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We present a harmonic-space estimator for the cross-correlation between the kinematic Sunyaev-
Zel’dovich (kSZ) effect and the reconstructed galaxy momentum field that offers several practical
advantages over the traditional stacking approach. The estimator is easy to deploy using relatively modest
computational resources and recovers all information available in the galaxy-kSZ cross-correlation. In
particular, by using well-understood power spectrum estimation techniques, its statistical uncertainties,
including potential correlated uncertainties with other large-scale structure observables, can be easily and
accurately estimated. Moreover, standard kSZ stacking measurements can be reconstructed exactly from
the estimator at a lower computational cost, employing harmonic-space, catalog-level techniques to recover
all small-scale information.
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I. INTRODUCTION

As the size and sensitivity of new large-scale structure
(LSS) and cosmic microwave background (CMB) datasets
have grown over the last decade, our measurements have
become sensitive to complex astrophysical effects that
can no longer be modeled via simplified parametrizations
[1–5]. Our poor understanding of these processes, particu-
larly on small scales [e.g. the impact of active galactic
nuclei (AGN) feedback on the suppression of small-scale
matter fluctuations [6] or the detailed clustering of galaxies
[7–9] ], requires us to marginalize over astrophysical
models with an increasing number of degrees of freedom,
leading to a severe degradation in the cosmological con-
straints that could be recovered otherwise. This, as well as
the need to obtain data-driven priors over these unknown
astrophysical processes, has pushed the community toward
the analysis of canonical cosmological probes (e.g. the
clustering of galaxies and weak gravitational lensing mea-
surements) in combination with other LSS tracers with a
complementary sensitivity to the main astrophysical proc-
esses that dominate our uncertainties [3,10–18].

The kinematic Sunyaev-Zel’dovich (kSZ) effect is a
perfect example of this paradigm [19,20]. The inverse-
Compton scattering of CMB photons by free electrons
in the intergalactic medium (IGM) causes an additional
contribution to the CMB anisotropies. While the thermal
motion of these electrons modifies the CMB spectrum, in
the so-called “thermal” Sunyaev-Zel’dovich effect (tSZ),
the kSZ effect is sourced by the bulk peculiar motion of the
structures in which these electrons reside, which leaves the
CMB spectrum unchanged. Crucially, the kSZ effect is
directly sensitive to the density of ionized gas in the IGM,
as well as the peculiar velocity field. As a direct probe
of gas, the kSZ effect can provide a direct measurement of
the distribution of baryons, including the impact of AGN
feedback, and thus serve as an external calibrator for
baryonic effects [3,21–25]. This is typically achieved by
measuring the amplitude of the kSZ effect around galaxies,
in the so-called “kSZ stacking” approach [21,23,26–29]:
CMBmaps, filtered to suppress the large-scale contribution
from the uncorrelated primary CMB fluctuations, are
stacked at the positions of sources weighted by an estimate
of the galaxy velocities. These kSZ stacking measurements
have provided evidence for the strength of AGN feedback
to be larger than previously expected or predicted by
hydrodynamical simulations, leading to a stronger sup-
pression in the small-scale matter power spectrum as
measured in cosmic shear analyses [3,21,22,28,30].
To ensure that uncertainties in astrophysical processes

are robustly propagated in cosmological inference and self-
calibrated by including external measurements (e.g. kSZ in
the context of baryonic effects), an ideal analysis would
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combine these measurements with the canonical cosmo-
logical probes and analyze them simultaneously within a
unified physics-based model (e.g. one linking the stacked
kSZ signal and the power spectrum suppression), taking
into account all observational effects and cross-probe
correlations [31–33]. Such joint analyses also improve in
robustness when all different probes are processed under a
common framework, making it possible to apply self-
consistent analysis choices (e.g. scale cuts for different
tracers), enabling the use of a coherent error model for all
measurements, including correlated uncertainties and sim-
plifying the production of theoretical predictions for all
probes under a common scheme. In this sense, incorpo-
rating the standard kSZ stacking measurements into cos-
mological analyses poses a number of practical challenges:
accounting for interpolation and pixelization effects inher-
ent to stacking, the impact on scale cuts of the filtering
used, the development of a robust covariance estimate,
masking and survey geometry effects, and the relatively
high computational cost of real-space correlation estimators
[34–36]. While all these challenges can be addressed (e.g.
using simulation-based covariances, forward-modeling
pixelization effects, avoiding masking effects via catalog-
level cuts), doing so increases the technical complexity of
the analysis pipelines and the level of expertise needed to
reliably incorporate kSZ measurements in any given study.
The integration of kSZ measurements into the widely

used framework of correlation functions is not out of reach,
however. Many traditional, real-space kSZ measurements
are in fact indirect probes of the galaxy-galaxy-temperature
(ggT) bispectrum; Ref. [37] establishes a direct equivalence
between ggT and—among other estimators—the pairwise
velocity method of [38], which led to the first detection
of the kSZ effect, and the stacking estimator of [26,27],
described above. Other works have also measured the kSZ
effect via the galaxy-temperature-temperature gTT bispec-
trum (recently in [39] for projected fields) or its compressed

proxy, the CT2g
l skew spectrum in [40]. Our endeavor

is therefore part of a wider effort to turn long-established
kSZ detection methods into reliable tools that can be used
in concordance with current methods for large-scale struc-
ture studies.
In this paper we present an angular power spectrum

approach to measure the kSZ signal around galaxies which,
as we will show, is at least equivalent to the kSZ stacking
estimator in terms of information content, while resolving
the practical challenges listed above. This new estimator
CπT
l probes the ggT bispectrum by cross-correlating the

momentum field πg, built from the galaxy density and
reconstructed velocity fields, and the CMB temperature
field T (an approach originally advocated in [41]). Using
well-tested methods developed in the context of pseudo-Cl
estimation [42–44], the resulting power spectrum mea-
surements can be obtained at a low computational cost,
are robust against masking effects, and their statistical

uncertainties can be accurately and easily estimated. The
estimator may be seamlessly combined with power spec-
trum measurements involving other LSS tracers using the
same framework, easily enabling the multitracer analysis
needed for a robust self-calibration of astrophysical effects.
Recently, we learned of similar work presented in upcom-
ing publications [45,46], where this approach is applied to
new datasets. Other works have also recently begun to
model and study the kSZ signal around galaxies in terms of
the harmonic-space spectrum [47,48].
This paper is structured as follows. Section II introduces

the kSZ-galaxy power spectrum estimator and describes its
advantages and its relation with kSZ stacking. Section III
validates our implementation of this framework, demon-
strates its ability to recover the stacking measurements at
the estimator level, and showcases its application to real
data. We then conclude in Sec. IV.

