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We propose a novel pathway to generate the electroweak scale (EW) via nonperturbative dynamics of a
dark gauge sector based on the SU(N) gauge group. Imposing the scale invariance of the theory, we
investigate the electroweak symmetry breaking (EWSB) which is triggered dynamically via the
condensation of gauge fields. Instead of the usual dimension-4 triggered breaking, a dimension 6 term
(with Wilson coefficient compatible with Standard Model Effective Field Theory (SMEFT) bounds)
coupling the Higgs boson and the Yang-Mills field quadratic term in the Lagrangian provides feedback
from the gauge to the Higgs sector. We provide a novel method to estimate a nonperturbative EW scale
generation using the exact solution of a truncated set of the background equations of motion in Yang-Mills
theory in terms of Jacobi elliptic functions and the exact beta-function valid in the strongly coupled regimes
via the Dyson-Schwinger approach. Particularly, we find an analytical result for the renormalization group
equation (RGE) of the gauge coupling in the SUðNÞ sector in the strongly coupled regime. The dynamics
studied in this paper pave the way to a more realistic model building with possible resolution to the
hierarchy problem and, in general, dynamical generation of scales.
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I. INTRODUCTION

With null results at the Large Hadron Collider (LHC) for
any evidence of supersymmetry, alternatives to the solution
of the gauge hierarchy problem are being explored. An
intriguing possibility is that the hierarchy problem might be
related to the scale invariance at the classical level, which is
only broken at the quantum level due to quantum anomalies.
As has been first shown, the dynamical generation of the
gauge symmetry breaking is realized via radiative symmetry
breaking by the Coleman-Weinberg mechanism [1].
However, when the mechanism is applied to the Standard
Model (SM), the mass of the gauge bosons is predicted to be
greater than that of the Higgs boson, mZ;W > mH. In the
framework of Beyond the SM (BSM), realistic dynamical
generations of the electroweak (EW) scale have been
explored extensively in the literature [2–11]. Moreover,

in the context of nonminimally coupled gravity, scale
invariant models naturally provide flat inflationary poten-
tials [3,12–18], and also the mass scale of dark matter (DM)
can be dynamically generated [15,19–22]. This has always
been seen as a direction of model-building toward the
dynamically generated solution to the gauge hierarchy
problem in the SM [3,4,7,11,15,19,21,23–27]. See
Refs. [28–34] for other studies of conformal invariance
and dimensional transmutation of energy scales [35,36].
Besides the Coleman-Weinberg pathway, dyna-

mical generation of mass scales in scale-invariant theories
can be achieved via dimensional transmutation in a
strongly interacting sector based on hidden gauge groups
[26,37–39], including some examples from standard
quantum chromodynamics (QCD) (see, e.g., [40]). This
is purely due to nonperturbative effects. Already in the
1980s, the authors of [41–44] suggested to dynamically
break the EW symmetry by the condensation of chiral
fermions in high color representations, see Ref. [45] for
recent consideration.
In this paper, we propose a scale-invariant scenario with a

dark sector based on the SU(N) gauge group, in which the
electroweak symmetry breaking (EWSB) is triggered
dynamically via the condensation of gauge fields. This
mechanism enables us to understand the dynamic gener-
ation of the EW scale. The main part of this work is devoted
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to the development of a novel method to estimate the
nonperturbative EW scale generation based on the exact
solution of the background equations of motion in Yang-
Mills theory in terms of Jacobi elliptic functions and the
exact beta-function valid in the strongly coupled regimes via
Dyson-Schwinger approach. Particularly, we find an ana-
lytical result for the renormalization group (RG) running of
the gauge coupling in the classically conformal SU(N)
sector in the strongly coupled regime. To study the non-
perturbative regime, we utilize the exact solutions found in
terms of the Jacobi elliptic functions following the analytic
approach of Dyson-Schwinger equations, originally devised
by Bender, Milton, and Savage in Ref. [46]. In this case,
Green’s functions of the theory are represented analytically,
and therefore, it is straightforward to understand the effect
of the background on the interactions that remain valid even
in the strongly coupled regime [47]. This technique has been
recently applied to QCD in Refs. [48–52] and to the SM
Higgs sector in Ref. [53], as well as to other types of models
over the past two decades in Refs. [47,52–68]. Recently,
some of the authors have employed this technique to
study nonperturbative hadronic contributions to the muon
anomalous magnetic moment ðg-2Þμ [48], QCD in the
nonperturbative regime [49–51], nonperturbative false
vacuum decay [69], as well as to explore the mass gap
and confinement in string-inspired infinite-derivative and
Lee-Wick theories [70–72].
Given the above proviso, we investigate, in this paper,

nonperturbative properties of a simple Yang-Mills theory
and show a derivation of the mass gap in the SU(N) gauge
sector, condensation of gauge fields and a gap equation for
the gauge bosons. We emphasize that our approach does
not address the hierarchy problem that, probably, will
involve some serious rethinking of fundamental physics.
The paper is organized as follows: in Sec. II, we briefly

review the nonperturbative technique to understand the
strongly coupled gauge sector collecting the main equa-
tions we need. Following these results, we study in Sec. III
the dynamical generation of the EW scale. In Sec. IV, we
study the mass spectrum of the theory. Section V is devoted
to conclusions and discussions.

II. STRONGLY COUPLED YANG-MILLS:
SHORT REVIEW

The aim of this review is to make the paper self-
contained presenting already published material and to

obtain the main equations we will use in the following for a
strongly coupled Yang-Mills theory. Details of the compu-
tations are given in the Appendixes.

