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Lepton-flavor-violating (LFV) interactions involving dark matter (DM) particles remain a largely
unexplored area. In this study, we systematically investigate LFV DM interactions within the framework of
effective field theories by analyzing astrophysical photons and positrons produced from DM annihilation.
Employing the astrophysical photon and positron data collected by Fermi-LAT, INTEGRAL, XMM-
Newton, and AMS-02, we place meaningful constraints on all leading-order effective operators involving a
DM pair and a flavor-violating charged lepton pair. Our analysis covers the three well-known DM
candidates: a scalar, a fermion, and a vector particle. For the photon flux, we consider contributions from
final-state radiation, radiative decay, and inverse Compton scattering and examine their respective
sensitivity regions across different DM masses and photon energies. We find that, for DM masses below
Oð20 GeVÞ, INTEGRAL provides the most stringent constraints on annihilation cross sections and
effective operators in all three LFV channels, whereas AMS-02 offers the strongest constraints above
Oð20 GeVÞ.
DOI: 10.1103/d762-dbn6

I. INTRODUCTION

The existence of dark matter (DM) is strongly supported
by astrophysical observations. However, despite decades of
theoretical and experimental studies, its microscopic nature
remains elusive. Among various DM scenarios, the Z2-
symmetry-protected DM candidate represents a compelling
possibility that naturally ensures its longevity on cosmo-
logical timescales. Over the years, this type of DM
candidate has been extensively studied experimentally
through direct and indirect detection methods as well as
via direct production at colliders. Although no positive
signals have been observed so far, stringent upper limits
have been established on the relevant observables and
couplings [1–8]. A key assumption underlying these
searches is that the DM pairs couple to pairs of standard
model (SM) particles in a flavor-conserving manner.

Given the stringent limits on flavor-conserving DM
interactions and our limited understanding of its true nature,
extending the investigation of DM-SM interactions into the
flavor-violating sector may offer valuable new insights.
Flavor-changing neutral current DM-quark interactions
serve as an illuminating example, as they could potentially
connect DM to flavor anomalies such as the B → Kνν̄
excess reported in Belle II measurements [9–15]. In
contrast, lepton-flavor-violating (LFV) DM interactions
remain largely unexplored. Such interactions are common
in various new physics (NP) models, including scotogenic
seesaw scenarios that simultaneously address neutrino
masses and DM candidates [16,17], lepton-flavored DM
models [18], the axion- or axionlike-particle-mediated
frameworks [19], and others. Given the variety of model
frameworks, it is worthwhile to systematically study such
interactions from the perspective of effective field theory
(EFT), making minimal assumptions about the underlying
dynamics.
EFT is a tailored tool for studying low-energy processes

with small momentum transfer, such as those relevant to
DM direct and indirect detections. In the low-energy EFT
extended with an additional DM particle, known as dark
sector EFT (DSEFT) [20,21], the LFV DM-charged lepton
interactions take a factorized form, DM2liΓlj≠i, where the
lepton flavor indices i; j ¼ e, μ, τ. Recently, we initiated a
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study of these interactions by examining the LFV decays of
the μ and τ leptons involving a pair of light DM in the
final state [22], focusing on the DM mass range
mDM ≲ jmi −mjj=2. Beyond this mass threshold, indirect
detection of DM becomes a valuable approach to probe the
relevant parameter space [23]. In the present work, we aim
to extend this investigation to probe the heavier DM mass
range by analyzing indirect detection signals of DM
annihilation, including photons and positrons, as observed
by Fermi-LAT [24], INTEGRAL [25], XMM-Newton [26],
and AMS-02 [27].
In this analysis, we consider three well-known DM

candidates with spin up to 1, including a spin-0 scalar
DM ϕ (either complex or real), a spin-1=2 fermion DM χ
(either Dirac or Majorana), and a spin-1 vector DM X
(either complex or real). For each case, we identify the
leading-order effective operators and study constraints on
their Wilson coefficients (WCs) from indirect detection
signatures. We calculate the photon flux induced by various
mechanisms, including prompt photons from final-state
radiation (FSR) and radiative decays (Rad) of charged
leptons and nonprompt photons from inverse Compton
scattering of electrons or positrons off the background
photons. In particular, we will demonstrate that the nor-
malized FSR photon spectra from all s-wave operators in
each specific annihilation channel exhibit a nearly degen-
erate pattern.
For the two-to-two annihilation processes DMþ DM →

l∓
i l

�
j , these operators exhibit rich partial-wave contribu-

tions, including s, p, and d waves. We find that 20 operators
induce DM annihilation via the s wave at leading order,
while 12 operators lead to the p-wave annihilation. In

addition, in the fermion DM case, two operators OVðAÞ
lχ2

involve both s- and p-wave contributions at leading order,

whereas in the vector DM case, two operators OVðAÞ
lX3

involve both p- and d-wave contributions. Unlike the
common assumption of s-wave dominance, the p- and
d-wave contributions are highly sensitive to the DM
velocity distribution and generally lead to weaker con-
straints on the relevant annihilation cross sections and EFT
WCs. Our results indicate that the constraints on effective
scales associated with p-wave operators are weaker by 1–2
orders of magnitude compared to those on s-wave operators
of the same dimension. For the dimension-6 (dim-6)
operators in the fermion DM scenario, the effective scale
can be probed from a few tens of GeV to TeV range for the
s-wave operators, with the exact constraints varying
according to the DM masses. These results complement
existing constraints from charged LFV decays for DM
masses below the annihilation thresholds.
The remainder of this paper is organized as follows. In

Sec. II, we present all leading-order operators involving a
DM pair and a LFV charged lepton current and derive DM
annihilation cross sections and their velocity expansions.

The calculation of photon and positron fluxes arising from
various mechanisms is detailed in Sec. III. The datasets
used in our analysis, along with our final constraints on
thermally averaged cross sections and EFT operators, are
presented in Sec. IV. Finally, our summary is offered in
Sec. V. The Appendix provides a concise derivation of the
thermally averaged cross section for a general velocity-
dependent annihilation scenario.

II. LFV DM ANNIHILATION IN DSEFT

A. Effective lepton-DM operators in DSEFT

We work in the DSEFT framework and focus on the
leading-order effective operators involving a pair of DM
particles and a pair of charged leptons with distinct flavors
[20,21]. The relevant operators respecting the unbroken SM
gauge symmetry SUð3Þc ⊗ Uð1Þem are summarized in
Table I, where the SM charged lepton fields are denoted
by li;j ¼ e, μ, τ. For the vector DM, we follow Ref. [20]
and consider two parametrizations depending on whether
the vector field is represented by a four-vector potential
Xμ (case A) or a field strength tensor Xμν ≡ ∂μXν − ∂νXμ

(case B). In vector DM case A, the covariant derivative

for the operator OV
lX1 is defined as liγðμiD

↔

νÞlj≡
iðliγμDνlj −DνliγμljÞ þ μ ↔ ν, and similarly for the
operator OA

lX1 by replacing γμ with γμγ5. In vector DM
case B, the dual field strength tensor is given by
X̃μν ¼ ð1=2ÞϵμνρσXρσ. In the table, the “✗” symbol indicates
that the relevant operator vanishes when the DM particle is
its own antiparticle.
When the full SM gauge symmetry SUð3Þc × SUð2ÞL ×

Uð1ÞY is imposed, the DSEFT framework can be
naturally extended to a framework similar to the standard
model effective field theory, i.e., the extension of SMEFT.
In this case, the local effective operators are constructed
from the DM and SM fields that respect the full gauge
symmetry. Since the DM field may carry nontrivial SM
charges, these SMEFT-like operators must properly incor-
porate this possibility. As examples, the operator bases for
various charge assignments and DM scenarios may be
found in [28–30]. For instance, if the DM field is an
electroweak scalar singlet, the SM gauge-invariant counter-
parts of the four DSEFT operators in Table I take the form

ðLiejHÞðϕ†ϕÞ, ðH†eiLjÞðϕ†ϕÞ, ðLiγ
μLjÞðϕ†i∂

↔

μϕÞ, and

ðeiγμejÞðϕ†i∂
↔

μϕÞ, where H, L, and e represent the SM
Higgs, left-handed lepton doublet, and right-handed lepton
singlet fields, respectively.
The ultraviolet-complete models that simultaneously

account for neutrino mass and provide a DM candidate,
such as the scotogenic seesaw mechanism and its exten-
sions [16,17], can yield the effective DM-lepton inter-
actions considered here. Another example is provided in
[23], where a leptophilic Higgs doublet and a scalar DM
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candidate ϕ are introduced that can generate the LFV dim-6
operator ðLiejHÞðϕ†ϕÞ after integrating out the new heavy
Higgs doublet. In this work, we focus exclusively on the
indirect detection analysis within the EFT framework,
leaving a comprehensive investigation of ultraviolet scenar-
ios that generate these LFVDM interactions for future study.
According to the effective operators listed in Table I,

it is straightforward to calculate the DM annihilation
cross section in each case and its corresponding partial-
wave expansion in terms of the DM relative velocity vrel.
For our analysis, the relevant annihilation channels
are two-to-two processes DMþ DM → l−

i l
þ
j . Their

thermally averaged annihilation cross sections hσvreliij
directly determine the predicted photon and positron
fluxes, which will be detailed in the next section.
Consequently, to derive constraints on the WCs from
existing astrophysical observations, it is necessary to
calculate the annihilation cross sections, as we discuss in
the following subsection.

