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We establish a comprehensive theoretical framework for the electron-positron single-inclusive
annihilation (SIA) process that incorporates higher-twist contributions up to twist-4 and investigate the
possible relevance of these effects in low-energy reactions. Through a systematic collinear expansion of the
hadronic tensor, we derive the complete set of structure functions in terms of collinear fragmentation
functions (FFs), explicitly including multiparton correlators up to the four-parton level. To evaluate the
possible impact of these power corrections, we estimate the twist-4 unpolarized FF D3 using a spectator
model and compute the normalized differential cross section for π0 production. Our illustrative numerical
estimation indicates that the interplay between kinematic hadron mass corrections and the higher-twist D3

contribution can partially improve the description of recent BESIII data in the relatively low-z region. The
Q-dependence of this contribution is consistent with the expected power suppression of twist-4 terms.
These findings suggest that higher-twist contributions are relevant for studies of hadronization dynamics at
low energies and motivate more complete future analyses including all twist-4 FFs.
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I. INTRODUCTION

Quantum chromodynamics (QCD) is the fundamental
non-Abelian gauge theory of strong interactions. It is
characterized by two essential features, i.e., asymptotic
freedom and color confinement. Quarks and gluons par-
ticipating high-energy reactions cannot be directly observed
as asymptotic states, and only color-singlet hadrons can be
detected. Understanding how color neutral hadrons are
produced from colored quarks is one of the key issues in
modern particle and nuclear physics. The process in which
quarks and/or gluons combine to form color-singlet hadrons
is known as hadronization. This process is inherently
nonperturbative and cannot be calculated from first princi-
ples. Various phenomenological models were proposed to
unravel the underlying mechanism of the hadronization
process, such as the Feynman-Field model [1], the LUND
model [2], the Webber model [3,4], the recombination
model [5–8] among others. While these models provide

intuitive physical pictures of the hadronization, they usually
rely on process-dependent parameters, reducing the theo-
retical predictive power. The QCD factorization [9] provides
a theoretical framework, in which the hadronization is
characterized by a set of universal and process-independent
fragmentation functions (FFs), with the approximation
control by the expansion in powers of the hard scale. At
the leading power, one may attribute probability interpre-
tation to the FFs, often referred to as leading-twist FFs. For
example, theDf→hðzÞ represents the probability density of a
parton with flavor f fragmenting into a hadron h carrying
the momentum fraction z. Hence, the nonperturbative
transition from partons into hadrons is encoded in the FFs.
Fragmentation functions can be defined via the quark-

quark and quark-gluon-quark correlation functions. In addi-
tion to leading-twist FFs, the decomposition of correlators
can also yield higher-twist ones. While the contributions
from higher-twist FFs are generally suppressed at high
energy scales, they essentially encode the quantum interfer-
ence and may have significant effects at lower-energy
experiments, like JLab and BESIII, via power corrections
[10,11]. In recent years, higher-twist effects have attracted
considerable attention from theoretical perspectives. The
complete sets of the higher-twist FFs have been derived via
the parametrization of the correlation functions [12–16]. The
systematic framework for higher-twist calculations can be
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established through the collinear expansion method [17–20],
which plays a central role in deriving the hadronic tensor in
terms of gauge-invariant FFs in the annihilation process. The
hard parts after the collinear expansion are perturbatively
calculable and independent of the parton momenta except
some delta-functions. Correspondingly, the involved gauge-
invariant FFs from the quark-quark or quark-gluon-quark
correlators depend on one parton momentum. Hence the
Lorentz decomposition of such quark-quark or quark-
j-gluon-quark correlator is feasible and higher-twist calcu-
lations can be carried out [12].
Beyond the leading-power approximation, twist-4 con-

tributions can be systematically organized in terms of
gauge-invariant fragmentation correlators at the tree level,
whereas their factorization and evolution beyond the tree
level involve a more complex theoretical structure. The
relevant nonperturbative input involves multiparton corre-
lation functions, which have been discussed in studies of
power corrections and generalized factorization in DIS and
related hard scattering processes [17–22]. The renormali-
zation of twist-4 operators is nontrivial [23,24], and these
operators mix with other multiparton and equation-of-
motion operators under the scale evolution [25,26]. At
subleading power, factorization studies in other processes
provide concrete examples of the resulting evolution
structure [27,28]. In heavy quarkonium production, both
single parton and double parton FFs enter the factorization
formalism [28–32], and their scale dependence is described
by coupled evolution equations [27,28,33,34]. For SIDIS,
factorization scale independence yields a double parton
term suppressed by 1=μ2 in the evolution of the single
parton FF [10]. Twist-4 factorization has also been estab-
lished at NLO for this process [35]. By contrast, existing
parametrizations of twist-4 correlators for light hadron
fragmentation in eþe− annihilation have mainly been
formulated at the tree level [12,13,36,37]. The results
available for DIS, SIDIS, and heavy quarkonium produc-
tion do not yet provide a directly applicable renormaliza-
tion and evolution framework for the specific light hadron
twist-4 FFs entering the present SIA process. Accordingly,
the formal derivation and numerical estimate in this work
should be understood as a tree-level analysis at a
fixed scale.
The hadron production in electron-positron single-inclu-

sive annihilation (SIA) is the cleanest process to study the
collinear FFs. According to the factorization theorem [9],
the cross section can be approximated as a convolution of
the production of quarks and gluons at short distance and
corresponding FFs to the desired hadron. Since the FFs of
light hadrons cannot be directly calculated in QCD from
first principles, their determination mainly relies on the
global analysis. Over the past decades, the unpolarized
leading-twist fragmentation functions are extensively stud-
ied. Most data are from measurements of pion and kaon
productions in electron–positron annihilation experiments,

such as those performed by ALEPH [38,39], Belle
[40,41], BABAR [42] and BESIII [43,44], and have been
implemented in global fits of leading-twist FFs by several
groups, such as AKK [45–47], DSS [48,49], MAPFF [50],
NNFF [51], and NPC [52,53]. Recently, the measurements
of inclusive π0, K0

S, and η productions at a few GeV
scales, 2–3.67 GeV were reported by BESIII collaboration
[43,44]. A subsequent global analysis has been performed
by NPC at next-to-next-to-leading order [54]. The fit
results indicate the discrepancies between leading-twist
predictions and BESIII experimental measurements. To
describe these intermediate-energy scale data, they attrib-
ute the discrepancies to possible higher-twist contributions
and add terms parametrized with higher-power scalings of
1=Q2. For a full understanding of the fragmentation at
these intermediate scales, it is required to establish the
framework that incorporates higher-twist effects and ena-
bles a quantitative estimation of their contributions.
In this work, we aim to build up a systematic theoretical

framework for SIA, including hadron mass corrections and
dynamical higher-twist corrections. The paper is organized
as follows. In Sec. II, we derive the general form of the
cross section for SIA process. In Sec. III, we calculate the
cross section up to twist-4 in the parton model. In Sec. IV,
we perform the numerical estimates for normalized differ-
ential cross section including the hadron mass correction
and the higher-twist effect. Finally, we give a brief
summary in Sec. V.

