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As natural telescopes, gravitational lenses enable the observation of sources that would otherwise be too
distant and faint. Stellar-mass objects, or microlenses, act as impurities in the lens, producing subtle
distortions of the source. These effects are necessary to correctly interpret observations, and may in some
cases be themselves evidence of gravitational magnification. Gravitational waves (GWs) observed by
ground detectors and magnified by galaxies and clusters will undergo microlensing by fields of stars and
remnants: describing these systems requires not only considering a large number of small-scale lenses
(microlenses), but also including wave-optics effects, leading to frequency-dependent modulations of the
signal. Here we present novel models for reduced-order stochastic diffraction (ROSD), which overcome
these challenges in the search for GW lensing signatures: an effective description is synthesized from
numerical simulations of wave-optics lensing by stellar fields via a singular value decomposition. The
procedure yields an optimized orthonormal basis to describe microlensing distortions—capturing
the dominant “tones” of the stellar field, or stellar timbre—and a probability density function for the
coefficients, which can be used as priors or to verify the consistency with stellar-field lensing. We present
SVD-stellar-I5-aLIGO as an example of this model category, discuss the role of truncation order
and demonstrate how it can be applied to GW data via injection and recovery in Bayesian parameter
estimation. ROSD can be tailored to account for detector sensitivity and the type of source under analysis,
and extended to different microlens populations and external potentials. ROSD models open a new window
to probe small-scale objects (stars, remnants and potentially dark matter) and facilitate the discovery of the
most distant compact binary mergers.
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I. INTRODUCTION

Gravitational lensing, the deflection, magnification, and
time delay of signals propagating through gravitational
fields, is both a valuable source of information in cosmol-
ogy and astrophysics, and essential to correctly interpret a
wide range of observations [1,2]. In many lensing systems
the signal is deflected by a massive object, such as a galaxy
or galaxy cluster, with mass M ∼ 1011–1015M⊙. This
macroscopic lens can produce multiple resolved images
of the same source. Each trajectory, or macroimage, probes
a different region of the lens plane and is further affected by

compact objects near the line of sight, such as stars, stellar
remnants, planets, or compact dark matter candidates.
These small-scale perturbations are collectively known
as microlensing, a phenomenon first developed in the
context of stars embedded in a macroscopic lens and later
established as a powerful probe of compact objects [3–5].
Microlensing plays several distinct roles across astrophys-

ics. In Galactic microlensing, a foreground compact object
produces a transient magnification of a background star.
Because the multiple microimages are typically unresolved,
the characteristic time-dependent light curve is often the
evidence that lensing has occurred. This makes microlensing
a powerful method to detect faint or dark compact objects, to
constrain compact-object contributions to dark matter, and to
discover planets around foreground stars [4,6,7]. In strongly
lensed quasars, microlensing by stellar fields in the lensing
galaxy modifies the relative magnification of the macro-
images, produces long-term variability, and induces chro-
matic magnification because different emission regions have
different angular sizes [3,8,9]. These effects are a nuisance
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for some applications, such as measuring macroimage flux
ratios, but they also provide a rare probe of quasar accretion
discs, broad-line regions, and the stellar mass distribution in
the lens.
Microlensing is also important for transient and highly

magnified sources. For strongly lensed supernovae, micro-
lensing can alter the observed light curves and hence affect
time-delay measurements, while also carrying information
about the expanding photosphere and progenitor sys-
tem [10]. Near the caustics of galaxy clusters, stars and
stellar remnants in the lens corrugate the macroscopic
caustic into a network of microcaustics. This enables the
detection of individual stars at cosmological distances and
makes caustic-crossing events sensitive probes of compact
objects and dark matter substructure [11–14].
Gravitational waves (GWs) provide a qualitatively differ-

ent microlensing regime. Lensing is an inevitable propaga-
tion effect for GWs, but its observational imprint depends
on the relation between the wavelength and the character-
istic scale of the lens. For electromagnetic observations,
stellar microlensing is usually well described by geometrical
optics. For GWs in the ground-based detector band, how-
ever, the wavelength can be comparable to the gravitational
radius of stellar remnants or intermediate-mass compact
objects, corresponding to dimensionless frequencies
GMLz ∼Oð1Þ for stellar-mass lenses [15–17]. Micro-
lensing can then imprint frequency-dependent diffraction
and interference patterns on the waveform, rather than
merely changing its overall magnification. This was first
explored for simple lens models and isolated compact
objects [15,17–20], and later extended to microlenses
embedded in macroscopic lens potentials and realistic stellar
populations [21–32]. These wave-optics signatures may
help identify lensed GWs, infer properties of the lensing
environment, and distinguish microlensing from other
waveform distortions.
Computing these signatures is itself challenging. The

amplification factor is given by a highly oscillatory
diffraction integral over the lens plane, with pathological
convergence properties. Early studies of wave-optics
microlensing already recognized the difficulty of evaluating
diffraction integrals [33,34]. Recent work has produced
substantial progress in evaluating this integral, including a
variety of methods and public software packages for wave-
optics lensing [27,35–41]. These developments have made
it possible to compute accurate amplification factors for
increasingly realifstic lens models.
However, computation alone does not solve the inverse

problem: the information encoded in a diffracted waveform
must be extracted in order to be interpreted astrophysically.
Given the difficulties in wave-optics computations, most
current GW analyses adopt simplified deterministic mod-
els, such as isolated symmetric lenses [39,42–46] or point
lenses embedded in an external potential [47,48], neglect
wave-optics phenomena altogether [49–51] or search for

unmodeled correlated residuals between detectors, without
the structure of lensing-induced distortions [52–54].
Inference in GWs diffracted by realistic and complex
matter distributions remains an open problem.
The central difficulty for realistic microlensing is the high

dimensionality and stochastic nature of the lensing field. A
macroimage in a galaxy-scale lens is affected not by a single
object, but by a population of stars and remnants embedded
in the external gravitational potential of the macrolens. The
resulting diffraction pattern depends not only on the external
shear, but also on the positions and masses of a vast number
of individual objects. Directly sampling over all these
degrees of freedom in GW parameter estimation is therefore
impractical. Advances have been made using simulation-
based inference [55], but these methods require expensive
model training, and their results are difficult to interpret. An
outstanding task is to formulate a description of micro-
lensing that is general enough to account for the wide range
of possible matter distributions, detailed enough to encode
the specific predictions of stellar fields, and simple enough
to be applicable to real GW data.
In this work we develop an effective stochastic description

of microlensing diffraction by constructing a low-dimen-
sional basis from a large suite of wave-optics simulations.
This strategy is inspired by reduced-order and surrogate
models used in GWwaveformmodeling [56–59], and by the
broader use of reduced or regularized representations in
gravitational-lens inverse problems [60,61]. We refer to this
class of effective description as reduced-order stochastic
diffraction (ROSD) models. The implementation developed
in this work is denoted SVD-stellar-I5-aLIGO: SVD
specifies the compression method, stellar the microlens
population, I5 the macropotential (image type and maxi-
mum magnification), and aLIGO the detector-noise weight
used in the inner product. This provides a compact phe-
nomenological model that can be used in GW inference
while retaining a connection to the underlying microlens
population. The basis modes represent the characteristic
distortions that a stellar field imprints on the waveform: in
analogywith how an acoustic environment—a concert hall, a
small room, the open air—colors the sound of an instrument
(here, the GW source), the lensing environment modulates
the emitted signal. We refer to this signature as the stellar
timbre, in parallel with the “dark timbre” imprinted by dark-
matter structures [62,63].
The paper is outlined as follows: Section II recaps the

formalism of wave-optics lensing and the properties of
stellar fields. Section III presents the construction of an
effective model via singular value decomposition (SVD).
Section IV discusses the properties of the model in con-
nection to astrophysical parameters. Section V analyzes the
performance of the effective model in terms of truncation,
parameter estimation, and the possibility to connect to other
lens models. We discuss our results and future prospects
in Sec. VI.
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II. DIFFRACTION BY STELLAR FIELDS

Let us first introduce the basic equations and concepts
involved in wave-optics lensing (Sec. II A) before describ-
ing the stellar microlensing fields used in this work
(Sec. II B). We work in natural units with G ¼ c ¼ 1.

