equation-of-state
parameter w. The scalar-fermion sector is treated as a
spectator sector, so that the background expansion is
externally prescribed, while the scalar field and the fermion
fluid exchange energy through the field dependence of the
effective fermion mass.

We present an exhaustive, general analysis of the
dynamics of the scalar-fermion system across different
cosmological backgrounds and coupling types. Our main
result is that the system admits scaling solutions for both
classes of couplings and for general cosmological back-
grounds. We show that the origin of scaling solutions in the
Yukawa interaction case is due to an approximate scale
invariance, while in the dilatonic case, the equations of
motion admit “tracking” solutions, namely when the scalar
field derivative is a function of the background expansion
rate. Depending on the coupling, the background cosmic
fluid, and the presence of a bare scalar potential, the field
may oscillate around a saturation point or approach an
asymptotic branch.
This paper is organized as follows. In Sec. II, we

introduce the model and provide a conformal-frame argu-
ment for the scaling solutions. In Sec. III, we specialize to a
degenerate Fermi gas, and in Sec. III A, we present the
general equations of motion for representative couplings. In
Secs. IV and V, we discuss the relevant solutions for
monomial couplings without and with a bare scalar poten-
tial, respectively. For the busy reader, we summarize our
main results in Sec. VI. We conclude with an extended
discussion in Sec. VII. We present many details of the
calculations in the Appendixes. In particular, we study the
case of a dilatonic coupling with bare mass in Appendix D.
Throughout the paper, we use units where c ¼ ℏ ¼ 1

and M2
pl ¼ 1=8πG.

II. SCALAR-FERMION YUKAWA COUPLING

We start by presenting the general equations and show-
ing that the system generally contains a scaling regime due
to an approximate scale invariance.

A. Model and background equations

We consider a dark sector composed of a scalar field φ
and a Dirac fermion ψ described by the following action:

SDM ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
1

2
gμν∂μφ∂νφ − VbareðφÞ

þ ψ̄ðiΓμ∇μ −mψ Þψ − yfðφÞψ̄ψ
�
: ð1Þ

Here Γμ are the curved-space gamma matrices, mψ is the
bare fermion mass, VbareðφÞ is a general bare scalar field
potential to be fixed later. The scalar is coupled to fermions
through a Yukawa-type interaction

Lint ¼ −yfðφÞψ̄ψ ; ð2Þ

encoded in the function fðφÞ, which we take to be of
mass dimension 1. The parameter y is a dimensionless
constant corresponding to the standard Yukawa coupling.
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Throughout this work, we assume y > 0 without loss of
generality, as we leave the possibility of changing the sign
of the interaction by changing the sign of fðφÞ. Note that
one may always use a field redefinition (see next sub-
section) to bring the interaction term to the standard
Yukawa interaction. However, such a field redefinition
would then have a noncanonical kinetic term. Unless
otherwise stated, we work with the canonical form of
the kinetic term.
One may wonder whether it is reasonable to consider

such a decoupled dark sector. A plausible setup is that the
scalar-fermion sector belongs to a hidden dark sector that is
populated after inflation, either directly through inflaton
decay, gravitational particle production, or through a feeble
portal interaction with the visible sector [55–60]. If the
interactions between this sector and the Standard Model are
sufficiently weak, the hidden sector decouples early from
the thermal bath and subsequently evolves as an isolated
subsystem. In contrast, the scalar and fermions may still
interact efficiently with each other through the Yukawa
coupling, so that energy can be exchanged internally while
the total dark-sector energy is diluted only by the cosmo-
logical expansion. The fermion number is then conserved.
In this work, we mainly focus on a general monomial

coupling given by

fðφÞ ¼ �Mpl

�
φ

Mpl

�
p
; ð3Þ

with p ≥ 1 positive integer, although we briefly explore
the general properties of the dilatonic coupling without
bare mass of Ref. [18] in Sec. II C 2 and explicit solutions
with bare mass in Appendix D. For the monomial coupling
(3), the effective coupling in the action (1) is parametrized
by yp ≡ y=Mp−1

pl and has mass dimension 1 − p. Thus, for
p > 1, the Yukawa-type operator Op ¼ ypφpψ̄ψ is non-
renormalizable and should only be interpreted as a higher-
order effective field theory (EFT) operator of mass
dimension 3þ p. Note that in the EFT approach, one
should replace Mpl in Eq. (3) with a high-energy, ultra-
violet (UV) cutoff scale, say ΛUV. For example, such
couplings could appear after integrating out heavy fields
with mass M. In that case, the cutoff scale is ΛUV ¼ M.
One then expects y to be a dimensionless Wilson coef-
ficient, expected to be of order unity.
Note that, although a concrete construction is beyond the

scope of this paper, one needs fine-tuning or symmetries to
motivate large values of p within the EFT approach. In the
present analysis, we remain agnostic about the origin of
such interactions and focus on their cosmological phenom-
enology. We note, however, that the EFT argument implies
that larger values of p should, in principle, lead to a
stronger suppression of the coupling, provided the UV
scale is fixed.

For the scalar field bare potential, we also consider a
monomial ansatz, consistent with the coupling function
fðφÞ (3). Namely, we assume that the bare potential in
Eq. (1) is of the form

VbareðφÞ ¼
λq
q
M4

pl

�
φ

Mpl

�
q
; ð4Þ

where q is constant, and we normalized the field to the
Planck scale, for simplicity, and λq is dimensionless. For
concrete cosmological applications, we focus exclusively
on the cases where q ¼ f2; 4; 6g.

B. Equations of motion in the fluid approximation

When working in the cosmological setup, we treat the
fermions using the perfect-fluid approximation within the
Kinetic gas approach. Namely, we consider that their
energy-momentum tensor is well approximated by

Tμν
ψ ¼ ðρψ þ pψÞuμuν þ pψgμν; ð5Þ

where ρψ , pψ and uμ are respectively the energy density,
pressure and 4-velocity of the fluid. Their explicit expres-
sion for a degenerate gas can be found in Appendix A and
in general, in Ref. [43]. This approximation is valid as long
as there are many fermions per Hubble volume. From the
second line of Eq. (1), we see that the fermions acquire an
effective mass given by

meffðφÞ ¼ jmψ þ yfðφÞj; ð6Þ

where we take the absolute value to ensure that meff
remains non-negative in the fluid description.
Next, we consider a Friedmann–Lemaître–Robertson–

Walker (FLRW) spacetime in which the expansion is driven
by a dominant background cosmic fluid with a constant
equation-of-state parameter w. The metric in that case, and
in cosmic time, reads

ds2 ¼ −dt2 þ a2ðtÞdx2; aðtÞ ¼ aiðt=tiÞ2=ð3þ3wÞ; ð7Þ

where aðtÞ is the so-called scale factor and ti is an arbitrary
pivot time, which we take as the initial time. From now on,
all quantities with a subscript “i” are evaluated at ti. In what
follows, we set ai ≡ 1 for simplicity. We first keep w
arbitrary and later specialize to matter domination, radiation
domination, and stiff-fluid (kination) domination, corre-
sponding to w ¼ 0, w ¼ 1=3, and w ¼ 1, respectively.
Notice that we assume that the scalar-fermion sector is

subdominant and evolves on such a fixed cosmological
background. This approximation is valid as long as its
fractional energy density remains very small and therefore it
does not significantly contribute to the expansion. In
particular, for a stiff fluid background with w ¼ 1, the
dark-sector energy density can redshift more slowly than the
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background and may eventually dominate, so the spectator
approximation must be checked explicitly.
Varying the action (1) with respect to φ yields

φ̈þ 3Hφ̇þ dVbareðφÞ
dφ

þ ∂ρψ
∂φ

¼ 0; ð8Þ

where the last term is evaluated at a fixed fermion number,
which is the relevant condition for the zero-temperature
degenerate Fermi gas considered in this work. In that case,
one then finds that

∂ρψ
∂φ

¼ þyf;φðφÞsgnðmψ þ yfðφÞÞ ρψ − 3pψ

meff
; ð9Þ

where sgnðmψ þ yfðφÞÞ ¼ �1 depending on the sign of
the argument. For a general derivation in the case of
fermions in a thermal bath, see Ref. [43]. In passing, we
note that Eq. (9) is consistent with the formulation of
Refs. [18,61], since

∂ρψ
∂φ

¼ ∂ lnmeff

∂φ
ðρψ − 3pψ Þ ¼ −

∂ lnmeff

∂φ
Tψ ; ð10Þ

where we used that Tψ ¼ gμνT
μν
ψ ¼ −ðρψ − 3pψ Þ.

Since the scalar-fermion system is taken to be totally
decoupled from the background cosmic fluid, the dark
sector, which we denote as “DS” henceforth, satisfies the
continuity equation

ρ̇DS þ 3HðρDS þ pDSÞ ¼ 0; ð11Þ

with ρDS ¼ ρφ þ ρψ and pDS ¼ pφ þ pψ respectively.
However, the energy exchange happens through the sca-
lar-fermion coupling, and it is manifested at the level of the
continuity equation of each fluid, with the fermion fluid
satisfying

ρ̇ψ þ 3Hðρψ þ pψ Þ − φ̇
∂ρψ
∂φ

¼ 0: ð12Þ

Similarly, one can check that the scalar energy density
satisfies

ρ̇φ þ 3Hðρφ þ pφÞ þ φ̇
∂ρψ
∂φ

¼ 0; ð13Þ

where we define1

ρφ ¼ 1

2
φ̇2 þ VbareðφÞ: ð14Þ

By adding Eqs. (12) and (13), one confirms Eq. (11).
Equations (8) and (12) form the basic system for the

coupled scalar-fermion sector. From the scalar field equa-
tions of motion (8), we see that the coupling introduces a
source term to the standard Klein-Gordon equation, whose
shape determines the evolution of the system. Note that,
while the total energy of the isolated scalar-fermion
subsystem is still diluted by the cosmological expansion,
how this energy is partitioned between the two sectors is
controlled by the type of coupling.

C. General argument for scaling solutions

Before we examine specific solutions, it is instructive to
study the theory’s general asymptotic properties. In par-
ticular, in the absence of bare potential, that is Vbare ¼ 0,
Refs. [18,43] find that the scalar-fermion system reaches a
scaling solution in radiation domination for meff ¼ jmψ þ
yφj and meff ¼ mψeyφ=Mpl , where all energy densities
(scalar, fermion and background fields) scale like radiation,
that is ρ ∝ a−4, regardless of whether the fermions are
initially either relativistic or nonrelativistic. Furthermore,
they find thatmeff ∼ 1=a in the scaling regime in both cases.
However, it is unclear how general the scaling regime is and
whether the meff ∼ 1=a asymptotic behavior is universal.
Here, we provide a general argument for the scaling
properties and derive the precise scale factor dependence
of meff . We later confirm our expectations with explicit
examples. Note that one may naively argue that, since the
fermions are relativistic for meff ¼ 0, the system dynami-
cally approaches a conformally invariant state, and hence all
energy densities scale as radiation. As we show below, this
is not always the case.
To understand the behavior of the system near the

meff ∼ 0 regime, let us look at the scalar-fermion action
(1) with a general scalar-dependent fermion mass function,
say meff ¼ mðφÞ, and set VbareðφÞ ¼ 0 for simplicity. It is
most convenient to focus first on mðφÞ and, from that, infer
the scaling properties of the different fluids. Hence, we use
mðφÞ as our scalar field and rewrite (1) as

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
1

2
K2ðmÞgμν∂μm∂νm

þ iψ̄Γμ∇μψ −mψ̄ψ

�
; ð15Þ

where

KðmÞ≡
���� ∂φ

∂mðφÞ
����; ð16Þ

with the understanding that, after inversion, φ ¼ φðmÞ.

1Later in the paper we relabel the scalar density as ρϕ as
we work within the dimensionless field ϕ instead of the
dimensionful φ.
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We now perform a conformal transformation of the
metric, gμν ¼ Ω2g̃μν, and a rescaling of the fermion field,
namely ψ̃ ¼ Ω3=2ψ. The resulting action is given by

S ¼
Z

d4x
ffiffiffiffiffiffi
−g̃

p �
−
1

2
Ω2K2ðmÞg̃μν∂μm∂νm

þ i ¯̃ψ Γ̃μ∇̃μψ̃ −Ωm ¯̃ψ ψ̃

�
: ð17Þ

We see that the action (15) is scale invariant, that is
Ω ¼ constant, only if KðmÞ ¼ constant as one can define
m̃ ¼ Ωm in Eq. (17) and recover (15). For this reason, let us
first consider the KðmÞ ≈ constant case and later turn to a
general KðmÞ.

