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We establish a comprehensive theoretical framework for the electron-positron single-inclusive
annihilation (SIA) process that incorporates higher-twist contributions up to twist-4 and investigate the
possible relevance of these effects in low-energy reactions. Through a systematic collinear expansion of the
hadronic tensor, we derive the complete set of structure functions in terms of collinear fragmentation
functions (FFs), explicitly including multiparton correlators up to the four-parton level. To evaluate the
possible impact of these power corrections, we estimate the twist-4 unpolarized FF D5 using a spectator

model and compute the normalized differential cross section for z° production. Our illustrative numerical

estimation indicates that the interplay between kinematic hadron mass corrections and the higher-twist D5

contribution can partially improve the description of recent BESIII data in the relatively low-z region. The

Q-dependence of this contribution is consistent with the expected power suppression of twist-4 terms.
These findings suggest that higher-twist contributions are relevant for studies of hadronization dynamics at
low energies and motivate more complete future analyses including all twist-4 FFs.
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I. INTRODUCTION

Quantum chromodynamics (QCD) is the fundamental
non-Abelian gauge theory of strong interactions. It is
characterized by two essential features, i.e., asymptotic
freedom and color confinement. Quarks and gluons par-
ticipating high-energy reactions cannot be directly observed
as asymptotic states, and only color-singlet hadrons can be
detected. Understanding how color neutral hadrons are
produced from colored quarks is one of the key issues in
modern particle and nuclear physics. The process in which
quarks and/or gluons combine to form color-singlet hadrons
is known as hadronization. This process is inherently
nonperturbative and cannot be calculated from first princi-
ples. Various phenomenological models were proposed to
unravel the underlying mechanism of the hadronization
process, such as the Feynman-Field model [1], the LUND
model [2], the Webber model [3,4], the recombination
model [5-8] among others. While these models provide
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intuitive physical pictures of the hadronization, they usually
rely on process-dependent parameters, reducing the theo-
retical predictive power. The QCD factorization [9] provides
a theoretical framework, in which the hadronization is
characterized by a set of universal and process-independent
fragmentation functions (FFs), with the approximation
control by the expansion in powers of the hard scale. At
the leading power, one may attribute probability interpre-
tation to the FFs, often referred to as leading-twist FFs. For
example, the D ,_,,(z) represents the probability density of a
parton with flavor f fragmenting into a hadron /4 carrying
the momentum fraction z. Hence, the nonperturbative
transition from partons into hadrons is encoded in the FFs.

Fragmentation functions can be defined via the quark-
quark and quark-gluon-quark correlation functions. In addi-
tion to leading-twist FFs, the decomposition of correlators
can also yield higher-twist ones. While the contributions
from higher-twist FFs are generally suppressed at high
energy scales, they essentially encode the quantum interfer-
ence and may have significant effects at lower-energy
experiments, like JLab and BESIII, via power corrections
[10,11]. In recent years, higher-twist effects have attracted
considerable attention from theoretical perspectives. The
complete sets of the higher-twist FFs have been derived via
the parametrization of the correlation functions [12—16]. The
systematic framework for higher-twist calculations can be
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established through the collinear expansion method [17-20],
which plays a central role in deriving the hadronic tensor in
terms of gauge-invariant FFs in the annihilation process. The
hard parts after the collinear expansion are perturbatively
calculable and independent of the parton momenta except
some delta-functions. Correspondingly, the involved gauge-
invariant FFs from the quark-quark or quark-gluon-quark
correlators depend on one parton momentum. Hence the
Lorentz decomposition of such quark-quark or quark-
j-gluon-quark correlator is feasible and higher-twist calcu-
lations can be carried out [12].

Beyond the leading-power approximation, twist-4 con-
tributions can be systematically organized in terms of
gauge-invariant fragmentation correlators at the tree level,
whereas their factorization and evolution beyond the tree
level involve a more complex theoretical structure. The
relevant nonperturbative input involves multiparton corre-
lation functions, which have been discussed in studies of
power corrections and generalized factorization in DIS and
related hard scattering processes [17-22]. The renormali-
zation of twist-4 operators is nontrivial [23,24], and these
operators mix with other multiparton and equation-of-
motion operators under the scale evolution [25,26]. At
subleading power, factorization studies in other processes
provide concrete examples of the resulting evolution
structure [27,28]. In heavy quarkonium production, both
single parton and double parton FFs enter the factorization
formalism [28—32], and their scale dependence is described
by coupled evolution equations [27,28,33,34]. For SIDIS,
factorization scale independence yields a double parton
term suppressed by 1/u> in the evolution of the single
parton FF [10]. Twist-4 factorization has also been estab-
lished at NLO for this process [35]. By contrast, existing
parametrizations of twist-4 correlators for light hadron
fragmentation in e"Te~ annihilation have mainly been
formulated at the tree level [12,13,36,37]. The results
available for DIS, SIDIS, and heavy quarkonium produc-
tion do not yet provide a directly applicable renormaliza-
tion and evolution framework for the specific light hadron
twist-4 FFs entering the present SIA process. Accordingly,
the formal derivation and numerical estimate in this work
should be understood as a tree-level analysis at a
fixed scale.