II. GENERAL EXPRESSION OF
THE CROSS SECTION

We consider the polarized electron-positron annihilation
process,

e−ðl1Þ þ eþðl2Þ → hðPÞ þ XðPXÞ; ð1Þ

where four momenta of the relevant particles are labeled in
parentheses. We denote the hadron by h, with massM. The
commonly used dimensionless variables are defined as

y ¼ P · l1
P · q

; z ¼ 2P · q
Q2

; ð2Þ

where Q2 ¼ q2 ¼ ðl1 þ l2Þ2. As illustrated in Fig. 1, we
choose the center-of-mass frame of the leptons, where the
detected hadron travels along the z direction, and θ is
the polar angle of the electron momentum l1. The production
plane, i.e., x − z plane, is determined by the momenta of
incoming electron and the produced hadron. In this frame,
one can express the momenta of the involved particles as

qμ ¼ Qð1; 0; 0; 0Þ; ð3Þ

lμ1 ¼
Q
2
ð1; sin θ; 0; cos θÞ; ð4Þ
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lμ2 ¼
Q
2
ð1;− sin θ; 0;− cos θÞ; ð5Þ

Pμ ¼ zQ
2

ð1; 0; 0; βÞ; ð6Þ

where β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4M2

z2Q2

q
is the mass correction factor. The

polar angle θ can be written in Lorentz invariant forms as

cos θ ¼ 1 − 2y
β

; sin θ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 − ð2y − 1Þ2

β2

s
: ð7Þ

If h is a spin-1=2 hadron, one can also consider its
polarization,

Sμ ¼
�
SL

zQβ

2M
; jST j cos ϕS; jST j sin ϕS; SL

zQ
2M

�
; ð8Þ

where SL indicates the longitudinal polarization and ST
denotes the transverse polarization of the hadron. For vector
mesons and even higher-spin hadrons, one needs polariza-
tion tensors to fully characterize its spin. In this work, we
only keep the polarization vector for simplicity.
With one-photon-exchange approximation, the differ-

ential cross section can be expressed as

dσ
dz d cos θ

¼ πβzα2

2Q4
LμνWμν; ð9Þ

where α is the electromagnetic fine structure constant. The
leptonic tensor is given by

Lμνðl1; l2Þ ¼ 2½l1μl2ν þ l1νl2μ − gμνðl1 · l2Þ� þ 2iλeεμνl1l2 ;

ð10Þ

where λe denotes the helicity of the lepton. The hadronic
tensor is given by

Wμνðq;P; SÞ ¼
X
X

h0jJμð0ÞjPX;P; SihPX;P; SjJνð0Þj0i

× ð2πÞ3δð4Þðq − PX − PÞ; ð11Þ

where Jμ is the electromagnetic current operator.

Although one cannot directly calculate the hadronic
tensor from first principles, its structure is constrained
by required symmetries, the Hermiticity, gauge invariance,
and parity invariance. By imposing these constraints, one
can construct five independent basis Lorentz tensors to
decompose the hadronic tensor,

hSμνU ¼
�
gμν −

qμqν

q2
; Pμ

qPν
q

�
; ð12Þ

hSμνV ¼ fPfμ
q ενgPqSg; ð13Þ

hAμνV ¼ fðS · qÞεμνqP; P½μ
q εν�PqSg; ð14Þ

where Pμ
q ≡ Pμ − qμðP · qÞ=q2, satisfying Pq · q ¼ 0. The

subscripts U and V stand for the unpolarized and vector
polarized hadron states, respectively. The tensors with
superscripts S and A are the symmetric and antisymmetric
terms, respectively. Given the basis Lorentz tensors above,
the hadronic tensor is a linear combination of them,

Wμν ¼
X2
i

VS
Uih

Sμν
Ui þ

X1
i

VS
Vih

Sμν
Vi þ

X2
i

VA
Vih

Aμν
Vi ; ð15Þ

where the coefficients V’s are scalar functions of q2

and P · q.
Contracting the leptonic tensor (10) with the hadronic

tensor (15), one can obtain the general expression of the
differential cross section. According to the angular distri-
butions and the hadron spin states, the differential cross
section can be expressed as

dσ
dz d cos θ

¼ πβzα2

2Q2
½ð1þ cos2θÞFT

U;U þ sin2θFL
U;U

þ jST j sin 2θ sinϕSF
sinϕS
T;U þ λeSL cos θFL;L

þ λejST j sin θ cos ϕSF
cosϕS
T;L �; ð16Þ

where the functions FA;B’s are known as structure func-
tions, depending on z and Q2. The first subscript A and the
second subscript B represent the spin states of the produced
hadron and the lepton beam, respectively. We use the
superscript to indicate the azimuthal modulations. For those
independent azimuthal angles, we use superscripts L and T
to distinguish the longitudinal and the transverse polari-
zation of the virtual photon.