B. Calculation of annihilation cross sections

The total annihilation cross section of a specific process
DMðk1Þ þ DMðk2Þ → l−

i ðpiÞlþ
j ðpjÞ is expressed as

σ ¼ 1

16πλðs;m2
DM; m

2
DMÞ

Z
1
2
ðtþþt−Þ

1
2
ðtþ−t−Þ

jMj2dt; ð1Þ

where jMj2 denotes the spin-averaged and -summed
matrix element squared. s≡ ðk1 þ k2Þ2 is the invariant
mass squared of the DM pair, and t≡ ðk1 − piÞ2 with

t− ¼ 1

s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðs;m2

DM; m
2
DMÞλðs;m2

i ; m
2
jÞ

q
; ð2aÞ

tþ ¼ 2m2
DM þm2

i þm2
j − s: ð2bÞ

Here, λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2ðxyþ yzþ zxÞ denotes
the triangle function. Defining ρ� ≡ s − ðmi ∓ mjÞ2, it
follows that λðs;m2

i ; m
2
jÞ ¼ ρþρ−. The total cross

TABLE I. The leading-order effective operators containing a lepton bilinear and a pair of DM particles in the DSEFT framework [20].
Here, the flavor indices ij ¼ eμðμeÞ; eτðτeÞ; μτðτμÞ.
Scalar DM case

OS;ij
lϕ ¼ ðliljÞðϕ†ϕÞ OP;ij

lϕ ¼ ðliiγ5ljÞðϕ†ϕÞ
OV;ij

lϕ ¼ ðliγ
μljÞðϕ†i∂

↔

μϕÞ (✗) OA;ij
lϕ ¼ ðliγ

μγ5ljÞðϕ†i∂
↔

μϕÞ (✗)
Fermion DM case

OS;ij
lχ1 ¼ ðliljÞðχ̄χÞ OP;ij

lχ1 ¼ ðliiγ5ljÞðχ̄χÞ
OS;ij

lχ2 ¼ ðliljÞðχ̄iγ5χÞ OP;ij
lχ2 ¼ ðliγ5ljÞðχ̄γ5χÞ

OV;ij
lχ1 ¼ ðliγ

μljÞðχ̄γμχÞ (✗) OA;ij
lχ1 ¼ ðliγ

μγ5ljÞðχ̄γμχÞ (✗)
OV;ij

lχ2 ¼ ðliγ
μljÞðχ̄γμγ5χÞ OA;ij

lχ2 ¼ ðliγ
μγ5ljÞðχ̄γμγ5χÞ

OT;ij
lχ1 ¼ ðliσ

μνljÞðχ̄σμνχÞ (✗) OT;ij
lχ2 ¼ ðliσ

μνljÞðχ̄σμνγ5χÞ (✗)
Vector DM case A

OS;ij
lX ¼ ðliljÞðX†

μXμÞ OP;ij
lX ¼ ðliiγ5ljÞðX†

μXμÞ
OT;ij

lX1 ¼ i
2
ðliσ

μνljÞðX†
μXν − X†

νXμÞ (✗) OT;ij
lX2 ¼ 1

2
ðliσ

μνγ5ljÞðX†
μXν − X†

νXμÞ (✗)
OV;ij

lX1 ¼ 1
2
½liγðμiD

↔

νÞlj�ðXμ†Xν þ Xν†XμÞ OA;ij
lX1 ¼ 1

2
½liγðμγ5iD

↔

νÞlj�ðXμ†Xν þ Xν†XμÞ
OV;ij

lX2 ¼ ðliγμljÞ∂νðXμ†Xν þ Xν†XμÞ OA;ij
lX2 ¼ ðliγμγ5ljÞ∂νðXμ†Xν þ Xν†XμÞ

OV;ij
lX3 ¼ ðliγμljÞðX†

ρ ∂
↔

νXσÞϵμνρσ OA;ij
lX3 ¼ ðliγμγ5ljÞðX†

ρ ∂
↔

νXσÞϵμνρσ

OV;ij
lX4 ¼ ðliγ

μljÞðX†
νi∂

↔

μXνÞ (✗) OA;ij
lX4 ¼ ðliγ

μγ5ljÞðX†
νi∂

↔

μXνÞ (✗)
OV;ij

lX5 ¼ ðliγμljÞi∂νðXμ†Xν − Xν†XμÞ (✗) OA;ij
lX5 ¼ ðliγμγ5ljÞi∂νðXμ†Xν − Xν†XμÞ (✗)

OV;ij
lX6 ¼ ðliγμljÞi∂νðX†

ρXσÞϵμνρσ (✗) OA;ij
lX6 ¼ ðliγμγ5ljÞi∂νðX†

ρXσÞϵμνρσ (✗)

Vector DM case B

ÕS;ij
lX1 ¼ ðliljÞX†

μνXμν ÕS;ij
lX2 ¼ ðliljÞX†

μνX̃μν

ÕP;ij
lX1 ¼ ðliiγ5ljÞX†

μνXμν ÕP;ij
lX2 ¼ ðliiγ5ljÞX†

μνX̃μν

ÕT;ij
lX1 ¼ i

2
ðliσ

μνljÞðX†
μρX

ρ
ν − X†

νρX
ρ
μÞ (✗) ÕT;ij

lX2 ¼ 1
2
ðliσ

μνγ5ljÞðX†
μρX

ρ
ν − X†

νρX
ρ
μÞ (✗)
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section induced by each DSEFT operator can be calculated
directly from Eq. (1), and the final results are summarized in
the second column in Table II. In the table, κf≡
1 − 4m2

DM=s ¼ λðs;m2
DM; m

2
DMÞ=s2. Since DM particles

annihilate nonrelativistically, it is a good approximation
to expand the velocity-weighted cross section in terms of the

DM relative velocity vrel to simplify subsequent calcula-
tions. In the center-of-mass frame, s¼ 4m2

DM½1þv2rel=ð4−
v2relÞ� ¼ 4m2

DM½1þv2rel=4þv4rel=16þOðv6relÞ� in the nonre-
lativistic limit. Consequently, σvrel can be Taylor-expanded
in powers of v2rel as σvrel ¼ âþ b̂v2rel þ d̂v4rel þOðv6relÞ,
where â, b̂, and d̂ denote the s-, p-, and d-wave contributions,

TABLE II. The annihilation cross section for the process DMþ DM → l−
i l

þ
j≠i induced by each DSEFT operator with its WC Cj

i , for
the case of a complex scalar or vector and Dirac fermion DM field. For the σ in the second column, the expression for the operators in
round brackets is obtained by ρ− ↔ ρþ. For σvrel, we have neglected the lighter lepton’s mass and kept the leading-order results in the
expansion of v2rel. Note that ηij ≡max½m2

i ; m
2
j �=ð4m2

DMÞ. In the real scalar or vector and Majorana fermion DM cases, the above results
for σ and σvrel from nonvanishing operators need to be multiplied by a factor of 4.

Operator Total cross section σ½jCj
i j2� Leading-order σvrel½jCj

i j2�
Scalar DM case

OS;ij
lϕ ðOP;ij

lϕ Þ
ffiffiffiffiffiffiffiffi
ρþρ−

p
8πs2

ffiffiffiffi
κf

p ρ−
1
4π ð1 − ηijÞ2

OV;ij
lϕ ðOA;ij

lϕ Þ
ffiffiffiffiffiffiffiffiffiffiffi
κfρþρ−

p
24πs2 ρþð3s − ρ−Þ m2

ϕ

12π ð1 − ηijÞ2ð2þ ηijÞv2rel
Fermion DM case

OS;ij
lχ1ðOP;ij

lχ1Þ
ffiffiffiffiffiffiffiffiffiffiffi
κfρþρ−

p
16πs ρ−

m2
χ

8π ð1 − ηijÞ2v2rel
OS;ij

lχ2ðOP;ij
lχ2Þ

ffiffiffiffiffiffiffiffi
ρþρ−

p
16πs

ffiffiffiffi
κf

p ρ−
m2

χ

2π ð1 − ηijÞ2

OV;ij
lχ1 ðOA;ij

lχ1 Þ
ffiffiffiffiffiffiffiffi
ρþρ−

p
48πs2

ffiffiffiffi
κf

p ð3 − κfÞρþð3s − ρ−Þ m2
χ

2π ð1 − ηijÞ2ð2þ ηijÞ
OV;ij

lχ2 ðOA;ij
lχ2 Þ

ffiffiffiffiffiffiffiffi
ρþρ−

p
48πs2

ffiffiffiffi
κf

p f3s½2κfρþ þ ð1 − κfÞρ−� − ð3 − κfÞρþρ−g m2
χ

2π ηijð1 − ηijÞ2
þ m2

χ

24π ð1 − ηijÞð4 − 5ηij þ 7η2ijÞv2rel
OT;ij

lχ1ðOT;ij
lχ2Þ

ffiffiffiffiffiffiffiffi
ρþρ−

p
12πs2

ffiffiffiffi
κf

p f3s½ð3 − 2κfÞρþ þ κfρ−� − 2ð3 − κfÞρþρ−g 2m2
χ

π ð1 − ηijÞ2ð1þ 2ηijÞ
Vector DM case A

OS;ij
lX ðOP;ij

lX Þ
ffiffiffiffiffiffiffiffi
ρþρ−

p
1512πm4

X
ffiffiffiffi
κf

p ð3 − 2κf þ 3κ2fÞρ− 1
12π ð1 − ηijÞ2

OT;ij
lX1ðOT;ij

lX2Þ
ffiffiffiffiffiffiffiffi
ρþρ−

p
1728πm4

Xs
ffiffiffiffi
κf

p f3s½2ð2κf − κ2fÞρþ þ ð3 − 4κf þ κ2fÞρ−� − 2ð3 − κ2fÞρþρ−gffiffiffiffiffiffiffiffi
ρþρ−