The hadron production in electron-positron single-inclu-
sive annihilation (SIA) is the cleanest process to study the
collinear FFs. According to the factorization theorem [9],
the cross section can be approximated as a convolution of
the production of quarks and gluons at short distance and
corresponding FFs to the desired hadron. Since the FFs of
light hadrons cannot be directly calculated in QCD from
first principles, their determination mainly relies on the
global analysis. Over the past decades, the unpolarized
leading-twist fragmentation functions are extensively stud-
ied. Most data are from measurements of pion and kaon
productions in electron—positron annihilation experiments,

such as those performed by ALEPH [38,39], Belle
[40,41], BABAR [42] and BESIII [43,44], and have been
implemented in global fits of leading-twist FFs by several
groups, such as AKK [45-47], DSS [48,49], MAPFF [50],
NNFF [51], and NPC [52,53]. Recently, the measurements
of inclusive 7°, Kg, and » productions at a few GeV
scales, 2-3.67 GeV were reported by BESIII collaboration
[43,44]. A subsequent global analysis has been performed
by NPC at next-to-next-to-leading order [54]. The fit
results indicate the discrepancies between leading-twist
predictions and BESIII experimental measurements. To
describe these intermediate-energy scale data, they attrib-
ute the discrepancies to possible higher-twist contributions
and add terms parametrized with higher-power scalings of
1/Q?. For a full understanding of the fragmentation at
these intermediate scales, it is required to establish the
framework that incorporates higher-twist effects and ena-
bles a quantitative estimation of their contributions.

In this work, we aim to build up a systematic theoretical
framework for SIA, including hadron mass corrections and
dynamical higher-twist corrections. The paper is organized
as follows. In Sec. II, we derive the general form of the
cross section for SIA process. In Sec. III, we calculate the
cross section up to twist-4 in the parton model. In Sec. IV,
we perform the numerical estimates for normalized differ-
ential cross section including the hadron mass correction
and the higher-twist effect. Finally, we give a brief
summary in Sec. V.

II. GENERAL EXPRESSION OF
THE CROSS SECTION

We consider the polarized electron-positron annihilation
process,

e (h) + e () = h(P) + X(Px), (1)

where four momenta of the relevant particles are labeled in
parentheses. We denote the hadron by 4, with mass M. The
commonly used dimensionless variables are defined as

P

_2P-q
V=P =

0>’

where Q% = ¢*> = (I; + ,)*. As illustrated in Fig. 1, we
choose the center-of-mass frame of the leptons, where the
detected hadron travels along the z direction, and € is
the polar angle of the electron momentum /;. The production
plane, i.e., x — z plane, is determined by the momenta of
incoming electron and the produced hadron. In this frame,
one can express the momenta of the involved particles as

(2)

q" = 0(1,0,0,0), (3)

l’f:%(l,sin 0,0, cos 0), (4)
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reaction plane L

FIG. 1. The center-of-mass frame of leptons of the inclusive
electron positron annihilation process. The produced hadron
travels along with z direction.

= %(1 —sin 6,0, —cos 6), (5)
P =200, (6)
where = ‘%2 is the mass correction factor. The

polar angle 0 can be written in Lorentz invariant forms as

1-2 2 (2y-1)?
y’ sin 6 = ﬂi( g ) .
p p
If h is a spin-1/2 hadron, one can also consider its
polarization,

cos 6 =

(7)

Sﬂ=< X |ST|COS¢5’|ST|Sm¢S’SL21€1) )

where §; indicates the longitudinal polarization and Sy
denotes the transverse polarization of the hadron. For vector
mesons and even higher-spin hadrons, one needs polariza-
tion tensors to fully characterize its spin. In this work, we
only keep the polarization vector for simplicity.

With one-photon-exchange approximation, the differ-
ential cross section can be expressed as

do  #pza’
dzdcos § 20*

L, W, ©)

where a is the electromagnetic fine structure constant. The
leptonic tensor is given by

L;w(llv l2) = 2[11/41211 + llyl2/4 - gpw(ll : 12)] + 2i’1e€yulllzv

(10)

where 4, denotes the helicity of the lepton. The hadronic
tensor is given by

Wi (q; P,S) = > (0]J#(0)|Px; P, S){Py; P, S|J*(0) 0)
x (22)*6"(q — Px — P), (11)

where J# is the electromagnetic current operator.

Although one cannot directly calculate the hadronic
tensor from first principles, its structure is constrained
by required symmetries, the Hermiticity, gauge invariance,
and parity invariance. By imposing these constraints, one
can construct five independent basis Lorentz tensors to
decompose the hadronic tensor,

4w

5 T'q"
hUlW = {g/“/ — q2

Sﬂ” {P{ﬂ v}PqS} (13)

WY = {(S - qeme Pl (14)

where P = P* — ¢*(P - q)/q?, satisfying P, - g = 0. The
subscripts U and V stand for the unpolarized and vector
polarized hadron states, respectively. The tensors with
superscripts S and A are the symmetric and antisymmetric
terms, respectively. Given the basis Lorentz tensors above,
the hadronic tensor is a linear combination of them,

2
W= STV VIR D Vi (19
i

where the coefficients V’s are scalar functions of g?
and P - gq.

