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Recent advances in post-Minkowskian (PM) gravity provide new avenues for the high precision
modeling of compact binaries. In conjunction with the effective one body (EOB) formalism, highly
accurate PM informed models of binary black holes on scattering trajectories have emerged. Several
complementary approaches currently exist, in particular the spinning effective one body (SEOB)-PM
model, the wEOB framework and the recent lagrangian effective one body (LEOB) approach. These models
incorporate PM results in fundamentally different ways, employing distinct resummation schemes and
gauge choices. Notably, both SEOB-PM and LEOB have been used to compute gravitational waves of
bound systems, showing excellent agreement with numerical relativity. The essential component to all of
the models is the EOB mass-shell condition describing the dynamics of the two-body spacetime. In this
work we will investigate how this mass-shell condition is constructed, paying particular attention to the
impact of gauge choices and how they interact with different resummation schemes, showing that there is a
strong dependence on both coordinate choice and EOB gauge. For the region of parameter space
considered, we find that the best performing gauges coincide with the choices made in SEOB-PM and
wEOB, with other choices exhibiting worse performance. The case of spinning black holes is also
considered, where the current techniques for spinning EOB-PM are reviewed and compared. We also
introduce a new gauge based upon the centrifugal radius, which improves upon previous models,
particularly for large and negative spins. This offers a promising avenue for further resummation of spin
information within the EOB-PM framework.
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I. INTRODUCTION

Gravitational wave observations of compact binaries
provide a unique and powerful window into the physics
of strong gravitational fields. The ever growing catalog of
binary black holes (BBH), binary neutron stars (BNS), and
neutron star-black hole binaries (NSBH) [1–3] provides an
excellent opportunity to test fundamental physics. At the
core of this problem is the need to accurately model the
dynamics and emitted gravitational waves of two-body
systems within general relativity.
Several analytical approximation schemes have been

developed to address this problem, each suited to differ-
ent regions of the parameter space. One of the most
widely used is the post-Newtonian (PN) expansion [4],

which expands in weak fields and small velocities
½ϵ ∼GM=ðrc2Þ ∼ ðv=cÞ ≪ 1�. Such PN results have been
extensively incorporated into the semianalytical effective-
one-body (EOB) formalism [5–13], with calibration against
numerical relativity (NR) simulations playing a key role in
completing the models through merger and ringdown. An
alternative approach is the post-Minkowskian (PM)
expansion [14–17], which is a weak-field expansion ½ϵ ∼
GM=ðrc2Þ ≪ 1� that retains all orders in velocity, effec-
tively resumming the PN expansion. The PM expansion has
seen rapid growth in recent years due to the novel
connections between classical scattering and quantum
scattering amplitudes identified in [18–20]. Key results
have come from a variety of formalisms including scatter-
ing amplitudes, [21–24], worldline effective field theory
(WEFT) [25–30], and worldline quantum field theory
(WQFT) [31–33]. The current state of the art for non-
spinning scattering is the recent radiative 5PM calculation,
which includes information up to the first order in self-force
(5PM-1SF) [34,35].
In the spinning sector, both classical and field-theoretic

methods have been used to compute a variety of spin
corrections. At 1PM, it has been shown that the test-mass
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limit entirely determines the scattering angle to all orders in
spin [36]. Such all order results have also been computed
via scattering amplitudes at 1PM and 2PM [37,38]. At
higher orders, quartic-in-spin corrections at 3PM were
recently computed in [39] for a single spinning black hole
and spin-orbit corrections also available up to 4PM [40].
Given the impressive progress in perturbative calcula-

tions, it is of great interest to the waveform modeling
community to incorporate PM results into models suitable
for gravitational wave data analysis, such as EOB [5,6].
Since the PM expansion effectively resums the PN expan-
sion at each order in G,1 it could prove invaluable when
dealing with physical systems beyond the quasicircular
limit, such as binaries on eccentric orbits or hyperbolic
encounters, e.g. [41–44]. Transcribing PM information into
bound-orbit models has been tackled in a variety of ways,
including the direct calculation of PM Hamiltonians using
EFT techniques [45] and the EOB formalism [46,47]. An
alternative strategy is provided by the boundary-to-bound
maps [48,49], which relate gauge-invariant scattering
observables to their bound counterparts, thus bypassing
the need to work with gauge-dependent quantities.
However, there are still open and important challenges

with these approaches. For example, in the case of mis-
aligned spins, the mapping from scattering to bound
observables is not yet fully understood. Moreover, it is well
established that the PM expansion alone does not demon-
strate good agreement against NR [50,51] and requires the
use of resummation techniques to further improve the
convergence of the results [50–53]. In a series of works
on gravitational scattering and the EOB formalism [18–20],
a systematic method was developed to incorporate PM
information into the EOB framework through the gauge-
invariant scattering angle. Thismethodology has enabled the
construction of PM-based EOB models, notably the spin-
ning effective one body (SEOB)-PM model [46,53] and the
wEOB framework [50,52]. These models exhibit distinct
behavior based on differing gauge choices and approaches
toward resummation [51]. Exploring a range of possible
gauge choices and the implications for the accuracy of the
model will be the primary focus of this work.
Gauge flexibility has been explored in the literature to

varying degrees. On the PN side, numerous results have
been derived within the DJS gauge [54], including a recent
systematic comparison of spin gauges presented in [55].
Within the EOB-PM models, recent work has developed a
new Lagrange-EOB (LEOB) [47], including a discussion
on a range of possible gauge choices, though with a strong
focus on the Lagrange-Just-Boyer-Lindquist (LJBL) gauge
employed in that work. A study on gauge choices in the
context of the conservative dynamics of bound-orbit
Hamiltonians up to 4PM was presented in [56], though

limited to a single coordinate gauge, as was the treatment
in [53]. A systematic study of different gauge choices and
the impact on the scattering angle in the strong-field regime
has not yet been carried out. This is the gap that we aim to
address in this work.
The paper will be structured as follows: Section II will

introduce the key ideas of EOB in the post-Minkowskian
expansion. Section III will construct a variety of EOB-PM
models in the nonspinning sector and assess the impact of
different gauge choices. Spin will be introduced in Sec. IV,
where we develop on previous works [50,53,56] and
introduce an alternative approach to spinning EOB-PM.
Throughout this work we will employ geometric units,

c ¼ G ¼ 1, though we will often explicitly track factors of
G to count the PM order. Component masses will be
denoted by m1 and m2 respectively, the total mass by
M ¼ m1 þm2, the reduced mass by μ ¼ m1m2=M, and the
symmetric mass ratio ν ¼ μ=M. We will often find it
convenient to work with rescaled coordinates and
momenta, defined throughout to be

r ¼ R
GM

; t ¼ T
GM

; ð1Þ

pμ ¼
Pμ

μ
; pϕ ¼ J

GμM
: ð2Þ

II. GRAVITATIONAL SCATTERING AND THE
EFFECTIVE ONE BODY FORMALISM

A. The Kerr metric

We begin by outlining different approaches to construct-
ing a Kerr Hamiltonian for test particle dynamics, which
provides the foundation for the spinning EOB
Hamiltonians discussed later in this work. To that end,
our starting point is the Kerr metric written in Boyer-
Lindquist coordinates ðT; R; θ;φÞ, given by [57]

gμνKerr∂μ∂μ ¼ −
Λ
ΔΣ

∂
2
T þ Δ

Σ
∂
2
R þ 1

Σ
∂
2
θ

þ Σ − 2MR
ΣΔsin2θ

∂
2
φ −

4MRa
ΣΔ

∂T∂φ; ð3Þ

whereM is the black hole mass and a is the Kerr parameter.
The spin angular momentum is related to the Kerr param-
eter through S ¼ Ma ¼ GM2χ, where S is the dimension-
ful spin angular momentum, a is a mass-rescaled spin
parameter (with dimensions of length) and χ is the
dimensionless spin parameter. We further define the fol-
lowing useful combinations,

Σ ¼ R2 þ a2 cos2 θ;

Δ ¼ R2 − 2MRþ a2;

Λ ¼ ðR2 þ a2Þ2 − a2Δ sin2 θ:
1The ðnþ 1ÞPM order fully contains nPN plus an infinite

series of velocity corrections.
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The Kerr metric potentials can then be defined as
follows [11]

AKerr ¼ ΣΔ
Λ

; ð4Þ

BKerr
np ¼ R2

Σ

�
Δ
R2

− 1

�
; ð5Þ

BKerr
npa ¼ −

R2

ΣΔ
ðΣþ 2MRÞ: ð6Þ

The dynamics of a nonspinning timelike test particle of
mass μ in the Kerr metric is obtained by solving the
relativistic mass-shell condition [5,58]

gμνKerrPμPν þ μ2 ¼ 0; ð7Þ

where Pμ ¼ ð−P0; PR; Pθ; PφÞ and P0 ¼ EKerr ¼ HKerr. In
this work, we specialize to equatorial orbits, eliminating the
dependence on Pθ, and restricting the validity of our
discussion to aligned-spin binaries. We will leave the case
of spin precession to a future study. We can solve
this condition for the Hamiltonian HKerr ¼ HKerr

orb þHKerr
SO ,

finding

HKerr ¼
2MPφa

R3þa2ðRþ2MÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AKerr

�
μ2þP2

φ

R2
þð1þBKerr

np ÞP2
RþBKerr

npa
P2
φa2

R2

�s
:

ð8Þ

The spin-orbit contribution can be seen from Eq. (8) to be

HSO ¼ 2MPφa

R3 þ a2ðRþ 2MÞ : ð9Þ

For scattering orbits, as the radial action controls the
dynamics, it will often be convenient to express the mass-
shell condition in terms of the radial momentum and the
energy,

P2
R ¼ 1

ð1þ BKerr
np Þ

�
1

AKerr ðHKerr −HSOÞ2

−
�
μ2 þ P2

φ

R2
þ BKerr

npa
P2
φa2

R2

��
: ð10Þ

The scattering angle of a test particle in the Kerr metric can
then be derived using

θ þ π ¼ −2
Z

∞

Rmin

dR
∂PR

∂Pφ
: ð11Þ

A detailed study of classical scattering in the Kerr space-
time may be found in [59], where the scattering angle was
computed perturbatively to OðG6Þ.
An alternative approach to the Kerr Hamiltonian was

introduced in [60]. In this work, a gauge-invariant cen-
trifugal radius Rc was identified, which allows one to
factorize the Kerr A-potential into the product of a
Schwarzschild-like term and a multiplicative correction
that encodes the spin-dependent multipolar structure.
Focusing on just the orbital contribution to the Kerr
Hamiltonian, [60] demonstrated that this can be reex-
pressed as

HKerr
orb ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AeqðRcÞ

�
μ2 þ P2

φ

R2
c
þ P2

R

BeqðRÞ
�s
; ð12Þ

by introducing the centrifugal radius

R2
c ¼ R2 þ a2

�
1þ 2M

R

�
: ð13Þ

To establish the connection with our previous notation, and
demonstrate the equivalence of these approaches, we
provide the following correspondences

ΛðrÞ!eq R4ðrÞ ¼ R4 þ R2a2 þ 2MRa2; ð14Þ

AKerrðRÞ!eq AeqðRcÞ ¼
ΔðRÞR2

ΛðRÞ ¼ ΔðRÞ
R2
c

; ð15Þ

1þ BðRÞ!eq B−1
eq ðRÞ ¼

ΔðRÞ
R2

; ð16Þ

1

R2
þ a2

R2
BaðRÞ!eq

1

R2
c
: ð17Þ

By inspection, we see that the A-potential can be written in
a factorized form [60]

AeqðRcÞ ¼ ASchwðRcÞÂðRcÞ; ð18Þ

¼
�
1 −

2M
Rc

�
1þ 2M

Rc

1þ 2M
R

; ð19Þ

where ASchw is in the usual Schwarzschild-form and ÂðRcÞ
encodes the multipolar structure of Kerr [60]. In particular,
it was shown in [60] that to a low-order PN expansion, the
A-potential can be expressed as

APNðRcÞ≈1−
2M
Rc

−
Ma2

R3
c
−
2M2a2

R4
c

−
3Ma4

4R5
c
þOðR−7

c Þ; ð20Þ

where −2M=Rc is the usual monopole term, −Ma2=R3
c

the quadrupole gravitational potential term seen in the
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equatorial plane, and so on [60–64]. Another subtle point is
that the location of the outer-horizon ΔðRþ

HÞ ¼ 0 in usual
Boyer-Lindquist coordinates is highly dependent on the
spin, whereas the gauge-invariant equivalent for the cen-
trifugal radius is just Rc ¼ 2M [60]. The reformulation in
terms of a centrifugal radius therefore enables us to
systematically incorporate spin effects into the EOB
Hamiltonian by exploiting the natural factorization of the
Kerr potential into a Schwarzschild-like term and multi-
polar corrections. Spin-orbit interactions can be included in
the usual way through HSO. This structure will provide a
natural starting point for incorporating spin-dependent PM
information, as we will see later on.
Finally, to make contact with previous PN-based work

on gauge choices [11,65], it is useful to write the Kerr-
metric in terms of the following 3-vectors,

PR ¼ ðN · PÞ; Pφ ¼ ðR × PÞz ¼ L; ð21Þ
where,

P2 ¼ P2
R þ P2

θ

R2
þ P2

φ

R2 sin2 θ
: ð22Þ

In this notation, the Kerr metric may be written as,

HKerr ¼
2MR
Λ

L · a

þ
�
AKerr

�
μ2 þ BKerr

np ðN · PÞ þ R2

Σ
P2

þ BKerr
npa ððN × PÞ · aÞ2

��1
2

: ð23Þ

The Hamiltonian of a nonspinning test mass in Kerr has
many desirable features. For example, the motion is fully
integrable, owing to the existence of a hidden symmetry
leading to an extra constant of motion, the Carter
constant [66]. This is due to the fact that the spacetime
admits two killing vectors, e.g. ∂t and ∂ϕ being two
independent choices, but it also admits a Killing-Yano
tensor, which directly leads to the Carter constant. In
addition, the test-mass Hamiltonian naturally encodes all
leading even-in-spin PN orders for binary BHs [67] and
yields simpler equations of motion relative to Hamiltonians
based on the test-spin limit, making it an ideal foundation
for constructing EOB Hamiltonians.