p
4320πm4

Xs
2 ffiffiffiffi

κf
p f15s3½ðκf − κ2fÞρþ þ κ2fρ−�

1
18π ð1 − ηijÞ2ð1þ 2ηijÞ

OV;ij
lX1ðOA;ij

lX1Þ −5s2½3ðκf − κ2fÞρ2þ þ 3κ2fρ
2
− þ 4κfρþρ−�

þ10s½ð3 − 2κfÞρþ þ ðκf þ κ2fÞρ−�ρþρ− − ð15 − 10κf þ 3κ2fÞρ2þρ2−g
4m2

X
9π ð1 − ηijÞ4ð1þ ηijÞ

OV;ij
lX2ðOA;ij

lX2Þ
ffiffiffiffiffiffiffiffiffiffiffi
κfρþρ−

p
864πm4

X
f3s½ð1 − κfÞρþ þ κfρ−� − ð1þ 2κfÞρþρ−g m2

X
27π ð1 − ηijÞ2ð2þ ηijÞv2rel

OV;ij
lX3ðOA;ij

lX3Þ
ffiffiffiffiffiffiffiffiffiffiffi
κfρþρ−

p
432πm2

Xs
f3s½2κfρþ þ ð1 − κfÞρ−� − ð3 − κfÞρþρ−g m2

X
18π ηijð1 − ηijÞ2v2rel
þ m2

X
108π ð1 − ηijÞð2 − ηij þ 2η2ijÞv4rel

OV;ij
lX4ðOA;ij

lX4Þ
ffiffiffiffiffiffiffiffiffiffiffi
κfρþρ−

p
3456πm4

X
ð3 − 2κf þ 3κ2fÞρþð3s − ρ−Þ m2

X
36π ð1 − ηijÞ2ð2þ ηijÞv2rel

OV;ij
lX5ðOA;ij

lX5Þ
ffiffiffiffiffiffiffiffiffiffiffi
κfρþρ−

p
864πm4

X
ð2 − κfÞρþð3s − ρ−Þ 2m2

X
27π ð1 − ηijÞ2ð2þ ηijÞv2rel

OV;ij
lX6ðOA;ij

lX6Þ
ffiffiffiffiffiffiffiffi
ρþρ−

p
432πm2

Xs
ffiffiffiffi
κf

p ð3 − κfÞρþð3s − ρ−Þ 2m2
X

9π ð1 − ηijÞ2ð2þ ηijÞ
Vector DM case B

ÕS;ij
lX1ðÕP;ij

lX1Þ
ffiffiffiffiffiffiffiffi
ρþρ−

p
288π

ffiffiffiffi
κf

p ð3þ 2κf þ 3κ2fÞρ− m4
X

3π ð1 − ηijÞ2

ÕS;ij
lX2ðÕP;ij

lX2Þ
ffiffiffiffiffiffiffiffiffiffiffi
κfρþρ−

p
36π ρ−

2m4
X

9π ð1 − ηijÞ2v2rel
ÕT;ij

lX1ðÕT;ij
lX2Þ

ffiffiffiffiffiffiffiffi
ρþρ−

p
1728πs

ffiffiffiffi
κf

p f3s½2ð3κf − κ2fÞρþ þ ð3þ κ2fÞρ−� − 2ð3þ 6κf − κ2fÞρþρ−g m4
X

18π ð1 − ηijÞ2ð1þ 2ηijÞ
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respectively. The leading-order expansion results of σvrel are
tabulated in the third column in Table II.
We make a few comments on the results. First, the

calculation of the squared matrix elements for the process
DMþ DM → l−

i l
þ
j , induced by the DSEFT operators, is

performed using FeynCalc package [31], followed by the
phase space integration. Second, in the Galactic DM halo,
the typical DM velocity is approximately 10−3c, where c is
the speed of light, implying that DM is highly nonrelativ-
istic. It is, therefore, reasonable to expand σvrel in terms of
v2rel and keep the leading-order terms. From the last column
in the table, one observes that the scalar DM operators

OSðPÞ
lϕ [OVðAÞ

lϕ ] lead to annihilation processes that are
dominated by the s (p) wave, due to the DM current
structure. In the case of fermion DM, every operator
contributes primarily through s-wave annihilation except

OSðPÞ
lχ1 , which instead produce a p-wave-dominated contri-

bution. For the vector DM case A (B), contributions to σvrel
from operatorsOSðPÞ

lX ,OT
lX1;2, andO

VðAÞ
lX6 [ÕSðPÞ

lX1 and Õ
T
lX1;2]

are s-wave dominated, whereas the remaining operators

OVðAÞ
lX1;2;3;4 [Õ

SðPÞ
lX2 ] contribute predominantly through p-wave

annihilation. Lastly, for the operators OVðAÞ
lχ2 [OVðAÞ

lX3 ] in
the fermion (vector) case, it is necessary to include
both the leading- and next-to-leading-order expansion to
accurately capture the behavior of the full calculation. This
is because their leading-order term is proportional to the
lepton mass squared via ηij ≡max½m2

i ; m
2
j �=ð4m2

DMÞ, and
the next-to-leading-order term becomes dominant when
mDM ≫ max½mi;mj�=vrel. For illustration, Fig. 1 compares
the contributions to σvrel from different partial waves with

the full calculation for the fermion DM operatorsOVðAÞ
lχ2 at a

fixed velocity vrel ¼ 10−3. The left, middle, and right
panels display the results for the three annihilation modes
corresponding to eμ, eτ, and μτ flavor combinations,
respectively. As shown in the left (middle or right) panel,
the s-wave contribution is valid only when the DM mass is

belowmμðτÞ=vrel, whereas the p-wave contribution becomes
significant when mDM ≳mμðτÞ=vrel.

C. Thermally averaged cross sections hσvreli
Since the DM phase space distribution in the galaxy is a

function of both position and velocity, and the observed
cosmic-ray signal represents a statistical average over all
velocity states, it is, therefore, convenient to define a
position-dependent thermally averaged annihilation cross
section hσvreliðrÞ as follows:

hσvreliðrÞ≡
Z

d3v1fðr;v1Þ
Z

d3v2fðr;v2Þσvrel; ð3Þ

where r denotes the DM annihilation position in the
galactic frame. The DM velocity distribution fðr;vÞ at
position r is approximated by a normalized, isotropic
Maxwell-Boltzmann distribution with a velocity dispersion
v0ðrÞ [32–34], which is r dependent and can be obtained
by solving the Jeans equation [35,36]. According to the
nonrelativistic expansion, σvrel ¼ âþ b̂v2rel þ d̂v4rel þ � � �,
the thermal average becomes

hσvreliðrÞ ¼ âþ 6b̂v20ðrÞ þ 60d̂v40ðrÞ þ � � � ; ð4Þ

which is also isotropic and v0ðrÞ dependent for p- and d-
wave contributions. More details for the derivation are
given in the Appendix.

III. CALCULATION OF THE PHOTON AND
POSITRON SPECTRA

In our analysis, the relevant observational signals include
diffuse photons and positrons. Below, we detail their
primary production mechanisms from DM origins and
the calculation of the spectra at Earth after accounting
for the astrophysical propagation effects.

FIG. 1. Comparison of σvrel as a function of mDM between the full calculation (thick gray line) and the partial-wave components for

the operatorsOVðAÞ;ij
lχ2 . In the plots, we use typical values of vrel ¼ 10−3 and Λeff ¼ 100 GeV. Similar behavior applies to the vector DM

operators OVðAÞ;ij
lX3 , where the labels “s-wave” and “p-wave” are replaced by “p-wave” and “d-wave,” respectively.
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A. Photon flux

We begin with the calculation of the photon flux. The
diffuse x- and gamma-ray background from DM annihila-
tion in the Universe has two main contributions: the
localized galactic component and the extragalactic compo-
nent due to the smooth DM distribution throughout the
Universe. For telescopes relevant to our discussion, the
Milky Way’s DM halo provides the dominant contribution;
therefore, we neglect the subdominant extragalactic con-
tribution. For LFV DM-lepton operators in Table I, the
induced photon flux is mainly generated through three
mechanisms: FSR via the three-body annihilation
DMþ DM → l�

i l
∓
j γ, Rad of final-state leptons in the

two-body annihilation DMþ DM → l�
i l

∓
j , and inverse

Compton scattering (ICS) of background soft photons
upscattered by energetic e� generated in the two-body
annihilation and subsequent decays of μ and/or τ leptons.
The first two correspond to the so-called prompt photons,
while the ICS photons are nonprompt. The total differential
photon flux is a sum of them:

d2Φγ

dΩdEγ
¼ d2ΦFSR

γ

dΩdEγ
þ d2ΦRad

γ

dΩdEγ
þ d2ΦICS

γ

dΩdEγ
: ð5Þ

For the prompt photons from FSR and Rad, the flux is
related to the thermally averaged cross section in Eq. (3) via
the following form:

d2ΦI
γ

dΩdEγ
¼ 1

4π

dNI
γ

dEγ

Z
LOS

ρ2ðrÞ
S

hσvreliijþjiðrÞ
ð1þ δijÞm2

DM
ds0: ð6Þ

Here, S ¼ 4 (2) for complex (real) scalar, vector, or Dirac
(Majorana) DM particles, reflecting the number of inde-
pendent combinations of DM annihilation. dNI