Contracting the leptonic tensor (10) with the hadronic
tensor (15), one can obtain the general expression of the
differential cross section. According to the angular distri-
butions and the hadron spin states, the differential cross
section can be expressed as

do  mpza’
dzd cos® 202
+ Sy sin 26 sin psF?s + 2,8, cos OF,

+ 2|S7| sin 6 cos psF53 ), (16)

[(1+ cos?0)FY, , + sin*0F

where the functions F4 p’s are known as structure func-
tions, depending on z and Q2. The first subscript A and the
second subscript B represent the spin states of the produced
hadron and the lepton beam, respectively. We use the
superscript to indicate the azimuthal modulations. For those
independent azimuthal angles, we use superscripts L and T
to distinguish the longitudinal and the transverse polari-
zation of the virtual photon.

III. CALCULATIONS IN THE PARTON MODEL

A. Hadronic tensor and correlators

We consider a series of diagrams, as illustrated in Fig. 2,
which contain the exchange of j gluon(s) in addition to the
quark. Here we truncate the series up to twist-4 and neglect
the higher contributions for simplicity. After performing the
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FIG. 2. The first few diagrams as examples of the considered
diagram series with exchange of j-gluon(s) and different cuts. We
see (a) j =0, (b) j =1, and (c) j = 2, respectively.

collinear expansion, we can write the inclusive hadronic
tensor as

W;w(qv P)

= Wi P), (17)
Jj.c

where W,(lj,;c) is a trace of the hard part and the quark-
j-gluon-quark correlator. The superscript ¢ denotes differ-
ent cuts. The explicit expressions can be simplified to [15]

W = %Tr[fszpé@}, (18)

W = TENL (9)
WM _ ﬁn[ﬁ,&?ﬂ"é},&m], (20)

Wb — ﬁTr[Nﬁ””:ﬁ,J +RPER] (1)

where we have omitted the dependence (g,k’,) for sim-
plicity. The hard parts are given by

Y = Sy 22)
Y = 7,0ty (23)
N2 = qra e, (24)
2 = P—;mﬂy”ﬂ}"’ﬂn- (25)

The quark-j-gluon-quark correlators are given by

2023 [ e Ol 0. 0))
x (RX1p(E)E(E", 09)]0), (26)
=3 [ e O 0.0, O OX)

T)L(£7.)[0). (27)

[I])

x (hX | (&

> [ e r0170.0000,0
<y (0)|X) (X[ (67)D, (6 £(E. ) [0),
(28)

&y Z / Prag” em /2o (0] £7(0, 0) D, (0) Dy (0)

Xy (0)[AX) (X |y (&) L(E™. 00)[0). (29)

PrdE . .
&y _Z/ & irts /Z/lpnzn— =P (0| £

X (7, 00)D, (7 )Dy(n7)

X L0, 77 )y (0)|nX) (hX [ (§7) L&, 0)]0). (30)
where D, =id, — gA, denotes the transverse covariant
derivative. £(0,y) is the gauge link, which is obtained
by summing all j-gluon-exchange diagrams. The argument
£ in the quark field operator y and the gauge link represents

(0,&7, ET) We note that the leading-power contribution of

W,(JQ is of twist-(j + 2). Therefore, the second term in
Eq. (21) has no contribution up to twist-4 because of the

factor p° in the definition of = _.,() ) given in Eq. (29).

In the STA process, there is no helicity flip, which implies
that only the chiral-even quantities contribute. Therefore,
we only need to consider the y*- and the y y*-terms in the
Dirac decomposition of the correlators,

~ 1 1 -
E(O) _ aE(O) -5 aE(O) 31
7B + 577" Ea (31)
Here _,(,) and fflo) are coefficient functions which can be

obtained through the following projections:

1 A
=0 = S Trlr ), (32)

1 N
(0 €55
g0 = 5 Tl 2. (33)

These coefficient functions can be further decomposed into
fragmentation functions (FFs), as presented in Ref. [55].
For the quark-quark correlator E<0), we have

2

M
=Y = Pti «D1 = MSr Dy +— P «D3. (34)

2

M
r n SLGQ}L (35)

Z;&>:—P n SLGIL +MST0,GT P

€1,Sy with & = e®"fi,n,. For the
quark-gluon-quark correlator (1), we have

(S
Here, S7, = €1, =
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(42)

TABLE I.  Summary of collinear FFs up to twist-4.
Fragmentation functions Twist Originating correlator
D,, G Twist-2 Quark-quark correlator
Dy, Gr Twist-3 Quark-quark correlator
D5, G5 Twist-4 Quark-quark correlator
Dyr, Ggr Twist-3 Quark-gluon-quark correlator
D3y, D3yp, Gag, Gagr Twist-4 Quark-gluon-quark correlator
Dsu4, D3gars Gigas Gaaar Twist-4 Quark-gluon-gluon-quark correlator
Dy, Gayr, Twist-4 Four-quark correlator
ZE,(;L) = —P*i, Mng Dyr + M?g, ,uDsg Substituting the correlatoys given in .Eqs. (34)—(37) into
. 5 Egs. (40) and (41), we obtain the following relations between
+iS M7 ,,D3q1 (36) twist-3 FFs,
(1 .t = .
Z:'/(m) = —iP i MS7,Gar + iM*¢ | ,,Gy —iGr = =z(Dar — Gar).
+ S.M?g, 4G (37)

Here the subscript d is used to denote FFs originated from
quark-gluon-quark correlator. The transverse metric tensor

is defined as g,,, = g,, — ,n, — ii,n,. For E®), we have
e _ .

z:éJa = P'ity(M?g.1oD34q — ISy M?¢ 1 )oD3qar),  (38)
=2 .