A. Wave-optics lensing

Following Ref. [35], the effect of lensing in the fre-
quency domain is encoded in the amplification factor

FðfÞ≡ h̃ðfÞ
h̃0ðfÞ

; ð1Þ

where h̃ðfÞ is the lensed waveform and h̃0ðfÞ is the
waveform that would be observed in the absence of lensing.
In the thin-lens approximation, wave-optics lensing is
described by the diffraction integral

Fðw; y; θÞ ¼ w
2πi

Z
d2x exp ½iwϕðx; y; θÞ�: ð2Þ

Here x and y are dimensionless coordinates in the lens and
source planes, respectively, and θ denotes the parameters of
the lens model. For axisymmetric lenses, y ¼ jyj is the
usual impact parameter in units of the chosen lens-plane
scale. The corresponding physical coordinates are

x ¼ ξ
ξ0

; y ¼ η
η0

; η0 ¼
DS

DL
ξ0; ð3Þ

where ξ0 is an arbitrary length scale in the lens plane, while
DL,DS, andDLS are angular-diameter distances to the lens,
to the source, and between lens and source.
The dimensionless frequency is

w ¼ 8πMLzf; ð4Þ

where MLz ¼ ð1þ zLÞML is the redshifted lensing mass
scale. The mass scale ML is fixed by the choice of ξ0,

ML ¼ ξ20
4

DS

DLDLS
: ð5Þ

Equivalently, the physical time delay is

tdðx; yÞ ¼ 4MLzϕðx; yÞ: ð6Þ

The dimensionless Fermat potential is

ϕðx; y; θÞ ¼ 1

2
jx − yj2 − ψðx; θÞ þ ϕ0ðyÞ: ð7Þ

The first term is the geometrical path-length difference,
while ψ is the projected lensing potential. The additive term
ϕ0 fixes an arbitrary overall phase convention and can be

chosen for convenience. For an isolated GW signal,
changes in this constant are degenerate with the coales-
cence phase and time.
The lensing potential is related to the projected surface

density by

∇2ψðxÞ ¼ 2κðxÞ; κðxÞ≡ Σðξ0xÞ
Σcrit

; ð8Þ

where

Σcrit ¼
1

4π

DS

DLDLS
ð9Þ

in units G ¼ c ¼ 1. The geometrical-optics image posi-
tions are the stationary points of the Fermat potential

∇xϕ ¼ 0; y ¼ x − αðxÞ; α ¼ ∇ψ : ð10Þ

The signed magnification of each image is

μj ¼
�
det

�
∂y
∂x

�
xj

�
−1
: ð11Þ

In the high-frequency limit, w ≫ 1, the diffraction
integral can be evaluated by stationary phase. The ampli-
fication factor then becomes a coherent sum over geomet-
rical-optics images

FðfÞ ≃
X
j

jμjj1=2 exp ½2πiftd;j − iπnj�; ð12Þ

where td;j is the time delay of image j and nj is the
corresponding Morse phase. Wave-optics effects become
important when w≲Oð1Þ, or when the time delays between
unresolved microimages are comparable to the inverse
GW frequency. In this regime, lensing cannot be described
only by magnifications and time delays; the full frequency-
dependent amplification factor must be computed.
Many methods to solve the diffraction integral (2) have

been developed [21,24,33,35–37,39,40]. These methods
enable accurate calculations for isolated lenses and smooth
lens models, but realistic stellar fields pose an additional
difficulty: the lens plane contains many compact objects,
producing a complicated Fermat surface with many micro-
images and caustics. Brute-force integration is therefore
inefficient, while purely geometrical methods miss the
diffraction and interference effects relevant for GWs.
We evaluate the diffraction integral using the adaptive

sampling code developed in Refs. [27,38].1 The code is
designed to compute wave-optics amplification factors for
stellar microlensing fields embedded in an external macro-
lens. Rather than sampling the lens plane uniformly,

1https://github.com/xkshan97/Microlensing_Wave_Effect.
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it combines the tree algorithm introduced in Refs. [64,65]
with an adaptive refinement algorithm to resolve the
regions of the Fermat surface that contribute most strongly
to the diffraction integral, including neighborhoods of
microimages, microlensing points, and caustic structures.
This makes it possible to generate large ensembles of
amplification factors for stochastic microlens populations,
which form the input data for the reduced-order description
developed below.

B. Stellar fields in an external potential

We now specialize to the local lensing region around a
macroimage produced by a galaxy, group, or cluster. The
lensing potential can be decomposed into a smooth external
contribution and a population of compact microlenses,

ψðx; θÞ ¼ ψ extðxÞ þ
X
j

ψ jðxÞ þ ϕ−ðxÞ: ð13Þ

The external potential describes the total lens model
expanded locally around the macroimage, while the sum-
mation accounts for stars and stellar remnants near the line
of sight, and ϕ−ðxÞ is the negative mass sheet introduced to
compensate for the discrete object contribution.
For the statistically homogeneous stellar fields consid-

ered in this work, the source position can be fixed without
loss of generality. We therefore set y ¼ 0 in the following.
This simplification should not be used for inhomogeneous
situations, such as sources near macroscopic caustics,
where the impact parameter controls the local microlensing
statistics [11–13].
The external potential is taken to be quadratic

ψ extðx; κ; γÞ ¼
κ

2
jxj2 þ γ

2
ðx21 − x22Þ; ð14Þ

where κ is the total convergence (the sum of the smooth
component κs and the stellar component κ⋆), and γ is the
external shear. The lens-plane coordinates have been
rotated so that the shear tensor is diagonal. The corre-
sponding macromodel magnification is

μmacro ¼ ½ð1 − κÞ2 − γ2�−1: ð15Þ

This is the magnification of the macromodel obtained after
averaging over the microlens population.
Throughout this work we assume the following relation

between convergence and shear

κ ¼ γ; ð16Þ

This relation holds for the singular isothermal sphere (SIS)
and, more generally, for the singular isothermal ellipsoid
(SIE) mass distribution, often used to describe galaxy-scale
lenses [66]. For a local minimum (type I), this gives

μmacro ¼
1

1 − 2γ
: ð17Þ

We note that wave-optics lensing predictions are identical
for all gravitational potentials related by a mass-sheet
transformation, which is explicitly broken by the macro-
potential choice (16), see Ref. [47].
The potential of an individual point mass is

ψ jðxÞ ¼ m̃j ln jx − xmj j; ð18Þ

where xmj is the position of the microlens and

m̃j ≡ Mj

ML
ð19Þ

is its mass in units of the lensing mass scale defined in
Eq. (5). With the convention ∇2ψ ¼ 2κ, the point masses
contribute

κ⋆ðxÞ ¼ π
X
j

m̃jδ
ð2Þðx − xmj Þ; ð20Þ

so that, over a region of area A, the mean stellar con-
vergence is

κ⋆ ¼ π

A

X
j∈A

m̃j: ð21Þ

The negative mass sheet used in the simulation follows
Ref. [64], where it is defined as

ϕ−ðxÞ ¼ −
κ⋆
2π

Z
A
ln jx − x0j2d2x0: ð22Þ

Here, A is the area of the microlensing stellar field set in the
simulation. The full Fermat potential for one stellar-field
realization is therefore

ϕðxÞ ¼ 1

2
jxj2 − κ

2
jxj2 − γ

2
ðx21 − x22Þ

−
X
j

m̃j ln jx − xmj j − ϕ−ðxÞ: ð23Þ

The microlens population is generated by drawing
compact objects from a stellar and remnant mass function
and distributing them randomly in the lens plane with mean
convergence κ⋆. The stellar component follows the
Chabrier initial mass function (IMF) [67], with

