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We compute the thermal photon production rate from a chirally asymmetric quark gluon plasma. We
estimate the hard part from scattering of chiral quarks and demonstrate the cutoff independence of the total
thermal photon emission rate. This is achieved by combining the hard with the soft contribution evaluated
in our previous work [N. Chaudhuri et al., Phys. Rev. D 112, 094046 (2025)] using the Braaten-Pisarski
method of hard thermal loop perturbation theory. It is observed that the presence of chiral imbalance leads
to an overall enhancement in the emission rate of thermal photons.
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I. INTRODUCTION

The nontrivial topological structure of the vacuum is a
fundamental feature of non-Abelian gauge theories under-
lying the strong and electroweak sectors of the Standard
Model of particle physics. The compact nature of non-
Abelian gauge groups permits topologically nontrivial
gauge field configurations, giving rise to a vacuum struc-
ture composed of an infinite set of degenerate but topo-
logically distinct sectors separated by potential barriers
[1,2]. These vacuum sectors are characterized by different
winding (or Chern-Simon) numbers and are connected
through transitions mediated by gauge field configurations
of nontrivial topology [3,4]. At zero temperature, transi-
tions between distinct vacua occur via quantum tunneling
processes induced by instantons [5–7]. At finite temper-
ature, however, thermally activated transitions over the
potential barrier become possible through sphaleron proc-
esses, whose abundance is expected to increase substan-
tially in hot non-Abelian matter [8–11].
In the electroweak sector, the height of the potential

barrier separating topological vacuum sectors is determined
by the Higgs condensate and is generally too large to
allow an experimental observation of vacuum transitions in

present collider environments. In contrast, quantum
chromodynamics (QCD) possesses analogous topological
vacuum sectors separated by potential barriers of order
ΛQCD, making topological transitions phenomenologically
relevant in hot strongly interacting matter. Relativistic
heavy-ion collisions provide a unique environment to study
such effects by creating a rapidly evolving, strongly inter-
acting quark gluon plasma (QGP) at temperatures where
sphaleron-induced transitions are expected to occur at an
appreciable rate. Topological gauge field configurations in
QCD are believed to play an important role in nonpertur-
bative phenomena such as spontaneous chiral symmetry
breaking and possibly confinement. Furthermore, owing to
the axial anomaly, these topological transitions violate axial
charge conservation and generate an imbalance between
right- and left-handed quarks [12,13]. This chirality imbal-
ance is commonly described by introducing a chiral
chemical potential, μ5, which parametrizes the difference
between right- and left-handed quark number densities. The
dynamics of massless chiral fermions has attracted con-
siderable attention over the past two decades in a variety of
physical settings, including hot and dense QCD matter
realized in the QGP [14–16], early-Universe cosmology,
and cold dense matter in compact astrophysical objects
such as neutron stars [17–21].
Although QCD does not exhibit a global violation of CP

symmetry, local P- and CP-odd domains may arise dynami-
cally due to fluctuations of topological charge in hot QCD
matter [22,23]. Consequently, individual heavy-ion collision
events may develop a net chirality of either sign, corre-
sponding to an excess of right- or left-handed quarks
generated through topological vacuum transitions. One of
the most prominent proposed signatures of such chirality
imbalance is the chiral magnetic effect (CME), wherein an
imbalance of chirality, in the presence of a strong magnetic
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field generated by the colliding ions, induces an electric
current along the direction of the magnetic field [24–29].
Extensive experimental searches for the CME have been
carried out through azimuthal particle correlation measure-
ments in relativistic heavy-ion collisions. However, no
conclusive evidence has yet been established due to
substantial background contributions to the relevant observ-
ables (see Ref. [30] for a recent review). In addition,
anomaly-induced transport phenomena have been exten-
sively investigated in condensed matter systems, particularly
in Dirac and Weyl semimetals, where chiral quasiparticles
emerge as low energy excitations [31–37].
Given the difficulty of establishing unambiguous sig-

natures of chirality imbalance through hadronic observ-
ables alone, electromagnetic (EM) probes such as photons
and dileptons offer a complementary and potentially
cleaner avenue to investigate anomalous phenomena in
hot QCD matter. Owing to their large mean free path
relative to the characteristic size of the medium, photons
and dileptons escape the strongly interacting plasma with
minimal final-state interactions and therefore retain infor-
mation about the thermodynamic and dynamical proper-
ties of the system at the time of their production.
Consequently, EM observables have long been regarded
as sensitive probes of the early-time evolution of the QGP
produced in relativistic heavy-ion collisions at relativistic
heavy ion collider (RHIC) and large hadron collider
(LHC) energies. In particular, it has been proposed that
electromagnetic emissions may provide indirect signa-
tures of chirality imbalance. For example, the dilepton
production rate (DPR) in a hot and dense chiral medium
have been investigated in Ref. [38], where it is shown that
the DPR is significantly enhanced in the low invariant-
mass region due to Landau-cut contributions, resulting in
the disappearance of the forbidden gap between the
Landau and Unitary cuts at sufficiently high temperature
and chiral chemical potential. Photon production mech-
anisms stemming from anomalous responses in Abelian
chiral plasmas have recently been investigated under
various configurations, focusing on radiative instabilities
and time-dependent chiral chemical potentials [39–42].
Furthermore, spin-polarized photon and dilepton emission
from a chiral plasma has been conjectured to provide
possible signatures of local P- and CP-odd effects in
strong interactions [43]. In a different context, a novel
mechanism for soft photon production based on the
interplay between the conformal anomaly of QCD and
QED and strong electromagnetic fields generated in
heavy-ion collisions has also been proposed, yielding
substantial contributions to both the azimuthal anisotropy
and radial flow of direct photons [44].
In this work, we extend our previous study [45], in which