ED, = Priig(iM?e 1 s Gagy — SLM?g1eGsga).  (39)

For readability, we summarize the FFs up to twist-4
obtained from the decompositions in Egs. (34)—(39) in
Table L.

Similarly, we use subscript dd to denote FFs obtained from

quark-gluon-gluon-quark correlator. For correlator é,(,%;M), we

require that its decomposition takes exactly the same form

as that of ﬁﬁ(f,). We distinguish them by adding an additional
superscript M, and omit the explicit expressions.
According to Egs. (34)—(39), we find that the decom-
positions of Z and those of Z have exact one-to-one
correspondence: for each FF of type D, there exists a
corresponding function of type G and vice versa. Because

of the Hermiticity of 2 and éﬁ‘m, the FFs defined via

these correlators are real. In contrast, for those FFs defined

via 3(,1) and é/%), there is no such constraint so that they can

be complex.

From the QCD equation of motion, y - Dy = 0, we can
relate the quark-j-gluon-quark correlators to the quark-quark
correlator. This implies that not all of the FFs introduced

above are independent. For instance, the relations for the

(

transverse components of the correlators Z-"” and & H ” can

be written as

KEWP = —°ReE) — &7 ImE!!), (40)
KPEDY = ¢ ReE) — &7 ImE). (41)

In addition, the relations for the minus components of = u((l )

=(0)

and E,° are given by
2280 = k+ (BN + i)
= ~grE i, ()
2U2EO) = k+(frES) + i)
=—grE ierE )
We can obtain the following equations
Dy =zD_3, = —=z"DY ., (45)
Gip = 2634 = —Z2ij3ddu (46)
where
D_3; = D3y — Gy, (47)
G_3aL = Gaar — D3, (48)
D',y = DYy + Gy, (49)
Gs4ar = Glgar + Diiar.- (50)

These relations can be used to eliminate nonindependent
higher-twist FFs.

B. Leading-twist hadronic tensor
We begin with the calculation of the leading-twist
hadronic tensor. The leading-twist contributions arise solely

from the quark-quark correlator 29 To calculate them, we
use Egs. (34)—(35) and the following relations
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N 4
Tr[h,(,?,)ﬁ} = —Fgl,,w (5])
5 4
Tr [ 122 7 ﬂ] lgj_;w' (52)

Substituting them into Eq. (18) we obtain the leading-twist
hadronic tensor,

W = =91,wD1 — iS1e1,,Gir. (53)

The current conservation is satisfied, namely q"WﬂW =
quIZ;w =0.

C. Twist-3 hadronic tensor

The twist-3 contributions come from both the quark-
quark correlator Z(°)
éf)l). We first calculate the contributions from the quark-
quark correlator 20 In this case, we have

and the quark-gluon-quark correlator

N 4
Tr[h,(,?,),gT] = FST{ﬂn”}’ (54)
7(0). 5 4
Trlhw v $7) = T lE'J_[” J- (55)

Using Egs. (34)—(35) and substituting them into Eq. (18)
we obtain

M ,
ZWg?/)w =57 (€} 1y Dr — ie7,n,Gr).  (56)

For the twist-3 contribution from the quark-gluon-quark

&l
correlator :2 >, we have

e[ ] = =847, (57)
Telhysr ]

Using Eqgs. (36)—(37) and substituting them into Eq. (19),
we obtain

= -8ie/, . (58)

Wk —

M _ _
mw =T = (&3, Dar — €3,1,Gar).  (59)

The complete twist-3 hadronic tensor is the sum of all the
twist-3 contributions, i.e., W, = W Wk (W(I)L)*.

3uv 13 /u/ Buu

By employing Egs. (42), (56), and (59), we eliminate the
nonindependent FFs and obtain the complete hadronic tensor
at twist-3,

~ M _ L5 =
ZWB;w = P—q (8i{MQD}DT + lei[ﬂqu]GT)’ (60)
where ¢ = g — 2P/z. We can verify that VVBW satisfies the

current conservation ¢*W s, = ¢*W 3, = 0.

D. Twist-4 hadronic tensor

The correlators é(()), é,(,”, and éﬁ) all contribute to the

twist-4 hadronic tensor. We first compute the contributions

from quark-quark correlator 2(©) by using
THAO ] = > (61)
w L= oy e
Te[Al)y* ] = 0 (62)
t[huw v ] )

and Egs. (34)—(35). Substituting the twist-4 terms into
Eq. (18), we obtain

2

(0)
ZWI‘W - (p+)2

n,n,Ds. (63)

To calculate the tlwist—4 contributions from quark-gluon-
quark correlator E,() >, we use

Telhlsr") = 402n, 7,07 + 91,0d" — 9g™).  (64)

el °y] = 4i(2n, 7€ + gifie &+ gilelf).  (65)
Using twist-4 FFs given in Eqs. (36)-(37) and Eq. (19), we
have

2

- 2M _
ZWS,E = —P—_q”ly”u(Dm — Gsy). (66)

It is convenient to divide the contributions from quark-
gluon-gluon-quark correlator é,%) into two parts, one is the
middle-cut part and the other is the left- and right-cut part.
We first consider the middle-cut case, for which we
introduce the superscript M to distinguish it from the

others. Utilizing the relations

Tr[iz,(,zp)’mﬁ]P* =-8P,P, 47, (67)
Te[hD " Pt = 8iP,P,EY, (68)
we have
- (M 2M?
ZW( ) = _72P;¢PH(D13V£M + Gg{id) (69)
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To obtain the contributions from the left-cut and right-cut
parts, we use

(Do 4(P-q)
TN ) = =5 (o 9 + 904,97,). (70)
NP AP - )

g = D g e g —guzet). ()
and obtain
- M?>

2

ZWE4,)45 = P-a qu_/w(D3dd — G344)

2

+ i—‘qu_/wSL (D3aar

P = Gsga).  (72)

Summing over all twist-4 contributions and utilizing
Egs. (45)—(46) to eliminate the nonindependent FFs yields

2M? 2M?