B. The post-Minkowskian expansion

The basic idea of the PM expansion is to expand the
metric in the weak-field regime where GM=ðrc2Þ ≪ 1,

gμν ¼ ημν þ hμν; jjhμνjj ≪ 1; ð24Þ

hμν ¼
X
n≥1

�
G
c4

�
n
hðnÞμν ; ð25Þ

where ημν is the Minkowski metric and hðnÞμν are the nth
order perturbations with respect to G. The techniques
employed in the post-Minkowskian expansion have been
readily generalized to include additional physical effects,
such as spins [22] and tidal effects [68]. In later sections we
focus on spin effects, where the current state of the art
includes all orders in spin up to 2PM [36–38]. At 3PM,
results have been obtained up to OðS4Þ for spin-orbit
couplings [39] and up to OðS2Þ for the spin-spin
couplings [69].
A key gauge-invariant observable in the PM expansion is

the scattering angle, which takes the form

θðnPMÞ ¼ π þ
Xn
i¼1

2
θðiÞPM
pi
ϕ

; ð26Þ

where pϕ ¼ Pφ=ðGMμÞ plays the role of our PM expan-
sion parameter by tracking factors of G and the coefficients
are functions of the energy γ. The first two coefficients in
the PM-expanded scattering angle are given by [15,18,19]

θð1ÞPM ¼ 2γ2 − 1ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ; ð27Þ

θð2ÞPM ¼ 3π

8

ð5γ2 − 1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðγ − 1Þp : ð28Þ

Radiation reaction enters at 3PM, and the scattering angle
becomes comprised of conservative and dissipative con-
tributions [19–21,27,70–72]. At 4PM, additional complex-
ity arises including nonlocal-in-time tail effects encoded in
the special functions appearing in the scattering amplitude
[24,28,73–75]. The radiation-reacted scattering angle may
be deduced from the conservative sector via a linear-
response formula [76], depending on the PM results for
the radiated energy Erad and angular momentum Jrad,

θrr ¼
1

2

∂θcons

∂E

����
rad
Erad þ

1

2

∂θcons

∂J

����
rad
Jrad: ð29Þ

Note that this formula has been extended beyond linear
responses and for binaries with misaligned spins in [69].

C. Effective one body approach

The EOB formalism [5,6] has proven to be one of themost
powerful tools in understanding two-body dynamics in
general relativity. The basic idea is to map the full relativistic
two-body problem onto the motion of a test mass or test-spin
particle in an effective metric, systematically incorporating
information from both weak-field perturbation theory and
strong-field regimes. This approach defines a natural resum-
mation of perturbative information by blending weak-field
perturbative information with strong-field results from the
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test-mass limit, extending results beyond their usual domain
of validity. We focus on relativistic scattering of black holes,
and will seek to include post-Minkowskian information
into the EOB framework building on recent studies
[18–20,46,47,50,52,56,77].
We use the following rescaled dimensionless coordinates

and momenta,

r¼ R
GM

; t¼ T
GM

; ϕ¼ φ

GM
; pμ ¼

Pμ

μ
: ð30Þ

where ðR; TÞ are the physical coordinates and Pμ are the
physical canonical momenta. The angular momentum pϕ is
related to the total angular momentum as

pϕ ¼ Pφ

GμM
: ð31Þ

For spinning black holes with Kerr parameters a1 and a2,
we further define the following useful spin variables

a� ¼ a1 � a2; ð32Þ

χ� ¼ a�
GM

; ð33Þ

where χ� are dimensionless spin variables.
The dynamics of a test particle in a generic EOB

effective metric are governed by the mass shell condition,
which takes the following form in our rescaled variables

1þ gμνeffpμpν þQðr; γ; νÞ ¼ 0; ð34Þ

where Q ¼ Q̄=μ2 is a nongeodesic term that can be used to
incorporate PM deformations. One can derive an effective
Hamiltonian by solving for Ĥeff ¼ −p0, which is related to
the real two body dynamics via the EOB energy map [5]

HEOB ¼ M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ν

�
Heff

μ
− 1

�s
: ð35Þ

We note that HEOB ¼ Ereal ¼
ffiffiffi
s

p
for a scattering trajectory,

where s is the usual Mandlestam invariant. From this, we
can define the following dimensionless energy variables

Γ ¼ Ereal

M
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðγ − 1Þ

p
; ð36Þ

γ ¼ Heff

μ
; ð37Þ

where Heff is the effective Hamiltonian and Ereal is the
center-of-mass (CoM) energy of the real two-body system.
In the initial CoM frame, the incoming momenta are
just pμ

1 ¼ ðE1; p∞=ΓÞ and pμ
2 ¼ ðE2;−p∞=ΓÞ such that

γ ¼ ðp1 · p2Þ=ðm1m2Þ, e.g., as discussed in [52,53]. We
note that conventions for these quantities can vary signifi-
cantly across the literature.
The EOB approach has traditionally been used to resum

PN information by applying canonical transformations to
map PN Hamiltonians into EOB coordinates, in conjunc-
tion with the energy map in Eq. (35). However, PM
information derived from scattering calculations has a
fundamentally more intricate structure, with energy-depen-
dent coefficients and complex mass-ratio dependence [18].
This makes the transcription of PM information into the
EOB framework technically challenging. A key break-
through was the identification that one can use the gauge-
invariant scattering angle, defined in Eq. (26), to determine
the coefficients in the EOB model [18,19,52]. The funda-
mental relationship is the matching condition, which
requires the EOB-predicted scattering angle reproduce
the known PM results at a given PM order,

θðEOBÞnPM ¼ θðnPMÞ: ð38Þ

This allows us to determine any unknown coefficients in
the EOB effective potential, thereby determining the
complete EOB dynamics.
A foundational problem when applying PM information

to bound-orbit models is that the PM expansion coefficients
depend on the total energy of the system, which is itself
determined by the Hamiltonian. Recent work has tried to
tackle this recursive definition in a number of ways. In the
nonspinning limit, one can just express γ in terms of the
Schwarzschild Hamiltonian HSchw plus PM corrections
[19,56,77]. This philosophy was also adopted in [46],
whereby γ was interpreted as an effective energy that is
PM-expanded around the Kerr background, γ ∼ γKerr þP

n ΔðnÞðγKerrÞ, with ΔðnÞ corresponding to energy-depen-
dent PM deformation coefficients determined to a given
PM order. An alternative framework to tackle this problem
was recently proposed in [47] using a novel Lagrange-
multiplier based approach for constructing EOB-PM mod-
els, aptly called the LEOB model. In particular, it was
shown that by incorporating the mass-shell condition as a
constraint via a Lagrange multiplier, one can introduce an
evolution equation for γ ¼ Ĥeff and explicitly solve for the
energy dependence [47]. In this work, we only focus on the
transcription of PM information into Hamiltonians for
unbound scattering orbits, thereby avoiding the issue. In
the subsequent sections we will outline the current
approaches to constructing EOB-PM orbits, before explor-
ing the impact of gauge-flexibility on the accuracy of
predictions for the scattering angle within the EOB
framework.

D. The wEOB and SEOB-PM models

In this manuscript, we focus on two closed-form EOB-
PM models for gravitational scattering: (i) the wEOB model
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introduced in [50,52], and (ii) the SEOB-PM model
introduced in [46,53]. These models allow us to directly
calculate the scattering angle via Eq. (65). We note that we
could also have explored EOB models that integrate the full
dynamics together with some prescription for incorporating
radiation reaction effects, for example TEOBResumS
[7,78–80] or SEOBNRv5 [10,11,81]. We leave such an
exploration to future work.
The two EOB-PMmodels differ in several key ways, with

the various choices leading to differing predictions for the
scattering angle across the parameter space. Here we outline
some of themost relevant differences. First, regarding gauge,
SEOB-PM employs standard Schwarzschild coordinates
whereaswEOB uses isotropic coordinates.More significantly,
each model implements PM deformations through distinct
gauge approaches. In addition, SEOB-PM adopts the post-
Schwarzschild* (PS*) gauge [56,77], where PM corrections
enter directly through deformations of themetric potentialsA
and ga�, obeying the mass-shell constraint geffμνPμPν ¼ −μ2.
In contrast, wEOB employs the post-Schwarzschild (PS)
gauge [18,19], where the metric potentials remain fixed to
the Schwarzschild background and PM information enters
exclusively via the nongeodesic term Q, leading to a mass-
shell condition of the form geffμνPμPν þ Q̄ ¼ −μ2. Second,
wEOB employs PM-expanded EOB radial potentials,
w ∼

P
n wnr̄−n, whichdirectly determines the radialmomen-

tum structure and scattering angle [50,52]. SEOB-PM
instead uses the impetus formula to define an effective
resummation of the w-potential [53]. Finally, they differ in
terms of their behavior in the test-mass limit, a direct
consequence of the gauge choices. In particular, wEOB does
not reduce to the exact geodesic limit but rather a
PM-truncated approximation, see Fig. 9 of [53], whereas
SEOB-PM explicitly recovers the exact test-mass limit by
construction. See also [47] for a detailed discussion of these
issues in the context of the LEOB model.
Regarding spin, the SEOB-PM model employs the Kerr

metric in Boyer-Lindquist coordinates, Eq. (3), as the
foundation for the EOB Hamiltonian. Even-in-spin defor-
mations enter through the A-potential in the orbital part of
the Hamiltonian, while odd-in-spin deformations are incor-
porated via the gyrogravitomagnetic couplings in the spin-
orbit sector. In contrast, the current spinning-sector work of
the wEOB model takes a different approach and introduces a
spin-expansion of the w-potential coefficients to include the
spin information. Due to the fact that the SEOB-PM type
models recover the full Kerr Hamiltonian in the test mass
limit, we will follow and take that approach to explore the
impact of gauge choices for spinning-EOB Hamiltonians.
In the following sections we will construct a variety of

SEOB-PM type models with different gauge choices, in
both the nonspinning and spinning sectors. By comparing
the scattering angles computed in these models with
numerical relativity we assess the impact of these gauge

choices on the performance of the model alongside the
specific resummation of the radial momenta.