II. METHODS

A. kSZ angular power spectra

1. Galaxy momentum maps

The kSZ contribution to the temperature fluctuations is

ΔTkSZðn̂Þ ¼
Z

dχ qkSZðχÞ½1þ δeðχn̂; zÞ�n̂ · vðχn̂; zÞ; ð1Þ

qkSZðχÞ≡ TCMBσTn̄e;cð1þ zÞ2; ð2Þ

where n̄e;c is the comoving mean number density of
electrons, TCMB is the CMB temperature, and σT is the
Thomson scattering cross section. δe is the electron over-
density, and v is the peculiar velocity field, in units where
the speed of light is c ¼ 1. Redshifts z and comoving
distances χ are implicitly related to one another on the
light cone. The kSZ effect is therefore a line-of-sight
projection of the radial “electron momentum density”
qe ≡ ð1þ δeÞn̂ · v1 and is sensitive to the large-scale
structure both through the density and velocity fields.
Given a sample of galaxies, we may attempt a tomo-

graphic measurement of the kSZ effect by first constructing
a proxy for the corresponding projected “galaxy momen-
tum density” using the galaxy information, before correlat-
ing it with ΔTkSZ. Since galaxies themselves trace the
large-scale structure, this may be achieved by simply
adding the radial velocities of all galaxies located in a
given sky patch. That is, for a given sky pixel p, we may
construct the following quantity:

πg;p ≡ 1

N̄p

X
i∈p

win̂i · v
g
i ; ð3Þ

1Note that, in this definition, the momentum density has units
of velocity, being normalized by the mean number density.
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where the sum is over all objects with coordinates n̂i lying
inside pixel p, wi are the associated galaxy weights, and v

g
i

is an estimate of their velocity. N̄p is an estimate of the
expected mean number of galaxies that could have been
observed in pixel p and is included in order to account for
potential variations in survey completeness and pixel area.
πg thus defined corresponds to the quantity

πgðn̂Þ≡
Z

dzpðzÞ½1þ δgðχn̂; zÞ�n̂ · vgðχn̂; zÞ; ð4Þ

where δg is the galaxy overdensity, and pðzÞ is the redshift
distribution of the sample.
Note that we purposely denote the galaxy velocities vg,

distinct from the true peculiar velocity field v. This is
because it is rarely possible to estimate the true galaxy
velocities and, instead, it is most common to employ
reconstruction techniques to estimate vg from δg. For our
purposes here, we will simply assume that an estimate of vgi
exists for each galaxy, and its origin will be otherwise
irrelevant.
Once πg has been constructed, our final aim is to estimate

the cross-spectrum,

CπT
l ≡ hΔTkSZ;lmπ

�
g;lmi: ð5Þ

We can do this following the standard pseudo-Cl estimator
[42,43]. In this case, the cross-power spectrum between
two fields a and b is calculated assuming a diagonal pixel-
space inverse covariance matrix for each field, defined by
their masks. In most cases we will aim to extract ΔTkSZ
from either a component-separated CMBþ kSZ map or
from a simple frequency map, under the assumption that,
out of all Galactic and extragalactic components contrib-
uting to it, the only one that correlates with the velocity-
weighted density field is the kSZ. Either way, this map
will normally be accompanied by its own mask wkSZðn̂Þ,
typically constructed through a combination of point-
source and diffuse Galactic masks in addition to any mask
associated with the actual survey footprint of the data. In
contrast, a typical choice for the mask for πg is n̄p ≡
N̄pΩ−1

p , the expected 2D-projected number density of
galaxies in each pixel (with the dimension of inverse solid
angle), where Ωp is the pixel area. For noise-dominated
data, and assuming that the velocity reconstruction uncer-
tainties are homogeneous across the survey footprint, this
choice is close to an inverse-variance weighting of the
field.2 In this case, the masked galaxy momentum field is

π̃g;p ¼ 1

Ωp

X
i∈p

wiv
g
r;i; ð6Þ

where vgr;i ≡ n̂i · v
g
i .

In most cases, n̄p will be constructed from a continuous
map mg

p, tracing the survey’s completeness across the sky.
In this case, n̄p can be calculated by requiring that its
integral across the sky should be the total (weighted)
number of galaxies,

n̄p ¼ αNm
g
p; αN ≡

P
i∈DwiP

p0mg
p0Ωp0

; ð7Þ

where the sums in αN run over all galaxies in the sample
and all pixels in the sky. Another common alternative is to
define the survey completeness in terms of a random
catalog, with the completeness at a given point in the
sky given by the local weighted number density of random
objects. In this case n̄p may be constructed as

n̄p ¼ αr
Ωp

X
i∈p

wr
i ; αr ¼

P
j∈DwjP
k∈Rw

r
k
; ð8Þ

where
P

i∈p involves summing over all random objects in
pixel p, with weights wr

i , and the sums
P

i∈D and
P

i∈R
run over all data and random objects, respectively.
With the masked fields and associated masks for both

fields ΔTkSZ and πg constructed as we have just described,
the pseudo-Cl estimate of their cross-spectrum can be
extracted efficiently following the steps outlined in e.g.
[43]. Moreover, its covariance matrix may also be estimated
accurately and easily using the so-called improved narrow-
kernel approximation (iNKA) as described in [49,50],
using the measured pseudospectra of the fields involved
as input.

2. Avoiding pixels: Catalog-based Cl’s

As described in [44,51], the galaxy density is ultimately
determined by the positions of the galaxies themselves, and
traditionally the only reason to bin them into some form of
regular pixel grid is the requirement of most numerical
spherical harmonic transform (SHT) routines to use such
a grid to achieve both efficiency and accuracy. However,
the recent development of SHT algorithms on irregularly
shaped grids [52] has made it possible to estimate the power
spectra of fields sampled at the positions of discrete sources
without pixelization. Since much of the kSZ signal resides
at small angular scales (l≳ 3000, the larger scales often
being dominated by primary CMB “noise”), we can take
advantage of these methods to efficiently recover the
kSZ-galaxy power spectrum at these scales.
For example, the observed number density of galaxies

and its spherical harmonic coefficients are given by

2For simplicity, we assume that n̄p is the mask of choice in this
work. This would correspond to the inverse-variance map of an
inhomogeneous Poisson-sampled galaxy field. If an estimate of
the spatially varying statistical uncertainties in the reconstructed
velocities is available, this could be incorporated into a more
optimal mask.
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ngðn̂Þ ¼
X
i∈D

wiδ
Dðn̂; n̂iÞ; ð9Þ

ng;lm ¼
X
i∈D

wiY�
lmðn̂iÞ; ð10Þ

where δDðn̂; n̂iÞ is the Dirac delta function on the sphere.
As in the previous section, let us assume that a map of the
expected number density of galaxies n̄ðn̂Þ exists. Then,
following this formalism, we may express the masked
galaxy momentum field (and its SHT) as

π̃gðn̂Þ ¼
X
i∈D

wiv
g
r;iδ

Dðn̂; n̂iÞ; ð11Þ

π̃g;lm ¼
X
i∈D

wiv
g
r;iY

�
lmðn̂iÞ; ð12Þ

assuming n̄ to be its mask.
The only other ingredient needed to estimate the power

spectra of πg is the spherical coefficients of the mask n̄lm.
Again, as in the previous section, n̄ may be provided
either in terms of a completeness map mg or through a
random catalog. In the first case, n̄ is simply given by
n̄lm ¼ α̃nm

g
lm, where

α̃n ≡
P

i∈DwiR
dn̂mgðn̂Þ : ð13Þ

In the case of a random catalog, we may again take
advantage of irregular-grid SHTs to calculate n̄lm,

n̄lm ¼ αr
X
i∈R

wr
iY

�
lmðn̂iÞ; ð14Þ

avoiding any finite-pixel effects.
The power spectra of two discretely sampled fields

fa; bg, with masks fv; wg, can then be estimated following
the standard pseudo-Cl estimator [43,44]
(1) Let ã≡ va and b̃≡ wb be the masked fields. First,

estimate their pseudo-Cl, defined as the naive Cl
estimator ignoring the impact of masking,