A. Correlation functions

For a Yang-Mills theory, one has the Lagrangian

L ¼ Linv þ Lgf þ LFP; ð1Þ

where Linv denotes the classical gauge-invariant part,
Lgf the gauge-fixing terms, and LFP the Faddeev-Popov
(FP) ghost term characteristic of non-Abelian gauge
theories [73]

Linv ¼ −
1

4
Fμν · Fμν;

Lgf ¼ −
1

2ξ
ð∂ · AÞ2;

LFP ¼ −c̄ · ∂μDμc; ð2Þ

where Fa
μν is the field tensor (defined below), Aa

μ are the
potentials, c̄a; ca the Faddeev-Popov ghosts and, in the
usual notation, ξ is the gauge parameter, and Dμ represents
the covariant derivative whose explicit form is given by

Dμca ¼ ∂μca þ gðTaÞbcAb
μcc ð3Þ

with ðTaÞbc being the gauge group generators and g being
the gauge coupling constant. The field strength is given by

Fa
μν ¼ ∂μAν − ∂νAμ þ gfabcAb

μAc
ν; ð4Þ

where fabc are the structure constants of the gauge group.
Then, the partition function can be written down as

Z½j; η; η̄� ¼
Z

½dA�½dc̄�½dc�e−
R

d4xðLinvþLgfþLFPþj·Aþη̄·cþc̄ η̇Þ;

ð5Þ

where we have introduced a set of arbitrary bosonic
currents jaμ and fermionic sources η̄a; ηa that are needed
to evaluate the correlation functions. Given the partition
function, the correlation functions for n > 1 are defined by

Ga1a2…an
nμ1μ2…μnðx1; x2;…; xnÞ ¼

δn lnZ
δja1μ1ðx1Þδja2μ2ðx2Þ…δjanμnðxnÞ

����
j¼0

;

Ka1a2…an
nμ1μ2…μnðx1; x2;…; xnÞ ¼

δn lnZ
δηa1μ1ðx1Þδηa2μ2ðx2Þ…δηanμnðxnÞ

����
η̂;η¼0

;

K̄a1a2…an
nμ1μ2…μnðx1; x2;…; xnÞ ¼

δn lnZ
δη̄a1μ1ðx1Þδη̄a2μ2ðx2Þ…δη̄anμnðxnÞ

����
η̄;η¼0

: ð6Þ
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We have also used occasionally the mixed correlation
functions that will be dubbed with the letters W, J, and
L but appear to be 0 in our context limited to n ¼ 2. These
correspond to mixed vertexes in the theory for interactions
between ghosts and gluons.
To explore a gauge theory in a nonperturbative regime,

we apply the technique with the Dyson-Schwinger equation
in differential form. This approach was devised in [46] and
later on studied in several UV-completion scenarios involv-
ing string-field and higher-derivative theories [70–72]. We
briefly review the technique in Appendix A for the scalar
field. For a Yang-Mills field, we get for the 1P-correlation
function

□GðjÞa
1μ þ gfabch∂νĀb

μAcνi þ gfabchAbνð∂μAc
ν − ∂νAc

μÞi
× g2fabcfcdehAbνAd

νAe
μi þ gfabchc̄b∂μcci ¼ jaμ: ð7Þ

Similarly, for the ghost field is

−□PðηÞa
1 þ gfabchðAc

μÞ∂μcbi ¼ ηa: ð8Þ

For our needs, we consider the following functions

GðjÞa
1μ ðxÞ ¼ Z−1hAa

μðxÞi
PðηÞa
1 ðxÞ ¼ Z−1hcaðxÞi; ð9Þ

and similarly for c̄a yielding P̄ðηÞa
1 ðxÞ. We can evaluate the

averages as

Z½j; η; η̄�GðjÞa
1μ ðxÞ ¼ hAa

μðxÞi;
Z½j; η; η̄�PðηÞa

1 ðxÞ ¼ hcaðxÞi: ð10Þ

We derive one time again with respect to jðxÞ on the first
equation yielding

Z½j; η; η̄�GðjÞab
2μν ðx; xÞ þ Z½j; η; η̄�GðjÞa

1μ ðxÞGðjÞb
1ν ðxÞ

¼ hAa
μðxÞAb

νðxÞi; ð11Þ

and apply the derivative ∂
ν

Z½j; η; η̄�∂νGðjÞab
2μν ðx; xÞ þ Z½j; η; η̄�∂νGðjÞa

1μ ðxÞGðjÞb
1ν ðxÞ

¼ h∂νAa
μðxÞAb

νðxÞi: ð12Þ

Then, a further derivation of Eq. (11) with respect to jcν

yields

Z½j; η; η̄�GðjÞab
2μν ðx; xÞGðjÞνc

1 ðxÞ þ Z½j; η; η̄�GðjÞabcν
3μν ðx; x; xÞ þ Z½j; η; η̄�GðjÞa

1μ ðxÞGðjÞb
1ν ðxÞGðjÞνc

1 ðxÞ þ Z½j; η; η̄�GðjÞacν
2μ ðxÞGðjÞb

1ν

þ Z½j; η; η̄�GðjÞbcν
2ν ðxÞGðjÞa

1μ ðxÞ ¼ hAa
μðxÞAb

νðxÞAcνðxÞi; ð13Þ

and the same to be done on the ghost field. Equation (9)
yields

Z½j; η; η̄�PðηÞa
1 ðxÞ ¼ hcaðxÞi: ð14Þ

The following equation is obtained after deriving with
respect to ∂μ and then with respect to η̄,

Z½j; η; η̄�P̄ðηÞb
1 ðxÞ∂μPðηÞa

1 ðxÞ þ Z½j; η; η̄�∂μKðηÞab
2 ðx; xÞ

¼ hc̄b∂μcaðxÞi: ð15Þ

A new 2P-function has been introduced and defined as

KðηÞab
2 ðx; yÞ ¼ 1

Z½j; η; η̄�
δPðηÞa

1 ðxÞ
δηbðyÞ ; ð16Þ

and the other 2P-functions

Jðη;jÞab2μ ðx; yÞ ¼ 1

Z½j; η; η̄�
δPðηÞa

1 ðxÞ
δjbμðyÞ : ð17Þ

Then, we derive Eq. (14) with respect to jbμðxÞ and obtain

Z½j; η; η̄�GðjÞb
1μ ðxÞ∂μPðηÞa

1 ðxÞ þ Z½j; η; η̄�∂μJðη;jÞab2μ ðx; xÞ
¼ hAb

μðxÞ∂μcaðxÞi: ð18Þ

Gathering everything together yields
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□GðjÞa
1μ þ gfabc∂ν½GðjÞbc

