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We investigate the holographic timelike entanglement entropy (HTEE) in a five-dimensional anisotropic
background, dual to a strongly coupled anisotropic plasma. Using the complex extremal surface method,
we compute the HTEE analytically in the high-temperature, small-anisotropy limit a=T ≪ 1. We consider
two different orientations of the boundary timelike interval: one perpendicular to the anisotropy direction
and one parallel to it. We find that the imaginary part of the HTEE is not a universal property of the
geometry but depends sensitively on the orientation of the extremal surface relative to the anisotropy. This
demonstrates that the imaginary part arising from the UV logarithmic divergence is a probe-dependent
quantity. Our results suggest that the imaginary part of HTEE can serve as a diagnostic of the coupling
between the extremal surface and the anisotropic degrees of freedom of the dual field theory.
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I. INTRODUCTION

The AdS/CFT correspondence, in its strongest form,
states that a supersymmetric Yang-Mills theory in 3þ 1
dimensions is dual to type IIB superstring theory on
AdS5 × S5, where the field theory lives on the conformal
boundary of the bulk spacetime [1–6]. However, this
duality is most commonly applied in a specific limit in
which the field theory becomes strongly coupled and the
string theory reduces to classical gravity. In this regime, the
gauge theory is replaced by its strongly coupled version,
while the string theory side is well approximated by
classical supergravity. This provides a powerful tool for
studying strongly coupled systems that are inaccessible via
conventional perturbative methods in quantum field theory.
Moreover, the duality often provides a simple geometric
counterpart for physical quantities and processes in the
bulk, allowing them to be interpreted more clearly in terms
of the dual field theory. For instance, the thermal properties
of the plasma, such as temperature and entropy density, are
encoded in the black hole geometry, while nonlocal
observables like entanglement entropy are mapped to the
areas of extremal surfaces in the bulk.
In quantum information theory, entanglement entropy

quantifies the amount of quantum correlation between two
subsystems [7–9]. For a pure state jψi defined on a Hilbert

space partitioned into a subsystem A and its complement
Ac, the entanglement entropy measures how much infor-
mation is shared between the two parts. Equivalently, it
quantifies the loss of information when one subsystem is
traced out. It is defined as the von Neumann entropy of the
reduced density matrix

SA ¼ −TrρA ln ρA; ð1Þ

where ρA ¼ TrAcðjψihψ jÞ is the reduced density matrix
obtained by tracing over the complementary d.o.f.
Remarkably, this inherently quantum quantity has a simple
and elegant geometric dual in the context of the AdS/CFT
correspondence. According to the Ryu-Takayanagi (RT)
proposal [10–12], the entanglement entropy of a boundary
subsystem A is given by the area of an extremal surface Γs

A
that extends into the bulk and anchors on the boundary such
that its boundary coincides with that of A

SHEEA ¼ AreaðΓs
AÞ

4GN
; ð2Þ

where GN is the five-dimensional Newton constant and Γs

denotes real spacelike extremal surface. This proposal has
been extensively tested and applied to a wide variety of
holographic systems, providing deep insights into the
relationship between geometry and quantum entanglement.
It is important to emphasize that in the standard RT
prescription, the extremal surface is real and spacelike
and the resulting entanglement entropy is a real quantity.
Recently, following the success of holographic entan-

glement entropy, the holographic timelike entanglement
entropy (HTEE) has attracted significant attention [13–16].
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Instead of considering a spacelike subsystem A on a fixed
time slice, HTEE explores quantum correlations between
regions that are separated in time. This naturally raises the
question of how quantum information is shared and evolves
during the time evolution of the system. In the context of
the AdS/CFT correspondence, there are three main
approaches to compute the HTEE which we briefly
summarize as follows:
(1) The first method, originally introduced in [13,17],

consists of computing the standard holographic
entanglement entropy for a spacelike subsystem
and then analytically continuing the final result by
replacing the spacelike interval length with i times
the timelike interval length. This approach is par-
ticularly simple and effective in two-dimensional
conformal field theories where the entanglement
entropy has a known universal form. In such cases,
the analytic continuation yields a HTEE with a real
part given by the usual logarithmic term and a
universal imaginary part iπ=2. However, this method
has limitations. It works reliably only when the
background metric has no off-diagonal components.
In more general settings, with nontrivial off-diagonal
metric components or in the presence of gravita-
tional anomalies, the simple replacement l → iΔt
does not yield the correct HTEE [13,18,19]. In
particular, for boosted backgrounds, the analytic
continuation from the spacelike result fails to cap-
ture the full structure of the HTEE.