Mj ∈ ½0.1; 1.5�M⊙; ð24Þ

while the remnant component follows the initial-final mass
relation of Ref. [68], as described in Ref. [38]. The mass
distribution employed is shown in Fig. 1.
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For the realizations used here, the remnant component is
assigned 20% of the total mass in living stars (16.7% of the
total microlens mass), with maximum remnant masses of
approximately 27M⊙. This value is motivated by expect-
ations from standard stellar-population models. For a
Chabrier IMF, Madau and Dickinson [69] find a dark-
remnant mass fraction D ¼ 0.19 per stellar generation and
a return fraction R ¼ 0.41. Expressed relative to the mass
retained in long-lived stars and remnants, this corresponds
to D

1−R ≃ 0.32. Thus a 20% remnant fraction is a plausible,
and not especially aggressive, choice for an evolved stellar
population. For comparison, Ref. [25] adopted a remnant-
to-stellar mass fraction of 10%, while noting that stellar-
population models allow values in the range ∼ 5–20%.
The lensing configurations are sampled over external

shear, stellar convergence, and lens/source redshifts.
Specifically, we first draw the lens and source redshifts
independently from uniform proposal distributions

zL ∼ Uð0.1; 2.0Þ; zS ∼ Uð0.15; 2.05Þ; ð25Þ

and retain only configurations satisfying zS > zL. We
further impose γ ¼ κ, and independently propose

κ ∼ Uð0.1; 0.4Þ; κstellar ∼ Uð0.1; 0.4Þ; ð26Þ

where κstellar is the convergence in living stars, retaining
only samples satisfying

κ⋆ ¼ 1.2κstellar ≤ κ: ð27Þ

Here κ⋆ is the total convergence in compact objects,
Eq. (21), which includes the remnant component contrib-
uting an additional 20% of the mass in living stars. The
condition therefore ensures that compact objects do not
oversaturate the total convergence at the image position,

i.e., that the smooth component κs ¼ κ − κ⋆ remains non-
negative. Thus, κ ¼ γ is imposed for the accepted lens
configuration, while κstellar is drawn jointly with κ through
the above rejection-sampling condition. Given Eq. (17),
these choices limit the range of external magnification
to μmacro ≤ 5.
The distributions above are proposal distributions,

chosen to cover the parameter space of lensing configura-
tions evenly, rather than astrophysically realistic ones. In
particular, the joint redshift distribution is not weighted by
the strong-lensing probability: configurations with zL close
to zS correspond to a large critical surface density Σcr, and
are therefore rare, while for a given source the most
probable lens redshift lies roughly halfway between
observer and source. As discussed in Sec. IV B, at fixed
κ, γ, and κ⋆ the redshifts affect the amplification factor only
through the redshifted microlens masses, ∝ ð1þ zLÞ, so the
basis construction requires adequate coverage of zL rather
than a realistic joint redshift distribution. Astrophysically
weighted ensembles, e.g., for population studies, can be
obtained by reweighting the realizations (Sec. IV C) or
through dedicated simulations; we leave this to future work.

III. MODEL CONSTRUCTION

We now describe the construction of a ROSDmodel. The
construction below defines the SVD-stellar-I5-
aLIGOmodel: The labels specify the compression method,
microlens population, macroimage properties (type and
maximum macromagnification), and inner-product weight.
Other choices of these ingredients will define different
members of the ROSD family. We first define the micro-
lensing residual (Sec. III A) and the inner product used to
compare residuals in frequency space (Sec. III B). We then
use a singular value decomposition to construct the micro-
lensing basis and its coefficients (Sec. III C). The procedure
is summarized in Fig. 2.

A. Wave-optics residual

The amplification factor FðfÞ, defined in Eq. (1), con-
tains both the smooth macroscopic lensing contribution and
the frequency-dependent diffraction produced by the
microlens population. The former includes an overall
magnification, phase, and arrival-time shift. For a single
GW image these quantities are largely degenerate with the
luminosity distance, coalescence phase, and merger time,
and should therefore be removed before constructing a
basis for microlensing diffraction.
We define the smooth macroscopic contribution as

F0ðfÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jμmacroj

p
eiðφ0þ2πft0Þ; ð28Þ

where μmacro is the macroscopic magnification defined in
Eq. (15), while φ0 and t0 are a constant phase and time
shift. For the type-I macroimages considered in this work,

FIG. 1. Mass distribution of microlenses in the simulation
ensemble. The histogram shows the normalized probability
density pðMÞ of microlens masses drawn from 100 realizations.
Stellar lenses and compact remnants are shown in different
colors, but share a common normalization.
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the macroscopic Morse phase can be absorbed into φ0. For
type-II macroimages, the additional phase shift can become
observable in the presence of higher harmonics and should
be reintroduced in waveform-level applications [70,71]. We
will consider other macroimage types in future work.
We define the complex microlensing residual

δFðfÞ≡ FðfÞ
F0ðfÞ

− 1: ð29Þ

This residual isolates the frequency-dependent part of the
amplification factor associated with stellar microlensing.
By construction, δFðfÞ ¼ 0 for a purely smooth macro-
model after removing the macroscopic amplitude, phase,
and delay.

B. Inner product

To construct a basis optimized for GW observations, we
compare residuals using an inner product in amplification-
factor space

ðF1jF2ÞA ¼ 4ℜ
Z

fmax

fmin

dfWðfÞF1ðfÞF�
2ðfÞ; ð30Þ

where WðfÞ is a frequency-dependent weight. If two
amplification factors act on the same reference wave-
form h̃refðfÞ, choosing

WðfÞ ¼ jh̃refðfÞj2
SnðfÞ

ð31Þ

recovers the usual detector-noise-weighted GW inner
product for the corresponding lensed waveforms.

In this work we adopt a source-agnostic choice and
weight only by the detector noise

WðfÞ ¼ N
SnðfÞ

; ð32Þ

where N is an arbitrary normalization constant. This
incorporates detector sensitivity without optimizing the
basis for a specific binary population. The choice of weight
matters: stellar microlensing can generate rapid oscillations
at high frequencies, and a flat weight would overemphasize
features that may be irrelevant for binaries whose observ-
able signal ends at lower frequencies.
More targeted choices are possible. For a source pop-

ulation described by parameters λ, one could define

WpopðfÞ ∝
Z

dλpðλÞ jh̃ðf; λÞj
2

SnðfÞ
; ð33Þ

where pðλÞ encodes the target population. This distribution
could be inferred empirically from detected compact-binary
events [72,73], or obtained from simulated lensed popula-
tions that include magnification selection, lensing optical
depth, detector sensitivity, and the redshift evolution of the
merger rate [74–79]. It could also be restricted to a specific
detector-frame mass range, producing a basis optimized for
the frequencies where those binaries accumulate most of
their signal-to-noise. For example, a basis tailored to high
detector-frame masses would emphasize lower frequencies,
while one optimized for lower-mass binaries would retain
more high-frequency structure. Similarly, a lensed-popu-
lation prior would weight the basis toward the detector-
frame masses and redshifts expected after magnification
selection.

FIG. 2. Outline of the microlensing-basis construction. Amplification factors from microlensing realizations are converted into
diffraction residuals by factoring out the smooth macroscopic contribution (Sec. III A). A frequency-dependent weight is then
introduced to reflect detector sensitivity (Sec. III B), and the weighted residuals are discretized into a feature matrix. The singular value
decomposition of this matrix provides an orthonormal basis ordered by decreasing singular value (Sec. III C). The same procedure also
yields the distribution of basis coefficients, which can be used as a prior in parameter estimation and to study correlations with
macroscopic lens parameters.
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Such population-adapted weights may reduce the num-
ber of basis elements required for a given class of sources,
but they also make the model less generic. We therefore use
the detector-only weight in Eq. (32) as a conservative
baseline and leave source-adapted bases to future work.
We work with discretized normalized weights with

frequency values ffig

wiðfÞ ¼
WðfiÞR fmax

fmin
dfWðfÞ : ð34Þ

In the SVD-stellar-I5-aLIGO model we use the
Advanced LIGO zero-detuned high-power noise curve
[80,81] to define SnðfÞ in Eq. (32), over the frequency
range fmin ¼ 20 Hz to fmax ¼ 1024 Hz. This choice defines
the “aLIGO” label in SVD-stellar-I5-aLIGO. The
singular value decomposition (SVD) described in Sec. III C
constructs a basis orthonormal with respect to the discrete
version of Eq. (30).