2μν ðx; xÞ þGðjÞb
1μ ðxÞGðjÞc

1ν ðxÞ� − gfabc½∂νGðjÞbc
2μν ðx; xÞ þ ∂

νGðjÞb
1μ ðxÞGðjÞc

1ν ðxÞ�
− gfabc½∂μGðjÞbcν

2ν ðx; xÞ þ ∂μG
ðjÞb
1ν ðxÞGðjÞcν

1 ðxÞ� þ g2fabcfcde½GðjÞbd
2μν ðx; xÞGðjÞνe

1 ðxÞ þ ∂
νGðjÞbdeν

3μν ðx; x; xÞ
þ GðjÞb

1μ ðxÞGðjÞd
1ν ðxÞGðjÞνe

1 ðxÞ þ GðjÞbeν
2μ ðx; xÞGðjÞd

1ν ðxÞ þ GðjÞdeν
2ν ðx; xÞGðjÞb

1μ ðxÞ�
− gfabcfP̄ðηÞb

1 ðxÞ½∂μPðηÞc
1 ðxÞ� þ ∂μ½KðηÞbc

2 ðx; xÞ�g ¼ jaμ; ð19Þ

For the ghost field, it is

−□PðηÞc
1 − gfabcGðjÞa

1μ ðxÞ∂μPðηÞb
1 ðxÞ − gfabc∂μJðη;jÞab2μ ðx; xÞ ¼ ηc: ð20Þ

The final step is given by setting all the currents to zero.
From Eq. (19), we derive it with respect to jλhðyÞ and get

□GðjÞah
2μλ ðx; yÞ þ gfabc∂ν½GðjÞbch

3μνλ ðx; x; yÞ þ GðjÞbh
2μλ ðx; yÞGðjÞc

1ν ðxÞ þ GðjÞb
1μ ðxÞGðjÞch

2νλ ðxÞ�
− gfabc½∂νGðjÞbch

2μνλ ðx; x; yÞ þ ∂
νGðjÞbh

2μλ ðx; yÞGðjÞc
1ν ðxÞ þ ∂

νGðjÞb
1μ ðxÞGðjÞch

2νλ ðx; yÞ�
− gfabc½∂μGðjÞbchν

3νλ ðx; x; yÞ þ ∂μG
ðjÞbh
2νλ ðx; yÞGðjÞcν

1 ðxÞ þ ∂μG
ðjÞb
1ν ðxÞGðjÞchν

2λ ðx; yÞ�
þ g2fabcfcde½GðjÞbdh

3μνλ ðx; x; yÞGðjÞνe
1 ðxÞ þGðjÞbd

2μν ðx; xÞGðjÞνeh
2λ ðx; yÞ þ ∂

νGðjÞbdehν
4μνλ ðx; x; x; yÞ

þ GðjÞbh
2μλ ðx; yÞGðjÞd

1ν ðxÞGðjÞνe
1 ðxÞ þ GðjÞb

1μ ðxÞGðjÞdh
2νλ ðx; yÞGðjÞνe

1 ðxÞ
þ GðjÞb

1μ ðxÞGðjÞd
1ν ðxÞGðjÞνeh

2λ ðx; yÞ þ GðjÞbehν
3μλ ðx; x; yÞGðjÞd

1ν ðxÞ þ GðjÞbeν
2μ ðx; xÞGðjÞdh

2νλ ðx; yÞ
þ GðjÞdehν

3νλ ðx; x; yÞGðjÞb
1μ ðxÞ þGðjÞdeν

2ν ðx; xÞGðjÞbh
2μλ ðx; yÞ� − gfabcfJ̄ðη;jÞbh2λ ðx; yÞ½∂μPðηÞc

1 ðxÞ�
þ P̄ðηÞb

1 ðxÞ½∂μJðηÞch2λ ðx; yÞ� þ ∂μ½Wðη;jÞbch
3λ ðx; x; yÞ�g ¼ δahgμλδ4ðx − yÞ; ð21Þ

after the introduction of the 3P-function

Wðη;jÞabc
3λ ðx; y; zÞ ¼ Z−1 δK

ðηÞab
2 ðx; yÞ
δjλcðzÞ : ð22Þ

Taking the 1P-function for the ghost, we derive it with respect to ηhðyÞ and obtain

−□KðηÞch
2 ðx; yÞ− igfabcLðη;jÞah

2μ ðx; yÞ∂μPðηÞb
1 ðxÞ− igfabcGðjÞa

1μ ðxÞ∂μKðηÞbh
2 ðx; yÞ− igfabc∂μWðη;jÞabh

3μ ðx; x; yÞ ¼ δchδ4ðx− yÞ:
ð23Þ

We have introduced the 2P-function

Lðη;jÞab
2μ ðx; yÞ ¼ δGðjÞa

1 ðxÞ
δηbðyÞ : ð24Þ

We derive with respect to jhνðyÞ and this yields the equation for J2 as

−□JðηÞchν2 ðx; yÞ − igfabcGðjÞah
2μν ðx; yÞ∂μPðηÞb

1 ðxÞ − igfabcGðjÞa
1μ ðxÞ∂μJðη;jÞbhν2 ðx; yÞ − igfabc∂μJðη;jÞabh3μ ðx; x; yÞ ¼ 0; ð25Þ

with the introduction of the 3P-function

Jðη;jÞabc3μ ðx; y; zÞ ¼ δJðη;jÞab2μ ðx; yÞ
δjcμðzÞ : ð26Þ
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This set of equations is amenable to an exact solution [47]
that is of a Gaussian kind [74] with all higher order
correlation functions obtained by 1P- and 2P-correlation
functions, provided the following conditions are satisfied:
(1) The mapping theorem, presented in [62,64], is used

to solve for G1 and the remaining equations.
(2) All the nP-correlation functions for n > 2 are 0

when two or more independent variables coincide.
This arises from the property of the support of G2

entering in the solutions in the same way as the
product θðxÞθð−xÞ under integration, where θðxÞ is
the Heaviside step function.

One can verify that the solution obtained in this way
trivially satisfies the Slavnov-Taylor identities [75] at the
nonperturbative level.
In the following, we will use the solutions of the

2P-correlation functions. The propagator in the Landau
gauge is given by (see Appendix C for a derivation)

G2ðpÞ ¼
π3

4K3ðiÞ
X∞
n¼0

e−ðnþ1
2
Þπ

1þ e−ð2nþ1Þπ ð2nþ 1Þ2 1

p2 −m2
n þ iϵ

:

ð27Þ

We observe that the gauge field 2P-function is in agreement
with the Källen-Lehman representation with a spectrum of
particles given by

mn ¼ ð2nþ 1Þ π

2KðiÞ
�
Ng2

2

�1
4

μ; ð28Þ

where KðiÞ is the complete elliptical integral of the first
kind and μ is one of the integration constants of the theory
[47]. At this stage we have neglected the quantum correc-
tions inducing a gap equation for the gauge field [55], so
that the gauge field propagator is a good approximation to
the exact one provided that the mass shift induced by
quantum fluctuations is small. This is what one sees for
SU(N) Yang-Mills theory [55]. In the Landau gauge, the
gauge field 2P-function can be written down in the form

Dab
μνðpÞ ¼ δab

�
ημν −

pμpν

p2

�
G2ðpÞ; ð29Þ

where ημν is the Minkowski metric tensor.

