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We compute the renormalized stress-energy tensor for a massless quantum scalar field in the background
of the horizonless Bardeen spacetime. Within the weak-field approximation, we show that the vacuum
fluctuations differ significantly between conformally and nonconformally coupled fields, both in
magnitude and in their behavior at short and intermediate distances. At large distances, we recover the
universal asymptotic behavior previously observed in black hole and Newtonian star backgrounds. Going
beyond the weak-field regime, we find that, for certain parameter ranges, the modes of the field can develop
imaginary frequencies, leading to instabilities and an exponential growth of vacuum fluctuations. We also
discuss critically the applicability of the anomaly-induced effective action for computing the renormalized
stress-energy tensor in the conformally coupled case.
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I. INTRODUCTION

The renormalized expectation value of the stress-energy
tensor (RSET), hTμνi, plays a central role in quantum field
theory in curved spacetime [1]. It provides the key quantity
for studying semiclassical effects such as Hawking radia-
tion and the backreaction of quantum fields on the
spacetime geometry. However, computing hTμνi is notori-
ously difficult, even in highly symmetric settings, due to the
nonlocal nature of quantum fluctuations and the need for
renormalization.
Several approximation schemes have been developed to

address this challenge, including weak-field expansions,
dimensional reductions in spherically symmetric space-
times, and fully numerical approaches [2]. Among the
analytical methods, the covariant perturbation theory [3],
based on an expansion in powers of the curvature, offers
valuable conceptual insights, in regimes where the curvature
is small. Although the covariant perturbation theory is not
suitable for describing quantum effects around compact
stars or black holes, it can still reveal important aspects of
vacuum polarization.
In a previous work applied to Newtonian stars [4], it was

shown that, far from the source, the renormalized stress-
energy tensor decays as hTμνi ∼M=r5. Interestingly, the
subleading terms in this expansion encode information
about the internal structure of the star. This far-distance

behavior was later shown [5] to be generic for static,
spherically symmetric spacetimes that, for large r, are of
the form

ds2 ¼ −
�
1 −

A
r

�
dt2 þ

�
1 −

B
r

�
dr2 þ r2dΩ2: ð1Þ

Surprisingly, the leading behavior of the RSET at large
distances is the same for Newtonian stars and for black
holes, provided the quantum field is either minimally or
conformally coupled [6]. These results rely on assuming the
Boulware vacuum, which produces a RSET regular for
smooth stellar geometries but diverges at the horizon of
black holes [7].
In stellar models without smooth enough matter profiles,

the RSET can develop unphysical divergences at the stellar
surface [4,8], reflecting the limitations of modeling the
matter content as an idealized fluid concentrated in the star.
To avoid such issues, in this work we focus on the
horizonless Bardeen metric [9], a regular spacetime without
curvature singularities or event horizons. In such back-
grounds, the associated RSET should also remain regular
everywhere.
We will compute hTμνi analytically to leading order in

the curvature expansion, and find quantitative differences
between conformally and nonconformally coupled fields.
Remarkably, for any value of the coupling, the asymptotic
behavior at large r coincides with that found in Newtonian
stars, supporting the robustness of the M=r5 decay pattern
in vacuum polarization.
We will also explore a possible scenario where the

Boulware vacuum may indeed become inadequate: the
presence of tachyonic instabilities in the quantum field.
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Going beyond the weak-field approximation, we analyze
the equation for the modes of the field and study the
existence of bound states with imaginary frequencies
ω2 < 0. When such modes are present, the RSET is
expected to grow exponentially with time—a phenomenon
previously described as the awakening of the vacuum [10].
Finally, we will discuss the results of a recent study [11],

where the RSET for conformally coupled scalar fields in
both 1þ 1 and 3þ 1 dimensions was computed using the
effective action induced by the trace anomaly. In 3þ 1
dimensions, the authors numerically evaluated the RSET in
a Bardeen-type, horizonless geometry, and found devia-
tions from the behavior observed in Schwarzschild space-
time under the Boulware vacuum. As we will argue, the
discrepancy found in [11] may stem from limitations of the
anomaly-induced effective action [12], which fails to
capture the correct long-distance behavior of the RSET.
This paper is organized as follows. In Sec. II we review

the basic aspects of the Bardeen metric. In Sec. III we
compute the RSET in the Bardeen background using the
covariant perturbative expansion method [3]. In this
approach, the RSET is a nonlocal functional of the
geometry; we retain terms linear in curvature and evaluate
the result across the entire manifold. In the asymptotic
region, our result confirms the previously observed univer-
sal decay [6]. In Sec. IV, we revisit the definition of the
Boulware vacuum in regular, horizonless geometries. We
discuss the eventual emergence of vacuum instabilities
beyond the weak-field regime, which may lead to an
exponential growth of the vacuum polarization [10]. In
Sec. V we compare our results with those based on the
anomaly-induced effective action. Finally, in Sec. V we
summarize our findings.

