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We investigate the quantum properties of the truly gauge-invariant and conserved charges of two-
dimensional Yang-Mills theories, focusing on lattice QCD in the strong coupling regime. The construction
of those charges uses the integral version of the (1þ 1)-dimensional Yang-Mills equations, and they
correspond to the eigenvalues of a charge operator. The gauge invariance of the charges suggests that they
are not confined, hence hadronic states may carry them. Using the path integral formalism with imaginary
time (Euclidean), we evaluate the correlation functions of those charges on baryon and meson states
through functional integrals over the gauge group SUðNÞ (N ¼ 2, 3) and Grassmannian variables—the
fermionic fields. Our results show that the expectation values of the lowest nontrivial charges are nonzero
for baryon and meson states but vanish for non-gauge-invariant states, supporting the interpretation that
hadrons indeed carry these charges. While renormalization effects and higher-order contributions remain to
be analyzed, these findings point toward a potential link between gauge-invariant charges and confinement.
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I. INTRODUCTION

A remarkable fact about the laws of Physics governing the
four fundamental interactions of Nature is that they are based
on symmetry principles. The electromagnetic, the strong, and
weak nuclear forces are based on the gauge principle, first
formulated by H. Weyl [1,2] for the case of Maxwell theory,
and extended by C.N. Yang and R.L. Mills [3] (see also [4])
for the case of non-Abelian gauge symmetries. A crucial
requirement of such theories is that any observable must be
invariant under gauge transformations.
The equations of motion of gauge theories lead in a quite

straightforward way to a number of conserved charges equal
to the dimension of the gauge group. In the case of the
electromagnetic interaction, the conserved charge is the
electric charge, which is clearly gauge invariant. However,
in the case of the non-Abelian gauge theories, the conserved
charges are not really gauge invariant. That is a long-standing

problem first noticed by Yang and Mills [see comment below
Eq. (16) of [3] or Sec. 15.3 of [4] ]. Indeed, the Yang-Mills
equation can be written as jμ ≡ ∂νFνμ ¼ Jμ − ie½Aν; Fνμ�,
where Aμ is the gauge potential, Fμν, the field tensor, and Jμ
the matter current. From the antisymmetry of the field tensor,
one has the conservation law ∂μjμ ¼ 0, but the corresponding
conserved charge

R
d3xj0, is not gauge invariant.

The construction of truly gauge invariant conserved
charges for non-Abelian gauge theories was first presented
in [5,6], building on the developments in [7,8]. The method
uses the integral form of the Yang-Mills equations, and is
based on connection on loops spaces and the non-Abelian
Stokes theorem for two-form connections. The conserved
charges are the eigenvalues of some operators that possess
an isospectral time evolution, and there is an infinite
number of charges. More recently, it was shown [9] that
those charges Poisson commute and lead, on the sector of
non-Abelian electric and magnetic charges, to an exact
integrability in non-Abelian gauge theories.
Since such conserved charges are gauge invariant, they

are observable. In the case of QCD they are color singlet
and so, in principle, are not confined. Therefore, the
baryons and mesons could carry such charges. The calcu-
lation of the expectation values of those charges on hadron
states in four dimensional Yang-Mills theories is a difficult
task. For those reasons, we have constructed the equivalent
of those charges in classical (1þ 1)-dimensional gauge
theories in [10], with the objective of pursuing their role in
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the quantum (1þ 1) Yang-Mills theory. However, the
quantum case is a largely uncharted territory, presenting
many open questions that merit further investigation.
Understanding the quantum analog of the new charge

operator is essential for addressing challenges related to
gauge invariance and the interplay between classical and
quantum symmetries. With this goal in mind, this work
intends to take a step forward by laying the foundation for
future investigations into the structure and behavior of
quantum charge operators. A key related question is to
understand what physical property this charge measures, in
order to see how hadronic states, such as mesons and
baryons, behave under these charge operators. How do the
physical quantities behave under the action of this new
gauge-invariant charge, and how does this charge contrib-
ute to our understanding of gauge symmetry in the quantum
regime? Is there any relation between this quantum charge
and confinement?
Of course, there are many treatments about confinement

in the lattice QCD literature, specially in the fundamental
paper [11]. In a mathematically rigorous approach confine-
ment is manifest in the exponential decay of relevant
correlations, since exponential decay implies a mass gap
in the energy-momentum spectrum. In the present paper we
are investigating the role of the new gauge invariant
conserved charges, and searching for a possible relation
among those charges and confinement.
To achieve at least part of this goal, we consider a