C̃ab
l ≡ 1

2lþ 1

X
m

ãlmb̃
�
lm: ð15Þ

Since masking leads to mode coupling, C̃ab
l is also

sometimes called the “mode-coupled” Cl.
(2) Calculate the pseudo-Cl of the masks C̃vw

l and, from
it, the mode-coupling matrix (MCM)Mvw

ll0 , encoding
the statistical coupling between angular multipoles
induced by masking and relating the ensemble
average of C̃ab

l with the true underlying power

spectrum of the fields,

hC̃ab
l i ¼

X
l0

Mvw
ll0Cab

l : ð16Þ

(3) Invert the MCM to obtain an unbiased estimate
of Cab

l . This step is often preceded by binning the
power spectrum in l into so-called “band powers,”
which avoids numerical inversion issues when the
masks are complex or cover a small portion of the
sky and shortens the final data vector if a high
resolution in l is not necessary.

In addition to these steps, one caveat must be borne in mind
in the case of autocorrelations of catalog-based fields
where, as noted in [44,53], the shot-noise contributions
to C̃ab

l and C̃vw
l must be subtracted to avoid aliasing effects,

simultaneously hardening the estimator against any white
noise contribution. This subtlety is of less importance in
the case of CπT

l , since we will rarely want to calculate the
autocorrelation of πg.
Finally, since this will be instructive for our discussion in

the next section, let us consider the particular case in which
the temperature map entering CπT

l is masked with a
relatively simple binary mask wT that encompasses the
footprint over which πg has been measured (i.e. wTn̄ ¼ n̄).
As we will see in the next section, this is in fact a common
practice in kSZ stacking studies. Approximating CπT

l to be
a slowly varying function, and that MwTn̄

ll0 is sharply peaked
around l ≃ l0, we can approximate Eq. (16) as

hC̃πT
l i ≃ CπT

l

X
l0

MwTn̄
ll0 ¼ hwTn̄iskyCπT

l ; ð17Þ

where h·isky denotes averaging over the sky, and in the
second equality we used a well-known property of the
MCM (see e.g. [42,50]). The prefactor in the final expres-
sion is then

hwTn̄isky ¼ hn̄isky ¼
Z

dn̂
4π

n̄ðn̂Þ ¼
P

i∈Dwi

4π
: ð18Þ

Thus, we may define the following approximate estimator
of the kSZ-galaxy power spectrum:

CπTl ≡ C̃πT
l

hn̄isky
: ð19Þ

The factor 1=hn̄isky corrects the overall amplitude of C̃πT
l

for the effects of masking, although no attempt is made to
account for mode coupling in CπTl .

B. The connection with kSZ stacking

The more standard method to extract the kSZ-galaxy
cross-correlation signal used in the literature [21,23,27–29]
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is the so-called kSZ stacking approach, in which a suitably
filtered CMB map is stacked around the positions of
galaxies weighted by their reconstructed velocities. The
aim of this section is to show that the resulting kSZ stacking
estimator can be recovered from the kSZ-galaxy angular
power spectrum described in the previous section at the
estimator level: i.e. all of the information recovered by the
kSZ stack is encoded in the power spectrum measurements
and can be recovered from it if so desired.
Let us start by describing the stacking estimator.

Specifically, we will follow the prescription of [28],
employing an aperture-photometry filter to reduce the
impact of the large-scale primary CMB noise. Consider
a galaxy at position n̂i, and let Tðn̂Þ be a map of the
CMB temperature fluctuations. We define the aperture-
photometry-filtered CMB map on an angular scale θd
around this galaxy as

T ðn̂i; θdÞ ¼
Z

dn̂ T̃ðn̂ÞWAPðn̂i · n̂; θdÞ; ð20Þ

where the compensated aperture-photometry (CAP) filter is

WAPðcos θ; θdÞ ¼

8><
>:

1 θ ≤ θd

−1 θd < θ ≤
ffiffiffi
2

p
θd

0 θ >
ffiffiffi
2

p
θd

; ð21Þ

and, in Eq. (20) we have added a tilde over T to denote that
it is a masked CMB map. The CAP filter is designed to
suppress the impact of large-scale (l≲ 100) CMB fluctu-
ations in the measurements, by estimating the largest-scale
mode of the field in the inner disk of radius θd as the mean
in an outer ring of equal area. The kSZ stacking estimator is
then defined as the velocity-weighted average of T i over a
sample of galaxies,

ΔT̂kSZðθdÞ≡Q
X
i∈D

wiviT iðn̂i; θdÞ; ð22Þ

whereQ is a normalization factor. A typical choice forQ is

Q ¼ 1

rvvrms

1P
i∈Dwi

; ð23Þ

where v2rms ≡P
i∈D wiðvgr;iÞ2=

P
i∈D wi is the variance of

the reconstructed velocities. rv is the correlation coefficient
between the reconstructed and true velocities and is usually
included in Q to account for the mismatch between both. It
is common in kSZ stacking analyses to only include in the
estimator galaxies that are located far enough from the
edges of the mask defining the T field to fit the largest disk-
ring pair defining the CAP filters used in the measurement.
We will assume this to be the case in what follows.
To rewrite the kSZ stacking estimator in terms of the

masked galaxy momentum field we introduced in Eq. (11),

we insert a Dirac delta function for every object entering the
sum in Eq. (22) and integrate over the sphere,

ΔT̂kSZðθdÞ ¼ Q
Z

dn̂ π̃gðn̂ÞT ðn̂; θdÞ

¼ Q
Z

dn̂1 dn̂2 π̃gðn̂1ÞT̃ðn̂2ÞWAPðμ12; θdÞ;

ð24Þ
where μ12 ≡ n̂1 · n̂2 and, in the second line, we have made
use of Eq. (20). We can now expand π̃g and T̃ in terms of
their spherical harmonic coefficients

T̃ðn̂Þ ¼
X
lm

T̃lmYlmðn̂Þ; π̃gðn̂Þ ¼
X
lm

π̃g;lmYlmðn̂Þ;

and do likewise for the aperture-photometry filter

WAPðμ12; θdÞ ¼
X
l

2lþ 1

4π
WlðθdÞPlðμ12Þ;

¼
X
lm

WlðθdÞY�
lmðn̂1ÞYlmðn̂2Þ; ð25Þ

where Wl is the harmonic-space CAP filter, discussed at
the end of this subsection, PlðμÞ are the Legendre poly-
nomials, and, in the second line, we have used the addition
theorem for spherical harmonics. Finally, using the ortho-
gonality of the spherical harmonic coefficients, we find

ΔT̂kSZðθdÞ ¼ Q
X
l

ð2lþ 1ÞWlðθdÞC̃πT
l ; ð26Þ

where, as in Eq. (15), we have defined

C̃πT
l ≡ 1

2lþ 1

X
m

π̃g;lmT̃�
lm: ð27Þ

Finally, using the definition of Q [Eq. (23)] and CπTl
[Eq. (19)], we may rewrite our last result in a more
appealing form,