III. THE NONSPINNING SECTOR

We begin by studying EOB-PM models in the non-
spinning limit, describing the motion of a test mass particle
in an deformed Schwarzschild spacetime. The dynamics
are governed by the mass-shell condition

1þ gμνeffpμpν þQðr; γ; νÞ ¼ 0; ð39Þ

together with a deformed (effective) Schwarzschild
metric [57]

gμνeff∂μ∂ν ¼ −
1

Aðr; γ; νÞ ∂
2
t þ

1

BðrÞ ∂
2
r þ

1

CðrÞ ∂
2
ϕ: ð40Þ

By construction, the potentials are consistent with the Kerr
metric potentials in the nonspinning limit, i.e.,

AKerrðrÞ !a¼0
AðrÞ; 1þ BKerr

np !a¼0
BðrÞ: ð41Þ

The termQðr; γ; νÞ is a nongeodesic term altering the mass-
shell condition, which may be used to incorporate PM
deformations. The general form of the radial momentum is
found by solving this mass-shell condition for pr,

p2
r ¼

γ2BðrÞ
Aðr; γ; νÞ −

p2
ϕBðrÞ
CðrÞ − BðrÞ − BðrÞQðr; γ; νÞ: ð42Þ

We could also solve for the effective Hamiltonian,
HSchw ¼ γ,

HSchw ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðrÞ

�
1þ p2

ϕ

r2
þ p2

r

BðrÞ
�s
: ð43Þ

In the nonspinning sector, there are several gauge
choices that must be addressed. Due to the spherically
symmetric nature of the problem, one key choice is the
definition of radial coordinate. In this work, we consider
the standard Schwarzschild radial coordinate r as well as
isotropic coordinates r̄, where the latter is defined by

C̄ðr̄Þ ¼ r̄2B̄ðr̄Þ; ð44Þ

where an overbar denotes variables derived in isotropic
coordinates. In both sets of coordinates, the metric poten-
tials are given by

AðrÞ ¼ 1 −
2

r
; Āðr̄Þ ¼

�
1þ 1

2r̄

1 − 1
2r̄

�
2

; ð45Þ
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BðrÞ ¼ 1

AðrÞ ; B̄ðr̄Þ ¼
�
1þ 1

2r̄

�
4

; ð46Þ

CðrÞ ¼ r2; C̄ðr̄Þ ¼ r2B̄ðr̄Þ: ð47Þ

The second main choice of gauge concerns how to
incorporate perturbative information into the EOB metric
potentials [5,6,58,82]. In the nonspinning sector, the two
main gauge choices explored in the literature are post-
Schwarzschild (PS) and post-Schwarzschild* (PS*)
[19,56,77,83]. Building on complementary studies in the
literature [20,47,56,77], we explore the impact of these
gauge choices on the scattering angle in the following
sections.

A. General gauge choices

To start we will consider the general form of the mass-
shell condition (34), where AðrÞ, BðrÞ, and QðrÞ are now
taken to be PM expansions in terms of general coefficients

AðrÞ ¼ 1þ
X
i≥1

aiðγ; νÞ
ri

; ð48aÞ

BðrÞ ¼ 1þ
X
i≥1

biðγ; νÞ
ri

; ð48bÞ

QðrÞ ¼
X
i≥2

qi
ri
: ð48cÞ

We take the nongeodesic term Q to start from 2PM, as it
was shown that to OðGÞ the scattering angle is completely
determined by the test-mass limit and hence
Q ∼ G2 þ G3 þOðG4Þ [19]. Likewise, we fix C to the
Schwarzschild background, such that CðrÞ ¼ r2. Note that
while we could have chosen to deform the C-potential, we
keep it fixed to maintain consistency with the conventions
across different EOB models.
To compute the PM deformation coefficients, we match

the EOB scattering angle to the gauge-invariant PM
scattering angle. In the nonspinning limit, complete 4PM
information is available together with 5PM up to 1SF. As
the 5PM sector is as-of-yet incomplete, we include infor-
mation up to 4PM for the main discussion before intro-
ducing the incomplete 5PM information.
As previously shown in [46,52], the scattering angle is

computed by PM expanding the usual formula from
Hamilton-Jacobi theory

θ þ π ¼ −2
Z

∞

rmin

dr
∂pr

∂pϕ
; ð49Þ

where rmin is the largest positive root of pr ¼ 0. As the
lower limit of integration depends on the PM order,
explicitly PM expanding the integral would be arduous.

Therefore it is useful to employ the prescription from [84]
in which the lower limit of the integral is taken to be its
leading order value, then the integrand is PM expanded and
the partie finie of the resulting (divergent) integral is taken

θðnPMÞ þ π ¼ −2Pf
Z

∞

rmin

drEðnPMÞ

�
∂pr

∂pϕ

�
; ð50Þ

where EðnPMÞ½·� tells us to PM expand the integrand to order
n. This allows for the efficient calculation of the integrals to
arbitrarily high order. After a suitable change of variables
and subtracting off the leading order value, the integrals are
all of the form,

θðnPMÞ ∼ 2Pf
Z

1

0

dzð1 − zÞ−1
2
−nzm: ð51Þ

This is explicitly in the form of a Euler-Beta function,
where it is simple to take the finite part, as the analytic
structure is well understood.
Substituting our PM-expanded ansatz for the different

metric potentials into the radial momentum (42), we
compute the finite part integral of Eq. (50). We fix the
C-potential, for ease, to its Schwarzschild value. This
allows the computation of general relations between the
undetermined coefficients. The first relation is given by

γ2ð4þ a1ðγ; νÞ − b1ðγ; νÞÞ − 2þ b1ðγ; νÞ ¼ 0: ð52Þ

These coefficients may be fixed by the requirement that the
1PM EOB potentials agree with the PM expansion of the
test mass limit. For example, by matching the potentials in
Schwarzschild coordinates, a1 and b1 are found to be

a1ðγ; νÞ ¼ −2; ð53Þ

b1ðγ; νÞ ¼ 2; ð54Þ

which automatically satisfies Eq. (52) without need for
extra deformation terms. The second relationship then
simplifies to

3 − 15γ2

Γ
þ 1 − b2ðγ; νÞ

þ γ2ð11 − 2a2ðγ; νÞ þ b2ðγ; νÞÞ þ 2q2ðγ; νÞ ¼ 0: ð55Þ

As we can see, there is a large amount of flexibility, with
the test-limit only determining each coefficient up to
ν-dependent quantities. Notice in particular that we can
use the test-mass limit to fix all but one of the deformation
terms, meaning that, in general, we will only a single
deformation coefficient in the nonspinning EOB model.
The choices which are made will greatly affect the accuracy
of the overall model, so care needs to be taken when
determining the gauge coefficients. In the next section we

STRONG FIELD SCATTERING OF TWO BLACK HOLES: … PHYS. REV. D 112, 104074 (2025)

104074-7



will look at a particular class of EOB gauge, which forms
the basis of the current PM-informed EOB models.

B. Post-Schwarzschild gauges

In the PS gauge the effective metric is taken to be the
Schwarzschild metric. Then, all deformations are included
in a nongeodesic term Q. The mass-shell condition then
becomes,

1þ gμνschwpμpν þQðr; γ; νÞ ¼ 0: ð56Þ

On the other hand, the PS* gauge sets Q ¼ 0 and
incorporates PM information via deformations of the metric
potential,

1þ gμνeffpμpν ¼ 0; ð57Þ

gμνeff∂μ∂ν ¼
1

Aeffðr; γ; νÞ
∂
2
t þ

1

BðrÞ ∂
2
r þ

1

r2
∂
2
ϕ: ð58Þ

For the nonspinning case, spherical symmetry allows us to
consider purely equatorial orbits without loss of generality.
Both theQ-term and the deformed A-potential admit PM

expansions, with deformations beginning at 2PM since the
test-mass limit fully determines the dynamics through
1PM [18]. Specifically, we have

Qðr; γ; νÞ ¼
X
i≥2

qiðγ; νÞ
ri

; ð59Þ

Aeffðr; γ; νÞ ¼ 1 −
2

r
þ ΔA; ð60Þ

where the deformation takes the form

ΔA ¼
X
i≥2

αiðγ; νÞ
ri

: ð61Þ

Following [52,53], we relate the effective w-potential to the
radial momentum through the impetus formula

p2
r ¼ ðγ2 − 1Þ − p2

ϕ

r2
þ wðr; pϕ; γ; νÞ; ð62Þ

which allows us to express w explicitly as [19]

wðr; pϕ; γ; νÞ ¼
�
1 −

BðrÞ
CðrÞ

�
p2
ϕ

r2
þ
�
BðrÞ
AðrÞ − 1

�
γ2

− ðBðrÞ − 1Þ − BðrÞQðrÞ: ð63Þ

By construction, this admits a PM expansion of the form

wðr; pϕ; γ; νÞ ¼
X
i≥1

wiðpϕ; γ; νÞ
ri

: ð64Þ

An advantage of isotropic coordinates is that the w-
potential simplifies considerably and typically becomes
independent of pϕ. However, rather than PM-expanding the
w-potential, one could also use Eq. (62) to directly define a
resummed potential. We will examine both PM-expanded
and resummed forms of the w-potential, as they provide
complementary insights depending on the gauge choice. As
such, the two forms of the radial momentum that we will
consider are

p2
r;PM ¼ ðγ2 − 1Þ − p2

ϕ

r2
þ
X
i≥1

wiðpϕ; γ; νÞ
ri

; ð65Þ

p2
r;resum ¼ ðγ2 − 1Þ − p2

ϕ

r2
þ wðpϕ; γ; νÞ; ð66Þ

where wðpϕ; γ; νÞ is defined by Eq. (62).

1. The post-Schwarzschild gauge

We begin by constructing the post-Schwarzschild effec-
tive metric to the 4PM order. In the following we consider
two coordinate gauges, in particular isotropic coordinates
(as used in [52]) and Schwarzschild coordinates (as used
in [53]). Explicitly, the solution of the mass-shell condition
for p2

r is given in each coordinate system by

p2
r;ðisoÞ ¼

B̄ðr̄Þ
Āðr̄Þ γ

2 −
p2
ϕ

r̄2
− B̄ðr̄Þ − B̄ðr̄ÞQ̄ðr̄Þ; ð67aÞ

p2
r;ðschwÞ ¼

BðrÞ
AðrÞ γ

2 −
BðrÞ
CðrÞp

2
ϕ − BðrÞ − BðrÞQðrÞ ð67bÞ

There are two possibilities for computing the coefficients of
the w-potentials defined in Eq. (64). One can either
substitute the PM expanded impetus formula, in terms of
undetermined w-coefficients and compute them directly
from the scattering angle, or substitute Eq. (67) into
Eq. (62) and PM expand to find a direct relationship
between the coefficients q̄iðγ; νÞ and wiðγ; νÞ. Taking the
latter route allows us greater flexibility in defining the
model and in particular gives us both the PM-expanded
wEOB type models and the resummed SEOB-PM type
models.
The relationships for the wiðγ; νÞ coefficients in terms of

qiðγ; νÞ are given by the following formulas, found by PM
expanding Eqs. (67). The isotropic coordinate expressions
are given by
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w̄1ðγ; νÞ ¼ 2ð2γ2 − 1Þ; ð68aÞ

w̄2ðγ; νÞ ¼
1

2
ð−3þ 15γ2 − 2q̄2ðγ; νÞÞ; ð68bÞ

w̄3ðγ; νÞ ¼ −
1

2
þ 9γ2 − 2q̄2ðγ; νÞ − q̄3ðγ; νÞ; ð68cÞ

w̄4ðγ; νÞ ¼
1

16
ð−1þ 129γ2 − 24q̄2ðγ; νÞ

− 32q̄3ðγ; νÞ − 16q̄4ðγ; νÞÞ; ð68dÞ

and for Schwarzschild coordinates,

w1ðγ; νÞ ¼ 2ð2γ2 − 1Þ; ð69aÞ

w2ðγ; νÞ ¼ −4þ 12γ2 − q2ðγ; νÞ; ð69bÞ

w3ðγ; pϕ; νÞ ¼ −8 − 2p2
ϕ þ 32γ2 − 2q2ðγ; νÞ − q3ðγ; νÞ;

ð69cÞ

w4ðγ; pϕ; νÞ ¼ −16 − 4p2
ϕ þ 80γ2 − 4q2ðγ; νÞ;

− 2q3ðγ; νÞ − q4ðγ; νÞ: ð69dÞ

In isotropic coordinates the w-potentials depend only
on the energy and symmetric mass ratio, whereas in
Schwarzschild coordinates they have a more complicated
dependence on the angular momentum pϕ. Note that the
wEOB model of Ref. [52] employs isotropic coordinates,
and our expressions using the deformation coefficients in
Appendix A agree with their construction, which calculates
deformations through an alternative method.
The deformation coefficients qi are computed using

Eq. (50) with the radial momentum from Eq. (67).
Following the procedure in [18,84], we PM-expand the
resulting scattering angle integral and apply the Hadamard
partie finie, see Eq. (51), to derive relations between the qi
coefficients and the scattering angle. The coefficients
qiðγ; νÞ are then determined by matching the PM-expanded
EOB scattering angle to known post-Minkowskian results
using Eq. (38). The computed deformation coefficients are
listed in Appendix A.
With the qi coefficients at hand, the effective

Hamiltonian Heff ¼ μγ ¼ −μp0 can be obtained from
the mass-shell condition [Eq. (34)] for use in EOB models.