ZWt4;w = W%%Da + P—_qgl,w(Dadd - G3dd)

2M?

+ 57€LyuSL(D3ddL

P — G34ar)- (73)

It can be shown that Wﬂw satisfies the current conserva-
tion, i.e., q"VVﬂW = q’“WmW =0.

E. Four-quark correlator contributions

In the previous calculations, we only consider the con-
tributions from quark-j-gluon-quark correlators. In fact, up to
twist-4, there are also contributions from diagrams involving
the four-quark correlator [56], which is defined by

d“y d4y1 d4yz
Z 7

—tk1v+l ki—k)y1—i(ky—k)y,

X <0!v7(yz)ﬁ*(0,yz)w(0)th>
x (WX [ (y)L(y, y1)w(y1)]0). (74)

2(0
3242)(’% k. ky) =

Considering diagrams in Fig. 3, we can write the hadronic
tensors for both the quark jet or gluon jet] cases in a
unified form,

. 1 ;o (
Wftyqﬁ)zzP-q/ dzdzdzoh) (91, C +ie 1, C ). (75)

A

Here C, and é‘m are the correlators and defined as

'Quark jet or gluon jet represents the positions that cut lines go
through in Fig. 3. If the cut line is in the middle position, it is a
gluon jet case.

p1 P

ke Xk ky Yk

It e TN B -

(@) (b)

FIG. 3. The first two diagrams correspond to the four-quark case
without multiple gluon scattering. In (a), we have k| = k; — k and
kb = ky — k; in (b), we have the interchange of k; with k}.

) K, pt
¢ = ki d*kd s ( 7 — —
I /<zn>/ ’ <Z k*)
x 8(ki z) — P+)5(k+z2 — P%)
x (2120 (k. +K\)E| ( (kl’k ky; P,S),  (76)

where subscript j = s, ps. The corresponding correlators
Efaa 309 B,

d“y d4y1 d ¥
=5/ ey
x EX:{ 0|l// yz)ﬂw( )[RX) (X |y (y) sty (y1)]0)

+ (O (v2)7° by (0) [nX) (X [y (y)7 by (v1)]0) }.
(77)

are defined as

—ikyy+i(ki=k)y1—=i(ky=k)y,

[I])

—ikyy+i(ky—k)y1—i(ka=k)ya

[1»

o _9 / d'y d'y, d*,
“a)ps (27[)4 (27[)4 (27[)4

Y {01 (y2)r sy (0) |1 X) (WX | () (v1)]0)
+ (07 (y2) by (0) [RX) (WX |5 (y) 7> shyr (1)]0) }.
(78)

For the sake of simplicity, we have neglected gauge links
here. In Eq. (75), the hf{{;’ denotes the sum of all hard
scattering amplitude. For the gluon jet case, we have

W= 2236(z — 2p) -
7 (7, —zp +i€)(zy — 75 — i€)
n 2230(z — z5)
(21 +z2p =2+ ie)(zp + 25 — 22 — i)

zz%é(z )
(21 —zp +i€)(z + 25 —

@—ie)

2238(z — zp)

— . 79
(z1 +2p — 2+ i€)(zy — zp — i€) 79)

Here z, z;, z, denote the momentum fractions, while zp
represents the variable as defined in Eq. (2). For the quark
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jet case, we have hf, = hi; + h) with

2236(z1 — 2p)

e
4 (z —zp —i€)(z2 — zp — i€)
2236(z) + 2 — 2£)
(z—zp —ie)(z2 + zp — %L — ie)
~ zz%ﬁ(zl —23)
(z—zp — i€)(z2 + zp — £ — i€)
35 + 1~E
_ 722p6(21 + 75 —*F) . (80)
(z—zp —i€)(z2 — 25 — i€)
Here hZ; can be obtained by hffg(zl, 7,2p) =

th*(zz, Z,z1). Summing over all contributions, we obtain
hyy = hiy + hi) + h,

To derlve an exphclt expression, we decompose the
correlators as

z / dzdz,dzyh,,Cy = M?D,,, (81)

z/dzdzldzzh4qé’ps = SLM2G4qL’ (82)

and obtain the four-quark correlator contribution
|

do , mpa’
- 1 + cos?0) D, —
dzd cos 6 Z ZQ2 {( + cos’6) < :

M2

quv — v [ v :
Wigm ) (91Dag +1S1€1,,Gagr) (83)

(2P-q

Up to now, we have derived the complete hadronic tensor
up to twist-4 level,

Zpr _gl;le - iSLgiﬂyGlL
2M?>
(8 QD DT + lg QD GT) 76_] qu3

P L{uv} L[uY] (P 6])2 Iz

2M 2M?
+P qng 3dd T qu_;wSL ~3ddL

MZ

+m(glﬂl/D4q +iS1€1,,Gagr)- (84)

where the leading-twist part is given in Eq. (53), the twist-3
contribution is presented in Eq. (60), the twist-4 terms are
shown in Eqs. (73) and (83), D_34y = D340 — G344 We
note that all of these hadronic tensors satisfy the current
conservation.