the soft contribution to the thermal photon emission rate
from a chirally imbalanced QGP has been investigated.
The present analysis focuses on the hard contribution to

the real photon production rate obtained by evaluating the
scattering matrix elements for quark-antiquark annihilation
and QCD Compton scattering processes within first-order
perturbation theory. Owing to the presence of chiral
imbalance, the contributions from left- and right-handed
quarks are treated separately. To regulate the infrared
divergence of the invariant amplitudes, an intermediate
momentum cutoff parameter, kc, is introduced to separate
hard and soft momentum scales. The soft contribution is
incorporated using the Braaten-Pisarski resummation
framework and is adopted from our previous work [45].
Particular emphasis is placed on establishing the cutoff
independence of the total photon emission rate through a
detailed analysis of the individual hard and soft contribu-
tions. While the cancellation of the intermediate cutoff
dependence at finite baryon density has previously been
demonstrated in Ref. [46], the present work generalizes this
framework to a QGP with finite chiral imbalance.
The plan of the paper is as follows. In Sec. II Awe have

noted down the results for soft contribution from [45]
followed by calculation for the hard part in Sec. II B. The
cutoff independence of the total photon emission rate is
discussed in Sec. III. In Sec. IV we show the numerical
results followed by a brief summary in Sec. V.

II. SETUP

The emission rate of real photons with energy E and
momentum p⃗ from a thermalized plasma of quarks and
gluons is expressed as [47–51]

E
dR
d3p

¼ 2

ð2πÞ3 Im
retΠμ

μðE; p⃗Þ 1

eβE − 1
ð1Þ

where retΠμ
μ is the retarded self-energy in a thermal medium.

It is to be noted that this formula is exact to all orders in
strong interaction and only up to leading order in electro-
magnetic interaction due to the assumption that the pro-
duced photon emerges without final state scattering from
the hot matter [47,49]. It is well known that tree-level
calculations of thermal processes involving the exchange of
massless particles give rise to infrared divergences which
are screened by thermal loop corrections [52]. This in turn
results in decomposition of hard photon production rate
into two parts. The hard part, that is when the momenta of
exchanged quark is large, is obtained in first order
perturbation theory using bare propagators. On the other
hand, the soft contribution is calculated employing the
resummed propagators for intermediate quarks with soft
momenta. Assuming the weak-coupling limit, an inter-
mediate scale kc is introduced demanding gT ≪ kc ≪ T
which separates different momentum scales of the
exchanged quark. Here T is the system temperature and
g is the strong coupling constant. The final results is
independent of separation scale kc [47–50].
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A. Contribution from soft momentum transfer

The soft contribution to the emission rate of real photons
from quark gluon plasma with chiral imbalance has been
recently obtained in [45] from the imaginary part of the
retarded photon self-energy as depicted in Fig. 1. Since the
energy of the produced photon is high, due to kinematics
there can only be one full quark propagator in the
polarization tensor, since the other one has to be hard.
Moreover no vertex correction is necessary as the high
energy photon resolves the vertex completely. The final
expression for the soft contribution to the thermal photon
production rate with energy E is given by

2E
dRsoft

d3p
¼ 5α

12π3
e−βE

�
M2

L ln
k2c

2M2
L
þM2

R ln
k2c

2M2
R

�
ð2Þ

with

M2
L=R ¼ g2CF

8

�
T2 þ μ2

π2
þ μ25
π2

�
� g2CF

4π2
μμ5

¼ g2CF

8

�
T2 þ ðμ� μ5Þ2

π2

�
; ð3Þ

where μ and μ5 are the quark and chiral chemical potentials
respectively and CF ¼ 4=3 is the Casimir invariant of the
gauge group SUð3Þ in the fundamental representation and
α ¼ e2=4π. Effective quark propagator in a presence of
chiral asymmetry necessary for evaluating the above results
is obtained in [53]. While calculating the soft contribution
as expressed by Eq. (2) we have assumed that the
exchanged quark propagator is dressed and satisfies a
hyperbolic cutoff 0 ≤ k2 − ω2 ≤ k2c in accordance with
Refs. [47,48]. This cutoff will also be introduced in the
calculation of the hard contribution to regulate the infrared
divergences arising from the soft region of phase space in
the u and t-channel diagrams. From Eq. (2) it can be seen
that, as a consequence of nonzero values of μ5, the soft part
of the hard photon production rate receives different
contributions from the left- and right-handed quarks present
in the medium. This is owing to the fact that in a chirally
imbalanced medium left- and right-handed quark follow

nondegenerate dispersion relation and acquire different
thermal mass denoted by ML and MR respectively [53].
It should be noted that, in the limit μ5 → 0, Eq. (2) correctly
reduces to the result of Ref. [46] where hard photon rate
from hot and dense QGP is calculated. This can be easily
checked sinceMR=L → g2CFðT2 þ μ2=π2Þ=8 in absence of
μ5 and αS ¼ g2=4π. Furthermore at μ → 0 we recover the
well-known expression given in Refs. [47,48].