III. CALCULATIONS IN THE PARTON MODEL

A. Hadronic tensor and correlators

We consider a series of diagrams, as illustrated in Fig. 2,
which contain the exchange of j gluon(s) in addition to the
quark. Here we truncate the series up to twist-4 and neglect
the higher contributions for simplicity. After performing the

FIG. 1. The center-of-mass frame of leptons of the inclusive
electron positron annihilation process. The produced hadron
travels along with z direction.
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collinear expansion, we can write the inclusive hadronic
tensor as

Wμνðq; PÞ ¼
X
j;c

W̃ðj;cÞ
μν ðq; PÞ; ð17Þ

where W̃ðj;cÞ
μν is a trace of the hard part and the quark-

j-gluon-quark correlator. The superscript c denotes differ-
ent cuts. The explicit expressions can be simplified to [15]

W̃ð0Þ
μν ¼ 1

2
Tr½ĥð0Þμν Ξ̂ð0Þ�; ð18Þ

W̃ð1;LÞ
μν ¼ −

1

4ðP · qÞTr½ĥ
ð1Þρ
μν Ξ̂ð1Þ

ρ �; ð19Þ

W̃ð2;MÞ
μν ¼ 1

4ðP · qÞ2 Tr½ĥ
ð2Þρσ
μν Ξ̂ð2;MÞ

ρσ �; ð20Þ

W̃ð2;LÞ
μν ¼ 1

4ðP · qÞ2 Tr½N̂
ð2Þρσ
μν Ξ̂ð2Þ

ρσ þ ĥð1Þρμν Ξ̂ð20Þ
ρ �; ð21Þ

where we have omitted the dependence ðq; k0⊥Þ for sim-
plicity. The hard parts are given by

ĥð0Þμν ¼ 1

Pþ γμ=nγν; ð22Þ

ĥð1Þρμν ¼ γμ=nγρ=̄nγν; ð23Þ

N̂ð2Þρσ
μν ¼ q−γμγρ=nγσγν; ð24Þ

ĥð2Þρσμν ¼ Pþ

2
γμ=̄nγρ=nγσ=̄nγν: ð25Þ

The quark-j-gluon-quark correlators are given by

Ξ̂ð0Þ ¼
X
X

Z
Pþdξ−

2π
e−iP

þξ−=zh0jL†ð0;∞Þψð0ÞjhXi

× hhXjψ̄ðξ−ÞLðξ−;∞Þj0i; ð26Þ

Ξ̂ð1Þ
ρ ¼

X
X

Z
Pþdξ−

2π
e−iP

þξ−=zh0jL†ð0;∞ÞDρð0Þψð0ÞjhXi

× hhXjψ̄ðξ−ÞLðξ−;∞Þj0i; ð27Þ

Ξ̂ð2;MÞ
ρσ ¼

X
X

Z
Pþdξ−

2π
e−iP

þξ−=zh0jL†ð0;∞ÞDρð0Þ

× ψð0ÞjhXihhXjψ̄ðξ−ÞDσðξ−ÞLðξ−;∞Þj0i;
ð28Þ

Ξ̂ð20Þ
ρ ¼

X
X

Z
Pþdξ−

2π
e−iP

þξ−=zPσh0jL†ð0;∞ÞDρð0ÞDσð0Þ

× ψð0ÞjhXihhXjψ̄ðξ−ÞLðξ−;∞Þj0i; ð29Þ

Ξ̂ð2Þ
ρσ ¼

X
X

Z
Pþdξ−

2π
e−iP

þξ−=z
Z

iPþdη−e−iPþη−=zh0jL†

× ðη−;∞ÞDρðη−ÞDσðη−Þ
× L†ð0; η−Þψð0ÞjhXihhXjψ̄ðξ−ÞLðξ−;∞Þj0i; ð30Þ

where Dρ ¼ i∂ρ − gAρ denotes the transverse covariant
derivative. Lð0; yÞ is the gauge link, which is obtained
by summing all j-gluon-exchange diagrams. The argument
ξ in the quark field operator ψ and the gauge link represents
ð0; ξ−; ξ⃗TÞ. We note that the leading-power contribution of

W̃ðjÞ
μν is of twist-(jþ 2). Therefore, the second term in

Eq. (21) has no contribution up to twist-4 because of the

factor pσ in the definition of Ξ̂ð20Þ
ρ given in Eq. (29).

In the SIA process, there is no helicity flip, which implies
that only the chiral-even quantities contribute. Therefore,
we only need to consider the γα- and the γ5γα-terms in the
Dirac decomposition of the correlators,

Ξ̂ð0Þ ¼ 1

2
γαΞð0Þ

α þ 1

2
γ5γαΞ̃ð0Þ

α : ð31Þ

Here Ξð0Þ
α and Ξ̃ð0Þ

α are coefficient functions which can be
obtained through the following projections:

Ξð0Þ
α ¼ 1

2
Tr½γαΞ̂ð0Þ�; ð32Þ

Ξ̃ð0Þ
α ¼ 1

2
Tr½γαγ5Ξ̂ð0Þ�: ð33Þ

These coefficient functions can be further decomposed into
fragmentation functions (FFs), as presented in Ref. [55].
For the quark-quark correlator Ξð0Þ, we have

zΞð0Þ
α ¼ Pþn̄αD1 −MS̃TαDT þM2

Pþ nαD3; ð34Þ

zΞ̃ð0Þ
α ¼ −Pþn̄αSLG1L þMSTαGT −

M2

Pþ nαSLG3L: ð35Þ

Here, S̃Tα ¼ εS⊥α ¼ εβ⊥αSβ with εμν⊥ ¼ εαβμνn̄αnβ. For the
quark-gluon-quark correlator Ξð1Þ, we have

(a) (b) (c)

FIG. 2. The first few diagrams as examples of the considered
diagram series with exchange of j-gluon(s) and different cuts. We
see (a) j ¼ 0, (b) j ¼ 1, and (c) j ¼ 2, respectively.
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zΞð1Þ
ρα ¼ −Pþn̄αMS̃TρDdT þM2g⊥ραD3d

þ iSLM2ε⊥ραD3dL; ð36Þ

zΞ̃ð1Þ
ρα ¼ −iPþn̄αMSTρGdT þ iM2ε⊥ραG3d

þ SLM2g⊥ραG3dL: ð37Þ

Here the subscript d is used to denote FFs originated from
quark-gluon-quark correlator. The transverse metric tensor
is defined as g⊥μν ¼ gμν − n̄μnν − n̄νnμ. For Ξð2Þ, we have

zΞð2Þ
ρσα ¼ Pþn̄αðM2g⊥ρσD3dd − iSLM2ε⊥ρσD3ddLÞ; ð38Þ

zΞ̃ð2Þ
ρσα ¼ Pþn̄αðiM2ε⊥ρσG3dd − SLM2g⊥ρσG3ddLÞ: ð39Þ

For readability, we summarize the FFs up to twist-4
obtained from the decompositions in Eqs. (34)–(39) in
Table I.
Similarly, we use subscript dd to denote FFs obtained from

