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Typical gravitational production of relics from amplification of inflationary perturbations assumes
Bunch-Davies initial conditions, i.e., a vacuum with initially no particles. In this paper we investigate the
impact of non Bunch-Davies initial conditions to the final abundance of relics, with particular attention to
the parameter space where the total dark matter abundance is reproduced. We present a general framework
for any initial condition, through which we show their nontrivial effect on both spectrum and late-time
abundance. We argue that for particles whose source of conformal symmetry breaking comes only from a
mass term (spin-1=2 fermions and conformally coupled scalars), the choice of initial conditions has little
impact on the mass range relevant to dark matter. For other particles, e.g., the longitudinal mode of spin-1,
we see a deviation from the standard computation. We exemplify and quantify our results with an initial
thermal state and a two-stage inflation scenario, highlighting that the total dark matter can be obtained for a
wide range of masses.
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I. INTRODUCTION

The persistent lack of nongravitational signals in our
quest for dark matter (DM) may be a strong indicator that
DM interacts with the Standard Model (SM) only via
gravity. If this is the case, then the first question we need
to address is: how was the DM abundance generated? It is
well known that gravitational interactions are, by far, too
feeble to allow such a DM candidate to come in thermal
contact with the SM bath. However, other mechanisms,
generically dubbed “gravitational production” are at play in
the early Universe and may generate the desired abundance.
Here we focus on one such mechanism, cosmological
gravitational particle production (GPP), that consists of
the production of particles from amplification of quantum
fluctuations in the evolving cosmological background. This
phenomenon, known since the 1960s [1–4], is completely

analogous to the generation of perturbations in the usual
inflationary theory. The standard picture can be summarized
as follows: suppose the system is in the ground state of the
field of interest, j0ini (usually called a Bunch-Davies
vacuum), at the beginning of inflation. In the usual picture,
the Bunch-Davies vacuum corresponds to the absence of
particles. In Heisenberg picture, the system remains in this
state, while the Hamiltonian inherits a time dependence
from the evolution of the cosmological background, causing
the ground state j0outi at later times to not coincide, in
general, with j0ini. An observer at late times will interpret
the j0ini ≠ j0outi mismatch as the presence of quanta of
the field under discussion: particles have been created
during the cosmological evolution. Another way to see this
is that the effective action Seff for the evolving sector,
eiSeff ¼ h0outj0ini, develops an imaginary part.
Recent years have seen a resurgence of interest in GPP

as a way to produce DM mainly for two reasons: first,
because of the lack of nongravitational signals mentioned
above; second, because GPP is inevitable and must be
quantified, for it generates a population that may serve as
initial condition for any subsequent production mechanism
that does not erase initial conditions (like freeze-in, for
instance). More specifically, the spectrum and abundance
of particles of spin-0 [2,5–19], spin-1=2 [3,5,14,20–23],
spin-1 [22,24–30], spin-3=2 [31–34], spin-2 [35], and
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higher-spin [36] particles have been studied in detail (see
also the reviews [37,38] and references therein). GPP
generates energy density with an inevitable component of
isocurvature perturbations [9,39], whose importance on
cosmologically large scales depends on the details of the
models. In all the cases where the bounds are evaded, it can
be considered a signature of this production mechanism,
together with the gravitational waves generated by such
isocurvature perturbations [40,41]. The effects of a non-
standard cosmological evolution have also been studied
[42]. Three equivalent approaches have been used to
compute observables1: (i) the Bogoliubov approach, in
which time evolution is described via a Bogoliubov
transformation (see references above); (ii) the stochastic
approach, in which a Fokker-Planck equation is solved to
compute the probability of finding a certain configuration
of the field [45–48]; (iii) the effective action approach, in
which the overlap jh0outj0inij2 is computed using an
effective action [49–51]. In this work, our computations
will be mostly done using Bogoliubov transformations.
However, for production that takes place during inflation,
we also compute GPP reusing the standard inflationary
power spectrum derivation.
The main aim of this work is to start exploring what

happens when one of the assumptions of the standard
computation is relaxed. Namely, we are not going to take a
Bunch-Davies vacuum j0ini at the beginning of “visible
inflation” (i.e., the last 60 e-folds or so of inflation), but
instead assume the existence of some preinflationary
dynamics that generates a state jψi populated by particles.
This problem is not new in the context of inflationary
perturbations and was extensively studied in the literature
(see Refs. [52–62] for a partial list of references).
Nevertheless, to the best of our knowledge, the production
of noninteracting relics, e.g., DM, in the presence of initial
conditions differing from the Bunch-Davies one was only
mentioned but not quantified [1–3,63,64]. We thus propose
to fill this gap and discuss in depth the effects of non
Bunch-Davies initial conditions on the final spectrum and
abundance of relics, in particular DM. Naïvely, one would
expect the final number of gravitationally produced par-
ticles to simply be the sum between the particles present at
the beginning of the evolution and those produced by GPP.
As we are going to show in detail, this is not the case.
To exemplify our arguments, we concretely consider two

different scenarios. The first consists of the field under
consideration thermalizing and reaching thermal equilib-
rium before visible inflation, remaining agnostic on the
precise dynamics that generates this initial condition. The
second consists in a two-stage inflationary scenario, that, for
concreteness, we will take to be two de Sitter stages with an
intermediate radiation domination phase. As we are going to

see, depending on the case considered, the final spectrum
and abundance can be drastically different than in the
standard case. We will also comment on how to compute
the final abundance for more general initial states.
The paper is organized as follows: in Sec. II we discuss

the formalism that allows to compute the final particle
spectrum and abundance of gravitationally produced par-
ticles. We keep our discussion general, and show our results
in terms of a generic initial state jψi. In Sec. III we present
our main results focusing on two examples: one in which
we assume thermal initial conditions without specifying its
dynamical origin (Sec. III A) and one in which we follow a
two-stage inflationary evolution in which the Universe
evolves through a quasi–de Sitter and radiation phase
before entering the last stage of inflation (Sec. III B). In
Sec. IV we draw our conclusions. We also add a number of
Appendixes: in Appendix Awe discuss the conventions we
adopt for spin-0, 1=2, and 1 fields. In Appendix B we
discuss why coherent initial states do not modify GPP and
their difference between thermal and squeezed states. We
present in Appendix C approximate analytical results for
the spectrum and number density of the two-stage inflation
scenario discussed in Sec. III B. In Appendix D we instead
discuss different limits on the parameter space (isocurva-
ture, Lyman-α, and white noise). Throughout the manu-
script, we use natural units ℏ ¼ c ¼ 1 and write the
Friedmann-Lemaître-Robertson-Walker (FLRW) metric
as ds2 ¼ aðηÞ2ðdη2 − dx2Þ, with η denoting conformal
time and bold quantity three vectors. A prime represents
the derivative with respect to η, X0ðηÞ≡ dXðηÞ=dη. Other
useful conventions are summarized in Appendix A.

II. GPP FOR GENERIC INITIAL STATES

We now review how to compute the particle spectrum
and total abundance of gravitationally produced massive
particles in an expanding cosmological background. We
will keep our discussion generic, so that it can be easily
adapted to any initial state. The computation can be done
either in terms of mode functions and Bogoliubov trans-
formations or directly in terms of the field power spectrum.
In this work we compute everything with fields rescaled by
their Weyl factor κ. Any (massive) field X, after a Weyl
rescaling, X̃ ≡ aðηÞκX, satisfies the quantum equation

□X̃ þm2a2X̃ þ ðcurvatureÞX̃ ¼ 0;

where□≡ ∂
2
η − ∂

2
x⃗ is the flat space D’Alembertian. Scalars

have κ ¼ 1, fermions κ ¼ 3=2, and gauge field κ ¼ 0. The
curvature term disappears when X is conformally coupled
to gravity, which is the case for fermions and massless
gauge fields. Instead, light scalars (Goldstone bosons) are
naturally minimally coupled to gravity. Notice that since
quantum commutation relations are defined at equal times,
the Weyl-rescaled X̃ obeys the same quantization as its

1Comparison among these methods and further discussion can
be found in Refs. [43–45].
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parent field X, modulo an overall normalization that we
fix later.
In this work we want to compute the energy density of

the field X, generated by GPP, i.e., we are interested in

lim
η→þ∞

hT00
X ðηÞi≡ hρXðηÞi ≈mhnXðηÞi; ð1Þ

where in the last equality we have used the fact that, at late
times, the DM is collisionless and nonrelativistic. As such,
eventually, we are most primarily interested in the calcu-
lation of hnXi. In general, however, the relevant phenom-
enological quantity is ρX, which can be computed in terms
of the energy density of the Weyl-rescaled field X̃ as

a4hρXðηÞi ¼ hHðηÞi=V; ð2Þ

where H=V is the energy density of the Weyl-rescaled
field X̃.
We will discuss two equivalent approaches used in the

calculation of Eq. (2), for the interesting cases of scalars
and Majorana fermions, X̃ ¼ fϕ; χg. Notice that this
includes also the longitudinal component of a massive
vector, which naturally appears as a minimally coupled
scalar, and on which we will focus in subsequent sections.
Using these two simple cases will allow us to explain the
effect that we want to track. More detailed calculations are
found in Appendix A.

A. Mode functions and Bogoliubov transformations

In this Subsection we discuss the derivation of H using
Bogoliubov transformations, which conventionally relate
two sets of creation/annihilation operators acting on the
Fock space of X̃ in the far past and far future. We consider
here the case of X̃ ¼ fϕ; χg, free fields in FRW with mass
m, which can be expanded as follows

ϕðxÞ ¼
Z

d3k
ð2πÞ3 ½akukðηÞ þ a†−ku

⋆
−kðηÞ�eik·x;

χðxÞ ¼
Z

d3k
ð2πÞ3 ½akukðηÞ þ a†−kv−kðηÞ�eik·x; ð3Þ

where the operators satisfy ½ak; a†q�∓ ¼ ð2πÞ3δð3Þðk − qÞ.
The object of interest is the mode function ukðηÞ, which is a
complex scalar for ϕ and a spinor for χ, with vk ¼ −iγ2u⋆k .
Interestingly, in this basis the mode function satisfies a very
simple equation

u00kðηÞ þ ω2
kðηÞukðηÞ ¼ 0; ð4Þ

and similarly for the left-handed chirality component xk of
the spinor uk (see however Appendix A for more details).
All the physics is encoded in the frequency ωk, which

knows about the type of field X̃, and, together with the

boundary conditions, determines the solution for uk. With
the explicit solution it is possible to expand the (operator)
H as follows

H ¼ 1

2

Z
d3k
ð2πÞ3 ½ΩkðηÞða†kak � aka

†
kÞ

þ F kðηÞaka−k þ H:c:�: ð5Þ

This is what we need to compute the average on the proper
state to obtain the energy density as in (2). Knowing the
solution uk and the initial state, the energy density can be
immediately computed. In the bosonic case (spin-0 and
spin-1) we have

ΩkðηÞ≡ ju0kj2 þω2
kjukj2; F kðηÞ≡ ðu0kÞ2 þω2

ku
2
k; ð6Þ

while for a spin-1=2 spinor we have

ΩkðηÞ≡ jx0kj2 þ ω2
kjxkj2 − ω2

k

am
;