γ=dEγ

denotes the normalized photon spectrum in each annihila-
tion process relative to the corresponding two-to-two
annihilation, with I representing either FSR or Rad. The
calculation will be detailed below. The integration of s0 is
along the line of sight (LOS) that accounts for all contri-
butions along a specific direction. For the DM distribution
ρðrÞ, we adopt the standard Navarro-Frenk-White
(NFW) profile ρNFWðrÞ≡ ρsðr=rsÞ−1ð1þ r=rsÞ−2 [37,38],
where r denotes the distance from theGalactic Center and rs
is the scale radius defined by ðd ln ρ=d ln rÞr¼rs ¼ −2.
Numerically, rs ¼ 24.42 kpc and ρs ¼ 0.184 GeV=cm3

[39], leading to a local DM density ρ ≈ 0.3 GeV=cm3. In
the galactic coordinate, r is related to the LOS distance s0

via rðs0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2⊙ þ s02 − 2r⊙s0 cosψ

p
. Here, ψ is the angle

between the LOS and the direction to the Galactic Center,
r⊙ ¼ 8.3 kpc is the distance of Earth to the Galactic Center,
and cosψ ≡ cos b cos l, where b and l are the galactic
latitude and longitude, respectively. The integration range
for s0 is from 0 to a maximal value determined by the virial

radius rvir ¼ 300 kpc of the DM halo [40]:

s0max ¼ r⊙ cosψ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2vir − r2⊙ sin2 ψ

q
: ð7Þ

1. Final-state radiation

We now proceed to the determination of the FSR photon
spectra from operators that yield an s-wave annihilation,
which can be readily identified from Table II as those
whose leading-order expansion for σvrel exhibits no veloc-
ity suppression. In our calculation, the normalized FSR
spectra are obtained from a direct numerical approach. For
each s-wave operator, we input the corresponding matrix
element for the radiative process DMþ DM → l−

i l
þ
j γ into

the FeynCalc package [31] and compute the squared ampli-
tude. This is followed by numerical integration over the
final-state lepton phase space for a given DM mass and
division by the flux factor to obtain the differential cross
section as a function of the photon’s energy in the center-of-
mass frame. Finally, the normalized photon spectrum is
obtained by dividing the differential cross section
dσðDMþ DM → l−

i l
þ
j γÞ=dEγ by the total cross section

of the corresponding two-to-two annihilation process
DMþ DM → l−

i l
þ
j mediated by the same operator. The

Mathematica notebook used to generate the spectra in
our analysis is available as auxiliary files from the arXiv
source file.
Our numerical results indicate that, when the DM mass

is significantly greater than the mass of the heavier
lepton, all s-wave EFT operators produce nearly identical
normalized FSR spectra for a given lepton flavor combi-
nation. The differences in their spectra mainly occur as
the photon energy approaches its maximum, where the
leptonic-current structures of the operators and the
masses of the final-state leptons play a significant role.
For illustration, Fig. 2 presents a comparison across
different operators for three benchmark DM masses in
each channel. As observed in the plots, for the typical
photon energy below half of its maximum value
Emax
γ ≡mDM − ðmi þmjÞ2=ð4mDMÞ, the spectra from dif-

ferent operators become degenerate.
This degenerate behavior for the spectra can be under-

stood analytically as follows. Based on the lepton structure
function method [41], the normalized spectra can be
approximated by the following analytic expression [see
Eq. (14) in that reference]:

dNγ
ijðxγ; sÞ
dxγ

¼ Hi;jðxγ; ŝÞ; ŝ≡ ð1 − xγÞs; ð8Þ

where s (ŝ) denotes the invariant mass squared of the DM
pair (lepton pair) and xγ ¼ Eγ=mDM. Hi;jðxγ; ŝÞ is a final-
state radiator, which accounts for the radiative corrections
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to the two-to-two scattering cross section caused by FSR.
By extending the lepton-flavor-conserving (LFC) result in
[41] to our LFV cases, we have

Hi;jðxγ; ŝÞ ¼
Z

1

1−xγ

dz
z
Diðz; ŝÞDj

�
1 − xγ

z
; ŝ

�
: ð9Þ

Here, Diðx; ŝÞ denotes the structure function of the lepton i
at the scale ŝ with a longitudinal momentum fraction of x.
Its exact expression up to Oðα2Þ is given in Eq. (3) in
Ref. [41]. Expanding the Di;j function to the linear order in
the fine structure constant α, we obtain

Hi;jðxγ; ŝÞ ¼ dðxγ; ŝ; miÞ þ dðxγ; ŝ; mjÞ; ð10Þ

where

dðxγ; ŝ; mlÞ ¼
α

2π
ðlog½ŝ=m2

l� − 1Þ 1þ ð1 − xγÞ2
xγ

: ð11Þ

As shown by the black dashed curves in Fig. 2, the spectra
obtained from Eq. (10), which is essentially operator
independent, agree very well with our direct numerical
calculation when mDM ≫ ðmi þmjÞ=2 and Eγ ≲ EDM=2.
Even in the high-energy tail where Eγ ≳ EDM=2, the
differences remain below 20%.
Before closing this subsection, we make two additional

remarks. First, for operators that share the same Lorentz
structure but involve different flavor combinations, the
normalized FSR spectrum for each LFV annihilation mode
with l−

i l
þ
j γ final states always lies between those of the

two LFC modes involving l−
i l

þ
i γ and l−

j l
þ
j γ (j ≠ i),

where the mode containing the lighter lepton pair domi-
nates. The solid curves in Fig. 3 show the FSR spectra for
the six channels of lepton flavor, which are calculated based
on the operator liγμγ5ljχ̄γ

μγ5χ with three benchmark DM
masses: 3 (left panel), 30 (middle panel), and 300 GeV
(right panel). As clearly illustrated by the plots, both LFV
and LFC annihilation modes produce FSR spectra with

FIG. 2. Comparison of normalized FSR spectra across various s-wave operators and different benchmark DM masses for the three
LFV annihilation channels. The dashed curves represent the analytical calculation based on Eq. (10).
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similar shapes. Second, we do not show the corresponding
FSR spectra for the p- and d-wave operators in Fig. 3, as
their calculation depends nontrivially on the DM velocity
distribution. To assess this effect, we generate the spectra
using MadGraph and find that, after normalization, they
exhibit only weak dependence on the initial DM velocity.
In the photon energy region of interest, these spectra
closely resemble those of the s-wave operators and are
well described by the analytic formula when mDM ≫ ml.
However, the MadGraph results suffer from large fluctuations
in the low-energy (keV) region. Therefore, in the following
calculations, we adopt the FSR spectra of the s-wave
operators as a proxy for those of the p- and d-wave
operators.

2. Radiative decays

The Rad photons arise from the radiative decays of the
primary charged leptons, μ� and τ�, produced in DM
annihilation, and are independent of EFT operators. For the
muon, the dominant radiative decay process is
μ− → e−ν̄eνμγ, whereas for the τ lepton, both the leptonic
decay modes τ− → e−ðμ−Þν̄eðμÞντγ and hadronic decay
channels contribute significantly. For the four-body lep-
tonic decay process l− → l0−ν̄l0νlγ (and its charge-con-
jugation counterpart), the Rad photon spectrum can be
calculated analytically and is given by [42]

dNRad;l
γ

dE�
γ

¼ αð1 − xlÞ
36πE�

γ

�
xlð1 − xlÞð46 − 55xlÞ − 102

þ 12½3 − 2xlð1 − xlÞ2� ln
1 − xl
rll0

�
; ð12Þ

where E�
γ is the photon energy in the lepton rest frame,

xl ¼ 2E�
γ=ml, and rll0 ¼ðml0=mlÞ2 with ll0 ¼ ðμe;τe;τμÞ

for the three LFV annihilation modes.
For the hadronic radiative decays of the τ lepton,

no analytical formulas exist for the resulting photon
spectrum. Instead, we obtain it through a detailed Pythia

simulation [43].1 We generate 105 τ− leptons at rest using
Pythia, collect the final-state photons from their decay
products, and bin them according to the photon energy
to obtain the normalized spectrum.We find that the leptonic
radiative decay modes τ− → e−ðμ−Þν̄eðμÞντγ are not
included in the Pythia simulation. Therefore, we combine
the simulated photon spectrum with the analytic expres-
sions in Eq. (12) for these leptonic modes to derive the total
radiative decay spectrum for τ decay at rest, dNRad;τ

γ =dE�
γ .

For the produced charged lepton lmoving in motion, the
photon spectrum discussed above in its rest frame needs to
be boosted to the DM rest frame, which is given by

dNRad;l
γ

dy
¼

Z
1

y

dω
ω

dNRad;l
γ

dω
; ð13Þ

where y≡ Eγ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
l −m2

l

q
and ω≡ E�

γ=ð2mlÞ. In the DM

annihilation channel DMþ DM → l−
i l

þ
j , l ¼ l−

i ;l
þ
j , and

the energies of the charged leptons are

Ei;j ¼ mDM �m2
i −m2

j

4mDM
: ð14Þ

The dashed lines in Fig. 3 show the Rad spectra for the
three benchmark DM masses used for the FSR calculation.
For a given LFV channel l−

i l
þ
j , the normalized spectrum

from Rad also falls between those of the corresponding
LFC channels l−

i l
þ
i and l−

j l
þ
j , with the Rad contribution

FIG. 3. Comparison of photon spectra for different annihilation channels, including both LFV and LFC cases. The FSR spectra are
shown as solid curves, while the Rad spectra are represented by dashed curves. The left, middle, and right panels correspond to DM
masses of 3, 30, and 300 GeV, respectively.