ΔT̂kSZðθdÞ ¼
1

rvvrms

X
l

2lþ 1

4π
WlðθdÞCπTl : ð28Þ

The relation between the velocity-weighted kSZ stack
and the kSZ-galaxy power spectrum is thus very similar to
that existing between the latter and the real-space corre-
lation function of two scalar fields, with Legendre poly-
nomials replaced by the harmonic-space CAP window
functions WlðθdÞ. The latter are defined as

WlðθdÞ ¼ 2π

Z
1

−1
dμPlðμÞWAPðμ; θdÞ ð29Þ

≃ 2π

Z
∞

0

dθ θJ0ðlθÞWAPðcos θ; θdÞ; ð30Þ
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where, in the second line, we have made use of the flat-sky
approximation (appropriate for the small scales, l≳ 500,
over which the kSZ effect is normally studied) and JαðxÞ is
the cylindrical Bessel function of order α. Given the simple
form of the CAP filter [Eq. (21)],WlðθdÞ can be calculated
analytically,

WlðθdÞ ¼
2π

2lþ 1
½2ΔPlðμdÞ − ΔPlðμrÞ� ð31Þ

≃
2π

l2
lθd

�
2J1ðlθdÞ −

ffiffiffi
2

p
J1ð

ffiffiffi
2

p
lθdÞ

�
; ð32Þ

where we have defined

ΔPlðμÞ≡ 1

2
ðPl−1ðμÞ − Plþ1ðμÞÞ; ð33Þ

μd ≡ cos θd; μr ≡ 2μd − 1; ð34Þ

and, in Eq. (32), we have again adopted the flat-sky
approximation. As shown in Fig. 1, the latter is sufficiently
accurate on all relevant scales. The CAP filter peaks at
lCAP ∼ 2.5=θd, suppressing all large-scale modes (i.e. those
dominated by the CMB primary fluctuations) below∼lCAP,
and oscillates above lCAP with an amplitude that decays
like ∝ l−3=2.

C. Advantages of the Cl approach

As shown in the previous section, the kSZ stacking
estimator can be reconstructed from the kSZ-galaxy power
spectrum at the estimator level. That is, all the information
encoded in the stack can be exactly recovered from CπT

l by
convolving it with the CAP filters following Eq. (28).
Moreover, since the CAP filters are not a complete set of

orthogonal basis functions, Eq. (28) selects only some of
the modes in CπT

l and thus necessarily incurs some infor-
mation loss. We will see that this is likely a small fraction,
depending on the angular scales included and the impact of
the primary CMB anisotropies as a source of irreducible
noise. Nevertheless, CπT

l encodes all information recover-
able from the πg and T maps at the level of two-point
statistics, making it an optimal observable to use.
Furthermore, the power spectrum estimator is fast, with

the computational cost of spherical harmonic transforms
scaling like ∝ l3

max. In contrast, stacking is effectively a
two-point correlation function, which, for a given maxi-
mum θd, scales like ∝ NgalNpix, where Ngal and Npix are the
number of galaxies and the number of sky pixels in a square
that fits the largest ring for each galaxy, respectively. As
we report in Sec. III B, the power spectrum approach is
significantly faster (by a factor of ∼30 for ∼3 × 106

objects) than the stacking approach employing similar
computational resources.
Further advantages are offered by the extensive infra-

structure developed for power spectrum estimation using
the pseudo-Cl approach. First, the estimator is able to
account for all masking effects exactly and therefore avoids
the need to discard galaxies close to the mask edges (as
commonly done in stacking studies), potentially increasing
the sensitivity of the measurements. Additionally, highly
accurate and efficient methods have been developed and
tested for the calculation of power spectrum covariances
[49,50], allowing us to compute the statistical uncertainties
of CπT

l in the approximation of Gaussian fields, without the
need to rely on potentially inaccurate bootstrap/jackknife
estimates or large numbers of costly mock realizations.
This also enables us to easily calculate the correlated
uncertainties of CπT

l with any other power spectrum of
cosmological interest. This would, for example, enable a
joint analysis of kSZ and 3 × 2-point data from overlapping
experiments, ensuring that all correlated uncertainties are
accurately taken into account. Moreover, by exploiting
statistical isotropy, the power spectra measured on different
angular multipoles are largely uncorrelated, and therefore
the covariance matrix of CπT

l is close to diagonal and
numerically stable. This is in contrast to the stacking
estimator where, due to the “cumulative” nature of the
CAP filters, measurements on different angular scales θd
are highly correlated. This also allows for a quick assess-
ment of the detection significance or the goodness of
fit of power spectrum measurements (i.e. performing “χ2

by eye”).
Finally, it is often the case that theoretical models for

cosmological observables are naturally expressed in terms
of power spectra. For instance, the galaxy-kSZ correlation
(either in terms of stacking or CπT

l ) is largely determined by
the cross-power spectrum between the galaxy and electron
overdensities PgeðkÞ [47]. Thus, the use of CπT

l may also be

FIG. 1. Harmonic transform of the compensated aperture-
photometry filter for different apertures θd. The solid lines show
the calculation using the flat-sky approximation [Eq. (32)], with
the points showing the exact calculation [Eq. (31)]. The flat-sky
estimate is accurate enough on all relevant scales and signifi-
cantly faster to calculate. The CAP filters peak at a scale
lCAP ∼ 2.5=θd, with an amplitude proportional to θ2d.
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convenient when comparing against theoretical predictions,
removing the need for Hankel transforms [e.g. Eq. (28)]
connecting harmonic- and real-space quantities or enabling
a quick assessment of the relevance of different contribu-
tions to the measurements [e.g. 1-halo and 2-halo terms in a
halo model calculation of PgeðkÞ].

III. RESULTS

A. Implementation and validation

We have implemented the general methodology
described in the previous section to calculate the power
spectrum between galaxy momentum fields and maps in
the public pseudo-Cl code NAMASTER

3 [43]. We validate
this implementation here using a toy model.
We generate Gaussian realizations of a “velocity” field

vr from a known power spectrum

Cvv
l ¼ 1

ðlþ 10Þα ; ð35Þ

with α ¼ 4. We then generate an uncorrelated galaxy
overdensity map by first constructing a Gaussian field
gðn̂Þ from a power spectrum following the same functional
form with α ¼ 3,4 and define the overdensity δg from it via
a log-normal transformation