B. Contribution from hard momentum transfer

To calculate the hard part of the real photon rate one has
to consider scattering matrix elements corresponding to
quark-antiquark annihilation and QCD Compton scattering
using first order perturbation theory [47,48]. Here we
consider scattering processes involving left- and right-
handed quarks separately due to the presence of chiral
imbalance [54].
Let us first concentrate on the annihilation process for

right-handed quarks as shown in Figs. 2(a) and 2(b). The
invariant amplitude for the t- and u-channel diagrams
shown in Figs. 2(a) and 2(b) respectively are given by

MR;qq̄→gγ
t ¼ −egeq

�
v̄RðP1Þγμta

=P2 − =P
t2 þ iϵ

γνuRðP2Þ
�

× ϵμðP3ÞϵνðPÞ ð4Þ

MR;qq̄→gγ
u ¼ −egeq

�
v̄RðP1Þγν

=P2 − =P3

u2 þ iϵ
γμtauRðP2Þ

�

× ϵμðP3ÞϵνðPÞ: ð5Þ

Since there is fermion exchange the total amplitude is given
by

MR;qq̄→gγ
tot ¼ MR;qq̄→gγ

t þMR;qq̄→gγ
u

¼ egeqv̄RðP1ÞtaΓμν
R;qq̄→gγuRðP2ÞϵνðP3ÞϵμðPÞ

ð6Þ

where Γμν
R;qq̄→gγ ¼ γμ

=P1−=P3

t2þiϵ γ
ν þ γν

=P1−=P
u2þiϵ γ

μ and we have used
total four momentum conservation. The squared amplitude
is obtained by summing over color, flavor and spin and is
given by

X
jMR;qq̄→gγ

tot j2 ¼ 1

2

5π2

9
29ααS

�
t
u
þ u

t

�
ð7Þ

where we have used Tr½tatb� ¼ δab=2. In a similar way the
squared matrix element for the annihilation of a left-handed
quark and antiquark pair is

X
jML;qq̄→gγ

tot j2 ¼ 1

2

5π2

9
29ααS

�
t
u
þ u

t

�
: ð8Þ

FIG. 1. The photon self-energy is evaluated in the HTL
approximation. The internal fermion line with a black blob
represents the soft quark propagator dressed with HTL resum-
mation, while the line without the blob denotes the bare hard
quark propagator.
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The equality of Eqs. (7) and (8) follows from the fact that the
QED and QCD gauge interactions relevant to the present
processes are vectorlike and therefore couple identically to
left- and right-handed quarks. Consequently, the correspond-
ing invariant amplitudes are independent of chirality.
Nevertheless, as will be shown later, the contributions of
left- and right-handed quarks to the real photon production
rate are generally different in the presence of a finite chiral
chemical potential, μ5, since the corresponding distribution
functions are modified by the chirality imbalance. The
remaining contribution to the hard part of the photon
production rate arises from QCD Compton scattering. The
invariant amplitude for scattering of a right-handed quark
with gluon as shown in Figs. 2(c) and 2(d) are given by

MR;qg→qγ
t ¼ −egeq

�
ūRðP3Þγμta

=P2 − =P
t2 þ iϵ

γνuRðP2Þ
�

× ϵμðP1ÞϵνðPÞ ð9Þ

MR;qg→qγ
s ¼ −egeq

�
ūRðP3Þγνta

=P1 þ =P2

s2 þ iϵ
γμuRðP2Þ

�

× ϵμðP1ÞϵνðPÞ: ð10Þ

Summing up the two contributions we get

MR;qg→qγ
tot ¼ −egeqūRðP3ÞtaΓμν

R;qg→qγuRðP2ÞϵμðP1ÞϵνðPÞ
ð11Þ

with Γμν
R;qg→qγ ¼ γν

=P1þ=P2

s2þiϵ γ
μ − γμ

=P1−=P3

t2þiϵ γ
ν. The squared

amplitude is given by

X
jMR;qg→qγ

tot j2 ¼ 1

2

5π2

9
29ααS

�
t
s
þ s

t

�
: ð12Þ

In the similar way one can also calculate squared amplitude
for QCD Compton process for a left-handed quark with
gluon which leads to the same result as previously discussed:

X
jML;qg→qγ

tot j2 ¼ 1

2

5π2

9
29ααS

�
t
s
þ s

t

�
: ð13Þ

Figures 2(e) and 2(f) corresponds to the QCD Compton
process for a right-handed antiquark with gluon. Addi-
tionally one should also consider similar process for left-
handed antiquarks. However since the coupling between
quarks/antiquarks and gauge fields (both Abelian and non-
Abelian) is invariant under charge conjugation the results
will be same as Eqs. (12) and (13) respectively. Now that we
have the squared amplitudes for all three possible processes
(annihilation and two Compton processes for both left- and
right-handed quark and antiquark) we can obtain the hard
part of thephoton production rate.Note that, in each diagram,
all the particles taking part in the scattering process are
thermalized except the outgoing photon due to its largemean
free path as it does not take part in strong interaction. The
contribution to the differential rate from any of these
processes is given by [47,48]

2E
dRhard

d3p
¼ 1

ð2πÞ8
Z

d3p⃗1

2E1

d3p⃗2

2E2

d3p⃗3

2E3

× δð4ÞðP1 þ P2 − P3 − PÞf1ðE1Þf2ðE2Þ
× ð1� f3ðE3ÞÞ

X
jMprocess

tot j2 ð14Þ

(a)

(c) (d) (e) (f)

(b)

FIG. 2. Diagrams (a) and (b) correspond to the annihilation of a right-handed quark and antiquark. Diagrams (c)–(f) represent QCD
Compton processes for right-handed quark and antiquark respectively. Similar diagrams for left-handed quarks will also contribute.
Momentum convention shown in diagram (a) is followed in all other diagrams.
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where f’s are Fermi-Dirac distribution functions for left-
or right-handed fermions or Bose-Einstein distribution
functions for gluons depending upon the particular proc-
ess considered. The factor ð1� f3ðE3ÞÞ for the strongly
interacting particle in the final state is either a Bose-
enhancement with ðþÞve sign applicable for annihilation

processes or a Pauli-suppression with ð−Þve sign appli-
cable for two QCD Compton processes. Equation (14)
contains nine-dimensional integrals and can be reduced
to four-dimensional form assuming the outgoing photon
is along z-direction (see Appendix A for detail). This
yields