quark-gluon-gluon-quark correlator. For correlator Ξ̂ð2;MÞ
ρσ , we

require that its decomposition takes exactly the same form

as that of Ξ̂ð2Þ
ρσ . We distinguish them by adding an additional

superscript M, and omit the explicit expressions.
According to Eqs. (34)–(39), we find that the decom-

positions of Ξ and those of Ξ̃ have exact one-to-one
correspondence: for each FF of type D, there exists a
corresponding function of type G and vice versa. Because

of the Hermiticity of Ξ̂ð0Þ and Ξ̂ð2;MÞ
ρσ , the FFs defined via

these correlators are real. In contrast, for those FFs defined

via Ξ̂ð1Þ
ρ and Ξ̂ð2Þ

ρσ , there is no such constraint so that they can
be complex.
From the QCD equation of motion, γ ·Dψ ¼ 0, we can

relate the quark-j-gluon-quark correlators to the quark-quark
correlator. This implies that not all of the FFs introduced
above are independent. For instance, the relations for the

transverse components of the correlators Ξð0Þρ
T and Ξ̃ð0Þρ

T can
be written as

kþΞð0Þρ
T ¼ −gρσ⊥ ReΞð1Þ

σþ − ερσ⊥ Im Ξ̃ð1Þ
σþ; ð40Þ

kþΞ̃ð0Þρ
T ¼ −gρσ⊥ ReΞ̃ð1Þ

σþ − ερσ⊥ ImΞð1Þ
σþ: ð41Þ

Substituting the correlators given in Eqs. (34)–(37) into
Eqs. (40) and (41), we obtain the following relations between
twist-3 FFs,

DT − iGT ¼ −zðDdT −GdTÞ: ð42Þ

In addition, the relations for the minus components of Ξð0Þ
α

and Ξ̃ð0Þ
α are given by

2kþ2Ξð0Þ
− ¼ kþðgρσ⊥ Ξð1Þ

ρσ þ iερσ⊥ Ξ̃ð1Þ
ρσ Þ

¼ −gρσ⊥ Ξð2;MÞ
ρσþ þ iερσ⊥ Ξ̃ð2;MÞ

ρσþ ; ð43Þ

2kþ2Ξ̃ð0Þ
− ¼ kþðgρσ⊥ Ξ̃ð1Þ

ρσ þ iερσ⊥ Ξð1Þ
ρσ Þ

¼ −gρσ⊥ Ξ̃ð2;MÞ
ρσþ þ iερσ⊥ Ξð2;MÞ

ρσþ : ð44Þ

We can obtain the following equations

D3 ¼ zD−3d ¼ −z2DM
þ3dd; ð45Þ

G3L ¼ zG−3dL ¼ −z2GM
þ3ddL; ð46Þ

where

D−3d ≡D3d −G3d; ð47Þ

G−3dL ≡G3dL −D3dL; ð48Þ

DM
þ3dd ≡DM

3dd þ GM
3dd; ð49Þ

GM
þ3ddL ≡GM

3ddL þDM
3ddL: ð50Þ

These relations can be used to eliminate nonindependent
higher-twist FFs.

B. Leading-twist hadronic tensor

We begin with the calculation of the leading-twist
hadronic tensor. The leading-twist contributions arise solely
from the quark-quark correlator Ξ̂ð0Þ. To calculate them, we
use Eqs. (34)–(35) and the following relations

TABLE I. Summary of collinear FFs up to twist-4.

Fragmentation functions Twist Originating correlator

D1, G1L Twist-2 Quark-quark correlator
DT , GT Twist-3 Quark-quark correlator
D3, G3L Twist-4 Quark-quark correlator
DdT , GdT Twist-3 Quark-gluon-quark correlator
D3d, D3dL, G3d, G3dL Twist-4 Quark-gluon-quark correlator
D3dd, D3ddL, G3dd, G3ddL Twist-4 Quark-gluon-gluon-quark correlator
D4q, G4qL Twist-4 Four-quark correlator
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Tr½ĥð0Þμν =̄n� ¼ −
4

Pþ g⊥μν; ð51Þ

Tr½ĥð0Þμν γ5=̄n� ¼ 4

Pþ iε⊥μν: ð52Þ

Substituting them into Eq. (18) we obtain the leading-twist
hadronic tensor,

zW̃t2μν ¼ −g⊥μνD1 − iSLε⊥μνG1L: ð53Þ

The current conservation is satisfied, namely qμW̃t2μν ¼
qνW̃t2μν ¼ 0.

C. Twist-3 hadronic tensor

The twist-3 contributions come from both the quark-
quark correlator Ξ̂ð0Þ and the quark-gluon-quark correlator

Ξ̂ð1Þ
ρ . We first calculate the contributions from the quark-

quark correlator Ξ̂ð0Þ. In this case, we have

Tr½ĥð0Þμν =ST � ¼
4

Pþ STfμnνg; ð54Þ

Tr½ĥð0Þμν γ5=ST � ¼
4

Pþ iεS⊥½μnν�: ð55Þ

Using Eqs. (34)–(35) and substituting them into Eq. (18)
we obtain

zW̃ð0Þ
t3μν ¼ −

M
Pþ ðεS⊥fμnνgDT − iεS⊥½μnν�GTÞ: ð56Þ

For the twist-3 contribution from the quark-gluon-quark

correlator Ξ̂ð1Þ
ρ , we have

Tr½ĥð1Þρμν =̄n� ¼ −8gρ⊥μn̄ν; ð57Þ

Tr½ĥð1Þρμν γ5=̄n� ¼ −8iερ⊥μn̄ν: ð58Þ

Using Eqs. (36)–(37) and substituting them into Eq. (19),
we obtain

zW̃ð1ÞL
t3μν ¼ −

M
q−

ðεS⊥μn̄νDdT − εS⊥μn̄νGdTÞ: ð59Þ

The complete twist-3 hadronic tensor is the sum of all the

twist-3 contributions, i.e., W̃t3μν¼ W̃ð0Þ
t3μνþW̃ð1ÞL

t3μν þðW̃ð1ÞL
t3νμ Þ�.