F. Differential cross section up to twist-4

The differential cross section is obtained through the
contraction of the leptonic tensor and the hadronic tensor,

42 K3, 8Kk, .
TMD 3dd — —D4q) + ﬂZ Z—Z}w Sln2€D3

K%/I 4K%4 Ky o .
+24,8,cos 0| Gy, —— Gy, — —D_3ddL) — |S7|f—sin 20 sin ¢psDy
z z z

- 2&e|ST|ﬁK—Msin 0 cos ¢g GT}.
Z

The sum of “a” runs over all active quark and antiquark
flavors with e, being the number of electric charge. A
subscript a should be explicitly added to the FFs, but here
we drop it for simplicity. The x,; = M/Q is a typical
suppression factor of higher-twist contributions. One can
find that all twist-4 terms contain the factor x3,.
Comparing this expression with that in Eq. (16), we can
express the structure functions in terms of the FFs,

1 412 K2
Fiy= Ezeg |:Dl - —ZM D_340— 7M

a

(85)
[
N e N ()
41<
Frp= —Z <G1L - —G4qL - M) (89)
COS 2 K
FT,L¢S = _Zzegﬂ%Gp (90)

It is interesting to note that F{; ;, is independent of F{, ,, and
receives a twist-4 contribution only from D;. Generally
speaking, leading-twist FFs appearing in the unpolarized
structure function acquire corrections from twist-4 FFs
which come from the four-quark correlators and/or quark-
gluon-gluon-quark correlators.
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IV. NUMERICAL ESTIMATES

Since global analysis of higher-twist FFs is not yet
available, we employ the spectator model in this section to
provide an illustrative estimate of the D5 contribution in
the SIA process. Based on the recent measurements of
various final-state hadrons reported by the BESIII
Collaboration [43,44], we focus primarily on the produc-
tion of 7% in this work. Moreover, the method is also
applicable to other hadrons with proper parameters.

To describe the matrix elements in the correlator, we
assume that the interaction is implemented through a

pseudoscalar  pion-quark coupling. The interaction
Lagrangian can be written as [57]
L(x) = ig,q(x)rsq(x)z(x). (1)

Under this assumption, the fragmentation correlator (26)
for the case ¢ — #° at tree level can be expressed as [58]

X gj J_r ZZ) 276((k — P)? — m?), (92)

where m, indicates the mass of the spectator quark.
Integrating over the minus component k=, we obtain the
transverse momentum dependent correlator,

295 (K+m)(K =P —my)(K+ m)

2O (z,ky) = , (93
(2ker) = 503 (1—2)PH(k* — m?)? (53)
where k? is defined by
k2 2 MZ
=t I T (94)

-z 1-z z

As shown in Egs. (32) and (33), the TMD FFs can be
projected out by the corresponding Dirac matrices

1
=(0)[I] (z.kp) = ETF[E(())(Z,kT)F]' (95)

This leads to the leading-twist and twist-4 FFs in the
spectator model,

2 1272 2

9, [2°k7 + (zm + mg — m)?]
D(z.k3) = 2L =T . (96
1@k =g (k7 + L?)? 6)

2 21,2 2 4

9; (Z°k7(m —my)* + N*)
Ds(z, k3) = =2 r . (97
T V[ R &7)

Here N? and L? are defined as

N2:M2(Z_1)+st(m_ms)v (98)

1.0

MAPFF
0.8 777 model

2 D{™(2,Q)

0.0

0.2 0.4 0.6 0.8 1.0
z

FIG. 4. Comparison of the spectator model fit for D; with the
MAPFF replica set at Q = 2.8 GeV.

1- m2 —m?

M2
Z

L= (99)

<

After integrating the transverse momentum, we can obtain
the collinear unpolarized FF,

Dl(Z) = ﬂ'Zz Am dk%le(Z, k%w) (100)

The twist-4 collinear unpolarized FF D5 has a similar defini-
tion. This integration over ky is divergent at large |k |. In this
work, we choose the Gaussian regularization as

2y _, 9a -5
g, 0) D17

(101)
with A2 = 22z%(1 — z)°.

Applying the isospin symmetry and the charge-conju-
gation, we obtain the following relations

Dy=" =D{~* =D{~* =Di~*.  (102)

We set the constituent quark mass m = 0.3 GeV, the
spectator quark mass m; = 0.792 GeV, and the 7z° mass
M = 0.135 GeV. The remaining spectator model parame-
ters, g,, 4, a, and b, are determined by fitting to the MAPFF
set of D. We evolve the model result of D;(z) from the
initial scale yg = 1 GeV to Q = 2.8 GeV at NLO and fit
each replica of the MAPFF set of D’f*”o, with the fit results
shown in Fig. 4, where the uncertainty bands are given at
68% confidence level. The model parameter values are
g, = 447355530, A= L111E00%88 GeV, a = —1.11970%0%8,
and b = —0.697-J04).