QCD-like simplified model with gauge groups SUð2Þ and
SUð3Þ, and with only three-flavor quark and antiquark
fields. Namely, we take the flavors “U” (up), “D” (down),
and “S” (strange). The analysis is performed in Euclidean
spacetime dimensions on a square lattice with fixed lattice
spacing a > 0. We adopt the Wilson lattice action [12,13]
and assume to be in the strong coupling regime, where the
gauge coupling g > 0 and the hopping parameter κ > 0

satisfy the conditions 0 < β≡ βðaÞ ¼ ðagÞ−2 < κ ≪ 1.
In the strong coupling regime, the hopping term in the

Wilson action dominates over the pure gauge plaquette
action term. Consequently, for certain computations, the
Wilson plaquette term can be neglected [see Eq. (2.52)
below]. We emphasize that the results obtained here can be
generalized to higher Euclidean spacetime dimensions
d > 2, to systems with a larger number of flavors, and
gauge groups SUðN ≠ 2; 3Þ, with additional complexity
and technical painstaking efforts.
We adopt the strong coupling approximation because it

simplifies the type of contributions to be considered when
computing correlations (Green’s functions) and, most
important, it makes the evaluation of the gauge group
integrals with the Haar measure much simpler. In addition,
we are interested in evaluating the expectation values of the
charges on bound states, such as hadronic particle fields. It
is worthwhile mentioning that the strong coupling regime
has shown to be a good approximation. In previous papers,
by one of us, the existence of hadronic particles and some

of their bound states was rigorously confirmed and quark
confinement was verified up to some energy threshold in
the energy-momentum spectrum [14,15]. We also chose to
work in (1þ 1) dimensions since the spin is not really
present, simplifying the algebraic computations. The strong
coupling and the dimensionality are not mandatory.
It is important to note that, in the strong coupling regime,

the application of polymer expansions reveals significant
properties. Starting with a finite lattice system in a box
of volume Λ, for sufficiently small couplings κ and β (see
[16–18]), the thermodynamic limit Λ↗∞ of correlations
exists, and truncated correlations exhibit exponential tree
decay. The limiting correlations are invariant under lattice
translations and extend to joint analytic functions of
complex coupling parameters. Additionally, our model
satisfies Osterwalder-Schrader positivity [17,19–22]. This
property ensures the existence of an underlying physical
quantum mechanical Hilbert space H. Within this frame-
work, by considering translations in time and spatial
coordinates, we can define self-adjoint and self-commuting
energy and momentum operators on H. Their joint spec-
trum is the system energy-momentum spectrum [16,17],
which can be accessed by analyzing the analyticity proper-
ties of a lattice Fourier transform of certain correlations. A
relation between Hilbert space inner products and statistical
mechanical correlation of the model is provided by a path
integral (Feynman-Kac) type formula on the lattice [18,22].
In this context, for the gauge groups G ¼ SUðNÞ, with

N ¼ 2, 3, we define an Euclidean two-dimensional lattice
quantum version of the Yang-Mills current given in [10]. We
emphasize that, for two dimensions, the spin degrees of
freedom are frozen and the spin indices 1 and 2 only refer to
the particle-antiparticle distinction. Additionally, our results
focus primarily on the case N ¼ 2, and we deal with N ¼ 3
only when our analysis incorporates baryon fields, which are
not defined for N ¼ 2.
The charge introduced in [7,8] can be expanded in an

infinite series of an arbitrary parameter, called λ, [see
(2.41)], with each coefficient of the expansion associated
with a conserved charge. However, in our analysis, we only
consider the leading terms of the series, corresponding to