2E
dRhard

d3p
¼ 1

8Eð2πÞ7
Z

∞

2k2c

ds
Z

−k2c

−sþk2c

dt
X

jMprocess
tot j2

Z
R2

dE1dE2

ΘðΞðE1; E2ÞÞf1f2ð1� f3Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΞðE1; E2Þ

p ð15Þ

where

ΞðE1; E2Þ ¼ −ðtE1 þ ðsþ tÞE2Þ2 þ 2sEððsþ tÞE2 − tE1Þ − s2E2 þ s2tþ st2

¼ −ðsþ tÞ2E2
2 þ 2ðsþ tÞðsE − tE1Þ þ stðsþ tÞ − ðsEþ tE1Þ ð16Þ

andΘ is the step function. kc is an infrared cutoff to regulate the divergence of the invariant amplitudes as t and/or u goes to
zero. In the following we note down the distribution functions which appear for different cases:

fR;�FD ðEÞ ¼ 1

exp
	
E∓ðμ−μ5Þ

T



þ 1

; fL;�FD ðEÞ ¼ 1

exp
	
E∓ðμþμ5Þ

T



þ 1

; ð17Þ

fBEðEÞ ¼
1

expðETÞ − 1
: ð18Þ

For hard photon production, the photon energy satisfies
E ≫ T. In this regime, one can employ the Boltzmann
(classical) approximation and replace f1 and f2 by
Boltzmann distribution functions instead of Fermi-
Dirac or Bose-Einstein distribution functions so that
f1ðE1Þf2ðE2Þ ≈ e−ðE1þE2Þ=T . At μ ¼ μ5 ¼ 0, this allows
one to perform all the integrals analytically, resulting in
closed-form expressions for the differential rate of hard
photon production via QCD Compton and annihilation
processes, as shown in Refs. [47,48,51]. However, at
finite values of μ (or μ5), the analytical calculation
assuming the Boltzmann approximation, as discussed
in Ref. [55], contains a term ∼Eiðð4μE − k2cÞ=4ETÞ
which encounters a branch point as μ → 0. This leads
to the following issues: (i) The established rate at μ → 0
is not recovered, and (ii) analytical cancellation of the
arbitrary cutoff parameter kc in addition to the soft and
hard parts is not achieved. A similar problem appears
even in case of nonzero μ5 as shown in Appendix B.
Therefore, following Ref. [46], we evaluate the hard part
given by Eq. (15) numerically for different physical
processes using the exact Fermi-Dirac and Bose-
Einstein distribution functions. Adding all the hard
contributions to the soft contribution given by Eq. (2),
we now examine the independence of the final results on
the arbitrary cutoff parameter kc.

III. CUTOFF INDEPENDENCE OF THE TOTAL
PHOTON RATE

In Fig. 3, we show the total photon production rate as a
function of the arbitrary separation scale kc. The individ-
ual hard and soft contributions are also displayed sepa-
rately. The cutoff independence of the total rate at finite
baryon density has previously been established in
Ref. [46].Here, we extend this analysis to the case of
finite chiral imbalance by considering μ5 ¼ 200 MeV
together with T ¼ 200 MeV and μ ¼ 200 MeV. In both
panels, kc is varied over nearly six orders of magnitude.
Since the cancellation of the kc-dependence is formally
expected in the weak-coupling limit, Fig. 3(a) corresponds
to g ¼ 0.01. The total photon rate remains essentially
independent of kc throughout the entire range considered,
despite substantial variations in the individual hard and
soft contributions. In particular, the soft contribution
exhibits strong kc-dependence and can become negative
in certain regions, although the total rate remains positive
and cutoff independent. Remarkably, the numerical can-
cellation between the hard and soft contributions remains
highly efficient even in regions where the hierarchy gT ≪
kc ≪ T is not strictly satisfied, and persists up to kc ∼ T.
This suggests that the Braaten-Pisarski resummation
scheme remains valid in the presence of a finite chiral
chemical potential. In Fig. 3(b), we present the corre-
sponding result for the phenomenologically relevant value
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of αs ¼ 0.3, which corresponds to g ≃ 1.94. The total
photon rate again exhibits negligible dependence on kc
over the full range considered, indicating that the weak-
coupling result remains numerically stable even for
realistic values of the coupling constant. This observation
is consistent with Refs. [56,57], where it is argued that for
quantities exhibiting logarithmic infrared divergences, the
Braaten-Pisarski framework can remain applicable even at
relatively large coupling provided the relevant particle
energies are much larger than the temperature. Since the
present analysis concerns hard photon production with
energies significantly larger than the temperature scale,
the extrapolation to phenomenologically relevant coupling
is expected to remain reasonable. The main difference
between Figs. 3(a) and 3(b) is that, for phenomenologically
relevant values of the coupling constant, the range of kc
over which the total photon rate remains cutoff independent
(while both the hard and soft contributions remain indi-
vidually positive) is considerably narrower than in the
weak-coupling limit.