1. Yukawa-like interaction

The KðmÞ ¼ constant case exactly corresponds to
m ¼ jmψ þ yφj and, therefore, to the standard Yukawa
interaction studied in Ref. [43]. Note that in the absence
of scalar potential, one can shift φ ¼ φ̃ −mψ=y and set
mψ ¼ 0 and m ¼ jyφ̃j. This property also allows us to
generalize the scaling regime to the monomial case
m ¼ jmψ − yMplðφ=MplÞpj, where we chose the − sign
in fðφÞ (3) to allow for m ¼ 0 for general p. After shifting
φ ¼ φ̃þMplðmψ=ðyMplÞÞ1=p, we have at leading order in
φ̃ that m ∼ jyφ̃þ � � � j, since φ̃ ∼ 0 when m ∼ 0. This
means that the scalar-fermion system is approximately
scale invariant for fðφÞ ∝ φp near the m ∼ 0 regime. One
can also confirm this with an explicit calculation. Taking
m ¼ jmψ − yMplðφ=MplÞpj, as in Eq. (3), we have that

KðmÞ ¼ 1

yp

�
yMpl

mψ −m

�
1−1

p

; ð18Þ

and, therefore, KðmÞ ≈ constant when m ≪ mψ .
To understand the scale-factor dependence of the sol-

utions for m, note that, although the action (15) is not
conformal invariant for KðmÞ ≈ constant, it can be approx-
imately so if j∇Ωj ≪ Ω. In this way, we can neglect
derivatives of the conformal factor, and the scale symmetry
becomes approximately conformal. This is precisely the
case in an expanding background, where Ω ¼ aðτÞ and
g̃μν ¼ ημν, with τ being the conformal time (that is,
dt ¼ adτ). In that case, d lna=dτ ∝ 1=τ and vanishes
asymptotically. The system then dynamically approaches
an approximate “conformally invariant” state. Neglecting
derivatives of aðτÞ, the redefined field m̃ ¼ am effectively
lives in flat spacetime.
Note that we have so far ignored in the discussion a

possible, intrinsicm-dependence inside ψ̄ψ in Eq. (15). This
is consistent with nonrelativistic fermions, as one expects
that ψ̄ψ ∼ nψ , but not with relativistic fermions. To see this,
note that the trace of the fermion energy momentum tensor

evaluated on shell gives

Tψ jon-shell ¼ −meffψ̄ψ : ð19Þ

Using that in the fluid picture Tψ ¼ −ðρψ − 3pψ Þ, see
Eq. (5), we find that

hψ̄ψi ¼ ρψ − 3pψ

meff
: ð20Þ

Using the results of Sec. III, we find, in cosmology and for a
degenerate Fermi gas, that

hψ̄ψinon-rel ∝ a−3 and hψ̄ψirel ∝ ma−2; ð21Þ

where the brackets denote the expectation value of the
fermion fluid. This implies that in a cosmological back-
ground, the term mΩ ¯̃ψ ψ̃ in Eq. (17) is proportional to am
and ðamÞ2 respectively for nonrelativistic and relativistic
fermions. Thus, the scaling argument applies regardless of
whether the fermions are relativistic.
From the m-dependence of Eq. (21), and as we show

later in detail, the equations of motion for m̃ are approx-
imately those of a harmonic oscillator. This means that m̃
oscillates around m̃ ∼ 0, and, therefore, it implies that
m ∝ 1=a × oscillations. This is in agreement with the
results of Ref. [43]. Note, however, that here we gener-
alized this property to couplings of the type fðφÞ ∝ φp

with p > 1 for the first time.
Regarding the energy density of the scalar field (14), we

find, in the absence of bare potential and for the monomial
fðφÞ, that

ρφ ∝ φ̇2 ¼ K2ðmÞ
a2

�
dm
dτ

�
2

∼
1

a4
× oscillations; ð22Þ

where we used that K ∼ constant and dm=dτ ∼ 1=a ×
oscillationsþOðH=ωÞ for oscillations with frequency
ω ≫ H. From Eq. (22), we see that the scalar field decays
as radiation, regardless of whether fermions are relativistic
or not.
The energy density of the fermions also scales as

radiation in the m ∼ 0 regime. In the relativistic case,
we trivially have ρψ ∼ 1=a4. In the nonrelativistic case,
where ρψ ∼mnψ , we have that ρψ ∼ 1=a4 × oscillations,
since m ∼ 1=a and number density conservation implies
nψ ∼ 1=a3. Thus, for a Yukawa-like interaction, we expect
that ρφ=ρψ ≈ constant in the m ∼ 0 regime, with both
energy densities redshifting like a radiation fluid.

2. Dilatonic-like interaction

For a general KðmÞ, there are no such guiding sym-
metries. Nevertheless, one may generally expand KðmÞ
near the massless regime as KðmÞ ∼mα, assuming the
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relation φðmÞ allows it. For example, in the runaway mass
dilatonic coupling of Ref. [18], namely mðφÞ ¼ mψeyφ=Mpl,
one has KðmÞ ¼ Mpl=ðymÞ. For KðmÞ ∼mα, the action
(17) is approximately given by

S ≈
Z

d4x
ffiffiffiffiffiffi
−g̃

p �
−
1

2
Ω2m2αg̃μν∂μm∂νm

þ i ¯̃ψ Γ̃μ∇̃μψ̃ − Ωm ¯̃ψ ψ̃

�
: ð23Þ

Interestingly, in an expanding background and in con-
formal time dτ ¼ dt=a, we may rewrite Eq. (23) as

S ≈
Z

d3xdτ

�
1

2
ðaHm1þαÞ2

�
d lnm
d ln a

�
2

þ i ¯̃ψ Γ̃μ∇̃μψ̃ − am ¯̃ψ ψ̃

�
; ð24Þ

where H ¼ 1
a
da
dτ ¼ aH. We checked that m-field equations

of motion allow for solutions of the type m ∝ a−#, when-
ever the scale factor appears through a global prefactor in
the action (24), namely when ðaHm1þαÞ2 ¼ am and
ðaHm1þαÞ2 ¼ ðamÞ2 for the nonrelativistic and relativistic
fermions, respectively. Note that, for consistency, H must
also be a power-law of a.
For a cosmological background with a constant equation

of state w, we have thatH ∼ a−ð1þ3wÞ=2. Then, the condition
for the existence of power-law solutions in Eq. (24)
respectively reads

m ∝ a
3w

1þ2α and m ∝ a
1þ3w
2α ; ð25Þ

for the nonrelativistic and relativistic fermions. With our
general results (25), we can check the runaway dilatonic
mass case in radiation domination of Ref. [18], that is α ¼
−1 and w ¼ 1=3. There, we see that regardless of whether
the fermions are relativistic, we have m ∝ 1=a. However,
our general results show that the m ∝ 1=a scaling in
radiation domination is coincidental. We also note that
the effective fermion mass (25) grows for ðw > 0; α >
−1=2Þ and ðw > −1=3; α > 0Þ, respectively, in the non-
relativistic and relativistic cases, signalling that the m → 0
regime is not an attractor solution in those cases. Since we
are interested in the Yukawa-like coupling, we leave a
detailed study of these cases for future work.
Lastly, let us discuss the energy density of the scalar and

fermions in this case. From Eq. (25), we also see that the
energy density of the scalar field (14) now reads

ρφ ∝ φ̇2 ¼ H2m2K2ðmÞ
�
d lnm
d ln a

�
2

∼H2m2ð1þαÞ: ð26Þ

Thus, there is a tracking solution, namely ρφ ∝ H2, only
when α ¼ −1. For general values of α, one has that ρφ is a
general power-law of a. We do not pursue this general
direction further as it is not very illuminating. More
interestingly, though, we see that the energy density
of nonrelativistic fermions scales as ρψ ∼mnψ ∼
a−3þ3w=ð1þ2αÞ. For α ¼ −1 the fermion energy density also
tracks the background, namely ρψ ∝ H2. This shows that
for nonrelativistic fermions and α ¼ −1, the full system
reaches a tracking solution. For relativistic fermions,
however, one always has ρψ ∝ a−4. We provide more
details on the runaway dilatonic mass coupling in
Appendix D. In particular, we find that memory of the
initial conditions for w ¼ 1 and logarithmic secular growth
for w ¼ 0.

III. BACKGROUND DYNAMICS
FOR A DEGENERATE FERMI GAS

We now specialize to the case where the fermions behave
as a degenerate Fermi gas at zero temperature for analytical
simplicity. The fermion number is then conserved, and all
states are filled up to the Fermi momentum pF ¼
ð3π2nψÞ1=3 with nψ the fermion number density. For more
details, see Appendix A 1. It is convenient to redefine the
number density as Nψ ≡ 3π2nψ , so that pF ¼ N1=3

ψ . Since
the total fermion number is conserved, the number density
redshifts only due to the expansion of the Universe,

Nψ ¼ Nψ ;ia−3 ð27Þ

and therefore we need only investigate the behavior of the
scalar.
In what follows, we are going to work with dimension-

less ratios as in [43]. First, to characterize the fermion gas,
we introduce the dimensionless ratio

x≡ meff

N1=3
ψ

; ð28Þ

which measures the effective fermion mass relative to the
Fermi energy. The limits where x ≪ 1 and x ≫ 1 corre-
spond to relativistic and nonrelativistic fermions, respec-
tively. This will be a key quantity to characterize our
solutions.
The exact energy density and pressure of the degenerate

Fermi gas are given by

ρψ ¼ N4=3
ψ

8π2
FðxÞ; pψ ¼ N4=3

ψ

24π2
PðxÞ; ð29Þ

with
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FðxÞ≡ ð2þ x2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
− x4 sinh−1

�
1

x

�
; ð30Þ

PðxÞ≡ ð2 − 3x2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
þ 3x4 sinh−1

�
1

x

�
: ð31Þ

The Klein-Gordon equation (8) for the scalar field is
sourced by the trace of the fermion stress tensor, which
we define as

Sφ ≡ ∂ρψ
∂φ

¼ yf;φðφÞsgnðmψ þ yfðφÞÞ ρψ − 3pψ

meff
: ð32Þ

From Eq. (29), a useful exact expression is given by

ρψ − 3pψ ¼ N4=3
ψ

2π2

�
x2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
− x4arsinh

�
1

x

��
: ð33Þ

The asymptotic limits of Eq. (33) are given by

ρψ − 3pψ ≃
N4=3

ψ

2π2
½x2 þOðx4 ln xÞ�; x ≪ 1 ð34Þ

and

ρψ − 3pψ ≃
N4=3

ψ

3π2
½xþOðx−1Þ�; x ≫ 1; ð35Þ

respectively corresponding to the relativistic and nonrela-
tivistic regimes.
It is also convenient to define the initial fermion

abundance given by

Ωψ ;i ≡ ρψ ;i
3M2

plH
2
i
: ð36Þ

Using Eq. (29), one can express the initial fermion number
density as

N4=3
ψ ;i ¼ 24π2M2

plH
2
i

FðxiÞ
Ωψ ;i; ð37Þ

where

xi ≡meff;i

N1=3
ψ ;i

¼ jmψ þ yfðφiÞj
N1=3

ψ ;i

: ð38Þ

These relations allow us to rewrite the equation of motion
in terms of dimensionless cosmological quantities. Detailed
derivations of the formulas are collected in Appendix A.

A. Background equations of motion
for monomial couplings

Below we present the equations of motion for the scalar-
fermion system for the monomial coupling (3) written in
dimensionless variables. This formulation is useful both
numerically and for understanding the relativistic and
nonrelativistic limits analytically. A detailed discussion
on the case of a dilatonic coupling with bare mass is given
in Appendix D. The monomial coupling provides a simple
algebraic dependence of the effective mass on the scalar,
while the exponential coupling can induce sharper varia-
tions. Let us remind the reader that we are working with a
general FLRW metric with a constant equation of state
given by Eq. (7).
From Eq. (1) and (3), we see that by introducing the

dimensionless coupling strength given by

β≡
�
yMpl

mψ

�
1=p

; ð39Þ

where β > 0 since we assumed y > 0, we can define the
dimensionless scalar field as

ϕ≡ βφ

Mpl
: ð40Þ

This expression is analogous to that of Ref. [43], as for
p ¼ 1 we have β ¼ yMpl=mψ , which reduces to the usual
linear-coupling parameter. Using Eq. (40), the effective
mass readsmeff ¼ mψ j1� ϕpj. Also, from the definition of
the initial ratio xi (38), it follows that

x ¼ meff

N1=3
ψ

¼ xia
j1� ϕpj
j1� ϕp

i j
: ð41Þ

Note that the scalar-fermion system may have solutions
for which meff ¼ 0. Since we find that the scalar field
oscillates around meff ¼ 0 (see also the general discussion
in Sec. II C 1), we denote the regime when meff ∼ 0 as
“saturation point.” The existence of such a saturation point
depends both on the sign of the coupling and on the parity
of p. In terms of the dimensionless field, we have that for
fðϕÞ ∝ þϕp the saturation requires 1þ ϕp ¼ 0, which
gives ϕs ¼ −1 for odd p and no real saturation point for
even p. For fðϕÞ ∝ −ϕp, saturation requires 1 − ϕp ¼ 0,
giving ϕs ¼ þ1 and ϕs ¼ �1 for odd and even p,
respectively.
Writing the scalar equation (8) in terms of derivatives

with respect to the scale factor, we obtain

ϕ00 þ5−3w
2a

ϕ0 þΛqa3wþ1ϕq−1þ β

Mpla2H2
Sφ ¼ 0; ð42Þ
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where we defined ϕ0 ¼ dϕ=da, and we introduced the bare
potential contribution parameter defined by

Λq ≡
λqM2

pl

H2
i β

q−2 : ð43Þ

For later convenience, we separately show the limits of
Eq. (42) for relativistic and nonrelativistic fermions below.
First, in the relativistic regime, that is x ≪ 1, Eq. (42)

reduces to

ϕ00 þ 5 − 3w
2a

ϕ0 þ Λqa3wþ1ϕq−1

� Kpa3w−1ð1� ϕpÞϕp−1 ¼ 0; ð44Þ

where we defined

K ≡ 12β2x2i
FðxiÞj1� ϕp

i j2
Ωψ ;i: ð45Þ

Note that, for relativistic initial conditions, that is xi ≪ 1,
one has FðxiÞ ≃ 2, so that

K ≃
6β2x2i

j1� ϕp
i j2

Ωψ ;i: ð46Þ

Second, in the nonrelativistic regime, that is x ≫ 1, the
equation of motion (42) becomes

ϕ00 þ 5 − 3w
2a

ϕ0 þ Λqa3wþ1ϕq−1

�Dpa3w−2sgnð1� ϕpÞϕp−1 ¼ 0; ð47Þ

where we have now defined

D≡ 8β2xi
FðxiÞj1� ϕp

i j
Ωψ ;i ≃

3β2

j1� ϕp
i j
Ωψ ;i; ð48Þ

for xi ≫ 1, where FðxiÞ ≃ 8
3
xi.