(2) The second approach, which is used in [20,21] and
related works, is based on the construction of
complex extremal surfaces in the bulk geometry.
In this method, one first solves the extremal equation
for a real extremal surface and expresses the turning
point in terms of a conserved quantity, say C. For a
timelike boundary interval, the turning point be-
comes purely imaginary which corresponds to
choosing C to be a purely complex number. This
leads to a complex extremal surface that consists of
two distinct parts:
(a) A real part, which is obtained by taking the

absolute value of the complex turning point and
corresponds to a spacelike segment of the
surface.

(b) A purely imaginary part, which arises from the
imaginary turning point and corresponds to a
timelike segment of the surface.

The full extremal surface is then formed by combining
these two parts and the total area is obtained by summing
their contributions. The real part of the area gives the
usual logarithmic divergence and the finite real correc-
tions, while the imaginary part yields a phase that is
directly related to the timelike nature of the boundary
interval.
(3) The third approach, which from our point of view is

the most natural and conceptually cleanest one,

starts directly with a complexified bulk geometry.
In this method, one does not begin with a real
extremal surface and then analytically continue it.
Instead, the bulk spacetime itself is treated as
complex from the outset and the extremal surface
is computed entirely within this complexified geom-
etry. The extremal surface Γt

A is then substituted
directly into the holographic formula [22]

SHTEEA ¼ AreaðΓt
AÞ

4GN
; ð3Þ

where Γt
A denotes the complex extremal surface

anchored to the timelike boundary interval. This
complex surface, when evaluated, naturally yields
both a real and an imaginary part for the HTEE
without the need for any manipulation of the
conserved momentum, analytic continuation of the
interval or postprocessing of the result. The key
advantage of this method is that it treats the com-
plexification of the geometry as a fundamental
ingredient from the very beginning, which is con-
ceptually consistent with the timelike nature of the
boundary interval. It provides a direct geometric
interpretation of both the real and imaginary com-
ponents of the HTEE.

In this work, we adopt this third approach. We work
directly in the complexified five-dimensional anisotropic
background, compute the complex extremal surface and
obtain the HTEE. This allows us to identify the origin of the
imaginary part of the HTEE as arising from the complex
nature of the turning point and the integration contour in the
complexified bulk geometry.

II. ANISOTROPIC BACKGROUND METRIC

To compute the HTEE, we consider the following five-
dimensional anisotropic metric [23]

ds2 ¼ ĝttdt2 þ ĝuudu2 þ ĝzzdz2 þ ĝssðdx2 þ dy2Þ; ð4Þ

with the metric components given by

ĝtt ¼ −e−ϕ=2u−2FB ¼ e−ϕ=2gtt; ð5aÞ

ĝuu ¼ e−ϕ=2u−2F−1 ¼ e−ϕ=2guu; ð5bÞ

ĝzz ¼ e−ϕ=2u−2H ¼ e−ϕ=2gzz; ð5cÞ

ĝss ¼ e−ϕ=2u−2 ¼ e−ϕ=2gss; ð5dÞ

whereH ¼ e−ϕ. The functionsF , B, and ϕ are expanded in
the high-temperature, small-anisotropy limit a=T ≪ 1 as
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F ¼ 1 −
u4