After integrating Eq. (85) over cos 6, the cross section
for inclusive annihilation up to twist-4, normalized to the
total cross section o, (eTe™ — X), can be expressed as
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1 doy p ) [ 5 4Ky
—_— = e;,|\Dy+p—=D
Gior dz aelgz Za: a 1 ﬂ Z2 3

4i3 K2
- TM (D344 = G3aa) — ;WDM] . (103)

where we use the subscript U to indicate the unpolarized
part of the cross section. In this work, we evaluate only the
D5 term within the spectator model for simplicity, since it is
generated by the quark-quark correlator in the same model
setup as D ;. We note that this restriction is not an assumption
that D5 dominates over the other twist-4 FFs. The flavor sum
runs over u, d, i1, and d flavors with the isospin and charge
conjugation relations utilized. The strange contributions are
omitted for simplicity in the present calculation. The
modeled D5 is evaluated at Q = 2.8 GeV and is not evolved
as the hard scale Q is varied. As shown in Eq. (103), the O
dependence of the D5 contribution mainly arises from the
explicit 1/Q? factor. The following numerical estimates
adopt a fixed D5 input without dynamical twist-4 evolution.
The numerical results below are therefore regarded as an
illustrative estimate of the potential contribution from twist-4
terms, rather than a complete twist-4 phenomenological
calculation.

For the normalized differential cross section containing
only the twist-2 contribution, we directly adopt the MAPFF
parametrization [S0] and subsequently include the hadron
mass correction and the estimated D5 contribution. As
illustrated in Fig. 5, we present the corresponding numeri-
cal results. The green dotted curves represent the contri-
bution from the leading-twist unpolarized FF only, labeled
by twist-2; the blue dashed curves correspond to the
contribution with the hadron mass correction, labeled by
twist-2+HMC; and the red solid curves indicate the

contribution including both the hadron mass correction
and the estimated D; contribution, labeled by twist-2
+HMC+D5. In contrast to the twist-2 results, which
increase rapidly in the low z region, the results are sup-
pressed by the HMC at small z and exhibit a peak. When
the D5 contribution is included in addition to the twist-2
contributions and hadron mass corrections, the normalized
differential cross section exhibits an enhancement relative
to the result obtained without the D5 term. The uncertainty
band in Fig. 5 is obtained by propagating the spectator
model parameter sets fitted to the MAPFF replicas to the
D5 contribution and normalized SIA cross section. With the
constituent quark, spectator, and pion masses held fixed in
the adopted spectator model, the uncertainty bands shown
in Figs. 5, 6, and 8 only include the propagated parameter
uncertainty and exclude uncertainties associated with the
model form, omitted twist-4 terms, and the truncation of
perturbation series, thereby being understood as a partial
assessment of the theoretical uncertainty in the twist-4
contribution. Around the relatively low-z region,
0.1 < z < 0.2, where the hadron mass correction leads
to a kinematic suppression, the twist-4 FF D5 contribution
produces an enhancement of approximately 22% =+ 14%.
Within the uncertainty band, the modeled D5 contribution
can partially improve the agreement with the BESIII data in
the 0.15 < z < 0.5 region, while noticeable discrepancies
remain over the full measured region. We note that as z
approaches the lower limit z,;, = 2M/Q, the reliability of
the twist expansion may be limited by higher powers of
M /zQ and possible threshold effects. On the other hand,
the modification induced by the modeled D5 contribution
decreases as Q increases, which is qualitatively consistent
with the expectation that twist-4 contributions are sup-
pressed by an additional power of 1/Q?. Consequently,

uE Q =2.23GeV C Q=24CeV C Q=28CeV
Ql2r ¥ BESII 5 5
3105 s twist-2 r
L gk X -—- twist-2+HMC [
3 [ ¥ —— twist-24+HMC+D;3 [
& of L
&
— 4k L
2F L
0' o o ! -
14+ F
12 F
N%z b
?10? r
< 8t F
& [ L
=4 -
2F L
F 3
0 PR U I N T * A PR I R S T r'S PR IS I S T ! -
01 02 03 04 05 06 07 08 01 02 03 04 05 06 07 08 0.1 02 03 04 05 06 07 08
z z z
FIG. 5. Normalized differential cross sections from the twist-2 contribution (green dotted curves), those including hadron mass

correction (blue dashed curves), and those also including the D5 contribution (red solid curves), are compared with the BESIII data for
ete™ — n° + X [43]. The bands represent the uncertainty of the estimated D5 contribution propagated from the model parameters.
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2.8F

0.24r

z=0.3 z=0.7
26T twist-2 022\
< --— twist-2+HMC a0 R
E — twist-2+-HMC+D; EO»ZU,
3 2.4r = '
3 30.18f
TN AN s 1
— 22? S~o ‘: ..... — 0.16'
2.0f TRt 0.14f
L " | " 1 " 1 " 1 "
2 2 3 4 5 6 7
Q (GeV)

FIG. 6. Dependence of the normalized differential cross section on the center-of-mass energy Q at fixed z = 0.3,z = 0.5, and z = 0.7,
from the twist-2 contribution (green dotted curves), those including the hadron mass correction (blue dashed curves), and those also
including the D5 contribution (red solid curves). The bands represent the uncertainty propagated from the model parameters to the

estimation of the D5 contribution.

this estimate suggests that the twist-4 FF D5 contribution is
non-negligible in low-energy SIA processes, but a complete
assessment requires the inclusion of all other twist-4 FFs.