By employing Eqs. (42), (56), and (59), we eliminate the
nonindependent FFs and obtain the complete hadronic tensor
at twist-3,

zW̃t3μν ¼ −
M
P · q

ðεS⊥fμq̄νgDT þ iεS⊥½μq̄ν�GTÞ; ð60Þ

where q̄ ¼ q − 2P=z. We can verify that W̃t3μν satisfies the
current conservation qμW̃t3μν ¼ qνW̃t3μν ¼ 0.

D. Twist-4 hadronic tensor

The correlators Ξ̂ð0Þ, Ξ̂ð1Þ
ρ , and Ξ̂ð2Þ

ρσ all contribute to the
twist-4 hadronic tensor. We first compute the contributions
from quark-quark correlator Ξ̂ð0Þ by using

Tr½ĥð0Þμν =n� ¼ 8

Pþ nμnν; ð61Þ

Tr½ĥð0Þμν γ5=n� ¼ 0; ð62Þ
and Eqs. (34)–(35). Substituting the twist-4 terms into
Eq. (18), we obtain

zW̃ð0Þ
t4μν ¼

2M2

ðPþÞ2 nμnνD3: ð63Þ

To calculate the twist-4 contributions from quark-gluon-
quark correlator Ξ̂ð1Þ

ρ , we use

Tr½ĥð1Þρμν γα� ¼ 4ð2nμn̄νgρα⊥ þ g⊥μνg
ρα
⊥ − gfρ⊥μg

αg
⊥νÞ; ð64Þ

Tr½ĥð1Þρμν γ5γα� ¼ 4ið2nμn̄νερα⊥ þ g⊥ρ
με⊥α

ν þ g⊥α
νε⊥ρ

μÞ: ð65Þ

Using twist-4 FFs given in Eqs. (36)–(37) and Eq. (19), we
have

zW̃ð1ÞL
t4μν ¼ −

2M2

P · q
nμn̄νðD3d − G3dÞ: ð66Þ

It is convenient to divide the contributions from quark-

gluon-gluon-quark correlator Ξ̂ð2Þ
ρσ into two parts, one is the

middle-cut part and the other is the left- and right-cut part.
We first consider the middle-cut case, for which we
introduce the superscript M to distinguish it from the
others. Utilizing the relations

Tr½ĥð2Þρσμν =̄n�Pþ ¼ −8PμPνg
ρσ
⊥ ; ð67Þ

Tr½ĥð2Þρσμν γ5=̄n�Pþ ¼ 8iPμPνε
ρσ
⊥ ; ð68Þ

we have

zW̃ð2ÞM
t4μν ¼ −

2M2

ðP · qÞ2 PμPνðDM
3dd þGM

3ddÞ: ð69Þ
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To obtain the contributions from the left-cut and right-cut
parts, we use

Tr½N̂ð2Þρσ
μν =̄n� ¼ 4ðP · qÞ

Pþ ðgρσ⊥ g⊥μν þ g ρ
⊥½μg

σ⊥ν�Þ; ð70Þ

Tr½N̂ð2Þρσ
μν γ5=̄n� ¼ i

4ðP · qÞ
Pþ ðg⊥ρ

με⊥σ
ν − g⊥σ

νε⊥ρ
μÞ; ð71Þ

and obtain

zW̃ð2ÞL
t4μν ¼ M2

P · q
g⊥μνðD3dd − G3ddÞ

þ i
M2

P · q
ε⊥μνSLðD3ddL −G3ddLÞ. ð72Þ

Summing over all twist-4 contributions and utilizing
Eqs. (45)–(46) to eliminate the nonindependent FFs yields

zW̃t4μν ¼
2M2

ðP · qÞ2 q̄μq̄νD3 þ
2M2

P · q
g⊥μνðD3dd −G3ddÞ

þ i
2M2

P · q
ε⊥μνSLðD3ddL − G3ddLÞ. ð73Þ

It can be shown that W̃t4μν satisfies the current conserva-
tion, i.e., qμW̃t4μν ¼ qνW̃t4μν ¼ 0.

E. Four-quark correlator contributions

In the previous calculations, we only consider the con-
tributions from quark-j-gluon-quark correlators. In fact, up to
twist-4, there are also contributions from diagrams involving
the four-quark correlator [56], which is defined by

Ξ̂ð0Þ
ð4qÞðk1; k; k2Þ ¼

g2

8

X
X

Z
d4y
ð2πÞ4

d4y1
ð2πÞ4

d4y2
ð2πÞ4

× e−ik1yþiðk1−kÞy1−iðk2−kÞy2

× h0jψ̄ðy2ÞL†ð0; y2Þψð0ÞjhXi
× hhXjψ̄ðyÞLðy; y1Þψðy1Þj0i: ð74Þ

Considering diagrams in Fig. 3, we can write the hadronic
tensors for both the quark jet or gluon jet1 cases in a
unified form,

Ŵðg=qÞ
4qμν ¼ 1

2P ·q

Z
dzdz1dz2h

g=q
4q ðg⊥μνĈsþ iε⊥μνĈpsÞ: ð75Þ

Here Ĉs and Ĉps are the correlators and defined as

Ĉj ¼
Z

d2k0⊥
ð2πÞ2

Z
d4k1d4kd4k2δ

�
z −

Pþ

kþ

�

× δðkþ1 z1 − PþÞδðkþ2 z2 − PþÞ
× ð2πÞ2δ2ðk⃗⊥ þ k⃗0⊥ÞΞ̂ð0Þ

ð4qÞjðk1; k; k2;P; SÞ; ð76Þ

where subscript j ¼ s; ps. The corresponding correlators

Ξ̂ð0Þ
ð4qÞs and Ξ̂ð0Þ

ð4qÞps are defined as

Ξ̂ð0Þ
ð4qÞs ¼

g2

8

Z
d4y
ð2πÞ4

d4y1
ð2πÞ4

d4y2
ð2πÞ4 e

−ik1yþiðk1−kÞy1−iðk2−kÞy2

×
X
X

fh0jψ̄ðy2Þ=nψð0ÞjhXihhXjψ̄ðyÞ=nψðy1Þj0i

þ h0jψ̄ðy2Þγ5=nψð0ÞjhXihhXjψ̄ðyÞγ5=nψðy1Þj0ig;
ð77Þ

Ξ̂ð0Þ
ð4qÞps ¼

g2

8

Z
d4y
ð2πÞ4

d4y1
ð2πÞ4

d4y2
ð2πÞ4 e

−ik1yþiðk1−kÞy1−iðk2−kÞy2

×
X
X

fh0jψ̄ðy2Þγ5=nψð0ÞjhXihhXjψ̄ðyÞ=nψðy1Þj0i

þ h0jψ̄ðy2Þ=nψð0ÞjhXihhXjψ̄ðyÞγ5=nψðy1Þj0ig:
ð78Þ

For the sake of simplicity, we have neglected gauge links
here. In Eq. (75), the hg=q4q denotes the sum of all hard
scattering amplitude. For the gluon jet case, we have