IV. TOTAL PHOTON RATE FROM CHIRALLY
IMBALANCED QGP

As discussed in the Sec. I, the systems formed in heavy-ion
collisions may exhibit a net chirality with a random sign for
domains that are preferentially right or left handed. In
addition, the net baryon density in the produced matter is
expected to be negligible at collider energies. Motivated by
this, we set μ ¼ 0 throughout this section. This choice
isolates the effects of chiral imbalance on the observables
under consideration. Without any loss of generality, we
further restrict the analysis to a left-handed configuration
by taking μ5 > 0. This convention is adopted solely for
definiteness and does not affect the generality of the results.
Following the discussions of Sec. III we will choose kc ¼
0.5T so that the total photon rate remains independent of the
cutoff parameter at realistic values of αS.
In Figs. 4(a) and 4(b) we have shown the variation

of total production rate of high energy photon at
(a) T ¼ 200 MeV and (b) T ¼ 300 MeV respectively for
different values of μ5 at vanishing baryon density. In both

(a) (b)

FIG. 4. Photon production rate as a function of photon energy at vanishing baryon density. Plots are shown for different values of μ5 at
(a) T ¼ 200 MeV and (b) T ¼ 300 MeV. All results are obtained for αS ¼ 0.3.

(a) (b)

FIG. 3. Total photon rate as function of arbitrary cutoff parameter kc is shown, along with the individual hard and soft contributions.
The calculations are performed for T ¼ 200 MeV, μ ¼ 200 MeV and μ5 ¼ 200 MeV. (a) Weak-coupling regime with g ¼ 0.01, and
(b) realistic scenario with αS ¼ 0.3 which corresponds to g ≈ 1.94.
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cases, the photon spectra exhibit a pronounced exponential
suppression with increasing photon energy, indicating the
thermal origin of the emission process and reflecting the
diminishing probability of populating high energy states in
the medium.
It can be seen that the spectra are dominated by the

exponential decrease with photon energy. From both the
figures it is evident that the presence of chiral imbalance
results in an additional enhancement in the rate. A
comparison between Figs. 4(a) and 4(b) shows that the
production rate increases with temperature, reflecting the
increase of available thermal phase space. A notable feature
emerging from both panels is the enhancement of the
photon production rate in the presence of chiral imbalance.
As the value of μ5 increases, the rate systematically rises
over the entire energy range considered as shown in the
inset plot. This enhancement originates from the modifi-
cation of the underlying quark and antiquark distribution
functions induced by the chiral asymmetry, which alters the
available phase space and scattering probabilities contrib-
uting to photon emission. Consequently, a finite chiral
chemical potential increases the abundance of effective
number of participants in the plasma leading to a larger net
photon yield. A comparison between Figs. 4(a) and 4(b)
further reveals a substantial increase in the photon pro-
duction rate with temperature. This enhancement can be
attributed to the growth of the thermal phase space as
higher temperatures increase the occupation of energetic
quark and antiquark states participating in photon-produc-
ing processes. Moreover, thermal excitations become more
abundant, thereby increasing the probability of scattering
and annihilation processes responsible for hard photon
emission.
We now study the photon production rate as a function

of μ5 for different temperatures. In Fig. 5(a), we show the
μ5-dependence of hard photon production at T ¼ 200 MeV
for photon energies E ¼ 1.8 and 2 GeV. The rate increases
with increasing μ5, and the enhancement is more pro-
nounced at lower photon energy. A qualitatively similar

behavior is observed in Fig. 5(b) for T ¼ 300 MeV, with
all other parameters held fixed. A comparison between
Figs. 5(a) and 5(b) shows that the production rate increases
with temperature, reflecting the increase of available
thermal phase space as previously explained.

V. SUMMARY AND OUTLOOK

In this work we calculate the thermal photon emission
rate from a quark gluon plasma with chiral imbalance. The
hard part is obtained using matrix elements for annihilation
and QCD Compton processes involving left- and right-
handed quarks. These involve an arbitrary momentum
cutoff parameter kc introduced in order to tame the infrared
divergences. The kc-dependence is canceled by adding the
soft contribution obtained by us in a previous work [45].
The cutoff independence of the total rate at finite values of
chiral chemical potential is demonstrated in the weak-
coupling limit as well as for phenomenologically relevant
values of strong coupling constant. The numerical cancel-
lation of the separation scale between the hard and soft
contributions remains efficient for a wide range of values.
The presence of chiral imbalance is observed to cause an
overall enhancement in the emission rate of thermal
photons. This can be attributed to additional terms propor-
tional to the square of the chiral chemical potentials in the
Debye mass as well as to the increase in abundance of the
effective number of participants in the chiral plasma. In
order to estimate the chiral chemical potential by making a
connection with the experimentally observed photon spec-
tra this rate has to be convoluted with the space-time
evolution using relativistic hydrodynamics with axial
anomaly [58].

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the authors.

(a) (b)

FIG. 5. Photon production rate as a function of μ5 at vanishing baryon density. Plots are shown for different photon energies at
(a) T ¼ 200 MeV and (b) T ¼ 300 MeV. All results are obtained using αs ¼ 0.3.
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APPENDIX A: REDUCTION OF THE PHASE-SPACE INTEGRAL

In this appendix, we provide the detailed derivation of Eq. (15) from Eq. (14) following Refs. [47,51]. The differential
photon production rate from any 2 → 2 scattering process is given by

2E
dRhard

d3p
¼ 1

ð2πÞ8
Z

d3p⃗1

2E1

d3p⃗2

2E2

d3p⃗3

2E3

δð4ÞðP1 þ P2 − P3 − PÞf1ðE1Þf2ðE2Þð1� f3ðE3ÞÞ
X

jMprocess
tot j2; ðA1Þ

where P ¼ ðE; p⃗Þ is the four-momentum of the outgoing photon. The Mandelstam variables for the processes shown in
Fig. 2 are given by

s ¼ ðP1 þ P2Þ2; t ¼ ðP2 − PÞ2 ¼ ðP1 − P3Þ2; u ¼ ðP2 − P3Þ2 ¼ ðP1 − PÞ2;

which for massless particles satisfy sþ tþ u ¼ 0. Inserting unity in the form of integral representations of Dirac delta
functions for s and t,