u4h
þ a2F 2 ¼ 1 −

u4

u4h
þ a2

24u2h

�
8u2ðu2h − u2Þ − 10u4 log 2þ ð3u4h þ 7u4Þ log

�
1þ u2

u2h

��
; ð6aÞ

B ¼ 1þ a2B2 ¼ 1 −
a2u2h
24

�
10u2

u2 þ u2h
þ log

�
1þ u2

u2h

��
; ð6bÞ

ϕ ¼ a2ϕ2 ¼ −
a2u2h
4

log

�
1þ u2

u2h

�
; ð6cÞ

where the parameter a is the anisotropy parameter. These
expansions are exact to order a2 in the metric functions.
The explicit a4 terms in F ;B;ϕ are not shown here because
they do not contribute to the leading a2 corrections to the
HTEE that we compute in this paper. All calculations in the
following sections are performed consistently to order a2 in
the final entropy and we will not explicitly state the
perturbative order at every step.
This background was originally introduced in [23] as a

solution of type IIB string theory and is holographically
dual to a strongly coupled, anisotropic Yang-Mills plasma
at finite temperature. The metric preserves translational
invariance along the boundary directions but breaks the
rotational symmetry between the z and the x, y directions
whenever H ≠ 1. The breaking of SOð3Þ rotational sym-
metry is controlled by the anisotropy parameter a which
sources a pressure anisotropy in the dual field theory. In
the limit a → 0, the metric reduces to the standard
Schwarzschild-AdS5 black hole corresponding to an iso-
tropic plasma. The radial coordinate u runs from the
boundary at u ¼ 0 to the horizon at u ¼ uh, where
gttðuhÞ ¼ 0 ¼ g−1uuðuhÞ. We work in the high-temperature
regime a=T ≪ 1, for which the temperature is given by

T ¼ 1

πuh
þ uhð5 log 2 − 2Þ

48π
a2: ð7Þ

For arbitrary values of the anisotropy parameter and
temperature, the background is known only numerically.

However, since our goal is to compute the HTEE analyti-
cally, we restrict ourselves to the high-temperature, small-
anisotropy limit where the above expansions are valid. In
this regime, the anisotropy enters as a small perturbation,
allowing us to compute the HTEE perturbatively in a2

while keeping the time interval Δt arbitrary within the
small-ðTΔtÞ limit. A detailed investigation of the properties
of this anisotropic background has been carried out in the
literature, covering its thermodynamic stability, phase
structure, transport coefficients and the behavior of non-
local observables such as entanglement entropy and Wilson
loops; see, for example, [23–29].
Finally, it is important to note that the metric (4) and its

components (5) are written in the Einstein frame, where the
factor e−ϕ=2 in each component reflects the difference
between the Einstein (E) and string (S) frames.
Consequently, an extra factor e−3ϕ=4 appears in the area
functional, as shown in (12) and (35). It is easy to see

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðĝEμνÞ

q
¼ e−3ϕ=4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðgSμνÞ

q
: ð8Þ

III. HOLOGRAPHIC TIMELIKE
ENTANGLEMENT ENTROPY

In order to compute the HTEE, we consider two different
orientations for the timelike striplike subsystem A,
defined by

Δt ¼
� ð1Þ Ax ¼ fðt; 0; y; zÞ∶jtj ≤ Δt

2
; x ¼ 0; ðy; zÞ∈R2g; Parallel;

ð2Þ Az ¼ fðt; x; y; 0Þ∶jtj ≤ Δt
2
; ðx; yÞ∈R2; z ¼ 0g; Perpendicular;

ð9Þ

where in both cases the interval extends along the transverse
directions (i.e., it is a strip of infinite extent in the spatial
directions orthogonal to the chosen coordinate). The first
choice places the interval parallel to the anisotropy direction
(the z direction), while the second places it perpendicular to
it. This distinction is physically meaningful because the
background metric (4) breaks the rotational symmetry
between the z and the x, y directions, as seen from the fact
that gzz ≠ gss whenH ≠ 1. There remains aUð1Þ symmetry

between the x and y directions, so choosing the interval along
x or y is equivalent; however, the x and z directions are not
equivalent due to the anisotropy parameter a.
By studying these two configurations, we can probe the