F kðηÞ≡ ξk
k

h
ðx0kÞ2 þ ω2

kx
2
k

i
: ð7Þ

In the latter expression, ξk is a phase satisfying the
identities [21] ξ⋆k ξk ¼ 1 and ξ−k ¼ −ξk [21]. We again
refer the reader to Appendix A for details and complete
derivation of the expressions above.
For the present discussion, all that matters is that, for all

cases, far in the past when the modes are deep inside the
horizon we can approximate ω2

k ≃ k2, while at late times,
when m ≫ H, k=a, ω2

k ≃ a2m2. In these two regimes the
frequency is adiabatic, i.e., ω0

k=ω
2
k ≪ 1, and the concept of

particle makes sense. The choice of mode functions defines
a specific annihilation operator ak, which in turn defines a
vacuum state via akj0ai ¼ 0. In Minkowski spacetime, the
frequency is time independent (ω2

k ¼ k2 þm2) and so is the
Hamiltonian, hence, once we choose positive-energy mode
functions uk ∝ e−iωkη, these define the Minkowski vacuum
and minimize the energy for all times. In an expanding
cosmological background, the situation is more involved:
mode functions that define a reasonable notion of vacuum
at early times will, in general, not coincide with the mode
functions that define the vacuum at late times. Suppose the
latter is defined by mode functions wkðηÞ associated with
annihilation operators bk. A good decomposition of the
field ϕ thus

ϕðxÞ ¼
Z

d3k
ð2πÞ3 ½bkwkðηÞ þ b†−kw

⋆
−kðηÞ�eik·x; ð8Þ

with the bk operator (and hence the mode functions wk)
identifying a late-time vacuum bkj0bi ¼ 0. In general, due
to the time dependence of the background evolution, one
finds j0ai ≠ j0bi, showing that early and late time observers
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do not agree on the notion of vacuum. Since both fuk; u⋆k g
and fwk; w⋆

k g are solutions of Eq. (4), it must be possible to
express one in terms of the other via a Bogoliubov trans-
formation

wk ¼ αkuk − βkξku⋆−k: ð9Þ

This, in turn, results in a Bogoliubov transformation
between ak and bk operators,

ak ¼ αkbk þ β⋆k ξ
⋆
k b

†
−k;

a†−k ¼ α⋆k b
†
−k þ βkξ−kbk: ð10Þ

Due to quantization, we have the constraint jαkj2 ∓
jβkj2 ¼ 1. For bosons, the phase ξk is even under
k → −k, as is βk, so it can be reabsorbed in the latter
parameter. For fermions, this phase is instead instrumental
in guaranteeing that the Bogoliubov transformation is not
singular.2

In a cosmological background, it is typically not possible
to find solutions that define the vacuum minimizing the
energy for all times. However, the fact that the frequency
varies adiabatically for early and late times allows us to
define an adiabatic vacuum using as mode function the
positive-energy solution computed via a Wentzel–
Kramers–Brillouin approximation. At late times we can
thus take

wk ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ωkðηÞ
p e−i

R
η dη0ωkðη0Þ; ð11Þ

while the mode function uk will be found solving Eq. (4)
and imposing appropriate initial conditions. Notice that, in
terms of the adiabatic mode functions (11), the late-time
Hamiltonian reads

Hlate ¼
1

2

Z
d3k
ð2πÞ3 ωkðηÞ½b†kbk � bkb

†
k� þO

�
ω0
k

ω2
k

�
; ð12Þ

i.e., it is diagonal apart from terms that are suppressed in the
adiabatic limit. Again, the upper (lower) sign applies to
bosons (fermions).
Up to this point the discussion has been completely in

terms of operators, but in order to compute observables, a
state must be specified as well. We work in the Heisenberg
picture and fix the state to be jψi (not necessarily the

vacuum) at initial times. The number of gravitationally
produced particles, as measured by a late time observer that
uses the bk basis (us), can be computed in two different, but
equivalent ways. One can, in terms of the mode function uk,
equate the expectation value of Eq. (5) with the one of
Eq. (12), as both expressions for the Hamiltonian should
represent the same physics. From the matching condition

lim
η→∞

hψ jHjψi ¼ hψ jHlatejψi; ð13Þ

we can derive an expression for the final number of
particles, by reading out the vacuum expectation value
of b†b on jψi. Defining hNf

ki≡ hψ jb†kbkjψi, we have

hNf
ki ¼

1

2ωk
½ΩkðηÞð2hNin

k i � VÞ

þ F kðηÞhCin
k i þ c:c:� ∓ V

2
: ð14Þ

In the above equation we have some important quantities
for our discussion: (i) hNin

k i≡ hψ ja†kakjψi is the number of
particles of comoving momentum k in the initial state;
(ii) hCin

k i≡ hψ jaka−kjψi. The appearance of comoving
volume factors V originates from the use the commutation
relations yielding ð2πÞ3δð3Þð0Þ≡ V. The upper (lower) sign
applies to bosons (fermions). Alternatively, hNf

ki can be
obtained directly in terms of the Bogoliubov transformation
of Eq. (10) via

hNf
ki ¼ Vjβkj2 þ ð1� 2jβkj2ÞhNin

k i
− ðα⋆k β⋆k ξ⋆k hCin

k i þ c:c:Þ; ð15Þ

where we have used jαkj2 ∓ jβkj2 ¼ 1. Given our definition
of the Bogoliubov transformation and of the adiabatic
vacuum, Eqs. (14) and (15) are equivalent.
Given the stochastic and isotropic nature of GPP, a

natural definition for the number density emerges as

na3 ¼
Z

d3k
ð2πÞ3

hNf
ki

V
¼
Z

dk
k

�
k3

2π2
nk

�
; ð16Þ

where in the last step we have defined nk ¼ hNf
ki=V and a

is the scale factor. If we now define the initial (comoving)
number density hnink i≡ hNin

k i=V and hcink i≡ hCin
k i=V, we

can write

nk ¼
1

2ωk
½ΩkðηÞð2hnink i � 1Þ

þ F kðηÞhcink i þ c:c:� ∓ 1

2
; ð17Þ

or, equivalently,

2More precisely, without the property ξ−k ¼ −ξk, we would
obtain that bk and b†k would always be proportional to
ðjαkj2 − jβkj2Þ−1, independently from the statistics. While for
bosons this is always equal to 1 and the transformation is always
invertible, for fermions it may vanish, making the Bogoliubov
transformation singular. The property ξ−k ¼ −ξk guarantees that,
for fermions, bk and b†k are proportional to ðjαkj2 þ jβkj2Þ−1 ¼ 1,
making the transformation always invertible.
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nk ¼ jβkj2 þ ð1� 2jβkj2Þhnink i
− ðα⋆k β⋆k ξ⋆k hcink i þ c:cÞ: ð18Þ

As a crosscheck, we observe that, when jψi is the
Bunch-Davies vacuum, we have hnink i ¼ hcink i ¼ 0 and
2π2nk=k3 ¼ jβkj2 ¼ ðΩk − ωkÞ=ð2ωkÞ.3 Actually, for
the Bunch-Davies vacuum we also have that
F kðη → −∞Þ ¼ 0. This is the standard result used in the
literature [38].
When we allow for a more generic initial state, two

effects emerge: (i) a “stimulated emission” or “Pauli
blocking” term proportional to hnink i (this nomenclature
was introduced already in Ref. [2]) and (ii) terms propor-
tional to the matrix elements hψ jaka−kjψi and
hψ ja†ka†−kjψi, which can be nonvanishing only if the initial
state jψi is a linear combination of multiparticle states of
the form

jψi¼
X
n

Z
d3k1
ð2πÞ3…

d3kn
ð2πÞ3ψnðk1;…;knÞjk1;…;kni; ð19Þ

where the functions ψnðk1;…; knÞmust be chosen in such a
way that hψ jψi ¼ 1 and have the appropriate symmetry
properties to satisfy the statistics of the field. They must
also be chosen to ensure that the expectation value of the
energy-momentum tensor is finite. The conclusion is clear:
in order to compute the final number of gravitationally
produced particles, it is sufficient to solve the equations of
motion (EoM) (4) (and the analogous ones for fermions)
and use Eq. (17). Alternatively, we can compute the
Bogoliubov coefficients αk and βk and use Eq. (18). The
two approaches are completely equivalent.
Before concluding the discussion, we make two final

comments. First, we observe that states like the one in
Eq. (19), i.e., superpositions of multiparticles states, are not
so exotic as they may seem. Indeed, we can list at least two
well-known cases in which this happens: (i) squeezed states
like those obtained via a Bogoliubov transformation (even
those obtained via GPP) [37] and (ii) coherent states. The
first case (together with a case in which hCin

k i ¼ 0) will be
considered in Sec. III, while we argue in Appendix B that
the coherent states have no impact in the relic abundance.
Second, we observe that the computation of the spectrum
from the expressions in Eqs. (17) and (18) carries a
redundancy. In other words, one is allowed to choose
how to read the nontrivial initial conditions, depending on
which term in nk carries the information about them. There
are basically two different interpretations:

(i) The state jψi carries all the information about
the initial conditions and we take Bunch-Davies
initial conditions for the mode functions, namely

ukðηiÞ¼e−iωkðηiÞηi=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωkðηiÞ

p
and u0kðηiÞ¼−iωkðηiÞ

ukðηiÞ, with ηi the initial conformal time. In this way,
ΩkðηiÞ ¼ ωkðηiÞ and F kðηiÞ ¼ βkðηiÞ ¼ 0, whereas
we take nkðηiÞ ¼ hnink i and hcink i ≠ 0, such that
Eqs. (17) and (18) are automatically satisfied at
initial times;

(ii) The state is taken to be the vacuum jψi ¼ j0ini,
while the mode functions uk carry all the informa-
tion about the initial state. As a consequence,
hnink i ¼ 0 and hcink i ¼ 0 as if we were considering
a Bunch-Davies initial state, but we choose initial
conditions ukðηiÞ and u0kðηiÞ in such a way that
ΩkðηiÞ ¼ ωkðηiÞð�2nkðηiÞ þ 1Þ or, equivalently,
jβkðηiÞj2 ¼ nkðηiÞ. This again guarantees that
Eqs. (17) and (18) are satisfied at initial times.

In practical computations, it might be more convenient to
use one of the interpretations above rather than the other.
We have checked for several cases, including the ones
discussed in Sec. III A, that we obtain the same results with
both approaches. In studies involving more observables
other than the spectrum, possibly this redundancy is broken
and one might have to choose only one of these inter-
pretations, thus giving more information on the structure of
the initial conditions of the relics. We leave such analysis
for future work.