For all practical purposes, the source constants K and D,
respectively given by Eqs. (45) and (48), play a significant
role in the evolution. For instance, one must specify the
initial conditions for the scalar field, namely the initial
ϕðaiÞ and ϕ0ðaiÞ, as well as the initial fermion fractional
density Ωψi and the initial ratio xi. Although there is ample
freedom in their specification, we make the following
simplifying assumptions when evolving the scalar equation
of motion. First, we assume Ωψi;Ωϕi ≪ 1, as they should
be small enough for the spectator approximation to be
valid. Second, we assume that ϕi is fixed away from the
saturation point. More concretely, we require that initially
j1� ϕp

i j ∼Oð1Þ. The latter arbitrary condition is intended
to prevent the field from getting stuck at ϕ ∼ 0 from the

start in the general case. Although this is a valid solution, it
is not interesting for obvious reasons.
Regarding the energy density of the scalar field (14), we

find that it is given by

ρϕ ≃
M2

plH
2
i

β2

�
1

2
a2−3ð1þwÞϕ02 þ Λq

q
ϕq

�
: ð49Þ

This allows us to readily compare the scalar energy density
with that of the fermions. Expanding Eq. (29), one finds, in
the relativistic regime where FðxÞ ≃ FðxiÞ ≃ 2, that

ρψ ¼ 3M2
PlH

2
iΩψ ;ia−4; ð50Þ

which indeed confirms that the relativistic fermions decay
as a radiation fluid. Then, the energy density ratio in the
relativistic regime is given by

ρϕ
ρψ

����
rel

≃
1

3β2Ωψ ;i

�
1

2
a6−3ð1þwÞϕ0ðaÞ2þΛq

q
a4ϕðaÞq

�
: ð51Þ

On the other hand, in the nonrelativistic regime, after
using Eq. (29), the fermion energy density reads

ρψ ¼ 3M2
plH

2
iΩψ ;i

j1� ϕp
i j

a−3j1� ϕpj: ð52Þ

From Eq. (52) we see that the fermion energy density
seemingly decays as matter fluid due to the a−3 factor as
long as ϕ remains approximately constant. However, the
story is different if they reach the scaling solution around
the saturation point. In that case, the argument in the
absolute value decays with the envelope ∼a−1 and thus
ρψ ∼ a−4. See also the discussion in Sec. II C. From
Eqs. (49) and (52) we arrive at

ρϕ
ρψ

����
non-rel

≃
j1� ϕp

i j
3β2Ωψ ;ij1� ϕpj

×

�
1

2
a5−3ð1þwÞϕ0ðaÞ2 þ Λq

q
a3ϕðaÞq

�
: ð53Þ

We proceed by investigating explicit solutions.

IV. SOLUTIONS FOR MONOMIAL
COUPLINGS WITH Vbare = 0

We now focus on the scalar dynamics for monomial
coupling (3). Recall that the scalar field acquires an effective
potential induced by its coupling to the fermion fluid, and it
evolves dynamically toward the relevant attractor of the
system. This is clear if we define an effective dimensionless
potential, consistent with Eq. (42), from the bare potential
and the integration of the fermion source term as
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Veffðφ;aÞ ¼
VbareðφÞ
a2H2M2

pl

þ 1

a2H2M2
pl

Z
dφSφ; ð54Þ

where Sφ is given by Eq. (32), and drop any constant term
since it does not affect the dynamics of the scalar-fermion
spectator system. Note that the scale factor dependence
appears directly from Eq. (42).2 In this section, we first set
the bare scalar potential to zero. We recover the bare
potential later in Sec. V.
The late-time behavior depends strongly on three ingre-

dients: the parity of p, whether the fermions are relativistic
or nonrelativistic, and the background equation-of-state
parameter w. Broadly speaking, two distinct types of
evolution can occur:

(i) An oscillatory branch, where the field settles near a
minimum of the effective potential and undergoes
damped oscillations. For the branches that approach
the saturation point, the oscillation envelope scales
as a−1;

(ii) An asymptotic branch, where the field approaches a
flat region of the effective potential and decays
mainly through Hubble friction. This branch appears
for sufficiently flat potentials, in particular for p > 2.

We proceed to study the relativistic and nonrelativistic
regimes separately below.

A. Relativistic fermions and f ðφÞ ∝ +φp

In the relativistic limit, the solution of Eq. (44) may be
viewed as the motion in the time-dependent effective
potential (54) that reduces to

Vrel
effðϕ; aÞ ¼ K

�
ϕp þ 1

2
ϕ2p

�
a3w−1: ð55Þ

Note that its overall normalization scales as a3w−1. From
this, we conclude that the effective potential decreases
during matter domination (w ¼ 0), remains constant during
radiation domination (w ¼ 1=3), and increases during stiff-
fluid domination (w > 1=3). The latter case is special
because the fermion-induced contribution to the scalar
dynamics becomes increasingly important. This is
expected, since in a stiff-fluid background the dominant
energy density redshifts as a−6 compared to a−4 and a−3 in
radiation and matter domination, respectively.
For odd p, the potential has a minimum at ϕs ¼ −1. For

p ¼ 1 in particular, this is the only stationary point and the
field is always driven toward it, corresponding to meff → 0.
For p > 1, the point ϕ ¼ 0 also becomes stationary,
although it is not a minimum but an inflexion point instead.

If the field is initially placed exactly at ϕi ¼ 0 with ϕ0
i ¼ 0,

in the absence of fluctuations, it remains there forever. In
that special case, initially relativistic fermions with mass
equal to their bare mass remain on that branch until the
expansion makes them nonrelativistic. However, any
generic perturbation away from ϕ ¼ 0 drives the field
toward one of the dynamical branches described above. We
first study the case with p ¼ 1 and later turn to the more
general cases of odd p > 1 and even p. At the end of this
subsection, we discuss solutions for p > 2 which oscillate
around ϕ ∼ 0.

1. The p = 1 case

For p ¼ 1, corresponding to the standard Yukawa
coupling studied in Ref. [43], the equation of motion
(44) becomes

ϕ00 þ 5 − 3w
2a

ϕ0 þ Ka3w−1ð1þ ϕÞ ¼ 0: ð56Þ

For w ≠ −1=3, this equation has a closed-form solution in
terms of Bessel functions,3 namely

ϕ ¼ −1þ a
3ðw−1Þ

4 ðc1JνðzðaÞÞ þ c2YνðzðaÞÞÞ; ð57Þ

where

ν ¼ 3ð1 − wÞ
2ð3wþ 1Þ and zðaÞ ¼ 2

ffiffiffiffi
K

p

3wþ 1
a

3wþ1
2 : ð58Þ

Note that, although we have checked that zðaÞ is propor-
tional to the conformal time, that is zðaÞ ∝ τ for any
background w parameter, we prefer to work with a as
we are interested in the scale factor dependence of the
envelope of ϕðaÞ.
From the asymptotic limits of the Bessel functions, we

find that the asymptotic behavior of Eq. (57) at late times,
namely a ≫ ai ¼ 1, is given by

ϕðaÞ ¼ −1þ A
a
cos

�
2

ffiffiffiffi
K

p

3wþ 1
a

3wþ1
2 þ θ

�
: ð59Þ

Here A is an overall constant fixed by the initial conditions,
and θ is an unimportant constant phase. Thus, the field
oscillates around the saturation point with an envelope
proportional to a−1. For fixed initial conditions and fixed
initial fermion number density, the scalar reaches the
saturation point the fastest in a stiff-fluid background and
slowest in a matter-dominated background. We find that this
qualitative ordering also holds in the nonrelativistic cases

2In practice, if we transform the equations back to the original t
variable, then the scalar equation of motion will consist of the
dVbare=dφ term plus the fermion induced term, which decays and
therefore at late times the effective potential is dominated by the
bare term.

3Using the initial conditions of [43], that is that
for ϕi ¼ ϕ0

i ¼ 0, we obtain c1 ¼ −π 2
ffiffiffi
K

p
3wþ1

Yνþ1ð 2
ffiffiffi
K

p
3wþ1

Þ and c2 ¼
π 2

ffiffiffi
K

p
3wþ1

Jνþ1ð 2
ffiffiffi
K

p
3wþ1

Þ.
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and for the other couplings considered below. In this sense,
a stiff-fluid background drives the system toward the scaling
solution most efficiently.

2. Odd p > 1 case

For any odd p > 1, the effective potential still has a
minimum at ϕs ¼ −1. Linearizing (56), we obtain, for
w ≠ −1=3, the late-time oscillatory solution around
ϕs ¼ −1, which reads

ϕðaÞ ≈ −1þ Ap

a
cos

�
2p

ffiffiffiffi
K

p

3wþ 1
a

3wþ1
2 þ θp

�
: ð60Þ

Note that Eq. (60) has the same decay envelope as the p ¼ 1
solution (57), with only the frequency rescaled by a factor of
p. This asymptotic behavior around the saturation point is
consistent with the general arguments presented in
Sec. II C 1. Note that the constants Ap and θp might differ
from the case p ¼ 1 by order unity factors.
Equation (60) is the late-time state whenever the field

evolves into the basin of attraction of the minimum. The
difference between different powers p is that, for larger p,
the effective potential becomes flatter around ϕ ¼ 0. Thus,
starting again from ϕi ¼ þ1 with ϕ0

i ¼ 0, the field needs
more time to cross the flat region than in the p ¼ 1 case,
where the effective potential has a quadratic form and the
field is therefore directly driven toward ϕs ¼ −1. In Fig. 1
we present the numerical evolution of the scalar field in

terms of efolds (N ¼ lna) for different odd-power cou-
plings with fixed initial conditions ϕi ¼ 1, ϕ0

i ¼ 0 and
source K ¼ 10−5 and for a radiation-dominated back-
ground. The key conclusion is that for lower p values it
is easier for the field to reach the saturation point at
ϕs ¼ −1, while for larger p the fact that the effective
potential becomes flatter near ϕ ¼ 0 makes the field slow
down due to Hubble friction and possibly enter the
asymptotic regime. Concretely, we find that after p ¼ 7
with these particular initial conditions, all radiation back-
ground solutions become asymptotic with ϕ ∼ a−2=ðp−2Þ.
Notice also that initially the oscillations start increasingly
nonsymmetric as the effective potential becomes less
symmetric around ϕs ¼ −1 for increasing values of p,
although it eventually approaches the behavior of Eq. (60).
In Fig. 2, we present the same system, but now in a stiff-

fluid-dominated background with w ¼ 1. As expected, we
find that the late-time behavior is always oscillatory, as the
effective potential becomes increasingly important and
drags the scalar field toward the saturation point. The late
time oscillations behave exactly as predicted from Eq. (60).
We also notice that the scalar field reaches the scaling
regime much faster compared to the radiation background,
acquiring larger kinetic energy compared to radiation and
even more compared to a matter background. Consequently,
the oscillation amplitude is generally larger for w ¼ 1
compared to the w ¼ 1=3 and even larger compared to
matter.
Here we have to make some remarks regarding the

numerical value of K we choose. By definition, K contains

FIG. 1. The solution for ϕ as a function of the number of e-folds
for a radiation-dominated background, w ¼ 1=3, with monomial
couplings p ¼ 1 (blue line), p ¼ 3 (orange line), p ¼ 5 (black
line), and p ¼ 7 (gray line). We take K ¼ 10−5, relativistic
fermions, and scalar initial conditions ϕi ¼ þ1 and ϕ0

i ¼ 0.
The scalar field is driven toward the saturation point ϕs ¼ −1
for p ¼ 1, p ¼ 3, and p ¼ 5. For p ¼ 7, and for higher powers
with the same initial conditions, the field approaches ϕ ¼ 0
asymptotically, and the fermions recover their bare mass. The
late-time behavior of the oscillatory solutions becomes harmonic,
as expected from Eq. (60), see Sec. IVA.

FIG. 2. The solution for ϕ as a function of the number of e-folds
for a stiff-fluid background, w ¼ 1, with monomial couplings
p ¼ 1 (blue line), p ¼ 3 (orange line), and p ¼ 5 (black line).
We take K ¼ 10−5, relativistic fermions, and scalar initial
conditions ϕi ¼ þ1 and ϕ0

i ¼ 0. The scalar field is driven toward
the saturation point ϕs ¼ −1 in all cases shown, and no
asymptotic solution has been found. Compared with the radiation
background, the scalar field reaches saturation faster in a stiff
fluid, see Sec. IVA.
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both Ωψi, β and xi, which gives us a lot of freedom for
specifying their values. Nevertheless, one needs to be
careful that first, the dark sector does not dominate
sufficiently quickly in a stiff-fluid background, and at
the same time x does not grow such that the fermions
become nonrelativistic. For practical purposes, we have that
xi ≲ 10−3, Ωψi ≲ 10−3, β ≳ 102 for radiation and for stiff
fluid as the relativistic fermions decay slower than the stiff-
fluid background, we need Ωψi ≲ 10−5. Note that large
values of β only imply that the bare mass of the fermions is
much smaller than the Yukawa coupling mass contribution,
and such a choice is not problematic from the EFT point of
view as mψ ≪ yMpl. Moreover, the saturation region
ϕ ¼ Oð1Þ corresponds to φ=Mpl ∼ 1=β, so for β ≫ 1 the
dynamics takes place in a parametrically sub-Planckian
field range.
Since the oscillation envelope on the saturation branch

(60) scales as a−1, it follows that the scalar energy density
(14) redshifts as ρϕ ∼ a−4, namely as a radiation fluid. The
fermion fluid scales in the same way in the relativistic
regime, by definition. Therefore, the saturation branch
provides a radiationlike scaling: the scalar and fermion
energy densities both redshift as radiation, and their ratio
remains approximately constant. In fact, we find that at
leading order

hρϕi
hρψ i

����
rel

≃
A2
pp2x2i

2j1� ϕp
i j2

; ð61Þ

where h…i denotes oscillation average. Additionally, the
fact that 1þ ϕ ∼ a−1 implies that x defined in the previous
section as the field enters the saturation regime, hxi ∼
ahj1þ ϕji ∼ a0 and therefore approaches a constant value.
Thus, relativistic fermions entering this regime will always
remain relativistic regardless of the background cosmology.
This does not apply to asymptotic solutions, or oscillatory
solutions around ϕ ¼ 0, as we show later.

