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We analyze the latest cosmic microwave background (CMB) constraints on the scalar spectral index ns
and tensor-to-scalar ratio r from Planck 2018, BICEP/Keck 2018, the Atacama Cosmology Telescope Data
Release 6 (ACT DR6), and the South Pole Telescope (SPT-3G) data, focusing on their implications for
attractor models of inflation. We compare systematically observational bounds with theoretical predictions
for both E-model (α-Starobinsky) and T-model potentials. The observational constraints accommodate
E-models with α ≲ 25, with the canonical Starobinsky model (α ¼ 1) predicting ns ¼ 0.958–0.963 for
reheating temperatures between 100 − 1010 GeV, in good agreement with Planck 2018 data and within the
95% CL region determined by the Planck-ACT-SPT combination, but below the 95% confidence region of
the Planck-ACT-DESI combination. Higher reheating temperatures from near-instantaneous reheating
improve the compatibility. T-models predict slightly lower ns values (0.956–0.961), in some tension with
Planck 2018 data, and we find an upper limit of α≲ 11 in these models. We extend our analysis to
generalized α-attractors with monomial potentials VðφÞ ∝ φk near the minimum, demonstrating that
models with k ≥ 6 naturally predict ns ≃ 0.965–0.968 for typical number of e-folds, in better agreement
with the ACT DR6 data. We also consider deformed E- and T-models, which allow significantly higher
values of ns for low values of α ≃ 1.
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I. INTRODUCTION

Inflation, a period of accelerated expansion in the early
Universe, provides a compelling explanation for the origin

of primordial density fluctuations and the near-flatness and
homogeneity of the observable Universe [1]. These two
predictions became testable when observations of the total
mass-energy density relative to the critical density corre-
sponding to a flat Universe, Ωtot, and the spectral tilt, ns, of
the scalar anisotropy spectrum, were determined first by
WMAP [2] and then with significantly higher precision by
Planck [3]. While most models of inflation predict that
Ωtot should be indistinguishable from unity, measurements
of the spectral tilt and upper limits on the ratio of tensor and
scalar perturbation amplitudes, r, have become important
discriminators between models [3–5]. Many models of
inflation could be excluded by their combination.
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Until recently, the CMB data appeared to favor the
original inflationary model of Starobinsky [6] as being
largely consistent with the determination of ns and the
upper limit on r. The Starobinsky model, initially formulated
as a means to avoid the initial big bang singularity, can be
expressed as a modification of the Einstein-Hilbert action for
gravity, namely

S ¼ M2
P

2

Z
d4x

ffiffiffiffiffiffi
−g

p �
−Rþ R2

6M2

�
; ð1Þ

where R is the Ricci scalar,M is the inflationary mass scale,
and MP ¼ ð8πGÞ−1=2 ≃ 2.435 × 1018 GeV is the reduced
Planck mass.
This theory may be rewritten in the Einstein frame as

Einstein-Hilbert gravity with a supplementary canonical
scalar field, the inflaton, φ, (sometimes referred to as the
scalaron in this context) [7–9] with a scalar potential
given by

V ¼ 3

4
M2M2

P

�
1 − e−

ffiffi
2
3

p
φ

MP

�
2

: ð2Þ

The inflationary mass scale M (also the inflaton mass for
this potential) is determined by the amplitude of the scalar
fluctuation spectrum,

As ¼
3M2

8π2M2
P
sinh4

�
φ�ffiffiffi
6

p
MP

�
; ð3Þ

where φ� ≃ 5.35MP is the value of the inflaton field prior
to the final ∼55 e-folds of inflation (the determination of
φ� will be discussed in greater detail below) and As ≃
2.1 × 10−9 [3], in which case M ¼ 1.25 × 10−5MP ≃
3 × 1013 GeV. The inflationary slow-roll parameters
determined from φ� (also discussed below) fix the scalar
tilt, ns ¼ 0.965 and a tensor-to-scalar ratio r ¼ 0.0035.
The Planck satellite experiment [3] in combination with

gravitational lensing measured the scalar tilt as

ns ¼ 0.9649� 0.0042 ð68%CLÞ; ð4Þ

and Planck in combination with observations by BICEP/
Keck [4] provided an upper limit on r

r < 0.036; ð5Þ

both in excellent agreement with the predictions of the
Starobinsky model.1

Recently, two ground-based CMB experiments have
released new results that impact the value of ns. Both
the Atacama Cosmology Telescope (ACT) [10,11] and the

South Pole Telescope (SPT) [12] have released high
resolution data at small angular scales (large multipoles).
These alone are neither very different nor more accurate
than the Planck result for ns. However, when combined
with Planck results that include large angular scales, the
derived values of ns shift (particularly in the combination of
Planck and ACT data when DESI DR1 data [13,14] and
DR2 data [15,16]) with smaller uncertainties. In the
following we will discuss the implications of the BICEP/
Keck 2018 results which incorporate Planck and WMAP
[4] with the ACT and SPT results.
Among the diverse landscape of inflationary theories,

no-scale supergravity [17,18] has emerged as a particularly
compelling framework, capable of mimicking the predic-
tions for ns and r of the Starobinsky model [19], and also
able to accommodate generalizations such as attractor
models [20–23]. These models naturally produce a flat
potential plateau at large field values that generates infla-
tionary dynamics consistent with Planck measurements.
Two specific types of attractor potentials have been

widely studied [21–26]: α-Starobinsky models, which are
also referred to as E-models in the literature [25]

V ¼ 3

4
λM4

P

�
1 − e−

ffiffiffi
2
3α

p
φ

MP

�
2

; ð6Þ

and T-models [26]

V ¼ 3

4
λM4

P tanh
2

�
φffiffiffiffiffiffi

6α
p

MP

�
; ð7Þ

where λ is determined by the CMB normalization and
corresponds to M2=M2

P in the Starobinsky model, which is
a special case of Eq. (6) with α ¼ 1.2 Generalized versions
of these models are discussed in Sec. V.
In response to the more recent CMB results, a wave of

studies has reexamined the wider inflationary landscape.
For example, Ref. [27] demonstrated that a simple gener-
alization of chaotic inflation with nonminimal coupling
to gravity provides a good match to ACT results with
r ≃ 10−2, while comprehensive analyses of slow-roll mod-
els reveal that the combined ACT DR6, Planck, DESI, and
BICEP/Keck datasets place increased pressure on conven-
tional inflationary scenarios [28–46]. The ACT data
exclude standard Starobinsky and Higgs inflation models
at the 2σ level, motivating investigations of reheating
effects [47–51], curvature corrections to Starobinsky infla-
tion that can reconcile predictions with ACT observations
[52–59], and polynomial potential inflation models that
remain viable [60–62]. Studies of some attractor models

1We note that a more stringent bound of r < 0.032 was
obtained in [5].

2We adopt a normalization convention in which the normali-
zation scales of both inflaton potentials coincide, as detailed in
Eq. (38). This choice leaves the predicted spectral index ns and
tensor-to-scalar ratio r unchanged.
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show that radiative corrections may shift predictions into
the ACT-favored parameter space [63–68] and smooth
hybrid inflation models that naturally predict spectral
indices around 0.97 [69], collectively demonstrating how
precision cosmological measurements continue to refine
theoretical understanding of the early universe and chal-
lenge established paradigms in inflationary cosmology.
Overall, the consensus emerging from recent works is

that modified plateau potentials, whether via higher-order
exponents, nonminimal couplings, or modest multifield
extensions, remain fully compatible with the ACT DR6 +
Planck + BK18 data, while simple chaotic monomials and
the original R2 model are increasingly challenged. The
sensitivity of the planned LiteBIRD [70] mission to
r ∼Oð10−3Þ will provide a decisive test for this refined
class of inflationary scenarios.
In this paper, we explore the impact of the latest BICEP/

Keck/WMAP/Planck/ACT/SPT constraints in the ðns; rÞ
plane on the E-model and T-model inflationary attractor
models. We find that the increase in ns from the Planck/
ACT/DESI DR1 (P-ACT-LB) combination creates signifi-
cant tension with standard α-attractor predictions, whereas
the Planck/ACT/SPT (CMB-SPA) results remain consistent
with the conventional expectations. We examine system-
atically the allowed values of the α parameter, paying
particular attention to the reheating temperature that,
together with the reheating equation of state wreh, fixes
the e-folding number N�. The allowed range of N� is
determined by the minimum reheating temperature, which
we take to be the electroweak scale, ∼100 GeV, and the
maximum reheating temperature, which we take as
∼1010 GeV, motivated by supergravity models with a
100 GeV gravitino and supersymmetric dark matter
[71,72], as discussed in more detail later. In supersymmetric
realizations where the gravitino bound enforces
TRH ≲ 1010 GeV, the corresponding reduction inN� lowers
the predicted ns, thereby strengthening the tension between
the canonical no-scale (κ ¼ 1,k ¼ 2) supergravity attractors
and ACT-favored constraints (quantified in Sec. VII). We
also consider an extended range of reheating temperatures
ranging from the big bang nucleosynthesis (BBN) limit,
4 MeV [73] to instantaneous reheating,∼2 × 1015 GeV. We
extend our analysis to generalized attractor models with
monomial potentials VðφÞ ∝ φk near the minimum, dem-
onstrating that models with k ≥ 6 can accommodate more
easily the ACT preference for larger ns. It has also been
shown that slightly deformed potentials [32], that occur
quite naturally when the inflation model is embedded in UV
completion such as an SU(5) or SO(10) GUT theory [74],
may have a significant impact on the CMB observables, as
we discuss in more detail below.
The remainder of this paper is organized as follows. In

Sec. II we introduce and review no-scale models of inflation.
In Sec. III, we compile and analyze the current observational
constraints on ðns; rÞ from various CMB experiments.

In Sec. IV, we present the inflationary dynamics and derive
CMB observables. In Sec. V, we analyze generalized
α-attractors with higher-order minima as well as deformed
models. In Sec. VI, we discuss the reheating constraints we
use to limit N�. We present the results in Sec. VII and
conclude in Sec. VIII.