C. Microlensing basis and coefficients

Our goal is to construct a low-dimensional basis for the
microlensing residual defined in Eq. (29). We write

δFðfÞ ≃
XK
k¼1

αkψkðfÞ; ð35Þ

where ψkðfÞ are basis functions and αk are phenomeno-
logical coefficients. Equivalently, the full amplification
factor can be written as

FðfÞ ≃ F0ðfÞ
�
1þ

XK
k¼1

αkψkðfÞ
�
; ð36Þ

with F0ðfÞ defined in Eq. (28). The basis is obtained from a
SVD of a data matrix built from an ensemble of micro-
lensing realizations. By construction, it is orthonormal with
respect to the discrete version of the inner product in
Eq. (30), and ordered by decreasing singular value.
We discretize the residuals on a frequency grid ffjgMj¼1

and define wj ≡ wðfjÞ, where wðfÞ is the normalized
weight in Eq. (34). The simulated amplification factors
are computed on a linearly spaced grid with Δf ¼ 1 Hz;
restricting it to the frequency band over which the detector
weight is defined, f∈ ½20; 1024� Hz, yields M ¼ 1004
linearly spaced frequency bins, so the feature vectors defined
below have dimension 2M ¼ 2008. For each microlensing
realization, we first compute the residual δFðfÞ by dividing
out the smooth macroscopic contribution. The macroscopic
magnification μmacro is fixed by the external potential, while
the constant phase and delay are obtained by fitting the phase
of the amplification factor

ðφ0; t0Þ ¼ argmin
φ̂0;t̂0

XM
j¼1

wj½argFðfjÞ − ðφ̂0 þ 2πfjt̂0Þ�2:

ð37Þ

This removes the phase and time shifts that are degenerate
with the intrinsic GW parameters.
We represent each residual by concatenating its real and

imaginary parts

x ¼ ðℜδF1;…;ℜδFM;ℑδF1;…;ℑδFMÞ; ð38Þ

where δFj ≡ δFðfjÞ. The weighted feature vector is

xw ¼ ðw1=2
1 ℜδF1;…; w1=2

M ℜδFM;

w1=2
1 ℑδF1;…; w1=2

M ℑδFMÞ: ð39Þ

With this definition, the Euclidean inner product between
weighted feature vectors approximates the weighted inner
product of the corresponding complex residuals.
Given N microlensing realizations, we construct the

data matrix

X ¼

0
BBBB@

xw;1

xw;2

..

.

xw;N

1
CCCCA∈RN×2M; ð40Þ

whose rows contain the weighted feature vectors of the
different realizations. We compute its singular value
decomposition

X ¼ UΣVT; ð41Þ

where Σ ¼ diagðS1; S2;…Þ contains the singular values.
The rows of VT define the basis modes in the weighted
feature space. Equivalently, after undoing the factors
of w1=2

j , they define complex basis functions ψkðfÞ that
are orthonormal under the discrete weighted inner product.
The coefficient of realization I along mode k is

αk;I ¼ xw;I · vk; ð42Þ

where vk is the kth row of VT. These coefficients encode the
diffraction signature of each microlensing realization in the
reduced basis. Sampling over fαkg therefore provides a
phenomenological way to describe microlensing distor-
tions in GW parameter estimation.
The singular values quantify how much of the weighted

variance of the training set is captured by each mode. We
define the individual mode power
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FIG. 3. First components of the microlensing basis of the SVD-stellar-I5-aLIGO model. The first three columns show the
absolute value, argument, and real/imaginary parts of each component, ranked by individual mode power, Eq. (43). No vertical scale is
shown because the basis functions are normalized. The last column shows the probability distribution of the coefficients in the
microlensing realizations, quoting their standard deviation. The basis was built with a weight proportional to the inverse advanced LIGO
noise power spectral density, WðfÞ ∝ 1=SnðfÞ.
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Ek ≡ S2kP
jS

2
j

ð43Þ

and the cumulative power retained by the first K modes

E≤K ≡
P

K
k¼1 S

2
kP

jS
2
j

¼
XK
k¼1

Ek: ð44Þ

These quantities measure the variance captured by the basis
in the weighted feature space. They should be distinguished
from the coefficients αk, which describe how strongly a
particular microlensing realization excites each mode.
Figure 3 shows the first components of the basis con-

structed from 10,000 microlensing realizations. The coef-
ficient distributions in the last column show that the first
modes have the largest variance, as expected from the
ordering by singular value. Higher-order modes capture
progressively smaller-scale structure in frequency space and
are needed to describe more detailed features of individual
microlensing realizations.

IV. MICROLENSING MODEL PROPERTIES

The SVD-stellar-I5-aLIGO model provides a
compact description of microlensing diffraction through
the coefficients fαkg in Eq. (35). These coefficients can be
used in two complementary ways:

(i) Phenomenological inference. For a chosen trunca-
tion order K, the coefficients fαkgKk¼1 can be
sampled together with the binary parameters. This
allows GW data to determine whether a frequency-
dependent microlensing distortion is preferred, with-
out committing to a specific microlens realization or
to a detailed astrophysical prior. We demonstrate this
wide-prior use of the model on a simulated signal
in Sec. V B.

(ii) Astrophysical interpretation. The ensemble of mi-
crolensing realizations used to construct the basis
defines a distribution

prealizðfαkg; γ; κ⋆; zL; zS;…Þ: ð45Þ

This distribution encodes the stochastic diffraction
signatures expected from stellar fields, including
correlations with the macrolens environment. It can
be used to define realization-based priors on fαkg, as
discussed in Sec. IV C, or to compare recovered
coefficients with the simulated population after
parameter estimation. In Sec. V B, we also demon-
strate how such realization priors can be applied to
posterior samples obtained with wider coefficient
priors.

In the rest of this section, we introduce simple summary
quantities for the coefficient vector (Sec. IVA), describe how
they correlate with macroscopic lens parameters (Sec. IV B),

and define realization-based priors for use in inference
(Sec. IVC).

A. Microlensing weight and retained power

Because the basis functions are orthonormal with respect
to the weighted inner product, the coefficient vector
provides a natural measure of the total microlensing dis-
tortion captured by the truncated expansion. We define the
microlensing weight at truncation order K as

υK ≡
 XK

k¼1

α2k

!
1=2

: ð46Þ

This quantity is the weighted norm of the residual retained
by the first K basis modes. It summarizes the overall ampli-
tude of the microlensing distortion, while being insensitive
to the signs of individual coefficients, which depend on the
detailed interference pattern of each realization.
To quantify the effect of truncating the expansion, we

define the retained weight fraction

rK ≡ υK
υKmax

; ð47Þ

where Kmax is the largest basis size used as reference. This
satisfies 0 ≤ rK ≤ 1. Values close to unity indicate that the
first K modes capture most of the microlensing distortion
present in the reference basis, while smaller values indicate
that higher-order modes contribute significantly.
We use υK below as a compact statistic for the strength of

microlensing diffraction, and rK in Sec. V to assess the
accuracy of truncated reconstructions.