2. The post-Schwarzschild* gauge

In the post-Schwarzschild star (PS*) gauge, the test-body
motion must be geodesic in a deformed Schwarzschild
metric. We therefore incorporate PM information directly
into the metric potentials by fixing BðrÞ and CðrÞ and
deforming the A-potential with ν-dependent coefficients.
The mass shell condition is given in both coordinate
systems by

p2
r;ðisoÞ ¼

B̄ðr̄Þ
Āðr̄; γ; νÞ γ

2 −
p2
ϕ

r̄2
− B̄ðr̄Þ; ð70aÞ

p2
r;ðschwÞ ¼

BðrÞ
Aðr; γ; νÞ γ

2 −
BðrÞ
CðrÞp

2
ϕ − BðrÞ: ð70bÞ

Here the metric potential Aðr; γ; νÞ includes deformation
coefficients αðnÞ (this notation aligns with [53], without the
spin labels). In Schwarzschild coordinates this takes the
following form,

Aðr; γ; νÞ ¼ 1 −
2

r
þ ΔA ð71Þ

ΔA ¼
X
n≥2

αðnÞðγ; νÞ
rn

: ð72Þ

For isotropic coordinates, we follow the same principle but
using the isotropic potential instead of Schwarzschild. As
before, we denote the isotropic deformation coefficients
as ᾱiðγ; νÞ.
We may again define PM expanded w-potentials from

the impetus formula, Eq. (62). The isotropic gauge
w-potential coefficients take the form,

w̄1ðγÞ ¼ 2ð2γ2 − 1Þ; ð73aÞ

w̄2ðγ; νÞ ¼
1

2
ðγ2ð15 − 2ᾱ2ðγ; νÞÞ − 3Þ; ð73bÞ

w̄3ðγ; νÞ ¼ −
1

2
− γ2ðᾱ3ðγ; νÞ þ 6ᾱ2ðγ; νÞ − 9Þ; ð73cÞ

w̄4ðγ; νÞ ¼ −
1

16
þ γ2

�
129

16
−
35

2
ᾱ2ðγ; νÞ;

þ ᾱ2ðγ; νÞ2 − 6ᾱ3ðγ; νÞ − ᾱ4ðγ; νÞ
�
: ð73dÞ

The Schwarzschild gauge potential coefficients are
given by,

w1ðγÞ ¼ 2ð2γ2 − 1Þ; ð74aÞ

w2ðγ; νÞ ¼ −4 − γ2ð−12þ α2ðγ; νÞÞ; ð74bÞ

w3ðγ; ν; pϕÞ ¼ −8 − 2p2
ϕ

þ γ2ð32 − 6α2ðγ; νÞ − α3ðγ; νÞÞ; ð74cÞ

w4ðγ; ν; pϕÞ ¼ −16 − 4p2
ϕ þ γ2ð80 − 24α2ðγ; νÞ;

þ α2ðγ; νÞ2 − 6α3ðγ; νÞ − α4ðγ; νÞÞ: ð74dÞ
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The calculation of the deformation coefficients uses exactly
the same methodology as for post-Schwarzschild, and they
may be found in Appendix A.

3. Structural differences between the models

With the deformation coefficients and w-potential map-
pings in hand, we now investigate the differences between
the various models. At 2PM, the coefficients may be
deduced from the test-mass limit, with ν-dependence
starting due to the EOB-energy map, see Eq. (2.32)
of [20]. In this case the coefficients take the simple form,

q̄2ðγ; νÞ ¼
3

2
ð5γ2 − 1Þ

�
1

Γ
− 1

�
: ð75Þ

The only difference between PS and PS* here is an extra
factor of γ2, due to the different ways that the information is
incorporated into the effective metric. At 3PM the structure
of the coefficients begins to vary across the gauge choices,
and we include explicit expressions in Appendix A. At 4
and 5PM the expressions increase in complexity, including
elliptic functions and polylogarithms, inherited from the
scattering angles, and we include explicit expressions in the
ancillary file. In the following comparisons between
the different gauge choices, we will work at 4PM, unless
otherwise stated.
It is important to note that, while the coefficients are

different between PS and PS*, the coefficients of the
w-potentials also differ. We can explicitly show that for
the PM expanded radial momentum [as in Eq. (65)], the
choice of PS or PS* yields an identical expression. This can
be seen by comparing the effective potentials and scattering
angles, which we present below in Figs. 2 and 4,
respectively.
Differences between the two EOB gauges occur when

we consider the resummed radial momentum, as in
Eq. (66), employed in for example, [53]. The different
forms of the resummed w-potential drastically change the
form of the radial momentum and therefore the accuracy of

the model. It is instructive to study the structure of the
effective potentials in the different gauges, which we define
as the following:

Veff ¼
p2
ϕ

r2
− wðr; pϕ; γ; νÞ: ð76Þ

Figure 1 shows the 4PM accurate resummed effective
potentials across the various choices of gauge. For refer-
ence, the Schwarzschild PS* curve corresponds to the
SEOB-PM model. The horizontal line corresponds to
p2
∞ ¼ γ2 − 1, which is the dimensionless initial energy

of the effective test mass. If the curve remains below p2
∞ for

all radii, then the model always predicts a plunge at this
value of angular momentum, whereas if the curve goes
above it predicts a scatter.
We can see from the structure of the potentials that the

gauge choice has a large impact onwhether themodel predicts
a plunge. Figure 2 shows the impact of PM expansion on the
effective potentials across the gauges. It is notable that the
comparison between resummed and PM expanded strongly
depends on the coordinate gauge as well as the EOB gauge.
This comparison also shows that for PM expanded potentials,
PS and PS* are equivalent. An additional comparison
showing the impact of PM order may be found in Fig. 8.
This is also be evident from the scattering angle comparisons
in Figs. 9 and 10. Notice that for the isotropic case the shapes
of the PM expanded potentials are similar to the resummed
Schwarzschild potentials, while the resummed isotropic
potentials have a very different structure, with both 4PM
isotropic effective potentials predicting a plunge at this
angular momentum. We can see from the potential compar-
isons that the resummed isotropic potential with a PS* gauge
has unexpected results, with the 3PM potential diverging,
predicting a scatter but the 4PM potential has the opposite
behavior. A similar divergent behavior is identified in the PM
expanded Schwarzschild coordinate potentials. The expected
behavior of thepotentials, stemming from intuition of the test-
mass limit, is only seen in the Schwarzschild PS* and PM
expanded isotropic potentials.

FIG. 1. A comparison of the effective potentials at 4PM for an equal mass configuration at fixed energy (Γ1 ≈ 1.02) and angular
momentum (pϕ ≈ 4.4). The left panel compares the two EOB gauges for Schwarzschild coordinates and the right for isotropic
coordinates.
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Given the deformation coefficients it is simple to con-
struct the Hamiltonian in each gauge. It is important to note
that starting at the 4PM order there are nonlocal terms
which enter the deformation coefficients, invalidating the
current scattering to bound analytic continuation. There are
prescriptions available to remedy this, such as the so called
Tutti-Frutti approach [85,86], which incorporates informa-
tion from a different perturbative approaches to compute
the local and nonlocal parts of the radial action. This
formalism has recently been applied in the LEOB-PM
approach [47].
An alternative route to a self-consistent bound orbit

model is to use the local-in-time post-Minkowskian
Hamiltonian derived by Dlapa et al. in [87,88]. This has
the advantage that it does not employ a velocity expansion,
at the cost of an undetermined coefficient for the nonlocal
part of the bound dynamics. This approach could be
supplemented with PN information to determine the non-
local coefficient to the desired PN order. As we will be
focusing on scattering trajectories for the remainder of this
work, it is most appropriate to employ fully dissipative PM
information, including the nonlocal tail effects.

C. Comparison to numerical relativity

When comparing analytical models to NR, it is often
convenient to work with an appropriate set of gauge-
invariant observables. The scattering angle is a natural
gauge invariant observable [89], being gauge invariant at
each perturbative order2 as well as for the full nonpertur-
bative result. As discussed in Sec. II C, the flexibility in
how the EOB-PM Hamiltonians are constructed introduces
gauge dependence in the resummed scattering angle
[52,56]. We demonstrate that this dependence can be
particularly strong, with the choice of gauge and resum-
mation strategy playing a crucial role in the accuracy of the
model across the parameter space.
The comparison of analytical models to BBH NR

simulations has been explored in a range of studies
[50–52,78,79,81,89], and recently extended to BNS sim-
ulations in [90] to explore tidal effects. Here we focus on

FIG. 2. A comparison of effective potentials across the different PM orders considered in all combinations of gauge choices. The left
panels are the potentials with a Schwarzschild radial coordinate, and the right have an isotropic radial coordinate. Note that the PM
expanded potentials (wEOB type) in PS and PS* are equivalent. Note also the similarity between the PS* resummed (SEOB-PM model)
and the isotropic PM expanded potentials (wEOB model). All figures have energy Γ1 and dimensionless angular momentum pϕ ≈ 4.4.
The dashed line is the dimensionless quantity p2

∞ ¼ γ2 − 1, if the potential never rises above the line then that model will always plunge
for this value of l. Numerical relativity simulations at this energy and angular momentum [51] show that the system scatters.

2Scattering amplitudes, from which PM scattering angles are
derived, are gauge-invariant quantities that satisfy the Ward
identities, providing a natural consistency check for QFT-based
methods [31].
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the comparisons to the NR data presented in [51], focusing
on two specific energies, Γ1 ≈ 1.0225 and Γ7 ≈ 1.2169,
where the notation has been chosen for consistency
with [51]. These energies represent the lowest and high-
est energy simulations in [51], allowing us to stress-test
the different gauge choices across a range of energy
scales.
We analyze multiple approaches in computing the EOB

scattering angles. Each approach has in common the
definition of the scattering angle,

θEOB þ π ¼ −2
Z

∞

rmin

dr
∂pr

∂pϕ
: ð77Þ

Employing the form of the radial momentum defined by the
impetus formula Eq. (62), this may be expressed as

θEOB þ π ¼ −2pϕ

Z
∞

rmin

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
∞ − p2

ϕr
−2 þ wðr; γ; νÞ

q : ð78Þ

How we define the w-potential determines the specific
resummation of the scattering angle in the EOB-PMmodel.
There are a number of different choices and combinations
of choices permitted. For example, the SEOB model of
reference [53] employs Schwarzschild coordinates as the
coordinate gauge choice, PS* for the EOB gauge and it
does not PM expand the w-potential. Therefore the
wðr; γ; pϕ; νÞ in the integrand is given by [using these
choices in conjunction with Eq. (63)]

wSEOB-PMðr; pϕ; γ; νÞ

¼
�
1 −

1

r2ð1 − 2
rÞ
�
p2
ϕ

r2
þ
�

1

ð1 − 2
r þ ΔAÞð1 − 2

rÞ
− 1

�
γ2

−
�

1

1 − 2
r

− 1

�
: ð79Þ

On the other hand, the wEOB model of reference [52] uses
isotropic coordinate gauge, PS EOB gauge and chooses to
PM expand the w-potential, given by the following,

wEOBðr; γ; νÞ ¼
X
i

w̄iðγ; νÞ
r̄i

; ð80Þ

where the w̄i are defined in Eq. (68).
The integrals (77) are all computed numerically rather

than analytically, due to the complex functional form that
the resummed w-potential takes. Despite this, for the PM
expanded w-potentials one can compute (at the 4PM order)
the integrals analytically, with results in terms of Elliptic
functions [52]. Our numerical results agree with their
analytical calculations where applicable.
Starting with the resummed w-potentials, Fig. 3 shows

that varying the coordinate gauge and EOB gauge has a
large impact on the convergence of the model to numerical
relativity. In particular, it shows that there is a pairing up of
EOB gauge and coordinate gauge, with Schwarzschild
coordinates performing far better in the PS* gauge as
opposed to PS. The situation for isotropic coordinates is the
opposite, and these behaviors align with the discussion in
the precious section regarding the effective potentials.
Figure 11 shows the high energy comparison using
Schwarzschild coordinates, highlighting the impact of
the EOB-gauge on the final model. In Schwarzschild