II. BARDEEN METRIC

The Bardeen spacetime [9] is a well-known example of a
regular, static, spherically symmetric solution of Einstein’s
equations. Its line element is given by

ds2 ¼ −fðrÞdt2 þ dr2

fðrÞ þ r2ðdθ2 þ sin2 θ dϕ2Þ; ð2Þ

where the lapse function fðrÞ takes the form

fðrÞ ¼ 1 −
2mðrÞ

r
; mðrÞ ¼ Mr3

ðR2
0 þ r2Þ3=2 : ð3Þ

Here, M is a mass parameter and R0 is a characteristic
length scale.
This geometry arises as a solution of the Einstein

equations coupled to a specific nonlinear electrodynamics
in curved spacetime [13]. In that context, R0 is interpreted
as the magnetic charge of a gravitating magnetic monopole.
The geometry remains regular for all values of r, and
depending on the mass-to-charge ratio, different causal

structures arise. There exists a critical value

Mc ¼
3

ffiffiffi
3

p

4
R0;

such that for M > Mc, the spacetime describes a regular
black hole with two horizons; forM < Mc, it is completely
regular and horizonless. The critical case M ¼ Mc corre-
sponds to an extremal black hole. In addition to its classical
interpretation, the Bardeen geometry has also been con-
sidered as an effective model for quantum-corrected black
holes [14].
In the coordinates of Eq. (2), the Ricci tensor takes the

form

Rμ
ν ¼

0
BBBBBBBBBB@

3MR2
0
ð2R2

0
−3r2Þ

ðR2
0
þr2Þ7=2 0 0 0

0
3MR2

0
ð2R2

0
−3r2Þ

ðR2
0
þr2Þ7=2 0 0

0 0
6MR2

0

ðR2
0
þr2Þ5=2 0

0 0 0
6MR2

0

ðR2
0
þr2Þ5=2

1
CCCCCCCCCCA
;

ð4Þ

thus, the Ricci scalar is

R ¼ 6MR2
0ð4R2

0 − r2Þ
ðR2

0 þ r2Þ7=2 : ð5Þ

Observe that the components of the Ricci tensor are regular
throughout the entire spacetime and remain nonzero near
the origin. The temporal and radial components change
sign at r ¼ ffiffiffiffiffiffiffiffi

2=3
p

R0, and all components decay as 1=r5 for
large r.

III. THE RSET IN BARDEEN SPACETIME:
WEAK FIELD APPROXIMATION

In this section, we attempt to compute the expectation
value hTμνi associated with the horizonless Bardeen-type
metric. We consider the action of a massless scalar field ϕ
in curved spacetime, given by

S½ϕ� ¼ −
1

2

Z
M

d4x
ffiffiffi
g

p ð∇μϕ∇μϕþ ξRϕ2Þ; ð6Þ

where M is a globally hyperbolic manifold and ξ is the
coupling to the curvature.
The dynamics of the quantum field can be defined

choosing a timelike Killing vector field tμ, which allows
us to foliate the spacetime into a family of spacelike
hypersurfaces Σt. A vacuum state can be defined as the
state annihilated by all the operators ak⃗ in the frequency
modes expression of the field ϕ,
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ϕðt; x⃗Þ ¼
Z

d3k⃗
�
ak⃗u

ðþÞ
k⃗

ðt; x⃗Þ þ a†
k⃗
uð−Þ
k⃗

ðt; x⃗Þ
�
: ð7Þ

Here, d3k⃗ represents the measure in the momentum space,
defined to assure the commutation relations between the
field and its conjugate momentum.

The modes uð�Þ
k⃗

are solutions of the Klein-Gordon

equation in curved spacetime identified by positive (þ)
and negative (−) frequencies, respectively. The choice of
such modes is not unique, and it is possible to define a
family of vacuum states, each corresponding to a different
choice of the modes. For static metrics, positive and
negative frequency can be defined with respect to the
temporal Killing vector. This defines the Boulware vac-
uum, in which the modes can be factorized as

uðþÞ
k⃗

ðt; x⃗Þ ¼ e−iωtvk⃗ðx⃗Þ; uð−Þ
k⃗

ðt; x⃗Þ ¼ uðþÞ
k⃗

ðt; x⃗Þ�: ð8Þ

The RSET associated with a massless scalar field can be
computed using a covariant perturbation theory. In four
dimensions, and up to linear order in the curvature it is
given by [3,4]

hTν
μi ¼ −

1

16π2

�
ξ −

1

6

�
2

ð∇μ∇ν − δνμ□Þ log
�
−□
μ2

�
RðxÞ

−
1

5760π2

�
ð2∇μ∇ν þ δνμ□Þ log

�
−□
μ2

�
RðxÞ

− 6□ log

�
−□
μ2

�
Rν
μðxÞ

�
: ð9Þ

In this expression, the covariant derivatives and the
d’Alembertian are taken as in flat spacetime.
The action of the nonlocal operator logð−□Þ on a time-

independent scalar test function φ is given by [4]