1 ¼
Z

dsδ½s − ðP1 þ P2Þ2�
Z

dtδ½t − ðP2 − PÞ2�;

the rate becomes

2E
dRhard

d3p
¼ 1

ð2πÞ8
Z

ds dt
Z

d3p⃗1

2E1

d3p⃗2

2E2

d3p⃗3

2E3

f1f2ð1� f3Þ
X

jMðs; tÞj2

× δð4ÞðP1 þ P2 − P3 − PÞδ½s − ðP1 þ P2Þ2�δ½t − ðP2 − PÞ2�: ðA2Þ

Now we make the replacement
R d3p⃗3

2E3
→

R
d4P3Θðp0

3ÞδðP2Þ and integrate over P3 using δð4ÞðP1 þ P2 − P3 − PÞ which
yields

2E
dRhard

d3p
¼ 1

ð2πÞ8
Z

ds dt
Z

d3p⃗1

2E1

d3p⃗2

2E2

f1f2ð1� f3Þ
X

jMðs; tÞj2

× δ½t − ðP2 − PÞ2�δ½ðP1 þ P2 − PÞ2�δ½s − ðP1 þ P2Þ2�ΘðE1 þ E2 − EÞ: ðA3Þ

At this stage, the phase space is still six-dimensional (integrations over p⃗1 and p⃗2). We choose the photon momentum to lie
along the z-axis so that:

P ¼ Eð1; 0; 0; 1Þ;

and the momenta of the incoming particles in spherical coordinates are:

P1 ¼ E1ð1; sin θ1 cosϕ1; sin θ1 sinϕ1; cos θ1Þ; ðA4Þ

P2 ¼ E2ð1; sin θ2 cosϕ2; sin θ2 sinϕ2; cos θ2Þ: ðA5Þ

Using the arguments of the δ-function in Eq. (A1) we obtain the following relations:

cos θ2 ¼ 1þ t
2EE2

; ðA6Þ

cos θ1 ¼
2EE1 − s − t

2EE1

; ðA7Þ

cosðϕ1 − ϕ2Þ ¼
−2E2s − 2EE1tþ ðsþ tÞð2EE2 þ tÞ

4E2E1E2 sin θ1 sin θ2
: ðA8Þ
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Note that using the parametrization given in Eqs. (A2) and (A3) the phase-space measure is given by

d3p⃗1

2E1

d3p⃗2

2E2

¼ 1

4
E1 dE1 d cos θ1 dϕ1 E2dE2 d cos θ2 dϕ2:

Now using the following relation,

δðfðxÞÞ ¼
X
x0

δðx − x0Þ
jf0ðx0Þj

; ðA9Þ

where x0 are the roots of fðxÞ, one can evaluate the integrals over the angular variables. Doing the cos θ1- and cos θ2-
integrals using δ½t − ðP1 − PÞ2� and δ½ðP1 þ P2 − PÞ2� respectively we obtain

2E
dRhard

d3p
¼ 1

ð2πÞ8
Z

ds dt
Z

E1dE1

2

�
1

2EE1

� Z
E2dE2

2

�
1

2EE2

�
f1f2ð1� f3Þ

X
jMðs; tÞj2

×
Z

dϕ1 dϕ2 δ½Φ�ΘðE1 þ E2 − EÞ: ðA10Þ

Here the two bracketed factors 1
2EE1

and 1
2EE2

are the Jacobians coming from integrations over θ1 and θ2 respectively. What

remains of δ½s − ðP1 þ P2Þ2� after θ1 and θ2 are fixed is denoted as δðΦÞ. First the ϕ1 integration is done using δ-function
and then integrating over ϕ2 one gets

2E
dRhard

d3p
¼ 1

ð2πÞ7
1

8E

Z
ds dt

Z
dE1dE2 f1f2ð1� f3Þ

X
jMðs; tÞj2 ΘðΞðE1; E2ÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ΞðE1; E2Þ
p ðA11Þ

where ΞðE1; E2Þ ¼ −ðtE1 þ ðsþ tÞE2Þ2 þ 2sEððsþ tÞ×
E2 − tE1Þ − s2E2 þ s2tþ st2. An extra factor of 2
comes from the fact that there are two values of ϕ1

that satisfies cosðϕ1 − ϕ2Þ given by Eq. (A6). The
Jacobian coming from integration over ϕ1 is given
by 1

2E1E2 sin θ1 sin θ2 sinðϕ1−ϕ2Þ ¼ Effiffiffiffiffiffiffiffiffiffiffiffiffi
ΞðE1;E2Þ

p . The function

ΘðΞðE1; E2ÞÞ appears from the condition
jcosðϕ1 − ϕ2Þj ≤ 1. Thus we arrive at Eq. (15).

APPENDIX B: ANALYTICAL CALCULATION
FOR CUTOFF INDEPENDENCE

1. Analytical calculation of the hard part
with Boltzmann approximation

To carry out analytical calculation starting from Eq. (15),
let us introduce V ¼ E1 þ E2 so thatZ

dE1 dE2 →
Z

dV dE2:

Replacing E1 with E1 ¼ V − E2, we can write

ΞðE2; VÞ ¼ ðAE2
2 þ BE2 þ CÞ1=2

where

A ¼ −s2 B ¼ 2sðsEþ 2tE − tVÞ
C ¼ stðsþ tÞ − ðsEþ tVÞ2: ðB1Þ

Limits of these integrations over E2 and V are fixed by delta
functions in Appendix A and can be estimated as