FIG. 3. A comparison of nonspinning SEOB-type (resummed potential) models with the numerical relativity data from [51]. We vary
the coordinate gauge and EOB-gauge for an equal mass nonspinning configuration, at 4PM order. Left: the lower energy comparison at
Γ1 ≈ 1.02. Right: the higher energy comparison at Γ7 ≈ 1.22. The curves are truncated when the model predicts a plunge.
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coordinates, PS gauge performs significantly worse than
PS*, agreeing with the results of [56]. It is important to note
that in that particular paper, the EOB gauge is only
discussed for models using Schwarzschild coordinates,
missing the subtlety of the interplay between coordinate
and EOB gauge choice. Figure 12 highlights the poor
performance of Schwarzschild coordinates in the PS gauge.
Another interesting feature of these models, as illustrated

in Fig. 4, is the differing impact of PM expanding the
w-potential across the gauge choices. In particular, with
certain choices, a PM expansion can actually improve the
convergence to NR. In particular, if we consider the
isotropic coordinate model in a PS gauge, it performs
reasonably well with the resummed w-potential, but still
worse than the model with Schwarzschild PS*. However, if
we PM expand the w-potential, it vastly improves NR
agreement, particularly at the higher energy. The compar-
isons in Fig. 4 also provide a consistency check that, in the
PM expanded regime, the two EOB gauges are equivalent.
Through comparing the scattering angles to numerical

relativity data, we have tested all of the different combi-
nations of gauges and w-potential definition. We find that
the best performing gauge to be Schwarzschild coordinates
combined with a PS* EOB gauge, which aligns with the
SEOB-PM model of Ref. [53]. A close second is isotropic
radial coordinates combined with either EOB gauge, with
the caveat that the w-potential must be PM expanded. The
latter is equivalent to the wEOB model of Ref. [52]. It is
worth noting that for the PM expanded w-potentials, the
choice of PS or PS* in the initial construction does not
influence the final model, consistent with the equivalence
of the potentials.

1. Introducing 5PM information

The formalism used in the previous section can be
readily extended to include the new radiative 5PM-1SF

results of Ref. [35]. We restrict our attention to the two best
performing models, namely, Schwarzschild coordinates
with a PS* EOB gauge and isotropic coordinates with a
PS EOB gauge. We further PM expand the radial momen-
tum of the latter model due to the improvement found in the
previous section. We note here that these models corre-
spond to the SEOB-PM and wEOB models.
For the SEOB-PM type model, we employ the radial

momentum of Eq. (70a), with deformation coefficients
included in the A-potential, now with an extra αð5Þ-term.
For the wEOB type model we employ the radial momentum
of Eq. (65), with an isotropic radial coordinate and include
a w5 term. The w5 coefficient can be related to the qi
deformation coefficients by

w̄5ðpϕ; γ; νÞ ¼ 6γ2 −
q̄2
2
−
3q̄3
2

− 2q4 − q5: ð81Þ

Alternatively one can simply treat the wi as the fundamental
deformation functions of the model and match these to the
scattering angle, see Appendix D for further details and the
key relations.
We include the 5PM-1SF deformation coefficients in an

ancillary Mathematica file. It is worth noting that the
complexity of the expressions increases dramatically from
4PM to 5PM, which may adversely affect the incorporation
of these terms into bound-orbit models, particularly due to
the computational overhead associated with the size of the
expressions and the presence of special functions. We can
see from Fig. 5 that the 5PM information slightly worsens
the agreement with NR, at both the lower and higher energy
scales. It is worth emphasizing that the 5PM orbital sector
is as yet incomplete, so these preliminary results are only a
comment on the currently available analytic information. In
terms of gauge choices, it is generally consistent with the
4PM analysis, but with the wEOB framework slightly

FIG. 4. Comparing the PM expanded (E) and resummed (R) potential models across the four gauge choices, comparing at the lower
energy Γ1 for an equal mass system.
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outperforming the SEOB-PM type model. Given that the
changes are minimal, the discussion on the gauge choices at
4PM still holds at the 5PM level.

2. Padé resummation

As discussed in [52,51], Padé resummation of the
w-potentials can be used to improve the agreement with
NR. In particular, [51] found that at 5PM a P4

1 Padé had the
best agreement with numerical relativity, with a calibrated
5PM parameter. Now that the full 5PM-1SF information is
available, we can test the Padé resummation on the purely
analytical information.
A Pn

m Padé approximant is a resummation of a kth order
polynomial, say fðxÞ ¼ a0 þ a1xþ a2x2 þ � � � þ akxk, as
a rational function

Pn
mðxÞ ¼

NnðxÞ
MmðxÞ

; ð82Þ

with the conditions that nþm ¼ k and

Tk½Pn
mðxÞ� ¼ fðxÞ; ð83Þ

where Tk½·� is the Taylor expansion operator.
Padé resummation has long been used to improve the

behavior of the potentials in the EOB formalism, particu-
larly for PN [82,91], as it can help control the divergent
behavior of the perturbative information in certain regions
of parameter space. More recently, it has been used in the
LEOB approach to bound orbits, where a (4,1) Padé was
used to resum the PM information incorporated in the
A-potential [47].
Here, we are interested in applying Padé resummation to

the PS* Schwarzschild gauge, with the resummed

definition of the w-potential (SEOB-PM model) and also
to the PS/PS* isotropic gauge with a PM expanded w-
potential (wEOB model). Due to the different structure of
each approach, we apply the resummation in different
ways. For the former we directly resum the A-potential,
which includes the deformation coefficients. For the latter
we will resum the PM expanded w-potential. In both cases
we aim to improve the behavior of the PM information
incorporated into the model.
A further condition on the Padé approximants for the

SEOB-PM model will be that they recover the correct
ν → 0 limit. This is less restrictive for the wEOB model,
which does not recover the nonperturbative test-mass limit
in any case. The Padé orders that we consider all respect the
test mass limit such that as ν → 0, we have that
A → 1 − 2=r. In particular, P2

2, P
1
3 and P3

1 at 4PM and
P2
3, P

3
2, P

4
1 and P1

4 at 5PM.
At 4PM, SEOB-PM benefits from resummation of the

A-potential, with a (2, 2) Padé approximant significantly
improving agreement with NR at higher energies. For
wEOB, we found little-to-no improvement with any Padé
resummation, with the vanilla wEOB model being the most
robust across the energies tested. This highlights that while
Padé resummation can be beneficial in certain contexts, it
does not universally provide a robust strategy for resum-
ming higher-order PM information, at least in the scattering
regime. A dedicated study of how this impacts the bound
orbit dynamics, examining both the A and w-potentials,
would be required to assess the efficacy of Padé resum-
mation in that context. This is a nontrivial statement given
the different analytic structure of the potentials when
conservative local contributions and additional PN infor-
mation are included [47]. At 5PM we find a similar
conclusion, at the lower energy scale there is a negligible

FIG. 5. Plots showing the performance of the 5PM-1SF information across the two best combinations of gauge and w-potential
definition. The left panel shows an equal mass configuration at the lower energy Γ1, with the right plot at the higher energy Γ7. We see
that in both cases the 5PM-1SF information is slightly worse than the corresponding 4PM results. As in previous plots, the curves either
asymptote or terminate when the model predicts a plunge.
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difference between the Padé approximants and the original
model but at the higher energy scale there are much larger
discrepancies, indicated in Fig. 6. In particular we find a
(3, 2) Padé very slightly increases the performance at
higher energies for the SEOB-PM model, but for the wEOB
model all of the Padé approximants perform significantly
worse than the standard 5PM wEOB. Figures 13 and 14 in
Appendix E contain more comparisons across the different
models considered.
It is interesting to note that our results differ from those

of Ref. [51], where a 5PM parameter was calibrated to
numerical relativity. In that work the authors found that a
Padé approximation could improve the agreement of the
w-potential to a potential extracted from the NR simulation
quite considerably. However, our results are purely based
on analytical information, rather than with a numerical NR
tuned parameter, which is likely the reason for the
discrepancy.

IV. INCORPORATING SPIN

We now turn to the spinning case. The procedure for
computing the EOB metric is the same as the nonspinning
case, but now using a test mass in a Kerr metric as the basis
for the model [58]. The effective Hamiltonian takes the

following form

Heff ¼ HSO þHorb; ð84Þ

where the orbital part can be written in terms of deformed
metric potentials

Horb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aeff

�
1þp2

ϕ

r2
þð1þBnpÞp2

r þBnpa

p2
ϕχ

2þ
r2

�s
; ð85Þ

where χþ ¼ a1 þ a2 replaces the Kerr parameter in Eq. (8).
The spin orbit term may be written in terms of gyrogra-
vitomagnetic couplings, as in [54], in the following way

HSO ¼ pϕðGSSþ GS�S�Þ: ð86Þ

There are a number of choices for spin variables used in
the literature. For consistency with the recent SEOB-PM
work [53], we use the variables χ� ¼ a�=ðGMÞ. It is
common to see the variables S ¼ S1 þ S2 ¼ m1a1 þm2a2
and S� ¼ ðm2=m1ÞS1 þ ðm1=m2ÞS2 ¼ m2a1 þm1a2 used
in the literature, they can be further related to aþ and
a− by

S ¼ M
2
ðaþ þ δa−Þ; ð87Þ

S� ¼
M
2
ðaþ − δa−Þ; ð88Þ

where M ¼ m1 þm2 is the total mass of the system and
δ ¼ ðm1 −m2Þ=2. Finally, our variables of choice χ� are
related through S ¼ 1=2ðχþ þ δχ−Þ and the analogous
relation for S�.
It is worth noting here that in the spinning sector we

employ a physical PM power counting scheme [50,53],
which takes into account the scaling of the spins with G,
i.e., a ≤ GM. Each appearance of a acts to increases the
PM order of the expression. This is in contrast to the formal
PM power counting, in which the ðlþ sþ 1ÞPM order
corresponds to loops of order l and spins of order of s,
see [50,53]. Another subtlety when dealing with spinning
PM results is the distinction between the covariant angular
momentum, which is commonly used in scattering ampli-
tudes based calculations and canonical angular momentum,
which is the definition appropriate for comparison to NR.
One can convert between the two using the relation (valid
in the aligned spin limit),

pðcanÞ
ϕ ¼ pðcovÞ

ϕ −
Γ − 1

2ν

�
χþ −

δ

Γ
χ−

�
: ð89Þ

In this section we always work with the canonical defi-
nition of angular momentum, so we will drop the
explicit label.

FIG. 6. A comparison of the different Padé approximants
considered in the w-eob model at 5PM, the upper plot shows
the lower energy comparison Γ1 and higher energy comparison
Γ7. As in previous plots, the lines terminate when the model
predicts a plunge.
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A. Spinning EOB-PM models

1. SEOB-PM

As was discussed in Sec. II D, the SEOB-PMmodel [53]
is based on the Kerr Hamiltonian expressed in Boyer-
Lindquist coordinates. The SEOB-PM model adopts the
PS* gauge, incorporating PM information via deformations
to the metric potentials and gyrogravitomagnetic spin
couplings. A key choice is that even-in-spin corrections
are incorporated into the A-potential,

Aeffðr; γ; a�Þ ¼
1 − 2

r þ
χ2þ
r2 þ

P
n
ΔAðnÞ
rn

1þ χ2þ
r2 ð1þ 2

rÞ
; ð90Þ

ΔAðnÞ ¼
Xbn−12 c

s¼0

X2s
i¼0

αð2s−i;iÞδσðiÞχ2s−iþ χi−; ð91Þ

where

σðnÞ ¼
�
0; n even;

1; n odd;
ð92Þ

and odd-in-spin terms into the gyrogravitomagentic cou-
plings,

gχ� ¼ r2
X
n≥2

ΔgðnÞa�

rn
ð93Þ

ΔgðnÞχþ ¼
Xbn−22 c

s¼0

Xs

i¼0

αðnÞð2ðs−iÞþ1;2iÞχ
2ðs−iÞ
þ χ2i− ; ð94Þ

ΔgðnÞχ− ¼
Xbn−22 c

s¼0

Xs

i¼0

αðnÞð2ðs−iÞ;2iþ1Þχ
2ðs−iÞ
þ χ2i− : ð95Þ

The effective Hamiltonian is then given by

Heff ¼
pϕðgχþχþ þ gχ−δχ−Þ

r3 þ a2þðrþ 2Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aeff

�
1þ p2

ϕ

r2
þ ð1þ BKerr

np Þp2
r þ BKerr

npa

p2
ϕχ

2þ
r2

�s
;

ð96Þ

where the Kerr spin is taken to be aþ ¼ Mχþ and pϕ

corresponds to the orbital angular momentum L of the
effective test-body. The gyrogravitomagnetic factors are
expressed in a gauge in which gχþ and gχ− depend on 1=r
and L2=r2 but not on p2

r [11,53], in contrast to other gauges
that could be employed [54,55,92,93]. The α coefficients
are calculated using the methods outlined in the

nonspinning sector, and our coefficients are in agreement
with those presented in [53].

