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We consider mixed strong-electroweak corrections to Higgs production via gluon fusion, in which the
Higgs boson couples to the top quark. Using the method of differential equations, we compute all of the

master integrals that contribute to this process at two loops through O(£?) in the dimensional regularization
parameter ¢ = (d —4)/2, keeping full analytic dependence on the top quark, Higgs, W, and Z boson
masses. We present the results for these master integrals in terms of iterated integrals whose kernels depend

on elliptic curves.
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I. INTRODUCTION

Higgs boson production via gluon fusion is one of the
central observables at the LHC. The importance of this
channel derives not only from it being the dominant mode
of Higgs production at LHC energies but also from its
sensitivity to particles that simultaneously couple to
gluons and receive large masses from the Higgs mecha-
nism. Because of this sensitivity, gluon fusion mea-
surements provide valuable input for improving our
measurements of Standard Model parameters, while also
allowing us to probe for signals of beyond-the-Standard-
Model physics.

Given its importance, it is no surprise that a great deal of
effort has gone into improving the theoretical precision of
Standard Model predictions for gg — H over the past two
decades (see, for instance, [1-13]). However, despite the
impressive progress that has been made, further reductions to
the theoretical uncertainty of Standard Model predictions
must be made to match the projected experimental precision
to be achieved by the high-luminosity LHC [14]. One of the
sources of this theoretical uncertainty comes from not having
full control over the finite-mass effects associated with top
quarks and electroweak bosons in mixed quantum chromo-
dynamic-electroweak (QCD-EW) corrections. In particular,
while the two-loop mixed QCD-EW effects involving light
virtual quarks were computed over 20 years ago [I],
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contributions coming from virtual top quarks have still only
been evaluated numerically [3] or as expansions around
kinematic limits [2].! An analytic calculation of gg — H that
incorporates the full dependence of the Higgs mass, top
quark mass, and electroweak boson masses at two loops is
thus long overdue.

In this paper, we make progress toward this goal by
computing all of the Feynman integrals that contribute to
g9 — H at O(g’g?) in which the Higgs boson couples
to the top quark, where g, and ¢ are the strong and
electroweak coupling constants. These contributions
appear at two loops, and we compute them in dimensional
regularization (d =4 —2¢) through O(e?), keeping all
dependence on the top quark, Higgs, and electroweak
boson masses. In this way, we pave the way for analytically
determining gg — H not only at next-to-leading order but
also next-to-next-to-leading order, with full dependence on
the heaviest Standard Model particles. Along with improv-
ing Standard Model predictions across a broad range of
energy scales, achieving this level of precision will provide
valuable insight into the mathematical features of Standard
Model amplitudes and the extent to which these amplitudes
exhibit the same types of analytic, geometric, and number-
theoretic structures that have been observed in massless
theories [15-21].

One of the difficulties that quickly arises when computing
amplitudes that involve heavy virtual particles is the appear-
ance of special functions that go beyond iterated integrals
[22] involving only d log forms—a space of functions that is

1Similarly, three-loop mixed QCD-EW corrections have only
been computed for massless quarks [4,10,11].
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nearly coextensive with multiple polylogarithms [23-27].2
Even in two- and three-particle kinematics, integrals over
more complicated integration kernels—which involve ellip-
tic curves or even Calabi-Yau manifolds—are known to start
appearing at two loops [29-43].% The complication from
elliptic curves indeed also arises for gg — H when virtual top
quarks and electroweak bosons are included due to the
appearance of the sunrise integral with all nonzero internal
masses [48-58]. While this fact has long stalled the analytic
evaluation of these amplitudes, considerable progress has
recently been made in understanding how to work with these
classes of elliptic functions (see, for instance, [54,59-63]). In
particular, systematic methods for putting the differential
equations that describe elliptic families of Feynman integrals
[64—67] into canonical form [68] have been studied by a
number of authors [58,69-73]. We will make use of these
strategies here.

We begin our calculation by identifying the complete set
of two-loop mixed QCD-EW Feynman integrals that
contribute to gg — H, in which the outgoing Higgs couples
to a virtual top quark. We then reduce these integrals to five
families of master integrals and—using the strategies
referred to above—put the systems of differential equations
that govern these families into canonical form. To deter-
mine the boundary conditions, we require that no pseudo-
threshold singularities arise in physical kinematics; any
boundary conditions that are not fixed by this condition are
then determined using the method of regions [74-81]. In
this way, we arrive at iterated integral representations for
each of our master integrals.

In fact, three of the families of integrals we encounter can
be expressed in terms of iterated integrals involving dlog
integration kernels to all orders in e. We present these
integrals in terms of multiple polylogarithms—using the
notation found, for instance, in [82,83]—through weight
six. The remaining two families are of elliptic type due to
the appearance of the sunrise integral with two unequal
masses. Since only a single elliptic curve appears in these
integrals, we expect that they should be expressible in terms
of elliptic multiple polylogarithms [54,84-87]. However,
we here simply present these integrals as iterated integrals
whose integration kernels involve elliptic periods related to
the sunrise elliptic curve, leaving the task of expressing
these integrals in terms of elliptic multiple polylogarithms
to future work. Our iterated integral representation still
allows for the use of numerical evaluation methods for
iterated integrals, such as those that have been implemented

*While iterated integrals of dlog forms do not always evaluate
to multiple polylogarithms [28], all the examples of this type we
encounter in this paper can be expressed in terms of these
functions.

3Calabi-Yau manifolds have also been observed in the treat-
ment of the two-body scattering problem in classical general
relativity [44—47].

in GINAC [63,82,88] or that make use of generalized power
series expansions [89,90].

We have numerically cross-checked our iterated integral
expressions for each master integral, comparing to direct
numerical evaluation of the original integral using AMFLOW
[91,92]. In the families that can be expressed in terms of
multiple polylogarithms, this can easily be done by numeri-
cally evaluating our expressions using GINAC [88]. For the
families that involve elliptic integration kernels, we carried
out this cross-check by first series expanding the elliptic
kernels with respect to s, such that the iterated integrations
can be performed analytically; we then evaluated these
expansions numerically.