1Since the hadronic matrix elements in hadronic τ decays
involve nonperturbative QCD effects, their calculations suffer
from uncertainties in the choice of hadronic current parametriza-
tion, resonance modeling, and form factors [44–46]. For the
dominant mode τ− → ντπ

−π0, the uncertainty in the branching
ratio is about 4% [44], while for other modes such as
τ− → ντπ

0π0π−, the π0π− invariant mass distributions from Pythia
and Herwig++ can differ by up to 15% [47]. These effects
introduce uncertainties into the photon spectrum from τ radiative
decays at most at a similar level.
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vanishing for the eþe− pair. Unlike in the case of FSR, the
dominant contribution now comes from the heavier lepton
pair. Since the FSRmainly originates from the collinear and
soft photon emission of energetic final-state lighter leptons,
its contribution is enhanced in the lower photon energy tail.
Consequently, increasing the DM mass, which makes the
final-state leptons more energetic, enhances collinear and
soft radiation, resulting in a more significant FSR con-
tribution. In contrast, photons from τ leptons are predomi-
nantly produced through hadronic τ decays and carry
substantial energies. As a result, for LFV channels involv-
ing τ leptons (eτ and μτ), the Rad contribution dominates in
the high-energy region. In the low-energy region, the FSR
contribution dominates for all three benchmark DMmasses
in the eτ channel, while for the μτ channel it dominates
only when mDM ≳ 300 GeV. Finally, it should be noted
that the FSR always dominates over the Rad in the photon
spectrum for the eμ case.

3. The inverse Compton scattering

In addition to the FSR and Rad photons, the ICS photons
—produced primarily by the scattering of high-energy e�’s
from DM annihilation off the galactic background low-
energy photons—dominate the photon flux at lower photon
energies, as will be shown below. The background photons
mainly consist of the cosmic microwave background
(CMB), optical starlight emitted by stars in the galactic
disk, and infrared light resulting from the absorption and
reemission of starlight by galactic dust. The ICS flux can be
written as an integral of the photon emissivity jðEγ; rÞ at
position r in the galactic coordinate, along the LOS
direction,

d2ΦICS
γ

dΩdEγ
¼ 1

4π

Z
LOS

ds0
jðEγ; rÞ

Eγ
: ð15Þ

The emissivity characterizes the photon emission capability
of a cell at r and is obtained by convolving the e� spectral
number density (dne�=dEe) with the corresponding differ-
ential radiation power into photons [PICSðEγ; Ee; rÞ]:

jðEγ; rÞ ¼
Z

Emax
e

me

dEePICSðEγ; Ee; rÞ
dne�
dEe

ðEe; rÞ; ð16Þ

where the maximum energy of the electron or positron is
determined by the kinematics of DM annihilation, with
Emax
e ¼ max½Ei; Ej�, where Ei;j are given in Eq. (14).
The e� spectral distribution dne�=dEe includes contri-

butions from both electrons and positrons produced
through the annihilation channel DMþ DM → l−

i l
þ
j

and the subsequent decays of charged muons and taus.
It relates to the e� phase-space distribution function
feðp; rÞ via the relation dne�=dEe ¼ 4πEepfeðp; rÞ,
where p and Ee denote the magnitude of the momentum

and the energy of e�, respectively. The function feðp; rÞ is
governed by a transport equation, whose main components
include a diffusion term, an energy loss term, and an e�-
source term [48]. In addition, two other terms—advection
and convection—describe the flow of e� ’s near the
Galactic Center; however, their effect can be safely
neglected in the region of interest for DM annihilation
and observation [49].
Furthermore, following Ref. [50], we adopt the “on the

spot” approximation in our analysis. This implies neglect-
ing the diffusion term and assuming that the scattering
occurs exactly at the location where these e�’s are
produced from DM annihilation. It is anticipated that
diffusion would partially redistribute the e� population
from regions of high DM density to areas of lower density,
effectively shifting the photon flux generated by ICS
from the Galactic Center region toward larger radii.
References [49,51] demonstrate that the flux predicted
by fully numerical GALPROP calculations [52,53] agrees
with the on the spot approximation within a factor of 2,
making this approximation reasonably accurate. By
neglecting the diffusion term, the e� spectral distribution
can then be solved semianalytically:

dne�
dEe

ðEe; rÞ ¼
Ye�ðEeÞ
btotðEe; rÞ

hσvreliijþjiðrÞ
Sð1þ δijÞm2

DM
ρ2ðrÞ; ð17Þ

where btotðEe; rÞ represents the total energy loss function of
the e�’s [54], including contributions from synchrotron
radiation, bremsstrahlung, ionization, and ICS. We adopt
the numerical interpolation function provided by PPPC4
[39] in our calculation. Ye�ðEeÞ is defined by

Ye�ðEeÞ≡
Z

Emax
e

Ee

dẼe
dNe�

dẼe
ðẼeÞ: ð18Þ

Here, dNe�=dẼe is the energy spectrum of e� ’s produced
per DM annihilation event in the DM rest frame, including
contributions from the primary e� (when l−

i ¼ e− or
lþ
j ¼ eþ) and the secondary ones due to decays of μ

and τ. The spectrum of primary e� is simply represented by
a Dirac delta function. For muon decay at rest, the e�
spectrum is determined by the process μ− → e−νμν̄e and its
conjugate. For τ decay at rest, we obtain the e� spectra
using Pythia8 simulations. Similarly to the Rad component
of the photon flux, we need to boost the e� spectrum in the
lepton rest frame to the DM rest frame via

dNe�

dẼe
¼ 1

2βlγl

Z
E�
max

E�
min

dNe�

dE�
e

dE�
e

p�
e
; ð19Þ

where γl ¼ El=ml is the Lorentz boost factor of the parent
lepton l, βl ¼ ð1 − 1=γ2lÞ1=2, and p�

e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE�

eÞ2 −m2
e

p
.
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The integration limits are given by E�
maxðminÞ ¼ γlðẼe �

βlp̃eÞ with p̃e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ẽ2
e −m2

e

p
.

Next, we turn to the function PICS, which physically
represents the scattering rate of high-energy e� interacting
with background photons. It can be expressed as

PICS ¼
Z

dϵγðEγ − ϵγÞ
dnγ
dϵγ

ðϵγ; rÞ
dσeff
dEγ

ðϵγ; Eγ; EeÞ: ð20Þ

Here, ϵγ denotes the energy of background photons with the
number density spectrum dnγ=dϵγ which comprises the
three components described above. The isotropic CMB
component follows a thermal Bose-Einstein distribution at
a temperature T ¼ 2.73 K. For the infrared and starlight
components, we employ the data provided in GALPROP

[55]. dσeff=dEγ denotes an effective ICS cross section that
incorporates the effects of Lorentz boosts and frame
transformations. Its expression can be derived from
Eq. (2.48) in Ref. [54], with appropriate adjustments to
account for differences in notation:

dσeff
dEγ

¼ 3σT
4γ2ϵγ

�
2q ln qþ qþ 1 − 2q2

þ 1

2

κ2γ
1 − κγ

ð1 − qÞ
�
; ð21Þ

where κγ ≡ Eγ=ðγmeÞ and q≡ κγ=½Γϵð1 − κγÞ� with
Γϵ ≡ 4ϵγγ=me. γ ¼ Ee=me is the Lorentz boost factor of
the electron or positron in the reference frame of the photon
gas. σT ¼ 0.6652 b is the total Thomson cross section.
Trading the integral variable ϵγ by the dimensionless q
variable, the final differential power PICS takes the follow-
ing form:

PICS ¼ σTEγ

Z
1

1

4γ2

dq
dnγ
dϵγ

ðϵγðqÞ; rÞfICSðqÞ; ð22Þ

where

fICS≡ 3

4γ2

�
1−

1

4qγ2ð1− κγÞ
�
×
1

q

×

�
2q lnqþqþ1−2q2þ1

2

κ2γ
1− κγ

ð1−qÞ
�
: ð23Þ

4. Comparison of photon flux

Having detailed the three main photon sources, it is
enlightening to compare their relative contributions to the
produced photon flux in various scenarios. In Fig. 4, we
show the predicted photon fluxes for the three LFV
channels from the three photon components: FSR (red
curves), Rad (blue curves), and ICS (green curves). The
fluxes are calculated based on a Dirac DM scenario for two
benchmark DM masses: mDM ¼ 3 (solid curves) and
300 GeV (dashed curves). The values of hσvreli ¼
hσvreliijþji are fixed at 3 × 10−26 and 3 × 10−24 cm3=s
for the two mass points, respectively. In the calculation, we
choose a sky region with 8° < jbj < 90° and 0 < l < 360°,
which corresponds to the observation window of
Fermi-LAT.
As shown in the plots, the photon spectra exhibit distinct

behavior for the different radiation components, reflecting
their underlying production mechanisms. In the low-energy
range (keV–100 MeV), ICS dominates for all three LFV
channels. This is because electrons and positrons produced
in GeV-scale DM annihilation already carry sufficient
energy to upscatter low-energy background photons into
the x-ray range, resulting in the ICS flux that greatly
exceeds those from Rad and FSR. In the high-energy range
(100 MeV–10 GeV), the dominant contribution depends on
both annihilation channel and DM mass. For τ-related
channels (eτ and μτ), Rad dominates in both the light and
heavy DM scenarios, as hadronic τ decays produce
energetic photons. In the eμ channel, the dominant com-
ponent varies with DM mass: FSR prevails in the light DM

FIG. 4. Photon fluxes from FSR (red curves), Rad (blue curves), and ICS (green curves) are shown for the three LFV DM annihilation
channels. The solid and dashed curves correspond to mDM ¼ 3 and 300 GeV, respectively. The gray vertical dashed lines denote the
energy ranges covered by INTEGRAL and Fermi-LAT. We fix hσvreliijþji to 3 × 10−26 and 3 × 10−24 cm3=s formDM ¼ 3 and 300 GeV
cases, respectively, and adopt the sky region for the Fermi-LAT dataset (8° < jbj < 90°, 0 < l < 360°).
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region, while ICS becomes dominant in the heavy DM
region. These features highlight the complementary roles
played by the three photon components across different
energy ranges. More importantly, they will help us to
understand the final constraints presented in the next
section.