δgðn̂Þ ¼ exp fgðn̂Þ − σ2g=2g − 1; ð36Þ

where σg is the standard deviation of the map g. This
ensures that the field is positive definite (δg ≥ −1) every-
where. From these maps we obtain the ground truth
velocity momentum map via πgðn̂Þ ¼ vgrðn̂Þ½1þ δgðn̂Þ�.
To create a catalog equivalent of πg, we construct a galaxy
probability map given by pðn̂Þ ∝ ð1þ δgðn̂ÞÞmgðn̂Þ, where
mg is the survey completeness map. For this, we use the
selection function of the Quaia survey [54], shown in
Fig. 2. We then generate a Poisson realization of pðn̂Þ with
a desired number density n̄≡ N̄=4π. We explore catalogs
with source numbers N̄ ∈ f103; 104; 105g. We assign to
each source i the value vrðn̂iÞ of the velocity field at the
exact source position, avoiding any intermediate pixeliza-
tion effects by direct transformation from the spherical
harmonic coefficients vr;lm using an irregular-grid inverse
SHT [52].
Having constructed the base momentum map πg;p,

representing the kSZ map, and the galaxy momentum

catalog πg;i, we calculate their cross-correlation using
the methods described in the previous section. Specifi-
cally, we construct a standard NAMASTER NmtField
object, representing a continuous sky map with a given
mask, from πg;p masked by the Quaia survey selec-
tion map. In contrast, the galaxy momentum field is
represented by an NmtFieldCatalogMomentum
object, which uses direct SHTs to obtain the harmonic
coefficients of πg;i [Eq. (12)], and the field’s mask is
constructed from the completeness map as described in
Eq. (13). We also validated our implementation of the
NmtFieldCatalogMomentum field using a random
catalog sampled from mg, finding results similar to those
presented here. The power spectrum between these two
fields is then calculated using the standard pseudo-Cl steps
(see e.g. [43,44] for details). To check for estimator bias, we
compare against the true input spectrum, obtained from the
simulated full-sky momentum map5 and convolving with
the band-power window functions associated with the
mode-coupling matrix.
We generate 1000 of these simulations using maps

defined by the HEALPix pixelization scheme [55] with
resolution Nside ¼ 128. The results of this validation
exercise, in terms of the mode-coupled pseudo-Cl, are
shown in Fig. 3 for the three different number densities
considered here.6 The mode-coupled estimator is un-
biased in all cases, with Poisson noise becoming visible
by eye at l > 100 in the low-density N̄ ¼ 103 case.
Figure 4 shows the mode-decoupled cross-power spec-
trum of the same set of simulations, compared against the

FIG. 2. Completeness mask used for the mock survey described
in Sec. III A.

3https://github.com/LSSTDESC/NaMaster. An example note-
book showcasing the kSZ implementation presented here can be
found in https://github.com/LSSTDESC/NaMaster/blob/master/
doc/kSZ_tutorial.ipynb.

4This is motivated by the fact that, at linear order, the
continuity equation makes the velocity power spectrum scale
as PðkÞ=k.

5To avoid pixelization effects in this comparison, we use
this simulation-based estimate of the true spectrum, averaged
over all simulations, on large scales l < 150, while, on
small scales 150 ≤ l < 2Nside, we employ the analytical result
derived in the Appendix for the linearized overdensity field
δg ≈ e−σ

2
g=2ð1þ gÞ − 1.

6Note that, since the mask is the mean source number density,
the amplitude of the pseudo-Cl’s (before accounting for mode
coupling due to the mask) scales with the average number
density, and hence the three cases explored here (and their
theoretical expectations) differ by factors of 10.
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band-power-convolved ground truth spectrum. The
decoupled estimator remains unbiased for all cases.
Although not tested here, in practice, one might also wish

to bin a catalog-momentum field with inputs ðn̂i; wi; v
g
g;iÞ

into a pixelized momentum map [see Eq. (3)] and use it as a
map-based field, with the mask constructed from a com-
pleteness map as described in Sec. II A 1. In this case, one
must remain mindful of pixelization, aliasing, and other
finite-resolution effects (see [44] for further details).

B. Comparison against stacking

Having validated our implementation of the kSZ-galaxy
power spectrum estimator, we now apply it to a realistic
simulation with three aims:

(i) to verify that the stacking estimator can indeed be
recovered from the kSZ-galaxy pseudo-Cl follow-
ing Eq. (28);

(ii) to quantify the information content in the power
spectrum as opposed to the kSZ stack in scenarios
with varying levels of realism;

(iii) to benchmark the computational efficiency of both
estimators (Cl and stacking).

For this exercise, we use a mock galaxy catalog con-
structed from the AbacusSummit simulations [56,57].
Specifically, the catalog was designed to mimic the
clustering properties of the photometric luminous red
galaxy sample (LRG) targeted by the Dark Energy
Spectroscopic Instrument (DESI) Legacy Survey. This
was constructed using the halo occupation distribution
parameters presented in [58]. We select all galaxies in the
sample, covering the redshift range 0.2≲ z≲ 1.1 and
peaking at z ∼ 0.5 (see Fig. 5). We also construct a kSZ
map by first building a three-dimensional map of the
electron overdensity, constructed by scaling the matter

FIG. 3. Coupled cross-spectrum between a momentum field
computed from a simulated source catalog and its smooth map-
based counterpart at Nside ¼ 128, for catalog sizes of 105, 104,
103. We compare against the theoretical input computed from the
ground truth coupled with the catalog-based mode-coupling
matrix. Upper: mean over 1000 simulations with bars showing
the expected standard error on the mean. Lower: relative bias, in
units of the error on the mean.

FIG. 4. Mode-decoupled catalog × map cross-spectrum for a
simulated source catalog and its smooth map-based counterpart at
Nside ¼ 128, for catalog sizes of 105, 104, 103. Upper: mean
over 1000 simulations with bars showing the expected standard
error on the mean. Lower: relative bias, in units of the error on
the mean.

FIG. 5. Redshift distribution of the galaxy samples used here.
The simulated photometric LRG galaxy sample of [58], used in
Sec. III B, is shown in purple. The spectroscopic DESI Y1 LRG
sample [61], used in Sec. III C, is shown in green.
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overdensity by a baryonic transfer function (see [59]). The
resulting electron density field is scaled by the local value
of the radial peculiar velocity and then integrated along the
line of sight to construct a map of the kSZ temperature
fluctuation [Eq. (1)]. As shown in Fig. 6, the mock LRG
catalog was constrained to a sky footprint mimicking the
area covered by the sixth data release of the Atacama
Cosmology Telescope Collaboration (ACT DR6 [60]), with
the kSZ map built over a larger region fully covering this
footprint. The map was constructed using equirectangular
pixels following the plate carrée pixelization as imple-
mented in PIXELL,7 with pixels of size 0.50. For simplicity
we weight all galaxies by their true peculiar velocities, both
when stacking and when building the galaxy momentum
field in the power spectrum estimator, enabling us to set
rv ¼ 1 in Eq. (23).
Figure 7 shows the mode-decoupled kSZ-galaxy power

spectrum computed from the simulation. We bin the
multipole range l∈ ½2; 12; 281� into 20 band powers of
equal width. The figure includes the statistical uncertainties
for this measurement, estimated using the iNKA of [50].
Note that within this approximation, the covariance only
depends on two-point correlators of the fields involved,
which can be estimated from the data, including the impact
of shot noise. Since the simulated kSZ map contains only
the pure kSZ signal, the spectrum is measured at very high
precision on all scales, with a total signal to noise ratio
(SNR) in the range l ≤ 12, 281 of ∼374. We compute the
SNR as [62]