II. REVIEW OF NO-SCALE SUPERGRAVITY
MODELS OF INFLATION

There is a deep correspondence between the Rþ R2

theory and no-scale supergravity [19,21,75–79], and sev-
eral well-motivated scenarios arising naturally in super-
gravity and string theory appear within the α-attractor
framework. The simplest no-scale supergravity [17,18]
models are characterized by a Kähler potential of the form

K ¼ −3αM2
P ln

�
T þ T̄
MP

−
jϕj2
3M2

P

�
; ð8Þ

where α ¼ 1 in the simplest model [19], but α ≠ 1 is
possible in generalized models [21]. Here, T is the volume
modulus and ϕ is a matterlike field. Exploiting the under-
lying SUð2; 1Þ=SUð2Þ × Uð1Þ symmetry, the Starobinsky
potential can be derived from many different superpoten-
tials [19,21,80]. For example, when α ¼ 1

W ¼ M

�
1

2
ϕ2 −

1

3
ffiffiffi
3

p
MP

ϕ3

�
; ð9Þ

leads to the Starobinsky potential [19] with the canonically
normalized inflaton related to ϕ through

ϕ ¼
ffiffiffi
3

p
MP tanh

�
φffiffiffi
6

p
MP

�
: ð10Þ

Alternatively (also when α ¼ 1),

W ¼
ffiffiffi
3

p
MMPϕ

�
T
MP

−
1

2

�
ð11Þ

leads to the Starobinsky potential [21,81] when the canoni-
cally normalized inflaton is related to T through

T ¼ MP

2
e
ffiffi
2
3

p
φ

MP: ð12Þ

The α-attractor variations of the Starobinsky model can be
derived in no-scale supergravity as discussed in more detail
in Appendix A. Such variations arise naturally in compac-
tified string models [82], where the volume modulus T
factorizes as a product of three independent moduli Ti.
Models where inflation is driven by one (two) of these
moduli correspond to α ¼ 1=3 (2=3) [21], while larger
values of α can arise from complex structure moduli [20].
The parameter α that determines the (constant) curvature of
the Kähler manifold plays a crucial role in determining the
inflationary predictions: larger values of α reduce the
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flatness of the potential plateau at the horizon-crossing field
value φ�, thereby modifying the observables ns and r.
Generalizing the coefficient of the log in the Kähler
potential to α ≠ 1 modifies the prediction for r by a factor
α, as first pointed out in [21] and subsequently in [23].
Remarkably, as demonstrated in [21–24,78,83], the pre-
dictions of all (α-)attractor models converge to universal
values in the large-N� limit

ns ≃ 1 −
2

N�
; r ≃

12α

N2�
; ð13Þ

where the relation between φ� and N� is discussed in
greater detail in Sec. IV below.
This universality arises because the α-Starobinsky

(E-model) and T-model potentials have identical leading-
order behaviors in their small-field expansions.3 For the
canonical Starobinsky model with α ¼ 1, the predicted
values ns ≃ 0.961–0.968 and r ≃ 0.004–0.003 (for N� ¼
50–60 e-folds) were long considered a triumph of the
theory, aligning perfectly with pre-ACT CMB measure-
ments. However, these predictions now fall significantly
below the P-ACT-LB2 central value of ns ¼ 0.9752,
potentially signaling a departure from the previously
established concordance.
A comprehensive analysis of α-attractor models using

BICEP/Keck 2018 data was performed in [84], which
found that both α-Starobinsky and T-models remained
comfortably within the observational bounds available at
that time. The study demonstrated that α-Starobinsky
models with α∈ ð0.67; 12Þ and T-models with
α∈ ð1.3; 5.1Þ fell within the 68% confidence region, while
considering gravitino and dark matter constraints from
supergravity. Prior to ACT DR6, these values sat comfort-
ably within the confidence regions of all major CMB
experiments, establishing Starobinsky inflation as a bench-
mark model. For a related study see Ref. [85].

III. OBSERVATIONAL CONSTRAINTS

Multiple CMB experiments have provided increasingly
precise measurements of the scalar spectral index ns and
stringent upper limits on the tensor-to-scalar ratio r. Table I
summarizes the current constraints from key datasets.

A. Planck 2018

The Planck satellite 2018 data release [3] remains the
baseline for CMB parameter constraints. The analysis of
temperature and polarization data yields ns ¼ 0.9649�
0.0044 (68% CL) from the TT, TE, EEþ low

Eþ likelihood, with negligible change when including
CMB lensing as given in Eq. (4). This is an 8σ detection
of a red-tilted spectrum (ns < 1) and definitively rules out
exact scale invariance. For tensor modes, Planck alone
constrains r0.002 < 0.11 (95% CL). This limit was strength-
ened by the BICEP/Keck 2015 result of r < 0.062. When
combined with BICEP/Keck 2015 data, the Planck result
tightens to r0.002 < 0.058 (95% CL) with a slight shift in the
spectral index tons ¼ 0.9668� 0.0037 [3]. These constraints
exclude simple polynomial potentials such as VðϕÞ ∝ ϕ4 at
more than 3σ and favor models with plateaulike potentials,
particularly those with V 00ðϕÞ < 0 during inflation.

B. BICEP/Keck 2018

The BICEP/Keck Collaboration targets degree-scale
B-mode polarization from a dedicated South Pole observa-
tory, providing the most stringent constraints on inflationary
gravitational waves. The progression of limits illustrates the
rapid experimental progress: BICEP2+Keck+Planck (data
up to 2014) constrained r0.05 < 0.09 (95% CL) [88], while
BICEP/Keck data up to 2015 (BK15) combined with Planck
constrained r0.05 < 0.062 (95% CL) [89]. The latest analysis

TABLE I. Recent CMB constraints on the scalar spectral index
ns (68% CL) and the tensor-to-scalar ratio r (95% CL). Unless
otherwise noted, values are quoted at a pivot scale
k� ¼ 0.05 Mpc−1.

Dataset ns r

Planck 2018 0.9649� 0.0044 < 0.11b

(TT, TE, EE + lowE)a

Planck 2018 + lensinga 0.9649� 0.0042 < 0.10b

Planck 2018 + lensing + BAOa
0.9665� 0.0038 < 0.11b

Planck 2018 + BK15a+ lensing
+ BAOa

0.9668� 0.0037 < 0.058b

Planck 2018 + BK18c � � � < 0.036
ACT DR6d 0.9666� 0.0077 � � �
ACT DR6 + WMAPd

0.9660� 0.0046 � � �
Planck + ACT DR6d 0.9709� 0.0038 � � �
Planck + ACT DR6 + lensing
+ BAOd

0.9752� 0.0030 � � �

Planck + ACT DR6 + BK18e � � � < 0.038
SPT-3G (2019-2020)f � � � < 0.25
SPT-3G + Planckg 0.9647� 0.0037 � � �
SPT-3G D1h 0.951� 0.011 � � �
SPT-3G D1+ ACTh

0.9671� 0.0058 � � �
SPT-3G D1 + Planckh 0.9636� 0.0035 � � �
CMB-SPAh

0.9684� 0.0030 � � �
a[3];
bAt a pivot scale k� ¼ 0.002 Mpc−1;
c[4];
d[10];
e[11];
f[86];
g[87];
h[12].

3The potentials (6) and (7) agree at first order in
expð− ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2=ð3αÞp
φ=MPÞ but differ at higher orders, yielding

model-dependent corrections when φ ∼
ffiffiffi
α

p
MP. These correc-

tions become negligible for N� ≫ 1.
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incorporating BICEP3 and Keck Array observations up to
2018 (BK18) yields the current best limit: r0.05 < 0.036
(95% CL) [4],4 and a likelihood analysis yielded r0.05 ¼
0.014þ0.010

−0.011 . These constraints assume the inflationary con-
sistency relation nt ¼ −r=8. The constraint corresponds to
an uncertainty σðr0.05Þ ¼ 0.009, approaching the sensitivity
needed to detect r ∼ 0.01 models. While BICEP/Keck
observations do not significantly constrain ns (which is
determined by large-scale temperature and E-mode data),
they provide crucial complementarity to Planck.

C. ACT DR6

The ACT Data Release 6 produced high-resolution
maps of the CMB temperature and polarization measure-
ments over 40% of the sky, complementing Planck’s full-
sky coverage with superior small-scale sensitivity [10,11].
ACT’s arcmin resolution probes small-scale multipoles
complementary to Planck. These data have been combined
with Planck and WMAP in order to extend down to low
multipoles and are in good agreement with both Planck
and WMAP larger-scale data. For example, the combina-
tion of WMAP and ACT (W-ACT) yielded5 ns ¼
0.9660� 0.0046, whereas Planck without lensing data
give ns ¼ 0.9649� 0.0044. However, because the large-
scale data result in a positive correlation between ns and the
baryon density Ωbh2, in contrast to them being anticorre-
lated in the ACT data, and since the W-ACT determination
of the baryon density is slightly higher than that of Planck
alone (Ωbh2 ¼ 0.02263� 0.00012 vs 0.02237� 0.00015),
the combination of Planck and ACT (P-ACT) tends to
increase the fit value of ns ¼ 0.9709� 0.0038 and P-ACT
with lensing gives 0.9713� 0.0037, about 1.5 − 2σ higher
than the Planck result.
ACT has also combined their data with DESI DR1 data

[13,14] and subsequently DR2 data [15,16]. These combi-
nations come with potential additional uncertainties due to
unknown systematics in the supernovae data (see, e.g.,
[91]). This combination has yielded new CMB constraints
that support inflation broadly while further challenging
specific models. Most notably, these data imply a higher
baryon density of Ωbh2 ¼ 0.02256� 0.00011 for the
Planck-ACT-DESI DR1 (P-ACT-LB) combination of data
and Ωbh2 ¼ 0.02258� 0.00010 using DESI DR2 (P-ACT-
LB2). This shifts the scalar spectral index ns significantly
upward from previous measurements. The combination of
Planck + lensing, ACT, and DESI BAO (P-ACT-LB)
pushes the tilt to ns ¼ 0.9743� 0.0034 and even higher
using DR2 data (P-ACT-LB2) [10]

ns ¼ 0.9752� 0.0030 ð68%CLÞ: ð14Þ

The P-ACT-LB2 results lie approximately 2σ above the
Planck 2018 constraint, representing a significant shift in
their preferred value of ns. Some caution is warranted,
however, as the shift may be reflective of underlying
tension between BAO/CMB analyses [92].
For tensor constraints, the ACT DR6 measurements,

which favor ns ≃ 0.975, lack direct sensitivity to degree-
scale B-modes and rely on the BICEP/Keck likelihood.
The combined Planck+ACT+BK18 analysis maintains
r < 0.038 (95% CL) [10], with the modest relaxation from
BK18 alone reflecting parameter degeneracies in the
expanded dataset. This combination of ns and r places
the canonical Starobinsky model (α ¼ 1) outside the
95% confidence region, indicating a ∼2σ tension with
its theoretical predictions [11]. At r ¼ 0.004, the P-ACT-
LB 95% CL range on ns is 0.967 < ns < 0.982. As noted
above, this result merits careful consideration, particularly
given the variation among more recent CMB analyses.

D. SPT-3G

The third-generation South Pole Telescope camera
(SPT-3G) represents a major upgrade in polarization
sensitivity and sky coverage. Initial results from the
2019-2020 observing seasons demonstrate the instrument’s
capabilities. SPT-3G measures the B-mode power spectrum
over 30 < l < 500, achieving r < 0.25 (95% CL) [86]
from these data alone. While this constraint is weaker than
BICEP/Keck results, it represents only 5% of the planned
dataset and serves primarily as a systematic check and
foreground characterization.
While SPT alone does not determine ns at high precision

(the uncertainty is 0.011), the combination with Planck
yields competitive cosmological constraints: ns ¼ 0.9647�
0.0037 (68% CL) from SPT+Planck [87], consistent with
the original Planck value and in tension with ACT DR6.
The latest SPT-3G analysis incorporating data through
2020 confirms a similar result, with ns ≃ 0.9636�
0.0035 in combination with Planck [12]. This is also
significantly lower than the P-ACT value.
The combined datasets of SPT+Planck+ACT (denoted

CMB-SPA) yield [12] the following spectral tilt:

ns ¼ 0.9684� 0.0030 ð68%CLÞ; ð15Þ

which is consistent with the Planck result (at 1σ). Adding
DESI BAO results in ns ¼ 0.9728� 0.0027, somewhat
lower than the P-ACT-LB result. While further data (e.g.,
extended DESI analyses and SPT-3G observations) will
help clarify these differences, the current tension between
the ACT-shifted constraints and standard Starobinsky
model predictions requires theoretical examination.