B. Positron flux

Taking into account both energy losses and spatial
diffusion, the solution of the transport equation leads to
the positron flux from DM annihilation given by [39]

dΦeþ

dEe
ðEe; rÞ ¼

Z
Emax
e

Ee

dẼe
QeðẼe; rÞIðEe; Ẽe; rÞ

4πbtotðEe; rÞ
; ð24Þ

where the positron source term Qe is related to the DM
annihilation cross section through the relation

QeðẼe; rÞ ¼
dNeþ

dẼe

hσvreliijþjiðrÞ
Sð1þ δijÞm2

DM
ρ2ðrÞ: ð25Þ

Here, dNeþ=dẼe is half of the spectrum in Eq. (19),
since only positrons contribute to the signal from the ij
and ji modes with the assumption hσvreliij ¼ hσvreliji.
IðEe; Ẽe; rÞ in Eq. (24) is a generalized dimensionless halo
function that describes the probability of observing a
positron with energy Ee at position r, after it has been
injected with energy Ẽe. We evaluate the expression at
r ¼ r⊙ with r⊙ being the location of the Sun and use the
corresponding interpolation halo function IðEe; Ẽe; r⊙Þ
offered in [39].

IV. CONSTRAINTS

We employ four complementary datasets to derive our
constraints, including three x- or gamma-ray telescopes—
INTEGRAL, XMM-Newton, and Fermi-LAT, together
with a cosmic-ray positron dataset measured by AMS-
02. Their sensitive energy ranges and sky coverages are
summarized in Table III. INTEGRAL data are taken from
Ref. [25], covering photon energies from 27 to 1800 keV.
The fluxes are provided in latitude bins and integrated
over jlj < 23.1° for energies below 600 keV and over
jlj < 60° for energies between 600 and 1800 keV. For

XMM-Newton, we use the publicly available all-sky data-
set from the MOS and PN cameras [26,56], excluding the
latitude region jbj ≤ 2°. To suppress dominant instrumental
backgrounds, the energy range used in the analysis is
restricted to 2.5–8 keV for the MOS camera and 2.5–7 keV
for the PN camera [26]. We adopt the Fermi-LAT 2012
dataset [24] in the energy range 200 MeV–10 GeV, cover-
ing the sky region 0 < l < 360° and 8° < jbj < 90°.
Finally, we use the AMS-02 positron spectrum measured
up to 1 TeV from [27], restricting the analysis to energies
above 20 GeV to suppress solar modulation effects. Further
details for these datasets can be found in [23]. Please note
that the XMM-Newton dataset is publicly accessible online
at [56], while the datasets we extracted from INTEGRAL,
Fermi-LAT, and AMS-02 are available in the ancillary files
of the arXiv version of our previous work [23].
In our analysis, we neglect astrophysical background

components due to their large uncertainties and assume that
all observed fluxes originate from DM annihilation in order
to derive a conservative limit. It is expected that a dedicated
analysis including background contributions will lead to
more stringent bounds. Following Refs. [50,57], we use a
conservative chi-square test to derive our constraints:

χ2 ≡X
i

�
max ½Siðw;mDMÞ −Oi; 0�

σi

�
; ð26Þ

where Si and Oi are the DM-induced and observed photon
fluxes or event counts in the ith bin with uncertainty σi.
Here, w ¼ â, b̂, and d̂ for deriving constraints on the
general thermally averaged cross section for s-, p-, and d-
wave cases, respectively, while w ¼ Λeff applies in the case
of EFT operators. For each DM mass point, we derive the
2σ bound on the parameter w by requiring χ2 ¼ 4.

A. General constraints on hσvreli
As discussed in the previous section and illustrated in

Fig. 4, the three components of the photon signal exhibit
varying relative magnitudes depending on the DM mass,
the annihilation channel, and the photon energy range. The
telescopes INTEGRAL and Fermi-LAT are sensitive to
low-energy and high-energy photons, respectively, making
them complementary to each other. Motivated by this

TABLE III. Summary of the datasets used in this work, including the energy range, sky coverage, and data sources for each
experiment.

Experiment Data energy range Sky coverage Data source

INTEGRAL 27–1800 keV jlj < 23.1° (Eγ < 600 keV); jlj < 60°
(600 keV < Eγ < 1800 keV)

Ref. [25]

XMM-Newton 2.5–8 keV All sky excluding jbj ≤ 2° Refs. [26,56]
Fermi-LAT 200 MeV–10 GeV 0 < l < 360°, 8° < jbj < 90° Ref. [24]
AMS-02 20 GeV–1 TeV � � � Ref. [27]
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complementarity, in Fig. 5, we present a comparison
of the constraints on the s wave hσvreli from the three
photon components—FSR (red curves), Rad (blue curves),
and ICS (green curves)—through the INTEGRAL (solid
curves) and Fermi-LAT (dashed curves) datasets.
The behavior of the constraints in Fig. 5 can be directly
understood in relation to the photon flux comparison
presented in Fig. 4. In particular, owing to the significant
x-ray flux induced by ICS, the INTEGRAL constraints
derived from the ICS component provide the strongest
limits for all three LFV channels in the mass range
mDM≲50GeV. In the higher mass region mDM≳50GeV,
the constraints are instead dominated by Fermi-LAT. In this
regime, ICS remains the most important component for the
photon flux in the eμ channel, while the dominant con-
tribution shifts to the Rad component for the τ-related
channels (eτ and μτ).
In Fig. 6, we present the final constraints on hσvreli

related to the s-, p-, and d-wave contributions, indicated by
the solid, dashed, and dotted curves, respectively. The
constraints derived from INTEGRAL, XMM-Newton,
Fermi-LAT, and AMS-02 are represented by red, green,
blue, and magenta curves, respectively. For the photon
telescope experiments (INTEGRAL, XMM-Newton, and

Fermi-LAT), the constraints are derived by combining all
three photon components. The results for the three partial-
wave components are evaluated according to the non-
relativistic expansion σvrel ¼ âþ b̂v2rel þ d̂v4rel þ � � �. We
derive the 2σ constraints on â, b̂, and d̂, which are denoted
as â2σ, b̂2σ , and d̂2σ for the s-, p-, and d-wave contributions,
respectively. We find that the ratios â2σ=b̂2σ and â2σ=d̂2σ
across the entire mass range can be largely accounted for by
two constant velocity-suppression factors: ðvprefÞ2 and
ðvdrefÞ4. This suggests, with good approximation, that

â2σ ≃ b̂2σðvprefÞ2 ≃ d̂2σðvdrefÞ4: ð27Þ

For INTEGRAL and XMM-Newton, we find that vpref ¼
1.4 × 10−3 and vdref ¼ 1.7 × 10−3 for the p- and d-wave
cases, respectively. We present the p- and d-wave results in
Fig. 6 by rescaling b̂2σ and d̂2σ by ðvprefÞ2 and ðvdrefÞ4,
respectively. From the plots, it can be observed that the
required reference velocities for AMS-02 and Fermi-LAT
will be slightly smaller. The constraints are enhanced by a
factor of 2 in the real scalar or vector and Majorana fermion
DM cases. Notice that the constraints on the s-wave

FIG. 5. Comparison of the constraints on hσvreliijþji from the three photon components: FSR (red curves), Rad (blue curves), and ICS
(green curves). The constraints are derived from the INTEGRAL (solid lines) and Fermi-LAT (dashed lines) datasets.

FIG. 6. The 2σ constraints on the annihilation cross sections associated with the s-wave (solid curves), p-wave (dashed curves), and d-
wave (dotted curves) contributions from Fermi-LAT (red curves), INTEGRAL (green curves), XMM-Newton (blue curves), and AMS-
02 (magenta curves). To facilitate comparison among different partial waves, a reference annihilation cross section is defined as

hσvreliref ≡ â2σ , b̂2σðvprefÞ2, and d̂2σðvdrefÞ4 for the s, p, and d waves, respectively, with vpðdÞref ¼ 1.4ð1.7Þ × 10−3.
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annihilation cross section coincide with the results in our
previous work [23].
So far, the derived constraints do not yet account for

astrophysical uncertainties. All photon and positron fluxes
are affected by uncertainties in the DM density profile.
Moreover, the photon flux induced by ICS and the positron
flux are further influenced by uncertainties in the Galactic
gas density, the interstellar radiation field, and the Galactic
magnetic field [50,57]. Taken together, these effects would
broaden the constraints on hσvreli into a band centered
around the current values, with a varied width up to about
one order of magnitude [50,57].