Qð1Þ
M and Qð2Þ

M [see (2.42) and (2.45)], the first and second
charges, respectively. Then, we define a quantum version of
the classical charges and examine their quantum properties
on the finite lattice when applied to composite meson and
baryon fields. To this end, we study the corresponding path
integral using the F-K–like formula (2.57), and compute the
expectation values of the lattice charge operator for baryons
and mesons [see (2.62)]. Although the focus is on the
formula without explicitly using the partition function in
the computation [i.e., just the numerator in (2.62)], our
computations capture the qualitative behavior of the model.
The discussion of the quantum current presented here will
be scant, as our primary focus is on a lattice version of the
classical current. Considering that the continuum limit
a↘0 of the model only exists after a renormalization
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procedure to remove ultraviolet singularities, a realistic
quantum current and charge must incorporate corrections
arising from renormalization and operator ordering effects.
The analysis of the other charge terms, the higher orders of
the expansion (2.41), will eventually be the subject of
further investigation.
As a result, our analysis focused on the lattice version

of Qð2Þ
M , since we show that Qð1Þ

M ¼ 0 [see (2.42)], for a

semisimple gauge group G. The charge Qð2Þ
l —the imple-

mented lattice version of Qð2Þ
M —is zero for nongauge

invariant states, whereas it is nonzero for meson and
baryon states.
Despite its limitations, our treatment captures many of

the essential features necessary for exploring the interplay
between gauge invariance and lattice discretization. We
acknowledge that a fully rigorous treatment of the quantum
current, incorporating these subtleties, remains an open
challenge. Progress toward this goal will be reported in
future work, where we aim to develop a more compre-
hensive framework for quantum currents on the lattice.
The paper is organized as follows. In Sec. II, we outline

the essential details of the underlying framework. Section III
presents the main results of our study, while Sec. IV is
dedicated to our conclusions. For completeness, we include
several Appendixes that provide additional context related to
some of the topics discussed and detailed computations.

II. FRAMEWORK AND PRELIMINARIES

A. The classical charge operator and conserved charges

The conserved charges for classical Yang-Mills theories
in (1þ 1) dimensions are discussed in [10]. Here, we

summarize the main aspects of the construction that serves
as the backbone of our analysis on the lattice.
The first ingredient of our construction is the so-called

non-Abelian Stokes theorem. Consider a 0-form B, and a
1-form Cμ, μ ¼ 0, 1, on the (1þ 1)-dimensional Minkowski
space-time M, with the metric gμν ¼ diagð1;−1Þ, and both
taking values on the Lie algebra g of a Lie gauge group G.
Let γðσÞ∶½σi; σf� → xμðσÞ∈M denote a path in M, with
½σi; σf� ⊂ R, and define the holonomy of the connection Cμ

on γ, through the ordinary differential equation

dW
dσ

þ CμðxÞ
dxμðσÞ
dσ

W ¼ 0: ð2:1Þ

By integrating (2.1), one obtains the path-ordered exponen-
tial, commonly referred to as the Wilson line

Wðσi; σÞ ¼ P exp

�
−
Z

σ

σi

dρCμðρÞ
dxμðρÞ
dρ

�
WR; ð2:2Þ

whereWR ≡Wðσi; σiÞ stands for the integration constant. In
particular, the series expansion of the Wilson line for the
(totally) ordered partition of the subset ½σi; σ� where the
upper bound σ, satisfies σ ≤ σf, i.e.,

σ ≥ σ0 ≥ σ1 ≥ … ≥ σn−2 ≥ σi; ð2:3Þ

takes the form

Wðσi; σÞ ¼
�
1 −

Z
σ

σi

dσ0Cðσ0Þ þ
Z

σ

σi

Z
σ0

σi

dσ0dσ1Cðσ0ÞCðσ1Þ þ…

þ ð−1Þn−1
Z

σ

σi

Z
σ0

σi

…

Z
σn−2

σi

dσ0dσ1…dσn−1Cðσ0ÞCðσ1Þ…Cðσn−1Þ þ…

�
WR

with CðσÞ ¼ CμðσÞ dx
μðσÞ
dσ and n ≥ 2. The derivative of (2.4)

with respect to σ straightforwardly leads to the expression
for the integral curve associated withW that passes through
WðσiÞ. Since W is matrix valued, by the uniqueness of the
ODE solution (cf. Picard–Lindelöf theorem, see also
Lipschitz continuity) one finds that W is in fact G valued,
see, e.g., [23], i.e., an element of the underlying group G.
We introduce a group element VðγÞ in G, through the

exponential map, as

VðγÞ≡ eW
−1ðγÞBðxðσfÞÞWðγÞ: ð2:4Þ

The question we ask now is how VðγÞ changes when we
change the end point of the curve γ by an infinitesimal
increment, i.e., xμðσfÞ → xμðσf þ dσÞ ¼ xμðσfÞ þ δxμ.