SNR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dC−1dT − Nd:o:f:

q
; ð37Þ

where d represents the data vector (here, either the CπT
b or

the stacked profile), C its corresponding covariance matrix,
and Nd:o:f . is the number of degrees of freedom (here, the
length of the data vector). For comparison, we show also
the error bars calculated after including the contribution

from primary CMB anisotropies, secondary anisotropies,
extragalactic foregounds at 90 GHz, and instrumental
noise compatible with the sensitivity that the Simons
Observatory (SO) will achieve after 5 years of observa-
tions [63]. These contributions reduce the SNR signifi-
cantly to 17.7.
We then use the galaxy-kSZ pseudo-Cl to reconstruct

the CAP-stacked kSZ signal using Eq. (28) and compare
the result with the direct stack measurements. For the latter,
we compute the stacked kSZ signal using a curved-sky
parallelized code. For each galaxy, the code extracts the
“rectangle” defined by an interval of right ascension and
declination that encompasses a spherical cap of radiusffiffiffi
2

p
θmax
d , enclosing the outer ring of the largest CAP filter

used in the analysis. We consider 11 CAP filters with
equispaced radii in the range θd ∈ ½10; 100�, but will discard
θd > 60 to prevent edge effects from contaminating our
measurements. As shown in Fig. 8, we recover the stack
measurement with excellent precision (below 0.1%), show-
ing that all information contained in kSZ stacking is
encoded in the Cl estimator. We find that this stacking
algorithm matches the prediction from the Cl better
than other algorithms previously used in the literature.8

These differences are most prominent (up to ∼15%) on the
smaller CAP apertures (θd ∼ 1 arc min). We ascribe this to
interpolation and projection effects, related to the flat-sky
projection and recentering operations commonly applied on
the temperature map cutouts for each source [28]. This is in
addition to the impact of the finite pixel size, which distorts
the shape of the disk and ring components of the CAP filter.
Although pixelization, projection, and interpolation effects

FIG. 6. Simulation footprints: the blue region corresponds to
the footprint of the galaxy catalog and is fully enclosed in the
footprint of the temperature map (in yellow).

FIG. 7. The decoupled pseudo-Cl measured on the kSZ
simulation. We measure the CπT

b on the pure kSZ realization
at a SNR of 373.9 (turquoise error bars), which drops to 17.7
(purple error bars) when including the impact of other CMB
contributions, foregrounds, and SO-like noise [63].

7https://github.com/simonsobs/pixell. 8E.g. https://github.com/EmmanuelSchaan/ThumbStack.
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may be taken into account by including the associated
kernels in the theoretical prediction used to interpret the
measurements, the Cl approach can avoid these issues
altogether.
We can also estimate the covariance matrix of the stacks

from the Gaussian covariance of the power spectrum,
which we calculate using the iNKA of [50]. For this we
can use Eq. (28), according to which the covariance of the
stacks is related to the power spectrum covariance via

Cθθ0 ¼ N2
X
l;l0

ð2lþ 1Þð2l0 þ 1ÞWlðθÞWl0 ðθ0ÞCll0 ð38Þ

where N ¼ ð4π vrmsÞ−1. Figure 9 shows the covariances of
the mode-decoupled power spectrum band powers Cbb0 and
the stacks Cθθ0 , both derived from the pseudo-Cl covari-
ance Cll0 . As expected, the CπT

l covariance is mostly
diagonal and well behaved under inversion. The stack
covariance, on the other hand, shows large correlation in
the off-diagonal entries, as expected from the cumulative
nature of the CAP filter. The error bars associated with this
covariance are shown in Fig. 8 and can be compared there
with the uncertainties calculated via bootstrap resampling
(estimated from 1000 samples of the individual stacks with
replacement). The Gaussian Cl covariance, once converted
to its stack form, recovers smaller errors than the bootstrap
method at the smallest angular scales, while both estimates
agree well at larger separations. A similar result is found for
a covariance estimated by shuffling the velocities of
different sources in Eq. (22), effectively canceling out
the individual kSZ contributions. The differences found
on small scales could be caused by inaccuracies in the
bootstrap/reshuffling covariances or by non-Gaussian

FIG. 8. Comparison of the stacking and Cl estimators. Upper:
stacked profiles obtained from the stacking estimator used in this
work (orange) and from converting the kSZ-galaxy power
spectrum CπT

l (whose decoupled version is shown in Fig. 7) to
a stacked profile using Eq. (28) (turquoise). Note that all error
bars have been multiplied by 20 for better readability. Lower:
relative difference between the stacked profile and its
reconstruction from the pseudo-Cl. We highlight the �1% and
�0.1% ranges in gray; the residuals lie largely within the �0.1%
range, showing that the stacks can be reconstructed from the
pseudo-Cl at the estimator level.

FIG. 9. Comparison of the kSZ-galaxy power spectrum covariance Cbb0 (left) with the stack covariance Cθθ0 (right), both derived from
the full CπT

l covariance, Cll0 . Cbb0 is mostly diagonal, while Cθθ0 shows large cross-correlations in the off-diagonal entries. Note that the
colors are shown using a logarithmic scale and that we show the absolute value of the Cbb0 covariance in the left panel.
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contributions to the covariance matrix not captured by the
Gaussian power spectrum covariance. We defer a more
detailed study of the kSZ power spectrum covariance to
future work.
Using this new Gaussian estimate of the stack covari-

ance, we can easily compare the information content in the
Cl and the stacking estimator. We compute the SNR for
each of these using the two covariance matrices used in
Fig. 7, which we label “kSZ-only” and “realistic.” To
compute the SNR of the stacks, we first convert these two
Cl covariances to stack covariances using Eq. (38). For the
realistic case, we find similar SNR values for both Cl’s and
stacks of approximately SNR ≃ 18 (SNR ¼ 17.7 for the
Cl’s, and SNR ¼ 18.2 for the Cl-derived stack). The fact
that both observables recover the same SNR is not entirely
surprising, as we should expect the stacks to recover most
of the small-scale information, whereas most of the large-
scale signal, which the Cl could recover more easily, is
swamped by the large contribution from the primary CMB.
Perhaps more surprisingly, we also find that the stacks and
Cl recover compatible SNRs in the kSZ-only scenario,
where this large-scale information is more readily available,
achieving SNR ≃ 374 in both cases. We therefore conclude
that the level of information loss inherent in compressing
the Cl data into CAP-filtered stacks is largely negligible.
We note two subtleties when comparing the SNR of both

of these estimators. First, binning the power spectrum into
band powers may incur a small loss of information. Second,
inverting the stack covariance can be numerically unstable,
due to its large off-diagonal entries. The combination of
these two effects can lead to a marginally larger SNR for
the stacks than the Cl’s in some cases, even though the
former can be constructed from the latter, as we have
shown. We also estimated the SNR of the pseudo-Cl
before binning it into mode-decoupled band powers.9 In
this case we find an SNR that is marginally larger than
either the stacks or the Cl band powers (e.g. SNR ¼ 378 in
the kSZ-only case), confirming that a similar amount
of information is lost in binning or convolving with the
CAP filters.
Finally, we compare the computational efficiency of both