B. β-function for strongly coupled Yang-Mills theory

Following an exact solution of a truncated set of the
background equations of motion to the Yang-Mills fields
using elliptic integral equation, β-function for Yang-Mills
theory has been obtained recently, in an almost exact form,
in Ref. [52] and then later on extended onto various other
extensions of QFT in the context of UV-completion [70–72].
We present this argument here in order to make the paper
self-contained as much as possible. The idea is to apply the

Kugo-Ojima criterion for confinement starting from the
exact solutions obtained for the Dyson-Schwinger equations
in [47]. Kugo-Ojima criterion requires [76,77]Z

ddxeipxhDμc̄aðxÞ; DνcbðyÞi

¼ δab
�
δμν −

pμpν

p2 − iϵ

�
uðp2Þ − δab

pμpν

p2 − iϵ
; ð30Þ

whereDμ ¼ ∂μ − igTaAa
μ is the covariant derivative with Ta

the group generators and Aa
μ the gauge potential and the u-

function derived below. We expect that no massless particle
propagates in our theory and we have the no-pole condition
that yields here

1þ uðp2 ¼ 0Þ ¼ 0; ð31Þ

which is the Kugo-Ojima condition for confinement
[76,77].1 In this equation, Dμ is the covariant derivative
and c; c̄ are the ghost fields. Therefore, BRST invariance
plays an essential role in this argument.
Thus, the u function will be given by [52]

uðp2Þ ¼ −
ðN2 − 1Þ2

2N
g2

Z
d4p0

ð2πÞ4
1

jp − p0j2 G2ðp0Þ: ð32Þ

Then, we have to evaluate the integral

uð0Þ ¼ −
ðN2 − 1Þ2

2N
g2

Z
d4p
ð2πÞ4

1

p2

X∞
n¼0

Bn
1

p2 þm2
n

¼ −
ðN2 − 1Þ2

2N
g2

X∞
n¼0

Bn

m2
n

Z
d4p
ð2πÞ4

�
1

p2
−

1

p2 þm2
n

�
;

ð33Þ

with Bn ¼ π3

4K3ð−1Þ
e−ðnþ

1
2
Þπ

1þe−ð2nþ1Þπ ð2nþ 1Þ2. This integral

diverges and needs to be renormalized. We get after
dimensional regularization

uð0Þ ¼ ðN2 − 1Þ2
2N

α

4π

�
−1þ γþ

X∞
n¼0

Bn ln

�
m2

n

4πμ2

��
; ð34Þ

where use has been made of the identities
P∞

n¼0 Bn ¼ 1

and α ¼ g2=4π. Finally, using the Kugo-Ojima criterion
uð0Þ ¼ −1, we get an equation for the running coupling

ðN2− 1Þ2
2N

αðμ2Þ
4π

�
−1þ γþ

X∞
n¼0

Bn ln

�
m2

n

4πμ2

��
¼−1: ð35Þ

1Equation (30) and the confinement condition are derived
through the anticommuting charges of BRST symmetry (see [52]
for a simplified derivation).

NONPERTURBATIVE ORIGIN OF THE ELECTROWEAK SCALE: … PHYS. REV. D 111, 115016 (2025)

115016-5



It should be emphasized that also mn depends on α and this
is a nonlinear equation to be solved. Indeed, it can be cast
into a differential form yielding for the β-function for a SU
(N) gauge theory

dα
dl

¼ −β0
α2

1 − 1
2
β0α

; ð36Þ

with β0 ¼ ðN2 − 1Þ2=8πN. We have set l ¼ lnðμ2=σ0Þ as
an independent variable. Such a β-function is almost exact
because in the derivation we neglected a correction to the
propagator arising from quantum fluctuations (see Eq. (C4)
in Appendix C). The equation we obtained has the same
functional form of the exact β-function obtained in super-
symmetric Yang-Mills theory [78,79] and the correspond-
ing one, inspired by the supersymmetric solution, for pure
Yang-Mills theory [80].

III. GENERATING THE ELECTROWEAK
SCALE DYNAMICALLY

A. Higgs coupled to a gauge field

Let us consider the following Higgs Lagrangian [81]

L ¼ ∂
μh†∂μh − λðh†hÞ2 − 1

4

�
1þ h†h

M2

β

2g

�
G2; ð37Þ

where h is a Higgs field and a singlet representation of the
SU(N) group, β the beta function we introduced above,M a
mass scale, and Ga

μν ¼ ∂μAa
ν − ∂νAa

μ þ gfabcAb
μAc

ν the field
tensor. Here, the mass term is not present. However, it is
also possible to consider a positive mass term ðh†hÞ. As
long as the negative mass term dominates the EWSB
dynamics via nonperturbative physics, what we describe
below remains the same. The field h is not charged to avoid
terms like jh2jAa

μAaμ and we avoid to break explicitly the
gauge invariance. Besides, we work in a confining phase of
the gauge field where a renormalization group analysis, as
per a UV-regime, cannot apply giving rise to such kind of
breaking terms. Then, the idea is to use the mean-field
approximation on the equation of motion

□h ¼ −λðh†hÞh −
h
M2

β

2g
G2 ð38Þ

and to evaluate the gluon condensate hG2i. Our aim is to
show how an evaluation of the gluon condensate can be
obtained directly from Yang-Mills theory with our
approach. The gluon condensate can be computed starting
from the following solutions for the gauge field [47] (for an
extended explanation of the constants ηaμ and the scalar field
ϕ see Appendixes B and C)