Using a Baker-Campbell-Hausdorff type relation [24–26],
we get that the variation of V in terms of the argument of the
exponential is1

δVV−1 ¼ δT þ 1

2!
½T; δT� þ 1

3!
½T; ½T; δT�� þ…

¼
X∞
n¼0

1

ðnþ 1Þ! ad
n
TδT ð2:5Þ

1An alternative approach leads to a (proper) integral repre-
sentation written in terms of the beta function, yielding the same
result, see, e.g., [27,28], which demonstrates some mathematical
methods to tackle the formula of interest.
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where T ≡W−1ðγÞBðxðσfÞÞWðγÞ, and adT stands form the
adjoint representation operator, i.e., adT ≡ ½T; ��. From (2.2),
we have that

δWW−1 ¼ −CμðxÞ
dxμðσÞ
dσ

dσ ð2:6Þ

and so

δT ¼ W−1DμBW
dxμðσÞ
dσ

dσ ð2:7Þ

with Dμ �≡∂μ � þ½Cμ; ��. Therefore, from (2.5) and (2.7),
we get a differential equation for V

dV
dσ

¼ W−1LμW
dxμðσÞ
dσ

V ð2:8Þ

with

Lμ ≡
X∞
j¼0

1

ðjþ 1Þ! ad
j
BDμB: ð2:9Þ

Consequently, we can obtain V by integrating (2.8) along the
curve γ, obtaining it as the holonomy of the connection
W−1LμW. Since the result has to be the same as the one given
in (2.4), one obtains the non-Abelian Stokes theorem

eW
−1ðγÞBðxðσfÞÞWðγÞ

¼ P exp

�Z
σf

σi

dσW−1ðσÞLμðσÞWðσÞ dx
μðσÞ
dσ

�
VR

ð2:10Þ

with VR being an integration constant. The rhs of (2.10) can
be written as a series of the form (2.4), with ð−CðσÞÞ
replaced by LðσÞ≡W−1ðσÞLμðσÞWðσÞ dxμðσÞdσ . Note that
(2.10) is a mathematical identity valid for any pair of
differential forms B and Cμ.
The differential Yang-Mills equations in (1þ 1)-dimen-

sions, for a gauge group G, are given by

DμFμν ¼ Jν; μ; ν ¼ 0; 1 ð2:11Þ

where Jμ ¼ Jμaτa is thematter current,Dμ ¼ ∂μ � þ ig ½Aμ; ��,
is the covariant derivative, and Aμ ¼ Aa

μτa, is the gauge field
and

Fμν ¼ ∂μAν − ∂νAμ þ ig½Aμ; Aν� ð2:12Þ

is the field tensor, or the curvature of the connection Aμ. We
have τa, a ¼ 1; 2;… dimG, is a basis for the Lie algebra ofG,
satisfying

½τa; τb� ¼ ifabcτc; TrðτaτbÞ ¼ δab: ð2:13Þ

Introducing the Hodge duals

F̃≡ −
1

2
εμνFμν; J̃μ ≡ −εμνJν; ε01 ¼ 1 ð2:14Þ

we get that (2.11) becomes

DμF̃ ¼ J̃μ: ð2:15Þ

The integral Yang-Mills equations are obtained from the
Stokes theorem (2.10), by using (2.15) and making the
replacements

Cμ ¼ igAμ; B ¼ igλF̃ ð2:16Þ

with λ being an arbitrary (complex) parameter. Therefore,
we get

eigλW
−1ðγÞF̃ðxðσfÞÞWðγÞ

¼ P exp

�Z
σf

σi

dσW−1ðσÞKμðσÞWðσÞ dx
μðσÞ
dσ

�
VR

ð2:17Þ

with

Kμ ¼
X∞
n¼0

ðigλÞnþ1

ðnþ 1Þ! ad
n
F̃
J̃μ: ð2:18Þ

The Wilson line W is now obtained from (2.1), and the
replacements (2.16), and so

dW
dσ

þ igAμðxÞ
dxμðσÞ
dσ

W ¼ 0: ð2:19Þ

By considering an infinitesimal path, where σf → σi, we
see that the integration constant in (2.17) must be