4A subsequent analysis in [5] used BB autocorrelation data
from [90] and obtained r0.05 < 0.032, allowing for a free
reionization optical depth.

5Unless specifically noted all uncertainties are given as
68% CL.
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However, a new 2.8σ discrepancy has emerged in the
ΛCDM between the combined CMB experiments and
DESI BAO measurements, suggesting potential tensions
in our understanding of late-time cosmology. This discrep-
ancy between contemporary ground-based experiments and
BAO data highlights the importance of systematic cross-
checks and motivates exploration of extended cosmological
models. Looking ahead, SPT-3G aims for a tensor sensi-
tivity σðrÞ ∼ 0.003 through delensing techniques and five
years of integrated observations, potentially accessing
r ∼ 0.01 inflationary models. The expanded SPT-3G survey
will eventually cover 25% of the sky, dramatically improv-
ing constraints and enabling more stringent tests of cos-
mological models.
In what follows, we compare the predictions of models

of inflation with the three CMB results that are highlighted
in Eqs. (4), (14), and (15). Note that only the P-ACT-LB
results make use of BAO data.

IV. INFLATIONARY DYNAMICS, CMB
OBSERVABLES, AND REHEATING

The dynamics of the inflaton field φ is governed by the
action

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
M2

P

2
Rþ 1

2
gμν∂μφ∂νφ − VðφÞ

�
; ð16Þ

where VðφÞ is the inflaton potential given by Eq. (6) for
the α-Starobinsky (E-model) or Eq. (7) for the T-model. In
the slow-roll approximation, the inflationary dynamics is
characterized by the slow-roll parameters

εV ≡M2
P

2

�
V 0

V

�
2

; ηV ≡M2
P
V 00

V
; ð17Þ

where primes denote derivatives with respect to φ. During
slow-roll inflation, these parameters satisfy εV; jηV j ≪ 1.
The number of e-folds from horizon exit of the pivot scale
to the end of inflation is given by

N� ¼
Z

tend

t�
Hdt ≃

1

M2
P

Z
φend

φ�

VðφÞ
V 0ðφÞ dφ

≃
Z

φ�

φend

1ffiffiffiffiffiffiffiffi
2εV

p dφ
MP

; ð18Þ

where φ� denotes the field value when the pivot scale k�
exits the horizon. The Planck Collaboration adopted
k� ¼ 0.05 Mpc−1, and we also adopt this except if stated
otherwise. The end of inflation is defined by the condition
ä ¼ 0, where aðtÞ is the scale factor corresponding to
εHðφendÞ ¼ 1, and εH ≡ ðM2

P=2ÞðH0=HÞ2. In terms of εV ,
inflation ends when [93]

εV ≃ ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ηV=2

p
Þ2: ð19Þ

The primary CMB observables are expressed in terms of
the slow-roll parameters evaluated at horizon exit

ns ≃ 1 − 6εV� þ 2ηV�; ð20Þ

r ≃ 16εV�; ð21Þ

As ¼
V�

24π2εV�M4
P
; ð22Þ

where the asterisk indicates quantities evaluated at φ�. The
amplitude of scalar perturbations is observationally con-
strained to lnð1010AsÞ ¼ 3.044� 0.014 at 68% CL from
Planck 2018 TT, TE, EE + lowE + lensing data [3],
corresponding to As ≃ 2.10 × 10−9. For the Starobinsky
potential Eq. (22) is equivalent to Eq. (3).
For the attractor models described by Eqs. (6) and (7),

the predictions in the large-N� limit take the particularly
simple form given by Eq. (13) [21]. These expressions are
valid for α≲Oð1Þ and N� ≫ 1. For the Starobinsky limit
(α ¼ 1), more precise analytical expressions including
higher-order corrections can be found in Ref. [72]. We
note that the prediction for ns is independent of α to leading
order, making it a robust prediction of this class of models.
Using the e-fold expression (18), we can derive the

inflaton field value at horizon crossing for the pivot scale
k�. For the case α ¼ 1, the field values are given by [93]

φ�
MP

¼
ffiffiffi
3

2

r �
1þ 3

4N� − 3

�

× ln

�
4N�
3

þ e
ffiffi
2
3

p
φend
MP −

ffiffiffi
2

3

r
φend

MP

�
; ð23Þ

φend

MP
¼

ffiffiffi
3

2

r
ln

�
2

11
ð4þ 3

ffiffiffi
3

p
Þ
�
≃ 0.63;

½α-Starobinsky ðE-modelÞ�; ð24Þ

φ�
MP

¼
ffiffiffi
3

2

r
cosh−1

 
4N�
3

þ cosh

 ffiffiffi
2

3

r
φend

MP

!!
; ð25Þ

φend

MP
¼

ffiffiffi
3

2

r
ln

�
1

11
ð14þ 5

ffiffiffi
3

p
Þ
�
≃ 0.89;

ðT-modelÞ: ð26Þ

Full analytical expressions including the dependence on α
are provided in Appendix B, Eqs. (B1)–(B6).
We next calculate the number of e-folds N� between

horizon exit and the end of inflation, accounting for the
postinflationary evolution. Assuming no additional entropy
production between the end of reheating and horizon
reentry, we have [94,95]
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N� ¼ ln

�
1ffiffiffi
3

p
�
π2

30

�
1=4
�
43

11

�
1=3 T0

H0

�
− ln

�
k�

a0H0

�

−
1

12
ln gRH þ 1

4
ln

�
V2�

M4
Pρend

�

þ 1 − 3wint

12ð1þ wintÞ
ln

�
ρrad
ρend

�
; ð27Þ

where H0 ¼ 67.36 km s−1 Mpc−1 [3] and T0 ¼ 2.7255 K
[96] are the present-day Hubble parameter determined by
Planck and the CMB temperature, respectively. Here,
ρend ¼ 3M2

PH
2
end is the energy density at the end of

inflation, and ρrad is the energy density in radiation in
the radiation-dominated era when w ¼ p=ρ ¼ 1=3. Up to a
subpercent correction in N�, this energy density can be
associated with the energy density at the end of reheating,
ρRH, defined when energy densities in radiation and the
inflaton are equal, ρφ ¼ ρR ≡ ρRH. In turn, this can be
related to the reheating temperature TRH via the thermo-
dynamic relation ρRH ¼ ðgRHπ2=30ÞT4

RH, where gRH
denotes the number of effective relativistic degrees of
freedom at reheating, which is greh ¼ 915=4 in the minimal
supersymmetric extension of the Standard Model (MSSM),
and a0 ¼ 1 is the scale factor at the present day. The
equation of state parameter during reheating is character-
ized by its average

wint ≡ 1

Nrad − Nend

Z
Nrad

Nend

wðnÞdn: ð28Þ

For a detailed discussion on the computation of N�, see
Appendix B. For the Planck pivot scale k� ¼ 0.05 Mpc−1,
the first two terms in Eq. (27) yield

N� ¼ 61.49 −
1

12
ln gRH þ ΔNinf þ ΔNrad; ð29Þ

where ΔNinf and ΔNrad represent the model-dependent
contributions from inflation and reheating, respectively.
We consider three benchmark reheating scenarios
(i) MSSM reheating: Taking gRH ¼ 915=4 correspond-

ing to the MSSM degrees of freedom, we obtain

NMSSM� ¼ 61.04þ � � � : ð30Þ

(ii) Electroweak-scale reheating: For Treh ¼ 100 GeV
with SM degrees of freedom (gRH ¼ 427=4), we find

NEW� ¼ 61.10þ � � � : ð31Þ

(iii) BBN compatible reheating: The minimum temper-
ature consistent with BBN is Treh ≳Oð1Þ MeV.
Taking TBBN ¼ 4 MeV with gRH ¼ 10.75, we obtain

NBBN� ¼ 61.29þ � � � : ð32Þ

As we shall see, typical values of N� ≃ 45–55
encompasses these scenarios for typical infla-
tionary potentials and reheating dynamics
with −1=3 ≤ wint ≤ 1.

To determine N� numerically for different reheating
scenarios, we solve the coupled system of equations gov-
erning the postinflationary dynamics. The evolution of the
inflaton and radiation energy densities during reheating is
described by

ρ̇φ þ 3Hð1þ wφÞρφ ¼ −Γφð1þ wφÞρφ; ð33Þ

ρ̇r þ 4Hρr ¼ Γφð1þ wφÞρφ; ð34Þ

ρφ þ ρr ¼ 3M2
PH

2; ð35Þ

where Γφ is the inflaton decay rate, and wφ is the inflaton
equation of state parameter. The time-averaged equation of
state during reheating evolves according to

d
dt

ðNwintÞ ¼ Hw; ð36Þ

where w ¼ ðρφwφ þ ρr=3Þ=ðρφ þ ρrÞ is the instantaneous
total equation of state.
We assume that reheating occurs through the perturba-

tive decay of the inflaton to either scalars or fermions. For
potentials with an approximate quadratic minimum [as in
Eqs. (6) and (7)] the reheating temperature is determined by
the decay rate, Γφ,

gRHπ2

30
T4
RH ¼ 12

25
Γ2
φM2

P: ð37Þ

For the generalized models discussed in the next section,
the corresponding expressions for TRH in terms of the
decay rate have been derived in Ref. [97]. We allow the
reheating temperature to take values as low as 4 MeV to
ensure standard BBN [73] and in principle as high as the
perturbative limit at TRH ∼ 1015 GeV. A more restrictive
range is 100≲ TRH=GeV≲ 1010, where the lower limit
would allow for leptogenesis such that sphaleron inter-
actions reach equilibrium [98] and the upper limit could
be imposed in supersymmetric models to avoid the over-
production of a 100 GeV gravitino and supersymmetric
dark matter [71,72].
Given the value of φ�, determined from Eqs. (18) and

(27), we can combine these field values with the amplitude
constraint from Eq. (22) to obtain the normalization of the
inflaton potential, which to a good approximation is given by

λ ≃
24απ2As

N2�
: ð38Þ

Here λ is the dimensionless potential normalization param-
eter (the overall height) appearing in Eqs. (39)–(40) via
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V0 ¼ 3
4
λM4

P and As ≃ 2.1 × 10−9. This demonstrates that
the energy scale of inflation is proportional to

ffiffiffi
α

p
, with

larger α corresponding to higher inflationary energy scales.
For the canonical Starobinsky model (α ¼ 1, N� ¼ 55), this
yields λ ≃ 1.6 × 10−10, corresponding to an inflationary
Hubble scale H� ≃ 1.5 × 1013 GeV.