anisotropic response of the dual field theory. The extremal
surfaces anchored to these intervals will explore different
combinations of the metric components, leading to differ-
ent a2 corrections in the HTEE. This allows us to isolate the
effect of the anisotropy and to determine whether the
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imaginary part of the HTEE is a universal property of the
geometry or rather a probe-dependent quantity.
In order to perform the HTEE calculation analytically,

we need a second approximation, namely, the small-time
interval limit TΔt ≪ 1, which corresponds to ju�j ≪ uh.
Here, u� is the turning point of the extremal surface in the
complexified bulk geometry. The condition ju�j ≪ uh
implies that the extremal surface remains close to the
boundary and does not penetrate deeply into the bulk, thus
probing only the UV (near-boundary) region of the
geometry. As a consequence, the effect of the black hole
horizon (and hence the temperature) is eliminated from the
leading-order results. Temperature effects would appear
only at subleading order which we neglect in our pertur-
bative expansion. In this limit, the metric components (6)
reduce to the simplified form

F ¼ 1 −
u4

u4h
þ 11

24
a2u2 þ γF

24u2h
a2u4; ð10aÞ

B ¼ 1 −
11

24
a2u2 þ 7

16u2h
a2u4; ð10bÞ

H ¼ 1þ 1

4
a2u2 −

1

8u2h
a2u4; ð10cÞ

where the constant −γF ¼ 10 log 2þ 8þ 3
2
. The expansion

above keeps terms up to order a2u4 in the metric functions
which is sufficient for computing the leading a2 corrections
to the HTEE. Note that the u4=u4h term in F is kept
separately, as it contributes to the subleading temperature-
dependent corrections. However, as argued above, these
terms will not affect the leading 1=ðΔtÞ2 and constant a2

contributions in the small-ðTΔtÞ limit. This is consistent
with the fact that the leading UV behavior of the HTEE is
insensitive to the IR structure of the geometry. In short, in
this paper we consider the limit

TΔt ≪
a
T
≪ 1: ð11Þ

A. HTEE for the interval at x = 0

Now let us compute the area functional, corresponding to
configuration (1) in (9), that must be extremalized in order
to obtain the HTEE. For this timelike interval, the area of
the extremal surface is given by

ΓðAxÞ
2

≡ AreaðΓt
Ax
Þ

2

¼ V2x

Z
ϵ

u�
du e−3ϕ=4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gzzgssðgttṫ2 þ guuÞ

q
¼ V2x

Z
ϵ

u�
Lx du; ð12Þ

where V2x ¼
R
dydz is the volume of the transverse

directions and ṫ≡ dt=du denotes the derivative with
respect to the holographic radial coordinate. The UV cutoff
is denoted by ϵ, which is a real number, although the radial
coordinate u is generally complex because we are working
in a complexified bulk geometry.
Since the metric components depend only on u, the

coordinate t is cyclic. The corresponding conserved
momentum Ex is therefore given by

Ex ¼
∂Lx

∂ṫ
: ð13Þ

Solving for ṫ yields

ṫ2ðuÞ ¼ E2
xguu

gttðgttgzzgsse−3ϕ=2 − E2
xÞ
: ð14Þ

The turning point u� of the extremal surface is defined by
the condition ṫ → ∞, which corresponds to the vanishing of
the denominator in (14):

K�u−6� þ E2
x ¼ 0; ð15Þ

where we have introducedK≡ FBH
5
2 andK� ≡Kðu�Þ. At

this point, the extremal surface reaches its deepest radial
penetration before returning to the boundary. Substituting
the turning point condition (15) into (14), we obtain