B. Power spectrum

An alternative way of performing the computation
employs the power spectrum of the field, when sizable
production happens during inflation, as it is for minimally
coupled scalars. For simplicity of notation, we will from
now on drop the tilde from Weyl-rescaled fields. For the
case of a bosonic X, we have

hXkðηÞXqðηÞi ¼ ð2πÞ3δð3Þðkþ qÞ 2π
2

k3
PXðk; ηÞ; ð20Þ

where the average is taken over the state jψi. Our starting
point is again the Hamiltonian, written using the field basis
in which the EoM is of the harmonic oscillator type. Taking
the expectation value between jψi states, the result can be
expressed using the power spectrum defined in Eq. (20) as

hHi ¼ V
2

Z
dk
k
½PX0 þ ω2

kPX�; ð21Þ

where V is, again, the comoving volume over which we are
integrating. This result applies to bosons, while we defer the
discussion of the fermionic case to Appendix A 2. From this
expression it is clear that the power spectrum of the field
contains the same information contained in the number of
particles, with the advantage that, while the number of
particles is well defined only when the evolution is
adiabatic, the power spectrum is always well defined. We
can make the comparison more precise focusing on the

3In Minkowski spacetime, Ωk ¼ ωk and there is no CGGP as
expected.
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scalar ϕ, comparing Eq. (21) with the expectation value of
Eq. (12), from which we obtain

nk ¼
1

2

�
2π2

k3
1

ωk
ðPϕ0 þ ω2

kPϕÞ − 1

�
: ð22Þ

Again, we stress that this expression can be interpreted as
the particle spectrum only at late times, when the evolution
is adiabatic and the concept of particle well defined. In this
regime, the field evolution is virialized (Pϕ0 ∼ ω2

kPϕ) and
we have ðk3=2π2Þnk ≃ ωkPϕ. In Sec. III, we will present
plots for ðk3=2π2Þnk, which is a probe for the power
spectrum at late times. The power spectrum also encodes
information about the initial conditions. To see this, we
observe that the average in Eq. (20) can be made explicit
using the field decomposition of Eq. (3). The matrix
elements of the bilinears of annihilation and creation
operators that appear are simplified using momentum
conservation,

ha†kaqi ¼
ha†kaki
V

ð2πÞ3δð3Þðk − qÞ;

hakaqi ¼
haka−ki

V
ð2πÞ3δð3Þðkþ qÞ; ð23Þ

from which we obtain, for any bosonic field,

2π2

k3
Pϕðk; ηÞ ¼ jukðηÞj2ð2hnink i þ 1Þ

þ ukðηÞ2hcink i þ c:c: ð24Þ

We thus conclude that the power spectrum contains, at the
same time, information about the initial conditions (through
hnink i and hcink i) and the subsequent evolution [through
ukðηÞ]. Once these information are known, PXðk; ηÞ can
be computed at any time. Since we are concerned with
imposing appropriate initial conditions, it is convenient to
follow the standard procedure and introduce a transfer
function Tðk; ηÞ such that

PXðk; ηÞ ¼ PXðkÞexitTðk; ηÞ; ð25Þ

where PXðkÞexit is the power spectrum at the moment of
horizon exit during inflation. With respect to the standard
case there is a complication. When the term proportional to
hcink i is absent in Eq. (24), the transfer function can be
simply computed as Tðk; ηÞ ¼ jukðηÞj2=jukðηiÞj2. When
hcink i ≠ 0, care must be taken, since the terms jukj2 and
u2k in Eq. (24) agree on the overall dependence on a, but
evolve with different phases. As we are going to see in
Sec. III, this will cause an oscillatory behavior in the final
results but does not change the overall dependence on the
scale factor.

1. Peak in the power spectrum: The case of vector DM

Before moving to the explicit examples in Sec. III, we
would like to comment on the case of a massive vector, with
notation as in Appendix A 3. This case is a reference for all
models that develop a peak in the power spectrum at some
comoving momentum kpeak. This happens for all fields, with
the exception of the minimally coupled scalar. The appear-
ance of the peak can be understood inspecting the transfer
functions Tðk; ηÞ, which are reported in Appendix A for
various fields. Here we discuss in detail the case of spin-1,
but similar reasoning can be applied to the other cases. This
also allows us to reconnect with the famous case of dark
photon DM production from inflationary perturbations [24].
Suppose we are given the initial power spectrum at

horizon exit during inflation. As in the Appendix, when
discussing analytic results we approximate inflation as a
pure de Sitter phase of expansion (with Hubble parameter
Hinf ) and take reheating to be instantaneous. The transfer
function for the Weyl-rescaled longitudinal component of a
vector field, called u in Appendix A, is [see Eq. (A37)]

Tðk; ηÞ ∝

8>>>><
>>>>:

const k ≫ aH; am

a2 aH ≫ k ≫ am

const aH ≫ am ≫ k

a−1 am ≫ k; aH

ð26Þ

where we have maintained only the overall a scaling,
averaging over oscillations. We find it more useful to
parametrize the transfer function in terms of the scale
factor, rather than conformal time. With the results above,
we can follow the evolution of different modes k using
Fig. 1 as a guide, identifying three relevant regimes of
comoving momenta. For modes k < k⋆, the modes enter the
red region at horizon exit (a ¼ k=Hinf ), they evolve as a2

until the moment in which they enter the blue region
(a ¼ k=m), at which point they remain constant until
crossing into the green region, in which they start decreasing
as a−1. We thus have

Tðk; ηÞ ¼
�

k=m
k=Hinf

�
2 a⋆
a

¼ H2
inf

m2

a⋆
a
; k < k⋆: ð27Þ

For modes k⋆ < k < ke, the modes again exit the horizon
into the red region when a ¼ k=Hinf . They then evolve as a2

until they enter again the horizon during radiation domi-
nation (when a ¼ a2eHinf=k), they remain constant while
they are inside the horizon and then enter the green region at
a ¼ k=m, at which point they start to evolve as a−1. Overall,
the transfer function for these modes results in
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Tðk;ηÞ¼
�
a2eHinf=k
k=Hinf

�
2 k=m

a
¼ðaeHinfÞ4

k3ma
; k⋆ <k<ke:

ð28Þ

Finally, for modes k > ke the evolution is always adiabatic
and no GPP happens.
Putting everything together, we have that the transfer

function is initially constant and then decreases as k−3. This
behavior contributes to the formation of the peak previ-
ously mentioned. To further clarify this point, we consider
the usual case of Bunch-Davies initial conditions, i.e., we
take ukðηiÞ → e−ikηi=

ffiffiffiffiffi
2k

p
(and hNin

k i ¼ hCin
k i ¼ 0) in the

left part of the yellow region of Fig. 1. For this initial
condition, the power spectrum at horizon exit is simply

PuðkÞexit ¼
k2

4π2
ðBunch-DaviesÞ: ð29Þ

Combining this with the transfer function computed above,
we obtain a power spectrum that grows as k2 for k < k⋆ and
decreases as k−1 for k > k⋆, i.e., the spectrum is peaked as
anticipated. For future convenience, we use the results
obtained so far to estimate analytically the late-time DM
energy density for Bunch-Davies initial conditions. This
can be done using Eq. (16) and estimating ðk3=2π2Þnk ≃
ωkPϕ=2 using the power spectrum just computed and
ωk ≃ am. Integrating over all momenta we obtain

na3 ≃
3ðaeHinfÞ3

8π2

ffiffiffiffiffiffiffiffi
Hinf

m

r
; ð30Þ

from which the following final abundance can be derived:

Ωvector

ΩCDM
≃
�

TRH

109 GeV

��
Hinf

1012 GeV

�
2 m
Hinf

na3=ðaeHinfÞ3
10−5

;

ð31Þ

with ΩCDM ≃ 0.26 the present observed DM abundance.
We observe that, comparing Eqs. (30) and (31), we
reproduce the well-known behavior Ω ∝

ffiffiffiffi
m

p
[24–26,28].

Although we have shown explicitly only the case of
instantaneous reheating, a similar analysis can be per-
formed for finite reheating and the spectrum is similarly
peaked at k⋆. In what follows, it will be useful to have
approximate expressions for k⋆,

k⋆ ≃ aeHinf

�
m
Hinf

�
1=3

; H ¼m at reheating;

k⋆ ≃ aeHinf

�
m
Hinf

�
1=2
�
Hinf

HRH

�
1=6

; H ¼m at radiation;

ð32Þ

where HRH ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2g�ðTRHÞT4

RH=ð90M2
PÞ

p
is the Hubble at

the end of reheating, withMP the reduced Planck mass, and
g�ðTÞ the number of relativistic degrees of freedom at
temperature T.
Of course, while the conclusion that the power spectrum

at late times is peaked at k⋆ relies on the usual Bunch-
Davies initial conditions in Eq. (29), the transfer function
Tðk; ηÞ we have computed is, except for oscillations,
applicable to any initial condition. In particular, given a
more generic initial power spectrum, different from
Eq. (29), its convolution with the transfer function does
not necessarily produce a peak at k⋆, or may even produce
multiple peaks. In fact, both the explicit examples consid-
ered in Sec. III will have peaked power spectra, one for
which kpeak ¼ k⋆ as before, and another where a second
peak will appear, located at another comoving momentum.
As we are going to discuss in detail, the peaked behavior
will be instrumental in determining the experimental limits
on the scenario considered.

III. RESULTS

In this Section we present our results by illustrating the
impact of initial conditions on the production of relics via
GPP. We consider two different cases: in the first, we will
assume a initial thermal distribution without specifying its
origin; in the second, we will instead assume a two-stage
inflation model with an extra phase of radiation domination
between the quasi–de Sitter evolution. We will analyze in

FIG. 1. Sketch showing the behavior of the transfer function of
a vector field, Eq. (26) for instantaneous reheating. We show the
comoving horizon 1=aH (black) and the comoving Compton
wavelength 1=am (purple). The scale factor ae denotes the end of
inflation and a⋆ the moment in which m ¼ H and the evolution
becomes adiabatic. We take Hinf to be the Hubble parameter
during inflation.
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detail both possibilities, stressing the new features brought
by the new initial conditions.
We start with a general comment about fields for which

the only break of conformality is due to their mass
(conformally coupled scalar with ξ ¼ 1=6, spin 1=2
spinors, transverse polarizations of vector fields). For
these cases, ωk ≃ k until the mode crosses the comoving
Compton wavelength and the mass term in ωk becomes
important (see Appendix A), so that the mode functions
that appear in Eqs. (17) and (18) are the Bunch-Davies
ones to a very good degree of approximation. This implies
Ωk ≃ ωk and F k ≃ 0, so that there is essentially no GPP in
this regime and nk ≃ hnink i until Compton crossing. On
general ground, we expect physically relevant modifica-
tions to hnink i to happen for relatively small k. On the other
hand, after Compton crossing, for the cases under con-
sideration jβkj2 peaks at large k⋆, corresponding to large
masses, in such a way that the product jβkj2hnink i appearing
in Eq. (18) is much smaller than the pure GPP contribution
jβkj2. We thus expect these “almost-conformal” field to be
only slightly affected by non-Bunch-Davies initial con-
ditions. This will be the case in the thermal example
considered in Sec. III A, for which we numerically
checked that a thermal initial distribution have almost
no effect on the final abundance of conformally coupled
scalars. In the example discussed in Sec. III B, on the other
hand, the two-stage inflationary scenario considered is
such that no GPP at all happens before Compton crossing,
making our claim exact. We also do not focus on
minimally coupled scalars, since it is known that they
are excluded by isocurvature constraints [9,39,65] (see
Appendix D 1) and a nonvanishing initial population does
not change this conclusion. Different is the situation of the
longitudinal components of massive vectors: they are, in
general, not affected by isocurvature perturbations and
their GPP starts well before the mass becomes important,
so that they are most affected by non Bunch-Davies initial
conditions.
For all our results, we consider a period of inflation,

described for simplicity by the single-field quadratic
(chaotic) model, followed by a phase of reheating propelled
by inflaton decays and by the usual period of radiation
domination.4 In what follows, ae, Hinf (TRH, HRH) denote
the scale factor and Hubble parameter (temperature and
Hubble) at the end of inflation (reheating).