3. The even p case

Let us now turn to oscillatory solutions with even p. In
this case, the effective potential has a minimum at ϕ ¼ 0.
Thus, the effective mass cannot reach zero, and the field
eventually stabilizes at this minimum, where the fermions
recover their bare massmψ . We start with the simplest case,
p ¼ 2, and then turn to the general case.
The p ¼ 2 case is special because, after linearizing the

relativistic equation of motion around ϕ ¼ 0, the source
term becomes Kpa3w−1ð1þ ϕpÞϕp−1 ≈ Kpa3w−1ϕp−1.
Thus, for p ¼ 2, the late-time behavior is that of a harmonic
oscillator. The obtained solution is then

ϕðaÞ ≈ A
a
cos

�
2

ffiffiffiffiffiffiffi
2K

p

3wþ 1
a

3wþ1
2 þ θ

�
; ð62Þ

again implying that the scalar energy density ρϕ ∼ a−4 at
late times.
For p > 2 even, the source term does not become linear

near ϕ ¼ 0, and therefore the oscillations around the origin
are not expected to be purely harmonic. Numerically, in the
cases where oscillations occur, we find an envelope
consistent with ϕ ¼ a−4=ðpþ2Þ × oscillationsðaÞ. The oscil-
lations also become less harmonic as p increases.

4. Solutions with ϕ ∼ 0 for p > 2

For p > 2, both even and odd, we also have found
configurations with ϕi > 0 and ϕ0

i ¼ 0 in which the field
slows down as it approaches ϕ ¼ 0 asymptotically.4 In this
case, the fermion mass asymptotes to its bare value. We find
that at leading order, when the field enters the asymptotic
regime, it always behaves as

ϕðaÞ ∼ a−
3wþ1
p−2 ; ð63Þ

for w ≤ 1=3. For w ¼ 0 and w ¼ 1=3, we obtain

ρϕ
ρψ

∼

(
a1−

2
p−2; w ¼ 0;

a−
4

p−2; w ¼ 1
3
:

ð64Þ

Hence, in matter domination, the scalar can eventually
dominate for sufficiently large p, while in radiation domi-
nation it always redshifts faster than the fermions on this
nonoscillatory branch. In practice, for initial conditions
ϕi ¼ þ1 and ϕ0

i ¼ 0, we find that the field enters this
asymptotic regime for p ≥ 5 when w ¼ 0, and for p ≥ 7
when w ¼ 1=3. This makes the intriguing possibility that, if
the field starts with inhomogeneities, different patches may
enter different late-time branches: some may enter the
asymptotic branch, while others may end up near the
minimum of the effective potential.
Notice also that such an asymptotic solution does not

exist for stiff fluids, as the effective potential becomes more
important at late times. Unless the field starts exactly with
ϕi ¼ ϕ0

i ¼ 0, the potential becomes steeper with increasing
scale factor, and the field eventually oscillates around its
minimum, either ϕ ¼ −1 for odd p or ϕ ¼ 0 for even p.
One may worry that, as the field asymptotically

approaches zero, the fermions might transition from the
relativistic to the nonrelativistic regime, thereby modifying
the evolution. However, once the field enters the asymptotic
regime, the effective potential remains flat near ϕ ¼ 0 also
in the nonrelativistic regime, as we discuss in the next
subsection. We therefore expect that an asymptotic solution
in the relativistic limit will transit to an asymptotic solution
also in the nonrelativistic limit.

4Whether the scalar field enters the asymptotic regime or
oscillates around for p even or goes toward the saturation regime
at ϕs ¼ −1 is linked with scalar initial conditions.
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B. Nonrelativistic fermions and f ðφÞ ∝ +φp

In this section, we focus on the dynamics of the scalar
field when fermions are nonrelativistic. In the nonrelativ-
istic limit, Eq. (47) may be interpreted as motion in the
effective potential (54) that reduces to

Vnon-rel
eff ðϕ; aÞ ¼ Da3w−2

(
ϕp; p even;

j1þ ϕpj; p odd:
ð65Þ

Here, the overall normalization scales as a3w−2, unlike in
the relativistic case (55), where the scaling is a3w−1. Thus,
the effective potential decays during both matter and
radiation domination, and grows only in a stiff-fluid
background with w > 2=3.

1. The odd p case

For odd p, the saturation point lies at the minimum of the
effective potential at ϕs ¼ −1. To understand the local
behavior around this point, we define u ¼ ϕþ 1 with
juj ≪ 1. Expanding around ϕs ¼ −1, one finds5that the
nonrelativistic equation (47) reduces to

u00 þ 5 − 3w
2a

u0 þDpa3w−2sgnðuÞ ¼ Oða3w−2jujÞ: ð68Þ

The leading term corresponds to a cusplike local potential

Vnon-rel
eff ðuÞ ≃Dpa3w−2juj: ð69Þ

The force is therefore approximately constant on each side
of the cusp. As a result, the oscillations around ϕs ¼ −1 are
not harmonic. Instead, at leading order, the waveform is
piecewise parabolic. The explicit parabolic-wave solution
ansatz is given in Appendix C; here we keep only the first
harmonic of its Fourier expansion, which captures the
envelope and the leading phase of the oscillations.
The resulting late-time solution may be approximated as

ϕðaÞ ≈ −1þ 32Ap

π3a
cos

0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2Dp

2ð3wþ 1Þ2Ap

s
a

3wþ1
2 þ ΘpðaÞ

1
A:

ð70Þ

The matching constant Ap depends on the initial conditions
and on the transient evolution before the field settles into
the saturation regime. The factor 32=π3 is the first Fourier
coefficient of the unit-amplitude parabolic wave. The
leading phase scales as að3wþ1Þ=2, which is identical to
the phase dependence in the relativistic regime.
When the field starts far from ϕs ¼ −1, the transient

evolution through the nonasymptotic part of the potential
can produce a noticeable phase shift. Numerically, this
appears as a slow drift between Eq. (70) and the full
solution, especially for a stiff fluid background. This drift
can be captured by the subleading correction ΘpðaÞ, which
in w ¼ 1 and w ¼ 0 backgrounds includes logarithmic
terms in finite-time fits. These corrections affect the
detailed matching of the zero crossings, but they do not
modify the leading envelope, which remains a−1. We also
notice that for p ¼ 1, the phase correction ΘpðaÞ has very
small a dependence as the source term on the right-hand
side of Eq. (68) has second-order dependence on the
displacement from ϕs.
Specifically, we confirm numerically that, whenever the

field reaches the saturation regime, the late-time decay
envelope is robust, jϕþ 1j ∼ a−1. This can be checked
directly by extracting the peaks of the numerical solution.
For larger odd p and especially for w ¼ 1, the maxima and
minima can initially have slightly different envelopes
because the subleading terms in Eq. (68) are still relevant
and also as the cusp minimum is asymmetric. After the field
evolves sufficiently close to the saturation point, however,
both envelopes converge to the same a−1 scaling.
This scaling immediately implies that the nonrelativistic

fermion energy density on the saturation branch redshifts as
radiation

ρψ ∝ a−3j1þ ϕpj ≃ pa−3jϕþ 1j ∝ a−4: ð71Þ

The scalar energy density has the same leading scaling after
coarse graining. Indeed, since the phase in Eq. (70) is
rapidly varying, the dominant contribution to ϕ0 comes
from differentiating the dominant phase and thus, ρϕ ∼ a−4

similarly to the relativistic case, up to subleading loga-
rithmic corrections. Thus, after coarse graining over oscil-
lations, both the scalar and fermion components redshift
approximately as radiation.
This behavior is consistent with all oscillatory solutions

around the saturation point for odd p, in agreement with
our arguments in Sec. II C 1. However, there is an important
practical distinction in matter domination. Since the effec-
tive potential decays rapidly, the scalar reaches the satu-
ration point within a reasonable interval of the scale factor
only if it starts with a sufficiently large initial velocity or if
the source strength D is large enough. For larger odd p, the
potential is flatter away from the saturation point, in
particular near ϕ ¼ 0, and the field may take a long time
to reach ϕs ¼ −1 over the range of scale factors considered.

5The expansion of the scalar field ϕ as ϕ ¼ u − 1, juj ≪ 1
yields

1þ ϕp ¼ pu −
pðp − 1Þ

2
u2 þOðu3Þ ð66Þ

and

ϕp−1 ¼ 1 − ðp − 1ÞuþOðu2Þ: ð67Þ
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Finally, at the moment of crossing ϕs, the effective
fermion mass vanishes, meff ¼ 0, and therefore x ¼ 0.
Strictly speaking, the nonrelativistic approximation breaks
down in a small neighborhood of each crossing. However,
this occurs only over a cosmologically very short time
interval. Since jϕþ 1j ∼ a−1, the envelope of x remains
approximately constant in the saturation regime similar to
the relativistic case. Thus, if this constant is large, the
nonrelativistic approximation remains self-consistent except
during the short intervals around the zero crossings. One can
check that this is the case by using the exact expressions for
ρψ and pψ given in Eq. (29), see also Ref. [43].
In Fig. 3, we show the evolution of oscillatory solutions

for D ¼ 1 and couplings p ¼ 1 and p ¼ 3 in radiation
domination, together with the corresponding evolution of x.
We have tuned initially x ∼ 102, and on average we find that
it remains so, with the visible dips in the lower panel
indicating an extremely brief transition to a relativistic
regime before bouncing back to the nonrelativistic regime.
In Fig. 4 we present the evolution of the same system but

for a stiff fluid and matter background. As in the relativistic
case, the oscillation amplitude and frequency are larger
for a stiff fluid. Additionally, for w ¼ 1 it is evident that
during the transient phase the oscillations around ϕs ¼ −1
are visibly nonsymmetric for p ¼ 3 coupling with the

minimum displacement below ϕs ¼ −1 to be smaller than
the maximum one above, as the effective potential is also
very asymmetric close to the cusp for increasingly higher p.
However, they quickly converge to the approximate cusp
oscillatory solution of Eq. (70).

2. The even p case

For even p, the minimum lies at ϕ ¼ 0, and the scalar
field equation (47) becomes

ϕ00 þ 5 − 3w
2a

ϕ0 þDpϕp−1a3w−2 ¼ 0: ð72Þ

Note that, for fðφÞ > 0, the even case is qualitatively
different from the odd case because of the absence of a
saturation point where meff ¼ 0. We explore now the
solutions around ϕ ∼ 0 below.
First, we find that the case p ¼ 2 is again special. It

admits a closed-form solution, with an oscillatory branch
for w ¼ 1 and w ¼ 1=3, and a decaying asymptotic branch
for w ¼ 0. For w ≠ 0, the oscillatory solution has a closed
form in terms of Bessel functions

ϕðaÞ ¼ a
3ðw−1Þ

4 ½c1JνðzÞ þ c2YνðzÞ�; ð73Þ

with

ν ¼ 1 − w
2w

; zðaÞ ¼ 2
ffiffiffiffiffiffiffi
2D

p

3w
a

3w
2 : ð74Þ

FIG. 3. Upper panel: evolution of ϕ for ϕi ¼ −0.3 and ϕ0
i ¼ 0

in a radiation-dominated background, w ¼ 1=3 with D ¼ 1, for
p ¼ 1 and p ¼ 3. The change of linestyle indicates the change of
sign of the nonrelativistic source across the saturation point
ϕs ¼ −1. Lower panel: evolution of the ratio x, starting from
xi ¼ 200. Whenever the field crosses ϕs, one has x ¼ 0, but the
field rapidly moves away from the saturation point and x returns
to large values. The envelope of x remains approximately
constant, as expected from x ∼ aj1þ ϕpj and jϕþ 1j ∼ a−1,
see Sec. IV B.

FIG. 4. Upper panel: evolution of ϕ for ϕi ¼ −0.3 and ϕ0
i ¼ 0

in a stiff fluid-dominated background in the nonrelativistic limit
with D ¼ 1, for p ¼ 1 and p ¼ 3. Lower panel: the same system
for a matter-dominated background, see Sec. IV B.
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At late times, that is a ≫ 1, Eq. (73) asymptotes to

ϕðaÞ ∼ Aa−3=4 cos

�
2

ffiffiffiffiffiffiffi
2D

p

3w
a

3w
2 þ θ

�
; ð75Þ

which differs from the saturation-branch solutions for p
odd, see Eq. (70). Here the envelope decays as a−3=4, which
implies

ρϕ ∼ a−9=2; ρψ ∼ a−3; ð76Þ

which implies that the fermions redshift more slowly, while
the scalar behavior resembles a fluid with equation of state
w ¼ 1=2. The reason for this difference is that for even p
and positive fðφÞ there is no saturation point and, therefore,
the arguments of Sec. II C 1 do not apply. The solution (73)
oscillates around ϕ ∼ 0 with a different envelope.
For w ¼ 0, the solution depends on the value of D. For

D < 9=32, the solution at late times obeys a power-law in
the form of

ϕ ¼ cþarþ þ c−ar− ∼ cþarþ ; a ≫ 1; ð77Þ

where

r� ¼ −3� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 − 32D

p

4
: ð78Þ

For D > 9=32, the late time solution is oscillatory with
logarithmic frequency dependence, namely

ϕ ∼ a−3=4 cos

�
1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32D − 9

p
ln aþ θ

�
: ð79Þ

For these types of solutions, it is then possible for w ¼ 1=3
and w ¼ 1 that, if the fermions start as relativistic, the
scalar starts oscillating around ϕ ¼ 0, where the fermions
obtain their bare mass. However, the ratio x only grows
with the scale factor, and the fermions will gradually turn
nonrelativistic.
For p > 2, the late-time behavior depends strongly on the

background. We have identified both oscillatory and
asymptotic solutions. We find nonharmonic oscillatory

solutions which behave at late times as ϕ ∼ a−
3

pþ2 ×
oscillationsðaÞ, whereas for w ≤ 1=3 one may instead
obtain nonoscillatory decays. We find in asymptotic sol-
utions that the field behaves as

ϕ ∼ a−
3w
p−2; 0 < w ≤

1

3
ð80Þ

and

ϕ ∼ ðln aÞ− 1
p−2; w ¼ 0: ð81Þ

For a stiff fluid background, the scalar field will always
eventually cross the ϕ ¼ 0 point and will end up in the
saturation regime. These asymptotic branches are also the
same for odd p when the field evolves toward the flat region
near ϕ ≃ 0 rather than toward the minimum at ϕs ¼ −1.