log

�
−□
μ2

�
φðx⃗Þ ¼ −

1

2π

Z
d3x⃗ 0 φðx⃗ 0Þ

jx⃗ − x⃗ 0j3 ; ð10Þ

up to a local term proportional to φ. Note that, in this
approach, it is implicitly assumed that the quantum state of
the field is the Boulware vacuum.
To perform the calculations will work in spherical

coordinates and split the problem into two: the computation
of□ logð−□ÞRμ

ν and the computation of∇μ∇ν logð−□ÞR.
It is worth remarking that, whenever the integral in Eq. (10)
is evaluated at a point x⃗ such that φðx⃗Þ ≠ 0, it has a
logarithmic divergence that must be regularized. For
Newtonian stars [4], when the evaluation is performed
outside the star, the integral in Eq. (10) is finite. This is not
the case for the Bardeen metric. The isolation of the
divergence is described below. From a physical point of
view, the divergent term can be absorbed into the bare
constant of the theory.

A. Computation of □ logð−□ÞRμ
ν

As we are working to leading order inM, Eq. (4) is valid
in flat spherical coordinates xμ ¼ ft; r; θ;φg. We start by
expressing Rμ

ν in Cartesian coordinates x0μ ¼ ft; x; y; zg
by using the equation

R0ν
μ ¼ ∂xρ

∂x0μ
∂x0ν

∂xσ
Rρ

σ: ð11Þ

In Cartesian coordinates, we are able to compute
logð−□ÞR0

μ
ν component by component. The integrals in

Eq. (10) can be computed using spherical coordinates.1

Although R0
μ
ν has several nonzero components, a simpler

expression is obtained if we evaluate Eq. (10) at some
point on the z axis,

log

�
−□
μ2

�
R0
μ
ν¼−

1

2π

Z
∞

0

dr0r02
Z

π

0

dθ0 sinθ0
Z

2π

0

dφ0 R0
μ
νðr0;θ0;φ0Þ

ðr2þ r02−2rr0 cosθ0Þ3=2 ; ð12Þ

and perform the φ0 integral,

1

π

Z
2π

0

dφ0R0
μ
νðr0; θ0;φ0Þ ¼

0
BBBB@

f1ðr0Þ 0 0 0

0 f2ðr0Þ þ f3ðr0Þcos2θ0 0 0

0 0 f2ðr0Þ þ f3ðr0Þcos2θ0 0

0 0 0 f4ðr0Þ − 2f3ðr0Þcos2θ0

1
CCCCA; ð13Þ

where

1We stress that we are considering here the Cartesian components R0
μ
ν, and expressing each one in spherical coordinates.
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f1ðr0Þ ¼ MR2
0

6ð2R2
0 − 3r02Þ

ðR2
0 þ r02Þ7=2 ;

f2ðr0Þ ¼ MR2
0

3ð4R2
0 − r02Þ

ðR2
0 þ r02Þ7=2 ;

f3ðr0Þ ¼ MR2
0

15r02

ðR2
0 þ r02Þ7=2 ;

f4ðr0Þ ¼ MR2
0

12

ðR2
0 þ r02Þ5=2 : ð14Þ

The integral over θ0 can be performed using the change of variables u ¼ cos θ0, which yields

g1ðrÞ ≔
Z

1

−1
duðr2 þ r02 − 2rr0 uÞ−3=2 ¼

8<
:

r2
ðr−r0Þðrþr0Þ if r0 < r

2r3
r0ðr−r0Þðrþr0Þ if r0 ≥ r

ð15Þ

g2ðrÞ ≔
Z

1

−1
u2duðr2 þ r02 − 2rr0uÞ−3=2 ¼

8<
:

2ðr2þ2r02Þ
3ðr−r0Þðrþr0Þ if r0 < r

2r3ðr2þ2r02Þ
3r03ðr−r0Þðrþr0Þ if r0 ≥ r;

ð16Þ

thus, replacing Eqs. (13)–(16) in (12), we obtain

log

�
−□
μ2

�
R0
μ
ν ¼−

1

2

0
BBBBB@

R
∞
0 dr0r02f1g1 0 0 0

0
R∞
0 dr0r02ðf2g1þf3g2Þ 0 0

0 0
R∞
0 dr0r02ðf2g1þf3g2Þ 0

0 0 0
R∞
0 dr0r02ðf4g1− 2f3g2Þ

1
CCCCCA; ð17Þ

The last integral in r0 requires regularization in all the cases: notice that all the divergent contributions arise from the
factor ðr − r0Þ−1 present in each case of Eqs. (15) and (16). In order to identify the divergent terms, we split each integral
into two intervals ð0; r − ΔÞ ∪ ðrþ Δ;∞Þ and take the limit Δ → 0þ, obtaining the following:

log

�
−□
μ2

�
R0
μ
ν

¼

0
BBBBB@

F1þf1 log ðμΔÞ 0 0 0

0 F2þF3þðf2þf3Þ log ðμΔÞ 0 0

0 0 F2þF3þðf2þf3Þ logðμΔÞ 0

0 0 0 F4 − 2F3þðf4− 2f3Þ logðμΔÞ

1
CCCCCA;

ð18Þ

where
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F1ðrÞ¼M
2ð17R4

0−28R2
0r

2þr4Þ
ðR2

0þr2Þ7=2 þf1ðrÞlog
�

R0

μðR2
0þr2Þ

�
;