A. Thermal distribution

We first assume the non-Bunch-Davies initial condition
to be a thermal distribution. More precisely, we take

hnink i ¼
1

ek=T − 1
; hcink i ¼ 0; ð33Þ

at some initial time ai. These relations follow computing
the expectation values of an operator O as trðρOÞ with
thermal density matrix

ρ ¼
Y
k

ð1 − e−k=TÞ
X∞
Nk¼0

e−Nkk=T jNkihNkj; ð34Þ

where jNki is a state with Nk quanta with momentum k.
The parameter T is the comoving temperature, related as
usual to the physical temperature of the preinflationary
thermal bath by Tphys ¼ T=a. To be independent of the
convention of the scale factor, we present our result in terms
of T=ðaeHinfÞ, which is a physical dimensionless quantity.
Here we remain agnostic about the origin of Eq. (33), but
one can imagine that it could have been generated from the
dynamics of a dark sector that produced the relic through a
thermal mechanism. For our computation to be valid, we
need to assume that the interactions that generated the
thermal bath are switched off at the time we impose initial
conditions, so that we can safely use the free EoMs for the
mode functions.
In Fig. 2 we present our results for the normalized

momentum spectrum ðk3=2π2Þnk=ðaeHinfÞ3 of the longi-
tudinal component of a vector particle, for concreteness
choosing m ¼ 10−15GeV and TRH ¼ 102 GeV. The
dashed line shows the spectrum calculated with Bunch-
Davies initial conditions (i.e., no initial particle popula-
tion), while the colored lines show the spectrum obtained
with different normalized initial temperature T=ðaeHinfÞ.
From the plot we see that, although the slopes change with
respect to the usual Bunch-Davies case, the thermal
distribution preserves most of the features of the spectrum.

FIG. 2. Comoving momentum spectrum for a spin-1 relic
with a mass m ¼ 10−15 GeV and reheating temperature TRH ¼
102 GeV. Dashed black line denotes results obtained using
Bunch-Davies initial conditions, while colors assume different
values for the initial temperature T according to the color code.

4Even though this quadratic inflationary model is excluded by
current experimental data [66], the relics produced from GPP are
rather insensitive to the precise dynamics of inflation for masses
m < Hinf , which is the regime considered here.
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In particular, the peak is still located at k⋆, as indicated by
the vertical dashed gray line. This can be understood
from the fact that the impact of the initial thermal
distribution is only important when k ≪ T, implying that
hnink i ≃ T=k, which is why the slopes of nk change. Since
ðk3=2π2ÞnkjBunch−Davies ∼ k2 for k < k⋆ and decreases after-
ward [see discussion after Eq. (29)], the peak will remain at
k⋆, as seen from Fig. 2. The thermal distribution stops
being relevant for masses that satisfy k⋆ ≳ T. Nevertheless,
we see that the initial thermal distribution has an impact for
k≲ T as long as the GPP peak falls in this region, i.e.,
k⋆ ≲ T. If this is not the case, the impact of thermal initial
conditions is small and resembles the one of “almost
conformal” fields discussed above.
Moving on to Fig. 3, we show the spin-1 abundance

curves corresponding to the total DM today in the parameter
space of mass and initial temperature. The different curves
correspond to different reheating temperatures TRH for a
fixed Hinf ¼ 1013 GeV. We distinguish between two
regimes: high and low reheating temperatures. In the former
case (TRH ¼ 1012 GeV, solid blue, and TRH ¼ 108 GeV,
dotted orange) the curve remains horizontal for low masses
and then suddenly drops at a certain mass value. This drop
takes place precisely at the mass that would correspond to
the total DM in the Bunch-Davies scenario, indicated by the
cross ×, above which there is overproduction of DM. The
approximate constant behavior follows from

Ω ∝ m
Z

dk
k

k3

2π2
nk

≃m
Z

dk
k
k3jβkj2
2π2

hnink i

∝ ΩjBunch−Davies
T
k⋆

; ð35Þ

where ΩjBunch−Davies is the abundance for Bunch-Davies
initial conditions. In the equation above, we have just
considered the contribution from the “stimulated produc-
tion” term, used that the integral is dominated for k ≃ k⋆
and assumed T ≫ k⋆. For small masses, i.e., when H ¼ m
happens during radiation domination, ΩjBunch−Davies=k⋆ ∼ffiffiffiffi
m

p
=
ffiffiffiffi
m

p ¼ constant, see Eqs. (30) and (31), explaining
why Ω is independent of the mass in this regime. In the case
of low reheating temperatures (dashed-dotted purple for
TRH ¼ 10−1 GeV and dashed green for TRH ¼ 102 GeV),
the constant behavior for small masses is identical, but after
a certain point the curves instead grow with temperature and
mass. This is a consequence of the fact that, for such low
reheating, the usual GPP with Bunch-Davies initial con-
ditions cannot produce the entirety of the DM, needing
thus to rely on the enhancement through the initial con-
ditions to achieve the correct abundance today. Following
a similar estimate from Eq. (35) but for masses that cross
the threshold H ¼ m during reheating, we find

Ω ∝ ΩjBunch−DaviesT=k⋆ ∼ T=m1=3—see Eq. (32)—which
correctly describes Fig. 3. Furthermore, since T=k⋆ ∼
T2=3
RHT, the lower the reheating temperature is, the larger

the initial temperature must be to generate the same
abundance.
In Fig. 3 we also show some constraint on our parameter

space. First, the final spectrum ðk3=2π2Þnk must remain
integrable in order to avoid a catastrophic production of
particles. This is evident from Fig. 2, which shows that the
spectrum is peaked at k⋆ and falls to zero for both small and
large k and therefore can be safely integrated over the whole
range of momenta. Second, the energy density stored in the
initial thermal bath, ρDM, should not exceed that of the
inflaton, ρinf , thus spoiling the inflationary dynamics. Since
we are being agnostic about the dynamics that generates the
thermal bath, we can imagine two situations depending on
whether the bath formed and freezed out before of after the
CMB modes exited the horizon. In the former case (thermal
bath already present at CMB horizon exit) we have
explicitly checked that requiring the radiation energy
density to be subdominant implies temperatures so low
that no effect is seen in GPP. In the latter case (the thermal
bath formed and freezed out after the CMBmodes exited the
horizon), we require the initial condition ai to be set at the
latest at the time the dominant mode k⋆ exits the horizon,
i.e., ρDMðai ¼ k⋆=HinfÞ < ρinf ,

ρDM

�
ai ¼

k⋆
Hinf

�
¼ 1

a4i

π2T4

30
< ρinf ¼ 3M2

PH
2
inf: ð36Þ

FIG. 3. Abundance levels for spin-1 DM in the scenario with an
initial thermal distribution. We show in the m − T parameter
space the curves representing the total DM abundance today.
Colors denote different reheating temperatures, namely TRH ¼
1012 GeV (solid blue), TRH ¼ 108 GeV (dotted orange), TRH ¼
102 GeV (dashed green), and TRH ¼ 10−1 GeV (dashed-dotted
purple). We fix Hinf ¼ 1013 GeV. The gray regions are excluded
by superradiance limits, while the yellow bands by Eq. (37), see
text for details. The black cross denotes the mass m ≃ 2 ×
10−13 GeV for which Bunch-Davies initial conditions can pro-
duce all the DM.
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The equation above can be recast as

T
aeHinf

<
k⋆

aeHinf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
ffiffiffiffiffi
10

p

π

MP

Hinf

s

≃
�
k⋆=aeHinf

10−3

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1013 GeV

Hinf

s
: ð37Þ

Of course, if the complete dynamics leading to the thermal
bath is specified, the energy density of the bath can be
followed precisely and the condition ρDM < ρinf must be
imposed in such a way that CMB physics is not spoiled. In
Fig. 3 we highlight in yellow the band around the curves
where the constraint on the initial energy density described
in Eq. (37) is violated. We notice that most of the low mass
regime is excluded by this bound, while for very low
reheating, for instance TRH ¼ 10−1 GeV, all points are
disfavored. In gray we include bounds from superradiance
[67–70]. This phenomenon consists in the exponential
growth of the occupation number of bosons that are
gravitationally bound to astrophysical black holes, and
end up depleting their spin [71,72]. Other potentially
relevant constraints to GPP-produced DM would be iso-
curvature and Lyman-α bounds. We argue in Appendix D,
however, that they will not exclude any portion of the
parameter space shown in Fig. 3.
Our results show concretely that i) non-Bunch-Davies

initial conditions can have a huge impact on the outcome of
GPP for relics and, regarding DM production, ii) we can
obtain the correct present abundance in a large range of
previously excluded masses. For the choice of parameters
shown in Fig. 3 we see that, depending on TRH, we can
obtain the correct abundance with masses that go fromm≲
10−17 GeV up to m≲Hinf , while setting Bunch-Davies
initial conditions would select the value m ≃ 10−13 GeV.
This proves that precise knowledge of the initial conditions
can be critical in predicting the correct abundance of spin-1
relics.
As a final remark, we have chosen a thermal initial

condition to exemplify our results, as it is a simple and
physically motivated distribution. Nevertheless, our
approach holds for any generic initial conditions that
satisfy basic requirements such as integrability and having
a sufficiently small initial energy density. If on top of that
the spectrum preserves its peak on k⋆ as for the thermal
case, analogous results should follow.

B. Two-stage inflationary dynamics

In this Section we take an alternative viewpoint, and we
ask what happens when inflation is nonstandard, while far
in the past the vacuum state for DM was still the Bunch-
Davies one. For example, if inflation consists of two epochs
separated by a window of growing Hubble radius (i.e.,
radiation), then effectively modes that have wavelengths

comparable to the horizon at the end of the first inflationary
period will not correspond to Bunch-Davies solutions.
Consider the situation proposed for instance in

Refs. [55,57], where concrete models in which a nonstand-
ard inflationary evolution like the one shown in Fig. 4 are
presented. More precisely, we consider a first period of
quasi–de Sitter (dS) evolution, followed by an intermediate
phase—typically either radiation or matter domination—
after which the second and final inflationary stage begins,
with the usual cosmological evolution following.
This type of cosmology was described, for example, in

Ref. [73]. Inflation does not have to happen “in one go,”
i.e., in a single stage of quasi-dS expansion lasting the usual
60e-folds. What is important is that the period in which
CMB anisotropies are generated lasts for 10 − 15e-folds in
order for this scenario to produce the observed spectrum.
The remaining evolution can consists of dS “bursts” with
periods of radiation/matter domination in between, pro-
vided the total duration is about 60 e-folds or larger. This
exploits the fact that little is known about the last e-folds of
inflation, which correspond to extremely short scales.
In our case, we consider the first and second period of

quasi-dS evolution (with Hubble parameters HI and He,
respectively), to be connected by a radiation domination
phase lasting NdR e-folds. Qualitatively similar results
would follow for other types of intermediate evolution.
The transition between the first stage of quasi-dS and
radiation phases happens at adΛ, while the transition
between the radiation and the second stage of inflation
happens at adR. The values of the scale factors adΛ and adR
each define a characteristic comoving momentum scale, kdΛ
and kdR, respectively (see Fig. 4). We suppose kCMB < kdR,

FIG. 4. Comoving horizon for a two-stage inflation with an
intermediate radiation domination phase (solid blue). In orange
we show some of the relevant comoving momentum scales and in
purple we show an example of comoving Compton wavelength
1=am. See text for details.