−1 ≤ cos θ1 ≤ 1 ⇒ ðsþ tÞ ≥ 0 and E1 ≥
sþ t
4E
ðB2Þ

−1 ≤ cos θ2 ≤ 1 ⇒ t < 0 and E2 ≥ −
t
4E

ðB3Þ

−1 ≤ cosðϕ1 − ϕ2Þ ≤ 1 ⇒ AE2
2 þ BE2 þ C ≥ 0:

ðB4Þ

Moreover one can write
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AE2

2 þ BE2 þ C
p

¼
s

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEmax

2 − E2ÞðE2 − Emin
2 Þ

p
and the condition B2 −

4AC ≥ 0 leads to

4s2ð−tÞðsþ tÞðs − 4EV þ 4E2Þ ≥ 0 ⇒ V ≥
s
4E

þ E:

Using the above expressions we can write Eq. (15) as

2E
dRhard

d3p
¼ 1

ð2πÞ7
1

8E

Z
ds
s
dt

Z
∞

s=4EþE
dV

×
Z

Emax
2

Emin
2

dE2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEmax

2 − E2ÞðE2 − Emin
2 Þ

p
×
X

jMðs; tÞj2f1f2ð1� f3Þ: ðB5Þ
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Up to this point the result is exact and now wewill introduce
some physically motivated approximations to obtain ana-
lytical results. Using the fact that the photon energy is hard
we will replace the distribution functions of incoming
particles by Maxwell-Boltzmann distribution function.
Since we are dealing with nonzero μ and μ5 we have to
treat the annihilation and Compton processes separately.

a. Pair annihilation process

Let us consider the process qRq̄R → gγ. In this case we
have

f1f2 ¼ fR;þFD ðE1ÞfR;−FD ðE2Þ≃ e−ðE1−μRÞ=Te−ðE2þμRÞ=T ¼ e−V=T

f3 ¼ fBEðE3Þ ¼ fBEðV −EÞ: ðB6Þ

So, in this case after taking Maxwell–Boltzmann approxi-
mation effect of μR disappears. The integral over E2 can be
performed analytically, yielding a factor of π. Similar

situation will also appear for qLq̄L → gγ scenario. So,
following previous calculations [47,48,51] one can write:

2E
dRqRq̄R→gγ

d3p
¼ 2E

dRqLq̄L→gγ

d3p
¼ 5ααs

27π2
T2e−E=T

×

�
ln
4ET
k2c

− 1 − γE þ ζ0ð2Þ
ζð2Þ

�
: ðB7Þ

b. Compton scattering

Let us first consider the process qRg → qRγ. In this case
we get

f1f2 ¼ fR;þFD ðE1ÞfBEðE2Þ ≃ e−ðE1þE2−μRÞ=T ¼ e−ðV−μRÞ=T:

Now we perform V-integral in Eq. (B5) to obtain

Z
∞

s
4EþE

dV e−ðV−μRÞ=T
�
1 −

1

eðV−E−μRÞ=T þ 1

�

¼ Te−E=T
Z

∞

s
4ET−

μR
T

dz
ez þ 1

¼ Te−E=T ln

�
1þ exp

�
−
s − 4μRE
4ET

��

where z ¼ V−EþμR
T . Using Eq. (12) of the present MS we arrive at

2E
dRqRg→qRγ

d3p
¼ 1

ð2πÞ6
1

16E

Z
ds
s
Te−E=T ln

�
1þ exp

�
−
s − 4μRE
4ET

��Z
k2c

−sþk2c

dt
1

2

5π2

9
29ααS

�
t
s
þ s

t

�

¼ 5ααS
9π4

Te−E=T

8E

Z
∞

2k2c

ds
s
ln

�
1þ exp

�
−
s − 4μRE
4ET

���
s − 2k2c þ 2s ln

�
s − k2c
k2c

��
: ðB8Þ

The s-integral appearing in the above expression is same as that given in [55] upon replacing (μR → μ) and this will lead to
the term ∼Eiðð4μRE − k2cÞ=4ETÞwhich encounters a branch point as μR → 0. Thus we arrive at the same problem as in case
of finite quark chemical potential as discussed in [46].

2. Small μ5 approximation

Now let us try to derive the same assuming the case μ ¼ 0 and small values of μ5. In this case one can make the following
expansion

fR;�FD ðE; μ5Þ ¼
1

eðE�μ5Þ=T þ 1

¼ 1

eE=T þ 1
∓ μ5

T
eE=T

ðeE=T þ 1Þ2 þ
1

2

�
μ5
T

�
2 eE=TðeE=T − 1Þ

ðeE=T þ 1Þ3 þO
��

μ5
T

�
3
�

≃
�
1 ∓ μ5

T
þ 1

2

�
μ5
T

�
2
�
e−E=T ðB9Þ

where in the last line we have assumed E ≫ T and kept terms up to Oððμ5T Þ2Þ. In a similar way one can write

fL;�FD ðE; μ5Þ ≃
�
1� μ5

T
þ 1

2

�
μ5
T

�
2
�
e−E=T: ðB10Þ

Let us now concentrate on the different scattering processes separately.
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a. Annihilation

For the process qRq̄R → gγ we have

f1f2 ¼ fR;þFD ðE1ÞfR;−FD ðE2Þ ≃
�
1 −

μ5
T
þ 1

2

�
μ5
T

�
2
��

1þ μ5
T
þ 1

2

�
μ5
T

�
2
�
e−E1=Te−E2=T

¼
�
1þ

�
μ5
T

�
4
�
e−V=T ≃ e−V=T

f3 ¼ fBEðE3Þ ¼ fBEðV − EÞ ðB11Þ

where we have kept terms up toOððμ5T Þ2Þ. Thus here also we get the same result as given by Eq. (B7). Thus the annihilation
rate adding the contributions from both left- and right-handed quarks becomes