0.8F
LAXZ2025

7777 model

2D{7(2,Q)

0.0

0.2 0.4 0.6 0.8 1.0
z

FIG. 7. Comparison of the spectator model fit for D
with the leading-twist z° fragmentation function in Ref. [54]
at Q = 2.8 GeV.

We note that MAPFF parametrization [50] does not include
higher-twist corrections, and low energy data are not used
for global analysis. This may be the reason that theoretical
numerical estimates cannot perfectly describe the BESIII
experimental data [43,44].

In phenomenological extractions of leading-twist FFs,
higher-twist effects can be partially absorbed into the
extracted leading-twist results if higher-twist terms are not
treated as explicit contributions. To reduce the risk of
counting such a contribution twice, we use the leading-twist
7Y FF D, in Ref. [54], in which a higher-twist contribution
was included in the fit to the BESIII data. Following the
same fitting procedure used for the MAPFF replica analysis,
we refit the spectator model D, to this alternative leading-
twist FF set, as shown in Fig. 7. The resulting model

parameters are g, = 5.0115070%, 1= 1.712203%5 GeV,
a=-044170718 and b=0.342708. The corresponding

parameter ensemble is then used to evaluate the modeled D5
contribution. As shown in Fig. 8, the estimated D5 term still

4 Q =2.23GeV r Q =24GeV r Q =2.8GeV
w 120 ¢ BESHI r r
El(]* """ twist-2 = =
S 5 . -== twist-2+HMC L
5 1 - —— twist-2+HMC+D; [
& o L
=4 L
2k -
0' LN -
14k F
12F F F
N L
= 10f L L
g i i
> F
& o L L
=l L L
i V ] i .
b *> - - Py
0 PR I U N a_la PR U I I R ol o & PR IS I S - 8. e &
01 02 03 04 05 06 07 08 01 02 03 04 05 06 0.7 08 01 02 03 04 05 06 0.7 08
z z z
FIG. 8. Normalized differential cross sections obtained using the leading-twist FF D, for z° [54] as the leading-twist input and the

modeled D5 contribution evaluated with the spectator model parameters determined from the corresponding D, fit.
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gives a visible modification in the intermediate-z region. A
complete separation of leading-twist and higher-twist FFs,
however, requires a dedicated global analysis including both
the leading-twist and twist-4 FFs.

Considering the future electron—positron collider at
these energy scales, such as the Super Tau Charm
Facility (STCF) [59,60], which is expected to operate with
center-of-mass energies ranging from 2 to 7 GeV, we also
illustrate the dependence of the normalized differential
cross section on Q within this range in Fig. 6, at fixed
values of z = 0.3, z=20.5, and z = 0.7. When z is fixed,
the difference induced by the modeled D; contribution
decreases with increasing Q, consistent with the physical
expectation that twist-4 effects are suppressed at higher
energies. On the other hand, the blue and green curves tend
to converge as Q increases, indicating that the contribution
from hadron mass corrections becomes negligible at
relatively high energies, i.e., as M/Q — 0. This behavior
further suggests that more scrutiny is required on the
higher-twist contributions.

V. SUMMARY

In this paper, we have established a comprehensive
theoretical framework for the SIA process, ete™ — hX,
incorporating higher-twist contributions up to twist-4
within the collinear factorization formalism. By performing
a systematic collinear expansion of the hadronic tensor, we
derived the complete set of structure functions expressed in
terms of gauge-invariant FFs, considering both beam and
hadron polarizations. Our derivation explicitly accounts for
contributions arising from two-parton quark-quark, three-
parton quark-gluon-quark, and four parton quark-gluon-
gluon-quark and four-quark correlators. We have further
verified that the derived hadronic tensor satisfies electro-
magnetic current conservation, g, W*” = 0, at the twist-4
level, ensuring the gauge invariance and theoretical con-
sistency of the framework.

To assess the phenomenological impact of these power
corrections, we performed a numerical estimation for 7°
production. We employed a spectator model to evaluate the

twist-4 unpolarized fragmentation function D5, which is
currently unconstrained by global analyses. We specifically
investigated the interplay between kinematic hadron mass
corrections and the twist-4 FF D5 contribution. Our
numerical estimates indicate a possible interplay in the
low-z region: while HMC leads to a kinematic suppression
of the differential cross section, the estimated D5 contri-
bution may induce an enhancement.

Comparing our numerical results with recent experimen-
tal data from the BESIII Collaboration at center-of-mass
energies Q €[2.0,3.67] GeV, we observed that the inclu-
sion of the modeled D5 contribution partially improves the
description of the data in the region 0.15 < z < 0.5. The
analysis of the Q-dependence shows that this contribution
follows the expected additional (1/Q?) power behavior,
being suppressed at high energies, but is potentially non-
negligible at the intermediate energy scales, such as at
BESIII and the proposed STCEF. These findings suggest that
higher-twist effects may contribute to the tension between
leading-twist predictions and low-energy SIA data. While
only one twist-4 contribution is estimated in this study,
future high-precision measurements at these energies
would benefit from a systematic examination of higher-
twist FFs in a consistent framework to improve the
reliability of the extraction of FFs and the understanding
of the hadronization process.
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