BERTUZZO, SALLA, and TESI PHYS. REV. D 114, 023044 (2026)

023044-10



with kCMB the CMB pivot scale, i.e., the generation of CMB
anisotropies happens during the first stage of quasi-dS
evolution. With our assumptions, the Hubble parameters
of the two inflationary stages are related by

He ¼ HI

�
adΛ
adR

�
2

¼ HIe−2NdR : ð38Þ

We can now estimate analytically the final energy density,
following the same steps that lead in the standard case to
Eq. (30). We have three different cases:

(i) k⋆ < kdR (light masses), for which

na3 ≃
3ðae

ffiffiffiffiffiffiffiffiffiffiffiffi
HeHI

p Þ3
8π2

ffiffiffiffiffiffi
HI

m

r
: ð39Þ

The particle spectrum has a unique peak at k⋆;
(ii) kdR < k⋆ < kdΛ (intermediate masses), for which

na3 ≃
ðae

ffiffiffiffiffiffiffiffiffiffiffiffi
HeHI

p Þ3
4π2

�
adR
ae

�
2 He

HI

�
HI

m

�
3=2

: ð40Þ

The particle spectrum has a unique peak at kdR;
(iii) kdΛ < k⋆ (large masses), for which

na3 ≃
3ðaeHeÞ3

8π2

ffiffiffiffiffiffi
He

m

r
: ð41Þ

The particle spectrum has two peaks, one at kdR and
the other at k⋆. The quoted formula applies when the
peak at k⋆ dominates the integral of the number
density. When, on the contrary, the peak at kdR
dominates, the expression for the comoving number
density is well approximated by Eq. (40).

More details about the particle spectrum are given in
Appendix C.
The abundance can now be computed as in Eq. (31)

identifyingHinf with the Hubble at the end of inflation,He,

Ωvector

ΩCDM
≃
�

TRH

109 GeV

��
He

1012 GeV

�
2 m
He

na3=ðaeHeÞ3
10−5

:

ð42Þ

The first and last case resemble quite closely Eq. (30). This
is due to the fact that k⋆ (at which we still have at least one
of the peaks in the spectrum) exits the horizon either during
the first or second dS periods and then reenters only after
inflation has ended. This is what happens also in the usual
computation with a single inflationary stage. On the con-
trary, when kdR < k⋆ < kdΛ, the peak is at kdR, causing a
deformation of the spectrum and a quite different expression
for the final energy density. We will show the numerical
results for the spectrum later. If we want to compare
Eqs. (39)–(41) with Eq. (30), we need to decide how the
Hubble parameter Hinf of single-stage inflation used in the

standard computation compares with He and HI . If
Hinf ¼ He, then the two-stage inflationary scenario implies
an increase in the number of gravitationally produced
vectors. This can be understood from Fig. 4, since in this
case the most important modes spend more time outside the
horizon. On the contrary, identifying Hinf ¼ HI, then the
dominant modes spend less time outside the horizon and
gravitational production is suppressed.
For our numerical simulations, we model both infla-

tionary epochs using a quadratic inflationary potential,
taking logðae=adRÞ ≲ 50 to ensure that CMB modes satisfy
kCMB < kdR. Since we are now using a concrete potential for
the inflaton, the approximation of constant Hubble during
the inflationary stages is not necessarily very good. In fact,
for the values of logðae=adRÞ mentioned above, the Hubble
parameter at the beginning of the second stage of inflation is
roughly a factor e2 larger then its value at the end. A similar
growth would take place also in the first inflationary stage.
In practice, we proceed as follows: we take HI to be the
Hubble near the end of the first inflationary stage [which,
given the values of logðae=adRÞ and NdR we consider, also
roughly corresponds to the Hubble at CMB scales] and He
the Hubble at the end of inflation. We then relateHI andHe
correcting Eq. (38) to He ¼ HI expð−2NdR − 2Þ to take
into account the Hubble evolution in the second inflationary
stage of the quadratic inflationary model.
In Fig. 5 we present the results for the normalized

spectrum ðk3=2π2Þnk=ðaeHeÞ3 as a function of the normal-
ized comoving momentum k=ðaeHeÞ, for m ¼ 10−20GeV
(left panel) and m ¼ 103 GeV (right panel), with fixed
logðae=adRÞ ¼ 20 and varying NdR according to the color
code. The dashed black curve corresponds to the scenario
with He ¼ HI (or equivalently NdR ¼ 0) corresponding
to the usual single-stage inflationary dynamics with
Hinf ¼ He, and for each He the reheating temperature is
set to its maximum value π2g�ðTmax

RH ÞTmax 4
RH =90M2

P ¼ H2
e.

We show through the colored stars, circles, and diamonds
the respective values of k⋆, kdR, and kdΛ, respectively.
Furthermore, notice that both spectrum and comoving
momentum are normalized with respect to the Hubble
parameter of the second stage, which is the appropriate
normalization required to compute the final abundance (42).
We reemphasize that the choice of normalization is crucial
to understand how to compare with the usual case NdR ¼ 0.
In the left panel of Fig. 5 for instance, while for our choice
of normalization as the spectrum grows NdR (He) is higher
(lower), we see from Eq. (39) that the spectrum would
decrease as ðHe=HIÞ3=2 had we chosen to normalize it with
HI . Instead, in the right plot, k⋆ ≫ kdR is located within the
second stage of inflation, thus, with respect to He, it
decreases as

ffiffiffiffiffiffi
He

p
according to Eq. (41); normalizing it

with respect to HI would just sharpen this effect.
The two panels in Fig. 5 show qualitatively different

features depending on the value of the masses. More
precisely, we choose a very low value m ¼ 10−20 GeV
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(left plot) for which k⋆ ≪ kdR; kdΛ, and a very large value
m ¼ 103 GeV that satisfies the opposite relation
k⋆ ≫ kdR; kdΛ. In the left plot (low mass), as anticipated,
we observe that the peak of the spectrum remains at k⋆.
For comoving momenta k > kdΛ the spectrum converges
to the case NdR → 0, while for k < kdR it has the exact
same shape, but shifted above as the modes evolve for a
longer time. These feature can be read directly from
the analytical estimates presented in Appendix C, in
particular the peak value of the spectrum changes as
ðk3=2π2Þnkjk¼k⋆=ðaeHeÞ3 ≃ ðHI=HeÞ3=2

ffiffiffiffiffiffiffiffiffiffiffiffi
HI=m

p
, thus for

lower He (higher NdR), the higher the peak is. The most
interesting feature comes for modes with kdR < k < kdΛ,
i.e., the modes that exit and enter the horizon before the last
stage of inflation, which arrive at the beginning of the
second stage of inflation with non Bunch-Davies initial
conditions. Here the spectrum behaves as k−5, which is
steeper than the usual case (see Appendix C). Moreover,
this part of the spectrum is oscillating, a feature that appears
because the modes exit, enter, and reexit the horizon.
For the plot on the right, choosing a much larger mass,

m ¼ 103 GeV, we observe the same oscillatory features for
modes in the range kdR < k < kdΛ and also an increase of
the spectrum for k < kdR, while maintaining the same
slope. However, different from the low-mass case, a second
peak emerges at kdR (see Appendix C), which can surpass
the one at k⋆ for sufficiently large NdR. We stress once
more that the plots, and our discussion, depend strongly on
the interpretation Hinf ¼ He. Had we chosen to normalize
the spectra to ðaeHIÞ3, identifying the dashed black line
with Hinf ¼ HI, then the spectrum would always be
decreased with respect to the standard case.
As is clear from the discussion, the qualitative behavior

of the spectrum (i.e., the number and location of the peaks)
is completely determined by the vector mass since, for fixed
inflationary parameters, this gives the position of k⋆ with

respect to kdR and kdΛ. It is thus convenient to introduce

mdR ≡He

�
adR
ae

�
2

;

mdΛ ≡ 3

2

H2
I

He

�
adR
ae

�
2

¼ 3

2

�
HI

He

�
2

mdR; ð43Þ

the masses for which k⋆ ¼ kdR and for which the peaks at
kdR and k⋆ give the same contribution to na3, respectively.
For simplicity, the expressions are given for instantaneous
reheating [i.e., setting Hinf ¼ HRH in Eq. (32)], but they
can be easily generalized. We use kdR ¼ adRHe and
kdΛ ¼ adΛHI . As we saw before, when m < mdR we have
a unique peak at k⋆ while, form > mdR, we always have at
least a peak at kdR. This means that we can have power
injected in the spectrum at relatively small momenta. If this
happens at CMB scales, strong limits from isocurvature
perturbations must be taken into account. Such bounds are
avoided requiring kCMB < kpeak ≡minðkdR; k⋆Þ. A dedi-
cated discussion can be found in Appendix D 1, in which
we show that we have no isocurvature limits for the
parameters considered in the numerical analysis.
Finally, we present in Fig. 6 the curves for which

Ωvector ¼ ΩCDM as a function of the mass of the vector
and the duration of the intermediate radiation phase or,
equivalently, the Hubble at the end of the second stage
of inflation. In the figure, we show the results for
logðae=adRÞ ¼ 20 (solid blue), 25 (dashed orange), and
30 (dotted green), and in solid black the NdR ¼ 0 case. This
corresponds to the usual case of a single inflationary stage
provided we identify Hinf ¼ He. For the two-stage infla-
tionary case, we take HI ¼ 1014 GeV. For all choices of
He, we consider instantaneous reheating for simplicity, but
we do not expect qualitative changes for finite reheating. In
all cases with a two-stage inflation, the curves grow
vertically up to a certain value of He, after which they

FIG. 5. Comoving momentum spectra for a spin-1 relic with a low mass m ¼ 10−20 GeV (m < mcrit, left panel) and a high mass
m ¼ 103 GeV (m > mcrit, right panel). We have fixed for both plots TRH ¼ Tmax

RH , i.e., instantaneous reheating. The dashed black lines
denote results obtained with He ¼ HI and NdR ¼ 0. This corresponds to the usual case provided we identify Hinf ¼ He. Colors assume
an intermediate radiation phase of duration NdR. The values of kdR, kdΛ, and k⋆ are denoted by the circles, diamonds, and stars,
respectively.
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start slowly decreasing until at some point they converge to
the usual prediction. This behavior can be easily understood
inserting Eqs. (39)–(41) into Eq. (42). For small masses,
Ωvector is independent from He, which is reflected in the
vertical part of the curves in Fig. 6. For intermediate masses,
imposing Ωvector ¼ ΩCDM requires H−1

e ∝ m−1=2 while, for
larger masses, it requires H−1

e ∝ m1=4. This behavior cor-
responds to the one observed in the figure, in which we also
show the values of mdR (colored circles) and mdΛ (colored
diamonds). We see that our analytical estimates reproduce
well the masses for which a change of behavior occurs.
We conclude this Section with two final comments. First,

as already mentioned, no region in Fig. 6 is excluded by
isocurvature perturbations limits for our choice of param-
eters. The same is true also for other possible limits that
could be imposed on the parameter space (e.g., Lyman-α
and white noise constraints). A detailed discussion can be
found in Appendix D. Finally, we observe that the overall
effect of the two-stage inflationary scenario is to allow,
given a certain vector mass, one to obtain the correct
abundance for different values of the early Universe
parameters He and/or TRH, even much smaller than what
happens in the standard case. However, as can be seen from
Fig. 6, this happens only for masses m≳ 6 × 10−6 eV,
which corresponds to the mass that ensures that the correct
abundance is obtained for He ≃ 1014 GeV [24–26,28].
Smaller masses would reproduce the correct abundance
only for larger values of He, experimentally excluded. As
in the standard computation with a single inflationary stage,
smaller masses can be relevant only admitting that the
vector does not constitute the whole of DM.