V. INFLATIONARY ATTRACTORS

A. Generalized attractor models

The predictions of the canonical E- and T-models (6), (7)
which yield ns ≃ 0.957–0.963 for reheating temperatures
between 100 − 1010 GeV, as we demonstrate in Sec. VII,
are significantly below the value of ns ≃ 0.975 preferred by
the ACT DR6 data, and motivates consideration of gen-
eralized attractor potentials [24,26,72]

V ¼ 3

4
λM4

P

�
1 − e−

ffiffiffi
2
3α

p
φ

MP

�
k
;

½Generalized α-Starobinsky ðE-modelÞ� ð39Þ

V ¼ 3

4
λM4

Ptanh
k

�
φffiffiffiffiffiffi

6α
p

MP

�
;

ðGeneralized T-modelÞ ð40Þ

where k ≥ 2 is an even integer. These potentials retain the
attractor behavior at large field values while modifying the
approach to the minimum, with VðφÞ ∝ φk for small φ. As
a consequence, the inflaton mass near the minimum is
given by

mðEÞ
φ ¼

ffiffiffi
3

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
2

3

�k
2

kðk − 1Þα−k
2λφk−2

s
; ð41Þ

mðTÞ
φ ¼

ffiffiffi
3

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6−

k
2kðk − 1Þα−k

2λφk−2
q

: ð42Þ

For all k > 2, the inflaton mass vanishes at the minimum as
φðk−2Þ=2 → 0, but these expressions reduce to the more
familiar nonzero masses for the quadratic case (k ¼ 2):

mðEÞ
φ ¼ ffiffiffiffiffiffiffiffi

λ=α
p

and mðTÞ
φ ¼ 1

2

ffiffiffiffiffiffiffiffi
λ=α

p
.

One can show that in the large-N� limit, the generalized
E-models predict

ns ≃ 1 −
2

N�
−
3αð2þ k − 2 log½2kN�

3α �Þ
2kN2�

; ð43Þ

r ≃
12α

N2�
−
36α2 log½2kN�

3α �
kN3�

; ð44Þ

and the generalized T-models predict

ns ≃ 1 −
2

N�
−
3ðk − 2Þα
2kN2�

; ð45Þ

r ≃
12α

N2�
−
36α2

kN3�
: ð46Þ

Note that the normalization of λ in Eq. (38) remains
independent of k. Generalizations of the analytical expres-
sions for φend and φ� including the dependence on both α
and k are provided in Appendix B, Eqs. (B11)–(B14).
We summarize the values of the CMB observables ns and

r predicted for N� ¼ 55 e-folds and α ¼ 1 in Table II.
These values are exact, calculated by numerically solving
for the primordial spectra, as discussed in Appendix C.
We observe that, for fixed N�, ns decreases slightly as
k increases. However, the key insight is that models with
k > 4 can accommodate a larger number of e-folds due to
modified reheating dynamics. The equation of state param-
eter during reheating becomes wφ ¼ ðk − 2Þ=ðkþ 2Þ, cor-
responding to a stiffer equation of state. This allows for
higher values of N�, which can more than compensate for
the direct k-dependence and yield larger ns values.

6 Models
with k ≥ 6 can thus potentially provide better agreement
with ACT DR6 constraints (ns ≃ 0.974) while maintaining
successful predictions for r, provided the allowed range of
N� is sufficiently extended. We analyze these trade-offs in
detail in Sec. VII.
These generalized attractors can arise naturally in no-

scale supergravity. The supergravity construction, detailed
in Appendix A, yields potentials of the form (39) and (40)
through appropriate choices of the superpotential W.

B. Deformed no-scale attractors

We can further generalize the attractor models by adding
in a deformation parameter κ. Such deformations lift the
plateau nature of the potential at large field value and can
have dramatic consequences for the CMB observables,
most notably for ns [19,32,74]. These too can be

TABLE II. Predictions for the scalar spectral index ns and
tensor-to-scalar ratio r in E-models and T-models for α ¼ 1 and
N� ¼ 55, as a function of the parameter k.

E-model T-model

k ns r ns r

2 0.9649 0.00355 0.9638 0.00387
4 0.9643 0.00371 0.9636 0.00390
6 0.9641 0.00378 0.9636 0.00391
8 0.9639 0.00381 0.9636 0.00391
10 0.9638 0.00383 0.9636 0.00391

6However, fragmentation effects during preheating impose an
upper limit N�;max, which we discuss in Sec. VII.
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constructed within the no-scale supergravity framework.
The model building aspects are detailed in Appendix A.
We first consider the modified Starobinsky model with

potential

V ¼ 3

4
λM4

P

 
κ − κ cosh

 ffiffiffiffiffiffi
2

3α

r
φ

!
þ sinh

 ffiffiffiffiffiffi
2

3α

r
φ

!!
k

;

ð47Þ

which reduces to the generalized α-Starobinsky model (39)
when κ ¼ 1.7 For κ slightly below unity, this modification
introduces a small deviation from the standard attractor
behavior while preserving the overall inflationary dynam-
ics. In Sec. VII, we examine a representative value:
κ ¼ 0.9999. This small deviation from unity generates
observable effects that bring the predictions into excellent
agreement with the ACT DR6 data, particularly by shifting
the spectral index ns and tensor-to-scalar ratio r along
trajectories that intersect the observational contours [32].
Similarly, one can construct modified T-model attractors

with potential

V ¼ 3

16
λM4

P

 
1þ κ − ðκ − 1Þ cosh

 ffiffiffiffiffiffi
2

3α

r
φ

!!
2

× tanhk
�

φffiffiffiffiffiffi
6α

p
�
; ð48Þ

which reduces to the generalized T-model in Eq. (7) for
κ ¼ 1. As with the modified Starobinsky model, we
investigate the same value of κ ¼ 0.9999. These modifi-
cations preserve the attractor nature of the models while

introducing controlled deviations that enhance compatibil-
ity with current observations.
Figure 1 illustrates the evolution of the potential shapes

for both model classes as κ varies. The modifications
introduce subtle but phenomenologically significant
changes to the inflationary plateau region, which directly
impact the predicted observables.

VI. REHEATING CONSTRAINTS AND DARK
MATTER PRODUCTION

Following inflation, for k ¼ 2 the Universe enters a
matter-dominated phase as the inflaton begins to oscillate
harmonically about its minimum. For larger k, the equation
of state is w ¼ ðk − 2Þ=ðkþ 2Þ and the oscillations are in
general anharmonic. The reheating process begins almost
immediately after inflation ends. If the inflaton is allowed to
decay into Standard Model particles with rate Γφ, the decay
products thermalize [99–106] and the temperature of this
dilute plasma quickly reaches a maximum value [107,108]

Tmax ¼
�

30

gmaxπ
2

ffiffiffi
3

p

4

�
3

8

�3
5

Γφρ
1
2

endMP

�1=4
; ð49Þ

for k ¼ 2.8 As the inflaton continues to decay, the temper-
ature drops from its maximum as T ∝ a−3ðk−1Þ=ð2kþ4Þ for
decays to fermions and T ∝ a−3=ð2kþ4Þ for decays to scalars
(T ∝ a−3=8 for k ¼ 2 for decays to both fermions and
bosons) until reheating,9 when the energy density in radi-
ation starts to dominate the expansion, and subsequently

FIG. 1. Deformed attractor potentials with α ¼ 1 and k ¼ 2. Left panel: deformed Starobinsky (E-model) potential for κ ¼ 1, 0.9999,
0.9998, and 0.9997. Right panel: deformed T-model potential for the same κ values. The deviations from κ ¼ 1 introduce observable
modifications to the inflationary plateau, and become substantial for φ=MP ≳ 6.

7The case α ¼ 1, k ¼ 2 was considered in [19] and more
recently in [32], where κ was denoted by λ.

8For more general expressions that depend on k and the spin of
the final-state decay products, see Ref. [97].

9If the reheating temperature is sufficiently low, the self-
fragmentation of the inflaton will occur before the end of reheating,
and the evolution of the instantaneous temperature depends on the
decay of free inflaton quanta, see Sec. VII.
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T ∝ a−1 for all k [97,109]. The reheating temperature for
k ¼ 2 is given in Eq. (37).
In the Starobinsky model derived from Eq. (1), reheating

is most naturally achieved by including the Standard Model
(SM) in the action. Then, after the conformal transforma-
tion to the Einstein frame, there is a non-negligible
coupling of the inflaton to the Higgs kinetic term leading
to a decay rate, Γφ ∝ M3=M2

P, and a reheating temperature
of ≃3 × 109 GeV in the SM and ≃1010 GeV in the MSSM,
assuming that the Higgs field is minimally coupled to
gravity. This decay channel vanishes for a coupling
ξjHj2R with ξ ¼ 1

6
. However, in that case the inflaton

can still decay to SM gauge bosons through the trace
anomaly [110], which results in a reheating temperature of
order 108 GeV.
In the supergravity formulation of the Starobinsky and

related attractor models, additional SM chiral superfields
can be added inside the logarithm of Eq. (8). In that case,
when one transforms to a canonical inflaton, its couplings
with the SM fields appear as if they were coupled
conformally to curvature with ξ ¼ 1

6
[77,79]. Thus, barring

a direct superpotential coupling between the inflaton and
Standard Model fields, the decays of the inflaton are highly
suppressed [111,112]. Nevertheless, we expect that in this
case as well inflaton decay should proceed through the
coupling of the Kähler potential to the trace anomaly [113]:
L ⊃ ð−K=6ÞTμ

μ. However for ϕ-inflation [see Eq. (10)],
h∂K=∂ϕi ¼ 0 and this contribution vanishes as well.
Alternatively, if the gauge kinetic function depends on
the inflaton, decays to gauge bosons and gauginos may be
the dominant source for reheating [111,112]. In what
follows, we will not tie ourselves to any particular mode
of decay, and simply treat the reheating temperature, TRH as
a (relatively) free quantity, subject only to general phenom-
enological constraints.
We have already commented that we consider TRH ¼

4 MeV as a lower bound on the reheating temperature to
ensure standard BBN [73]. We nevertheless consider
TRH ≳ 100 GeV as a reasonable lower bound to ensure
the generation of a baryon asymmetry. Below the electro-
weak scale, sphaleron interactions are out-of-equilibrium
and there are no interactions which are capable of shuffling
any existing lepton or baryon asymmetries, thus requiring
direct baryon number violation at scales below the electro-
weak scale. While we know of no proof that generating a
baryon asymmetry at lower energies is not possible, we
consider the requirement of reheating above the electro-
weak scale as reasonably conservative.
For inflaton couplings approaching the nonperturbative

limit, the decay rate, Γφ ∼HI, where the Hubble parameter
HI during inflation is HI ¼ M=2 ∼

ffiffiffi
λ

p
MP=2 for the

Starobinsky model. From Eq. (37), this leads to
TRH ∼ 2 × 1015 GeV. In supersymmetric models, high
reheating temperatures generally lead to the overproduction
of gravitinos which in turn lead to the overproduction of

dark matter if the gravitino is not the lightest supersym-
metric particle [71,108,114].
We can approximate the thermal production of gravitinos

as [84,108,115–121]

Y3=2 ≡ n3=2
nrad

≃ 0.003

�
Γφ

Mp

�
1=2

; ð50Þ

where Y3=2 is the gravitino yield, nrad ¼ ζð3ÞT3=π2. If
gravitinos decay after the lightest supersymmetric particle
(LSP) freezes out, their decay products contribute to the
LSP abundance and we have the constraint

ΩLSPh2 ¼ mLSPY3=2

�
nγ
2ρc

�
≤ 0.12: ð51Þ

Using Eq. (37), we can translate this into a limit on the
reheating temperature, TRH ≲ 1010 GeV. Consequently, in
SUSY realizations subject to this bound, the standard α ¼ 1
no-scale attractors are disfavored by ACT DR6 (while
remaining broadly consistent with Planck), motivating the
generalized/deformed models studied below.
These considerations, combined with the CMB con-

straints from ACT DR6, significantly restrict the viable
parameter space. In supersymmetric realizations, radiative
corrections to the inflaton potential are suppressed by
supersymmetry [122–124], protecting the flatness required
for successful inflation.