VR ¼ eigλW
−1
R F̃ðxðσiÞÞWR ð2:20Þ

with WR being the integration constant appearing in (2.2).
The integral equation (2.17) is equivalent to the differ-

ential Yang-Mills equations (2.15) [or equivalently (2.11)].
Indeed, it was obtained from the (identity) Stokes theorem
(2.10) and the Yang-Mills equations (2.15). Alternatively, by
considering an infinitesimal curve γ, and Taylor expanding
both sides of (2.17) in a power series in the length of the
path, one gets the Yang-Mills equation (2.15) in lowest order.
Under a local gauge transformation

AμðxÞ → ϱðxÞAμðxÞϱ−1ðxÞ þ
i
g
∂μϱðxÞϱ−1ðxÞ; ϱ∈G

ð2:21Þ
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we have that

FμνðxÞ → ϱðxÞFμνðxÞϱ−1ðxÞ;
JμðxÞ → ϱðxÞJμðxÞϱ−1ðxÞ ð2:22Þ

and

WðσÞ → ϱðσÞWðσÞϱ̃−1R ; ϱ̃R ≡W−1
R ϱðσiÞWR: ð2:23Þ

Therefore,

W−1ðγÞF̃ðxðσfÞÞWðγÞ → ϱ̃RW−1ðγÞF̃ðxðσfÞÞWðγÞϱ̃−1R
ð2:24Þ

W−1ðσÞKμðσÞWðσÞ → ϱ̃RW−1ðσÞKμðσÞWðσÞϱ̃−1R ð2:25Þ

VR → ϱ̃RVRϱ̃
−1
R : ð2:26Þ

Consequently, both sides of the integral Yang-Mills equa-
tion (2.17) transform under conjugation by the constant
group element ϱ̃R, and so are covariant under local gauge
transformations.
The important property following from the integral

equation (2.17) is that the eigenvalues of the operators
on both sides of (2.17) are independent of the path γ, as
long as their end points are kept fixed. In order to see that,
consider a curve γ0 with the same endpoints as γ. Therefore,
γ ∘ γ0−1 is a closed path. We can then use the non-Abelian
Stokes theorem for a 1-form connection [5–7] to write

Wðγ0−1ÞWðγÞ ¼ P exp
�
ig
Z
Σ
dσdτW−1FμνW

dxμ

dσ
dxν

dτ

�

≡HðΣÞ ð2:27Þ

where Σ is any surface with border ∂Σ ¼ γ ∘ γ0−1. The
surface Σ is scanned with closed loops, labelled by τ, based
on a reference point on its border, and each loop is
parametrized by σ. It then follows that

eigλW
−1ðγ0ÞF̃ðxðσfÞÞWðγ0Þ ¼ HðΣÞeigλW−1ðγÞF̃ðxðσfÞÞWðγÞHðΣÞ−1:

ð2:28Þ

So, if we change the path γ to another path γ0, with the same
endpoints, the operator on the lhs of (2.17) changes by a
conjugation by HðΣÞ. This means that its eigenvalues are
independent of the path, as long as its endpoints are kept
fixed. Hence (2.17) implies that the operator on its rhs has
the same property. Since the eigenvalues of a matrix can be
written functionally in terms of traces of its powers, we
have that the quantities

TrðeigλW−1ðγÞF̃ðxðσfÞÞWðγÞÞM

¼ Tr

�
P exp

�Z
σf

σi

dσW−1ðσÞKμðσÞWðσÞ dx
μðσÞ
dσ

�
VR

�
M

ð2:29Þ
are path independent, where M is an integer, indicating
powers of the operator. Such property can be used to
construct conserved quantities as we now explain.
Let us consider two paths with the same endpoints. The

first one, denoted by Γt, is a straight line parallel to the
x1 axis, at a fixed time t ¼ t, and going from x1 ¼ −∞ to
x1 ¼ þ∞. The second one is made of three parts,
Γ−1
−∞ ∘Γ0 ∘Γþ∞, where Γ0 is a straight line, parallel to

the x1 axis, at fixed time t ¼ 0, going from x1 ¼ −∞ to
x1 ¼ þ∞. The paths Γ�∞ are straight lines, parallel to the
x0 axis, positioned at x ¼ �∞, and going from t ¼ 0 to
t ¼ t. The operator on the rhs of (2.17) is obtained by
integrating (2.8), with Lμ replaced by Kμ, given in (2.18).
Therefore, it is the holonomy of the connection W−1KμW,
and so it satisfies the usual rules of decomposition under
sectioning of paths. Indeed, if Γ ¼ Γ1 ∘Γ2, we have from
(2.8), with Lμ replaced by Kμ, that