B. Dependence on macroparameters

The coefficient distribution contains information about
the macroscopic lens environment. In particular, the
ensemble of realizations defines conditional distributions
such as

prealizðfαkgjγ; κ⋆; zL; zS;…Þ; ð48Þ

where γ is the external shear and κ⋆ is the stellar
convergence. Individual coefficients are not expected to
provide clean estimators of these quantities, since their
signs and amplitudes depend on the detailed interference
pattern of each stellar field. However, summary statistics
such as υK are more robust: the macrolens parameters
mainly control the probability of producing strong micro-
lensing distortions, rather than the exact coefficient vector
of a single realization.
We therefore examine the correlation between the

microlensing weight υK , defined in Eq. (46), and the
macrolens parameters. This provides a simple measure of
how the overall strength of diffraction depends on the lens
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environment. More generally, one could construct opti-
mized estimators for γ, κ⋆, zL, or zS from the full
coefficient vector fαkg; we leave this to future work.
Figure 4 shows that the microlensing weight increases

with both shear and stellar convergence. This behavior is
expected: κ⋆ controls the surface density of compact lenses,
while γ changes the local tidal field and increases the region
over which microlenses can produce large perturbations.
The broad 10%–90% ranges reflect the stochasticity of the
stellar field. The macroparameters determine a distribution
of possible diffraction strengths, not a unique value of υK
for a single realization.
Figure 5 shows the same trend as a function of macro-

magnification. The microlensing weight increases system-
atically with μmacro for all truncation orders. Increasing K

raises the recovered weight, as expected from Eq. (46), but
the dependence on μmacro remains qualitatively similar. This
indicates that the correlation is not driven by a single mode,
but by the overall strength of the microlensing residual.
The dependence of the microlensing weight on the lens

and source redshifts is comparatively weak. At fixed κ, γ,
and κ⋆, the source redshift does not alter the statistics of the
amplification factor: the microlens surface density is fixed
by the stellar convergence, and zS enters only the con-
version between physical and dimensionless quantities.
The redshifts affect the observed signal mainly through the
redshifted microlens masses, Mjð1þ zLÞ, which shift the
diffraction pattern toward lower observed frequencies as zL
increases, moving spectral features across the band selected
by the weight wðfÞ. Figure 6 shows the resulting trend in
the simulated ensemble: the median υK increases mildly
with zL, by ∼30% between the lowest and highest redshift
bins for K ¼ 8. The rank correlation between υ8 and zL is
ρ ≃ 0.20, roughly half of that with the shear (ρ ≃ 0.35) or
the stellar convergence (ρ ≃ 0.38), and remains at a similar
level within narrow bins of γ or κ⋆, confirming that it is a
genuine, but subdominant, dependence rather than one
mediated by the sampled macroparameters. We note that in
an astrophysical lens population the redshifts would addi-
tionally influence the microlensing signal through κ⋆ itself,
via the critical surface density ΣcrðzL; zSÞ; in our ensemble
this channel is absent by construction, since κ⋆ is an
independent input parameter.
These correlations suggest how measured coefficients

could be interpreted astrophysically. A posterior lower
bound on υK from a GW event would disfavor regions
of parameter space where such large weights are rare,
leading to probabilistic constraints on γ, κ⋆, and derived
quantities such as μmacro. Equivalently, one can compare
posterior samples for fαkg directly with the simulated

FIG. 4. Microlensing weight υK in the ðγ; κstellarÞ plane for the
realizations used in SVD-stellar-I5-aLIGO, at truncation
orders K ¼ 1, 2, and 5 (top to bottom). Colors show the median
value of υK computed from the ensemble of microlensing
realizations within each bin of macro shear γ and stellar con-
vergence κstellar, related to the total compact-object convergence by
κ⋆ ¼ 1.2κstellar. Numbers inside the cells indicate the 10–90%
range of υK within each bin. The color scale is shared across panels
to allow direct comparison of how the recovered microlensing
weight increases as additional basis modes are included.

FIG. 5. Microlensing weight as a function of macromagnifi-
cation for SVD-stellar-I5-aLIGO. Curves show the
median υK for truncation orders K ¼ 1, 3, 8, 80, while shaded
bands indicate the 10–90% range in bins of γ. The lower axis uses
the SIS relation in Eq. (15); the upper axis shows the equivalent
value of γ.
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distribution prealizðfαkgjγ; κ⋆; zL; zSÞ, or with compressed
summaries such as prealizðυKjγ; κ⋆Þ. This provides a cali-
brated, stochastic interpretation of the recovered micro-
lensing distortion, rather than a deterministic reconstruction
of the macrolens parameters.

C. Realization-based priors

The same ensemble of simulated amplification factors
used to construct the basis also defines an empirical
distribution for the coefficients fαkg. Let

λ ¼ ðγ; κ⋆; zL; zS;…Þ ð49Þ

denote the macroscopic and population-level variables that
specify a microlensing realization. For a basis truncated at
order K, we define

α ¼ ðα1;…; αKÞ: ð50Þ

The realization ensemble induces the marginal coefficient
distribution

pðKÞ
realizðαÞ ¼

Z
dλpðαjλÞprealizðλÞ; ð51Þ

where prealizðλÞ is the sampling distribution used to gen-
erate the simulations. This is not, in general, an astro-
physical event-rate prior. Rather, it is a prior induced by the
agnostically sampled realization ensemble.
In the simplest implementation, we approximate this

distribution by a multivariate Gaussian

pðKÞ
realizðαÞ ¼ N ðα; μα;ΣαÞ; ð52Þ

with mean and covariance estimated from the simulated
coefficient samples

μα ¼ hαIiI; ð53Þ

Σα ¼ hðαI − μαÞðαI − μαÞTiI; ð54Þ

where I labels the microlensing realization. Because the
microlensing basis diagonalizes the covariance of the
weighted training set, this Gaussian approximation is
close to diagonal when estimated from the same ensemble
used to construct the basis. Non-Gaussian features, corre-
lations induced by conditioning, and tails associated with
rare high-diffraction realizations are not captured by this
approximation.
The realization prior can also be conditioned on properties

of the simulated lensing configuration. For a subset S of
realizations, for example a cut on shear, stellar convergence,
macromagnification, or image type, one can define

pðKÞ
realizðαjSÞ ¼ prealizðα1;…; αKjSÞ: ð55Þ

This provides a practical way to construct “sliced” priors
associated with different regions of the simulated micro-
lensing population. In this work we use only the uncondi-
tional realization prior as a first demonstration. More flexible
density estimates, such as kernel-density estimates, Gaussian
mixtures, or normalizing flows, can be substituted for
Eq. (52) without changing the inference strategy.
A realization prior can be applied directly in parameter

estimation, or by reweighting posterior samples obtained
with wider coefficient priors. If the sampling prior used in
parameter estimation is pPEðαÞ, then the realization-prior
posterior is obtained by assigning each posterior sample a
weight

wpost ∝
pðKÞ
realizðαÞ
pPEðαÞ

: ð56Þ

This strategy is demonstrated in Sec. V B, where we first
sample the microlensing coefficients with broad priors and
then apply the realization-based prior by reweighting.
Finally, the realization distribution can be replaced by an

astrophysical population model. If the simulations are
drawn from a known distribution prealizðλÞ, and a target
population model pastroðλÞ is specified, the coefficient
distribution can be reweighted at the realization level using

wI ∝
pastroðλIÞ
prealizðλIÞ

: ð57Þ

The corresponding astrophysical coefficient prior is then
approximated by

FIG. 6. Microlensing weight as a function of lens redshift for
SVD-stellar-I5-aLIGO. Curves show the median υK for
truncation orders K ¼ 1, 3, 8, 80, while shaded bands indicate the
10%–90% range in bins of zL. The mild increase with zL reflects
the growth of the redshifted microlens masses, ∝ ð1þ zLÞ, which
shifts diffraction features toward lower observed frequencies
within the sensitive band. The trend is subdominant compared to
the dependence on γ and κ⋆ (Figs. 4 and 5) and to the realization-
to-realization scatter.
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pðKÞ
astroðαÞ ≃

X
I

wIδ
ðKÞðα − αIÞ: ð58Þ

We do not perform this astrophysical reweighting here, but
Eq. (57) shows how the same coefficient framework can be
adapted to different assumptions about the lens population.