VII. RESULTS

We now present the constraints on attractor models of
inflation we obtain using the Planck 2018 [3], BICEP/Keck
2018 [4], ACT DR6 [10], and SPT-3G [12] CMB data. Our
analysis in the next subsection reveals significant tension
between the canonical Starobinsky model (with α ¼ 1) and
ACT DR6. There remains general agreement with the
Planck 2018 data, but there is already some tension with
the SPT-3G data. These tensions are reduced for α > 1, and
we show in subsequent subsections that the tensions are
further relaxed in generalized attractor models with k > 2
as well as in deformed models with κ < 1. In all cases we
base our analysis on the exact numerical values of the CMB
observables, computed as discussed in Appendix C.

A. Standard attractor models

As discussed in Sec. IV, the number of e-folds and φ�
depend on the reheating temperature, which appears in
Eq. (27) through ρrad. This in turn induces a dependence of
ns on TRH. In Fig. 2, we show this dependence for the
E- and T-models (upper and lower panels) for α ¼ 1 and 10
(left and right panels). We note that although both N�
(defined at the pivot scale of 0.05 Mpc−1) and ns depend on
TRH, the relation between N� and ns has some model
dependence. The horizontal shading in Fig. 2 shows the
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95% CL lower limit on ns (blue for the limit from Planck
2018 alone, brown for the SPT- Planck-ACT combination
(CMB-SPA), and purple for Planck-ACT-DESI combina-
tion (P-ACT-LB) seen only in the upper right panel for the
E-model with α ¼ 10). The vertical shading shows exclu-
sions of reheating temperatures below 4MeV from BBN on
the left side of each panel, and on the right side temper-
atures above ≃1010 GeV due to the gravitino bound
discussed above. For α ¼ 1 there is a range of reheat-
ing temperatures consistent with the Planck 95% lower
bound on ns (220 − 1010 GeV) for the E-model and
(2 × 104–1010 GeV for the T-model. Neither model falls
within the P-ACT-LB 95% range for any possible reheating
temperature. The limits on ns depend on r as can be seen in
Fig. 3, and r depends on α as seen in Eq. (46). Thus limits
on ns are model-dependent and are slightly different in each
panel of Fig. 2. However, for α ¼ 10 in the E-model,
TRH ≳ 80 or 105 GeV are allowed by Planck 2018 and
CMB-SPA respectively. The P-ACT-LB bound is now visible
but requires TRH ≳ 1013 GeV, in excess of the gravitino
bound, but still less the temperature attained in instantaneous
reheating. For the T-model with α ¼ 10, Planck is satisfied

for TRH ≳ 5 × 109 GeV, but CMB-SPA cannot be satisfied
simultaneously with the gravitino bound.
Figure 3 displays the observational constraints on the α-

attractor models in the ðns; rÞ plane. We overlay the 68%
and 95% CL contours from Planck/BICEP/Keck [4] (blue
shadings), the P-ACT-LB combination [11] (purple con-
tours) and the CMB-SPA dataset [12] (brown rectangles).
Note that the Planck contours are provided at the WMAP
pivot scale k� ¼ 0.002 Mpc−1, while the P-ACT-LB (and
our predictions) correspond to k� ¼ 0.05 Mpc−1 for both
ns and r. CMB-SPA does not provide an r-dependent limit
on ns. The theoretical predictions show the trajectories for
both the α-Starobinsky (E-model) and T-model potentials
given by Eqs. (6) and (7), respectively. The left panel shows
the E-model predictions for three highlighted values of
α ¼ 1, 10, and 25. The solid line trajectories correspond to
specific reheating temperatures of 4 MeV (labeled BBN),
100 GeV (labeled TEW, 1010 GeV (as labeled) correspond-
ing to the gravitino bound, and 2 × 1015 GeV correspond-
ing to instantaneous reheating (labeled as Γφ ¼ H). The red
shading highlights the range 102 GeV < TRH < 1010 GeV.
For reference, we also show the trajectory for N� ¼ 50

FIG. 2. The relation between N� (defined for a pivot scale of 0.05 Mpc−1) and the reheating temperature in the E-model (upper panels)
and the T-model (lower panels), for α ¼ 1 (left panels) and α ¼ 10 (right panels). The horizontal shadings corresponds to the 95% CL
bounds from Planck 2018, CMB-SPA, and P-ACT-LB. The vertical shadings show the constraints of TRH from big bang nucleosynthesis
(BBN) and gravitino production in supersymmetric models. Note that the limits on ns (right vertical axis) depend on α, as the calculated
value of r depends on α as seen in Eq. (46).
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e-folds before the end of inflation. The right panel shows
similar results for the T-model with α ¼ 1, 10, and 11 as
examples.
Results for the canonical Starobinsky model (E-model

with α ¼ 1) are shown in the left panel of Fig. 3. It predicts
ns ≃ 0.961 for N� ¼ 50, corresponding to a reheating
temperature TRH ≃ 5 × 107 GeV, which lies comfortably
within the Planck+BICEP/Keck 95% confidence region,
but below the 95% CL range of the CMB-SPA dataset, and
falls significantly below the ACT DR6 preferred value of
ns ¼ 0.9752� 0.0030. The model remains observationally
viable for α≲ 25, beyond which it violates the upper limit
on r for TRH ≤ 1010 GeV. Efficient reheating (though in
violation of the gravitino bound) maximizes N� and pushes
ns toward higher values, improving agreement with ACT
DR6 (purple shading). The right panel presents the corre-
sponding constraints for T-models. These models predict
systematically lower ns values than E-models models for
the same α, with the canonical case (α ¼ 1) yielding
ns ≃ 0.960 for N� ¼ 50 e-folds. This places T-models in
even greater tension with ACT DR6 data. The observational
constraints restrict T-models to α≲ 11, a more stringent limit
than in the α-Starobinsky case. Both model classes require
efficient reheating (high reheating temperatures) to approach
the region preferred by the ACT DR6 data.

B. Generalized attractor models

We next examine generalized α-attractor models with
nonquadratic minima of the form V ∝ φk, which modify
both the inflationary dynamics and reheating phase. These
models provide enhanced flexibility in reconciling theo-
retical predictions with the latest CMB observations,

particularly the higher spectral index values favored by
ACT DR6. The generalized E-model attractors are
described by Eq. (39) and the generalized T-models are
described by Eq. (40). The modification from the standard
quadratic minimum (k ¼ 2) to higher powers significantly
alters the reheating dynamics through the effective equation
of state wφ ¼ ðk − 2Þ=ðkþ 2Þ, leading to enhanced e-fold
numbers for fixed reheating temperatures. This effect is
illustrated in Fig. 4, which shows the dependence of N�
(defined at the pivot scale k� ¼ 0.05 Mpc−1) for k ¼ 2, 4,
6, 8, and 10. Solid lines correspond to the E-models and
dashed lines correspond to the T-model, though the differ-
ence between the two is generally very small on the scale of
this figure. The lines for k ¼ 2 are identical to the ones
given in Fig. 2 for α ¼ 1. All of the lines converge when
reheating is instantaneous, as the only effect from the shape
of the potential is limited to the difference in the energy
densities at the end of inflation, which is weakly dependent
on k (see Eqs. (B11) and (B12) in Appendix B). We note
that wφ ¼ 1=3 for k ¼ 4, and the contribution to N� from
ρrad in Eq. (27) drops out. Therefore, N� ≃ 56 is mostly
independent of TRH, except for the indirect dependence
through gRH.
For k > 4, wφ > 1=3, the sign of the contribution from

ρrad in Eq. (27) changes, and N� increases with decreasing
TRH. However, in such a case, the self-interaction of the
inflaton cannot be ignored, as it will drive the resonant
growth of inflaton inhomogeneities, eventually fragmenting
the inflaton condensate. The net effect is a transition to a
radiation-dominated epoch, wφ → 1=3, where the dominant
species are the nearly massless inflaton quanta [125–129].
The timescale for fragmentation is fixed for given values of
λ, k, α, and can be smaller than the reheating timescale, when

FIG. 3. Constraints on α-attractor models showing the 68% and 95% CL contours from Planck/BICEP/Keck [4] (blue shadings), the
P-ACT-LB combination [11] (purple contours) and the CMB-SPA dataset [12] (brown rectangles). Note that the latter provides only an
r-independent limit on ns. All pivot scales are taken as k� ¼ 0.05 Mpc−1 except for the Planck pivot scale for r, conventionally chosen
to be k� ¼ 0.002 Mpc−1. Left panel: α-Starobinsky (E-model) predictions in the ðns; rÞ plane. Solid lines indicate reheating
temperatures from TBBN (4 MeV), TEW (100 GeV), 1010 GeV (the gravitino bound), and 2 × 1015 GeV (instantaneous reheating with
Γφ ¼ H). The dashed line shows N� ¼ 50 for reference. Right panel: as in the left panel for the T-model predictions.
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FIG. 4. Plot of N� as a function of TRH for different values of k in the E- and T-models with α ¼ 1.