2. Spinning wEOB formalism

Within the wEOB framework, we can construct a spinning
model following the expansion analogous to that presented
in [50]. A key difference here is that Ref. [50] employed a
formal PM counting scheme whereas we use the physical
power counting scheme. Recall that in the nonspinning
sector, the wEOB model defined a PM-expansion of radial
momentum of the form

p2
r ¼ ðγ2 − 1Þ − p2

ϕ

r2
þ
X
n≥1

wnðγ; νÞ
rn

; ð97Þ

where the PM deformations are systematically incorporated
through a calibration procedure that matches the scattering
angle, expressed in terms of the undetermined w-potential
coefficients wnðγ; νÞ, to the analytically known PM scatter-
ing angles. Spins can then be introduced by performing a
spin-expansion [50], such that

wnðpϕ; γ; ν; χ�Þ ¼ wðnÞ
ð0;0Þðγ; νÞ þ wðnÞ

SOðpϕ; γ; ν; χ�Þ
þ wðnÞ

SS ðpϕ; γ; ν; χ�Þ: ð98Þ

The wðnÞ
ð0;0Þ term corresponds to the potentials in the orbital

sector, wðnÞ
SO to the spin-orbit (SO) terms capturing the odd-

in-spin deformations, and wðnÞ
SS to the spin-spin (SS)

coefficients that incorporate the even-in-spin deformations.
To maintain consistency with the physical PM counting
scheme, each term wn is expanded to order (n − 1) in the
spins. The spin-orbit part of the potential takes the
following form,

wðnÞ
SOðr; pϕ; γ; ν; χ�Þ ¼

pϕ

r3
ðwχþχþ þ wχ−δχ−Þ; ð99Þ

where

wχþ ¼ wð2Þ
ð1;0Þ þ

wð3Þ
ð1;0Þ
r

þ
wð4Þ
ð1;0Þ þ wð4Þ

ð2;1Þχþχ− þ wð4Þ
ð3;0Þχ

2þ
r2

þ � � � ð100Þ

and a similar expression holds for wχ−. wχ− has a similar
expression, but with þ → −

wχ− ¼ wð2Þ
ð0;1Þ þ

wð3Þ
ð0;1Þ
r

þ
wð4Þ
ð0;1Þ þ wð4Þ

ð1;2Þχþχ− þ wð4Þ
ð0;3Þχ

2
−

r2
þ � � � ð101Þ
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The spin-spin potential has the following functional form

wðnÞ
SS ¼

Xbn−12 c

s¼0

X2s
i¼0

wðnÞ
ð2s−i;iÞδ

σðiÞχ2s−iþ χi−: ð102Þ

The structure of the wSO potential mirrors that of the
spin-orbit components in the effective Hamiltonians pre-
sented above. Since the wEOB model can be recovered
through PM expansions of SEOB-PM-type models, we
construct explicit mapping relations between the α coef-
ficients of the previous models and the w-potential coef-
ficients, analogous to the procedure in the nonspinning
sector. The explicit expressions are given in Appendix D.
Employing these potentials, substituting Eq. (98) into

Eq. (97) defined a radial momentum that we can use to
compute spinning w-effective-potential coefficients.

p2
r ¼ ðγ2 − 1Þ − p2

ϕ

r2
þ
X
n≥1

wnðpϕ; γ; ν; S1; S2Þ
rn

: ð103Þ

We note that n counts the physical PM order, taking into
account the factors of G coming from the spins.
With our expansion of the w-potentials we can see that

one can construct a one-way mapping between the radial
momentum employed in the SEOB-PM model and the
wEOB models, by PM expanding out each part. The
gyrogravitomagnetic couplings expand out to wSO and
the orbital part of the Hamiltonian maps onto wn and
wSS, the explicit maps between the α coefficients and the
w-potential coefficients may be found in Appendix D.

3. Centrifugal radius

As outlined in Sec. II A, the centrifugal radius reveals an
elegant structure to the Kerr A-potential, showcasing how it
can be factorized into a Schwarzschild-like term and a
multiplicative correction factor that encodes the multipolar
structure of Kerr [60]. The centrifugal radius was defined as

r2c ¼ r2 þ a2 þ 2Ma2

r
; ð104Þ

where rc was been rescaled in the usual way, rc ¼
Rc=ðGMÞ. Using this radius in the Kerr Hamiltonian
incorporates spin-spin effects while casting the functional
form into something reminiscent of the Schwarzschild
Hamiltonian,

Horb
Kerr;eq ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AeqðrÞ

�
1þ p2

ϕ

r2c
þ p2

r

BeqðrÞ
�s
; ð105Þ

as outlined in Sec. II A. The odd-in-spin part of the
Hamiltonian takes the form

HSO ¼ pϕðGSSþ GS�S�Þ; ð106Þ

Gi ¼
gi
rr2c

; ð107Þ

HSO ¼ pϕ

rr2c
ðgSSþ gS�S�Þ: ð108Þ

The leading-order values of the spin-orbit couplings gS and
gS� are determined by the test-mass limit, such that

gðLOÞS ¼ 2; gðLOÞS� ¼ 3

2
: ð109Þ

We can transform these gyrogravitomagnetic terms into the
same functional form as employed in SEOB-PM model
using Eqs. (87),

gaþ ¼ 1

2
ðgS þ gS� Þ; ð110Þ

ga− ¼ 1

2
ðgS − gS� Þ: ð111Þ

The leading-order values of the coupling functions are then
given by

gaþ ¼ 7

4
; ga− ¼ 1

4
: ð112Þ

In the PM expansion, we need to track the order of rc
carefully due to its spin dependence. One way to handle this
is to treat rc in the same way as the other metric potentials
and express it as a perturbative PM expansion

½rcðχ; rÞ�2 ¼ r2
�
1þ

X
i≥2

rc;iðχ; γÞ
ri

�
: ð113Þ

At leading order, r2c is OðG−2Þ so the PM expansion within
the square brackets corresponds to the physical PM order.
We will explore two strategies for incorporating PM
information into the Hamiltonians based on the centrifugal
radius. First, we consider a gauge in which rc is fixed to the
Kerr limit and incorporate PM information by deforming
the Schwarzschild-like term in the A-potential

Aeq
effðr; γ; νÞ ¼

�
1 −

2

rc
þ ΔA

� ð1þ 2
rc
Þ

ð1þ 2
rÞ

; ð114Þ

whereΔA corresponds to Eq. (91). We denote this model as
the centrifugal-Kerr model given that the centrifugal radius
is fixed to the Kerr limit.
The second approach incorporates only the nonspinning

deformations into the A-potential, analogous to the PS*
prescription, while spin-spin contributions are included via
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a deformation of the centrifugal radius rc. The nonspinning
deformations to the A-potential take the form

ΔÃðrcÞ ¼
X
i≥2

α̃ðiÞð0;0Þ
r̃ic

; ð115Þ

where the tilde notation is used to distinguish the coef-
ficients and the deformations to the metric potentials from
their counterparts defined in Eq. (91). The resulting
deformation to the centrifugal radius can be expressed as

r̃2cðr; χþ; χ−; γ; νÞ ¼ r2
�
1þ χ2þ

r2

�
1þ 2

r

�
þ Δχ

�
; ð116Þ

where we note that χ� is dimensionless by construction and
therefore does not contain any factor of G. Note that Δχ
starts at the physical 3PM order, leading to the following
PM expansion

Δχ ¼
X
n≥3

Xbn−12 c

s¼0

X2s
i¼1

1

rn
α̃ðnÞð2s−1;iÞδ

σðiÞχ2s−1þ χi−: ð117Þ

Since we are including PM deformations within the
centrifugal radius, we denote this second variant as cen-
trifugal-PM.

As we shall see in the next section, the two models
exhibit varying levels of accuracy. The centrifugal-Kerr
model performs comparably to the SEOB-PMmodel, while
the centrifugal-PM model shows better performance at
large positive and negative spins but suffers a degradation
in accuracy at smaller spins.

4. Comparison to numerical relativity

We compare the various models with the numerical
relativity data reported in Table II of [50], which corre-
sponds to an equal-mass, equal-spin series with fixed
energy and angular momentum (pϕ ≈ 4.5, Γ ≈ 1.02) but
with varying equal-spin magnitudes χþ. As outlined above,
there are three main classes of models in the spinning
sector: SEOB-PM, wEOB, and models based on the cen-
trifugal radius. We will also consider variants of these
models. In particular, we find considerable improvement
when setting the even spin-spin coefficients to zero in the
SEOB-PM and centrifugal-Kerr models, retaining only the
spin dependence in the gravitomagnetic factors.
In Fig. 7, we compare the performance of the four

models defined above to the NR scattering angles. Each
model demonstrates good agreement (within 2%) for small
positive spins, but starts to deviate for larger positive
and negative spin magnitudes. Both the SEOB-PM and

FIG. 7. Comparisons of the different spinning EOB-PMmodels against NR. Both plots show an equal mass configuration with aligned
and equal spins, varying the spin magnitude. Left upper: comparing all of the models which incorporate all the available spinning PM
information. Lower: a pointwise percentage comparison to the NR data points. Right: comparing the centrifugal-PM model with the
SEOB-PM odd spin variant.
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centrifugal-Kerr models are too repulsive at negative spins,
resulting in a smaller scattering angle than predicted by NR
at the ∼4% level. The wEOB model performs marginally
better but is still slightly too repulsive. This is potentially
attributable to the PM-expanded form of the w-potential
moderating the behavior at negative spins. The centrifugal-
PMmodel, however, shows the best agreement with the NR
data, maintaining errors that are below 2% across all data
points tested. This suggests that the centrifugal radius
formulation offers a promising method for resumming
spinning PM information within the EOB-PM framework.
We have also compared variants of the SEOB-PM and

centrifugal-Kerr, in whichwe simply switch off the spin-spin
information contained in the A-potential. This, although
seemingly an ad-hoc prescription greatly improves the
agreement to NR across the data points tested, as shown
in the right panel of Fig. 7. The SEOB-PM model with even
spin-spin information removedmaintains a sub 1%deviation
across these points, suggesting that the spin-spin information
in theA-potential weakens the SEOB-PMmodel. This could
suggest that the Kerr-like description of the spin-spin
interactions could be more robust than the PM even-in-
spin-information, however more investigation is required to
fully understand this discrepancy. Figures 15–17 provide
additional comparisons across the different models, high-
lighting the impact of incorporating even-in-spin terms.
More numerical simulations would be required to robustly
test this prescription across more of the parameter space.