Aa
μðxÞ ¼ ηaμϕðxÞ: ð39Þ

This is an application of a mapping theorem [62] providing
a set of exact solutions for the gauge field starting from a ϕ4

theory. For our aims, ϕ has just a mathematical meaning
here. It should be emphasized that in some gauge such a
theorem just warrants asymptotic and not an exact solution
in the limit of the coupling running to infinity. This would
not change our argument if we would change our gauge’s
choice. Therefore, one has for SU(N) (see Appendix B)

hG2i¼ 2ðD−2ÞðN2−1Þhð∂ϕÞ2iþ4πNðN2−1Þαshϕ4i:
ð40Þ

To evaluate such a condensate we have to compute (pE is
the Euclidean momentum)

hð∂ϕÞ2i ¼ −
Z

d4pE

ð2πÞ4 p
2
EG2ðpEÞ; ð41Þ

where G2ðpEÞ is given in Eq. (27). Using this propagator,
we are neglecting the effect of mass renormalization on the
spectrum of the theory that we consider negligibly small
[55]. Finally, we evaluate the integrals by moving the
integration path to complex plane changing the metric to
Euclidean. This will yield, after we introduce a cutoff Λ,
(see Appendix C for a derivation)

hð∂ϕÞ2i ¼ 1

8π2
Λ4

4
: ð42Þ

This yields the value for the condensate

�
α

π
G2

�
¼ α

N2 − 1

8π3
Λ4 ð43Þ

The β-function is given by Eq. (36) and can be written
as [52]

βðαÞ ¼ −β0
α2

1 − 1
2
β0α

; ð44Þ

with β0 ¼ ðN2 − 1Þ2=8πN, whose plot is shown in Fig. 1.
We can introduce an effective potential by noting that the

gauge term in the Lagrangian can have the form,

Lg ¼ −
1

4

�
1þ h†h

M2

β

2g

�
G2 ¼ −

1

4g2s
G̃2; ð45Þ

with G̃ ¼ G=g and having set

1

g2s
¼ 1

g2

�
1þ h†h

M2

β

2g

�
: ð46Þ

Here, gs should be understood as an effective coupling due
to its dependence on h. This definition is needed to
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complete the mathematical steps to derive the potential for
h itself. We are assuming an infrared fixed point at αs ¼ π.
From the β function in Eq. (44), one gets the general
solution

αðlÞ ¼ −
2

β0

1

W
	
−Ce−2l 2

β0


 ; ð47Þ

where C is an integration constant, W is the Lambert
function that solves the equation z ¼ WðzÞeWðzÞ and l ¼
lnðΛ=MÞ the renormalization group scaling with the cutoff
Λ normalized to the mass M. Conventionally, we consider
the value of β for α ¼ π and we notice that this must be a
fixed point for the renormalization group of the theory. This
gives

1

αs
¼ 1

α

�
1þ jhj2

M2

βðπÞ
4

ffiffiffiffiffiffi
πα

p
�

¼ 1

π

�
1þ jhj2

M2

βðπÞ
4π

�
; ð48Þ

where αs ¼ g2s=4π and similarly for α and g. We can invert
our solution for the running coupling to get the cutoff Λ at
the value α ¼ π as

Λ ¼ MðαsCÞ12 exp
�

1

β0αs

�

¼ MðπCÞ12 1�
1þ jhj2

M2

βðπÞ
4π

�1
2

exp

�
1

β0π

�
1þ jhj2

M2

βðπÞ
4π

��
:

ð49Þ

Therefore, the potential will become [82]

Vvac ¼
1

4
hTμ

μi ¼
�

β

8gs
G̃2

�

¼ N2 − 1

64π3
M4C2�

1þ jhj2
M2

βðπÞ
4π

�
2
exp

�
4

β0π

�
1þ jhj2

M2

βðπÞ
4π

��
:

ð50Þ

This potential is characterized by two scales: The Higgs
scale given by

h20 ¼
4πM2

βðπÞ ; ð51Þ

and a general scale given by

V0 ¼
N2 − 1

64π3
M4C2: ð52Þ

Therefore, the form of the potential will be,

Vðjh̄jÞ ¼ V0

1

ð1þ jh̄j2Þ2 exp
�

4

β0π
ð1þ jh̄j2Þ

�
; ð53Þ

where we have introduced the new field h̄ ¼ h=h0. This
kind of potential has the behavior depicted in Fig. 2.
We can map the potential in Eq. (53) to the SM Higgs

potential that has the parameters experimentally con-
strained. We get the following approximation for h̄ ≪ 1,

-8 -6 -4 -2 0 2 4 6 8
0
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0.4

0.6

0.8
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1.4

1.6
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FIG. 2. General behavior of the effective potential obtained
from Eq. (50). In this case we have normalized Vðjh̄jÞ to V0 to
make the potential dimensionless.
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FIG. 1. β-function for Yang-Mills theory given for SU(3).
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Vðjh̄jÞ ¼V0e
4

β0π −
2V0

β0π
e

4
β0πð−2þβ0πÞjh̄j2

þ V0

β20π
2
ð8−8β0πþ3β20π

2Þe 4
β0πjh̄j4þOðjh̄j6Þ: ð54Þ

We can now undo the normalization obtaining

VðjhjÞ ¼ N2 − 1

64π3
M4C2e

4
β0π

−
NβðπÞ

16π4ðN2 − 1ÞM
2C2e

4
β0πð−2þ β0πÞjhj2

þ N2β2ðπÞ
16π5ðN2 − 1Þ3 C

2ð8 − 8β0π þ 3β20π
2Þe 4

β0πjhj4

þOðjhj6Þ: ð55Þ

So, we see that we have two arbitrary constants, M and C,
that can fix the parameters for the two terms in the series

(omitting the constant at the leading order as inessential),
granting agreement with the Higgs potential. We can
compare this effective potential, by accounting for the h6

contribution, to SMEFT studies to check for consistencies
[83,84]. For our considerations, we omit the initial constant
having no physical meaning and use Warsaw basis for the
Wilson coefficients [83]

λ ¼ −μ2HCHD;

CH ¼ 2λCHD; ð56Þ

where μ2H is the coefficient of quadratic term in the Higgs
potential, λ is the coefficient of the quartic term in the Higgs
potential and CH is the Wilson coefficient of the order six
operator in the SMEFT. We see that, in our case, we have to
bound the Wilson coefficient CHD as given in Ref. [84]. By
a direct comparison we can write

μ2H ¼ −
M4C2e

32N
ðN2−1Þ2N

2ðN2 − 1Þπ3h0þ
ðN2 − 1ÞM4C2e

32N
ðN2−1Þ2

32π3h0
;