FIG. 5. As in Fig. 3, showing the constraints on generalized α-Starobinsky (E-model) attractor models with V ∝ φk minima for k ¼ 4,
6, 8, and 10. Shaded bands indicate the range of N� allowed by reheating temperatures from TEW to 1010 GeV. The curve for TBBN is
degenerate with that shown for TEW when fragmentation effects are included (see Fig. 4). For k > 4, the curve for instantaneous
reheating is to the left of the shaded band. Higher k values systematically shift predictions toward larger ns, improving consistency with
the ACT DR6 data. The constraint on r limits all models to α≲ 14–17.
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the now free inflaton quanta complete their decay into
radiation. Read from right to left, Fig. 4 follows the
increasing trend of N� as a function of TRH for k > 4, until
low reheating temperatures, for which reheating is com-
pleted after fragmentation, and the dependence ofN� on TRH
becomes flat (see Eq. (B15) in Appendix B).
Figure 5 presents constraints on generalized E-model

attractors given by Eq. (39) for k ¼ 4, 6, 8, and 10. For
k ¼ 4 (upper left panel), the predictions track closely those
of the standard E-model, with the observational constraints
permitting α≲ 17. Note that, in this case, there is no
theoretical band, as there is no dependence of ns (and r) on
TRH. Therefore we see only a single curve which varies
with α. The canonical case (α ¼ 1) predicts ns ≃ 0.965 for
the allowed e-fold range. This runs directly through the
Planck 2018 ellipses and is also quite compatible with
the CMB-SPA dataset. It is barely consistent with the
95% bound from the P-ACT-LB dataset when α ≃ 5.
As k increases to 6 (upper right panel), there is only a

narrow allowed range for N� between ≃56–58. Note that in
contrast to k ¼ 2, lower values of TRH correspond to the
right side of the trajectory strip. As for k ¼ 4, there is no
shaded strip as the trajectories for TRH ¼ 100 GeV and
1010 GeV are nearly identical (as is the trajectory for
TRH ¼ 4 MeV) and these three trajectories in the upper
right panel of Fig. 5 are nearly degenerate. As can be seen
in Fig. 4, the value of N� for instantaneous reheating is
somewhat lower and yields the left trajectory in that panel.
Concerning ns and r, we observe more substantial shifts: at
α ≃ 5 the prediction intersects the ACT DR6 95% confi-
dence region at N� ≃ 58, corresponding to ns ≃ 0.966. The
canonical model (α ¼ 1) yields ns ≃ 0.965, representing a
notable enhancement compared to the standard (k ¼ 2)
case. The upper limit on α is slightly lowered to α < 16.
The trend continues for k ¼ 8 and 10 (lower panels), where
the predictions systematically shift toward higher ns values.
For these values of k, there is a slight difference in N� for
TRH ¼ TEW and 1010 GeV, resulting in the thin shaded
strip seen in the lower two panels. The trajectory for TRH ¼
4 MeV remains degenerate with the one for TRH ¼ TEW.
For k ¼ 10 with α ≃ 5, the model predictions overlap
substantially with both the ACT DR6 and CMB-SPA
preferred regions. The maximum viable α remains approx-
imately constant at α ∼ 16 for all k values, determined by
the tensor-to-scalar ratio constraint r≲ 0.04.
Figure 6 displays the corresponding analysis for the

generalized T-model attractors given by Eq. (40). While T-
models inherently predict lower spectral indices than their
E-model counterparts, the higher-k variants demonstrate
significantly improved agreement with observations. For
k ¼ 4 (upper left), α≲ 11 yields predictions that are fully
consistent with Planck 2018, within the 95% CL of CMB-
SPA, but remain below the ACT DR6 values. However,
increasing to k ¼ 6 (upper right) allows N� to increase and
shifts the trajectory closer to the P-ACT-LB observational

contours, with ns reaching ∼0.965 for α ¼ 1 at N� ≃ 58
e-folds. As for the E-model, the trajectories for
TRH ¼ 1010 GeV, 100 GeV, and 4 MeV are nearly degen-
erate. The most dramatic improvement occurs for k ¼ 8
and 10 (lower panels). For k ¼ 10 with α ≃ 1, the model
predictions enter the ACT DR6 95% confidence region,
reaching ns ≃ 0.965–0.967 over the allowed e-fold range of
N� ≃ 59–61.5 for TRH ¼ 100 − 1010 GeV.

C. Deformed no-scale attractors

We examine next deformed α-attractor models, intro-
ducing a parameter κ < 1 that controls this deviation as in
Eq. (47) for the E-model and in Eq. (48) for the T-model.
These modifications preserve the attractor nature of the
models while providing enhanced flexibility to mitigate the
tensions with different CMB datasets. Figure 7 presents
the modified E-model (left) and T-model (right) predictions
for κ ¼ 0.9999. This minimal deviation from the standard
attractor (κ ¼ 1) creates a distinctive trajectory that passes
directly through the centers of the observational confidence
regions. For the E-model and the canonical case (α ¼ 1)
with κ ¼ 0.9999, the model predicts ns ≃ 0.968–0.975 and
r ≃ 0.007 − 0.005 across the reheating range from TEW to
1010 GeV. This represents a substantial shift from the
standard Starobinsky prediction. The value of ns is now
high compared with both Planck 2018 and CMB-SPA but
is now in agreement with P-ACT-LB preferred range. The
modification preserves the fundamental attractor structure,
evidenced by the convergence of different α trajectories at
large N�, while introducing sufficient flexibility to recon-
cile diverse observational constraints. As discussed in the
previous section and Appendix A, such modifications arise
naturally within the no-scale supergravity framework
through appropriate choices of the Kähler potential and
superpotential.
Similar results are found for the deformed T-model, as

shown in the right panel of Fig. 7. For the same value of
κ ¼ 0.9999 and α ¼ 1, the shift in ns is less extreme giving
ns ≃ 0.970–0.977 for the same range in reheating temper-
atures of TEW to 1010 GeV, which is, within uncertainties,
in agreement with all three datasets considered. Similar
effects on ns in deformed models were seen in [74]. Note
that for α > 1, the effect of the deformation is minimal and
the range in ns is similar to that found in the undeformed
attractor models. We now find upper limits of α ≤ 9 (E-
model) and α ≤ 11 (T-model).
Figure 8 extends this analysis to include generalized

deformed attractors with nonquadratic minima. The top
panels display modified E-models with κ ¼ 0.9999 for k ¼
4 (left) and k ¼ 6 (right). For k ¼ 4 with α ¼ 1, the model
predicts ns ≃ 0.970 and r ≃ 0.004. These models achieve
exceptional agreement with the Planck 2018, CMB-SPA,
and P-ACT-LB datasets, demonstrating that perturbations
of order 10−4 to the attractor structure can fully reconcile
present observational tensions. For k ¼ 6, the α ¼ 1
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FIG. 6. As in Fig. 5, showing the constraints on generalized T-model attractors with V ∝ φk minima for k ¼ 4, 6, 8, and 10. While
T-models predict systematically lower ns than E-models, increasing k substantially improves compatibility with observations. For
k ¼ 10, even the canonical model with α ¼ 1 approaches the observational confidence regions.

FIG. 7. As in Fig. 3, showing the constraints on deformed E-model attractors (47) (left panel) and T-model attractors (48) (right panel)
with the deformation parameter κ ¼ 0.9999. Observational contours and theoretical trajectories for various α values demonstrate how
minimal modifications (j1 − κj ∼ 10−4) shift predictions through the centers of observational confidence regions. The canonical model
(α ¼ 1) with κ ¼ 0.9999 achieves remarkable agreement with the P-ACT-LB dataset while maintaining consistency with the
r constraint. Red-shaded band (E-model) and orange-shaded band (T-model) indicate reheating uncertainty from TEW to 1010 GeV.
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prediction is high relative to Planck 2018 and CMB-SPA,
but agreement with all three datasets is achieved for slightly
higher α ≤ 4. Indeed, k ¼ 6 yields the prediction ns ≃
0.974 with r ≃ 0.016 for α ¼ 4 and N� ¼ 56–58 e-folds.
The upper limits on α from Planck 2018 are α ≤ 15 for
k ¼ 4 and α ≤ 16 for k ¼ 6.
The bottom panels of Fig. 8 present the corresponding

modified T-model predictions. For the same value of κ, the
shift in ns is smaller for the T-models. For k ¼ 4 with κ ¼
0.9999 and α ¼ 1, we find ns ≃ 0.966 and r ≃ 0.004, which
satisfies the CMB-SPA constraint but remains marginally
outside the P-ACT-PB 95% confidence region. However,
for k ¼ 6 case the shift in ns is more substantial, leading to
better concordance with the observations. In this case, for
α ¼ 1, the predictions reach ns ≃ 0.969 with r ≃ 0.012,
entering the overlap region between all observational
constraints.

To summarize our findings, we identify three exemplary
scenarios for reconciling α-attractor models with current
observations. (a) Standard attractors (κ ¼ 1, k ¼ 2) remain
viable with α ≲ 40 for E-models and α≲ 11 for T-models
when requiring efficient reheating. These models satisfy the
combined CMB-SPA constraints but show tension with
ACT DR6 observations. (b) Generalized attractors (κ ¼ 1,
k ≥ 8) naturally accommodate higher ns values through
modified reheating dynamics, achieving compatibility with
all datasets for moderate α values. (c) Deformed attractors
(κ ≃ 0.9999) provide the most complete reconciliation,
with even canonical models (α ¼ 1) capable of matching
the full range of observational preferences. The deformed
and generalized variants provide theoretical frameworks
that can accommodate the full spectrum of current obser-
vations while maintaining the appealing features of attrac-
tor models of inflation.

FIG. 8. As in Fig. 3, showing the constraints on deformed attractor models with κ ¼ 0.9999 for generalized potentials with k ¼ 4
(left panels) and k ¼ 6 (right panels). Both E-models (upper panels) and T-models (lower panels) show significant shift in the
predictions for ns for α ∼ 1. These results demonstrate that deformations of order jκ − 1j ∼ 10−4 can fully reconcile attractor models with
current observations.
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VIII. CONCLUSIONS

Currently, models of inflation are constrained by CMB
observations that determine the spectral tilt of scalar pertur-
bations, ns, and bound the tensor-to-scalar ratio, r. The former
indicates a definite departure from purely scale-free pertur-
bations, as is expected in many models of single-field
inflation. The convergence of a value of ns near 0.97 began
with WMAP [2], and Planck 2018 data [3] reached a
precision exceeding 0.5%. Among the well studied and
relatively simple single-field models of inflation, the
Starobinsky model [6] appeared to be in best agreement with
Planck 2018 data. For example, for N� ∼ 52 (corresponding
to a reheating temperature TRH ∼ 1010 GeV), this model
predicts ns ∼ 0.963, to be compared with the 68% CL range
of 0.961–0.969 determined by Planck. Similar agreement is
attained in the related T-models [26], which predict a slightly
lower value for ns for the same reheating temperature.
These models are special cases of a more general class of

model known as α-attractors. The Starobinsky model (and its
T-model cousin) can be formulated in the context of no-scale
supergravity [19,81,109] with a Kähler potential given by
Eq. (8) with α ¼ 1. The Kähler potential determines the
metric in field space, and the no-scale potential characterizes
a field space of constant curvature (R ¼ 2=3). As is evident
from the form of Eq. (8), choosing α ≠ 1 yields field spaces
of arbitrary constant curvature R ¼ 2=3α, generating the
class of α-attractor models [20–23]. Typically, models with
α > 1 predict similar (though slightly higher) values of ns
but significantly higher values of r. For example, the
Starobinsky model with N� ¼ 52 predicts r ≃ 0.0039, to
be compared with the Planck/BICEP/Keck upper limit of
r < 0.036 [4], whereas this limit is saturated for α ¼ 25 in
the E-model, and α ¼ 11 in the T-model.
In addition to the 1-parameter class of α-attractors

generated by the prefactor of the Kähler potential in
Eq. (8), we have considered generalized versions of the
E- and T-models as described by Eqs. (39) and (40),
respectively. These models can also be also formulated
within no-scale supergravity by altering the superpotential as
described in Appendix A. These models have the property
that the potential takes for the form VðφÞ ∼ φk, when
expanded about the origin. The k ¼ 4 models have the
interesting feature that N� does not depend on the reheating
temperature and therefore the predictions of ns and r depend
only on α as shown in the upper left panels of Figs. 5 and 6.
The generalized models with k > 2, typically provide

larger values of ns. For example, the E-model with k ¼ 6
predicts a narrow range in ns ∼ 0.965 in excellent agree-
ment with Planck 2018 and the CMB-SPA data combina-
tion, though it still falls slightly below the 95% CL region
of the P-ACT-LB combination. The apparent preference for
k > 2 of certain datasets might indicate modified reheating
dynamics, since higher k values lead to stiffer equations of
state during inflaton oscillations, naturally extending the
number of e-folds and raising ns.