This paper is structured as follows: In Sec. II, we describe
the physical process we consider in more detail, along with
the procedure we used to identify the complete set of two-
loop integrals that arise in its calculation, and how we
reduced these integrals to a basis. In Sec. III, we outline
our choice of master integrals and comment on their analytic
calculation in terms of iterated integrals. In Sec. IV, we
conclude the paper and outline the next logical steps to take.

We have also included an appendix and ancillary files [93].
Appendix details our choice of master integrals, before we
have rotated to a canonical basis. These definitions are also
provided in ancillary files [93], alongside the analytic
expressions for the canonical master integrals and the
rotation used to get from our initial basis to the canonical
one. We have, in addition, provided a sample Mathematica
notebook that illustrates how to navigate the data that we
have included in the ancillary files [93].

II. CONVENTIONS AND DEFINITIONS

We are interested in computing the complete set of two-
loop Feynman integrals that appear in mixed QCD-EW
contributions to gg — H when the outgoing Higgs couples
to a virtual top quark. To identify these integrals, we first
generate all such two-loop graphs that can appear at
O(g’g?) using QGRAF [94], and dress these graphs with
the appropriate Feynman rules using FORM [95-97] and
Mathematica [98]. Our conventions for the Standard Model
Feynman rules match the Universal FEYNRULES Output
[99], as found, for instance, in the TAPIR code [100]. We
specifically retain the gauge dependence of the vector
boson propagators, ensuring that the cancellation of the
gauge parameters can serve as a cross-check when the
amplitude is computed.

For an off-shell Higgs boson, the diagrams that contrib-
ute to gg - H depend on the Mandelstam variable

s = (p1+ p2)%, (2.1)
where p; and p, are the incoming momenta of the gluons.
We also keep the full analytic dependence on the Higgs
mass mg, the W and Z boson masses my and m , and the
top quark mass m,. All other quark masses are set to zero.
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FIG. 1.

The five two-loop integral families that appear at O(g>g?) in gg — H, in which the Higgs boson couples to a top quark. The

mass M can take the values my, my, or mz. Thin lines represent massless particles, and the dashed line represents the outgoing Higgs
boson. Note that families 2 and 5 involve multiple top-level topologies.

Therefore, we expect the transcendental functions that
appear in our calculation to depend on the four dimension-

less ratios
{s s s s}
20 922 2 0 ("
my m; my, my

In the EW corrections that we consider to the leading-order
QCD contribution, however, no individual diagram can
depend on more than two of these masses. As a result, the
transcendental part of each of our integrals depends on at
most two of the variables in (2.2).

Because of gauge invariance, only a single form factor
contributes to gg — H. As a result, the amplitude can be
written as

(2.2)

M;:Z = f(S, My, My, My, mZ)écwzg/h (pl )8/12 (p2)7 (23)

where c¢; and A; represent the color index and helicity
associated with gluon i, and we have the constraint that
€,,(p;) - pi = 0. The contribution of each Feynman integral

to this form factor can be extracted using the projection
operator [10]

,P;w _ 50102

“e TN - 1)(d-2) P P2

(_g,,y+p’fp5+p7p§)’ (2.4)
where N, is the number of colors, d =4 —2¢ is the
spacetime dimension, and the c; are again color indices
(in the adjoint representation). We apply this projection
operator to our expression for the amplitude, carrying out
all the relevant color and Dirac algebra using FORM.
Because we are just considering leading-order EW correc-
tions to the QCD amplitude, at most one electroweak gauge
boson appears in each Feynman diagram (and when these
gauge bosons do appear, both ends of the corresponding
propagator attach to the same fermion loop). As a result, we
can distinguish between three possible outcomes after
expanding the expressions.
(1) A term contains no ys. This case is trivial.
(2) A term contains two ys’s. Since both occurrences of
y5 originate from a coupling to the same fermion
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loop, we can eliminate y5 by anticommuting until we
arrive at y2 = 1.

(3) A term contains only one ys. In this case, we cannot
eliminate y5 in a trivial way, and the trace in Dirac
space will generate a Levi-Civita tensor.

We see that, for the diagrams considered in this work, each
term will feature at most one Levi-Civita tensor. Since the
process only depends on two independent momenta, this
means that all contributions involving the axial couplings
will be annihilated by the projection operator P%,.

Finally, we collect all the scalar Feynman integrals that
remain in our expression and feed them into REDUZE [101].
Loop momentum shifts are then used to group together
integrals that draw upon a shared set of propagators, and
kinematic numerators are similarly expressed in terms of
inverse propagators. This allows us to reduce these integrals
to five families of master integrals using KIRA [102]. The
top-level topology for each of these families of integrals
is depicted in Fig. 1. Note that multiple top sectors are
grouped together in families 2 and 5.* The basis of master
integrals we consider in each of these families is specified
in Appendix. While m, appears in every integral (since we
are considering the contribution to gg - H in which the
Higgs couples to a virtual top quark), the second mass M
that appears in families 2, 3, and 5 can take any of the
values mpy, my, or m, (or the gauge-dependent values of
the corresponding Goldstone bosons).

ITII. MASTER INTEGRALS

In d = 4 — 2¢ dimensions, the scalar integrals identified
in the last section take the form

d d E
I((1f> ) :e2€7/d ¢y 4,
Loeees E iﬂd/z iﬂd/z

where Dl(.f ) represents the ith propagator in family f, which
is raised to the (possibly negative) power a;, and y is the
Euler-Mascheroni constant.” Our five families are defined
by the propagators

(DY)

1

(3.1)

i=1

DYV = (I3 —m?, (ky + py)? = m2, (ky — p,)* — m2,
(ky + ky)?, (ky — p1)* = mi, (ky + p2)* — m7, k%}

(3.2)
Dl@ = {k{ —mi.(k; + p1)* —m7, (ky — p)* — m},

(ki + ko)> = M?, (ky — py)* — m?,

(ky + p2)* — m} K3}, (3.3)

*We thank the referee for pointing out that, by choosing more
carefully the irreducible scalar products, one could have collected
all top sectors into even fewer families.