F2ðrÞ¼M
31R4

0−16R2
0r

2−r4

ðR2
0þr2Þ7=2 þf2ðrÞlog

�
R0

μðR2
0þr2Þ

�
;

F3ðrÞ¼M
−R4

0þ44R2
0r

2−r4

ðR2
0þr2Þ7=2 þf3ðrÞlog

�
R0

μðR2
0þr2Þ

�
;

F4ðrÞ¼M
4ð7R2

0−r2Þ
ðR2

0þr2Þ5=2þf4ðrÞlog
�

R0

μðR2
0þr2Þ

�
: ð19Þ

The procedure we followed is equivalent to the regulari-
zation of a generalized function, studied in detail in [15].
The expression in Eq. (18) was obtained in Cartesian

coordinates and is valid only at any point on the z axis. Since
we know that the Ricci tensor is spherically symmetric, we
can extend this result to be valid off the z axis via a generic
spatial rotation. Observe that, for any spherically symmetric
tensor that in Cartesian coordinates and on the z axis has the
form W0

μ
ν ¼ diagða; c; c; bÞ, its expression in spherical

coordinates is Wμ
ν ¼ diagða; b; c; cÞ, and the latter is valid

in the whole space. Therefore, Eq. (18) becomes

log

�
−□
μ2

�
Rμ

νðrÞ ¼

0
BBBBB@

F1ðrÞ 0 0 0

0 F4ðrÞ − 2F3ðrÞ 0 0

0 0 F2ðrÞ þ F3ðrÞ 0

0 0 0 F2ðrÞ þ F3ðrÞ

1
CCCCCAþ Rμ

νðrÞ log ðμΔÞ: ð20Þ

We can drop the local, divergent term proportional to
logðμΔÞ in Eq. (20). Physically, we are not discarding a
divergent contribution, but we are absorbing it into the bare
constants of the theory. The length scale 1=μ can be chosen
to equal R0 in order not to introduce new dimensional
parameters into our results. However, it should be kept
arbitrary if one is interested, for example, in studying the
renormalization-group flow of the dressed constants.
Finally, we compute □ log ð−□ÞRμ

ν by acting with the
flat d’Alembertian operator in spherical coordinates on
Eq. (20). We do not display the result as its components
involve lengthy and cumbersome expressions.

B. Computation of ∇μ∇ν logð−□ÞR
Fortunately, no further complicated computations are

needed. Since we know RðrÞ [Eq. (5)], we can relate its
expression to the ones presented in Eq. (14) via
RðrÞ ¼ 2f2ðrÞ; therefore, adding a factor of 2 due to the
integral on Eq. (13), we get

log

�
−□
μ2

�
RðrÞ ¼ 4F2ðrÞ: ð21Þ

In a similar way we obtain

∇μ∇ν logð−□
μ2

�
R ¼ 4

0
BBBBB@

0 0 0 0

0 F00
2 0 0

0 0
F0
2

r 0

0 0 0
F0
2

r

1
CCCCCA; ð22Þ

and therefore

□ log

�
−□
μ2

�
R ¼ 4

�
F00
2 þ 2

F0
2

r

�
: ð23Þ

Replacing the obtained results in Eq. (9), we can write
down hTμ

νi as a sum of two contributions,

hTμ
νi ¼

�
ξ −

1

6

�
2

hTμ
νiðncÞ þ hTμ

νiðcÞ; ð24Þ

where

hTt
tiðncÞ ¼ −

M
π2

6r6 þ 337r4R2
0 − 2228r2R4

0 þ 819R6
0

4ðr2 þR2
0Þ11=2

−
M
π2

15ð4r4R2
0 − 41r2R4

0 þ 18R6
0Þ

4ðr2 þR2
0Þ11=2

log

�
R2
0

R2
0 þ r2

�
;

hTr
riðncÞ ¼M

π2
3r4 þ 82r2R2

0 − 273R4
0

2ðr2 þR2
0Þ9=2

þM
π2

15R2
0ðr2 − 6R2

0Þ
2ðr2 þR2

0Þ9=2
log

�
R2
0

R2
0 þ r2

�
;