V. CONCLUSIONS

In this work we have systematically tested the impact of
gauge choices on PM based EOB models, building on
earlier works [50,52,53,56]. By constructing from
the ground-up a variety of models in the spirit of the
SEOB-PM model [53] and building the related wEOB type
models [50,52], we have found that in the nonspinning
limit there is a delicate relationship between coordinate
gauge, EOB gauge and PM expansion that can have a
drastic impact on the performance of the model, as seen in
Fig. 4. The gauge corresponding to the SEOB-PM model
(Schwarzschild PS*) performed the best when paired with
the resummedw-potential. A close second was the isotropic
coordinate gauge, paired with a PM expanded potential (in
which case the EOB gauges are equivalent) corresponding
to the wEOB model, with all other choices performing worse
when compared with NR. We have highlighted that the two
gauge choices, coordinate and EOB, seem to be interre-
lated. In particular, Schwarzschild coordinates must be
used with the PS* gauge whereas isotropic requires PS.
We also incorporated the recent dissipative 5PM-1SF

information from [35] and found that the agreement
worsens in comparison to 4PM. This may be due to the
incomplete nature of the 5PM sector, motivating the need
for its completion, allowing tests of the true impact of
higher perturbative orders on EOB models. The 5PM

information does not drastically change the conclusions
regarding gauge choices, however it does show a slight
preference toward the PM expanded isotropic coordinate
model (wEOB) over the SEOB-PM gauge.
As discussed in [51,52], the use of Padé approximants to

improve the convergence of the models to NR has been
explored, but with limited success. In particular, Padé
resummation was not found to be universally robust but
were able to demonstrate significant improvements at high
energies, in agreement with [51], which can be seen in
Fig. 13 in Appendix E. In constructing the Padé approx-
imants, care was taken to enforce the test-mass limit and to
ensure that the potentials reduce to the appropriate expres-
sions in this regime.
In the spinning case we analyzed the existing models,

SEOB-PM and wEOB and found that NR agreement can be
improved significantly by simply switchingoff the even spin-
spin information, suggesting that the way spin-spin infor-
mation is being incorporated is spoiling the accuracy of the
models. To that end, we have also constructed two new
models based on the concept of the centrifugal radius, one
based closely on the SEOB-PMmodel, centrifugal-Kerr, and
another which utilizes the centrifugal radius to incorporate
spin-spin information centrifugal-PM. The former has very
similar, (albeit slightly worse) accuracy compared with
SEOB-PM, but the latter improves NR agreement, signifi-
cantly for large and negative spins (Fig. 7).
There are many future directions for this work: To start it

would be interesting to see if the analysis of the different
gauge choices smoothly transitions to the bound case or if
this changes the structure, particularly in the case of higher
order PM information. Alongside this comes incorporating
information from the recent work by Dlapa et al. [88], in
which a a local conservative Hamiltonian at the fifth PM
order was derived. Armed with these results, waveform
modeling with the post-Minkowskian expansion can be
explored, which would build on the recent works
in [46,47]. The work presented here may be used to inform
the choices that are taken in constructing these models,
highlighting the care that must be taken with gauge choices
in EOBmodels. Another interesting route would be to build
on our centrifugal radius model and extend to higher PM
orders, once they are available, also including new physics
such as spin precession or tidal effects. This has the
potential to improve the modeling of binary systems on
generic orbits, particularly in the strong field regime, which
could greatly benefit analysis of gravitational wave signals
for future high SNR detectors.
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APPENDIX A: NONSPINNING DEFORMATION
COEFFICIENTS

Here we report the scattering angle coefficients to 4PM
order and deformation coefficients up to the 3PM order, for

each of the nonspinning gauge choices. The 4PM coef-
ficients may be found in an ancillary file.
First, the scattering angles in terms of the EOB defor-

mation coefficients are given below.
PS isotropic

χ1 ¼
2γ2 − 1ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ðA1Þ

χ2 ¼
πð15γ2 − 3 − 2q̄2Þ

8
ðA2Þ

χ3 ¼
1

3ðγ2 − 1Þ32 ð64γ
6 − 5 − 9q̄2 − 3q̄3 − 3γ4ð40þ 4q̄2 þ q̄3Þ þ 3γ2ð20þ 7q̄2Þ þ 2q̄3Þ ðA3Þ

χ4 ¼
3π

128
ð35þ 1155γ4 þ 112q̄2 þ 8q̄22 þ 64q̄3 þ 16q̄4 − 2γ2ð315þ 136q̄2 þ 48q̄3 þ 8q̄4ÞÞ ðA4Þ

PS Schwarzschild

χ1 ¼
2γ2 − 1ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ðA5Þ

χ2 ¼
π

8
ð−3þ 15γ2 − 2q2Þ ðA6Þ

χ3 ¼
1

3ðγ2 − 1Þ32 ð−5þ 64γ6 − 3q2 − 3q3 − 3γ4ð40þ 2q2 þ q3Þ þ γ2ð60þ 9q2 þ 6q3ÞÞ ðA7Þ

χ4 ¼
3π

128
ð35þ 1155γ4 þ 24q2 þ 8q22 þ 16q3 þ 16q4 − 2γ2ð315þ 60q2 þ 24q3 þ 8q4ÞÞ ðA8Þ

PS* isotropic

χ1 ¼
2γ2 − 1ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ðA9Þ

χ2 ¼
−π
8

ð3þ γ2ð2ᾱ − 15ÞÞ ðA10Þ

χ3 ¼ −
1

3ðγ2 − 1Þ32 ð5þ 3γ2ð−20þ 7ᾱ2 þ 3ᾱ3Þ − 3γ4ð−40þ 15ᾱ2 þ 2ᾱ3Þ þ γ6ð−64þ 24ᾱ2 þ 3ᾱ3ÞÞ ðA11Þ

χ4 ¼
3π

128
ð35þ γ4ð1155 − 784ᾱ2 þ 24ᾱ22 − 160ᾱ3 − 16ᾱ4Þ − 2γ2ð315 − 248ᾱ2 þ 8ᾱ22 − 64ᾱ3 − 8ᾱ4ÞÞ ðA12Þ

PS* Schwarzschild

χ1 ¼
2γ2 − 1ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ðA13Þ

χ2 ¼ −
π

8
ð3þ γ2ð2α2 − 15ÞÞ ðA14Þ
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χ3 ¼
1

3ðγ2 − 1Þ32 ð5þ 3γ2ð−20þ 5α2 þ α3Þ − 3γ4ð−40þ 11α2 þ 2α3Þ þ γ6ð−64þ 18α2 þ 3α3ÞÞ ðA15Þ

χ4 ¼
3π

128
ð35þ γ4ð1155 − 504α2 þ 24α22 − 112α3 − 16α4Þ þ γ2ð−630þ 280α2 − 16α22 þ 80α3 þ 16α4ÞÞ ðA16Þ

Next, we report the values of the EOB deformation coefficients, after matching to the PM scattering angles.
PS, isotropic

q̄2ðγ; νÞ ¼
3

2Γ
ð5γ2 − 1Þð1 − ΓÞ ðA17Þ

q̄3ðγ; νÞ ¼
1

6ðγ2 − 1Þ2Γ3

	
−8γ7ð31Γ − 45Þνþ 6γ5ð113Γ − 117Þνþ 36γ3ð11 − 19ΓÞν

þ 2γ2
	
Γ
	
74

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
νþ 198ν − 99



− 198νþ 99



− 32

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
Γν

þ 20γ6
	
Γ
	
4

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
νþ 18ν − 9



− 18νþ 9



− 13γ4

	
Γ
	
16

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
νþ 54ν − 27



− 54νþ 27




þ 12
	
−8γ7 þ 20γ5 − 14γ3 þ 18

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
γ2 þ 6

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
þ 8

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
γ6

− 32

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
γ4 þ 3γ



Γνcosh−1ðγÞ þ 2γð127Γ − 27Þν − 54Γνþ 27Γþ 54ν − 27



ðA18Þ

PS, Schwarzschild

q2ðγ; νÞ ¼
3ð5γ2 − 1Þð1 − ΓÞ

2Γ
ðA19Þ

q3ðγ; νÞ ¼
1

6ðγ2 − 1Þ2Γ3

	
4γ7ð45 − 17ΓÞνþ 6γ5ð47Γ − 51Þν − 144γ3ð3Γ − 1Þν

þ 4γ2
	
Γ
	
37

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
νþ 36ν − 18



− 36νþ 18



− 32

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
Γν

þ 10γ6
	
Γ
	
8

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
νþ 18ν − 9



− 18νþ 9



þ γ4

	
Γ
	
−208

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
ν

− 306νþ 153


þ 153ð2ν − 1Þ



þ 12

	
−8γ7 þ 20γ5 − 14γ3 þ 18

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
γ2

þ 6

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
þ 8

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
γ6 − 32

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
γ4 þ 3γ



Γν cosh−1ðγÞ

þ 2γð109Γ − 9Þν − 18Γνþ 9Γþ 18ν − 9



ðA20Þ

PS*, isotropic

ᾱ2ðγ; νÞ ¼
3ð5γ2 − 1Þð1 − ΓÞ

2γ2Γ
ðA21Þ
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ᾱ3ðγ; νÞ ¼
1

6γ2ðγ2 − 1Þ2Γ3

	
16γ7ð45 − 38ΓÞνþ 6γ5ð245Γ − 249Þν − 36γ3ð33Γ − 25Þν

þ 2γ2
	
Γ
	
74

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
νþ 450ν − 225



− 450νþ 225



− 32

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
Γν

þ 40γ6
	
Γ
	
2
	 ffiffiffiffiffiffiffiffiffiffiffiffi

γ2 − 1

q
þ 9



ν − 9



− 18νþ 9Þ

þ γ4
	
Γ
	
747 − 2

	
104

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
þ 747



ν


þ 747ð2ν − 1Þ




þ 12
	
−8γ7 þ 20γ5 − 14γ3 þ 18

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
γ2 þ 6

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q

þ 8

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
γ6 − 32

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
γ4 þ 3γ



Γν cosh−1ðγÞ þ 2γð163Γ − 63Þν − 126Γνþ 63Γþ 126ν − 63



ðA22Þ

PS*, Schwarzschild

α2ðγ; νÞ ¼
3ð5γ2 − 1ÞðΓ − 1Þ

2γ2Γ
ðA23Þ

α3ðγ; νÞ ¼
1

6γ2ðγ2 − 1Þ2Γ3

	
γ7ð540 − 428ΓÞνþ 6γ5ð179Γ − 183Þν − 72γ3ð13Γ − 9Þν

þ 4γ2
	
Γ
	
37

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
νþ 162ν − 81



− 162νþ 81



− 32

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
Γν

þ 10γ6
	
Γ
	
8

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
νþ 54ν − 27



− 54νþ 27



þ γ4

	
Γ
	
549 − 2

	
104

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
þ 549



ν



þ 549ð2ν − 1Þ


þ 12

	
−8γ7 þ 20γ5 − 14γ3 þ 18

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
γ2 þ 6

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
þ 8

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
γ6

− 32

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
γ4 þ 3γ



Γν cosh−1ðγÞ þ 10γð29Γ − 9Þν − 90Γνþ 45Γþ 90ν − 45



ðA24Þ

APPENDIX B: SPINNING-DEFORMATION COEFFICIENTS

As a check of our methods, we reproduce the deformation coefficients of the SEOB-PMmodel. In addition to this we also
provide the coefficients αc of the centrifugal radius based model used in comparisons against the SEOB gauge choices. We
note the difference of a factor of δ between the odd-in-χ− results of our expressions and reference [53]. This is simply due to
the fact that for them, the odd in spin α coefficients are coefficients of δχ−, whereas we have absorbed the δ. It is interesting
to note that the deformation coefficients between the centrifugal-Kerr based model and the SEOB-PM model agree, with
differences coming only from the factorization of the A-potential. The coefficients up to 3PM are given below.

αð2Þð0;0Þ ¼
3

2

�
5 −

1

γ2

�
−
2θð2Þð0;0Þ
πγ2

ðB1Þ

αð2Þð1;0Þ ¼ −
θð2Þð1;0Þ

2γ
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p αð2Þð0;1Þ ¼ −
θð2Þð0;1Þ

2γδ
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ðB2Þ

αð3Þð0;0Þ ¼
12ð5 − 11γ2 þ 6γ4Þθð2Þð0;0Þ þ π

	
35 − 204γ2 þ 309γ4 − 142γ6 − 3ðγ2 − 1Þ32θð3Þð0;0Þ



6πγ2ðγ2 − 1Þ2 ðB3Þ

αð3Þð1;0Þ ¼
πð5γ2 − 3Þθð2Þð1;0Þ − 2

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
θð3Þð1;0Þ

2πγðγ2 − 1Þ32 αð3Þð0;1Þ ¼
πð5γ2 − 3Þθð2Þð0;1Þ − 2

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
θð3Þð0;1Þ

2πγδðγ2 − 1Þ32 ðB4Þ
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αð3Þð2;0Þ ¼
2 − 6γ2 þ 4γ4 −

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p
θð2Þð2;0Þ

2γ2
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p αð3Þð0;2Þ

¼ −
θð3Þð0;2Þ

2γ2
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p αð3Þð1;1Þ ¼ −
θð3Þð1;1Þ

2γ2δ
ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ðB5Þ

The 4PM coefficients may be found in the attached
Ancillary File. As can the coefficients for the centrifugal-
PM model.