Note that our conventions match those of AMFLOW, modulo
the factor e [92].

Dz('a) = {ki, (k1 + p1)*, (k1 = p2)?, (ki + ko)* — M2,

(kz —1!71>2 —m,z,(kz—f—pz)z—m?,k%}, (3-4)

D§4) = {k} —mj, (ky 4+ p1)* —mi, (ky — pp)* — m},
(ki 4+ k)2, (ka — p1)*, (ky + pa)* — m} k3 — m7},

(3.5)
DY = (K = m}. (ky + p))> = m2. (ky = py)> = m}.
(ki + ky)* = M?, (ky — py)*.
(ky + p2)? —m} k3 — m?}, (3.6)

where the external momenta p; and p, are both incoming,
and k; and k, represent loop momenta. There are 10, 30,
15, 5, and 26 master integrals in families 1 through 5,
respectively.

We choose to solve the different integral families individu-
ally, as they exhibit varying degrees of complexity, allowing us
to express the simpler integral families in terms of simpler
classes of functions. To solve the systems of differential
equations that describe each of these families of integrals,
we rotate each family into a canonical basis such that the
individual differential equations take the following form:

di = ngiAi . 7, (37)

where the w; are differential one-forms and the A; are rational
numeric matrices, both of which are independent of . For the
families of integrals that evaluate to multiple polylogarithms,
the rotations needed to put the differential equations in this
form can be found by analyzing leading singularities or using
publicly available software (see, for instance, [70,103-106]).
Although no software packages exist for rotating elliptic
families of Feynman integrals into canonical form, stra-
tegies for accomplishing this task have also been proposed
[58,70-73]. In this manuscript, we follow the approach
introduced in [73], which involves analyzing the elliptic
period integrals that describe the maximal cuts of the
corresponding elliptic master integrals. More specifically,
for sectors that have elliptic maximal cuts, one considers the
corresponding fundamental matrix of solutions, also known
as the Wronskian matrix, which collects all maximal cuts of
the sector [107,108]. The main part of the method introduced
in [73] consists of splitting this Wronskian matrix into a
semisimple part that contains the generalized algebraic parts
of the matrix, and a unipotent piece that contains the
transcendental or logarithmic contributions to the maximal
cuts. Multiplying the precanonical basis with the inverse of
the semisimple part allows us to strip off the generalized
leading singularities and, after readjusting the transcendental
weights of the integrals and integrating out non-e-factorized
terms, yields an e-factorized differential equation. After this
step, to obtain an e-factorized differential equation beyond
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the maximal cut, one can easily integrate out non-¢-factor-
ized contributions in the subsectors. For sectors whose
maximal cuts are algebraic, but that couple to one of the
elliptic sectors, we first use standard methods to bring the
polylogarithmic parts into e-factorized form. Then, one can
again integrate out non-¢-factorized elliptic contributions. In
this step, it may be necessary to introduce new functions,
namely integrals over elliptic periods, to bring the whole
system into canonical form.

The above method works particularly well if the pre-
canonical basis for the elliptic sectors is chosen carefully. In
the elliptic sectors encountered in this paper, we have
chosen our master integrals so that they are related to the
standard differential forms on an elliptic curve, namely the
differential forms of the first, second, and third kinds. In
the end, following this approach and using the standard
techniques for polylogarithms, we have been able to bring
the differential equations that describe all of the integral
families into the canonical form shown in (3.7).

Once we have found a canonical basis of master integrals,
we can integrate the corresponding differential equation
order by order in ¢. Doing so fully captures the kinematic
dependence of the master integrals up to (transcendental)
constants, which can be fixed by calculating the master
integrals at a single phase space point. We determine these
constants in the s — 0 limit, relying on the fact that the
integrals that do not have any massless threshold singularities
are regular in this limit. Conversely, integrals such as those in
family 3 that contain massless bubbles exhibit a threshold for
s — 0. However, their boundary values can still be computed
using expansions by regions [74—8 1], where we approach the
s — 0 limit from below. This allows us to derive iterated
integral representations of our master integrals that are first
valid in the Euclidean region, namely s < 0, and by analytic
continuation also beyond. All boundary values can be
expressed as linear combinations of one- and two-loop
tadpole integrals with up to two different masses (which
can be found, for instance, in [109]).

A. Families 1 and 4

The first and fourth families are the easiest to compute, as
they only feature diagrams that already appeared in the pure
QCD corrections to this process and that depend only on s
and m,; they have previously been computed, for instance,
in [110-113]. The only singularities that appear in these
integrals are the s — 4m? threshold and s — 0 pseudothres-
hold. In particular, after the differential equations for these
families are put in canonical form, it can be seen that both
logarithmic and algebraic branch cuts arise at each of these
kinematic points. In the connection matrix > ; w;A;, the
algebraic branch cuts always arise in the forms w; together as

the algebraic factor
V=s\/4m? — s,

(3.8)

which can be rationalized using the change of variables

s 4x?
o~ - Z 1 (3.9)
After this rationalization, both families of integrals can be
seen to evaluate to multiple polylogarithms with symbol
alphabet {x, 1 +x, 1 —x}.

As stated above, we fix the integration constants for our
differential equations in the s — O limit. This is a regular
limit, as can be seen by inspecting the corresponding
Feynman integrals (see Secs. A1 and A 4) since they do
not have a massless cut. Moreover, it is expected that the
pseudothreshold should not be accessible on the physical
sheet. Using the method of regions [74-81], it can be
checked that only a single expansion region contributes in
each of the master integrals (the so-called hard region).
Correspondingly, the leading term in this limit can be
computed by simply setting the Mandelstam variable s to
zero. The resulting integrals can easily be reduced to
tadpole integrals and computed as functions of e.