C. Relativistic and nonrelativistic fermions
and f ðφÞ ∝ −φp

Let us now consider the same monomial coupling but
with a negative sign for fðφÞ. In this case, the effective mass
of the fermions becomes meff ¼ j1 − ϕpj, in terms of the
dimensionless field ϕ. Naively, one expects that this is the
same as taking ϕ → −ϕ, which is indeed the case for any p
odd; however, there is a qualitative difference when p is
even. For these reasons, we provide a brief overview of the
main differences below without focusing on the details of
the equations of motion.
Concretely, in the relativistic regime, the effective poten-

tial (54) for even p is now symmetric around ϕ ¼ 0. The
origin is a local maximum and the potential forms a double
well with minima at ϕs ¼ �1, corresponding to two
degenerate saturation points. This is the most interesting
difference for even p as one may generate domain walls for
the random initial conditions generated during inflation. We
come back to this possibility in Sec. VII.
Expanding around either minimum again gives harmonic

motion with envelope a−1, with asymptotic solution

ϕðaÞ ≈�1þ A
a
cos

�
2p

ffiffiffiffi
K

p

3wþ 1
a

3wþ1
2 þ θ�

�
: ð82Þ

In the nonrelativistic regime, the effective potential also has
the same minima at ϕs ¼ �1. The local dynamics is
cusplike rather than quadratic, but numerically, the late-
time envelope again scales as jϕ� 1jenv ∼ a−1.
Thus, the sign-flipped even-p branch behaves similarly

to the previous odd-p saturation branch. Finally, for odd p,
the flipped-sign coupling yields an effective potential that is
the mirror image of the corresponding þ coupling case
across ϕ ¼ 0. Therefore, the solutions are qualitatively the
same, except that the minimum that minimizes the effective
mass now lies at ϕs ¼ þ1 instead of ϕs ¼ −1.

V. SOLUTIONS FOR MONOMIAL
COUPLINGS WITH Vbare

In this section, we generalize our previous analysis by
including an explicit bare self-interaction for the scalar, to
the effective potential (54).
This additional contribution qualitatively modifies the

late-time dynamics, because it becomes increasingly impor-
tant relative to the fermion-induced terms as the Universe
expands. Depending on the initial conditions, the scalar may
either fail to reach the scaling regime or, after reaching it,
be driven away from it toward the minimum of the bare
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potential. We find that this transition is not universal: it
depends on the background cosmology, the parameters of
the bare potential, and the form of the fermion coupling. It is
therefore necessary to understand how the bare potential
competes with, and eventually dominates over, the fermion-
induced part of the effective potential.
Expressed in terms of the dimensionless field ϕ, the bare

contribution to the effective potential associated with the
equation of motion and in Eq. (54), takes the form

V
Λq

effðϕ;aÞ ¼
Λq

q
a3wþ1ϕq; q ¼ f2; 4; 6g: ð83Þ

Although the bare potential eventually dominates the scalar
dynamics, the actual late-time minimum depends on com-
peting powers of ϕwith respect to fðφÞ ∝ �φp (3). For this
reason, we treat the cases q > p, q ¼ p, and q < p
separately.
Overall, the key dynamical feature of including the bare

potential is that the late-time minimum of the full effective
potential, including the fermion contribution, is no longer
fixed at the fermion-induced saturation point we found in
the previous sections but instead generally drifts with the
scale factor. At early times, provided we require the bare
parameter Λq ≪ K, D, this minimum can still lie close to
the saturation point, while at later times the bare potential
pulls the field toward the origin, making the fermions
eventually recover their bare mass.
The general picture is therefore similar to the one

encountered in the absence of a bare potential, but with
an important modification: the field either approaches a
time-dependent minimum asymptotically or enters an oscil-
latory regime around it, depending on the parameters and
initial conditions. Numerically, we find that, for fixed initial
data, increasing the monomial index p tends to delay the
onset of oscillations and makes it harder for the field to
settle into the saturation regime. Once oscillations begin,
however, their frequency grows with p, reflecting the
increasing steepness of the effective potential around the
minimum.

A. Relativistic fermions and f ðφÞ ∝ +φp

In the relativistic regime, the effective potential (54)
becomes

Vrel
effðϕ;aÞ ¼ K

�
ϕp þ 1

2
ϕ2p

�
a3w−1 þ Λq

q
a3wþ1ϕq: ð84Þ

The first term is the fermion-induced contribution dis-
cussed in the previous section, while the second term is the
bare self-interaction. The effective potential has extrema
which satisfy

Kpðϕp−1 þ ϕ2p−1Þ þ Λqa2ϕq−1 ¼ 0: ð85Þ

For even p, the only minimum is at ϕ ¼ 0. Therefore, the
end state is a solution that approaches this value, as
discussed in Sec. IV B 2. In this case, the presence of the
bare potential implies that the late-time oscillations around
zero are controlled by the bare scalar mass scale. The
fermions are then driven toward the value at which their
effective mass equals their bare mass. As the oscillations
around ϕ ∼ 0 in the p even case are qualitatively similar to
the p odd case, we focus only on the p odd case from
now on.
Since we are mainly interested in cases where the scalar

first reaches the saturation point and later exits it once the
bare potential dominates, we focus on the evolution of the
minimum near the saturation point. From Eq. (85), we see
that, as long as Λqa2 ≪ Kp, the bare contribution is
negligible, and the nontrivial minimum remains close to
the saturation point ϕs ¼ −1. Expanding Eq. (85) around
ϕs, one finds that at early times

ϕminðaÞ ≃ −1þ Λq

Kp2
a2: ð86Þ

Thus, the effect of the bare term is to push the minimum
slowly away from −1 and toward the origin. Let us look at
different possibilities for p and q separately.

1. The p = 1 case

First, for the linear Yukawa coupling case p ¼ 1,
Eq. (85) reduces to

Kð1þ ϕminÞ þ Λqa2ϕ
q−1
min ¼ 0: ð87Þ

At late times, when the minimum has already moved into
the regime jϕminj ≪ 1, Eq. (87) gives

jϕminðaÞj ≈
�
K
Λq

�
1=ðq−1Þ

a−2=ðq−1Þ: ð88Þ

For the quadratic bare potential q ¼ 2, the position of the
minimum can be derived exactly, that is

ϕminðaÞ ¼ −
K

K þ Λ2a2
: ð89Þ

This expression shows the interpolation between the early-
time value ϕmin ≃ −1 and the late-time limit ϕmin → 0.
Importantly, the location of the instantaneous minimum
does not depend explicitly on the background cosmological
fluid. The background affects instead, how quickly the field
reaches and tracks this branch, with the stiff-fluid case
typically being the fastest.
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2. The p > 1 and q > p case

For p > 1 and q > p, once the minimum enters the
small-field region jϕminj ≪ 1, the ϕ2p−1 term in Eq. (85)
becomes subleading relative to ϕp−1. One then finds

jϕminðaÞj ≈
�
Kp
Λq

�
1=ðq−pÞ

a−2=ðq−pÞ: ð90Þ

Hence, the off-origin minimum survives for all finite a, but
it drifts continuously toward ϕ ¼ 0, which is approached
only asymptotically.

3. The p > 1 and q < p case

The situation is different when q < p. In this case, near
the origin, the bare force, which scales as ϕq−1, is less
suppressed than the fermion-induced force, which scales as
ϕp−1. For the branch in the interval −1 < ϕ < 0, the
extremum condition can be written as

Λqa2 ¼ −Kpϕp−qð1þ ϕpÞ: ð91Þ

For q < p, the right-hand side vanishes at both end points
of the interval, namely at ϕ ¼ −1 and ϕ ¼ 0, and is positive
in between. It therefore has a maximum at an intermediate
value of ϕ. This means that, for sufficiently small a,
Eq. (91) has two solutions in the interval −1 < ϕ < 0:
one corresponds to a local maximum of the effective
potential, and the other to a local minimum close to the

saturation point. This behavior is illustrated in Fig. 5 for the
representative case p ¼ 3, q ¼ 2 in radiation domination.
As the scale factor increases, the left-hand side of

Eq. (91) grows. The two extrema, therefore, move toward
each other. The critical point is reached when they merge.
To find this point, define

RðϕÞ ¼ −Kpϕp−qð1þ ϕpÞ; −1 < ϕ < 0: ð92Þ

The critical field value ϕc is determined by R0ðϕcÞ ¼ 0.
One then obtains that

jϕcjp ¼ p − q
2p − q

: ð93Þ

Substituting this value back into Eq. (91) gives the critical
scale factor

a2c ¼
Kp2

Λqðp − qÞ
�
p − q
2p − q

�ð2p−qÞ=p
: ð94Þ

Thus, for a < ac, the effective potential contains an off-
origin minimum near ϕ ¼ −1, separated from the origin by
a local maximum. At a ¼ ac, this minimum and the
intervening maximum merge and annihilate. For a > ac,
no nonzero minimum remains, and the only minimum is at
the origin. The scalar is therefore driven into origin-
centered oscillations.
Lastly, for p ¼ q as q is defined strictly even and

therefore for p even, we have that ϕmin ¼ 0 always, so
what can happen is that the field will transit to oscillations
with mass scale the bare potential mass.

4. Numerical exploration

These results make clear that the bare potential does not
simply add a small correction to the relativistic dynamics.
Rather, it changes the asymptotic structure of the problem.
In particular, the fermion-induced minimum near ϕ ¼ −1 is
only transient. At late times, the field is either forced to
track a minimum that drifts toward the origin, or the off-
origin branch disappears at a finite scale factor, and the field
subsequently evolves around ϕ ¼ 0. We present examples
in Fig. 6, using the same initial conditions as in the previous
section and assuming radiation domination.
For the linear Yukawa case, p ¼ 1, the field reaches the

saturation regime, oscillates around the effective minimum,
and then tracks this minimum as it approaches zero
asymptotically. For p ¼ 3 and q ¼ 2, the field initially
approaches the off-origin minimum, but this branch ter-
minates at finite a ¼ ac when it merges with the interven-
ing maximum. After this transition, the only remaining
minimum is at ϕ ¼ 0. Finally, for p ¼ 5, the field does not
reach the saturation point for the chosen initial conditions
and instead begins oscillating around ϕ ¼ 0. In this case,
because p > q, the origin is already a competing minimum

FIG. 5. The evolution of the relativistic effective potential for
w ¼ 1=3, p ¼ 3, and q ¼ 2. The curves show Vrel

effðϕ; aÞ=K at
ai ¼ 1 and at later values of the scale factor, assuming Λq ≪ Kp.
Initially, the potential contains a minimum close to the saturation
point ϕs ¼ −1, while the quadratic bare term makes ϕ ¼ 0 a
shallow local minimum. As the scale factor increases, the off-
origin minimum and the intervening local maximum move
toward each other and merge at a ¼ ac. For a > ac, the off-
origin branch disappears and the late-time potential has a single
minimum at ϕ ¼ 0. This illustrates the finite-time transition that
occurs for q < p; see Sec. VA.
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before the off-origin branch disappears. For fixed p and
varying q, the qualitative behavior is similar. The main
difference is that the drift of the effective minimum toward
the origin becomes slower for larger q, as shown in Fig. 7.

B. Relativistic fermions and f ðφÞ= −φp (p even)

For the sign-flipped even-p branch, the relativistic
effective potential (54) becomes

Vrel
effðϕ;aÞ ¼ K

�
−ϕp þ 1

2
ϕ2p

�
a3w−1 þΛq

q
a3wþ1ϕq: ð95Þ

In the absence of the bare term, as we saw in the previous
section, this potential possesses two symmetric minima
near ϕ ¼ �1. The role of the bare contribution is again to

pull both minima inward, eventually making the origin the
preferred vacuum.
The off-origin extrema of the effective potential (95) are

given by

Kpðϕp − 1Þ þ Λqa2ϕq−p ¼ 0: ð96Þ

At early times, when the bare term is still subdominant, the
two minima are displaced only slightly from their induced
values, namely

ϕð�Þ
minðaÞ ≃�1 ∓ Λq

Kp2
a2; ð97Þ

when ϕ ∼ 1. Thus, both minima move symmetrically
toward the origin as the universe expands. Unless ϕ starts
exactly at the origin, the scalar field eventually falls into
one of the two minima and oscillates around the corre-
sponding drifting minimum.
As we show below, the distinction between q > p,

q ¼ p, and q < p is physically important. For q > p,
the late-time dynamics are governed by two minima that
survive and slowly approach the origin. For q ≤ p, by
contrast, the off-origin structure terminates at a finite scale
factor, so that the scalar necessarily undergoes a transition
to evolution around ϕ ¼ 0. We study the evolution of these
effective minima in more detail for the cases q > p, q ¼ p,
and q < p separately.