ṫ2ðuÞ ¼ u−6� K�
F 2Bðu−6� K� − u−6KÞ : ð16Þ

To capture the timelike nature of the boundary interval,
we work directly in the complexified bulk geometry and
choose a purely imaginary turning point by setting

u ¼ is; u� ¼ is�; ð17Þ
and define the dimensionless real parameter r≡ u

u�
. At this

stage, two important points are worth mentioning.
(i) On the field theory side, real parameters such as the

temperature and the UV cutoff correspond to differ-
ent points along the radial direction, since the latter
is dual to the energy scale of the dual field theory.
Consequently, these points on the radial direction
must be real, leading to real values of the temper-
ature and UV cutoff. However, under the change of
variables (17), these special points become complex.
For illustration, the contour is plotted in Fig. 1. In
this paper, since the temperature dependence drops
out in the limits we consider, we focus solely on the
UV cutoff. The spacetime boundary is located at
u ¼ ϵ, and along the complex path u ¼ is�r, this
boundary corresponds to

r ¼ ϵ

is�
¼ −i

ϵ

s�
: ð18Þ
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We denote this complex lower limit by ϵ� ≡ −iϵ=s�,
so that the integration over r runs from ϵ� to 1. It is
important to note that when the integrals over r
contain a logarithmic divergence at r ¼ 0, the com-
plex lower limit ϵ� cannot be simply set to zero. The
complex logarithm evaluated at this point gives

ln ϵ� ¼ ln

�
−i

ϵ

s�

�
¼ ln

�
ϵ

s�

�
−
iπ
2
: ð19Þ

This phase is the origin of the imaginary part of the
HTEE. In contrast, if the integral is convergent at

r ¼ 0, the limit ϵ� → 0 can be taken safely and no
imaginary contribution arises. Therefore, the imagi-
nary part of the HTEE is a direct consequence of the
complexification of the bulk geometry required for
timelike boundary intervals, combined with the pres-
ence of UV logarithmic divergences in the area
functional, as we will see later. The complex nature
of the turning point and the integration path is a
necessary ingredient and the resulting imaginary part
is a genuine feature of the timelike setup.

(ii) In fact, in (17), one may alternatively choose
u ¼ −is and u� ¼ −is�. This choice leaves the time
interval Δt and the real parts of the areas ΓðAxÞ and
ΓðAzÞ unchanged (as we will demonstrate in the next
subsection). The only difference appears in the
imaginary parts of ΓðAxÞ and ΓðAzÞ, whose signs
flip from negative (positive) to positive (negative).
Accordingly, in the remainder of this work, we adopt
the plus-sign convention, though this ambiguity
remains unresolved.

With this parametrization, (16) becomes

ṫðis�rÞ ¼
ffiffiffiffiffiffi
K�

p
r3

iF ðis�rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bðis�rÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kðis�rÞ −K�r6

p ; ð20Þ

where nowK� ≡Kðis�Þ. The factor of i in the denominator
reflects the complexified bulk geometry which is necessary
for timelike boundary intervals.
The boundary time interval Δt is obtained by integrating

along the contour u ¼ is�r

Δt
2

¼ is�

Z
1

ϵ�
dr ṫðis�rÞ: ð21Þ

This integral yields a real, positive Δt, as we will demon-
strate in the following. To proceed analytically, we expand
the metric functions F , B, and H on the complex contour
u ¼ is�r to order a2. Using the small-juj expansions in
(10), we obtain

ffiffiffiffiffiffi
K�

p

F ðis�rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bðis�rÞ

p ¼ 1þ a2s2�

�
11

48
r2 −

5

16

�
þ s4�

�
1

u4h

�
r4 −

1

2

�
þ
�
1

16
þ γF
48

−
�
7

32
þ γF
24

�
r4
�
a2

u2h

�
; ð22Þ

and

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kðis�rÞ −K�r6

p ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r6

p
�
1þ 5

16
a2s2�

r2 − r6

1 − r6

�
: ð23Þ

Multiplying the two expansions and integrating over r, we find that the time interval takes the compact form