B. Family 3

The third family depends on two internal masses, so the
iterated integrals it gives rise to depend on two dimension-
less variables. One can see from Fig. | that the massive
sunrise integral does not appear in this family, so we expect
it can be evaluated in terms of multiple polylogarithms.
However, we also note the appearance of a new product of
square roots

Vs = (M =\ Js = (M 4 m)2,

which appears in addition to \/=s+/4m? — s. To rationalize
both algebraic factors, we make the change of variables

(3.10)

2 2 2
%—)—jx , %2_,1(35 vzt 1) (3.11)
m:  x*—1 m? (x*=1)(x=2)
Then, we can integrate the differential equation order by
order in €. The resulting expressions for the master integrals
are pure, uniformly transcendental linear combinations of
polylogarithms G;(z) and Gj(x), where

1 1 1
aiE{O,x,E(x:l: 1),1(3x+x_1),xj:§\/x2— 1,
1
f(x+1i\/5x2+6x+5>,

2
1 2
E(x—li 5x +6x+5)}, (3.12)
i
bied0,+1,+ 4, 3.13
{ \/§} (13)

The transcendental constants that appear in these integrals
just include log(2) and ¢,,.
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C. Families 2 and 5

Families 2 and 5 are the most complicated, as they
feature the additional root

\/2M4 +2M?(s—4) +s(s —=2) £5(2M? +5)/—sV4d—s
(3.14)

(where we have now set m, = 1 for simplicity) and contain
the elliptic sunrise integral with two distinct masses as a
subtopology. Therefore, it is clear that we can no longer
express these integrals in terms of traditional multiple
polylogarithms. Nevertheless, it remains possible to find
an e-factorized form of the corresponding differential equa-
tions by following the steps outlined in [73]. In the following
discussion, we aim to provide only the essential information
needed to write down the integrals (included in the ancillary
files [93]) that result in an e-factorized differential equation
for the elliptic families 2 and 5. Only three new transcen-
dental functions are needed to define these integrals, as we
will see below. For a comprehensive understanding of how to
systematically derive these integrals, we refer readers to [73].

Families 2 and 5 contain only a single elliptic sector, which
is elliptic on its maximal cut and contains three master
integrals. This specific sector corresponds to the elliptic two-
mass sunrise, which has been intensively studied in Sec. 3.3
of [73]. To bring this system into canonical form, we
particularly need the elliptic period @, which can also be
expressed through the standard elliptic integrals in the
following way:

W

M (MP - 4)1((% n MA=2(s+2)M>+(s—4)s )

2 2(M?=5)/ (s=(M+2)*) (s—(M—-2)?)
T awVs— M/ (s— (M+2)%)(s — (M -2)?)
(3.15)

where

(3.16)

I 1
k() :/0 RN

is the complete elliptic integral of the first kind. This new
transcendental function can be seen as the leading singularity
of the two-mass sunrise integral with unit propagator powers

|

ry =+—5, ry = 4—S,

ry =V MZ,

and thus generalizes the square-root leading singularity of the
nonelliptic sunrise integral. From this perspective, it is
natural that this function is needed in defining a canonical
basis. Moreover, as extensively discussed in [73], another
new transcendental function is needed to e-factorize the two-
mass sunrise. This second new function is defined as a
onefold iterated integral over @, given by

s (M2 — 2_ g
G, =2 A (M (Mﬂlgs " D mo(Nds. (3.17)

This integral is related to an elliptic integral of the third kind
(see [73]) and is connected to a new singularity structure
(puncture) on the associated elliptic curve. For family 5, these
are all the transcendental functions that are needed to bring
the system into canonical form. In the case of family 2, we
need a second onefold iterated integral over @, namely

Gy =2V M4 - M2
" / (M* +3M?5" — 13M?s' — 4M?* — 35" 4 165')
0 (s'—4)%s'(M? +35' — 4)

X V=s'V4 = s'wy(s")ds'.

Also, this integral can be related to a new singularity
structure, which—unlike the previous case—arises from a
mixing between polylogarithmic and elliptic sectors, rather
than from the maximal cuts of a single sector. With w,, G,
and G,, family 2 can also be brought into canonical form as
they appear in the rotations from the initial Laporta basis to
the canonical one. The precise definition of all canonical
integrals using the Laporta integrals given in Appendix and
the three transcendental functions from above are listed in the
ancillary files [93].

Once we have put the differential equations that describe
these families in canonical form, we can express each of the
integrals they contain as iterated integrals over a bespoke
set of integration kernels

(3.18)

G(k;, k. ...)(s) = A ki (8)6(k;,...)(s)ds'.  (3.19)

where the integration kernels k;(s) will be given below. The
algebraic roots that appear in these integration kernels are
given by

ry = 4—M2,

r5:\/M4—2M2s—2M2—|—32—2s—|—1,

re = \/2M4 +2M* (s —4) + s(s —2) — s(2M? + 5)\/—sV4 — s,

ry = \2M* + 2M2(s — 4) + s(s = 2) + 5(2M? + 5) /=5 VA — 5.

(3.20)
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We choose not to rationalize any of these roots, as this
allows us to keep the number of integration kernels (and
hence the size of the expressions) to a minimum.