VðΓÞ ¼ VðΓ2ÞVðΓ1Þ ð2:30Þ

with

VðΓaÞ≡ P exp

�Z
Γa

dσW−1ðσÞKμðσÞWðσÞ dx
μðσÞ
dσ

�

ð2:31Þ

with no integration constant. However, we have to take into
account that W in VðΓ2Þ is calculated from the initial point
of Γ, which is the same initial point of Γ1. Therefore, if we
denote by ṼðΓ2Þ, the holonomy obtained by integrating
(2.8), with Lμ repalced by Kμ, but with W calculated from
the initial point of Γ2, with integration constant for W set to
unity, we have that

VðΓÞ ¼ VðΓ2ÞVðΓ1Þ ¼ W−1ðΓ1ÞṼðΓ2ÞWðΓ1ÞVðΓ1Þ:
ð2:32Þ

We take the initial point of paths Γt and Γ−1
−∞ ∘Γ0 ∘Γþ∞, to

be xR ≡ ðx0 ¼ ct; x1 ¼ −∞Þ. Note that the initial point of
Γ−1
−∞ is also xR. Therefore, from the path independence of

the quantities given in (2.29), we have that

TrðVðΓtÞVRÞM ¼ TrðVðΓþ∞ÞVðΓ0ÞVðΓ−1
−∞ÞVRÞM

¼ TrðVðΓþ∞ÞW−1ðΓ−1
−∞ÞṼðΓ0ÞWðΓ−1

−∞ÞVðΓ−1
−∞ÞVRÞM

¼ TrðW−1ðΓ−1
−∞ÞW−1ðΓ0ÞṼðΓþ∞ÞWðΓ0ÞṼðΓ0ÞWðΓ−1

−∞Þ
× VðΓ−1

−∞ÞVRÞM ð2:33Þ
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On the paths Γt and Γ0, we have x0 ¼ t and x0 ¼ 0,
respectively, and x1 ¼ σ. On the paths Γ�∞, we have
x0 ¼ σ, and x1 ¼ �∞. Therefore, on the paths Γ�∞, we
have the path ordered integral of W−1K1ðσÞW, which is
linear in J1, and WðΓ�∞Þ only involves A0. Consequently,
if we impose the boundary conditions

J1 →
1

ðx1Þδ as x1 → �∞ with δ > 0 ð2:34Þ

and

A0 →
1

ðx1Þδ0 as x1 → −∞ with δ0 > 0 ð2:35Þ

we get that

VðΓ−∞Þ → 1; ṼðΓþ∞Þ → 1; WðΓ−1
−∞Þ → WR:

ð2:36Þ
Note that, from (2.15), (2.34), and (2.35)

∂0F̃ → 0 as x1 → −∞ ð2:37Þ
Therefore, we get that

TrðVðΓtÞVRÞM ¼ TrðṼðΓ0ÞWRVRW−1
R ÞM

¼ TrðṼðΓ0ÞeigλF̃ðx1¼−∞ÞÞM ð2:38Þ
where F̃ðx1 ¼ −∞Þ is the value of F̃ at x1 ¼ −∞, for any
value of time. Indeed, from (2.37), we have that F̃ is
constant in time at x1 ¼ −∞.

As we have shown above, ṼðΓ0Þ is calculated with the
integration constant for W, at the initial point of Γ0, set to
unity. The initial point of Γ0 is xR0

≡ ðx0 ¼ 0; x1 ¼ −∞Þ. If
instead, we set the valueW at xR0

to beWR0
, we get that the

holonomy V on Γ0, becomes V̂ðΓ0Þ ¼ W−1
R0
ṼðΓ0ÞWR0

.
Therefore, we get

TrðVðΓtÞVRÞM ¼ TrðV̂ðΓ0ÞVR0
ÞM;