λ ¼ 8M4C2e
32N

ðN2−1Þ2N2

ðN2 − 1Þ3π3h02 −
M4C2e

32N
ðN2−1Þ2N

ðN2 − 1Þπ3h02 þ
3ðN2 − 1ÞM4C2e

32N
ðN2−1Þ2

64π3h02
;

CH ¼ −
256M4C2e

32N
ðN2−1Þ2N3

3ðN2 − 1Þ5π3h03 þ 16M4C2e
32N

ðN2−1Þ2N2

ðN2 − 1Þ3π3h03 −
3M4C2e

32N
ðN2−1Þ2N

2ðN2 − 1Þπ3h03 þ
ðN2 − 1ÞM4C2e

32N
ðN2−1Þ2

16π3h03
:

From these, we derive

CHD ¼ CH

2λ
¼N→3 19

36h20
; ð57Þ

and

v ¼ μHffiffiffi
λ

p ¼N→3 2

3
h0 ¼

4

3

ffiffiffi
π

p
Mffiffiffiffiffiffiffiffiffi

βðπÞp : ð58Þ

Consistency reasons yield βðπÞ ≫ 16π=9 forM ¼ OðTeVÞ
that agrees fairly well with Fig. 1 for Eq. (36). This also
provides a physical interpretation for the mass scale M as
the new physics energy scale. Finally, our lower bound for
CHD is about 0.235=M2 from the consistency limit for βðπÞ,
well in the range given in Ref. [84].

IV. MASS SPECTRUM OF THE THEORY

The mass spectrum can be evaluated in a standard way as
seen in [55]. If we are permitted to neglect the mass
renormalization shift, that we can assume to be small, the
spectrum can be approximated by, for SU(N),

mn ¼ ð2nþ 1Þ π

2KðiÞ ½2πNαsðhÞ�14μ; ð59Þ

where KðiÞ is the complete elliptic integral of the first kind,
αsðhÞ evaluated at the fixed point and μ an integration
constant of the theory [47]. Therefore, we can take this
formula to evaluate the spectrum at the breaking of the
symmetry jhj ¼ v. Therefore, by using Eq. (48), we get

mnðh̄Þ ¼ ð2nþ 1Þm0ð1þ h̄2Þ−1
4: ð60Þ

After having normalized to ð2nþ 1Þm0, we get the plot
in Fig. 3.
The spectrum is dampened out at increasing values of the

Higgs vev.

V. CONCLUSIONS AND DISCUSSIONS

In this paper, we have investigated a generic Higgs field
coupled to SU(N) gauge fields and then dynamically
receiving a vacuum expectation value (vev) due to the
condensation of the gauge fields below the confinement
scale of the strongly coupled SU(N) dark sector. Following
a novel technique developed by Bender et al., we were able
to compute this vev analytically as shown in Eq. (43). We
also computed the exact RGE of the scalar-gauge dynamics
and found the β-function of theory [Eq. (44)]. Such gauge
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field condensation and confining dynamics lead to an
effective scalar potential of the Higgs field that mimics
the standard Higgs potential with the negative mass squared
term. We have found the full mass spectrum of the theory in
Eq. (60). We have shown that the potential arising from the
coupling with the gauge fields exhibits proper minima that
can give rise to electroweak scale breaking (see Fig. 2)
while the mass spectrum can be dampened out depending
on the position of the vev of the Higgs field (see Fig. 3).
Such dynamically generated scales due to condensation

of gauge fields, with novel mass spectrum of the theory
(excited states) and the RGE could help to envisage a SM
×SUð2ÞD model, where the Higgs vev which breaks the
SUð2ÞD may have its origin due to strongly coupled gauge
sector and the symmetry breaking scale can be very high in
general and involve very interesting dark matter phys-
ics [8,39,85].
Finally, we envisage that no scales are special in nature

including the EW scale or the Planck scale and entertain the
possibility of some dynamical explanation for the generation
of scales in nature. So starting from classically scale-
invariant theories and scale generation via nonperturbative
phase transition (just like QCD) provides an interesting
avenue to understand why different interactions (for exam-
ple, gravity and EW) behave differently. Such a study
involving detailed generation of Planck and EW scales will
require deeper investigation and is beyond the scope of the
present paper, so we leave it for future studies.
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APPENDIX A: DYSON-SCHWINGER EQUATIONS
AND BENDER-MILTON-SAVAGE TECHNIQUE

In this appendix, we briefly present the Bender-Milton-
Savage technique [46]. We start from the following
partition function for a scalar field

Z½j� ¼
Z

½Dϕ�eiSðϕÞþi
R

d4xjðxÞϕðxÞ: ðA1Þ

The equation for the 1P-function is given by

�
δS

δϕðxÞ
�

¼ jðxÞ ðA2Þ

where

h…i ¼
R ½Dϕ�…eiSðϕÞþi

R
d4xjðxÞϕðxÞR ½Dϕ�eiSðϕÞþi

R
d4xjðxÞϕðxÞ

: ðA3Þ

One has

hϕðx1Þϕðx2Þ…ϕðxnÞi ¼
δn lnðZ½j�Þ

δjðx1Þδjðx2Þ…δjðxnÞ
; ðA4Þ

and

δGkð…Þ
δjðxÞ ¼ Gkþ1ð…; xÞ: ðA5Þ

We apply all this to a ϕ4 theory and get

S ¼
Z

d4x
�
1

2
ð∂ϕÞ2 − λ

4
ϕ4

�
; ðA6Þ

so that,

∂
2hϕi þ λhϕ3ðxÞi ¼ jðxÞ: ðA7Þ

For the 1P-function is

Z½j�∂2GðjÞ
1 ðxÞ þ λhϕ3ðxÞi ¼ jðxÞ; ðA8Þ

and by definition

Z½j�GðjÞ
1 ðxÞ ¼ hϕðxÞi: ðA9Þ

After derivation with respect to jðxÞ, we get

Z½j�½GðjÞ
1 ðxÞ�2 þ Z½j�GðjÞ

2 ðx; xÞ ¼ hϕ2ðxÞi; ðA10Þ

and after another derivation step it one has
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FIG. 3. Behavior of the mass spectrum as a function of h̄.
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Z½j�½GðjÞ
1 ðxÞ�3 þ 3Z½j�GðjÞ