The integration kernels can be split into those that
depend on the elliptic curve associated with the two-mass
sunrise integral and those that do not. We label the former
by k¥ and the latter by k ;- The elliptic dependence appears
with the elliptic period w defined in (3.15) and the onefold
iterated integrals G; and G, given in (3.17) and (3.18),
respectively. To simplify the expressions that follow, we
write G; and G, in our notation of iterated integrals over

independent one-forms as

Gy =3 (M2~ 4)(M2 = 1)G(KE) — 2 (M2 = 1)6(4),

W] oo

(3.21)
G, = 2r3r,G(KE). (3.22)

The full set of independent integration kernels is then
given by

1 1 1 1 1
ky=—,  ky= . k= . k=, = 3.23
' 254 ST s —M? YT M +s—4 ST M2 +3s—4 (3:23)
M2 M?—s+4
ke = . k= , 3.24
© T M+ (MP - 1) T 2(MP 4 4)s + (MP—4)2 + 52 (3:24)
M?—s+1
kg = , 3.25
ST 2MEH1)s+ (ME—1)2 4 52 (3.25)
o (M? = 1)%s + (M* = 3M? + 4)M? (3.26)
ST (ME =122 4 2(M* = 3MP + M2 + (M* — 4)2M* ‘
rir rir(M?*s —2M? +2)
kip=———,  ky = , 3.27
07 (s —4)s U (s —4)s(M* + M%s —2M% + 1) (327)
. rira(=M8 + 4M° + M*s? — AM*s — 2M?s* + 12M?s + s?) (3.28)
P (s —4)s(MB +2M5(s — 4) + M (s — 65 + 16) —2M*(s — 4)s + 52) '
rir; rir
kiz = . k= , 3.29
B (s—4)s(M? +5—4) 4T (s —4)s(M? + 35— 4) (329)
rs (Mz—l)r5
kys = . k= , 3.30
PUMP M2 (s + 1) 4 (s — 1)2 07 s(M* —2M2(s + 1) + (s — 1)?) (3:30)
M? —3543
= MBS (3.31)
4(s —d)s(M* =2M-*(s + 1) + (s = 1)%)
e = (re +r7)(BM* + M?(s — 4) — 5)
BT ME £ 2MO(s — 4) + M*(s? — 65 + 16) — 2M?(s — 4)s5 + 5
riray(rg — ) (2MO + M*(s — 8) + M?*(s —2)s — 5°)
Tz 8 6(¢ i2_ Y 3 (3.32)
(s —4)s(M° +2M°(s —4) + M*(s* — 65 + 16) —2M*(s — 4)s + s°)
e — (re — r7)(BM* + M?(s — 4) — 5)
T MB 4 2MS (s — 4) + M*(s® — 65 + 16) — 2M>(s — 4)5 + 5
2MO + M*(s — 8) + M?*(s —2)s — s°
+ rer(r6 + r7)( + (S ) + (S )S S ) (333)

(s —4)s(M3 +2M5(s — 4) + M*(s*> — 65 + 16) —2M?*(s — 4)s + 5%)
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(re — r1)(M*(s +2) — s)

k pu—
207 MB 4 2MO(s — 4) + M*(s2 — 65 + 16) — 2M*(5 — 4)s + 52
riry(re 4+ r7) (2M8 + 2M*(2s = 7) + M?*(s> — 8s +24) — (s — 6)s)
(s —4)s(M® +2M6(s — 4) + M*(s*> — 65 + 16) —2M?*(s — 4)s + 5%)
P (re +r7)(M?(s +2) —5)
1M 2MO(s —4) + M*(s*> — 65 + 16) — 2M?*(s — 4)s + s°
riry(re — r7)(2M° + 2M*(2s = 7) + M?(s> — 8s + 24) — (s — 6)s)
(s —4)s(M3 +2M5(s — 4) + M*(s*> — 65 + 16) —2M?*(s — 4)s + 5%)’
o — rirarsry(re + r7)(M* 4 )
27 (s —4)s(MB +2M5(s — 4) + M*(s* — 65 + 16) — 2M>*(s — 4)s + s°)
r3r4(r6 - r7)(M4 —4M2 — S)
s(M® +2MO(s — 4) + M*(s®> — 65 + 16) — 2M>(s — 4)s + s2)’
or — riraryry(re — rq)(M* + s)
B (s —4)s(M® +2MO(s — 4) + M*(s® — 65 + 16) — 2M>(s — 4)s + s°)
B r3ry(re + 1) (M* — 4M? — )
s(M® +2MO(s —4) + M*(s®> — 65 + 16) — 2M>(s — 4)s + s2)’
o rer7(M*(s —2) = 2M?(s — 4) + 2s)
T (s —4)s(MB +2MO(s — 4) + M* (52 — 65 + 16) — 2M2(s — 4)s + )
kE— M2+3S—4 kE— W)
O s(M? - 5)(M* = 2M?s — 8M? + s> — 85 + 16)w; b(M? 435 —4)?
3w, w w
KE = i KE = 0 i KE = 0 i KE = 0’ KE =
2 3TME 135 -4 PTM 54 ST -4 °
LE rir@y(—M* + 3M?s + 4M? + 25* — 85)
! (s —4)s(M? +3s —4)
E rir@y(M* 4+ 3M?s* — 13M?*s — 4M? — 353 + 165)
8 (s —4)%s(M? + 35 — 4)? ’
e 16M? +(M2—4)M2 16(M? —4)(4M> +3) 22 (1 1+ 2)
= T, _— _——
OO M= s 3(M? +3s—4) 9
64(M? —4)(M?> — 1)(11M? =8)  256(M? —4)%(M? —1)?
9(M? + 35 —4)? 3(M? + 35 — 4)3
64M? (M2 — 5 — 4) s
M* —2M*s —8M* + s> =85+ 16 3)’

G, G, G G,

KB =—L  kE=—""L_ B =__"J1 = GE_-__ U
0 WM 2T M4 5-4 B M2 435-4
KE G (M* =5 +4) we . Ginn
M —2M2s — 8M? 4+ 52 — 85 + 16 57 (s—4)s’
kE _ G1r1r2 E :GIWO(MZ—S—4)

167 (s —4)s(M? 4 35— 4)’ T (M? 435 —4)?
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G, (M?* +3s — 4)