hTθ
θiðncÞ ¼ hTφ

φiðncÞ ¼ −
M
π2

9r6 þ 422r4R2
0 − 2419r2R4

0 þ 546R6
0

4ðr2 þR2
0Þ11=2

−
M
π2

15ð5r4R2
0 − 46r2R4

0 þ 12R6
0Þ

4ðr2 þR2
0Þ11=2

log

�
R2
0

R2
0 þ r2

�
; ð25Þ

and
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hTt
tiðcÞ ¼ M

π2
6r6 − 485r4R2

0 þ 982r2R4
0 − 216R6

0

360ðr2 þ R2
0Þ11=2

−
M
π2

16r4R2
0 − 38r2R4

0 þ 9R6
0

48ðr2 þ R2
0Þ11=2

log

�
R2
0

R2
0 þ r2

�
;

hTr
riðcÞ ¼ M

π2
3r4 − 101r2R2

0 þ 72R4
0

360ðr2 þ R2
0Þ9=2

þM
π2

−4r2R2
0 þ 3R4

0

48ðr2 þ R2
0Þ9=2

log

�
R2
0

R2
0 þ r2

�
;

hTθ
θiðcÞ ¼ hTφ

φiðcÞ ¼ M
π2

−9r6 þ 583r4R2
0 − 953r2R4

0 þ 144R6
0

720ðr2 þ R2
0Þ11=2

þM
π2

20r4R2
0 − 37r2R4

0 þ 6R6
0

96ðr2 þ R2
0Þ11=2

log

�
R2
0

R2
0 þ r2

�
: ð26Þ

Figure 1 shows the energy density corresponding to
both the conformal and nonconformal components of the
stress tensor. As displayed in Fig. 1(a), the nonconformal
part is approximately two orders of magnitude larger
than the conformal one near the origin. The densities
have a rich structure for r ≃ R0, shown in Fig. 1(b): note
that the number of zero crossings differs between the two
curves. Finally, both components exhibit the expected
asymptotic behavior for large values of r, according to
Eq. (28) below.
As expected, the tensor hTμ

νiðcÞ is traceless, since there is
no trace anomaly up to first order in the weak-field
approximation. Additionally, we can check that the tensor
hTμ

νi in Eq. (24) satisfies the conservation law for any
value of ξ. Indeed, in these coordinates, the conservation
law reduces to a single nontrivial equation,

2ðhTr
ri − hTθ

θiÞ
r

þ ∂rhTr
ri ¼ 0: ð27Þ

Finally, we consider a series in powers of 1=r to identify
the leading order in Eq. (24),

hTt
ti ¼ −

3M
2π2

�
ξ −

1

6

�
2 1

r5
þ M
60π2r5

;

hTr
ri ¼ 3M

2π2

�
ξ −

1

6

�
2 1

r5
þ M
120π2r5

;

hTθ
θi ¼ hTφ

φi ¼ −
9M
4π2

�
ξ −

1

6

�
2 1

r5
−

M
80π2r5

: ð28Þ

It is worth remarking that, in the long-distance regime,
these results coincide with those of a Newtonian star, for an
arbitrary coupling to the curvature. This is remarkable,
since the Ricci scalar vanishes outside Newtonian stars and
is everywhere different from zero in the Bardeen metric.
Moreover, for minimal and conformal couplings the lead-
ing behavior coincides with the result for Schwarszchild
metric computed using the Boulware vacuum, extending
the universal behavior found in Ref. [6]. On the other hand,
our results for the leading order of the RSET in Eq. (28) are
consistent with those reported in Ref. [5], which were
obtained using a different method where the choice of the
Boulware vacuum state is explicit. This agreement is to be
expected, because of the implicit choice of the Boulware
vacuum in the nonlocal effective action approach.

(a) (b)

FIG. 1. Energy density associated with the nonconformal and conformal parts of the stress-energy tensor, hTt
tiðncÞ and hTt

tiðcÞ, as
functions of the distance from the origin. The quantity hTt

tiðncÞ has been rescaled by a factor of 1=100 in order to facilitate comparison
with hTt

tiðcÞ. Figure 1(a) displays the general behavior of the energy densities. The zoom in Fig. 1(b) shows the structure for r ≃ R0. At
large r, both energy densities fall off as ∼1=r5 [see Eq. (28)].
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At short and intermediate distances, the behavior in the
Bardeen spacetime differs from that of a Newtonian star,
and depends of course on its inner structure. For instance,
for a Newtonian, constant-density star of mass M and
radius R0, the RSET is given by [4],

hTt
ti ¼ 3

4π2
M
R3
0

��
ξ −

1

6

�
2

−
1

90

�
3R2

0 − r2

ðR2
0 − r2Þ2 ;

hTr
ri ¼ 3

2π2
M
R3
0

��
ξ −

1

6

�
2

þ 1

180

�
1

R2
0 − r2

;

hTθ
θi ¼ 3

2π2
M
R3
0

��
ξ −

1

6

�
2

þ 1

180

�
R2
0

ðR2
0 − r2Þ2 ; ð29Þ

for r < R0 and

hTt
ti ¼ −

3

4π2
M
R3
0

��
ξ−

1

6

�
2

−
1

90

�
2R3

0

rðr2 −R2
0Þ2

;

hTr
ri ¼ 3

2π2
M
R3
0

��
ξ−

1

6

�
2

þ 1

180

�
R2
0

r3ðr2 −R2
0Þ
;

hTθ
θi ¼ −

3

2π2
M
R3
0

��
ξ−

1

6

�
2

þ 1

180

�
R3
0ð3r2 −R2

0Þ
2r3ðr2 −R2

0Þ2
; ð30Þ

for r > R0. We see that for this Newtonian star the RSET
diverges at the surface, while in the Bardeen spacetime it
stays regular everywhere (see Fig. 2).