hg4q ¼
zz3Bδðz − zBÞ

ðz1 − zB þ iϵÞðz2 − zB − iϵÞ

þ zz3Bδðz − zBÞ
ðz1 þ zB − z1zB

z þ iϵÞðz2 þ zB − z2zB
z − iϵÞ

−
zz3Bδðz − zBÞ

ðz1 − zB þ iϵÞðz2 þ zB − z2zB
z − iϵÞ

−
zz3Bδðz − zBÞ

ðz1 þ zB − z1zB
z þ iϵÞðz2 − zB − iϵÞ : ð79Þ

Here z, z1, z2 denote the momentum fractions, while zB
represents the variable as defined in Eq. (2). For the quark

(b)(a)

FIG. 3. The first two diagrams correspond to the four-quark case
without multiple gluon scattering. In (a), we have k01 ¼ k1 − k and
k02 ¼ k2 − k; in (b), we have the interchange of k1 with k01.

1Quark jet or gluon jet represents the positions that cut lines go
through in Fig. 3. If the cut line is in the middle position, it is a
gluon jet case.
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jet case, we have hq4q ¼ hqL4q þ hqR4q with

hqL4q ¼ zz3Bδðz1 − zBÞ
ðz − zB − iϵÞðz2 − zB − iϵÞ

þ zz3Bδðz1 þ zB − z1zB
z Þ

ðz − zB − iϵÞðz2 þ zB − z2zB
z − iϵÞ

−
zz3Bδðz1 − zBÞ

ðz − zB − iϵÞðz2 þ zB − z2zB
z − iϵÞ

−
zz3Bδðz1 þ zB − z1zB

z Þ
ðz − zB − iϵÞðz2 − zB − iϵÞ : ð80Þ

Here hqR4q can be obtained by hqR4q ðz1; z; z2Þ ¼
hqL�4q ðz2; z; z1Þ. Summing over all contributions, we obtain

h4q ¼ hqL4q þ hqR4q þ hg4q.
To derive an explicit expression, we decompose the

correlators as

z
Z

dzdz1dz2h4qĈs ¼ M2D4q; ð81Þ

z
Z

dzdz1dz2h4qĈps ¼ SLM2G4qL; ð82Þ

and obtain the four-quark correlator contribution

zW4qμν ¼
M2

ð2P · qÞ ðg⊥μνD4q þ iSLε⊥μνG4qLÞ: ð83Þ

Up to now, we have derived the complete hadronic tensor
up to twist-4 level,

zWμν ¼−g⊥μνD1− iSLε⊥μνG1L

−
M
P ·q

ðεS⊥fμq̄νgDT þ iεS⊥½μq̄ν�GTÞþ
2M2

ðP ·qÞ2 q̄μq̄νD3

þ 2M2

P ·q
g⊥μνD−3ddþ i

2M2

P ·q
ε⊥μνSLD−3ddL

þ M2

ð2P ·qÞ ðg⊥μνD4qþ iSLε⊥μνG4qLÞ: ð84Þ

where the leading-twist part is given in Eq. (53), the twist-3
contribution is presented in Eq. (60), the twist-4 terms are
shown in Eqs. (73) and (83), D−3dd ¼ D3dd − G3dd. We
note that all of these hadronic tensors satisfy the current
conservation.

F. Differential cross section up to twist-4

The differential cross section is obtained through the
contraction of the leptonic tensor and the hadronic tensor,

dσ
dzd cos θ

¼
X
a

e2a
πβα2

2Q2

�
ð1þ cos2θÞ

�
D1 −

4κ2M
z

D−3dd −
κ2M
z
D4q

�
þ β2

8κ2M
z2

sin2θD3

þ 2λeSL cos θ

�
G1L −

κ2M
z
G4qL − 4κ2M

z
D−3ddL

�
− jST jβ

κM
z
sin 2θ sinϕSDT

− 2λejST jβ
κM
z
sin θ cos ϕS GT

�
: ð85Þ

The sum of “a” runs over all active quark and antiquark
flavors with ea being the number of electric charge. A
subscript a should be explicitly added to the FFs, but here
we drop it for simplicity. The κM ≡M=Q is a typical
suppression factor of higher-twist contributions. One can
find that all twist-4 terms contain the factor κ2M.
Comparing this expression with that in Eq. (16), we can

express the structure functions in terms of the FFs,

FT
U;U ¼ 1

z

X
a

e2a

�
D1 −

4κ2M
z

D−3dd −
κ2M
z
D4q

�
; ð86Þ

FL
U;U ¼ 1

z

X
a

e2aβ2
8κ2M
z2

D3; ð87Þ

FsinϕS
T;U ¼ − 1

z

X
a

e2aβ
κM
z
DT; ð88Þ

FL;L ¼ 2

z

X
a

e2a

�
G1L −

κ2M
z
G4qL − 4κ2M

z
D−3ddL

�
; ð89Þ

FcosϕS
T;L ¼ − 2

z

X
a

e2aβ
κM
z
GT; ð90Þ

It is interesting to note that FL
U;U is independent of FT

U;U and
receives a twist-4 contribution only from D3. Generally
speaking, leading-twist FFs appearing in the unpolarized
structure function acquire corrections from twist-4 FFs
which come from the four-quark correlators and/or quark-
gluon-gluon-quark correlators.
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IV. NUMERICAL ESTIMATES

Since global analysis of higher-twist FFs is not yet
available, we employ the spectator model in this section to
provide an illustrative estimate of the D3 contribution in
the SIA process. Based on the recent measurements of
various final-state hadrons reported by the BESIII
Collaboration [43,44], we focus primarily on the produc-
tion of π0 in this work. Moreover, the method is also
applicable to other hadrons with proper parameters.
To describe the matrix elements in the correlator, we

assume that the interaction is implemented through a
pseudoscalar pion-quark coupling. The interaction
Lagrangian can be written as [57]