IV. CONCLUSIONS

The evolution of quantum fields during cosmological
evolution allows for the production of relics, in particular
DM, in an elegant and physically interesting way, without
having to resort to any additional interactions of the relics

other than gravity. A precise calculation of the resulting
abundance, crucial for the correct determination of the DM
energy density, is nonetheless based on a number of
assumptions. In this paper, we have relaxed one of these
assumptions: instead of taking no particles at the beginning
of inflation (Bunch-Davies vacuum), we allow for an initial
population of relics. Our results thus generalize the
description of GPP with arbitrary initial conditions.
We have shown that GPP in the presence of non Bunch-

Davies initial conditions does not simply amount to adding
the initial abundance to the usual outcome of GPP with
Bunch-Davies initial conditions. Instead, as illustrated by
Eqs. (17) and (18), the quantum mechanical nature of the
relics predicts that the final number density is either
“stimulated” or “blocked” due to terms that are proportional
to both initial density and Bogoliubov coefficients. While it
was known in the literature that nontrivial initial conditions
could give rise to interesting effects on the GPP [1–3], to the
best of our knowledge it was neither explored in full
generality nor studied in the context of relics. For initial
conditions that affect relatively small k, a general conclusion
that can be drawn from Eqs. (17) and (18) is that GPP is
almost unaffected by initial conditions for fields whose only
break of conformality is due to their mass (conformally
coupled scalar, fermion, transverse polarizations of spin-1).
This is easily explained: for these fields, there is basically no
GPP until the modes cross the comoving Compton wave-
length and the mass becomes important. This implies that
there is almost no superposition between the k’s affected by
initial conditions and the peak of GPP. The final abundance
computed in the usual way is thus robust for these fields. For
the remaining cases, it is known that a minimally coupled
scalar is excluded by isocurvature perturbation limits in the
Bunch-Davies case; this conclusion is not changed by
different initial conditions. We are thus left with the
longitudinal mode of spin-1 fields, for which GPP starts
well before the mode crosses the Compton wavelength and
that requires a quantitative analysis.

FIG. 6. Curves in which Ωvector ¼ ΩCDM for the two-stage inflationary case in the m −He (or m − NdR) parameter space for
logðae=adRÞ ¼ 20 (solid blue), 25 (dashed orange), and 30 (dotted green). The black solid line represents the usual result obtained
without the two-stage inflation scenario identifying Hinf ¼ He. We also indicate with circles and diamonds the values of mdR and mdΛ,
see Eq. (43).
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To do so, we have chosen two different scenarios, the first
with a thermal initial distribution, remaining agnostic about
its origin, and the second where we follow explicitly a two-
stage inflationary dynamics in which we have two periods
of almost de Sitter expansion with an intermediate stage of
radiation domination. Both in the thermal (Figs. 2, 3) and in
the two-stage inflation (Figs. 5, 6) scenarios, the spectrum
shows important differences with respect to the usual one,
thus impacting also the abundance significantly. In the
thermal case, we see from Fig. 3 that, for fixedHinf and TRH
and different values of T, the correct abundance can be
obtained for masses that can both be smaller and larger than
the value obtained with Bunch-Davies initial conditions. In
the two-stage inflationary case, on the other hand, we see
from Fig. 6 that only masses m≳ 6 × 10−6 eV are allowed,
where the quoted number is the one obtained for an
inflationary Hubble parameter at CMB scales as high as
1014 GeV. Still, for these masses the correct abundance can
be obtained for values of He and TRH that can be much
smaller than those appearing in the standard computation.
Our work can be extended in several directions. First, we

have examined two examples of nontrivial initial condi-
tions, but one could systematically list different possibil-
ities to find out if GPP is more sensitive to a given class of
initial conditions than others. Moreover, while our analysis
was restricted up to spin-1 particles, one could also evaluate
how higher-spin or exotic particles are affected by non-
Bunch-Davies initial conditions. Finally, an aspect to be
explored is the inclusion of more interactions, either among
the relics or with SM particles, that in particular could be
the ones responsible for generating nontrivial initial con-
ditions. We leave these points for future work.
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APPENDIX A: CONVENTIONS
AND USEFUL FORMULAS

We collect in this Appendix useful more details on the
derivation of the equations used in Sec. II.

1. Spin-0 field

We start from the action

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p 1

2
½gμν∂μφ∂νφ −m2φ2 þ ξRφ2�; ðA1Þ

where R is the Ricci scalar. If we now use conformal time
and apply the field redefinition ϕ ¼ aφ to make the kinetic
term of ϕ canonically normalized (Weyl rescaling), we end
up with the action

S ¼
Z

dηd3x
1

2
½ðϕ0Þ2 þ ð∇ϕÞ2 −m2

effϕ
2�; ðA2Þ

where

m2
eff ¼ a2m2 − a2

�
ξ −

1

6

�
R: ðA3Þ

From this action we obtain an EoM in the form of Eq. (4),

ϕ00
k þ ω2

kϕk ¼ 0; ω2
k ¼ k2 þm2

eff ; ðA4Þ

with k the comoving momentum and ϕk the Fourier
transform of ϕðxÞ, and a Hamiltonian

H ¼
Z

d3x
1

2
½ðϕ0Þ2 þ ð∇ϕÞ2 þm2

effϕ
2�: ðA5Þ

The field ϕ can be quantized as in Eq. (3). If we do so in the
expression for H just computed, we obtain Eq. (5).
Requiring canonical equal-time commutation relations
between ϕðxÞ and its conjugate momentum πðxÞ ¼ ϕ0ðxÞ
implies that the mode functions must satisfy the normali-
zation condition

uku0⋆k − u⋆k u
0
k ¼ i: ðA6Þ

We can now ask ourselves what happens after the
Bogoliubov transformation of Eq. (9) is applied. As
explained in the main text, the commutation relations
½ak; a†q� ¼ ð2πÞ3δð3Þðk − qÞ are preserved only if the
Bogoliubov coefficients satisfy jαkj2 − jβkj2 ¼ 1. The
Bogoliubov coefficients can be computed explicitly in
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terms of uk and wk using the orthogonality of mode
functions under the (conserved) scalar product of the
Klein-Gordon equation [74],

αk¼−iðwku0−k
⋆−w0

ku
⋆
−kÞ; βk¼−iðwku0k−ukw0

kÞ: ðA7Þ

This equation allows to compute βk, and hence the total
number of particles produced, once we fix the mode
functions uk and wk. As in the main text, the most useful
choice for us is to compute uk as the solution of Eq. (4) with
appropriate initial conditions, while the functions wk can be
chosen to select the adiabatic vacuum as in Eq. (11). Notice
that computing jβkj2 with Eq. (A7) gives the same result
obtained comparing Eqs. (14) and (15), confirming the
consistency of our approaches. Solutions of Eq. (4) are
shown in Table I. They are computed approximating
inflation as a pure de Sitter phase of expansion and taking
instantaneous reheating, i.e., inflation is followed immedi-
ately by the usual radiation domination phase. Using Table I
we can find the transfer function Tðk; ηÞ. For instance, for a
minimally coupled scalar (ξ ¼ 0) we have

Tðk; ηÞ ∝

8><
>:

const k ≫ aH; am

a2 aH ≫ k; am

a−1 am ≫ k; aH

: ðA8Þ

In the case of Bunch-Davies initial conditions, we can
combine Eqs. (25), (29), and (A8) to obtain ðk3=2π2Þnk.
The result scales as k0 for k < k⋆ and k−1 for k > k⋆.
According to Appendix D 1, this case is excluded by
isocurvature limits.

2. Spin-1=2 field

We start from the action of a fermion field in a curved
background [3,20–23]

S ¼
Z

dηd3x
ffiffiffiffiffiffi
−g

p ½ψ̄ðieμaγa∇μ −mÞψ �; ðA9Þ

where eμa is the vierbein, defined by ηab ¼ eμae
μ
bgμν and the

covariant derivative is defined by

∇μ ≡ ∂μ þ
1

2
ωμabΣab; ðA10Þ

with spin connection given by

ωab
μ ≡ eaνð∂μebν − γλμνebλÞ; ðA11Þ

and Σab ≡ ½γa; γb�=4 the generator of Lorentz transforma-
tions in spinor representation. For a FLRW metric in
conformal time, we have

ωab
0 ¼ 0 ¼ ωjk

i ; ω0j
i ¼ a0

a
δji ; ðA12Þ

so that with a field redefinition χ ¼ a3=2ψ (Weyl rescaling)
the fermion action becomes

S ¼
Z

d3xdηχ̄ðiγb∂b − amÞχ: ðA13Þ

The EoM that follows from this action is simply

ðiγb∂b − amÞχ ¼ 0: ðA14Þ

We can now proceed as usual, but at this point, for
simplicity, we assume that χ is a Majorana fermion: we
write

χ¼
X
λ¼�1

Z
d3k
ð2π3Þ ½ukλðηÞakλe

ik·xþvkλðηÞa†kλe−ik·x�; ðA15Þ

where, as usual, vkλ ¼ −iγ2u⋆kλ. Using the Dirac represen-
tation of the γ matrices, the spinor ukλ must satisfy the
equation

iγ0u0kλ − γ · kukλ − amukλ ¼ 0: ðA16Þ

We write ukλ ¼ ðuLkλ; uRkλÞT and decompose uL;R as

uLkλ ¼ xkλðηÞhkλ;
uRkλ ¼ ykλðηÞhkλ; ðA17Þ

where xkλ and ykλ are simple functions and all the spinor
indices are carried by the helicity eigenvectors hkλ, that
satisfy

ðσ · k̂Þhkλ ¼ λhkλ: ðA18Þ

The helicity eigenvectors satisfy the identities

TABLE I. Approximate solutions ϕk of the mode equation (4)
with frequency (A3) in different regimes. For simplicity, we
consider only a pure de Sitter or radiation dominated universe.
Matching these solutions allows one to compute the number of
gravitationally produced particles in the case of instantaneous
reheating. We have defined Δξ≡ 6ξ − 1 and Ω̂k ¼

R
η dη0ωkðη0Þ.