the stacking and Cl estimators. We repeat measurements
for different sample sizes N (N ¼ 103, 104, 105, 106 and
the full simulated catalog, i.e. N ¼ 3.6 × 106 objects). For
the stacking estimator, we only compute the individual
profiles at the nine angular separations shown in Fig. 8; for
the Cl estimator, we compute the pseudo-Cl up to the same
lmax ¼ 12; 281, but we do not include the decoupling and
binning operations in the run-time performance. This is
because these operations are discretionary, need only be
performed once for a given set of sky masks, and can
become a large run-time contribution as they depend on the

binning scheme used.10 The result of this comparison is
shown in Fig. 10. For both estimators, we only present run-
time that pertains to the actual measurement (the loading of
data products, common in both cases, is not included). The
stacking estimator’s run-time evidently increases linearly
with the number of objects in the sample and depends on
the radial binning—as illustrated by the orange band in
Fig. 10. The Cl estimator, on the other hand, shows a
roughly constant run-time performance, nearly independent
of the size of the catalog and scaling mainly with lmax (as
shown by the turquoise band). For the radial binning used
in this work, the Cl estimator outperforms the stacking
estimator at around a sample size of N ¼ 105 objects,
corresponding to a rather small galaxy catalog. For the size
of the simulated catalog, the Cl estimator is more than 30
times faster than the stacking estimator. It must be noted
that, although the times reported in Fig. 10 correspond to
runs on a single core, both tasks (pseudo-Cl and stacking)
are easily and fully parallelizable.

FIG. 10. Computational efficiency of both estimators as a
function of the number of objects included in the catalog. The
stacking estimator run-time performance (orange line) exhibits a
linear trend, while the Cl estimator performance (turquoise line)
remains roughly constant with an increasing number of objects.
Note that the performance of the stacking estimator depends on
the number of angular separation values at which the profile is
computed (here, the nine values of θd from Fig. 8), and that of the
Cl estimator depends on the lmax up until which the power
spectrum is computed (here, lmax ¼ 12; 281). For reference, we
also show, as an orange band, the expected stacking performance
for 5 angular separations (lower bound) and 15 angular separa-
tions (upper bound), and, as a turquoise band, the Cl performance
for lmax ¼ 10; 000 (lower bound) and lmax ¼ 15; 000 (upper
bound). For simplicity, times are provided for runs on a single
computer core, but both estimators can be fully parallelized.

9We use singular-value decomposition in this case, since the
unbinned inverse covariance is numerically unstable.

10For reference, for the power spectra shown in Fig. 7, the
mode-coupling matrix takes about 1.7 core hours to compute
up to lmax ¼ 12; 281—or about 10 min on a 10-core machine.
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C. Demonstration on real data

As a first demonstration of the kSZ power spectrum
estimator on real data, we apply it to the cross-correlation
between the component-separated “CMBþ kSZ” ACT
DR6 temperature map, presented in [64], and the DESI
Y1 LRG spectroscopic galaxy sample [61]. LRGs are an
ideal sample for kSZ measurements due to their higher
clustering bias and optical depth and low satellite fraction.
The latter makes them less sensitive to observational
systematics such as off-centering [47,65]. Most impor-
tantly, the ACT × DESI LRG Y1 kSZ stacked profile has
already been measured [65], allowing us to compare our
results against those found in the literature. The redshift
distribution of the DESI LRG Y1 sample is shown in Fig. 5
(green histogram, spanning 0.4≲ z≲ 1.1), and the sky
masks of both datasets are shown in Fig. 11. Note that, for
our fiducial measurements, we select only galaxies in the
LRG sample that fall within the ACT DR6 footprint. We
use reconstructed velocities computed using the PYRECON

package11 [66,67].
We use the same binning scheme employed in Sec. III B,

both for the multipole band powers and angular separa-
tions. The kSZ-galaxy power spectrum measurement is
shown in the left panel of Fig. 12. We detect a clear
correlation between the kSZ map and the galaxy momen-
tum field, with a total SNR of 8.7 [estimated via Eq. (37)],
using angular scales l ≤ 12, 281. The stacking measure-
ments from the same data are shown in the right panel of the
same figure (orange points with error bars), with the stack
inferred from the Cl measurement using Eq. (28)12 shown
in turquoise.
The two approaches agree well at large angular separa-

tion and, despite some differences, are still consistent

within the errors at small angular separations. As we
described in Sec. III B, these differences are expected due
to the impact of finite pixel effects, which are exacerbated
in the case of real data by the presence of small-scale noise,
leading to larger variations between nearby pixels. We
verified that the small differences found in Sec. III B grow
significantly when adding noise to the simulated kSZ map.
To further verify that the differences observed are due to
pixelization effects, we implement an alternative stacking
method, free from such effects, which we label “harmonic-
space stacking.” In this case, the CAP-filtered signal at the
position of a given source is calculated by multiplying the
harmonic transform of the CMB map by the SHT of
the CAP filter window function and then evaluating this
CAP-convolved map at the exact source position via an
irregular-grid inverse SHT (as done in Sec. III A to avoid
pixelization effects). The result of this method is shown as
dark blue points in Fig. 12 and agree with the Cl-derived
signal at very high precision.
As in Sec. III B, the errors shown in the right panel of

Fig. 12 were obtained via bootstrapping the individual
profiles for both real- and harmonic-space stacks and by
converting the Gaussian power spectrum covariance using
Eq. (38) for the Cl-derived stack. Interestingly, this time
the analytical Gaussian errors are larger than their empirical
(bootstrap) counterparts. This partly accounts for the
slightly lower SNR at which the Cl-derived stack (equiv-
alently, the kSZ-galaxy power spectrum) is detected in this
work, compared to the previous results of [65] who
detected the LRG-kSZ correlation at the ∼10σ level. We
illustrate this point using our hybrid harmonic stacking
estimator, which matches both the Cl approach in terms of
stack amplitude and the real-space stacking in terms of
covariance: the harmonic stack, together with its boot-
strap covariance, is detected at SNR ¼ 11.3, but its SNR
drops back to the same SNR value as the power spectrum's
(SNR ¼ 8.7) when using instead the Gaussian power
spectrum covariance estimate. We leave a more thorough
study of the kSZ power spectrum covariance, and the
appropriateness of bootstrap uncertainties, for future work.
In the standard stacking measurements, a subset of the

galaxies are further excluded to avoid those that lie too
close to point sources or to the mask edges, in order to
mitigate biases to the measurements caused by survey
geometry effects. One of the advantages of the pseudo-Cl
estimator is its immunity to these effects. However, in
general, limiting the sample to the overlap between the two
fields being correlated may lead to an enhancement in the
measured cross-correlation, since the map fluctuations far
away from the overlapping region could act as a source
of noise in harmonic space. It is therefore interesting to
consider the impact in our measurements of removing the
galaxies in the LRG sample that lie outside of the ACT
footprint. Repeating our analysis using the full LRG sample
shown in Fig. 11, we find that the total SNR drops to

FIG. 11. Dataset footprints: the dark blue footprint corresponds
to the apodized ACT mask, which varies between 0 and 1. The
yellow-green footprint is that of the DESI Y1 spectroscopic LRG
catalog; variations in this mask track the number density of
galaxies observed. We limit the galaxy catalog to those sources
overlapping with the ACT mask.