KE, = 3.47
B 5(M? - 5)(M* = 2M?s — 8M? + 5% — 85 + 16)w} (3.47)
Goriry Goryry
kEy = , R , 3.48
7 (s —4)s N7 (s—4)s(M? 45— 4) (348)
1 3 2(M? -5 +4) 1 1
K& =G — . 3.49
2 2<M2—S+MZ+3S—4 M4—2M2(s+4)+(s—4)2+s—4+2s> (349)
G,(M? + 35 — 4)
KE, = 2 , 3.50
2 §(M? = s)(M* = 2MP(s + 4) + (s —4)?)w} (3:50)
2 18 4(M?* -5 +4) 1
E _ 2 _ — —
k23_G1<s—M2 M?*+3s—4 M4—2M2(s+4)+(s—4)2+s>’ (3:51)
o G} (M? + 35— 4) (3.52)
H5(M? = 5)(M* —2MPs — 8M? + 5% — 85 + 16)w? '
= s(s = M*)(M* =2M?*(s +4) + (s — 4)*)w3’ '
G3(M*+3s—4)
K, = L 3.54
0 §(M? = 5)(M* = 2M?*s — 8M?* + s> — 85 + 16)w (3:54)
ke — GiGy(M” + 35 — 4) (3.55)
T s(M? = s)(M* = 2MP (s +4) + (s —4)2)w}’
E GH(M? + 35— 4) (3.56)
B §(M? — ) (M* —2M2s — 8M?* + 52 — 85 + 16)w, '

We include the definitions of these kernels alongside our
iterated integral representations of the master integrals in
families 2 and 5 in the ancillary files [93]. Note that some
kernels have a singularity for s — M?. These singularities
cancel out in each master integral, since none of our
diagrams have a cut in the physical region involving a
single massive line of mass M? (see Appendix).

D. Cross-checks

As a cross-check, we have compared our iterated integral
results for the master integrals against a numeric evalua-
tion using AMFLOW [92], for instance, at M? = 9/10 and
s ==41/10 or M> =1/3 and s = 41/75 depending on
their radius of convergence. The polylogarithmic master
integrals have been checked numerically up to 40 digits
through weight five and to 20 digits at weight six using
GINAC [88], while the elliptic master integrals have been
checked numerically up to 13 digits through weight six by
expanding the integration kernels in s before integrating
them analytically (and subsequently evaluating those using
established tools). We have also checked that the integrals

can be evaluated in the physical region by expanding
around s = O (first assuming s < 0) and then analytically
continuing them to s > 0. Since all elliptic integrals are
regular for s = 0, the analytic continuation from s < 0 to
s > 0 is trivial, and one can use the series expansions in
both regions. These numerical checks complement our
analytic confirmation that our expressions exhibit the
correct behavior at s = 0 and fulfill the canonical differ-
ential equation through weight six. Note that a numeric
evaluation of the elliptic integrals for large values of s is
possible as well by calculating a series expansion around
the threshold and analytically continuing the appearing
logarithms and roots appropriately. There is no conceptual
difficulty, as we are using generalized series expansions for
the numeric evaluation.

Note that, due to electroweak symmetry breaking, the
Yukawa sector is coupled to the electroweak sector through
the Higgs vacuum expectation value », as we have

Vi o o Vogw ————— (3.57)

sin HWmW

113007-9



MARZUCCA, MCLEOD, and NEGA

PHYS. REV. D 112, 113007 (2025)

We can see that the Yukawa coupling can be expressed in
terms of the electroweak gauge boson masses as well as the
electroweak coupling and the vacuum expectation value. As
aresult, the renormalization of all of these parameters is not
independent. Therefore, one must consider diagrams where
the Higgs boson couples to the electroweak gauge bosons
when calculating scattering amplitudes featuring massive
electroweak gauge bosons and cannot consider only dia-
grams where the Higgs couples exclusively to the top quark
[114,115]. To construct a gauge-independent amplitude, we
also need to incorporate contributions from diagrams in
which the Higgs boson is emitted from electroweak gauge
bosons or their Goldstone bosons. One can check that the
missing two-loop diagrams where the Higgs couples to W
bosons are purely polylogarithmic. Therefore, any elliptic
dependence on the gauge parameter £y, must vanish inde-
pendently when considering only the diagrams calculated in
this paper. We have checked that this is indeed the case.

E. Analytic properties

It is interesting to analyze the analytic properties that
are exhibited by these families of integrals, given the
significant progress that has recently been made in our

|

L, = dlog(M?), L, = dlog(m?),
Ls = dlog(M?* — m?), L¢ = dlog(M*
= dlog(M* = 2M?m? + m} —

—2M?* +2m? — s — 11y
< 2M2+2m2—s+r1r2>’
M?+m?—s—rs
<M2+mt—s+r5>
M?s +3m2s — s> — rirayrs
M?s +3m?s — s> + r1r2r5>

=dlog

Ll() = dlog

L12 = leg(

where r|, r,, and r5 were defined in (3.20) (recall that in those
definitions, m, was set to 1). This already represents a
massive simplification compared to the 69 integration
kernels that appear in the G;(z) and G; ( ) functions that
draw upon the indices (3.12) and (3. 13) In this basis of
kernels, only Ly, L,, L3, Lo, and L, appear in the first entry

®While one might worry that the three-particle threshold in
family 4 (in which one massless and two massive particles are
cut) would give rise to a logarithmic singularity, it can be shown
that this singularity is also algebraic by carrying out the
appropriate blowups [126,127].

"This number can be checked by computing the symbols of the
expressions for the master integrals provided in the ancillary files
[93]. In fact, the alphabet in (3.59) is precisely the set of letters
predicted by SOFIA and Effortless [123,128], as long as
one tells the code that r;r, appears as a double root.