IV. BEYOND THE WEAK FIELD
APPROXIMATION: BOULWARE VACUUM

AND EVENTUAL TACHYONIC INSTABILITIES

In a series of works [6], it has been shown that sufficiently
compact objects can trigger an exponential growth in the

vacuum energy of quantum scalar fields. This phenomenon
arises due to tachyonic instabilities, where the Klein-
Gordon equation admits modes with negative squared
frequencies. In such cases, the scalar field lacks a true
ground state, and the usual construction of the Boulware
vacuum becomes invalid. This so-called “awakening of the
vacuum” may eventually lead to interesting astrophysical
consequences, as discussed in Ref. [10]. For example,
neutron stars with a given mass and radius would not be
stable in the presence of a quantum scalar field with
coupling to the curvature such that there are tachyonic
instabilities. The observation of such stars could be used to
rule out the existence of scalar fields with those couplings.
In this section we will discuss whether the horizonless

Bardeen metric may induce tachyonic instabilities or not for
the quantum scalar field. We will demonstrate that, in the
weak-field approximation, the Boulware vacuum is a stable
quantum state. However, as we will see, the Boulware
vacuummay not be stable for strong gravitational fields, due
to the presence of a tachyonic instabilities. Although there is
no explicit tachyonic term m2 < 0 in the action, the
effective mass term can be negative due to the nontrivial
geometry. To see this, we will analyze the equations that

satisfy the field modes uð�Þ
k⃗

, looking for values of k⃗ such that

ω is imaginary, i.e., for unstable modes that increase their
amplitude exponentially in time.
The modes of a scalar massless field in the Bardeen

metric are solutions for the Klein-Gordon equation

ð□ − ξRÞuð�Þ
k⃗

ðt; x⃗Þ ¼ 0; ð31Þ

where the functions uð�Þ
k⃗

are factorized as shown in Eq. (8).

Since the Bardeen metric is spherically symmetric, we
propose

uð�Þ
ωlm ¼ e∓iωtffiffiffiffiffiffi

2ω
p FωlðrÞ

r
Ym
l ðθ;φÞ; ð32Þ

where Ym
l ðθ;φÞ is the spherical harmonic of order ðl; mÞ,

and the indices l, m, ω play the role of k⃗ in Eq. (31). Using
the operator □ ¼ ∇μ∇μ associated to the metric Eq. (2) in
Eq. (31) yields

1

r2
∂

∂r

�
r2f

∂uð�Þ
ωlm

∂r

�
þ 1

r2 sin θ
∂

∂θ

�
sin θ

∂uð�Þ
ωlm

∂θ

�

þ 1

r2sin2θ
∂
2uð�Þ

ωlm

∂θ2
− ξRuð�Þ

ωlm ¼ 1

f
∂
2uð�Þ

ωlm

∂t2
: ð33Þ

Now, we consider a change of the radial variable defined
by dr=dχ ¼ f, and therefore, replacing Eq. (32) in Eq. (33)
yields

FIG. 2. Comparison between the component hTt
ti associated

with the Bardeen spacetime and the corresponding component for
a Newtonian, pressureless star of constant density. We use the
same parameters M and R0 for both geometries. The plot
corresponds to the conformal case ξ ¼ 1=6.
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−
d2Fωl

dχ2
þ f

�
ξRþ lðlþ 1Þ

r2
þ f0

r

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼VðlÞ
eff

Fωl ¼ ω2Fωl; ð34Þ

where f0 ¼ df=dr, and r ¼ rðχÞ. The spectrum of eigen-
values ω2 in Eq. (34) determines if a tachyonic instability is
present in the theory. If Eq. (34) admits solutions with
ω2 < 0, then ImðωÞ ≠ 0, and the amplitude of some modes
grows exponentially in time. We stress that for ω2 > 0 the
solutions Fωl are fully determined by the condition of
being regular at the origin and by the normalization of the
modes. However, when ω2 < 0 the solutions must vanish
as r → ∞.

In order to analyze the existence of solutions with
ω2 < 0, we will exploit its similarity to the one-dimensional

Schrödinger equation with potential VðlÞ
eff . If we consider

another potential Ṽeff such that ṼeffðχÞ < VðlÞ
effðχÞ ∀χ, and

the spectrum of eigenvalues of Eq. (34) associated with Ṽeff

is bounded from below, then ω̃2
0 < ω2

0, where ω
2
0 and ω̃

2
0 are

the lowest eigenvalues of Eq. (34) for the potentials VðlÞ
eff and

Ṽeff , respectively. Using this property, we will find con-
straints on the parameters M, R0, and ξ that ensure non-
negative eigenvalues.