1. The q > p case

If q > p, the two distinct minima are going to collapse to
a single minimum asymptotically. At late times, they move
into the small-field region around ϕ ¼ 0. Expanding
Eq. (96) for ϕ ∼ 0 we find that the minima are located at

jϕminðaÞj ≈
�
Kp
Λq

�
1=ðq−pÞ

a−2=ðq−pÞ: ð98Þ

They therefore approach the origin asymptotically, as in the
odd-p case of Sec. VA.

2. The q = p case

When q ¼ p, the behavior is qualitatively different
because the scale-factor dependence in Eq. (96) enters
only through the overall coefficient. In this case, one finds
the following exact result for the position of the effective
minima,

ϕð�Þ
minðaÞ ¼ �

�
1 −

Λq

Kp
a2
�

1=p
a ≤ ac; ð99Þ

which shows that the two minima move inward and merge
at the origin at a critical scale factor given by

FIG. 6. Evolution for ϕi ¼ þ1 and ϕ0
i ¼ 0, with w ¼ 1=3,

q ¼ 2, and p ¼ 1 (top panel), p ¼ 3 (middle panel), and p ¼ 5
(lower panel) in the relativistic regime. The solution first enters
the saturation regime near ϕ ≈ −1 and then oscillates around the
time-dependent minimum of the effective potential. Initially,
the displacement of this minimum from the saturation point
grows as δϕmin ∼ a2, and the minimum eventually moves toward
ϕ ¼ 0. The dashed line denotes the evolution of the time-
dependent minimum. The solution tracks this minimum for
p ¼ 1 and p ¼ 3, but not for p ¼ 5, where the scalar field does
not reach the saturation regime and instead starts oscillating
around ϕ ¼ 0, see Sec. VA.
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a2c ¼
Kp
Λq

: ð100Þ

Thus, the transition occurs at a finite scale factor and is
controlled directly by the ratio of the induced to the bare
terms. As shown in Fig. 8, an increasing factor pmakes the
convergence of the minima slower.
In passing, we note that the case p ¼ q is interesting

from the perspective of phase transitions. Assuming that the

scalar field starts at ϕ ¼ 0, which is an unstable point and
exhibits small fluctuations, then in some regions it might
fall into the positive and in others into the negative
minimum, but as we have shown, the two degenerate
minima converge and eventually disappear.

3. The q < p case

For q < p, the off-origin minima disappear even earlier.
In this case, the two minima merge with the neighboring
maxima and are annihilated at a critical point, in the same
manner as in the previous odd-p branch. Beyond this point,
the origin is the only remaining minimum of the potential.

C. Nonrelativistic fermions

The dynamics of the scalar field for nonrelativistic
fermions has the same broad physical picture as in the
relativistic regime: the bare potential eventually dominates
and drives the system toward the origin. The main differ-
ence is that, because of the absolute value of the effective
mass, the effective potential has a cusp at the saturation
point. We find that the transition from saturation to origin-
centred evolution occurs through the disappearance of cusp
minima at finite ac. Below, we focus on the p odd case for
fðφÞ ¼ φp, since the case when fðφÞ ¼ −φp amounts to a
flip of the sign of φ. We later focus on the p even case for
fðφÞ ¼ −φp, which is the case that contains a saturation
point and a richer structure of the effective potential.

1. The p odd case

In the nonrelativistic regime, for fðφÞ ∝ þφp, the
induced contribution is no longer smooth, and the effective
potential (54) becomes

Vnon-rel
eff ðϕ; aÞ ¼ Da3w−2j1þ ϕpj þ Λq

q
a3wþ1ϕq: ð101Þ

Note that the absolute value produces a cusp in the effective
potential at the saturation point ϕ ¼ −1, so the minimum
inherited from the fermion sector is initially cusplike rather
than analytic. This is the main qualitative difference from
the relativistic regime of Sec. VA and V B.
The aforementioned cusp at ϕ ¼ −1 remains a local

minimum only as long as the bare-potential slope does not
overcome the fermion-induced one-sided slope. This is the
case whenever a3 < Dp

Λq
. If so, the transition to the bare

potential dominated regime occurs at

a3c ¼
Dp
Λq

: ð102Þ

For a < ac, the dynamics is still dominated by the cusp
and the scalar is efficiently attracted toward the saturation
point. Once a exceeds ac, however, the cusp minimum
disappears, and one must instead look for smooth extrema

FIG. 8. The drift of the effective minima for different values of
p ¼ q ¼ 2 (blue lines), p ¼ q ¼ 4 (orange lines) and p ¼ q ¼ 6
(green lines) in the relativistic regime. The solid lines denote the
positive minimum, and the dashed lines the negative one. The
minima merge at later times for higher powers. The scalar field
evolves oscillating around those drifting minima, see Sec. V B.

FIG. 7. The drift of the effective minimum for different values
of q ¼ 2 (blue line), q ¼ 4 (orange line) and q ¼ 6 (green line)
for p ¼ 1 linear coupling in the relativistic regime. The effective
minimum approaches ϕ ¼ 0 at late times as ϕðaÞmin ∼ a−2=ðq−pÞ,
which implies that for fixed K ¼ 10−5, Λq ¼ 10−14 parameters,
the effective minimum drifts the fastest for the quadratic case
q ¼ 2. The scalar field oscillates around this drifting minimum,
see Sec. VA.
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inside the interval −1 < ϕ < 0. In this region, the effective
potential (101) extrema lie at

Dpϕp−1 þ Λqa3ϕq−1 ¼ 0: ð103Þ

For q > p, after a > ac the minimum starts drifting toward
zero

jϕminðaÞj ¼
�
a
ac

�
−3=ðq−pÞ

: ð104Þ

Equation (104) shows that the minimum survives beyond
the cusp transition and moves gradually toward the origin,
in close analogy with the relativistic tracking branches of
Sec. VA and V B, although with a different scaling in a.
For q < p, the situation changes qualitatively. After the

cusp disappears, there are no longer any smooth off-origin
extrema that can be continuously connected to the earlier
minimum. The branch therefore terminates at finite ac, after
which ϕ ¼ 0 becomes the unique minimum. In other
words, at some point the scalar field exits the saturation
point and directly oscillates around ϕ ∼ 0.

2. The p even case

For the sign-flipped even-p branch, that is, for fðφÞ ∝
−φp (which is the one allowing for a saturation point), the
nonrelativistic effective potential (54) reads

Vnon-rel
eff ðϕ; aÞ ¼ Da3w−2j1 − ϕpj þ Λq

q
a3wþ1ϕq: ð105Þ

In this case, the fermion-induced term generates cusp
minima at ϕ ¼ �1. The drift of the effective minima is
identical to the fðφÞ ∝ þφp case for p odd, in Sec. V C 1
with the two minima merging or approaching depending on
p and q in exactly the same way after the ac.
Specifically, for q > p we have the same behavior again

as in the odd case, where after a > ac the minimum drifts
toward ϕ ¼ 0 in the sameway as in the odd case. For q ¼ p,
the competition is instead encoded in the coefficient of ϕp

inside jϕj < 1. At a ¼ ac, this coefficient changes sign, so
the origin becomes the unique minimum for a > ac. Lastly,
if q < p, no smooth off-origin minima remain once the cusp
minima have disappeared, and again the only late-time
minimum is at ϕ ¼ 0. Finally, for p > q as in the fðφÞ ∝
þφp case, for a > ac, the two minima disappear, and the
only minimum is at ϕ ¼ 0.

D. Energy-density scalings

So far, we have focused on the scalar field dynamics.
However, the behavior of its energy density (14) is
important for the subsequent cosmological expansion.
Here, we investigate the scale dependence of the scalar
energy density in the presence of a bare potential.

Note that the energy density ρφ (14) receives in general
two distinct contributions. The first is the energy associated
with the slow drift of the effective minimum, while the
second is the energy stored in oscillations around this
instantaneous minimum. When the effective minimum
evolves adiabatically, these two motions can be separated as

ϕðaÞ ¼ ϕminðaÞ þ ϕoscðaÞ; ð106Þ

where ϕmin describes the slow motion of the minimum
and ϕosc is the oscillatory displacement around it. In the
relativistic limit, we expect a similar behavior to the
oscillatory solutions in the limit where Vbare ¼ 0.
We find that the kinetic energy associated purely with the

drift of the minimum is parametrically small. For instance,
in previous subsections we found that jϕminðaÞj ∼ a−γ ,
where γ is a function of p and q [see, e.g., Eqs. (90),
(88), (98), (104)]. This means that ϕ0

minðaÞ ∼ a−γ−1 and so it
follows that

ρðminÞ
kin ∼ a2−3ð1þwÞðϕ0

minÞ2 ∼ a−3ð1þwÞ−2γ: ð107Þ

By contrast, the bare potential energy evaluated on the
drifting minimum scales as

VbareðϕminÞ ∼ ϕq
min ∼ a−qγ: ð108Þ

Since we assumed q ≥ 2, the kinetic energy induced by its
drift is suppressed whenever the minimum moves only on a
Hubble timescale. This shows that the late-time behavior of

ρφ should not be interpreted simply from ρðminÞ
kin , but rather

from the combination of the slow drift and the oscillatory
displacement where the latter dominates the kinetic con-
tribution. Eventually, the kinetic energy decays away, and
the bare potential dominates.
We illustrate the aforementioned behavior in Fig. 9

for relativistic fermions with a quadratic bare potential,
q ¼ 2, using the same initial parameters K ¼ 10−5,
Λq ¼ 10−14, ϕi ¼ 1 and ϕ0

i ¼ 0 in radiation domination.
At early times, the scalar energy density is dominated
by the kinetic contribution, generated as the field
moves toward the effective minimum from the Yukawa
coupling. Eventually, the bare-potential contribution
becomes important and controls the subsequent evolution.
The total relevant quantity is the smooth envelope of the
total scalar energy density, shown in black.
From the upper panel of Fig. 9, we see that the effective

minimum approaches the origin only asymptotically for
p ¼ 1. In the relativistic quadratic case, we find that the
drift of the minimum behaves as ϕmin ∼ a−2. Therefore, at
late times
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VbareðϕminÞ ∼ ϕ2
min ∼ a−4: ð109Þ

Interestingly, this is the same scaling obtained in the
relativistic system without a bare potential. In this case,
the field continues to follow the slowly drifting minimum,
with small oscillations superimposed on top of it.
The situation is different for p ¼ 3, see bottom panel of

Fig. 9. In this case, the off-origin minimum reaches the
origin at a finite time. Once this happens, the scalar no
longer tracks a displaced minimum. Instead, it behaves as a
standard oscillator around the bare quadratic minimum at
ϕ ¼ 0, hρϕi ∼ a−3. Thus, the p ¼ 3 branch crosses over to
a matterlike decay of a scalar condensate in a quadratic
potential.
The contrast between the two panels of Fig. 9 therefore

reflects the different fate of the effective minimum: for
p ¼ 1 it approaches zero only asymptotically and preserves
the radiationlike scaling, while for p ¼ 3 it disappears into
the origin and the subsequent evolution is governed by
ordinary quadratic oscillations which on average behave
like matter.

VI. SUMMARY OF THE RESULTS

In Secs. IVand V, we presented an exhaustive analysis of
various cases. Since the analysis may be dense at times, we
present here a compact summary of the main results for the
busy reader.
We investigated the dynamics of long-range Yukawa

forces in the early Universe, arising from Yukawa-type
couplings between scalar and fermion fields in a dark
sector. We assumed that the fermions can be described as a
Fermi gas and that the scalar-fermion system is decoupled
from the dominant background cosmic fluid. Within this
setup, we studied the behavior of the solutions for different
couplings, background equations of state, and bare scalar
potentials. Our main results are
(1) For both Yukawa and dilatonic couplings admitting

a saturation value ϕs at which meff → 0, we find
scaling solutions around the saturation points with
jϕðaÞ − ϕsj ∝ a−1 in both the relativistic and non-
relativistic limits, independently of the background
cosmological fluid. In all cases considered, the
leading energy-density scaling is ρϕ ∼ ρψ ∼ a−4.

(2) Higher-order couplings can also admit asymptotic
solutions around ϕ ≃ 0 whose late-time decay de-
pends both on the form of the coupling and on the
background cosmological fluid.

(3) In the saturation regime, relativistic fermions re-
main relativistic, while nonrelativistic fermions
remain nonrelativistic on average, apart from the
brief intervals near the zero-mass crossings. In this
regime, the coarse-grained density ratio satisfies
hρϕi=hρψ i ∼ constant.

(4) A bare scalar potential eventually dominates the
scalar dynamics and drives the field toward
the minimum of the bare potential. As a result,
the fermions recover their bare mass and eventually
become nonrelativistic. The scalar then oscillates
around the drifting minimum of the effective poten-
tial. The details of this drift depend on the coupling
and on the parameters of the bare potential but are
not sensitive to the background cosmological fluid,
whereas the oscillatory dynamics do depend on it.

In Table I, we present a more detailed summary for the
interested reader, including the solutions for the different
couplings and values of w.