As discussed in [32,130], many models of inflation have
an accidental nature to them, as the form of the potential may
rely on a careful adjustment of some coupling to realize
successful inflation. For example, the ratio of the quadratic
and cubic couplings in Eq. (9) must be extremely close to
2=3

ffiffiffi
3

p
to obtain the Starobinsky potential. Slight deforma-

tions may lead to very different predictions to ns and r [19].
Hence we have also studied a further generalization of the
E- and T-models by allowing for small deformations of the
potential as given by Eqs. (47) and (48), characterized by a
parameter κ ≃ 1. These too can be derived from no-scale
supergravity as discussed in more detail in Appendix A. The
required fine-tuning jκ − 1j ∼ 10−4 suggests that if such
modifications exist in nature, they must arise from highly
suppressed corrections, possibly from Planck-scale physics,
string-theory effects, or radiative corrections.
We have found that the deformed E- and T-models can

lead to significant changes in ns, particularly for α ≃ 1. For
example, for κ ¼ 0.9999, k ¼ 2, and α ¼ 1, the E-model
predicts ns ≃ 0.968–0.975 with r ≃ 0.007 − 0.005 for a
reheating temperature between 100 and ∼1010 GeV. For
α > 1, the predictions approach those of the undeformed
models. For k > 2, similar results are found, though the
range of ns is smaller due to the lack of sensitivity to the
reheating temperature. Similar effects were found in the
presence of deformations caused by combining inflation
with a grand unified theory such as SU(5) or SO(10) [74].
Next-generation experiments will provide definitive tests

of the α-attractor paradigm. LiteBIRD will provide full-sky
B-mode polarization maps with sensitivity σðrÞ ≃ 0.001,
enabling direct constraints on α and discrimination between
E-models and T-models via their different ðr; nsÞ predictions
[70]. If future measurements converge on ns ≃ 0.965 with
r < 0.001, this would strongly favor small-α E-models,
pointing toward specific supergravity embeddings.
Conversely, detection of r ∼ 0.01 would indicate α ∼ 1–10.
Our analysis has shown how attractor models of inflation

can navigate successfully the challenges posed by increas-
ingly precise observations of the CMB. While individual
experiments show preferences for different parameter
regions, the theoretical flexibility of the framework,
through generalized potentials, modified attractors, and
varying reheating scenarios, ensures its continued viability.
As we approach the era of next-generation CMB experi-
ments, attractor models remain among the most compelling
and testable paradigms for cosmological inflation, with the
potential to reveal fundamental aspects of quantum gravity
and early Universe physics.
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APPENDIX A: GENERALIZED INFLATIONARY
ATTRACTORS IN NO-SCALE SUPERGRAVITY

The generalized α-attractor potentials introduced in
Eqs. (39) and (40) are not just phenomenological con-
structions, but can be derived rather easily from fundamental
supergravity theories. This connection provides both theo-
retical motivation and constraints on the allowed parameter
space. We demonstrate here how these potentials emerge
from no-scale supergravity [17,18] with specific choices of
the superpotential.
We start with the no-scale Kähler potential given in Eq. (8).

As discussed earlier, the parameter α determines the curvature
of the Kähler manifold, with R ¼ 2=ð3αÞ [131], and recall
that the scalar potential in supergravity is given by

V ¼ eK=M
2
P

�
Kij̄DiWDj̄W̄ −

3

M2
P
jWj2

�
; ðA1Þ

where DiW ¼ ∂iW þ Ki
M2

P
W is the Kähler covariant deriva-

tive, and Kij̄ is the inverse Kähler metric.
In Sec. II, we described the simple derivation of the

Starobinsky potential (which is identical with that in the
E-model with α ¼ 1) from either of the superpotentials (9)
or (11), which both lead to Eq. (2) once T or ϕ, respectively
is fixed (stabilized) [19,21]. Similarly, the T-model poten-
tial (7) with α ¼ 1 can be derived using [109]

W ¼ 1

4

ffiffiffi
λ

p �
MPϕ

2 −
1

6

ϕ4

MP

�
; ðA2Þ

with T ¼ 1
2
MP fixed, or

W ¼
ffiffiffi
3

4

r ffiffiffi
λ

p
MPϕð2TÞ

�
2T=MP − 1

2T=MP þ 1

�
; ðA3Þ

with ϕ ¼ 0 fixed.
The generalization of the T-model potentials with

VðφÞ ∝ φk near the minimum but still with α ¼ 1 are also
easily expressed in terms of ϕ and T

W ¼ 3
1
2
−k
4

ffiffiffi
λ

p
M3

P

�
1

kþ 2

�
ϕ

MP

�k
2
þ1

−
1

3ðkþ 6Þ
�

ϕ

MP

�k
2
þ3
�
: ðA4Þ

or

W ¼
ffiffiffi
3

4

r ffiffiffi
λ

p
MPϕð2TÞ

�
2T=MP − 1

2T=MP þ 1

�k
2

; ðA5Þ

The superpotential for the generalized E-model cannot be
expressed as a simple polynomial of ϕ as in Eq. (9) for
k ¼ 2 or as in Eq. (A4) for the generalized T-models, but
can be expressed in terms of a hypergeometric func-
tion 2F1ð−1þ k

2
; 1þ k

2
; 2þ k

2
;− ϕffiffi

3
p Þ.

There are several general forms of the superpotential that
lead to relatively simple forms for the scalar potential.
These are useful for finding the corresponding super-
potential for many of the types of models discussed here.
For example, taking

W ¼ A
ffiffiffi
λ

p
M3

P

�
T
MP

−
1

2

�
f

�
ϕ

MP

�
; ðA6Þ

gives

V ¼ 3A2λM4
P

jfð ϕ
MP

Þj2
ð3 − jϕ=MPj2Þ2

; ðA7Þ

when one fixes T ¼ 1
2
MP, and the canonical inflaton is

given by Eq. (10). Similarly,

W ¼ A
ffiffiffi
λ

p
M2

Pϕ

�
2T
MP

�
f

�
T
MP

�
; ðA8Þ

gives

V ¼ 4A2λM4
P

jTj2
ðT þ T̄Þ2

����f
�

T
MP

�����2; ðA9Þ

when one fixes ϕ ¼ 0 and the canonical inflaton is given
by Eq. (12).
In this case, the generalized E-models are very simply

obtained from Eq. (A6) with

f
�

ϕ

MP

�
¼
�

ϕ=MP

ϕ=MP þ ffiffiffi
3

p
�k

2ð3 − ϕ2=M2
PÞ; ðA10Þ

using A2 ¼ 2k−2. We then fix the fields as

hTi ¼ 1

2
MP; ϕ ¼ ϕ̄ ðreal modulusÞ; ðA11Þ
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and use the canonical field normalization in Eq. (10).
Alternatively, the same potential can be obtained from
Eq. (A8), and

f

�
T
MP

�
¼
�
1 −

MP

2T

�k
2

; ðA12Þ

with A2 ¼ 3
4
. The inflationary trajectory is now character-

ized by

hϕi ¼ 0; T ¼ T̄ ðrealmodulusÞ; ðA13Þ
and we must now use the field redefinition in Eq. (12) to
normalize the inflaton kinetic term.
Using Eq. (A6), the T-models are even more easily

obtained by choosing

f

�
ϕ

MP

�
¼
�

ϕ

MP

�k
2

�
3 −

ϕ2

M2
P

�
; ðA14Þ

with A2 ¼ 1
4
3−k=2. The corresponding function of fðTÞ can

be read off from Eq. (A5).
When α ≠ 1, the choice of superpotential is somewhat

more complicated. We we can use the same form for the
superpotential given in Eq. (A6) or Eq. (A8) and obtain

V ¼ 33α−2A2λM4
P

jfðϕ=MPÞj2
αð3 − jϕ=MPj2Þð3α−1Þ

; ðA15Þ

or

V ¼ 4A2λM4
P

jT=MPj2jfðT=MPÞj2
αðT=MP þ T̄=MPÞ3α−1

; ðA16Þ

respectively. The generalized E-model (39) is then obtained
with either

fðϕ=MPÞ ¼
�

ϕ=MP

ϕ=MP þ ffiffiffi
3

p
�k

2

�
3 −

ϕ2

M2
P

�ð3
2
α−1

2
Þ
; ðA17Þ

or

fðT=MPÞ ¼
�
1 −

MP

2T

�k
2

�
T
MP

�ð3α−3Þ=2
; ðA18Þ

with A2 ¼ 2k−23ð3−3αÞα or A2 ¼ 3 · 2ð3α−5Þα and using the
canonical field normalization

ϕ ¼
ffiffiffi
3

p
MP tanh

�
φffiffiffiffiffiffi

6α
p

MP

�
; ðA19Þ

or

T ¼ T̄ ¼ 1

2
e
ffiffiffi
2
3α

p
φ

MP; ðA20Þ

to obtain the canonical inflaton.

Similarly, the generalized T-model potential (40) also
follows from either (A6) or Eq. (A8) with a different choice
of superpotential functions

fðϕ=MPÞ ¼
�

ϕ

MP

�k
2ð3 − ϕ2=M2

PÞð32α−1
2
Þ; ðA21Þ

or

fðT=MPÞ ¼
�
2T=MP − 1

2T=MP þ 1

�k
2

�
T
MP

�ð3α−3Þ=2
: ðA22Þ

Then, using A2 ¼ 1
4
3ð3−3α−k

2
Þα or A2 ¼ 3 · 2ð3α−5Þα and

Eq. (A19) or Eq. (A20) we recover the potential in Eq. (40).
Finally, we show how to construct Starobinsky-like and

T-models with small deformations that lead to larger values
of the spectral tilt ns, which can more easily accommodate
the ACT DR6 results.
In the case of the modified Starobinsky-like models, we

use

fðϕ=MPÞ ¼
�

ϕ

MP

�
k=2
�
3 −

ϕ2

M2
P

�1
2
ð3α−1−kÞ

×

�
κ

ϕ

MP
−

ffiffiffi
3

p �
k=2

; ðA23Þ

with A2 ¼ 2k−233−3αα, or

fðT=MPÞ ¼
ð−1þ 4T2=M2

P − κð1 − 2T=MPÞ2Þk2
ðT=MPÞ12ð3þk−3αÞ ; ðA24Þ

with A2 ¼ 3 · 2ð3α−5−2kÞα. Evaluating the scalar potential
along the inflationary trajectory in either case leads to
Eq. (47). For κ ¼ 1, we recover Eq. (39).
For the modified T-models, we use

fðϕ=MPÞ ¼ ð3 − ϕ2=M2
PÞ

1
2
ð3α−3Þ

�
ϕ

MP

�k
2

�
1 −

κ

3

ϕ2

M2
P

�
;