We first notice that Vðl¼0Þ
eff < Vðl≥1Þ

eff ; therefore, any Ṽeff

such that Ṽeff < Vðl¼0Þ
eff will cover all cases. For simplicity,

we denote Vðl¼0Þ
eff ≡ Veff , whose explicit form is

Veff ¼
2MððR2

0 þ r2Þ3=2 − 2Mr2Þð2ð6ξ − 1ÞR4
0 − ð3ξþ 1ÞR2

0r
2 þ r4Þ

ðR2
0 þ r2Þ5 : ð35Þ

The simplest case is to take Ṽeff ¼ 0, since Eq. (34) with
this potential does not admit negative eigenvalues, and
therefore ω2 ≥ 0. In this case, the constraint reads

0.225 ≈
7 − 2

ffiffiffiffiffi
10

p

3
≤ ξ ≤

7þ 2
ffiffiffiffiffi
10

p

3
≈ 4.442: ð36Þ

However, this is a strong constraint that excludes both the
minimally (ξ ¼ 0) and conformally coupled (ξ ¼ 1=6)
cases.
We would like to relax this restriction to include the

minimal and conformally coupled cases and, ideally,
guarantee the absence of tachyonic modes in the weak-
field limit. We can adopt Ṽeff as a square potential well

(see Fig. 3). The existence of bound states (negative
eigenvalue) in this case can be easily determined: if L is
the width of the well and V0 its depth, there exist bounded
states with Dirichlet conditions at r ¼ 0 and r → ∞ if and
only if V0L2 > π2=4.
The width L of the well must be evaluated in the χ

coordinate. As we do not have an analytical formula that
relates χ and r, we look for a conservative constraint.
The differential relationship between χ and r is dχ ¼ dr=f,
and the function f satisfies fðrÞ ≥ 1–4M=3

ffiffiffi
3

p
R0 > 0.

Therefore, an interval in the χ coordinate satisfies

L¼ χ1 − χ0 ¼
Z

r1

r0

dr
fðrÞ ≤

1

1− 4M
3
ffiffi
3

p
R0

ðr1 − r0Þ≡L0: ð37Þ

The interval ½r0; r1� where the effective potential in Eq. (35)
remains negative can be analytically found, so Eq. (37)
shows an upper bound to the width of the well. Given a
combination of parameters ξ, M, and R0, if the condition
V0L2 ≤ V0L2

0 < π2=4 is satisfied, then there are no neg-
ative eigenvalues associated with Ṽeff , and consequently,
none associated with Veff either.
The location of the minimum of Veff is determined by

solving a seventh-degree polynomial equation, which must
be done numerically. Both the width and depth of the
potential well depend solely on the coupling ξ and the ratio
M=R0. We recall that, in this metric, the weak-field limit
corresponds to M ≪ R0.
We show the results of this analysis in Fig. 4. The red-

shaded zones represent the combinations of parameters ξ
and M=R0 whose associated square potential well presents
at least one negative eigenvalue, indicating a possible
presence of tachyonic instability in the original effective

FIG. 3. Effective potential of Eq. (35), ξ ¼ 0.17 and M=R0 ¼
0.1 (red curve with circle markers), and the proposed function
Ṽeff as a square potential well (blue curve with square markers).
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potential. Conversely, the white regions correspond to
parameter values where the square well does not admit
negative eigenvalues, ensuring the stability of the Boulware
vacuum. As can be seen, for sufficiently small M=R0 (the
weak-field regime), any value of the coupling ξ lies within
the stable region, confirming that the Boulware vacuum
remains stable in this limit.
Using similar reasoning, one can identify regions in

parameter space where negative eigenvalues arise. In
particular, it is possible to construct a square potential well

such that Veff > Vðl¼0Þ
eff . The existence of a bound state with

a negative eigenvalue in this effective potential ensures the
presence of tachyonic instabilities in the Bardeen metric
(see the dark red-shaded region in Fig. 4). This provides a
new example of the interesting phenomenon of vacuum
tachyonic instability (see Ref. [16] for previous examples).

V. ANOMALY-INDUCED RSET

Recently, Ref. [11] presented a numerical computation
of the RSET in Bardeen-type spacetimes for the conformal
coupling ξ ¼ 1=6, using a method based on the anomaly-
induced effective action and focusing on the strong-field
case M ¼ R0=2. Their analysis found an asymptotic decay
of the RSET components as 1=r3, leading the authors to
suggest that the Boulware vacuum might not be suitable for
this background. For general parameters M and R0, such a
1=r3 behavior could, in principle, arise through inverse
powers of R0, for instance as M2=ðR3

0r
3Þ or M3=ðR4

0r
3Þ.