1 ðxÞG2ðx; xÞ
þ Z½j�GðjÞ

3 ðx; x; xÞ ¼ hϕ3ðxÞi: ðA11Þ

We insert this into Eq. (A7) to obtain

∂
2GðjÞ

1 ðxÞ þ λ½GðjÞ
1 ðxÞ�3 þ 3λGðjÞ

2 ðx; xÞGðjÞ
1 ðxÞ

þ GðjÞ
3 ðx; x; xÞ ¼ Z−1½j�jðxÞ ðA12Þ

Setting j ¼ 0, we get the first Dyson-Schwinger equation

∂
2G1ðxÞþ λ½G1ðxÞ�3þ 3λG2ðx;xÞG1ðxÞþG3ðx;x;xÞ ¼ 0;

ðA13Þ

where we realize that quantum corrections induced a
mass term.
Our next step is to derive Eq. (A12) again with respect to

jðyÞ. This gives the result

∂
2GðjÞ

2 ðx; yÞ þ 3λ½GðjÞ
1 ðxÞ�2GðjÞ

2 ðx; yÞ þ 3λGðjÞ
3 ðx; x; yÞ

×GðjÞ
1 ðxÞ þ 3λGðjÞ

2 ðx; xÞGðjÞ
2 ðx; yÞ þ GðjÞ

4 ðx; x; x; yÞ

¼ Z−1½j�δ4ðx − yÞ þ jðxÞ δ

δjðyÞ ðZ
−1½j�Þ:

By setting j ¼ 0, one has for the 2P-function

∂
2G2ðx;yÞþ3λ½G1ðxÞ�2G2ðx;yÞþ3λG3ðx;x;yÞ
×G1ðxÞþ3λG2ðx;xÞG2ðx;yÞþG4ðx;x;x;yÞ¼ δ4ðx−yÞ:

ðA14Þ

In principle, one can iterate such a procedure to whatever
desired order yielding the full hierarchy of Dyson-
Schwinger equations into PDE form.

APPENDIX B: GLUON CONDENSATE

We have to evaluate

hGμνGμνi ¼ hð∂μAa
ν − ∂νAa

μ þ gfabcAb
μAc

νÞ
× ð∂μAaν − ∂

νAaμ þ gfadeAdμAeνÞi; ðB1Þ

using our exact solution for the equations of motion and
the Green’s function presented in Appendix C. We have
seen that these kind of solutions are obtained by applying
a mapping theorem on a quartic scalar field writing
Aa
μðxÞ ¼ ηaμϕðxÞ, where ηaμ are constants and ϕðxÞ the

solution for the scalar field equation of motion. After some
algebra, we get

hGμνGμνi ¼ hð∂μAa
ν − ∂νAa

μÞÞð∂μAaν − ∂
νAaμÞi

þ 2gfadehð∂μAa
ν − ∂νAa

μÞAdμAeνi
þ g2fabcfadehAb

μAc
νAdμAeνi

¼ 2ηaνη
aνhð∂ϕÞ2i − 2ηaμη

a
νh∂μϕ∂νϕi

þ g2fabcfadeηbμηcνηdμηeνhϕ4i; ðB2Þ

where we have used the antisymmetry of fabc that removes
the mixed term linear in g. Now, we use the properties of
the η-symbols

ηaμη
μb ¼ Dδab; ηaμη

a
ν ¼ ðN2 − 1Þgμν; ðB3Þ

to obtain

hGμνGμνi ¼ 2ðD− 2ÞðN2 − 1Þhð∂ϕÞ2i
þ 4πDNðN2 − 1Þαshϕ4i; ðB4Þ

whereD is the number of space-time dimensions that in our
case is 4 and the identities fabcfabd ¼ Nδcd and fabcfabc ¼
NðN2 − 1Þ have been used. In order to evaluate the gluon
condensate, we observe that the scalar field that maps the
Yang-Mills theory should have the partition function

Z½j� ¼
Z

½dϕ�e4iðN2−1Þ
R

d4x½1
2
ð∂ϕÞ2−Ng2

4
ϕ4þjϕ� ðB5Þ

and we are able to get an explicit expression for it using just
the corresponding 1P- and 2P-correlation functions. We can
write

Z½j� ¼ N ei
R

d4xG1ðxÞjðxÞþi
R

d4xd4x0jðxÞG2ðx−x0Þjðx0Þþ…; ðB6Þ

and

h∂μϕðx1Þ∂μϕðx2Þi ¼ ∂μ
δ

δjðx1Þ
∂
μ δ lnZ
δjðx2Þ

����
j¼0

;

hϕðx1Þϕðx2Þϕðx3Þϕðx4Þi ¼
δ4 lnZ

δjðx1Þδjðx2Þδjðx3Þδjðx4Þ
����
j¼0

;

ðB7Þ

from which we derive

hð∂ϕÞ2i ¼ i∂2G2ðx; xÞ;
hϕ4i ¼ iG4ðx; x; x; xÞ; ðB8Þ

but G4ðx; x; x; xÞ is 0 for our Gaussian solution being a
higher-order correlation function evaluated in one single
point x. This yields
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hð∂ϕÞ2i ¼
Z

d4pE

ð2πÞ4 p
2
E

X∞
n¼0

Bn

p2
E þm2

n
; ðB9Þ

where the subscript E just means that we moved to
Euclidean momentum. The integral needs to be regularized
and we use a cutoff Λ for this purpose. Taking Λ large
enough, we are left with

hð∂ϕÞ2i ¼ Λ4

32π2
; ðB10Þ

where use has been mad of the identity
P∞

n¼0 Bn ¼ 1. This
yields for the gluon condensate

�
αs
π
GμνGμν

�
¼ αs

N2 − 1

8π3
Λ4: ðB11Þ

APPENDIX C: EXACT PROPAGATOR
FOR YANG-MILLS THEORY

We derive the propagator for Yang-Mills theory by
assuming that the vacuum of the theory is well described
by a Fubini instanton [86,87] that breaks translation
invariance. Such a breaking would be a problem if some
experiment could be devised to measure the 1P-correlation
function but it is well-known that neither the potentials nor
the fields are observable in non-Abelian gauge theories. On
the other hand, we will show how the propagator recovers
translation invariance and so, when decay rates or cross
sections are computed using LSZ decomposition, there is
no way to detect breaking of such a symmetry. This kind of
1P-correlation function grants the existence of a mass gap
for the theory but this choice is not unique. In our case, it
appears to give results in agreement with lattice data.
We want to solve the Eq. (19) and (21) using a Fubini

instanton. We take an ansatz that makes all (dark) color
fields proportional to a single scalar one with proportion-
ality constants carrying the color and Minkowski indices
[47,62,64]