ðA25Þ

with A2 ¼ 1
4
35−3α−

k
2α, or

fðT=MPÞ ¼
�
2T=MP − 1

2T=MP þ 1

�k
2

�
T
MP

�ð3α−5Þ=2

× ðð1þ 2T=MPÞ2 − κð1 − 2T=MPÞ2Þ;
ðA26Þ

with A2 ¼ 3 · 23α−11α which, combined with Eq. (A19) or
Eq. (A20), leads to Eq. (48) and reduces to Eq. (40)
when κ ¼ 1.
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APPENDIX B: ANALYTICAL APPROXIMATIONS
FOR INFLATIONARY OBSERVABLES

While the results presented in the main text are obtained
through numerical integration, we provide here analytical
approximations that offer insight into the parameter
dependencies and serve as useful benchmarks for numerical
calculations.
Solving the condition (19) for the α-attractor potentials

yields the following field values at the end of inflation. For
E-models

φend

MP
≃

ffiffiffiffiffiffi
3α

2

r
ln

�
2ð6αþ 3

ffiffiffiffiffiffi
3α

p
− 2Þ

12α − 1

�
; ðB1Þ

and for T-models

φend

MP
≃

ffiffiffiffiffiffi
3α

2

r
ln

�
4 − 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αð5þ 4αÞp

1 − 12α

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

75

5þ 68αþ 16
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αð5þ 4αÞp

s �
: ðB2Þ

For the canonical case α ¼ 1, these expressions reduce to

α-Starobinsky∶ φend=MP ¼ 0.63; ðB3Þ

T-model∶ φend=MP ¼ 0.89; ðB4Þ

recovering the values given in Eqs. (24) and (26).
The field value φ� when the pivot scale exits the horizon

is determined by integrating the number of e-folds from
Eq. (18). The analytical solutions for the α-Starobinsky
model are

φ�
MP

≃
ffiffiffiffiffiffi
3α

2

r �
1þ 3α

4N� − 3α

�

× ln

�
4N�
3α

þ e
ffiffi
2
3

p
φend
MP −

ffiffiffi
2

3

r
φend

MP

�
; ðB5Þ

and for the T-model

φ�
MP

≃
ffiffiffiffiffiffi
3α

2

r
cosh−1

�
4N�
3α

þ cosh

� ffiffiffiffiffiffi
2

3α

r
φend

MP

��
; ðB6Þ

which reduce to Eqs. (23) and (25) when α ¼ 1. We have
compared these analytical approximations with exact
numerical results across the parameter ranges relevant
for CMB constraints. The relative errors are summarized
in Table III.
The approximations for φ� are particularly accurate, with

errors below 1% for α≲ 1. The larger errors for φend at
large α values reflect the breakdown of the slow-roll
approximation near the end of inflation. Nevertheless,

these analytical expressions provide reliable estimates for
cosmological observables and serve as efficient starting
points for numerical calculations.
The postinflationary evolution significantly affects the

relationship between the number of e-folds N� and the
inflationary parameters. For k ¼ 2, simplification of
Eq. (27) for N� as a function of the reheating temperature
is possible using the relation [84]

1 − 3wint

12ð1þ wintÞ
ln

�
ρrad
ρend

�
≃
1

6
ln

�
Γφ

Hend

�
: ðB7Þ

At the pivot scale k� ¼ 0.05 Mpc−1 we can therefore write

N� ≃ 61.41þ 1

6
ln λþ 1

2
ln

�
V�
λM4

P

�

−
1

3
ln

�
Vend

λM4
P

�
þ 1

3
ln

�
TRH

MP

�
; ðB8Þ

where the dependence on α can be obtained by substitu-
tion of (B1) and (B5) into the α-Starobinsky potential (6),
or by substitution of (B2) and (B6) into the T-model
potential (7). The dependence on the coupling λ is
explicitly separated, and requires the substitution (38).
For α ¼ 1 this simplifies to

N� ≃ 59.55 −
1

3
lnN� þ

1

3
ln

�
TRH

MP

�
; ðB9Þ

for α-Starobinsky models, and for T-models

N� ≃ 59.67 −
1

3
lnN� þ

1

3
ln

�
TRH

MP

�
: ðB10Þ

Comparison with full numerical calculations shows that
these analytical approximations achieve remarkable accu-
racy. We find a maximal error of 0.2% for α-Starobinsky
models and a maximal error of 0.1% for T-models across
the parameter range shown in Fig. 2. These analytical
results provide important insight into how reheating
dynamics affects inflationary predictions, demonstrating
that uncertainties in the reheating temperature translate
into relatively modest shifts in N� due to the logarithmic

TABLE III. Maximum relative errors in the analytical approx-
imations for 40 < N� < 60.

Model α ¼ 0.1 α ¼ 1 α ¼ 10

φend=MP
α-Starobinsky 2% 2% 4%
T-model 3% 5% 5%

φ�=MP
α-Starobinsky 0.3% 0.3% 3%
T-model 0.4% 0.5% 0.7%
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dependence. For comprehensive analyses of reheating in
α-attractor models, see [132,133].
For k > 2 Eq. (19) can be solved to obtain approximate

expressions for the inflaton value at the end of inflation. For
the E-models this yields

φend

MP
≃

ffiffiffiffiffiffi
3α

2

r
ln

�
2ð6αþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3αð4k2 − 4kþ 1Þ

p
− kÞ

12α− 1

�
: ðB11Þ

while for T-models

φend

MP
≃

ffiffiffiffiffiffi
3α

2

r
ln

�
2kð1 − 2

ffiffiffiffiffiffi
3α

p Þ
1 − 12α

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 12α − 4

ffiffiffiffiffiffi
3α

p Þð12αþ 4k2 − 1Þ
ð12α − 1Þ2

s �
: ðB12Þ

Similarly, the corresponding expressions for the field value
at the horizon exit of the pivot scale are given by

φ�
MP

≃
ffiffiffiffiffiffi
3α

2

r �
1þ 3α

2kN� − 3α

�

× ln

�
2kN�
3α

þ e
ffiffi
2
3

p
φend
MP −

ffiffiffi
2

3

r
φend

MP

�
; ðB13Þ

for the E-models, and

φ�
MP

≃
ffiffiffiffiffiffi
3α

2

r
cosh−1

�
2kN�
3α

þ cosh

� ffiffiffiffiffiffi
2

3α

r
φend

MP

��
; ðB14Þ

for the T-models. With these expressions at hand, the
equivalent of Eq. (B8) takes the form

N� ≃ 61.49þ ln

��
3

2

�kþ2
6k
�
π2

30

�kþ4
12k
�
þ k − 1

3k
ln λ

þ 1

2
ln

�
V�
λM4

P

�
−
kþ 2

6k
ln

�
Vend

λM4
P

�

−
k − 4

3k
ln

�
max½TRH; Tfrag�

MP

�
−
k − 2

6k
ln gRH; ðB15Þ

where Tfrag denotes the temperature of the radiation at the
moment of inflaton fragmentation originated from the self-
interaction of the inflaton (see the corresponding discussion
in Sec. VII B). We note that for k ¼ 4 and α ¼ 1 this gives
N� ≃ 55.7 (E-model) and N� ≃ 55.8 (T-model) for the
MSSM degrees of freedom, independent of the details of
reheating.

APPENDIX C: NUMERICAL COMPUTATION OF
INFLATIONARY OBSERVABLES

While the slow-roll approximations presented in Sec. IV
provide valuable analytical insights, precise comparison

with CMB data requires numerical integration of the
perturbation equations. This is particularly important for
models near the boundary of observational constraints,
where percent-level accuracy in ns can determine viability.
We compute the primordial scalar power spectrum by

solving the equation of motion for gauge-invariant curva-
ture perturbations. In the uniform-density gauge, the
Mukhanov-Sasaki variable is defined as

Qk ¼ δφk þ
φ̇

H
Ψk; ðC1Þ

where δφk andΨk are the Fourier modes of the inflaton and
metric perturbations, respectively. The evolution equation
for Qk follows from the perturbed Einstein equations
[134,135]

Q̈k þ 3HQ̇k þ
�
k2

a2
þm2

eff

�
Qk ¼ 0; ðC2Þ

where the effective mass term is

m2
eff ¼ Vφφ −

φ̇4

2H2
þ 2φ̇Vφ

H
þ 3φ̇2: ðC3Þ

We impose Bunch-Davies initial conditions in the sub-
horizon limit

Qk ¼
1

a
ffiffiffiffiffi
2k

p e−ikτ for k ≫ aH; ðC4Þ

where τ ¼ R dt=a is the conformal time. The comoving
curvature perturbation is related to the Mukhanov-Sasaki
variable by

Rk ¼
H
φ̇
Qk: ðC5Þ

The dimensionless power spectrum, defined through

hRkR�
k0 i ¼

2π2

k3
PRðkÞδð3Þðk − k0Þ; ðC6Þ

is evaluated numerically at horizon crossing (k ¼ aH) for
each mode. The spectral index is then computed from its
definition at the end of inflation

ns − 1 ¼ d lnPR

d ln k

����
k¼k�

: ðC7Þ

Analogously, we solve numerically for the tensor per-
turbations, using the standard transverse, traceless pertur-
bation. The equation of motion satisfied by the tensor mode
functions is given by
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ḧk;γ þ 3Hḣk;γ þ
k2

a2
hk;γ ¼ 0: ðC8Þ

where γ ¼ þ;× denotes the two polarization states. The
corresponding power spectrum is defined as

X
γ¼þ;×

hhk;γh†k0;γi ¼
2π2

k3
PT ðkÞδð3Þðk − k0Þ; ðC9Þ

with the tensor-to-scalar ratio computed then as follows,

r ¼ PT

PR

����
k¼k�

: ðC10Þ

Our numerical results reveal appreciable corrections to
the slow-roll predictions. Figure 9 illustrates the relation-
ship between ns and N� computed using three methods
(1) Full numerical integration (solid line): Exact sol-

ution of Eq. (C2);
(2) Potential slow-roll (dashed line): Using parameters

from Eq. (17);
(3) Hubble slow-roll (dotted line): Using the Hubble

flow parameters:

εH ¼ −
Ḣ
H2

¼ φ̇2

2M2
PH

2
; ðC11Þ

ηH ¼ 2εH −
ε̇H

2εHH
: ðC12Þ

The potential slow-roll approximation exhibits system-
atic errors of ΔN� ≳ 1 when matching to a given value of
ns. This discrepancy arises from violations of slow-roll near
the end of inflation, higher-order gradient corrections in the

perturbation equations, and the evolution of slow-roll
parameters during horizon crossing. The Hubble slow-roll
approximation provides improved accuracy as it better
captures the instantaneous dynamics. For precision cos-
mology, however, full numerical integration remains essen-
tial, particularly when confronting models with tight
observational constraints such as those from ACT DR6.
The accuracy of different approximation schemes becomes

apparent when comparing predictions for the spectral tilt as a
function of e-fold number. Figure 9 demonstrates these
differences for the canonical Starobinsky model (α ¼ 1).
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