11https://github.com/cosmodesi/pyrecon.
12Note that, as we use the same reconstructed velocities in both

measurements, we assume rv ¼ 1 in this conversion.
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SNR ¼ 8.5. This small change is caused by a few-percent
reduction in the amplitude of the measured spectrum,
which in turn leads to smaller errors (as the Gaussian
covariance estimate depends on the power spectra them-
selves). This change in amplitude could be a simple
statistical fluctuation or a sign of potential large-scale
systematics in the galaxy distribution, leading to a
spatial modulation in the density or reconstructed galaxy
velocities.
In Fig. 12, we plot theoretical predictions for the kSZ

power spectrum (left panel) and stacks (right panel), based
on the framework described in [47]. For simplicity, we
neglect the subdominant contributions presented in [47],
such as the cross term and the connected trispectrum. The
prediction is based on a baryonic correction model [69],
specifically that described in [68], in which the electron
density profile is described by five parameters: log10Mc
sets the mass scale at which half of the gas content has
been ejected by AGN outflows. β characterizes the mass
dependence of the ejected fraction. ηb quantifies the radius
out to which the ejected gas is expelled. The polytropic
index Γ determines the density profile of the bound gas.
Finally, A� quantifies the fraction of the gas converted into
stars (see [68] for further details). The amplitude of the
theoretical prediction is also modified by the correlation
coefficient rv between the reconstructed and true velocities.
We use rv ¼ 0.64 for the LRG sample used here [65]. The
theoretical prediction shown in Fig. 12 corresponds to a
model with parameters

flog10Mc;ηb;β;A�;Γg ¼ f14.9;0.6;0.6;0.03;1.16g; ð39Þ

roughly compatible with the model found in [68] to
describe the correlation between weak lensing, thermal
SZ, and x-ray data. Although we have not attempted a
robust analysis of our measurements within this model, the
theory prediction shows a remarkable level of agreement
with the kSZ measurements presented here. Moreover,
Fig. 12 also allows us to assess the importance of secondary
contributions to the kSZ-galaxy power spectrum, such as
the 2-halo term (shown as a dotted line in the figure).
Where this term becomes relevant (1000≲ l≲ 3500), the
error on the measurement is roughly comparable to the size
of its contribution, suggesting that the 2-halo term may not
be neglected in future modeling of the kSZ-galaxy power
spectrum (as pointed out in [47]). We leave a more
thorough theoretical exploration of the kSZ power spec-
trum measurements in combination with other gas probes
for future work.

IV. CONCLUSIONS

This paper presents a new angular power spectrum
approach to measuring the kSZ effect on projected fields;
we show that this approach is mathematically equivalent
to the more traditional kSZ “stacking estimator,” while
offering a number of advantages. This work is part of a
wider effort toward simplifying the inclusion of baryonic
probes into cosmological analyses, from early work
showing equivalence between real-space kSZ estimators
and the ggT bispectrum [37] to current efforts to express
the kSZ effect as a well-understood power spectrum
measurement [40,45,46].
The estimator presented here consists in taking the cross-

power spectrum of a galaxy momentum density field πg,

FIG. 12. Left: measurement of the kSZ-galaxy power spectrum from ACT DR6 and the DESI Y1 LRG sample (turquoise data points)
with a theoretical prediction for the baryonic model of [68] with the parameters listed in Eq. (39) and a correlation coefficient of
rv ¼ 0.64. Right: comparison of the corresponding stacked radial profiles and theory line with other stacking methods. In turquoise, we
show the stack recovered from the coupled kSZ power spectrum; in dark blue, the “harmonic stack” estimate as described in the main
text and, in orange, the standard stacking estimator. Bootstrap errors are shown for the standard and harmonic stacking estimators, and
Gaussian errors [Eq. (38)] for the Cl-derived profile.
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constructed from individual galaxy positions and velocities,
with the CMB temperature map T. By reusing the existing
infrastructure for power spectrum measurements, including
catalog-based methods to bypass pixelization effects and
aliasing, the same information can be extracted from the
data at a much lower computational cost. The resulting
measurements are robust to the effects of sky masks (e.g.
mode coupling) and come with well-tested covariance esti-
mates. As such, the kSZ effect can be seamlessly incorpo-
rated into large-scale structure analyses that use the same
power spectrum framework, and the cross-covariances
between probes can be obtained easily and reliably.
We validate our implementation of this estimator using a

toy model in which we simulate fields and catalogs from
known power spectra and compare their cross-correlation
to the estimator outputs. Having validated the estimator, we
apply it to both simulated and real data. We find that the Cl
approach, once converted to a stacked profile, reproduces
the stacking approach, recovering all information present in
the latter. Although we find small differences between both
at small scales, we can trace these to the impact of finite
pixel size, interpolation, and flat-sky projection, effects
that the power spectrum estimator avoids altogether. We
showed also that the power spectrum estimator offers a
more scalable computational performance than stacking for
large catalogs.
Finally, we applied this estimator to real data for the first

time, specifically CMB maps from ACT DR6 and the
DESI Y1 spectroscopic LRG sample. We show that the
kSZ-galaxy power spectrum can be detected at high
significance (SNR ∼ 9) and that the result is compatible
with stacking measurements at the estimator level once
finite-resolution effects are taken into account. A tentative
and qualitative comparison of this measurement against
theoretical predictions using a simple parametrization of
the gas distribution in halos (using the formalism described
in [47]) shows a reasonable agreement with the physical
models favored by the analysis of other independent gas
probes (specifically tSZ and x-ray data in [15]).
In summary, the estimator presented here is ready for

deployment on real data and allows for the inclusion of kSZ
cross-correlation in multitracer cosmological analyses in a
seamless and robust manner. To ensure a reliable account-
ing and propagation of all statistical uncertainties, a more

detailed study of the kSZ covariance (in particular con-
tributions beyond those readily included in the standard
pseudo-Cl Gaussian covariance framework) is necessary,
a problem that we have not addressed here. The work
presented here could also be generalized to reproduce the
information in other stacking estimators in a pseudo-Cl
framework. This would be particularly interesting in
the context of “directional” stacking analyses carried
out in e.g. the search for signals aligned with cosmic
filaments [70], the moving-lens effect [71,72], and general
dipoles correlated with the transverse velocity field [73].
This will be the subject of future work.

Note added. Recently, we learned of similar work being
developed by Qu et al. [45] and Hadzhiyska et al. [46].
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APPENDIX: THE POWER SPECTRUM OF ð1 + δÞf
Let πðn̂Þ ¼ ð1þ δðn̂ÞÞfðn̂Þ, with δðn̂Þ the overdensity

field, and fðn̂Þ another field (e.g. the radial velocity, in
the case of a momentum density field). The harmonic
coefficients of π are then

πlm ¼ flm þ
X

l0m0;l00m00
Gll0l00
mm0m00δl0m0fl00m00 ; where Gll0l00

mm0m00 ≡
Z

dn̂Y�
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The power spectrum of π is then
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where, in the second line, we have assumed that all fields are Gaussian. Finally, expressing Gll0l00
mm0m00 in terms of Wigner 3j

symbols, and using their orthogonality properties, we obtain the final result

Cππ
l ¼ Cff

l þ
X
l1l2

ð2l1 þ 1Þð2l2 þ 1Þ
4π

�
l l1 l2

0 0 0

�
2�
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