—2M?
2M?%s — 2m?s + 52),

Ly = dlog<

understanding of the singularities and discontinuities of
Feynman integrals [116—123]. Consider, for instance, the
integrals that appear in families 1 and 4; the only symbol
letter that appears in the first entry of these integrals is

log (E) ( Vami —s = */—> (3.58)

VAT =5+ =5

matching our naive expectation that the first threshold and
pseudothreshold discontinuities should be algebraic, while
the m? — O singularity is logarithmic (this follows from
counting the number of on-shell propagators in the bubble
and tadpole Landau diagrams, which are naturally asso-
ciated with these singularities [124,125]).6 We also see that
the integrals in these families respect a Galois symmetry at
the symbol level with respect to flipping the sign in front of
either /=s or \/4m? — s, once the algebraic prefactors are
taken into account.

Additional types of structures can be observed in the
integrals of family 3, especially when their polylogarithmic
symbol is expressed in terms of s, m,, and M. In terms of
these variables, twelve d log kernels appear and are given by

= dlog(s), = dlog(s — 4m?),
m? + m} + M?s),

2m; — s+ rirp
M? —m? + s —rs
M?> —m? +5+rs

(3.59)

[

(although L; might also have been expected to appear, since
it only encodes the same algebraic and logarithmic singu-
larities that appear in the other first-entry letters). Each
integral is also Galois even with respect to rs, since this
singularity cannot appear on the physical Riemann sheet
(recall that this symmetry also takes algebraic prefactors into
account); some of the master integrals in this family are also
Galois even with respect to r|, due to the absence of a
massless threshold. Moreover, while the integrals in this
family do not have sufficiently complex kinematic depend-
ence to obey any genealogical constraints [129] or extended
Steinmann relations [ 18], they can be observed to respect the
adjacency restriction that the pairs

{L47L7}7 {L67L7}7 {L67L12}7 {L77L8}7 {L77L9}a
{Ls, Lo}, {Ls, L1}, {Lip,Lin} (3.60)
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never appear next to each other when expressed in terms of
iterated integrals.

We might next ask how restrictive all these properties are,
when we put them all together. For instance, let us focus on

......

therefore cannot have a discontinuity that starts at s = 0 on
the physical Riemann sheet. This implies that the only d log
kernels that can appear in the first entry are L, L, Ly, L,
and L3 + L. It also implies that the integral must be Galois
even with respect to ry, as well as with respect to r5. Putting
these constraints together—along with the empirical adja-
cency constraints listed above—we find the number of
weight-four symbols shown in Table I. We see there that
these properties by themselves are not yet sufficient to
identify this master integral—which is not surprising, given
that this is not the only integral in family 3 that satisfies all
these constraints. It would be interesting to derive further

instance, following the strategy outlined in [126]. Even more
ambitiously, the same strategy should prove powerful enough
to bootstrap the elliptic integrals in sectors 2 and 5. However,
we leave these investigations to future work. TABLE 1. The
number of symbols that can be constructed out of the letter L,
through L,, after each of the constraints mentioned in the text is
imposed.

Number of weight

Constraint four symbols
Integrability 4114
First entry in {L,L,, Lo, Lo, L3+ Ly;} 790
Galois even in r| and rs 233
Empirical adjacency constraints 136

IV. CONCLUSIONS

In this paper, we have presented analytic results for all of
the two-loop integrals that appear at O(g*g?) in which the
Higgs boson couples to the top quark, keeping full
dependence on the masses of the Higgs boson, top quark,
and electroweak bosons. Working in d = 4 — 2¢ dimen-
sions, we have calculated these integrals through O(&?) by
first solving the system of differential equations for five
families of master integrals and then rotating the resulting
solutions into e-factorized form. The boundary conditions
for these differential equations were then determined in
the s — 0 limit by imposing the absence of pseudo-
threshold singularities (whenever this singularity can be
distinguished from the threshold), or using the method of
regions. The ancillary files [93] that contain analytic
expressions for the master integrals, as well as the rotations
that define the canonical master integrals, can be found on
the arXiv and on Zenodo [93].

Three of the families of integrals we consider can
be evaluated in terms of iterated integrals that involve

only dlog integration kernels. We have presented the
results for these integrals in terms of multiple poly-
logarithms in a form that can be symbolically manip-
ulated and numerically evaluated using public codes
[82,83,88,130]. The remaining two families give rise to
integration kernels that involve the elliptic curve asso-
ciated with the two-mass sunrise integral. We have
presented the results for these integrals in terms of
iterated integrals over the kernels shown in Egs. (3.23)—
(3.56). Since only a single elliptic curve appears in each
integral, we believe it should be possible to express
these integrals in terms of elliptic multiple polylogar-
ithms (as defined in [87,131]). However, we have left
this possibility to future work.

Clearly, the next step will be to assemble the gg - H
amplitude at O(g*g?) [132]. This will require computing
additional integrals, in which the Higgs does not couple to
the top quark. While numerical results for the Standard
Model cross section have long been available [3], arriving
at an iterated integral expression for this amplitude will
give us better numerical control over Standard Model
predictions and allow us to better estimate the theoretical
uncertainties associated with the masses of heavy Standard
Model particles. It will also allow us to search for new and
unexpected types of mathematical structure in the gg - H
amplitude, which could, in turn, be leveraged to help
compute mixed strong-electroweak corrections to this
process at higher perturbative orders.

In fact, by explicitly computing the two-loop integrals
considered in this paper through O(&?), we have already
begun to lay the groundwork for determining mixed
strong-electroweak corrections to this process at higher
orders. Clearly, the higher-loop integrals that contribute to
gg — H will also involve integrals over the two-mass
sunrise elliptic curve, but it will be interesting to see
which other geometries will appear, such as new elliptic
curves or higher-dimensional manifolds. Identifying what
special functions appear at higher orders remains an
interesting question. The answer will dictate what types
of technology need to be developed to get Standard
Model corrections to gg — H under both analytic and
numerical control.
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and it is spanned by ten integrals:

APPENDIX: MASTER INTEGRAL BASIS

In this appendix, we present the details of our initial basis
of master integrals before it has been rotated into canonical
form. This makes it easy to specify each basis element in
terms of the powers of the propagators specified in
eQS. (3.2) through (3.6). We reprise these lists of propa-
gators below and include the matrices that rotate this basis
into e-factorized form in ancillary files [93].