2E
dRAnnihilation

d3p
¼ 5ααs

27π2
2T2e−E=T

�
ln
4ET
k2c

− 1 − γE þ ζ0ð2Þ
ζð2Þ

�
: ðB12Þ

b. Compton

For the process qRg → qRγ using the same approach we get

f1f2 ≃ e−ðE1−μ5Þ=Te−E2=T ≃
�
1þ μ5

T
þ μ25
2T2

�
e−V=T; ðB13Þ

1 − f3 ¼ 1 −
1

eðE3−μ5Þ=T þ 1
¼ 1 −

1

eðV−E−μ5Þ=T þ 1
≃ 1 −

1

eðV−EÞ=T þ 1

�
1þ μ5

T
þ μ25
2T2

�
: ðB14Þ

Let us define ξðμ5Þ≡ 1þ μ5
T þ μ2

5

2T2 which leads to the following form of the V-integral starting from Eq. (B5):

Z
dVξðμ5Þe−V=T

�
1 −

1

eðV−EÞ=T þ 1
ξðμ5Þ

�
¼ ξðμ5Þ

Z
dV e−V=T − ξðμ5Þ2

Z
dV

e−V=T

eðV−EÞ=T þ 1
;

¼ ξðμ5ÞTe−E=Te−s=ð4ETÞ − ξðμ5Þ2Te−E=T
Z

∞

s=ð4ETÞ

e−x

ex þ 1
dx with x ¼ V − E

T

¼ ξðμ5ÞTe−E=Te−s=ð4ETÞ − ξ2ðμ5ÞTe−E=T
�
e−s=ð4ETÞ þ s

4ET
− ln ½1þ es=ð4ETÞ�

�
;

¼ Te−E=T
��

−
μ5
T
−
3

2

μ25
T2

�
e−s=ð4ETÞ þ

�
1þ 2μ5

T
þ 2μ25

T2

�
ln ½1þ e−s=ð4ETÞ�

�
: ðB15Þ

The t-integration is trivial and is given by

Z
−k2c

−sþk2c

dt
�
s
t
þ t
s

�
¼ 1

2

�
s − 2k2c þ 2s ln

�
s − k2c
k2c

��
: ðB16Þ

Now let us note the following expressions:

Z
∞

0

dy lnð1þ e−yÞ ¼ π2

12
ðB17Þ

Z
∞

0

dy ln y lnð1þ e−yÞ ¼
X∞
n¼1

ð−1Þnþ1

n

Z
∞

0

dye−ny ln y ¼
X∞
n¼1

ð−1Þnþ1

n

�
−γE − ln n

n

�
; ðB18Þ
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ηðsÞ ¼
X∞
n¼1

ð−1Þn−1
ns

¼ ð1 − 21−sÞζðsÞ ðB19Þ

η0ðsÞ ¼
X∞
n¼1

ð−1Þn ln n
ns

¼ 21−s ln 2ζðsÞ þ ð1 − 21−sÞζ0ðsÞ ðB20Þ

where ηðsÞ is Dirichlet eta function and ζðsÞ is Riemann zeta function. Using these identities one can perform the remaining
integrals. After some algebra we arrive at

2E
dRqRg→qRγ

d3p
¼ 5ααs

108π2
T2e−E=T

�
12

π2

�
−
μ5
T
−
3

2

μ25
T2

��
1

2
þ ln

4ET
k2c

− γE

�

þ
�
1þ 2μ5

T
þ 2μ25

T2

��
1

2
þ ln

4ET
k2c

− γE þ ln 2þ ζ0ð2Þ
ζð2Þ

��
: ðB21Þ

The corresponding contribution for the process qLg → qLγ is obtained by replacing μ5 with−μ5. The antiquark contribution
is identical to the quark contribution in the absence of baryon chemical potential. Consequently, for small values of μ5, the
total Compton contribution to the hard photon production rate in a medium with vanishing baryon density is given by

2E
dRCompton

d3p
¼ 5ααs

27π2
T2e−E=T

�
−
18

π2
μ25
T2

�
1

2
þ ln

4ET
k2c

− γE

�

þ
�
1þ 2μ25

T2

��
1

2
þ ln

4ET
k2c

− γE þ ln 2þ ζ0ð2Þ
ζð2Þ

��
: ðB22Þ

Adding Eqs. (B12) and (B22) we obtain the total hard contribution to the thermal photon production rate

2E
dRhard

d3p
¼ 5ααS

9π2
T2e−E=T

�
ln
4ET
k2c

−
1

2
− γE þ 1

3
ln 2þ ζ0ð2Þ

ζð2Þ
�

þ 5ααS
9π2

μ25e
−E=T 2ζð2Þ − 3

3ζð2Þ
�
ln
4ET
k2c

þ 1

2
− γE þ 2ζð2Þ

2ζð2Þ − 3

�
ln 2þ ζ0ð2Þ

ζð2Þ
��

: ðB23Þ

The first termmatches exactly with the previous result obtained in [47,48,51] in absence of μ5. The second term corresponds
to nontrivial finite μ5-correction. Now following Eqs. (2) and (3) of the present MS at μ ¼ 0 we can write

2E
dRsoft

d3p
¼ 5ααS

9π2
T2e−E=T ln

k2c
2M2

þ 5ααS
9π2

μ25
π2

e−E=T ln
k2c
2M2

ðB24Þ

where M2 ¼ g2CF
8

ðT2 þ μ2
5

π2
Þ. Comparing Eqs. (B23) and (B24) one can conclude that cancellation of the intermediate

momentum cutoff parameter kc is not possible for the nonzero μ5 part.
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