LðxÞ ¼ igqq̄ðxÞγ5qðxÞπðxÞ: ð91Þ

Under this assumption, the fragmentation correlator (26)
for the case q → π0 at tree level can be expressed as [58]

Ξð0Þðk; PÞ ¼ −
2g2q
ð2πÞ4

ðkþmÞ
k2 −m2

γ5ð=k − =PþmsÞγ5

×
ð=kþmÞ
k2 −m2

2πδððk − PÞ2 −m2
sÞ; ð92Þ

where ms indicates the mass of the spectator quark.
Integrating over the minus component k−, we obtain the
transverse momentum dependent correlator,

Ξð0Þðz; kTÞ ¼
2g2q
32π3

ð=kþmÞð=k − =P −msÞð=kþmÞ
ð1 − zÞPþðk2 −m2Þ2 ; ð93Þ

where k2 is defined by

k2 ¼ zk2T
1 − z

þ m2
s

1 − z
þM2

z
: ð94Þ

As shown in Eqs. (32) and (33), the TMD FFs can be
projected out by the corresponding Dirac matrices

Ξð0Þ½Γ�ðz; kTÞ ¼
1

2
Tr½Ξð0Þðz; kTÞΓ�: ð95Þ

This leads to the leading-twist and twist-4 FFs in the
spectator model,

D1ðz; k2TÞ ¼
g2q
8π3

½z2k2T þ ðzmþms −mÞ2�
z3ðk2T þ L2Þ2 ; ð96Þ

D3ðz; k2TÞ ¼
g2q

16π3
ðz2k2Tðm −msÞ2 þ N4Þ

M2z3ðk2T þ L2Þ2 : ð97Þ

Here N2 and L2 are defined as

N2 ¼ M2ðz − 1Þ þ zmsðm −msÞ; ð98Þ

L2 ¼ 1 − z
z2

M2 þm2 þm2
s −m2

z
: ð99Þ

After integrating the transverse momentum, we can obtain
the collinear unpolarized FF,

D1ðzÞ ¼ πz2
Z

∞

0

dk2TD1ðz; k2TÞ: ð100Þ

The twist-4 collinear unpolarized FF D3 has a similar defini-
tion. This integration over kT is divergent at large jkT j. In this
work, we choose the Gaussian regularization as

gqðk2Þ →
gq
z
e−

k2

Λ2 ð101Þ

with Λ2 ¼ λ2zað1 − zÞb.
Applying the isospin symmetry and the charge-conju-

gation, we obtain the following relations

Du→π0
1 ¼ Dd̄→π0

1 ¼ Dd→π0
1 ¼ Dū→π0

1 : ð102Þ

We set the constituent quark mass m ¼ 0.3 GeV, the
spectator quark mass ms ¼ 0.792 GeV, and the π0 mass
M ¼ 0.135 GeV. The remaining spectator model parame-
ters, gq, λ, a, and b, are determined by fitting to the MAPFF
set of D1. We evolve the model result of D1ðzÞ from the
initial scale μ0 ¼ 1 GeV to Q ¼ 2.8 GeV at NLO and fit
each replica of the MAPFF set ofDu→π0

1 , with the fit results
shown in Fig. 4, where the uncertainty bands are given at
68% confidence level. The model parameter values are
gq ¼ 4.473þ4.528

−0.871 , λ ¼ 1.111þ0.081
−0.199 GeV, a ¼ −1.119þ0.668

−0.518 ,
and b ¼ −0.697þ0.049

−0.051 .
After integrating Eq. (85) over cos θ, the cross section

for inclusive annihilation up to twist-4, normalized to the
total cross section σtotðeþe− → XÞ, can be expressed as

FIG. 4. Comparison of the spectator model fit for D1 with the
MAPFF replica set at Q ¼ 2.8 GeV.
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1

σtot

dσU
dz

¼ βP
ae

2
a

X
a

e2a

�
D1 þ β2

4κ2M
z2

D3

−
4κ2M
z

ðD3dd − G3ddÞ −
κ2M
z
D4q

�
; ð103Þ

where we use the subscript U to indicate the unpolarized
part of the cross section. In this work, we evaluate only the
D3 term within the spectator model for simplicity, since it is
generated by the quark-quark correlator in the same model
setup asD1. We note that this restriction is not an assumption
thatD3 dominates over the other twist-4 FFs. The flavor sum
runs over u, d, ū, and d̄ flavors with the isospin and charge
conjugation relations utilized. The strange contributions are
omitted for simplicity in the present calculation. The
modeledD3 is evaluated atQ ¼ 2.8 GeV and is not evolved
as the hard scale Q is varied. As shown in Eq. (103), the Q
dependence of the D3 contribution mainly arises from the
explicit 1=Q2 factor. The following numerical estimates
adopt a fixed D3 input without dynamical twist-4 evolution.
The numerical results below are therefore regarded as an
illustrative estimate of the potential contribution from twist-4
terms, rather than a complete twist-4 phenomenological
calculation.
For the normalized differential cross section containing

only the twist-2 contribution, we directly adopt the MAPFF
parametrization [50] and subsequently include the hadron
mass correction and the estimated D3 contribution. As
illustrated in Fig. 5, we present the corresponding numeri-
cal results. The green dotted curves represent the contri-
bution from the leading-twist unpolarized FF only, labeled
by twist-2; the blue dashed curves correspond to the
contribution with the hadron mass correction, labeled by
twist-2+HMC; and the red solid curves indicate the

contribution including both the hadron mass correction
and the estimated D3 contribution, labeled by twist-2
+HMC+D3. In contrast to the twist-2 results, which
increase rapidly in the low z region, the results are sup-
pressed by the HMC at small z and exhibit a peak. When
the D3 contribution is included in addition to the twist-2
contributions and hadron mass corrections, the normalized
differential cross section exhibits an enhancement relative
to the result obtained without the D3 term. The uncertainty
band in Fig. 5 is obtained by propagating the spectator
model parameter sets fitted to the MAPFF replicas to the
D3 contribution and normalized SIA cross section. With the
constituent quark, spectator, and pion masses held fixed in
the adopted spectator model, the uncertainty bands shown
in Figs. 5, 6, and 8 only include the propagated parameter
uncertainty and exclude uncertainties associated with the
model form, omitted twist-4 terms, and the truncation of
perturbation series, thereby being understood as a partial
assessment of the theoretical uncertainty in the twist-4
contribution. Around the relatively low-z region,
0.1 < z < 0.2, where the hadron mass correction leads
to a kinematic suppression, the twist-4 FF D3 contribution
produces an enhancement of approximately 22%� 14%.
Within the uncertainty band, the modeled D3 contribution
can partially improve the agreement with the BESIII data in
the 0.15 < z < 0.5 region, while noticeable discrepancies
remain over the full measured region. We note that as z
approaches the lower limit zmin ¼ 2M=Q, the reliability of
the twist expansion may be limited by higher powers of
M=zQ and possible threshold effects. On the other hand,
the modification induced by the modeled D3 contribution
decreases as Q increases, which is qualitatively consistent
with the expectation that twist-4 contributions are sup-
pressed by an additional power of 1=Q2. Consequently,