Ga
1μðxÞ ¼ ηaμϕðxÞ; ðC1Þ

where ηaμ are such a set of constants (vacuum impedances)
and ϕðxÞ a scalar field for a quartic potential. Similarly, we
can take

Gab
2μνðx; yÞ ¼ δab

�
gμν −

∂μ∂ν

∂
2

�
G2ðx; yÞ; ðC2Þ

where we wrote the gauge projector using the metric gμν
and the derivatives ∂μ and nowG2ðx; yÞ is the propagator of
the ϕ field. By a direct substitution into Eq. (19) and (21),
we get [47]

∂
2ϕþ δm2ϕþ Ng2ϕ3 ¼ 0;

∂
2G2ðx; yÞ þ δm2G2ðx; yÞ þ 3Ng2ϕ2ðxÞG2ðx; yÞ
¼ δ4ðx − yÞ; ðC3Þ

where

δm2 ¼ 2Ng2G2ðx; xÞ; ðC4Þ

is the mass shift arising from quantum effects and in need
for regularization being divergent. After renormalization,
we know that such a shift has a very small effect on the
spectrum of the theory [55] and we do not consider it here
and in the rest of the paper. Anyway, we observe that the
field gains mass simply due to quantum fluctuations but a
different choice of the G1 function being a constant fails to
yield a mass gap [88]. The choice in Eq. (C1) grants that the
ghost field decouples and behaves as a free field and this
will yield the propagator

K2ðpÞ ¼ −
1

p2 þ iϵ
: ðC5Þ

This is consistent with the decoupling solution observed in
lattice computation [89–91] where the ghost propagator is
seen to be the same of a free massless particle with properly
changed sign.
The solutions are obtained by noting that the equation for

ϕ can be solved by taking2

ϕðxÞ ¼ μ

�
2

Ng2

�
snðp · xþ θ;−1Þ; ðC6Þ

sn being a Jacobi elliptical function and provided that

p2 ¼
ffiffiffi
λ

2

r
μ2; ðC7Þ

and μ and θ are arbitrary integration constants. Then, the
equation for G2 can be solved, maintaining the same
approximation to neglect δm2 in Eq. (C3) given by
Eq. (C4), by taking for the homogeneous equation

∂
2G2hðx; yÞ þ 3Ng2ϕ2ðxÞG2hðx; yÞ ¼ 0; ðC8Þ

and the solution can be written as (after a redefinition of the
phase θ)3

2This can be checked by direct substitution and using the
properties of the Jacobi elliptic functions.

3We are permitted to do so and this can also be seen
approaching the problem differently by choosing p ¼ 0 in
Eq. (C6), this being an arbitrary parameter again, and solving
in t instead, the presence of the phase being inessential for the
solution of the homogeneous equation.
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G2hðx;yÞ ¼ acnðp · ðx− yÞþ θ;−1Þdnðp · ðx− yÞþ θ;−1Þ; ðC9Þ

where cn and dn are Jacobian elliptic functions. One has

d
dz

snðz; iÞ ¼ cnðz; iÞdnðz; iÞ ðC10Þ

and

snðz; iÞ ¼ 2π

KðiÞ
X∞
n¼0

ð−1Þn e−ðnþ1
2
Þπ

1þ e−ð2nþ1Þπ sin
�
ð2nþ 1Þ πz

2KðiÞ
�
: ðC11Þ

Such a solution can be cast in a Fourier series,

G2hðx; yÞ ¼
π2

K2ðiÞ
X∞
n¼0

ð−1Þnð2nþ 1Þ e−ðnþ1
2
Þπ

1þ e−ð2nþ1Þπ cos
�
ð2nþ 1Þ π

2KðiÞ ðp · ðx − yÞ þ θÞ
�
: ðC12Þ

The choice θ ¼ ð4mþ 1ÞKðiÞ with m∈Z for the phase grants that the function ϕ0ðxÞ is zero on the light cone. Using the
Laplace-Fourier transform

G̃2hðω; x − yÞ ¼
Z

∞

0

dte−iðωþiϵÞtG2hðx; yÞ; ðC13Þ

where ϵ > 0 is a small quantity which is sent to zero in the end in order to obtain the correct (Feynman) integration path.
After integration, we get

G2hðω; x − yÞ ¼ 1

2

X∞
n¼0

An

"
eið2nþ1Þ π

2KðiÞp·ðx−yÞ	
ω − ð2nþ 1Þ π

2KðiÞp0



þ iϵ

−
e−ið2nþ1Þ π

2KðiÞpðx−yÞ

ðωþ ð2nþ 1Þ π
2KðiÞp0Þ þ iϵ

#
; ðC14Þ

where

An ¼
π2

K2ðiÞ ð2nþ 1Þ e−ðnþ1
2
Þπ

1þ e−ð2nþ1Þπ : ðC15Þ

We can perform a Fourier transform in space and use the dispersion relation (C7) to obtain

G2hðω; kÞ ¼
1

2

X∞
n¼0

An

"
δ3ðkþ ð2nþ 1Þ π

2KðiÞ pÞ
ðω − ð2nþ 1Þ π

2KðiÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
Þ þ iϵ

−
δ3ðk − ð2nþ 1Þ π

2KðiÞ pÞ
ðωþ ð2nþ 1Þ π

2KðiÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
ÞÞ þ iϵ

#
: ðC16Þ

Finally, we integrate out the arbitrary three-momentum p in order to get to the Feynman propagator (which is explicitly
given only in full momentum space), using the covariant integration

R
d3p=2Ep with Ep ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
, to obtain

G2hðω; kÞ ¼
1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2=

�
ð2nþ 1Þ π

2KðiÞ

�
2

þm2

s X∞
n¼0

An

2
64 1

ðω − ð2nþ 1Þ π
2KðiÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2=

	
ð2nþ 1Þ π

2KðiÞ


2 þm2

r
Þ þ iϵ

−
1

ðωþ ð2nþ 1Þ π
2KðiÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2=

	
ð2nþ 1Þ π

2KðiÞ


2 þm2

r
Þ þ iϵ

3
75: ðC17Þ

Collecting the terms, we obtain back the formula presented in the main text. We see that the translation invariance is fully
recovered for G2.
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