V. MICROLENSING MODEL PERFORMANCE

We now assess how effectively microlensing diffraction
is captured by the SVD-stellar-I5-aLIGO model.
Since the basis is complete only in the limit of sufficiently
many modes, the practical question is how many coeffi-
cients are needed for the applications of interest. We first
quantify the effect of truncating the basis on the recovered
microlensing weight (Sec. VA). We then demonstrate the
use of the model in Bayesian inference on a simulated
microlensed signal (Sec. V B). Finally, we apply the same
basis to an isolated point lens (Sec. V C), which lies outside
the stochastic stellar-field population used to construct the
model and therefore provides an out-of-distribution test.

A. Truncation of the microlensing basis

We first quantify how the performance of the SVD-
stellar-I5-aLIGO basis depends on the truncation
order K. For each realization, we compute the microlensing
weight υK , defined in Eq. (46), and compare it with the
value obtained using the largest basis considered here,
Kmax ¼ 80. We use the retained weight fraction rK ,
Eq. (47), to measure how much of the weighted micro-
lensing norm is captured by the first K modes.
Figure 7 shows the inverse cumulative distribution of υK

for several truncation orders. The first few modes already
retain most of the microlensing weight for the majority of
realizations. For example, K ¼ 3 gives a median retained
fraction q50ðrKÞ ≃ 0.89, while K ¼ 8 increases this to
q50ðrKÞ ≃ 0.95. The lower tail is more sensitive to trunca-
tion: the 10th percentile increases from q10ðrKÞ ≃ 0.62 for
K ¼ 3 to q10ðrKÞ ≃ 0.83 for K ¼ 8. Thus a modest number
of coefficients captures the dominant microlensing struc-
ture for most realizations, while higher-order modes remain
relevant for the most complex diffraction patterns.
The abundance of large microlensing weights is also

reasonably stable once several modes are included. The
fraction of realizations with υK > 1 is already close to the
full-basis value for K ¼ 3–8. The more stringent threshold
υK > 5 is more sensitive to truncation, as expected because
large distortions often receive contributions from several
subdominant modes.
In the following subsections we use K ¼ 8 as a repre-

sentative truncation. This choice is not unique, nor is it
guaranteed to be optimal for all inference problems. It
provides a compact model that retains most of the micro-
lensing norm for the bulk of the realization ensemble, while
keeping the number of additional parameters low enough

for parameter-estimation studies. The dependence of the
inference results on K should be assessed in future applica-
tions, especially for high-SNR events or signals with unusu-
ally complex diffraction structure.

B. Bayesian parameter estimation

We now demonstrate how the SVD-stellar-I5-
aLIGO model can be used in Bayesian parameter estima-
tion. The purpose of this example is twofold. First, we show
that the microlensing coefficients can be sampled with
broad priors as a flexible phenomenological model for
diffraction. Second, we show how the realization-based
coefficient prior of Sec. IV C can be applied a posteriori by
reweighting the broad-prior posterior samples.
The injected signal is generated using the full numerical

amplification factor FðfÞ from one microlensing realiza-
tion, rather than from the truncated reduced-order model
itself. This makes the test nontrivial: the recovery model
has access only to the first K ¼ 8 basis components, while
the injected waveform contains the full diffraction pattern
of the simulated stellar field. The injected source param-
eters are quoted in Table I and the lensing configuration
is κ ¼ γ ¼ 0.42, κ⋆ ¼ 0.28, zL ¼ 1.14, zS ¼ 1.83,
μmacro ¼ 6.33. This configuration lies slightly outside the
range sampled to construct the basis (κ ¼ γ ≤ 0.4, corre-
sponding to μmacro ≤ 5). The choice is deliberate: it stress-
tests the robustness of the model under mild extrapolation,
which is representative of realistic applications where the
macroparameters of an observed event are unknown and
not guaranteed to lie within the training range. The smooth
dependence of the coefficient statistics on the macro-
parameters (Figs. 4 and 5) and their weak dependence
on redshift (Fig. 6) suggest that the basis remains adequate
slightly beyond the training boundary; the successful
recovery presented below confirms this expectation, and
injections within the training range are expected to perform
at least as well.

FIG. 7. Inverse cumulative distribution of the microlensing
weight υK for different truncation orders in the SVD-stellar-
I5-aLIGO realizations. The full reference basis corresponds to
K ¼ 80. Vertical dotted lines mark the reference amplitudes
υK ¼ 1 and υK ¼ 5. The inset reports the fraction of realizations
above these thresholds, together with the median and 10th
percentile of the retained weight fraction rK ¼ υK=υ80.
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The reduced-order model does not include the external
macromagnification μmacro as an inferred parameter. It
therefore measures apparent, or observed, source quantities
rather than the intrinsic unlensed luminosity distance,
redshift, and source-frame masses. We quote Dobs

L ¼
Dtrue

L =
ffiffiffiffiffiffiffiffiffiffiffiffi
μmacro

p
. The corresponding observed redshift zobs

is inferred from Dobs
L assuming a Λ cold dark matter

ðΛCDM) cosmology [82], and the observed total mass
is Mobs

tot ¼ Mdet
tot =ð1þ zobsÞ ¼ Mtrue

tot ð1þ ztrueÞ=ð1þ zobsÞ.
The injection-recovery analyses are performed with

Bilby using the DYNESTY nested sampler. We use a three-
detector network consisting of third-generation GW detec-
tors. Specifically, the network comprises two Cosmic
Explorer [83] detectors located at Hanford and
Livingston, and one Einstein Telescope [84] detector near
Pisa, Italy. The power spectral densities (PSDs) em-
ployed in this work are CosmicExplorerP1600143 and
EinsteinTelescopeP1600143 from Ref. [85]. It is worth
noting that, as the first paper in this series, we focus on a
sufficiently high-SNR event, with a network SNR of
approximately 450, as a deliberately optimistic demonstra-
tion to provide a proof of principle for the feasibility of the
SVD method. In future work, we will investigate the
detection efficiency, degeneracies with source parameters,
and related aspects under the current LIGO-Virgo-KAGRA
(LVK) sensitivity.
We employ a frequency-domain likelihood with time and

distance marginalization enabled, while phase and calibra-
tion marginalization are not included.
The GW signal is generated with the precessing wave-

form approximant IMRPhenomXP [86], using a reference
frequency fref ¼ 50 Hz and a minimum frequency
fmin ¼ 20 Hz. The data are sampled at 4096 Hz over a
duration of 3.84 s. The source parameters quoted in
Table I are the observed luminosity distance Dobs

L and

total mass Mobs
tot defined above, the mass ratio q ¼

m2=m1 ≤ 1, the angle θJN between the total angular
momentum and the line of sight, and the dimensionless
spin magnitudes a1 and a2 of the primary and secondary
components. The lensed recovery uses a frequency-
domain source model in which the compact-binary wave-
form is multiplied by the microlensing amplification factor
reconstructed from SVD-stellar-I5-aLIGO.
Note that the microlensing basis itself was constructed

with the aLIGO noise curve as normalized weight, rather
than the PSDs used in this injection. This is slightly
suboptimal for the present Parameter Estimation (PE)
example, but it is useful as a proof of principle; a
detector-specific basis can be constructed by replacing
the weight in Eq. (32).
For comparison with the recovered microlensing param-

eters, we compute fiducial coefficient values by projecting
the injected microlensing residual onto the first eight basis
components