We do not present the solution for am ≫ k; aH in the de Sitter
regime because, under our assumptions, this case is never
realized. Observe that, during radiation domination, a00 ¼ 0, so
that the solutions are independent from ξ.

ϕk de Sitter Radiation

k ≫ aH; am c�e�ikη c�e�ikη

aH ≫ k ≫ am c�a−
1
2
ð1� ffiffiffiffiffiffiffiffiffiffi

1−8Δξ
p Þ c�a

1
2
�1

2

aH ≫ am ≫ k c�a−
1
2
ð1� ffiffiffiffiffiffiffiffiffiffi

1−8Δξ
p Þ c�a

1
2
�1

2

am ≫ k; aH / c� e�iΩ̂kðηÞffiffi
a

p
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h−kλ ¼ ξkλhk−λ; σ2h⋆kλ ¼ iλhk−λ; ðA19Þ

where the phase ξkλ can always be chosen to be
ξkλ ¼ −λeiλϕ, with ϕ the azimuthal angle that identifies
the momentum k direction. In terms of the functions xkλ and
ykλ, Eq. (A16) becomes

x0kλ ¼ −iamxkλ − iλkykλ;

y0kλ ¼ iamykλ − iλkxkλ; ðA20Þ

which can be rewritten as two second order differential
equations,

x00kλ þ ðω2
k þ ia0mÞxkλ ¼ 0;

y00kλ þ ðω2
k − ia0mÞykλ ¼ 0; ðA21Þ

where ω2
k ¼ k2 þ a2m2. These are equations of the har-

monic oscillator type, but with an intrinsically complex
frequency square. Requiring the equal-time anticommuta-
tion relations ½χðη; xÞ; πðη; yÞ�þ ¼ iδð3Þðx − yÞ to be true,
we discover that the mode functions xkλ and ykλ must
satisfy

jxkλj2 þ jykλj2 ¼ 1 ðno sumover λÞ: ðA22Þ

We can use Eq. (A20) to eliminate ykλ in favor of xkλ and
x0kλ, obtaining

jx0kλj2 þ ω2
kjxkλj2 þ iamðxkλx⋆0kλ − x⋆kλx

0
kλÞ ¼ k2: ðA23Þ

We can now compute the Hamiltonian. In terms of the field
χ, the on-shell Hamiltonian is simply given by

H ¼
Z

d3xiχ†χ0: ðA24Þ

This is the same expression as in Minkowski space, since
using conformal time we have the same action. Once we
use the field decompositions used so far, it is a simple
matter of algebra to show that

H ¼
X
λ¼�1

Z
d3k
ð2πÞ3

1

2
fΩkλ½a†kλakλ − akλa

†
kλ�

þ F kλakλa−kλ þ H:c:g; ðA25Þ

with functions defined via

Ωkλ ≡ jx0kλj2 þ ω2
kjxkλj2 − ω2

k

am
;

F kλ ≡ ξkλ
λk

½ðx0kλÞ2 þ ω2
kðxkλÞ2�; ðA26Þ

where we have used Eqs. (A20) and (A23) to simplify the
expression. This is precisely the form quoted in Eq. (5),
once we suppress the helicity indices. As a useful cross-
check that our formulas are correct, let us go back to the
Minkowski limit a → 1. In this case, xkλ must be of the
form

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωk þm

p
=
ffiffiffiffiffiffiffiffi
2ωk

p
e−iωkη to match the usual flat space

normalization for the four-spinor ukλ. With this choice, it is
simple to show that Ωk ¼ ωk and F k ¼ 0, as expected.
We now turn to the effects of a Bogoliubov trans-

formation. First of all, we stress again the importance of
the phase ξkλ in Eq. (10), that guarantees the absence of
singularities in the transformation. At the level of spinors
we have

ûkλ ¼ αkukλ þ βkξ−kλv−kλ;

v̂−kλ ¼ α⋆k v−kλ þ β⋆k ξ
⋆
kλukλ; ðA27Þ

where the hat denotes the spinors obtained after the
Bogoliubov transformation. Equivalently, at the level of
xkλ and ykλ functions we have

x̂kλ ¼ αkxkλ þ λβky⋆kλ;

ŷkλ ¼ αkykλ − λβkx⋆kλ: ðA28Þ

An explicit form for the Bogoliubov coefficients can be
obtained using the (conserved) scalar product for the Dirac
equation. We obtain

αk ¼
iðy⋆kλx̂0kλ − x̂kλy⋆0kλÞ

kλ
;

βk ¼
iðx̂kλx0kλ − xkλx̂0kλÞ

k
: ðA29Þ

We observe that the jβkj2 obtained squaring Eq. (A29)
coincides with the one obtained comparing Eqs. (14)
and (15).
Finally, the expectation value of the Hamiltonian can be

written as

hHi ¼ 1

2

Z
dk
k
Pχ ðA30Þ

if we define the power spectrum as

hiχ†kðηÞχ0qðηÞi ¼ ð2πÞ3δð3Þðk − qÞ 2π
2

k3
Pχðk; ηÞ: ðA31Þ

Unlike in the bosonic case, one of the two fields appears
here as a derivative. Using the explicit spinor function
decomposition χk ¼ ukak þ v−ka

†
−k and the EoM, we

obtain

2π2

k3
Pχðk; ηÞ ¼ Ωkð2hNin

k i − VÞ þ F khCin
k i þ c:c:; ðA32Þ
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with Ωk and F k defined in Eq. (7). The solutions to the
EoM, as the transfer function, are well approximated by
those of a conformally coupled scalar.

3. Spin-1 field

We start from the action [22,24–30]

S¼
Z

d3xdηa4
�
−
1

4
gμαgνβFμνFαβ −

m2

2
gμνAμAν

�
; ðA33Þ

where we take the Abelian case Fμν ¼ ∂μAν − ∂νAμ and we
ignore possible nonminimal couplings to the curvature (see
[25,29,75] for a discussion of their effects). The discussion
of the action is easier in momentum space, to which we
switch from now on. The time component A0

k is non-
dynamical and can be integrated out. Decomposing the
remaining degrees of freedom into transverse and longi-
tudinal components as Ak ¼ AT

k þ k̂AL
k , with k · AT

k ¼ 0,
we obtain the two independent actions

ST ¼
Z

dηd3k
ð2πÞ3

1

2

h
jA0

Tkj2− ðk2þa2m2ÞjATkj2
i
;

SL ¼
Z

dηd3k
ð2πÞ3

1

2

�
a2m2

k2þa2m2
jA0

Lkj2−a2m2jALkj2
�
: ðA34Þ

We see that the action for the transverse modes is the same
as the one of a conformally coupled scalar field (ξ ¼ 1=6),
so that from now on we will focus only on the longitudinal
degree of freedom. The kinetic term of ALk can be made

canonic via the field redefinition ALk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þa2m2

p
am uk and the

EoM for uk reads

u00k þ ω2
kuk ¼ 0; ðA35Þ

with squared frequency

ω2
k ¼ k2 þ a2m2 −

k2

k2 þ a2m2

�
a00

a
−

3a4m2H2

k2 þ a2m2

�
: ðA36Þ

This EoM is again of the form of Eq. (4). Quantization now
can proceed as in the case of the scalar field. In particular,
all considerations about the conditions imposed by the
consistency of the Bogoliubov transformation apply
exactly in the same way to the vector case.
Exact analytical solutions of the EoM are not available,

but approximate expressions can be found. These have
been discussed in detail in [24–26] and are reported in
Table II. Using these solutions, we obtain the following
transfer function:

Tðk; ηÞ ∝

8>>>><
>>>>:

const k ≫ aH; am

a2 aH ≫ k ≫ am

const aH ≫ am ≫ k

a−1 am ≫ k; aH

ðA37Þ

where we have maintained only the overall a scaling,
averaging over oscillations.

APPENDIX B: COHERENT STATES

In this Appendix we discuss coherent states as possible
non-Bunch-Davies initial conditions. In particular, we will
show that they cannot produce any effect in GPP, thus
resulting in the same abundance as in the Bunch-Davies
scenario.
We begin with the definition of a coherent state

jψi ¼ jzi,

akjzi ¼ zðkÞjzi; ðB1Þ

where zðkÞ is a function of k. The relevant quantities in
Eqs. (14) and (15) can be directly computed from the
definition above,

hNin
k i ¼ hzja†kakjzi ¼ jzðkÞj2;

hCin
k i ¼ hzjaka−kjzi ¼ zðkÞ2: ðB2Þ

Therefore, once we divide by the volume V and take the
limit V → ∞, we can obtain hnink i; hcink i in Eqs. (17) and
(18). However, from the definition in Eq. (B1) we can write
the coherent state explicitly as [see Eq. (19)]

jzi ¼
X
n

Z
d3k1
ð2πÞ3 � � �

d3kn
ð2πÞ3 znðk1;…;knÞjk1;…;kni; ðB3Þ

where each znðk1;…; knÞ is given by

znðk1;…; knÞ ¼ z0
1ffiffiffiffiffi
n!

p
Yn
i¼1

zðkiÞ: ðB4Þ

The requirement of normalization hzjzi ¼ 1 implies

TABLE II. As in Table I, but for the solution uk of the mode
equation (4) with frequency (A36).

uk de Sitter Radiation

k ≫ aH; am c�e�ikη c�e�ikη

aH ≫ k ≫ am c1aþ c2
a2

c1 þ c2a
aH ≫ am ≫ k c1 þ c2

a c1aþ c2
am ≫ k; aH / c1e−imtþc2eimtffiffi

a
p
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z0 ¼ exp

�
−
Z

d3k
ð2πÞ3 jzðkÞj

2

�
; ðB5Þ

which needs to be finite in order for the state to be well
defined, implying jzðkÞj2 being integrable. As a conse-
quence, jzðkÞj2 and zðkÞ2 cannot possibly scale with the
volume V and thus will not contribute to hnink i; hcink i in
Eq. (B2). From these arguments, we conclude that initial
states given by coherent states predict the same abundance
as in the Bunch-Davies case.
The same argument does not hold for the thermal and

squeezed states considered in Sec. III, since in both cases
the number of particles produced is extensive, i.e., it scales
proportionally to the volume. This is evident from Eq. (33),
which describes the number density of particles per
comoving momentum k in thermal equilibrium, and from
Eq. (15), where the volume scaling of the jβkj2 is explicit.