VII. OUTLOOK AND DISCUSSION

Our work generalized the analysis of Ref. [43] to a
general form of the Yukawa-like coupling to fermions in
arbitrary cosmological backgrounds. As we mainly focus
on the background analytical solutions, there are several
interesting extensions.
First, we mainly studied the behavior of the scalar-

fermion system near the saturation point and its asymp-
totics. However, it would be interesting to study the system

FIG. 9. Evolution of the scalar energy-density contributions in
the relativistic regime for a quadratic bare potential, q ¼ 2, with
K ¼ 10−5, Λq ¼ 10−14, ϕi ¼ 1 and ϕ0

i ¼ 0. The upper and lower
panels correspond to p ¼ 1 and p ¼ 3, respectively. The blue,
red and black curves show the kinetic contribution, the bare-
potential contribution and the total scalar energy density. The
sharp dips in the kinetic and potential components correspond to
turning points and zero-crossings of the oscillatory motion and
are accentuated on the logarithmic scale; see Sec. V D.
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up to today, in particular, considering the possibility that the
fermions constitute the dark matter. We have not pursued
this direction in this work because the transition from a
general cosmological expansion to the standard radiation-
dominated era introduces additional parameters into the

model. We plan to explore interesting consequences in the
future.
Second, for simplicity, we restricted ourselves to the case

of a degenerate Fermi gas. This provides a simple and
analytically tractable description, but it would also be

TABLE I. Summary of the homogeneous late-time solutions of the scalar-fermion system for monomial couplings. The dynamics is
organized by the sign of the coupling, the parity of p, and whether the fermions are relativistic or nonrelativistic. Saturation branches
correspond to meff → 0 and lead to radiationlike scaling of the coupled sector, ρϕ ∼ ρψ ∼ a−4. Asymptotic branches instead drive the
scalar toward ϕ ¼ 0, where the fermions recover their bare mass and redshift as matter.

Coupling/regime Attractor branch Late-time behavior of the scalar Energy-density behavior

Monomial coupling fðϕÞ ∝ þϕp, with negligible bare potential

Relativistic, odd p Saturation branch at
ϕs ¼ −1, or asymptotic
branch near ϕ ¼ 0
for sufficiently
flat potentials

On the saturation branch,

ϕþ 1 ≃ Ap

a cos
h
2p

ffiffiffi
K

p
3wþ1

a
3wþ1
2 þ θp

i
.

For p > 2, the field may instead
enter the asymptotic branch

ϕ ∼ a−
3wþ1
p−2 for w ≤ 1=3.

On the saturation branch,
ρϕ ∼ a−4; ρψ ∼ a−4; ρϕ=ρψ ∼ const.
On the asymptotic branch the field
approaches ϕ ¼ 0, so meff → mψ .

Relativistic, even p Minimum at ϕ ¼ 0, or
asymptotic approach
to ϕ ¼ 0

For p ¼ 2,

ϕ ∼ A
a cos

h
2
ffiffiffiffiffi
2K

p
3wþ1

a
3wþ1
2 þ θ

i
.

For p > 2, asymptotic branches

satisfy ϕ ∼ a−
3wþ1
p−2 for w ≤ 1=3.

For p ¼ 2 oscillatory branch the scalar
redshifts approximately as radiation
while the fermions remain relativistic.
On asymptotic branches the field
approaches ϕ ¼ 0, so meff → mψ .

Nonrelativistic, odd p Cusplike saturation
branch at ϕs ¼ −1

jϕþ 1j ∼ a−1 × parabolic osc. ρψ ∼ a−3j1þ ϕpj ∼ a−4; ρϕ ∼ a−4.
Thus the coupled sector redshifts as
radiation even though the fermions are
nonrelativistic.

Nonrelativistic, p ¼ 2 Minimum at ϕ ¼ 0 ϕ ∼ Aa−3=4 cos
h
2
ffiffiffiffiffi
2D

p
3w a

3w
2 þ θ

i
;

for w > 0. For w ¼ 0,

ϕ ∼ cþarþ ; rþ ¼ −3þ ffiffiffiffiffiffiffiffiffiffi
9−32D

p
4

when

D < 9=32, while ϕ ∼

a−3=4 cos
h
1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32D − 9

p
ln aþ θ

i
when D > 9=32.

For w > 0, and for the logarithmically
oscillatory w ¼ 0 branch,
ρψ ∼ a−3; ρϕ ∼ a−9=2; ρϕ=ρψ ∼ a−3=2.
For w ¼ 0 and D < 9=32,
ρϕ=ρψ ∼ a2rþ .

Nonrelativistic, even
p > 2

Asymptotic branch
toward ϕ ¼ 0,
except in stiff
backgrounds

ϕ ∼ a−
3

pþ2 × oscillationsðaÞðw ¼ 1Þ,
ϕ ∼ a−

1
p−2ðw ¼ 1=3Þ, and

ϕ ∼ ðln aÞ− 1
p−2ðw ¼ 0Þ.

ρψ ∼ a−3; meff → mψ . For w ¼ 1=3,

ρϕ=ρψ ∼ a−1−
2

p−2, while for w ¼ 0,

ρϕ=ρψ ∼ ðln aÞ−2ðp−1Þ
p−2 .

Monomial coupling fðϕÞ ∝ −ϕp

Odd p Mirror saturation
branch at ϕs ¼ þ1

The dynamics follows from the
þϕp, odd-p saturation branch
by ϕ → −ϕ.

Same scaling as the odd-p saturation
branch: ρϕ ∼ a−4; ρψ ∼ a−4.

Even p Two degenerate
saturation points
at ϕs ¼ �1

Near either minimum,
jϕ ∓ 1jenv ∼ a−1 in the
saturation regime.

Both branches correspond to meff → 0.
Hence ρϕ ∼ a−4; ρψ ∼ a−4.

Effect of a bare scalar potential

Vbare ¼ λqϕ
q=q Competition between

the fermion-induced
branch and the origin

The bare contribution in the
scale-factor effective potential
grows as V

Λq

eff ¼ Λq

q a3wþ1ϕq. It
eventually pulls the scalar toward
ϕ ¼ 0.

The saturation/scaling regime can be
transient. At late times meff → mψ , and
the fermions redshift as nonrelativistic
matter: ρψ ∼ a−3.
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interesting, from a cosmological point of view, to study the
finite-temperature case. Nevertheless, based on the analysis
of Ref. [43], we expect the thermal case to be qualitatively
similar.
Third, we focused on the homogeneous scalar and

fermion solutions with fixed fermion number. However,
it has been shown that subhorizon perturbations in such a
system can lead to an exponential growth of the density
contrast [19,20], which may lead to dark-matter halo
formation [20], and potentially PBHs [19]. It would be
insightful to extend the current study to perturbations in
general cosmological backgrounds, in particular to inves-
tigate fermion perturbations near the saturation points and
explore possible gravitational wave imprints [62].
It would also be interesting to investigate whether similar

mechanisms could lead to the formation of fermionic halos
or other compact fermion objects in the present setup
[46,63]. Going beyond perturbation theory, such scenarios
could also be addressed with numerical relativity simu-
lations, which would allow one to capture the strong-
gravity dynamics and possible gravitational collapse to
black holes [64].
Lastly, we have found that even couplings can yield

multiple degenerate saturation points that appear as
degenerate minima in the effective scalar potential. One
such realization is for negative Yukawa fðφÞ ∝ −φ2 and
quadratic bare potential namely p ¼ q ¼ 2 as seen in
Sec. V B. If the scalar field contains fluctuations, similar
to what occurs during inflation, different regions of space
could settle into different minima. Such a scalar-fermion
system may therefore give rise to domain walls in the
early Universe. In the presence of a bare scalar-field
potential, the degenerate minima eventually merge, and
the domain walls would melt away, as the fermions dilute
due to the expansion and the bare potential dominates.
The possibility of generating domain walls is interesting,
as they may produce a substantial gravitational-wave
background (see, e.g., Refs. [65–70]), providing an addi-
tional signature of our model. We leave a detailed study
for future work.
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APPENDIX A: DEGENERATE FERMI
GAS AT ZERO TEMPERATURE

In this Appendix, we derive the fluid description
expressions of the fermionic sector used in the main text,
and collect the exact expressions for the degenerate Fermi
gas at zero temperature. We also show how the scalar
source term can be written in terms of ρψ and pψ .

1. Exact energy density and pressure

We now compute the exact thermodynamic quantities for
a degenerate Fermi gas at zero temperature, where all
momentum states are filled up to the Fermi momentum

pF ¼ ð3π2nψÞ1=3: ðA1Þ

It is convenient to define

Nψ ≡ 3π2nψ ; ðA2Þ

so that

pF ¼ N1=3
ψ : ðA3Þ

The exact energy density and pressure expressions are
given by

ρψ ¼ 1

π2

Z
pF

0

dpp2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

eff

q
ðA4Þ

and

pψ ¼ 1

3π2

Z
pF

0

dp
p4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þm2
eff

p : ðA5Þ

Introducing the dimensionless ratio

x≡ meff

N1=3
ψ

≡meff

pF
ðA6Þ

and changing integration variable to

u≡ p
pF

; ðA7Þ

one obtains

ρψ ¼ N4=3
ψ

π2

Z
1

0

du u2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ x2

p
ðA8Þ

and

pψ ¼ N4=3
ψ

3π2

Z
1

0

du
u4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u2 þ x2
p : ðA9Þ
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Performing the integrals gives

ρψ ¼ N4=3
ψ

8π2
FðxÞ; pψ ¼ N4=3

ψ

24π2
PðxÞ; ðA10Þ

where

FðxÞ≡ ð2þ x2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
− x4 sinh−1

�
1

x

�
ðA11Þ

and

PðxÞ≡ ð2 − 3x2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
þ 3x4 sinh−1

�
1

x

�
: ðA12Þ

The quantity entering the scalar equation is the trace
combination

ρψ − 3pψ : ðA13Þ

Using Eq. (A10), one finds

ρψ − 3pψ ¼ N4=3
ψ

8π2
½FðxÞ − PðxÞ�: ðA14Þ

Since

FðxÞ − PðxÞ ¼ 4

�
x2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
− x4sinh−1

�
1

x

��
; ðA15Þ

this becomes

ρψ − 3pψ ¼ N4=3
ψ

2π2

�
x2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
− x4sinh−1

�
1

x

��
: ðA16Þ

Now, differentiating Eq. (A4) with respect to meff gives

∂ρψ
∂meff

¼ meff

π2

Z
pF

0

dp
p2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þm2
eff

p : ðA17Þ

On the other hand, using the identity

p4 ¼ p2ðp2 þm2
effÞ −m2

effp
2; ðA18Þ

the pressure integral may be rewritten as

pψ ¼
1

3π2

Z
pF

0

dp
p2ðp2þm2

effÞ−m2
effp

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þm2

eff

p
¼ 1

3π2

Z
pF

0

dpp2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2þm2

eff

q
−
m2

eff

3π2

Z
pF

0

dp
p2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2þm2
eff

p
¼ ρψ

3
−
m2

eff

3π2

Z
pF

0

dp
p2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2þm2
eff

p : ðA19Þ

Therefore

ρψ − 3pψ ¼ m2
eff

π2

Z
pF

0

dp
p2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þm2
eff

p : ðA20Þ

Comparing Eqs. (A17) and (A20), one obtains

∂ρψ
∂meff

¼ ρψ − 3pψ

meff
; ðA21Þ

as claimed.
For later use, it is convenient to define the exact

dimensionless function

T ðxÞ≡ x
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
− x3sinh−1

�
1

x

�
: ðA22Þ

Using meff ¼ xN1=3
ψ , Eq. (A16) becomes

ρψ − 3pψ

meff
¼ Nψ

2π2
T ðxÞ: ðA23Þ

This is the exact form entering the source term in the scalar
equation of motion in the main text.

2. Relativistic and nonrelativistic limits

For x ≪ 1, one expands

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
¼ 1þ x2

2
þOðx4Þ ðA24Þ

and

sinh−1
�
1

x

�
¼ ln

�
2

x

�
þOðx2Þ: ðA25Þ

This gives

FðxÞ ¼ 2þ 2x2 þOðx4 ln xÞ;
PðxÞ ¼ 2 − 2x2 þOðx4 ln xÞ: ðA26Þ

Hence

ρψ ¼ N4=3
ψ

4π2
½1þ x2 þOðx4 ln xÞ�; ðA27Þ

pψ ¼ N4=3
ψ

12π2
½1 − x2 þOðx4 ln xÞ�; ðA28Þ

and

ρψ − 3pψ ¼ N4=3
ψ

2π2
½x2 þOðx4 ln xÞ�: ðA29Þ
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Equivalently,

ρψ − 3pψ

meff
≃
N2=3

ψ meff

2π2
; x ≪ 1 ðA30Þ

or

T ðxÞ ¼ xþOðx3 ln xÞ: ðA31Þ

For x ≫ 1, one uses

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
¼ xþ 1

2x
þOðx−3Þ ðA32Þ

and

sinh−1
�
1

x

�
¼ 1

x
−

1

6x3
þOðx−5Þ: ðA33Þ

This yields

FðxÞ¼ 8

3
xþ 4

5x
þOðx−3Þ; PðxÞ¼ 8

5x
þOðx−3Þ: ðA34Þ

Hence

ρψ ¼ N4=3
ψ

3π2

�
xþ 3

10x
þOðx−3Þ

�
; ðA35Þ

pψ ¼ N4=3
ψ

15π2

�
1

x
þOðx−3Þ

�
; ðA36Þ

and

ρψ − 3pψ ¼ N4=3
ψ

3π2

�
x −

3

10x
þOðx−3Þ

�
: ðA37Þ

Therefore

ρψ − 3pψ

meff
≃
Nψ

3π2
; x ≫ 1; ðA38Þ

or equivalently

T ðxÞ ¼ 2

3
þOðx−2Þ: ðA39Þ

APPENDIX B: SCALE-FACTOR FORM
OF THE SCALAR EQUATION

We now rewrite the homogeneous scalar equation in
terms of derivatives with respect to the scale factor a.