Δt
2

¼ s�

�Z
1

0

r3drffiffiffiffiffiffiffiffiffiffiffiffi
1 − r6

p þ a2s2�

�
11

48

Z
1

0

r5drffiffiffiffiffiffiffiffiffiffiffiffi
1 − r6

p −
5

16

Z
1

0

r3drffiffiffiffiffiffiffiffiffiffiffiffi
1 − r6

p þ 5

16

Z
1

0

r3ðr2 − r6Þdr
ð1 − r6Þ3=2

��
: ð24Þ

FIG. 1. The integration contour in the complex r plane. It
consists of two parts: it starts at the purely imaginary point ϵ� on
the imaginary axis, follows a small arc of radius jϵ�j to r ¼ jϵ�j on
the real axis, avoiding the branch point at r ¼ 0, and then
continues along the real interval to r ¼ 1. The branch cut is taken
along the negative real axis, corresponding to the principal branch
of the logarithm, so that ln ϵ� ¼ lnðϵ=s�Þ − iπ=2, consistent
with (19).
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The integrals are all elementary and can be expressed in terms of beta functions. Evaluating the integrals, we obtain the
relation between the boundary time interval Δt and the real turning point parameter s� as

Δt
2

¼ C1s� þ C2a2s3�; ð25Þ

where the constants C1 and C2 are given by

C1 ¼
1

6
B

�
2

3
;
1

2

�
;

C2 ¼
1

6

�
11

48
B
�
1;
1

2

�
−

5

16
B
�
2

3
;
1

2

�
−

5

16
B
�
5

3
;−

1

2

�
þ 5

16
B
�
1;−

1

2

��
: ð26Þ

This relation will be inverted later to express s� in terms of the physical time interval Δt.
Similarly, one can obtain the on-shell area by substituting the complexified solution (16) into the area functional. The

half-area (due to the symmetry of the extremal surface) is given by

ΓðAxÞ
2V2x

¼
Z

ϵ

u�
du

H
5
2

u3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B

KðuÞ −K�ðu=u�Þ6
s

; ð27Þ

where the integration runs from the turning point u� to the boundary. After changing variables to u ¼ is�r and expanding
the metric functions to order a2, the half-area takes the form

−
ΓðAxÞ
2V2x

¼ 1

s2�

Z
1

ϵ�

dr

r3
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r6

p þ a2

2
664 5

16

Z
1

ϵ�

ð1 − r4Þdr
rð1 − r6Þ3=2|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

I2

−
19

48

Z
1

ϵ�

dr

r
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r6

p|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
I3

3
775; ð28Þ

where the overall minus sign on the left-hand side comes
from the orientation of the integral. Performing the inte-
grals, we find

ΓðAxÞ
2V2x

¼ −
C3

s2�
− C4a2; ð29Þ

where the constants C3 and C4 are given by

C3 ¼
1

6
B

�
−
1

3
;
1

2

�
¼ −

1

12
B

�
2

3
;
1

2

�
; ð30aÞ

C4 ¼ Cx
4 −

iπ
24

−
1

12
lnðs�Þ; ð30bÞ

Cx
4 ¼ −

1

6

�
ln 2
6

þ 5

8
þ 5

16
B

�
2

3
;−

1

2

��
: ð30cÞ

Note that the integrals I2 and I3 in (28) are divergent as
ϵ → 0 and therefore require regularization; the details are
provided in Appendix. Upon applying the regularization
procedure with the complex cutoff ϵ� ¼ −iϵ=s� introduced
in (19), the imaginary part of the on-shell area is found to be
proportional to iπ

2
. This imaginary contribution originates

from the logarithmic UV divergence, whose complex lower
limit generates a nontrivial phase.

Having obtained the relation between the boundary time
interval Δt and the real turning point parameter s� in (25),
we now invert it to express s� in terms of Δt. Solving
perturbatively to first order in a2, we find

s� ¼
Δt
2C1

−
C2

8C4
1

a2ðΔtÞ3: ð31Þ

This inversion is valid in the small-a2 limit and captures
the leading anisotropic correction to the turning point.
Substituting this expression into the on-shell area in (29)
and using (30b), we obtain the final result for the HTEE
area as

ΓðAzÞ
V2x

¼ 4C3
1

ðΔtÞ2 þ 2

�
C2 − Cx

4 þ
1

12
ln

�
Δt
2C1

�
þ iπ
24

�
a2:

ð32Þ

The real part of the area

Re

�
ΓðAzÞ
V2x

�
¼ 4C3

1

ðΔtÞ2 þ 2

�
C2 − Cx

4 þ
1

12
ln

�
Δt
2C1

��
a2;

ð33Þ
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contains the leading isotropic contribution 4C3
1

ðΔtÞ2, which

matches the known result for a timelike interval in
AdS5, for instance see [30]. The coefficient C3

1 ≈
0.080166 gives 4C3

1 ≈ 0.320664, which agrees with the
numerical value 0.321 reported in the literature. The
imaginary part is given by

Im

�
ΓðAzÞ
V2x

�
¼ π

12
a2: ð34Þ

It is important to emphasize that the coefficient 1
12

in the
imaginary part is directly linked to the coefficient of
the logarithmic UV divergence which depends on how
the extremal surface couples to the anisotropic metric
componentH. As we will see in the next section, choosing
a different orientation of the boundary interval (e.g., at
z ¼ 0) yields a different coefficient, confirming that this
imaginary part is not a universal geometric property but
rather a probe-dependent quantity.

B. HTEE for the interval at z= 0

For comparison, we now consider the alternative ori-
entation where the timelike interval is placed at z ¼ 0
instead of x ¼ 0, the second case in (9). In this case, the
extremal surface extends along the x and y directions, both
of which have the same metric component gss. The trans-
verse volume factor is therefore gss rather than

ffiffiffiffiffiffiffiffiffiffiffi
gzzgss

p
, and

the area functional becomes

ΓðAzÞ
2

≡ AreaðΓt
Az
Þ

2
¼ V2z

Z
ϵ

u�
du e−3ϕ=4gss

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gttṫ2 þ guu

q
¼ V2z

Z
ϵ

u�
Lz du; ð35Þ

with V2z ¼
R
dxdy. The corresponding conserved momen-

tum and turning point condition are

Ez ¼
∂Lz

∂ṫ
; ð36Þ

ṫ2ðuÞ ¼ E2
zguu

gttðg2ssgtte−3ϕ=2 − E2
zÞ
; ð37Þ

ðg2ssgtte−3ϕ=2Þ� − E2
z ¼ 0: ð38Þ

Following the same steps as in the previous section, we
obtain the time interval relation

Δt
2

¼ C1s� þ C6a2s3�; ð39Þ

where the constants are now

C6 ¼
1

6

�
11

48
B

�
1;
1

2

�
−

3

16
B

�
2

3
;−

1

2

�
þ 3

16
B

�
1;−

1

2

��
:

ð40Þ

The half-area takes the simpler form

ΓðAzÞ
2V2z

¼ −
C3

s2�
− C8a2; ð41Þ

with

C8 ¼ Cz
8 þ

5iπ
24

þ 5

12
lnðs�Þ;

Cz
8 ¼

1

6

�
5 ln 2
6

−
3

16
B

�
2

3
;−

1

2

��
: ð42Þ

Inverting the relation for s� and substituting into the half-
area yields the final on-shell area for the interval at z ¼ 0

ΓðAzÞ
V2z

¼ 4C3
1

ðΔtÞ2 þ 2

�
C6 − Cz

8 −
5

12
ln

�
Δt
2C1

�
−
5iπ
24

�
a2:

ð43Þ

The imaginary part of this expression is

Im
�
ΓðAzÞ
V2z

�
¼ −

5π

12
a2: ð44Þ

IV. CONCLUDING REMARKS

Our final results are

4GN

V2x
SHTEEΔt ¼ 4C3

1

ðΔtÞ2 þ 2

�
C2 − Cx

4 þ
1

12
ln

�
Δt
2C1

��
a2

þ iπ
12

a2;