αfidi ¼ ðδFinjjψ iÞ; i ¼ 1;…; 8: ð59Þ

These values define the gray lines in Fig. 9. They also
determine the projected injected value of υ8 shown in Fig. 8
and quoted in Table I. The fiducial coefficients are not
parameters used to generate the signal; they are the
projection of the full injected amplification factor onto
the truncated recovery basis.
We compare three analyses of the same microlensed

signal. First, we analyze the data with an unlensed wave-
form model. Second, we use the SVD-stellar-I5-
aLIGO model with wide, uniform priors on the first eight
microlensing coefficients. Third, we reweight the wide-
prior microlensing posterior by the realization prior intro-
duced in Sec. IV C. For the wide-prior run, each coefficient
is sampled with αi ∈ ½−10; 10�, i ¼ 1;…; 8. These delib-
erately broad coefficient priors provide a conservative
stress test of the microlensing recovery, but they also
introduce a large prior volume and make posterior
reweighting inefficient.
The reweighting is performed a posteriori using samples

from the wide-prior microlensing run. For posterior sam-
ples drawn from pwideðθ;αjdÞ, the realization-prior pos-
terior is

prealizðθ;αjdÞ ∝ pwideðθ;αjdÞ
πðKÞrealizðαÞ
πðKÞwideðαÞ

; ð60Þ

where θ denotes the binary parameters and d the data.
Equivalently, each wide-prior posterior sample is assigned
an importance weight

wi ∝
πðKÞrealizðαiÞ
πðKÞwideðαiÞ

: ð61Þ

TABLE I. Summary of one-dimensional posterior constraints
for the injected microlensed signal. The first column gives the
injected values, while the remaining columns show the median
and 68% credible intervals for the unlensed recovery, the
SVD-stellar-I5-aLIGO recovery with wide coefficient
priors, and the same posterior reweighted by the realization-
based coefficient prior. The microlensing weight υ8 is computed
from the first eight microlensing coefficients.

Parameter Injection Unlensed Wide prior Realiz. prior

Dobs
L [Gpc] 1.19 1.47þ0.01

−0.01 1.48þ0.05
−0.22 1.41þ0.05

−0.20

Mobs
tot ½M⊙� 18.3 16.6þ0.0

−0.0 17.6þ0.5
−0.4 17.6þ0.5

−0.3

q 0.50 0.74þ0.01
−0.01 0.52þ0.06

−0.03 0.52þ0.04
−0.02

θJN 0.75 0.15þ0.03
−0.02 0.27þ0.36

−0.16 0.36þ0.30
−0.10

a1 0.10 0.54þ0.02
−0.02 0.02þ0.03

−0.01 0.03þ0.08
−0.03

a2 0.10 0.84þ0.03
−0.03 0.36þ0.09

−0.11 0.32þ0.03
−0.25

υ8 5.32 � � � 12.6þ2.5
−3.1 6.5þ0.4

−0.7
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Since πðKÞwide is constant inside the sampled prior volume, the

weights are proportional to πðKÞrealizðαiÞ. As in Sec. IV C, this
realization prior is derived from the agnostically sampled
microlensing ensemble; it is not an astrophysical event-rate
prior. The Gaussian realization prior used here is estimated

from the coefficient matrix of the 104 simulated stellar-field
realizations used to build the basis.
Figure 8 shows the posterior on selected source param-

eters and on the recovered microlensing weight. The
unlensed analysis cannot reproduce the injected diffraction
pattern and compensates through biased source parameters,

FIG. 8. Source-parameter recovery of an injected microlensed signal. We compare the unlensed recovery, the recovery with wide
priors on the microlensing coefficients using SVD-stellar-I5-aLIGO, and the same posterior reweighted by the realization-based
coefficient prior. The wide-prior microlensing posterior captures the microlensing distortion, but allows large microlensing weights υ8
and broader degeneracies with the source parameters. Reweighting by the realization prior restricts the posterior to coefficient
combinations typical of the simulated stellar fields, reducing the recovered microlensing weight toward the projected injected value.
Thin gray lines indicate injected source-parameter values and the microlensing weight obtained by projecting the true injected
amplification factor onto the first eight basis modes.
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including the observed luminosity distance, component
spins, and mass ratio. The wide-prior microlensing model
captures the signal more flexibly and improves several
intrinsic parameters, in particular the mass ratio, spin
magnitudes, and observed total mass. However, the broad
coefficient prior also allows unrealistically large micro-
lensing distortions: the posterior peaks at υ8 values signifi-
cantly above the projected injected value. After reweighting
by the realization prior, the posterior is restricted to

coefficient combinations that are typical of the simulated
stellar fields. This reduces the inferred microlensing weight
from υ8 ¼ 12.6þ2.5

−3.1 to υ8 ¼ 6.5þ0.4
−0.7 , closer to the projected

value υ8 ¼ 5.32.
Figure 9 shows the corresponding posterior for the

microlensing coefficients. With wide priors, the posterior
explores broad and correlated directions in coefficient
space. These correlations reflect degeneracies among basis
components and between lensing and source parameters.

FIG. 9. Recovery of the microlensing coefficients for the injected microlensed signal. The coefficients shown correspond to the first
eight basis modes of SVD-stellar-I5-aLIGO. The wide-prior posterior explores broad and correlated regions of coefficient space.
Reweighting by the realization prior selects the subset of this posterior that is typical of the simulated stellar-field realizations. Thin gray
lines indicate the values obtained by projecting the full injected amplification factor onto the first eight basis modes.

EFFECTIVE DESCRIPTION OF LENSED GRAVITATIONAL … PHYS. REV. D 114, 063038 (2026)

063038-15



The realization prior selects a much smaller region of the
wide-prior posterior, concentrating the recovery near coef-
ficient combinations that occur in the simulated micro-
lensing ensemble. While the posterior of the first basis
coefficients (α1–α5) are drawn close to the injection values,
the last three coefficients (α6–α8) remain far from their
expected fiducial. Although the base elements are orthogo-
nal in the amplification factor δF, correlations with the
source parameters are likely to introduce these biases.
These correlations are realization-dependent: they depend
on the injected diffraction pattern, the source parameters,
and the detector sensitivity. Consequently, the optimal
truncation order K is not fixed only by the retained
microlensing weight in the training set, but also by the
balance between improved waveform flexibility and the
additional prior volume introduced in parameter estimation.
The same importance weights can be used to esti-

mate the evidence for each analysis, Zrealiz ¼ Zwide ×

hπðKÞrealizðαÞ=πðKÞwideðαÞiwide, where the average is over pos-
terior samples from the wide-prior microlensing analysis.
For this injection we find

log10 BUL
micro;wide ¼ 40.3; ð62Þ

log10 BUL
micro;realiz ¼ 36.4; ð63Þ

with Bayes factors quoted relative to the unlensed model.
Thus both microlensing analyses are decisively preferred
over the unlensed recovery, but in this case the realization
prior reduces the evidence relative to the wide-prior micro-
lensing model. This is not a generic consequence of using a
narrower prior: it occurs because the wide-prior posterior
places substantial support on coefficient combinations, and
in particular large υ8, that are atypical of the simulated
stellar-field realizations.
The reweighting diagnostics indicate that the realization-

prior posterior is sampled with very low efficiency. The
effective reweighting efficiency is ϵrw ≡ Neff=Nsamp ≃
4.0 × 10−4. Only a tiny fraction of the wide-prior posterior
samples contribute appreciably after applying the realiza-
tion prior: the samples carrying 50%, 90%, and 99% of the
reweighted posterior are only 3, 10, and 40, respectively.
This concentration is also reflected in the large spread of
importance weights, log10½maxi wi=medianðwiÞ� ≃ 26.2.
The low efficiency is expected because the realization
prior occupies only a small fraction of the very broad
coefficient-prior volume. For K coefficients, the relevant
volume contraction scales roughly as ðσi=ΔαiÞK , where
σi is the typical realization-prior width and Δαi is the flat-
prior width. This sparsity also explains the irregular shape
of the reweighted contours in Figs. 8 and 9.
The reweighted posterior is therefore useful as a proof

of principle, but a more robust comparison should use
dedicated sampling with the realization prior imposed
directly. In practice, the need for dedicated sampling can

be anticipated from the prior-volume contraction, or diag-
nosed a posteriori from the effective reweighting effi-
ciency. Future analyses should use narrower realization-
informed coefficient bounds, direct sampling from reali-
zation-based priors, or both.