APPENDIX C: SPECTRUM FOR THE
TWO-STAGE INFLATIONARY SCENARIO

FOR SPIN-1 DM

We present here the power spectrum Pk after the field
has become nonrelativistic. We consider directly the field
ukðηÞ, the redefinition of the longitudinal vector component
with canonical kinetic term. As discussed in Sec. II B, at
late times this is related to the particle number spectrum by
ðk3=2π2Þnk ≃ ωkPu. The computation can be done using
the transfer function of Eq. (A37). As in the main text, we
have three cases:

(i) k⋆ < kdR (small masses): we obtain

Pu ¼

8>>>>>>><
>>>>>>>:

H2
I a⋆k

2

4π2m2a k < k⋆
ðae
ffiffiffiffiffiffiffiffiffi
HIHe

p Þ4
4π2mak k⋆ < k < kdR

ðadΛHIÞ4ðaeHeÞ4
4π2mak5

kdR < k < kdΛ
ðaeHeÞ4
4π2mak kdΛ < k < ke

: ðC1Þ

As we see, we expect a unique peak in the spectrum
at k⋆;

(ii) kdR < k⋆ < kdΛ (intermediate masses): we have

Pu ¼

8>>>>>>><
>>>>>>>:

H2
I a⋆k

2

4π2m2a k < kdR
ðadΛHIÞ4H2

ea⋆
4π2m2ak2 kdR < k < k⋆

ðadΛHIÞ4ðaeHeÞ4
4π2mak5

k⋆ < k < kdΛ
ðaeHeÞ4
4π2mak kdΛ < k < ke

: ðC2Þ

In this case, there is again a unique peak, but at kdR;

(iii) kdΛ < k⋆ (large masses): we obtain

Pu ¼

8>>>>>>><
>>>>>>>:

H2
I a⋆k

2

4π2m2a k < kdR
ðadΛHIÞ4H2

ea⋆
4π2m2ak2 kdR < k < kdΛ
a⋆H2

ek2

4π2m2a kdΛ < k < k⋆
ðaeHeÞ4
4π2mak kdΛ < k < ke

: ðC3Þ

Here we instead have two peaks, one at kdR and
another one at k⋆.

Let us now compute explicitly one of the results to illustrate
the method. Take, for instance, the spectrum for small
masses (k⋆ < kdR) for modes k < k⋆. The mode starts well
inside the horizon with Bunch-Davies initial conditions
(i.e. power spectrum k2=4π2), which stay constant until
horizon exit. The power spectrum then evolves as a2 while
outside the horizon. When it finally crosses the comoving
Compton wavelength, the power spectrum remains con-
stant until we reach a⋆, at which point it starts decreasing as
a−1. We can then write

k2

4π2

 
aCompton

að1Þexit

!
2
a⋆
a

¼ H2
I a⋆k

2

4π2m2a
; ðC4Þ

where að1Þexit ¼ k=HI is the moment of horizon exit and
aCompton ¼ k=m is the moment of Compton crossing. A
similar reasoning can be used to compute all other
contributions.

APPENDIX D: OTHER RELEVANT BOUNDS

This Appendix is dedicated to providing estimates for
the isocurvature bounds coming from CMB measurements
and from Lyman-α forest data.

1. Isocurvature constraints

In a simplified way, isocurvature perturbations are those
that are not spatially aligned with the inhomogeneities of
the plasma. These can become sizable for relics originated
from nonthermic mechanisms such as the GPP. See for
instance Ref. [38], and references therein, for a review on
the topic.
Working in comoving gauge for the plasma perturba-

tions, the isocurvature power spectrum produced from a
species X coincides with its density contrast power spec-
trum Δ2

δX
, where δX ¼ δρX=ρX is the density contrast and

δρX the fluctuations of the energy density ρX. At late times,
after GPP was completed, the two-point correlation
between density fluctuations in position space is given
by [28,39]
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Δ2
δX

¼ hδXðx⃗ÞδXðx⃗þ r⃗Þix⃗ ¼ 2
hXðx⃗ÞXðx⃗þ r⃗Þi2x⃗

hX2i2 ; ðD1Þ

where the symbol h� � �ix⃗ indicates that the average is
obtained performing the integration over x⃗, and hX2i≡
hXðx⃗ÞXðx⃗Þix⃗ is the zero-distance correlator that serves as
normalization for the power spectrum. The contrast power
spectrum is obtained after Fourier-transforming the quan-
tity above,

Δ2
δX
ðkÞ ¼ k3

hX2i2
Z

1

−1
d cos θ

Z
∞

0

dp
PXðpÞPXðjp⃗ − k⃗jÞ

pjp⃗ − k⃗j3
;

ðD2Þ

where we make use of the definition of the power spectrum
PXðkÞ of Eq. (20).
In all cases studied in this paper, the power spectrum is a

broken power law, peaked at some scale kpeak. Using this
property, one can show that

Δ2
δX
ðk ≪ kpeakÞ ≃ 2

�
k

kpeak

�
3

; ðD3Þ

independently of the shape of the power spectrum for low k.
The Planck collaboration has constrained the isocurva-

ture power spectrum to be [66]

Δ2
δX
ðkCMBÞ < Δ2

iso ≃ 8 × 10−11; ðD4Þ

where kCMB ≃ 0.05a0 Mpc−1 ≃ ð3.2 × 10−40 GeVÞa0 is
the CMB pivot scale, with a0 the scale factor today. In
order to obtain the upper limit above, it is considered that
curvature and isocurvature fluctuations are uncorrelated
(“axion I” according to Ref. [66]), which we assume to hold
in our case (see however Refs. [65,76]). Combining
Eqs. (D3) and (D4), and using entropy density conservation
to write a30 ¼ a3e90Hem2

PL=ðg⋆sðT0Þπ2TRHT3
0Þ to write a0

in terms of early Universe parameters (with mPL the
reduced Planck mass, T0 the photon temperature today,
and g⋆s the number of entropy degrees of freedom), we
obtain the following lower bound on the peak momentum:

kpeak
GeV

≳ 1.11 × 10−6ae

�
He

1012 GeV

�
2=3
�
109 GeV
TRH

�
1=3

:

ðD5Þ

In the cases discussed in the text for the vector DM particle,
we either have a peak at k⋆, at kdR, or at both momenta, so
that we must take kpeak ¼ minðk⋆; kdRÞ.
When kpeak ¼ k⋆ (usual GPP, thermal initial conditions,

two-stage inflation with m < mdR), we can use Eq. (32) to
write

k⋆
aeHe

≃ 14

ffiffiffiffiffiffi
m
He

r �
He

1013 GeV

�
1=6
�
1012 GeV

TRH

�
1=3

: ðD6Þ

Inserting this value in Eq. (D5) we find a lower bound on
the vector mass, which must be combined with the upper
bound m < mdR. For instance, He ¼ 1013 GeV and
TRH ¼ 1012 GeV, masses below 10−30 GeV are inconsis-
tent with isocurvature constraints.
In the opposite case, when kpeak ¼ kdR (which applies to

the two-stage inflationary case with m > mdR), we can use

kdR ¼ adRHe ¼ ð1012 GeVÞae
�
adR
ae

��
He

1012 GeV

�
: ðD7Þ

Inserting this expression in Eq. (D5) we obtain the upper
bound

log

�
ae
adR

�
≲ 40þ 1

3
log

�
He

1012 GeV
TRH

109 GeV

�
: ðD8Þ

In the numerical analysis presented in Sec. III B this
condition is always satisfied, so that no isocurvature limits
appear in Figs. 5–6.

2. Lyman-α constraints

Large scale structures in our Universe are compatible
with DM being cold, i.e., nonrelativistic at the onset of
structure formation. One way to probe this is through the
Lyman-α forest, which consists of spectral lines of quasars
and other objects; because the light emitted by them
interacts with media at different redshifts, one observes
several spectral lines corresponding to the same atomic
transition. The Lyman-α forest is thus a probe of how
structures are spread in the Universe and, indirectly, of the
DM velocity. In particular, a too large DM velocity is
excluded by Lyman-α limits.
We can check if the particles produced via GPP respect

this constraint. Consider the average comoving momentum
hki defined by

hki≡
R

dk
k k

k3nk
2π2R

dk
k
k3nk
2π2

; ðD9Þ

with the spectrum defined in Eqs. (17) and (18). We can
then compute the average velocity of the relic at a certain
scale factor a [for a > a⋆, with Hða⋆Þ ¼ m] as

hvðaÞi≡ hki=a
m

: ðD10Þ

If hvðaÞi is sizable, it can disrupt the formation of present
structures. One way to measure this effect is through the
physical free-streaming length at a given time λFSðaÞ (see
for instance Refs. [38,77,78]),
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λFSðaÞ≡ a
Z

a

a⋆

da0
hvða0Þi
a02Hða0Þ ; ðD11Þ

where the integration starts at a⋆ because only after that
point the relic abundance has formed. Note that this is
nothing but the integral of hvi over the conformal time
dη ¼ dt=a ¼ da=a2H, meaning that this free-streaming
length takes into account the propagation of DM in the
expanding Universe. In other words, it measures the
maximum physical distance the relic can travel at a given
scale factor a. Therefore, the relics will be subject to the
gravitational attraction only for scales larger than λFSðaÞ,
whereas smaller structures will be inhibited.
The Lyman-α forest data probe structures down to the

Mpc scale. Below that, it is still difficult to probe the matter
power spectrum, thus allowing for DM to behave as warm
for scales < Oð0.1 MpcÞ [78]. This means that the free-
streaming length evaluated today must be constrained to
obey

λFSða ¼ a0Þ < λLyα ≃ 0.1 Mpc; ðD12Þ

allowing us to put a bound on the relics produced
from GPP.
In Fig. 7 we show our results for the computation of the

free-streaming length of Eq. (D11) in the two-stage infla-
tionary case of Sec. III B. In the standard case withNdR ¼ 0

(dashed black), we see that only for masses m≲
10−26 GeV do we encounter problems with Lyman-α
bounds (D12), which is also rather insensitive to the
presence of a second phase (colored solid lines). Instead,
the extra phase of radiation domination prior to standard
inflation actually decreases the mean velocity of the DM, as
can be seen from the lower panel. In Fig. 7 we have chosen
TRH ¼ Tmax

RH for concreteness, but lower reheating temper-
atures will not qualitatively change the results just dis-
cussed; the smaller the TRH the smaller mdR is, hence the
diminishing of the free-streaming scale will be shifted to
lower masses. We therefore conclude that Lyman-α forest
constraints should not be relevant to the parameter space
shown in Fig. 6.

Similarly, we argue that Lyman-α constraints will not be
relevant also for the results presented in Sec. III A, when
considering an initial thermal distribution. As we see from
the spectrum in Eq. (2), the peak of the distribution is
unchanged and therefore the average velocity should be
approximately equal to that of the standard GPP case. As a
consequence, the same limitm≲ 10−26 GeV should follow
from Fig. 7 in the thermal case.

3. White noise

We highlight that for particles produced via GPP, another
relevant lower bound on their mass m≲ 10−28 GeV comes
from Ref. [79], which exploits the characteristic white
noise of the density perturbations in order to constrain the
free streaming of the DM. In the cases considered here, this
bound is either weaker than other constraints or not relevant
in our parameter space.
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