1. Family 1
The propagators that define this family are given by

P2

m, mt

P1 p3
ny my

(1) (1)
Livoa1200 liionaio

P1

niy
niy
P2
niy
’
/
P3 /2
o
(1)
110.1.1200

P2

[}
[}
]
P1 {

(1)
1120200

P2
niy
m[ ooeooe
P3
ni
P1
(1) (1) (1)
12,0,0,1,2.,1.,0 ’ 11,0,0.,2.,1.,1,0 ’ 12.0.0.1.1.1,0

P2
\/”'Zf\
/\/ P3
ny
P1

7 7
0,0,2,2,1,0,0 > 10,0,2,1,2,0,0

niy niy
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2. Family 2
This family is spanned by 30 integrals and is defined by the propagators

D = (k2 —m2, (ky + p1)% = m2, (ky = py)* = m2, (ky + ky)2 — M2, (ky = py)? = m2, (ky + p2)? — m2, K3},

p2
" P2 m, m
t 1
me N Ml Seccca-
M P3
7778 Y VA I, S, m
P3 P1 my !
my
ny
P1
2)
(2) 1
117]7]7]7‘1-“1-‘0 07171‘,2’17170
P2 P2
ni my nmy m;
172 B e — . .
P1 pP3 P1 P3
my my my my
(2) (2) (2) (2)
L0020 101002100 11,0,1,1,1,0 11111100
p2
m; P
niy my
m n
’ t pi P2
V4 m
P30 !
o "
p3 J/
o
(2) (2) (2)
16,1,2,1,2,0,0 11011200 11,012,100
P2 '
\ M 3y
/\ (]
ni
My P3 &
n
P1 Pi P2
ni
(2) (2) (2) (2)
10,111,017 10021100 10,011,100 L1100,

(Table continued)
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(Continued)

(2)
11,1,1,0,1.,1.,0
P2
m;
P3
ni
P1
(2) (2) (2)
10,1,1,3,0,0,1 ’ 10,1,2,2,070.,1 ’ 10,1.‘1.2.0.0.1

/@

/@
1,0,0,2,0,0,1

P2
ny
mt cooecee
P3
niy
P1
(2) (2)
Il,—l,O,l,l,l,O’ 11,0,0,1,1,1,—2
(2) (2)
11,0,0,1,1,1,71 ) 11,0,0.,1.,1,1,0
P2
ny ny
P3
ny ni
P1
(2)
10,2,1,0,1,1,0

e

P1

/@
1,0,0,1,2,0,0

(Table continued)
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(Continued)
P2 P2
my
] my 3 M
.' o
p1 i3 p1 i P3
(2) (2)
10,1,2,0,2,0,0 1071,2.,2,0,0,0
pP1\ /P2 P1\ [P2
M A my my A ny
' '
i i
1 73 103
2) 2)
15603000 13000200
3. Family 3
The propagators that define this family are given by
3
DY = (K2, (ky + p1)2 (ky = po)2 (ky + k)P = M2,
(ky = p1)* = mi, (ky + p2)* — m7, k3 },
and it is spanned by 15 integrals:
P2
niy P2
P3 my
ny
P1 Ml eeme=e=-
P1 pP3
ny
3 (3)
I(g,l),l,l,l,l,o 11 10.1,1,1.0
niy P2
< &
m M e
P3
P2 P1 niy
P1
(3) (3) 3) (3)
10,1,0,2,1,2,0 11,0,0,3,1,1,0’ 11,0,0,2,1,2,0’ 11,0.0,2.1.1.0
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(Continued)
P2 P2
ny ny
...... M coccae
P3 P3
ny ny
P1 P1
(3) (3)
151,1,0.1.20 15002210
P2
\/]‘_4\
/\/ P3 P1
m
P1 !
(3) (3) (3) (3)
16021200 10022100 10012200 177601300
P2 ) 2%)

P3

P1

1B
0,1,2,0,2,0,0

pP1\ /P2

pP3

/)
0,0,0,3,2,0,0

P3

P1

/0
0,1,2,2,0,0,0

4. Family 4
The propagators that define this family are given by

4
DY = {12 = m2, (ky + p1)? — m2, (ky — py)* — m?,

(ki + ky)?, (ka — p1)% (ko + pa)* — m3, k3

and it is spanned by five integrals:
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my m; my
my
P1 p2 P1
my my my
’l
pP3
4)
0 1
I {01011 1,1,0,1,0,2,0
P2
n P1 P2
my A my
m 1p3
P1 ! '
(4) (4) 4
1202010 > 10201020 157&070707270
5. Family 5
The propagators that define this family are given by
Dz@ = {ki —mz, (k; + p1)* = m7, (ky = p2)* = m7,
(ky 4+ kp)* = M2, (ky = p1)?, (ky + p2)* = mi, k3 — mi},
and it is spanned by 26 integrals:
p3 p2
m my my
M my
P1 P2 P1
lan ny ny
4
ps
5) 5) 1 1)

( (
15020010 111010011

1,1,0,2,0,1,0 > 11,1,0,1,0,2,0
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(Continued)
D2 2
\ M p
/\ny p3 [
ms s e—L A e————eeee
p1 Pl P3
my
(5) (5) 5 5
Ioi01,-1,10> 10201010 fo.i01010 I 11100
0 P2
P3=
[] my
ny my
ml -----
P3
P1 P2 my
ny my
P1
(5) (5)
10,1,1,1,—1,0,1 ’ 1—2,1,1,1,0,0,1
11(51)1 1,001 1°) o)
i -1,1,1,1,0,0,1 > 10,1,1,1,0,0,1
P2
my
’ 5
my
R P1
4
p3 J/
o
1(5)
0,1,2,2,1,0,0
P1
U
M
P2
ny
4
4
P/
(5) (5)
11,0,1,2,1,0,0 11,1,1,2,0,0,0

(Table continued)
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