APPENDIX C: THE TEST MASS LIMIT

In Sec. II D it was stated that the test-mass limit of the
SEOB type radial momentum tends to the Schwarzschild
radial momentum, whereas the wEOB type models tend to a
PM expanded Schwarzschild radial momentum. Here we
expand upon this point.
Consider the radial momentum for the SEOB-PM model

p2
r ¼ p2

∞ −
p2
ϕ

r2
þ wSEOB-PMðr; pϕ; γ; νÞ ðC1Þ

wSEOB-PM¼γ2þp2
ϕ

r2
þ γ2BðrÞ
Aðr;γ;νÞ−

p2
ϕBðrÞ
r2

−ðBðrÞ−1Þ ðC2Þ

The deformation coefficients present in the A-potential
vanish as the symmetric mass ratio ν → 0. As the effective
w-potential is defined nonperturbatively, this reduces to the
radial momentum of a test mass in a Schwarzschild
background.
On the other hand, the wEOB model has radial momentum

in the following form,

p2
r ¼ p2

∞ −
p2
ϕ

r2
þ wðr; pϕ; γ; νÞ ðC3Þ

wðr; pϕ; γ; νÞ ¼
X
i≥2

wiðγ; pϕ; νÞ
ri

; ðC4Þ

where the coefficients wi are related to the deformation
coefficients by the relations of Eq. (68). The PS-isotropic
deformation coefficients vanish in the test-mass limit
ν → 0, therefore the effective w-potential coefficients
reduce to,

w1ðγÞ ¼ 2ð2γ2 − 1Þ; ðC5Þ

w2ðγÞ ¼
1

2
ð−3þ 15γ2Þ; ðC6Þ

w3ðγÞ ¼ −
1

2
þ 9γ2; ðC7Þ

w4ðγÞ ¼
1

16
ð−1þ 129γ2Þ; ðC8Þ

Therefore the radial momentum in the test limit agrees with
the PM expanded isotropic gauge Schwarzschild radial
momentum, rather than the full geodesic limit. It is
interesting that in isotropic coordinates taking the PM
expansion actually improves the agreement to NR for the
case of isotropic coordinates, rather than worsening it.
Despite this, the Schwarzschild-PS* gauge (SEOB-PM)

model has overall the best agreement with the numerical
simulations.

APPENDIX D: w-POTENTIAL MODELS

In previous studies [50,52], the main object of focus for
including post-Minkowskian deformations into the EOB
formalism has been through the PM expanded w-potentials.
These are defined by taking the PM expansion of the
impetus formula, Eq. (62),

p2
r ¼ p2

∞ −
p2
ϕ

r2
þ
Xn
i¼1

wiðγ; νÞ
ri

: ðD1Þ

Then the w-potential coefficients are determined from the
scattering angle, by taking the PM expansion of the integral
(using the same prescription described above)

χ þ π ¼ −2pϕ

Z
∞

rmin

dr
r2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
∞ −

p2
ϕ

r2 þ
P

n
i¼1

wi
ri

q : ðD2Þ

χ is expanded in the following way,

χ ¼
X∞
n¼0

2
χn
pn
ϕ

: ðD3Þ

The first few coefficients are given by [51]

χ1 ¼
w1

2p∞
χ2 ¼

πw2

4
ðD4Þ

χ3 ¼ p∞w3 þ
1

2p∞
w1w2 −

1

24p3
∞
w3
1 ðD5Þ

χ4 ¼
3π

16
ðw2

2 þ 2w1w3 þ 2p2
∞w4Þ ðD6Þ

χ5 ¼
1

160p5
∞
w5
1 −

1

12p3
∞
w3
1w2 þ

w1

2p∞
ðw2

2 þ w1w3Þ

þ 2p∞ðw2w3 þ w1w4Þ þ
4p3

∞

3
w5 ðD7Þ

χ6 ¼
5π

32
ðw3

2 þ 6w1w2w3 þ 3w2
1w4

þ 3p2
∞ðw2

3 þ 2w2w4 þ 2w1w5Þ þ 3p4
∞w6Þ ðD8Þ
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From these relations the w-potential coefficients can be determined by matching to the known PM scattering angles. The

w-coefficients in terms of PM scattering angle coefficients θðnÞði;jÞ are given by

wð1Þ
ð0;0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

q
θð1Þð0;0Þ ðD9Þ

wð2Þ
ð0;0Þ ¼

2θð2Þð0;0Þ
π

wð2Þ
ð1;0Þ ¼

θ2ð1;0Þffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p wð2Þ
ð0;1Þ ¼

θð2Þð0;1Þ
δ

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ðD10Þ

wð3Þ
ð0;0Þ ¼

πðγ2 − 1Þðθð1Þð0;0ÞÞ3 − ðγ2 − 1Þ24θð1Þð0;0Þθ
ð2Þ
ð0;0Þ þ 12πðγ2 − 1Þθð3Þð0;0Þ

24πðγ2 − 1Þ32 ðD11Þ

wð3Þ
ð1;0Þ ¼

−πθð1Þð0;0Þθ
ð2Þ
ð1;0Þ þ 2θð3Þð1;0Þ

πðγ2 − 1Þ wð3Þ
ð0;1Þ ¼

−πθð1Þð0;0Þθ
ð2Þ
ð0;1Þ þ 2θð3Þð0;1Þ

πδðγ2 − 1Þ ðD12Þ

wð3Þ
ð2;0Þ ¼

θð3Þð2;0Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p wð3Þ
ð0;2Þ ¼

θð3Þð0;2Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p wð3Þ
ð1;1Þ ¼

θð3Þð1;1Þ
2δ

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

p ðD13Þ

wð4Þ
ð0;0Þ ¼

−π2ðθð1Þð0;0ÞÞ4 þ 24πðθð1Þð0;0ÞÞ2θð2Þð0;0Þ − 48ðθð2Þð0;0ÞÞ2 − 12π2θð1Þð0;0Þθ
ð3Þ
ð0;0Þ þ 32πθð4Þð0;0Þ

24π2ðγ2 − 1Þ ðD14Þ

wð4Þ
ð1;0Þ ¼

9πðθð1Þð0;0ÞÞ2θð2Þð1;0Þ − 24θð2Þð0;0Þθ
ð2Þ
ð1;0Þ − 24θð1Þð0;0Þθ

ð3Þ
ð1;0Þ þ 4πθð4Þð1;0Þ

8πðγ2 − 1Þ32 ðD15Þ

wð4Þ
ð0;1Þ ¼

9πðθð1Þð0;0ÞÞ2θð2Þð0;1Þ − 24θð2Þð0;0Þθ
ð2Þ
ð0;1Þ − 24θð1Þð0;0Þθ

ð3Þ
ð0;1Þ þ 4πθð4Þð0;1Þ

8πδðγ2 − 1Þ32 ðD16Þ

wð4Þ
ð2;0Þ ¼

−9πðθð2Þð1;0ÞÞ
2 − 6πθð1Þð0;0Þθ

ð3Þ
ð2;0Þ þ 16θð4Þð2;0Þ

12πðγ2 − 1Þ ðD17Þ

wð4Þ
ð1;1Þ ¼

−9πθð2Þð0;1Þθ
ð2Þ
ð1;0Þ − 3πθð1Þð0;0Þθ

ð3Þ
ð1;1Þ þ 8θð4Þð1;1Þ

6πδðγ2 − 1Þ ðD18Þ

wð4Þ
ð0;2Þ ¼

−9πðθð2Þð0;1ÞÞ
2 − 6πθð1Þð0;0Þθð3Þð0;2Þþ16θð4Þð0;2Þ

12πðγ2 − 1Þ ðD19Þ

wð4Þ
ð3;0Þ ¼

θð4Þð3;0Þ
2ðγ2 − 1Þ32 w

ð4Þ
ð0;3Þ ¼

θð4Þð0;3Þ
2δðγ2 − 1Þ32 ðD20Þ

wð4Þ
ð1;2Þ ¼

θð4Þð1;2Þ
2δðγ2 − 1Þ32 w

ð4Þ
ð2;1Þ ¼

θð4Þð2;1Þ
2ðγ2 − 1Þ32 ðD21Þ

We also discussed in the main text the possibility of deriving a wEOB type model by PM expanding an SEOB-PM

type model. This would lead to a relationship between the coefficients wðnÞ
ði;jÞ and αðnÞði;jÞ. We report here the mapping for the

SEOB-PM α coefficients.
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wð1Þ
ð0;0Þ ¼ 2ð2γ2 − 1Þ ðD22Þ

wð2Þ
ð0;0Þ ¼ −4þ 12γ2 − γ2αð2Þð0;0Þw

ð2Þ
ð1;0Þ ¼ −2γαð2Þð1;0Þw

ð2Þ
ð0;1Þ ¼ 2γαð2Þð0;1Þ ðD23Þ

wð3Þ
ð0;0Þ ¼ −8 − 2p2

ϕ þ 32γ2 − γ2αð3Þð0;0Þw
ð3Þ
ð1;0Þ ¼ −8γαð2Þð1;0Þ þ 2γαð3Þð1;0Þ ðD24Þ

wð3Þ
ð0;1Þ ¼ −8γαð2Þð0;1Þ þ 2γαð3Þð0;1Þw

ð3Þ
ð2;0Þ ¼ 4 − 6γ2 − γ2αð3Þð2;0Þ ðD25Þ

wð3Þ
ð0;2Þ ¼ γ2αð3Þð0;2Þw

ð3Þ
ð1;1Þ ¼ −γ2δαð3Þð1;1Þ ðD26Þ

wð4Þ
ð0;0Þ ¼ −16þ 4p2

ϕ þ 80γ2 − 24γ2αð2Þð0;0Þ þ γ2ðαð2Þð0;0ÞÞ2 − 6γ2αð3Þð0;0Þ − γ2αð4Þð0;0Þ ðD27Þ

wð4Þ
ð1;0Þ ¼ −2ð12γαð2Þð1;0Þ − γαð2Þð0;0Þα

ð2Þ
ð1;0Þ þ 4γαð3Þð1;0Þ þ γαð4Þð1;0ÞÞ ðD28Þ

wð4Þ
ð0;1Þ ¼ −2ð12γαð2Þð0;1Þ − γαð2Þð0;0Þα

ð2Þ
ð0;1Þ þ 4γαð3Þð0;1Þ þ γαð4Þð0;1ÞÞ ðD29Þ

wð4Þ
ð2;0Þ ¼ 12þ 2p2

ϕ − 28γ2 þ 2γ2αð2Þð0;0Þ − 6γ2αð3Þð2;0Þw
ð4Þ
ð0;2Þ ¼ −6γ2αð3Þð0;2Þ − γ2αð4Þð0;2Þ ðD30Þ

wð4Þ
ð1;1Þ ¼ −6γ2αð3Þð1;1Þ − γ2αð4Þð1;1Þw

ð4Þ
ð3;0Þ ¼ 4γαð2Þð1;0Þ − 2γαð4Þð3;0Þ ðD31Þ

wð4Þ
ð0;3Þ ¼ −2γαð4Þð0;3Þw

ð4Þ
ð2;1Þ ¼ 4γαð2Þð0;1Þ þ γð4Þð2;1Þ ðD32Þ

wð4Þ
ð1;2Þ ¼ −2γαð4Þð1;2Þ ðD33Þ

APPENDIX E: ADDITIONAL COMPARISONS

FIG. 8. A comparison of the effective potentials, between PS and PS*, at the lower energy Γ1, with angular momentum pϕ ≈ 4.5, with
equal mass. The left plot shows the Schwarzschild coordinate model, and the right the isotropic radial coordinate.
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FIG. 9. Comparing the scattering angles in isotropic coordinates between PS and PS* gauges, with the left plot showing the
comparison at energy Γ1 and the right Γ7.

FIG. 10. As above, but for the Schwarzschild coordinate gauge.

FIG. 11. Schwarzschild coordinates, PS (left) vs PS* (right) at the higher energies. The solid lines represent the resummed w-potential,
whereas the dashed denote the resummed model.
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FIG. 12. A comparison of the different PS gauge models. The left plots are at the lower energy Γ1, and the right plots are the higher
energy Γ7. As usual, R denotes the use of a resummed model, whereas E denotes the PM expanded w-potential.

FIG. 13. A comparison of the Padé resummed SEOB models, across different PM orders and energies. The top plots are 4PM and the
bottom are 5PM comparisons. Left shows the Γ1 comparison, whereas the right shows Γ7. As in the rest of the comparisons we take
equal mass, ν ¼ 0.25.
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FIG. 14. A comparison of the different Padé resummations considered for the wEOB model, similarly to the previous plot we show 4PM
at the top, 5PM on the bottom with left to right equating to low to high energies.

FIG. 15. A comparison of the two centrifugal radius variants.
We can see that the second variant (spin-deformed rc) shows
better agreement to NR.

FIG. 16. A comparison of centrifugal-PM and SEOB-PM. The
upper panel is the scattering angle with the lower panel giving the
pointwise NR deviation as a percentage.
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