FIG. 5. Normalized differential cross sections from the twist-2 contribution (green dotted curves), those including hadron mass
correction (blue dashed curves), and those also including the D3 contribution (red solid curves), are compared with the BESIII data for
eþe− → π0 þ X [43]. The bands represent the uncertainty of the estimated D3 contribution propagated from the model parameters.
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this estimate suggests that the twist-4 FF D3 contribution is
non-negligible in low-energy SIA processes, but a complete
assessment requires the inclusion of all other twist-4 FFs.

We note that MAPFF parametrization [50] does not include
higher-twist corrections, and low energy data are not used
for global analysis. This may be the reason that theoretical
numerical estimates cannot perfectly describe the BESIII
experimental data [43,44].
In phenomenological extractions of leading-twist FFs,

higher-twist effects can be partially absorbed into the
extracted leading-twist results if higher-twist terms are not
treated as explicit contributions. To reduce the risk of
counting such a contribution twice, we use the leading-twist
π0 FF D1 in Ref. [54], in which a higher-twist contribution
was included in the fit to the BESIII data. Following the
same fitting procedure used for the MAPFF replica analysis,
we refit the spectator model D1 to this alternative leading-
twist FF set, as shown in Fig. 7. The resulting model
parameters are gq ¼ 5.011þ0.146

−0.204 , λ ¼ 1.712þ0.372
−0.229 GeV,

a ¼ −0.441þ0.218
−0.162 , and b¼0.342þ0.382

−0.189 . The corresponding
parameter ensemble is then used to evaluate the modeledD3

contribution. As shown in Fig. 8, the estimated D3 term still

FIG. 6. Dependence of the normalized differential cross section on the center-of-mass energyQ at fixed z ¼ 0.3, z ¼ 0.5, and z ¼ 0.7,
from the twist-2 contribution (green dotted curves), those including the hadron mass correction (blue dashed curves), and those also
including the D3 contribution (red solid curves). The bands represent the uncertainty propagated from the model parameters to the
estimation of the D3 contribution.

FIG. 7. Comparison of the spectator model fit for D1

with the leading-twist π0 fragmentation function in Ref. [54]
at Q ¼ 2.8 GeV.

FIG. 8. Normalized differential cross sections obtained using the leading-twist FF D1 for π0 [54] as the leading-twist input and the
modeled D3 contribution evaluated with the spectator model parameters determined from the corresponding D1 fit.
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gives a visible modification in the intermediate-z region. A
complete separation of leading-twist and higher-twist FFs,
however, requires a dedicated global analysis including both
the leading-twist and twist-4 FFs.
Considering the future electron–positron collider at

these energy scales, such as the Super Tau Charm
Facility (STCF) [59,60], which is expected to operate with
center-of-mass energies ranging from 2 to 7 GeV, we also
illustrate the dependence of the normalized differential
cross section on Q within this range in Fig. 6, at fixed
values of z ¼ 0.3, z ¼ 0.5, and z ¼ 0.7. When z is fixed,
the difference induced by the modeled D3 contribution
decreases with increasing Q, consistent with the physical
expectation that twist-4 effects are suppressed at higher
energies. On the other hand, the blue and green curves tend
to converge as Q increases, indicating that the contribution
from hadron mass corrections becomes negligible at
relatively high energies, i.e., as M=Q → 0. This behavior
further suggests that more scrutiny is required on the
higher-twist contributions.

V. SUMMARY

In this paper, we have established a comprehensive
theoretical framework for the SIA process, eþe− → hX,
incorporating higher-twist contributions up to twist-4
within the collinear factorization formalism. By performing
a systematic collinear expansion of the hadronic tensor, we
derived the complete set of structure functions expressed in
terms of gauge-invariant FFs, considering both beam and
hadron polarizations. Our derivation explicitly accounts for
contributions arising from two-parton quark-quark, three-
parton quark-gluon-quark, and four parton quark-gluon-
gluon-quark and four-quark correlators. We have further
verified that the derived hadronic tensor satisfies electro-
magnetic current conservation, qμWμν ¼ 0, at the twist-4
level, ensuring the gauge invariance and theoretical con-
sistency of the framework.
To assess the phenomenological impact of these power

corrections, we performed a numerical estimation for π0

production. We employed a spectator model to evaluate the

twist-4 unpolarized fragmentation function D3, which is
currently unconstrained by global analyses. We specifically
investigated the interplay between kinematic hadron mass
corrections and the twist-4 FF D3 contribution. Our
numerical estimates indicate a possible interplay in the
low-z region: while HMC leads to a kinematic suppression
of the differential cross section, the estimated D3 contri-
bution may induce an enhancement.
Comparing our numerical results with recent experimen-

tal data from the BESIII Collaboration at center-of-mass
energies Q∈ ½2.0; 3.67� GeV, we observed that the inclu-
sion of the modeled D3 contribution partially improves the
description of the data in the region 0.15 < z < 0.5. The
analysis of the Q-dependence shows that this contribution
follows the expected additional ð1=Q2Þ power behavior,
being suppressed at high energies, but is potentially non-
negligible at the intermediate energy scales, such as at
BESIII and the proposed STCF. These findings suggest that
higher-twist effects may contribute to the tension between
leading-twist predictions and low-energy SIA data. While
only one twist-4 contribution is estimated in this study,
future high-precision measurements at these energies
would benefit from a systematic examination of higher-
twist FFs in a consistent framework to improve the
reliability of the extraction of FFs and the understanding
of the hadronization process.
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