B. Constraints on EFT operators

In this subsection, we derive the indirect detection
constraints on the LFV EFT operators listed in Table I.
We discuss the constraints on an effective scale Λeff

associated with each dim-d operator Od
i , defined through

its corresponding WC Cd
i via the relation Λeff ≡ jCij1=ðd−4Þ.

Using the leading-order expansions of σvrel induced by the
EFT operators given in Table II, the constraints shown in
Fig. 6 can be directly translated into bounds on the effective
scales associated with the relevant EFT operators, with the

exception of OVðAÞ
lχ2 and OVðAÞ

lX3 . For these two types of
operators, the annihilation cross sections receive compa-
rable contributions from two partial waves. Consequently,
the constraints on their associated effective scales cannot be
inferred from the results in Fig. 6 and must be reevaluated
separately using Eq. (26) with w ¼ Λeff . Our results are
presented for operators related to the complex scalar or
vector and Dirac fermion DM scenarios. In the cases of
real scalar or vector and Majorana fermion DM, all
operators marked with an ✗ in Table I vanish, while for
the remaining operators their effective scales are increased
by a factor of ð2 ffiffiffi

2
p Þ1=ðd−4Þ compared to those of their

complex counterparts. Below, we discuss the final con-
straints for each DM case individually.

1. Scalar DM case

In Fig. 7, we show the lower bounds on the effective
scales for scalar DM operators that involve eμ (solid
curves), eτ (dashed curves), and μτ (dotted curves) flavor
combinations through the three LFV DM annihilation
modes. Each pair of operators that differ by a γ5 in the
leptonic current is subject to nearly identical constraints,
because the mass of the lighter lepton is much smaller
than the masses of the DM and heavier lepton partner in
each flavor combination. Hence, they are grouped
together in the plots throughout the paper. The x- and
gamma-ray constraints obtained from Fermi-LAT,
INTEGRAL, and XMM-Newton are represented by
red, green, and blue curves, respectively, while the
positron constraints from AMS-02 are depicted in
magenta. In addition, we compile existing constraints
from charged lepton-flavor-violating decays lj → li þ
DMþ DM [22] as gray curves for comparison.2 Beyond
these, more precise LFV bounds will also depend on the

FIG. 7. Constraints on the effective scales associated with dim-5 (left panel) and dim-6 LFV DM-lepton operators in the complex
scalar DM case. These constraints are derived from Fermi-LAT (red curves), INTEGRAL (green curves), XMM-Newton (blue curves),
and AMS-02 (magenta curves). The solid, dashed, and dotted curves correspond to the eμ, eτ, and μτ flavor combinations, respectively.
The gray curves denote constraints from μ and τ LFV decays into a pair of DM particles, reproduced from [22]. The orange dashed
straight line indicates the case where Λeff ¼ mϕ.

2At the one-loop level, a double insertion of these operators
may induce the LFV muonium-antimuonium oscillation through
a DM loop. A consistent treatment of such a process requires
one to renormalize effective interactions that change the electron
and muon flavor by two units and in opposite directions and is
beyond the scope of this work. Nevertheless, to give an estimate,
we follow the standard practice by retaining only the logarithmic
term in the ultraviolet divergent loop amplitude. Parametrizing
the induced interaction by Λ−2

μe ðμ̄ΓeÞðμ̄Γ0eÞ, we find that Λ−2
μe ∼

ð4πÞ−2m2n−2
DM Λ−2n

eff lnðm2
DM=Λ2

effÞ with the double insertion of a
dim-(nþ 4) DSEFT operator. The current experimental bound
Λμe ≳ 3 TeV [58] yields a limit on Λeff≳5GeVðmDM=1GeVÞ1=2
for n ¼ 2, which is generally weaker than the INTEGRAL limit
shown in Fig. 8. We, therefore, omit these constraints from the
plots.
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underlying models, since any underlying mediator gen-
erating LFV DSEFT interactions would likely induce
other tree-level LFV processes as well.
As can be seen from the two panels, across all operator

types, the INTEGRAL telescope provides the most strin-
gent bound in the lower DM mass region (mϕ ≲ 25 GeV),
whereas the AMS-02 experiment dominates in the higher
mass region (mϕ ≳ 25 GeV), consistent with the character-
istics shown in Fig. 6. In the plots, we also display the
dominant partial-wave component in parentheses following
the operator label to help understand the constraining

features. In the left panel, the dim-5 operators OSðPÞ
lϕ that

induce s-wave contributions receive more stringent con-
straints, with Λeff reaching Oð20 TeVÞ [Oð6 TeVÞ] for the
eμ (eτ and μτ) flavor case(s), when mϕ ≈ 0.2ð3Þ GeV. The
constraints become weaker as the DM mass increases,
because their σvrel is essentially independent of the DM
mass when mϕ ≫ mi;j. On the other hand, the dim-6

operators OVðAÞ
lϕ induce p-wave contributions at leading

order, resulting in much weaker constraints on their
associated Λref’s, reaching only up to tens of GeV when
mϕ ≳ 200 GeV. The relatively flat behavior observed in the
constraints from INTEGRAL and Newton is a joint result
of the DM mass enhancement in their σvrel expansion and
the steeply decreasing sensitivity of both telescopes to b̂, as
demonstrated in Fig. 6. Although the constraints from
charged LFV decays are stronger than the indirect detection
by several orders of magnitude, the constraints from DM
indirect detection experiments can probe the DM mass

range beyond the decay threshold, making those results
complementary to each other.

2. Fermion DM case

In Fig. 8, we present the lower bounds on the effective
scale of each dim-6 operator in the fermion DM case.
Similarly to the scalar DM case, the constraints from DM
indirect detection experiments are complementary to those
from charged LFV decays. From the third column in
Table II, it is clear that there are six operators that contribute
dominantly through the s-wave annihilation for the entire
kinematically allowed DM mass range: OSðPÞ

lχ2 , O
VðAÞ
lχ1 , and

OT
lχ1ð2Þ. For these operators, the constraints on their

effective scales are comparable and exhibit similar behavior
as the DM mass increases, owing to their analogous
quadratic dependence on mχ when mχ ≫ mi;j. It should
be noted that the constraints can reach up to hundreds of
GeV when mχ exceeds the GeV scale. In contrast, the

operators OSðPÞ
lχ1 contribute to the p-wave annihilation in the

velocity expansion, resulting in comparably weaker con-

straints similar to those of the dim-6 operators OVðAÞ
lϕ in the

scalar DM case, as shown in Fig. 7.
Finally, for the two operatorsOVðAÞ

lχ2 , their contribution to
σvrel is dominated by the s-wave annihilation up to DM
masses around 90 GeV for the eμ flavor combination and
1.5 TeV for the τ-related flavor combinations; see Fig. 1.
Beyond these mass points, the p-wave contribution
becomes dominant. Because of these nontrivial features,

FIG. 8. The same as Fig. 7 but for the Dirac fermion DM case.
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the corresponding constraints on their associated Λeff’s
exhibit significantly different behaviors compared to oper-
ators dominated solely by s- or p-wave contributions. The
s-wave component of σvrel is proportional to the mass
squared of the heavier final-state lepton through the ratio
rij, as shown in the third column in Table II. Consequently,
the eτ and μτ flavor combinations are subject to more
stringent bounds than the eμ case in all experiments. We
find that the INTEGRAL telescope sets the strongest
bounds, with values for Λeff of eτ flavor combination
reaching up to 70 GeV for DM masses around a few GeV.

3. Vector DM case

In the context of charged LFV decays involving light
vector DM particles, lj → li þ X þ X, the total decay
widths diverge as the DM mass approaches zero, mX → 0,
in the vector case A, where the operators are formulated in
terms of four-vector potentials. To circumvent this issue
and set meaningful constraints at smaller values of mX,
Refs. [20,22] have assumed that each WC in case A is
proportional to a minimal power of mX, which is deter-
mined by the number of independent four-vector potentials
that cannot be expressed as field strength tensors. We adopt
this convention and establish constraints from indirect
detection for comparison. Following Ref. [20], we define
the effective scale for each operator as follows:

CSðPÞ
lX ≡ m2

X

Λ3
eff

; CT
lX1;2 ≡ m2

X

Λ3
eff

;

CVðAÞ
lX1;2;4;5 ≡ m2

X

Λ4
eff

; CVðAÞ
lX3;6 ≡ mX

Λ3
eff

: ð28Þ

In Fig. 9, we present the constraints on Λeff’s for vector
DM case A based on the redefinitions in Eq. (28). Because
of the explicit mass factors in the parametrization, the

indirect detection constraints on Λeffs increase as the DM
mass rises. Similarly to the scalar and fermion DM
scenarios, we incorporate constraints from both astro-
physical x- and gamma-ray and positron observations, as
well as charged LFV decays. From the third column in
Table II, it is evident that there are eight operators in case
A that contribute predominantly through the s-wave

annihilation: OSðPÞ
lX , OT

lX1;2, and OVðAÞ
lX1;6. Consequently,

the constraints on their associated effective scales follow
patterns similar to those of the s-wave operators in
fermion DM case, with values ranging from a few GeV
to TeV, depending on the DM masses. On the other hand,

the six operators OVðAÞ
lX2;4;5 primarily contribute via p-wave

annihilation, resulting in constraints that are nearly one
order of magnitude weaker than those of s-wave operators

at the same DM mass point. For the operators OVðAÞ
lX3 , the

contribution is dominated by p-wave annihilation up to
DM masses of approximately 90 GeVand 1.5 TeV for the
eμ and τ-related flavor combinations, respectively.
Beyond these mass thresholds, the d-wave contribution

becomes dominant. Similarly to the operatorsOVðAÞ
lχ2 in the

fermion DM case, the leading p-wave contribution is
proportional to the mass squared of the heavier lepton,
leading to more stringent bounds on operators involving
the eτ and μτ flavor combinations.
Finally, Fig. 10 presents the results for the vector DM

case B, where the operators are parametrized using field
strength tensors. The four operators ÕSðPÞ

lX1 and ÕT
lX1;2

contribute through s-wave annihilation, while the two

operators ÕSðPÞ
lX2 are dominated by p-wave annihilation.