C. Application to an isolated point lens

We now apply the microlensing basis to the isolated
point-lens model. This is a useful out-of-distribution test:
an isolated point lens is deterministic and described by only
a mass and an impact parameter, whereas the basis was
trained on stochastic stellar fields embedded in an external
macrolens. In the notation of Sec. II B, this limit corre-
sponds to a single compact lens with no external con-
vergence or shear. We compute the analytic point-lens
amplification factor using GLoW [35]2 and construct the
residual δF as in Eq. (29).
For each point-lens configuration ðM; yÞ, where M is

the lens mass and y the dimensionless impact parameter,
we project the residual onto the microlensing basis and
reconstruct it using the truncated expansion

δFKðfÞ ¼
XK
k¼1

αkψkðfÞ: ð64Þ

We quantify the reconstruction accuracy with the weighted
fractional error

ϵ2K ≡ ðδF − δFKjδF − δFKÞA
ðδFjδFÞA

¼ 1 −
P

K
k¼1 α

2
k

ðδFjδFÞA
; ð65Þ

where the inner product is defined in Eq. (30). The last
equality follows from the orthonormality of the basis with
respect to the same weighted inner product.
Figure 10 shows the number of modes required to reach

ϵK ≤ 0.1 across the point-lens parameter space. Low-mass
lenses and large impact parameters produce smoother
residuals and can be described with fewer modes. More
massive lenses, or lenses with smaller impact parameter,
generate sharper interference features across the detector
band and require many more modes. The gray region marks
configurations for which the target accuracy is not reached
with the retained basis.
The representative reconstructions in the right panels

show the same behavior in frequency space. The first few
modes reproduce the broad envelope of the point-lens
residual, but many modes are needed to recover the rapidly
oscillating phase and amplitude structure at high frequency.
This inefficiency is expected. The basis was optimized to
describe diffraction by stochastic stellar fields in a macro-
lens environment, not isolated deterministic point lenses.
The point-lens test therefore shows that the SVD basis can

2https://github.com/glow-astro/GLoW.
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represent out-of-distribution lensing signals in principle,
but it also highlights a limitation: the basis does so much
less efficiently than for the microlensing population on
which it was trained.

VI. CONCLUSIONS AND OUTLOOK

We have developed a reduced-order description of
stochastic GW microlensing diffraction by stellar fields.
Starting from numerical wave-optics amplification factors,
we removed the smooth macroscopic contribution and
constructed a basis for the residual diffraction pattern using
a SVD. The resulting model represents microlensing
through a manageable number of phenomenological coef-
ficients fαkg, while retaining a direct connection to the
simulated microlens population.
The construction separates two useful tasks. First, the

microlensing coefficients can be sampled with broad priors
as a flexible phenomenological model for frequency-
dependent lensing distortions. Second, the same realization
ensemble induces a coefficient distribution that can be used
as a realization-based prior, or as a consistency check
against stellar-field microlensing. This distinction is impor-
tant: the basis provides flexibility, while the coefficient
distribution supplies astrophysical regularization.
Our main results are
(i) A small number of modes captures most stellar-field

diffraction. The first few microlensing modes retain
most of the microlensing weight for the majority of

realizations. In particular, K ¼ 8 captures a median
fraction rK ≃ 0.95 of the reference K ¼ 80 weight,
with q10ðrKÞ ≃ 0.83; see Fig. 7.

(ii) The recovered coefficients carry information about
the macrolens environment. The total microlensing
weight υK correlates with stellar convergence, ex-
ternal shear, and macromagnification. This suggests
that measured microlensing coefficients can be used
probabilistically to constrain the lens environment;
see Figs. 4 and 5.

(iii) Astrophysical priors sharpen inference and interpre-
tation. In the simulated PE example, broad coef-
ficient priors allow the microlensing model to absorb
diffraction, but also introduce degeneracies with
source parameters. Reweighting by the realization-
based prior reduces some of these degeneracies and
produces microlensing parameters closer to the
injected values; see Figs. 8 and 9.

(iv) The stellar-field basis is not an efficient representation
of simple lens models. Although the basis can
represent any modification of the waveform in prin-
ciple, reproducing diffraction by an isolated point-lens
requires many modes to capture the rapidly oscillatory
features. This confirms that the microlensing basis is
specialized to the stochastic microlensing population
on which it was trained; see Fig. 10.

These conclusions should therefore be interpreted at two
levels: the ROSD construction and the use of broad
coefficient priors are generic, while the quantitative mode

(a)

(b)

(c)

(d)

FIG. 10. Reconstruction of isolated point-lens diffraction signals with the microlensing SVD basis. Left: number of modes K required
to reach the weighted reconstruction error ϵK ≤ 0.1, Eq. (65), as a function of lens mass M and impact parameter y. Gray cells indicate
configurations where the target accuracy is not reached with the retained basis. Three representative configurations are marked. Right:
for these cases, the point-lens residual jδFj is compared with reconstructions using different truncation orders. The basis captures the
broad structure with relatively few modes, but rapid oscillatory features require many additional components.
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hierarchy, realization-based priors, and correlations with
γ, κ⋆, and μmacro are specific to the SVD-stellar-I5-
aLIGO training ensemble.
Several extensions appear naturally. The basis can be

tailored to specific sources by changing the frequency
weight used to build the feature matrix: SVD-stellar-
I5-aLIGO models adapted for low or high detector-frame
masses will improve parameter estimation, while those
adapted to simulated populations of strongly lensed signals
will be better suited for matched-filter searches of micro-
lensed GWs. This approach should reduce the number of
coefficients required for targeted analyses, at the cost of
making the model less generic.
Generalizations of the lens properties are also straightfor-

ward: these include variations on the macropotential
(macromagnification, image parity) and the microlens
population (convergence, mass function), which may
include dark-matter objects [87] in addition to stars and
remnants. These lens realizations will modify not only the
microlensing basis, but also the associated parameter priors.
An important extension is to connect the realization priors
with astrophysical expectations: More realistic priors can be
built by reweighting the simulation ensemble to simulated
lens populations, and/or by using more flexible density
estimators.
The coefficient distribution also opens a path toward

astrophysical inference. Future work should develop
estimators or likelihoods for macroscopic lens parameters,
including μmacro, κ⋆, image parity, and lens redshift, using
either the recovered coefficient vector or compressed
summaries such as υK .
The model is also directly relevant for real-data

searches. Matched-filter searches that include microlens-
ing distortions may recover signals that would otherwise
be missed or mischaracterized [88]. The microlensing
model provides a practical way to incorporate such
distortions without an explosion of parametric complex-
ity. It could also be used to test whether candidate
lensed events, such as GW231123_135430 (hereafter
GW231123) [47,48,89,90], are compatible with diffrac-
tion by a realistic stellar microlens population.
The same strategy can be generalized beyond the simple

stellar fields and macropotentials considered here.
Important extensions include saddle-point macroimages
and complex external potentials, such as caustics, where
the source position has a strong impact on the wave-optics
distortions [91–93]. Related basis constructions may also

be useful for diffraction by compact dark matter substruc-
ture [94–98]—whose dark timbre [62,63] is the imprint of a
different lensing environment, analogous to the stellar
timbre studied here—and for space-based GW detectors,
where lower frequencies probe different lens-mass scales
[62,63,99–105]. Ultimately, SVD-stellar-I5-aLIGO
methods may become useful for modeling other
GW sources subject to stochastic effects, such as random
gas torques in accretion disks [106–108], or microlensing
of coherent electromagnetic sources, like fast radio
bursts [109–112].
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