Our results, however, indicate a different asymptotic
behavior in the weak-field regime. Indeed, forM ≫ R0, the
components of the RSET decay as M=r5, i.e., independ-
ently of the value of R0. This is consistent with the more
general analysis of Ref. [5], which adopts the Boulware
vacuum without assuming weak gravity. Moreover, in the
covariant perturbative approach employed here—originally
developed in Euclidean spacetime [3]—the Wick rotation
naturally selects the Boulware vacuum in static back-
grounds. These considerations suggest that the Weyl-
invariant part of the effective action plays a crucial role
in determining the vacuum structure.
To support this interpretation, let us recall that the

nonlocal Riegert action, when expanded in powers of
the curvature, takes the form

Sanom ¼ b
Z

d4x
ffiffiffi
g

p
□RΔ−1

4 □RþOðR3Þ; ð38Þ

where Δ4 ¼ □
2 þOðRÞ and b is a constant. Thus, up to

quadratic order, the action becomes local and reduces to a
term proportional to R2, which is insufficient to capture
vacuum polarization effects at large distances. Indeed, this

local action yields an RSET proportional to the tensorHð1Þ
μν ,

which involves two derivatives of the curvature tensor and
therefore decays as MR2

0=r
7. At large distances, this

contribution is much smaller than the result we derived
from the nonlocal effective action.
One might wonder whether the tachyonic instability

discussed in the previous section could play a role in the
results of Ref. [11]. However, we have verified that no
tachyonic instabilities arise in the particular case M ¼
R0=2 for conformal coupling ξ ¼ 1=6. For these and other
parameter choices that do not produce instabilities, we
expect the Boulware vacuum to be perfectly well defined.
Note that this is not necessarily inconsistent with a 1=r3

decay, although it would be surprising if higher-order
corrections dominated over the weak-field results in the
large-distance limit.
A possible explanation, as already emphasized, is that

the Weyl-invariant part of the effective action may sub-
stantially modify the asymptotic decay. This is precisely
what occurs in the Schwarzschild geometry. Indeed,
Ref. [17] showed that the Riegert action produces an
RSET that decays as M2=r6 in the Boulware vacuum, in
agreement with earlier analytic approximations to the stress
tensor [18]. However, subsequent numerical calculations
revealed a decay of the form M=r5 [19], later confirmed
through an analytical approach [6]. Our results, combined
with those of Ref. [5], suggest that a similar behavior
occurs for the Bardeen geometry.

FIG. 4. Certain combinations of the parameters ξ, M, and R0

lead to a tachyonic instability (dark red-shaded region). In the
light red-shaded region, neither the presence of a tachyonic
instability nor the existence of a stable Boulware vacuum can be
guaranteed. Outside the red-shaded regions, no tachyonic insta-
bility occurs. The dashed horizontal line corresponds to the
conformal coupling case ξ ¼ 1=6. In the weak-field regime
M ≪ R0 (left side of the plot), no tachyonic instability is present
for any values of ξ, M, and R0.
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VI. DISCUSSION

For regular, horizonless spacetimes, the RSET can be
evaluated in the weak-field regime using the nonlocal
effective action derived via covariant perturbation theory
[3]. When the classical stress tensor sourcing the geometry
is localized, the leading-order term scales as M=r5, and
depends solely on the total mass, while subleading cor-
rections encode information about the star’s internal struc-
ture [4]. For nonlocalized sources, as in the Bardeen-type
spacetime, the calculation presented in this work yields the
same asymptotic behavior, consistent with the general
results of Ref. [5].
Even in the weak-field limit, the RSET exhibits note-

worthy features. Unlike idealized stellar models where the
RSET often diverges at the surface, the Bardeen metric
leads to a regular stress-energy tensor everywhere.
Moreover, around r ≃ R0, the energy density displays a
rich structure, including several sign changes. This behav-
ior differs between conformal and nonconformal fields,
both in sign structure and in the amplitude of vacuum
fluctuations near the origin.
A particularly interesting aspect of the Bardeen geom-

etry, highlighted in this work, is the existence of tachyonic
instabilities in the strong-field regime. In such cases,
vacuum polarization effects may grow exponentially with
time [10], indicating that the Boulware vacuum becomes
unstable and thus physically inappropriate.

Another aspect that has been emphasized in this work is
that results obtained for the RSET using the nonlocal
effective action in the weak-field regime differs from those
obtained from the anomaly induced effective action, as
happens for the Schwarzschild geometry. Therefore, the
Weyl-invariant part of the effective action seems to be
crucial to capture the correct behavior, at least for weak
gravitational fields.
Future work will address the detailed behavior of the

RSET in time-dependent weak gravitational fields, with
particular focus on its nonlocal features and its asymptotic
behavior at large r. The known sensitivity of the imaginary
part of the effective action to the internal structure of
oscillating stars [20], as well as the sensitivity of the RSET
to the details of the gravitational collapse [21], strongly
suggests a rich interplay between spacetime dynamics and
quantum effects even in the weak-field regime. Work in this
direction is in progress.
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