Since these operators are of dimension 7, the constraints on

the effective scales of ÕSðPÞ
lX1 and ÕT

lX1;2 exhibit similar

magnitudes and behavior to those of m2
XO

SðPÞ
lX in Fig. 9 for

the vector case A.

FIG. 9. The same as Fig. 7 but for the complex vector DM case A.
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The EFT description is valid when the scale of under-
lying new physics ΛNP is much larger than the masses of
active degrees of freedom, i.e., ΛNP ≫ me;μ;τ;DM, which is
related to the effective scale Λeff by ΛNP ¼ ĉΛeff. Here, ĉ is
a product of the couplings of new heavy particles to both
DM and SM particles and may vary in a large range from
small to large values close to perturbative limits. When the
lower bound on Λeff is low, it does not necessarily mean
that the effective field theory approach is not valid but
means that the relevant data are not strong enough to set a
useful bound. Our results indeed show that astrophysical
photon and positron data can be used to set much better
constraints on s-wave operators than p- or d-wave ones. On
the other hand, when the coupling ĉ is Oð1Þ, the parameter
regions below the orange dashed straight lines (where
Λeff ¼ mDM) in Figs. 7–10 cannot be reliably described
within the EFT framework. In these regions where the
mediator mass approaches or even falls below mDM, a
consistent treatment requires working directly with the
underlying models. A more detailed discussion of this issue
in the context of collider studies can be found in [59].

V. SUMMARY

In this study, we systemically explored the constraints on
LFV effective interactions between a DM pair and a
charged-lepton pair, utilizing the astrophysical photons
and positrons observed by Fermi-LAT, INTEGRAL,
XMM-Newton, and AMS-02. The DM candidates exam-
ined include a scalar, a fermion, and a vector. We collected
the leading-order effective operators for each case and
derived analytical expressions for the thermally averaged
cross sections induced by these operators. For the photon
flux, we considered three main contributions: final-state
radiation, radiative decay, and inverse Compton scattering.
For FSR, we calculated the photon spectrum for each s-
wave operator and found that the normalized spectrum
exhibits a mild dependence on the operator structure. In
particular, in the observationally relevant energy range, the
spectra from all these s-wave operators tend to be degen-
erate, allowing the FSR spectrum to be approximately
described by lepton structure functions when DM mass is

much larger than the heavier lepton mass. The comparison
of photon flux contributions from these three mechanisms
demonstrates that they complement each other in probing
different DM mass regions.
For the three LFV annihilation channels, we established

meaningful constraints on DM-lepton interactions for
different partial-wave cases (s, p, and d) and found that
the resulting limits across different partial waves are related
by almost constant velocity-suppression factors. For the
three partial-wave cases, our results indicate that
INTEGRAL provides the most stringent limits for DM
masses below 25 GeV or so, while AMS-02 yields the
strongest limits for masses above.When we translated these
general constraints into effective scales associated with the
effective operators, the probed effective scale varies accord-
ing to the DM candidates, their masses, and the operator
structures involved. For dim-5 (dim-6) s-wave operators in
the scalar DM scenario, the effective scale can be probed up
to 10 TeV (20 GeV). In contrast, for the operators related to
fermion and vector DM cases, the probed effective scales
can range from GeV to TeV, depending on the DM masses
and operator structures. Constraints on p-wave operators
are typically weaker by 1–2 orders of magnitude compared
to those on s-wave operators of the same dimension.
Interestingly, there are two types of operators, OVðAÞ

lχ2 and

OVðAÞ
lX3 , which receive significant contributions from two

partial waves rather than a single one, with the dominant
contribution changing between different DM mass regions.
These results complement existing low-energy charged
lepton decay constraints when DM mass is below the
decay threshold.
In addition to the indirect detection searches examined in

this study, these LFV DM scenarios can induce a variety of
intriguing signals in different environments. Here, we
discuss two possibilities. First, such DM scenarios can
inject energy into cosmic fluids during the epoch between
recombination and reionization in the early Universe,
potentially affecting the anisotropy of the cosmic micro-
wave background [60,61] and leading to stringent con-
straints. The second avenue involves collider searches. At
lepton colliders, such as Belle II, lepton-flavored DM

FIG. 10. The same as Fig. 7 but for the complex vector DM case B.
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interactions can be investigated through processes like
eþ þ e− → e�μ∓=e�τ∓=μ�τ∓, along with the production
of DM particles. However, due to suppression by additional
SM couplings and phase space factors, the resulting
constraints are expected to be much weaker than those
obtained via indirect detection. On the other hand, for the
μe flavor case, future facilities such as the Muon collider
[62] and the μTRISTAN proposal [63] have the potential to
probe the relevant effective scale up to the TeV level for
dim-6 operators, covering a wide range of DM masses and
surpassing the indirect bounds established in this work. We
postpone these interesting topics in future research.
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APPENDIX: CALCULATION OF THE GENERAL
VELOCITY-DEPENDENT hσvreli

For DM annihilation into SM particles beyond the s-
wave case, the velocity distribution of the initial-state DM
particles must be taken into account. The thermally
averaged annihilation cross section is then given by

hσvreliðrÞ≡
Z

d3v1fðr;v1Þ
Z

d3v2fðr;v2Þσvrel

≡
Z

dvrelFðr; vrelÞσvrel: ðA1Þ

Here, v1 and v2 are the lab-frame velocities of the two
initial DM particles, whose velocity distribution is
described by fðr;vÞ at position r. Since σvrel depends
only on the relative velocity vrel ¼ jv1 − v2j in the non-
relativistic limit, it is convenient to first integrate out all
other velocity degrees of freedom in the distribution
functions and then define a new distribution function
Fðr; vrelÞ, as was done in the second step.
In this work, we follow Refs. [32–34] and assume

that DM particles obey a three-dimensional Maxwell-
Boltzmann velocity distribution with an r-dependent veloc-
ity dispersion v0ðrÞ:

fðr;vÞ ¼ 1

ð2πv20Þ3=2
exp

�
−

v2

2v20

�
: ðA2Þ

Based on the definition in Eq. (A1), it is straightforward to
see that

Fðr; vrelÞ ¼ 4πv2rel
1

ð2πð2v20ÞÞ3=2
exp

�
−v2rel
2ð2v20Þ

�
: ðA3Þ

This shows that the relative-velocity distribution retains the
standard Maxwell-Boltzmann form but with an effective
velocity dispersion

ffiffiffi
2

p
v0ðrÞ. As a result, the moments of

the relative velocity are calculated to take the form

hv2nreliðrÞ≡
Z

∞

0

v2nrelFðr; vrelÞdvrel
¼ 2nð2nþ 1Þ!!v2n0 ðrÞ: ðA4Þ

Using the nonrelativistic expansion

σvrel ¼ âþ b̂v2rel þ d̂v4rel þ � � � ; ðA5Þ
the thermally averaged annihilation cross section follows
directly as

hσvreli ¼ âþ 6b̂v20ðrÞ þ 60d̂v40ðrÞ þ � � � : ðA6Þ
The velocity dispersion v0ðrÞ can be obtained by solving

the Jeans equation [35,36]

v20ðrÞ ¼
1

ρðrÞ
Z

r

∞
dr ρðrÞ dϕ

dr
; ðA7Þ

where ρðrÞ is the mass density of DM and ϕðrÞ is the total
gravitational potential at radius r, including contributions
from both DM and ordinary matter. Following [34,64], we
model ϕðrÞ as a sum of three components: the DM halo
(ϕhalo), the Milky Way (MW) bulge (ϕbulge), and the MW
disk (ϕdisk). The DM halo potential with the NFW profile is
given by

ϕðrÞhalo ¼ −GN

Z
rvir

0

ρðrÞ
jr − r0j d

3r0

¼ −4πGN

�Z
r

0

ρðr0Þ r
02

r
dr0 þ

Z
rvir

r
ρðr0Þr0dr0

�

¼ 4πρ0GNr3s

�
1

r

�
r

rþ rs
− log

�
rþ rs
rs

��

þ r − rvir
ðrþ rsÞðrs þ rvirÞ

�
; ðA8Þ

where GN is Newton’s gravitational constant. The bulge
and disk potentials are modeled as [64]

ϕðrÞbudge ¼ −
GNMb

rþ cb
; ðA9Þ

ϕðrÞdisk ¼ −
GNMd

r
ð1 − e−r=cdÞ; ðA10Þ

whereMb ¼ 1.5 × 1010M⊙ and cb ¼ 0.6 kpc, whileMd ¼
7 × 1010M⊙ and cd ¼ 4 kpc, with M⊙ denoting the
solar mass.
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