For any homogeneous scalar φðaÞ, one has

φ̇ðtÞ ¼ dφ
da

ȧ ¼ aHφ0ðaÞ; ðB1Þ

where a prime denotes d=da. Therefore

φ̇ ¼ aHφ0: ðB2Þ

Differentiating once more

φ̈ ¼ d
dt
ðaHφ0Þ

¼ ðȧH þ aḢÞφ0 þ aH
d
dt
φ0

¼ aðH2 þ ḢÞφ0 þ aHðaHφ00Þ
¼ a2H2φ00 þ aðH2 þ ḢÞφ0: ðB3Þ

For a background dominated by a perfect fluid with
constant equation-of-state parameter w,

H2 ¼ H2
i a

−3ð1þwÞ: ðB4Þ

Differentiating with respect to time

2HḢ¼−3ð1þwÞH2
i a

−3ð1þwÞ−1ȧ¼−3ð1þwÞH3; ðB5Þ

which implies

Ḣ ¼ −
3

2
ð1þ wÞH2: ðB6Þ

Substituting this into the previous expression yields

φ̈ ¼ a2H2φ00 −
1þ 3w

2
aH2φ0: ðB7Þ

The homogeneous scalar equation in cosmic time is

φ̈þ 3Hφ̇þ V 0
bareðφÞ þ Sφ ¼ 0; ðB8Þ

with

Sφ ≡ ∂ρψ
∂φ

: ðB9Þ

Using φ̇ ¼ aHφ0 and Eq. (B7), one finds

a2H2φ00 þ 5 − 3w
2

aH2φ0 þ dVbareðφÞ
dφ

þ Sφ ¼ 0: ðB10Þ

Dividing by a2H2 gives

φ00 þ 5 − 3w
2a

φ0 þ 1

a2H2

dVbareðφÞ
dφ

þ Sφ

a2H2
¼ 0: ðB11Þ
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This is the starting point for the dimensionless equations
written in the main text.

APPENDIX C: PARABOLIC WAVES
IN THE NONRELATIVISTIC REGIME

We briefly explain the origin of the parabolic-wave
approximation used for the nonrelativistic oscillations
around the saturation point [71]. As discussed in the main
text, the nonrelativistic equation of motion is, at leading
order, cusplike

u00 þ 5 − 3w
2a

u0 þDpa3w−2sgnðuÞ ¼ 0: ðC1Þ

The key point is that the force is approximately constant
on either side of the cusp. Hence, the motion is not
harmonic. Instead, for a fixed value of the slowly varying
coefficient Dpa3w−2, the solution consists of parabolic
arcs. Let UðaÞ denote the local oscillation amplitude of u.
The auxiliary “mechanical energy” of the cusp oscillator
can be defined as

EðaÞ ¼ 1

2
u02 þ FðaÞjuj; FðaÞ ¼ Dpa3w−2: ðC2Þ

At a turning point, E ¼ FU. Averaging Eq. (C1) over one
oscillation gives

dE
da

¼ −
5 − 3w
2a

hu02i þ F0ðaÞhjuji: ðC3Þ

For a linear cusp potential, in the limit where the
oscillation frequency is much larger than the Hubble
scale, the virial relation gives

1

2
hu02i ¼ E

3
; FðaÞhjuji ¼ 2E

3
: ðC4Þ

Therefore

d lnE
d ln a

¼ 3ðw − 1Þ; ðC5Þ

and since FðaÞ ∝ a3w−2, the amplitude satisfies

UðaÞ ¼ EðaÞ
FðaÞ ¼

Ap

a
: ðC6Þ

The constant Ap is fixed by matching to the full solution and
depends on the initial conditions and on the transient
evolution before the field settles into the saturation regime.
We now determine the leading phase. For a cusp

oscillator with constant force F and amplitude U, the time
in scale-factor variable from a turning point to the first zero
crossing is

Δaquarter ¼
ffiffiffiffiffiffiffi
2U
F

r
: ðC7Þ

Hence, the full period is

Ta ¼ 4

ffiffiffiffiffiffiffi
2U
F

r
; ðC8Þ

and the instantaneous angular frequency is

dθ
da

¼ 2π

Ta
¼ π

2
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffi
FðaÞ
UðaÞ

s
: ðC9Þ

Using FðaÞ ¼ Dpa3w−2 and UðaÞ ¼ Ap=a, this gives

dθ
da

¼ π

2
ffiffiffi
2

p
ffiffiffiffiffiffiffi
Dp
Ap

s
að3w−1Þ=2: ðC10Þ

Therefore, for w ≠ −1=3,

θðaÞ ¼ πffiffiffi
2

p ð3wþ 1Þ

ffiffiffiffiffiffiffi
Dp
Ap

s
að3wþ1Þ=2 þ ΘpðaÞ; ðC11Þ

where ΘpðaÞ contains the constant phase and possible
residual subleading phase corrections. Then, the leading
asymptotic solution can be written as

ϕðaÞ ¼ −1þ Ap

a
P½θðaÞ�; ðC12Þ

where P is a unit-amplitude periodic parabolic wave with
period 2π.
The explicit form of P follows directly from the constant-

force motion. We choose the phase convention such that
θ ¼ 0 corresponds to the positive turning point, P ¼ 1, and
define

z ¼ θ

2π
mod 1: ðC13Þ

During the first quarter period, 0 ≤ z < 1=4, the displace-
ment is positive and the acceleration is constant and
negative. Therefore P is a parabola satisfying Pð0Þ ¼ 1,
dP=dzjz¼0 ¼ 0, and Pð1=4Þ ¼ 0. During the next half
period, 1=4 ≤ z < 3=4, the displacement is negative and
the acceleration changes sign. The corresponding branch is
then fixed by continuity of P and dP=dz at z ¼ 1=4.
Finally, the last branch is fixed by continuity at z ¼ 3=4 and
by the periodicity condition Pð1Þ ¼ Pð0Þ ¼ 1. This gives
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PðθÞ ¼

8>><
>>:

1 − 16z2; 0 ≤ z < 1
4
;

−8
�
z − 1

4

	þ 16
�
z − 1

4

	
2; 1

4
≤ z < 3

4
;

8
�
z − 3

4

	
− 16

�
z − 3

4

	
2; 3

4
≤ z < 1:

ðC14Þ

The Fourier expansion of the same waveform is

PðθÞ ¼ 32

π3
X∞
k¼0

ð−1Þk
ð2kþ 1Þ3 cos ½ð2kþ 1Þθ�: ðC15Þ

Keeping only the first harmonic gives

PðθÞ ≃ 32

π3
cos θ: ðC16Þ

Therefore, the first-harmonic approximation to Eq. (C12) is

ϕðaÞ≃−1þ 32Ap

π3a
cos

0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2Dp

2ð3wþ 1Þ2Ap

s
að3wþ1Þ=2 þΘp

1
A:

ðC17Þ

This is the expression used in the main text. The cosine
approximation should therefore be understood as the first
harmonic of the underlying piecewise-parabolic waveform.
The nonharmonicity is encoded in the higher Fourier
modes of P, while the leading envelope is jϕþ 1j ∼ a−1.

APPENDIX D: DILATONIC COUPLING

In this Appendix, we supplement the discussion in the
main text with a detailed study on a bare fermion mass and
the dilatonic coupling

fðφÞ ¼ �Mplecφ=Mpl : ðD1Þ

Similarly to the procedure we followed for the monomial
case (see Sec. III A), we define the dimensionless quan-
tities,

ϕ≡ cφ
Mpl

; B≡ yMpl

mψ
> 0; ðD2Þ

so that the effective fermion mass reads

meff ¼ mψ j1� Beϕj: ðD3Þ

Similarly, the ratio x is now given by

x ¼ xia
j1� Beϕj
j1� Beϕi j : ðD4Þ

We then obtain the scalar equations of motion (D5) in the
relativistic regime x ≪ 1:

ϕ00 þ 5 − 3w
2a

ϕ0 þ Λ̃qa3wþ1ϕq−1

� Kexpa3w−1eϕð1� BeϕÞ ¼ 0; ðD5Þ

while it reduces to

ϕ00 þ 5 − 3w
2a

ϕ0 þ Λ̃qa3wþ1ϕq−1

�Dexpa3w−2eϕsgnð1� BeϕÞ ¼ 0; ðD6Þ

in the nonrelativistic regime, that is x ≫ 1. In Eqs. (D5)
and (D6), we respectively introduced

Kexp≡ 6c2Bx2i
j1�Beϕi j2Ωψ ;i; Dexp≡ 3c2B

j1�Beϕi jΩψ ;i ðD7Þ

and

Λ̃q ≡
λqM2

pl

H2
i c

q−2 ; ðD8Þ

coming from the bare scalar potential, for compactness.

1. Dilatonic coupling with Vbare = 0

From now on, let us focus on the − sign in Eq. (D1),
since in this case there exists a saturation point with
meff ¼ 0. Ignoring the bare potential, in the relativistic
regime, the effective potential we obtain is

Vrel
effðϕ; aÞ ¼ K̃exp

�
−eϕ þ B

2
e2ϕ

�
a3w−1; ðD9Þ

with its minimum at ϕs ¼ − lnB. Hence, again the rela-
tivistic dynamics drives the field toward the point where the
effective fermion mass vanishes.
Expanding near the minimum with u≡ ϕ − ϕs, and

using eϕs ¼ 1=B, the equation becomes

u00 þ 5 − 3w
2a

u0 þ Kexp

B
a3w−1u ¼ 0: ðD10Þ

Thus, for w ≠ −1=3, the late-time solution then is given by

ϕðaÞ ≃ ϕs þ
A
a
cos

�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kexp=B

p
3wþ 1

a
3wþ1
2 þ θ

�
: ðD11Þ

This is qualitatively identical to the monomial case. Hence,
the energy density of the scalar at the oscillatory regime
behaves again as a radiation fluid and recall that the
relativistic fermions behave in the same manner, so the
two sectors track each other ρϕ ∼ ρψ ∼ a−4.
In the nonrelativistic regime, the effective potential

becomes
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Vnon-rel
eff ðϕ; aÞ ¼ Dexp

B
a3w−2j1 − Beϕj: ðD12Þ

As in the monomial odd-p case, the solutions around ϕs are
nonharmonic oscillations with a displacement envelope
scaling as a−1. Consequently, j1 − Beϕj ∼ a−1 and the
fermion energy density scales as ρψ ∼ a−4. Interestingly,
for w ¼ 1=3 and especially for w ¼ 0–where the effective
potential decays—we have found numerically scenarios in
which, starting with ϕ > ϕs, the field descends rapidly
toward negative values and gets stuck there, where the
exponential term dies off.

2. Asymptotic scalings for the dilatonic coupling

We collect here the expected late-time behavior for the
purely dilatonic coupling with a vanishing bare scalar
potential, coupling fðφÞ ¼ Mplecφ=Mpl and vanishing bare
fermion mass. The effective fermion mass is therefore
meffðφÞ ¼ yjfðφÞj. Defining the dimensionless field as
earlier

ϕ ¼ cφ
Mpl

; meff ¼ yMpleϕ: ðD13Þ

We take c > 0, so that the weak-coupling direction
corresponds to ϕ → −∞. For c < 0, the direction of
motion is reversed.
In the relativistic regime, x ≪ 1, the leading mass-

dependent correction to the fermion energy density scales
as m2

eff .
The scalar equation, therefore, takes the form6

ϕ00 þ 5− 3w
2a

ϕ0 þ 2K̃expa3w−1e2ϕ ¼ 0; x≪ 1: ðD14Þ

For −1=3 < w < 1, this admits the late-time scaling
solution

ϕrelðaÞ ≃ crel;0 −
3wþ 1

2
ln a; ðD15Þ

where the constant is fixed by the background and the K̃exp

crel;0 ¼
1

2
ln
3ð1 − wÞð3wþ 1Þ

8K̃exp
: ðD16Þ

Thus, unlike the monomial coupling apart from w ¼ 1=3,
the universal envelope a−1 for the effective mass does not
hold; instead, meff ∝ a−ð3wþ1Þ=2.

For kination, w ¼ 1, the friction term no longer fixes a
universal amplitude. Writing the asymptotic solution as

ϕrelðaÞ ≃ −ð2þ
ffiffiffiffiffiffiffiffiffiffi
2Erel

p
Þ ln a; ðD17Þ

the constant Erel depends on K̃exp and on the initial scalar
data. Equivalently, the w ¼ 1 equation admits the first
integral which is conserved and can be determined by the
initial conditions:

Erel ¼
1

2
ðaϕ0

i þ 2Þ2 þ K̃expa4i e
2ϕi ; ðD18Þ

which can be fixed by the initial conditions.
The main result of this analysis is that for purely

dilatonic coupling for w < 1 there is a true scaling solution
which is an attractor and is independent of the initial data,
unlike the monomial case where the amplitude is dependent
on the initial data. For w ¼ 1, on the other hand, a memory
of the initial data remains through Erel.
A similar pattern is found in the nonrelativistic regime,

x ≫ 1, where the fermion energy density is linear in the
mass, and the scalar obeys

ϕ00 þ 5 − 3w
2a

ϕ0 þ D̃expa3w−2eϕ ¼ 0; x ≫ 1: ðD19Þ

For 0 < w < 1, the late-time attractor is

ϕnrðaÞ ≃ cnr;0 − 3w ln a; ðD20Þ

with

cnr;0 ¼ ln
9wð1 − wÞ
2D̃exp

ðD21Þ

and therefore meff ∝ a−3w, so that the nonrelativistic
fermion energy density tracks the background as
ρψ ∝ a−3ð1þwÞ.
The matter-dominated case w ¼ 0 is marginal and

instead gives

ϕnrðaÞ ≃ − ln ðln aÞ þ ln

�
3

2D̃exp

�
: ðD22Þ

For kination, w ¼ 1, the asymptotic behavior is again not
universal:

ϕnrðaÞ ≃ −ð3þ
ffiffiffiffiffiffiffiffiffi
2Enr

p
Þ ln a; ðD23Þ

where

Enr ¼
1

2
ðaϕ0

i þ 3Þ2 þ D̃expa3i e
ϕ
i : ðD24Þ6Here the tilded quantities K̃exp and D̃exp are defined as in (D7)

but instead, the denominator has jBeϕi j with B≡ y and
ϕ ¼ cφ=Mpl.
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