4GN

V2z
SHTEEΔt ¼ 4C3

1

ðΔtÞ2 þ 2

�
C6 − Cz

8 −
5

12
ln

�
Δt
2C1

��
a2

−
5iπ
12

a2: ð45Þ

Before closing this paper, we would like to emphasize the
following key points regarding the HTEE in the anisotropic
background:
(1) The leading terms of the real part of the HTEE are

independent of the orientation of the timelike inter-
val and are identical for both probes. In the small-

ðTΔtÞ limit, they are given by 4C3
1

ðΔtÞ2, which matches

the known AdS5 result. However, the subleading real
terms are orientation-dependent and receive non-
trivial corrections proportional to the anisotropy
parameter a2.
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(2) For both orientations, the leading imaginary part
of the HTEE vanishes. This is consistent with the
fact that in AdS5 (pure or thermal), the HTEE is
purely real. The imaginary part only appears
when the anisotropy is turned on, i.e., when
a ≠ 0, and it is proportional to a2, in the limit
of a=T ≪ 1.

(3) Unlike the well-studied two-dimensional strongly
coupled field theories, where the imaginary part of
the HTEE is constant, positive and independent of
temperature and boost velocity, here the imaginary
part is
(a) nonconstant,
(b) positive or negative
(c) orientation dependent,
(d) proportional to the square of the anisotropy

parameter, when a=T ≪ 1.
This is a direct consequence of the fact that the imaginary
part originates from the UV logarithmic divergence whose
coefficient depends on the specific metric components that
the extremal surface couples to.
(4) For both orientations, the absolute value of the

imaginary part increases monotonically with the
anisotropy parameter a in the limit of a=T ≪ 1.
This indicates that the anisotropy enhances the
imaginary contribution to the HTEE, making it more
significant as the pressure anisotropy of the dual
plasma grows.

(5) The magnitude of the imaginary part is larger for the
interval along the z direction (parallel to the
anisotropy) than for the corresponding interval along
the x direction (perpendicular to it). Explicitly, we
obtain

				 Im
�
ΓðAxÞ
V2x

�				 <
				 Im

�
ΓðAzÞ
V2z

�				: ð46Þ

This indicates that the imaginary part of the HTEE is
a sensitive probe of the underlying anisotropic
structure. We emphasize that this conclusion is
independent of the sign ambiguity discussed before.

(6) Finally, our results demonstrate that the imaginary
part of the HTEE is not a universal geometric
property of the spacetime. Instead, it is a probe-
dependent quantity that reflects the specific coupling
of the extremal surface to the background
anisotropy.
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APPENDIX: REGULARIZATION OF DIVERGENT
INTEGRALS

The second and third integrals in (28) contain divergen-
ces. Note that in I2, the integralZ

1

0

r3dr

ð1 − r6Þ3=2 ¼
1

6
B

�
2

3
;−

1

2

�
ðA1Þ

is finite in the limit ϵ → 0. Therefore, to obtain the finite
parts of the remaining integrals, we use

I2 ¼
Z

1−δ

ϵ�

dr

rð1 − r6Þ3=2

¼ 1

6

"
2ffiffiffiffiffiffiffiffiffiffiffiffi

1 − r6
p − ln

				 1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r6

p

1 −
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r6

p
				
#
1−δ

ϵ�
;

¼ 1

3
ffiffiffiffiffi
6δ

p − ln ϵ� þ ln 4
6

−
1

3
;

¼ 1

3
ffiffiffiffiffi
6δ

p − ln ϵþ iπ
2
þ ln 2

3
−
1

3
þ lnðs�Þ; ðA2Þ

where δ → 0 and

I3 ¼
Z

1

ϵ�

dr

rð1 − r6Þ1=2 ¼
1

6
ln

				 1 −
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r6

p

1þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r6

p
				1
ϵ�
;

¼ − ln ϵ� þ
ln 4
6

;

¼ − ln ϵþ iπ
2
þ ln 2

3
þ lnðs�Þ: ðA3Þ

It is clear that I2 has both UVand IR divergences, whereas
I3 has only a UV divergence. These divergences can be
eliminated by adding appropriate counterterms, so we
retain only the finite terms in the related HTEE.
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