VR0
≡ eigλW

−1
R0
F̃ðx1¼−∞ÞWR0 : ð2:39Þ

Consequently the charges

QMðλÞ≡ 1

M
TrðVðΓtÞVRÞM; with

VR ¼ eigλW
−1
R F̃ðx1¼−∞ÞWR ð2:40Þ

are conserved in time. From (2.24), we observe that such
charges are indeed gauge invariant.
By expanding the charge operator in a power series in λ,

we get that each term of the series is a conserved quantity,

and so we obtain an infinity of conserved charges QðjÞ
M , i.e.,

QMðλÞ ¼
X∞
j¼0

λjQðjÞ
M : ð2:41Þ

The first charge in order λ0 is trivial, i.e., Qð0Þ
M ¼ 1

M Tr1M.
The charge in the first order is

Qð1Þ
M ¼ igTr

�Z
∞

−∞
dx1W−1ðx1ÞJ0ðx1ÞWðx1Þ þW−1

R F̃ðx1 ¼ −∞ÞWR

�
: ð2:42Þ

For a simple Lie algebra, any generator can be expressed as the commutator of two others, and so, the trace of any generator
vanishes in any representation. Therefore, (2.42) vanishes if the gauge group G is simple.
The charge in second order (λ2) is

Qð2Þ
M ¼ ðigÞ2Tr

�Z
∞

−∞
dx1W−1ðx1ÞJ0ðx1ÞWðx1Þ

Z
x1

−∞
dx̄1W−1ðx̄1ÞJ0ðx̄1ÞWðx̄1Þ

þ ðM − 1Þ
2

�Z
∞

−∞
dx1W−1ðx1ÞJ0ðx1ÞWðx1Þ

�
2

þ ðM − 1Þ
4

½W−1
R F̃ðx1 ¼ −∞ÞWR�2

þMW−1
R F̃ðx1 ¼ −∞ÞWR

Z
∞

−∞
dx1W−1ðx1ÞJ0ðx1ÞWðx1Þ

�
: ð2:43Þ

Using the cyclic property of the trace, we can write

Tr

�Z
∞

−∞
dx1W−1ðx1ÞJ0ðx1ÞWðx1Þ

Z
x1

−∞
dx̄1W−1ðx̄1ÞJ0ðx̄1ÞWðx̄1Þ

�
¼ 1

2
Tr

�Z
∞

−∞
dx1W−1ðx1ÞJ0ðx1ÞWðx1Þ

�
2

: ð2:44Þ

In our applications in this paper, we shall work with the boundary condition F̃ðx1 ¼ −∞Þ ¼ 0. Therefore, the charge in the
second order we shall use is given by

Qð2Þ
M ¼ M

2
ðigÞ2Tr

�Z
∞

−∞
dx1W−1ðx1ÞJ0ðx1ÞWðx1Þ

�
2

: ð2:45Þ
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B. 1+1 quantum lattice Wilson action:
Pure gauge and matter

We consider a two-dimensional Euclidean spacetime
model comprising both gauge and matter components.
Specifically, our focus is on a lattice action featuring two
flavors, U and D; as well as three flavors, U, D, and S, in
the strong coupling regime, i.e., 0 < g−2 ≪ κ.
Let Λ ⊂ aðZþ 1=2Þ × aZ ⊂ R2 be a finite lattice with

lattice spacing a > 0. Furthermore, the lattice Λ is assumed
to consist of L∈N sites, where L is taken to be even for
technical convenience. A site, an arbitrary lattice point,
will be denoted by x≡ ðx0; x1Þ∈Λ, and we let the time
direction be denoted by 0. The fermionic local fields are
considered as independent Grassmann variables [12],
ψðxÞ (quarks) and ψ̄ðxÞ (antiquarks), attached to each lattice
site. As above, the underlying gauge group G is the compact
Lie group SUðNÞ of dimension N2 − 1. A lattice bond
connecting nearest-neighbor points is written as

b ¼ ðx; xþ aeμÞ; with eμ − unit vector; μ ¼ 0; 1:

ð2:46Þ

Henceforth, we will use shorthand notations for the trans-
lation of lattice points; for example, x�μ ≡ x� aeμ,
xþþ
μν ≡ xþμ þ aeν, and so on. For each bond b, there is a
corresponding gauge group element Ub ∈G, referred to as a
bond variable. If b is the bond specified in equation (2.46),
we denote it by Ub ≡ gxxþμ , where its components are
ðgxxþμ Þab, with a; b ¼ 1; 2;…; N being the color indices,
and N the dimension of the defining representation [23]. A
plaquette is a minimal lattice square and carries the plaquette
variable Up, defined as the ordered product of lattice bond
variables (see Fig. 1), i.e.,

Up ≐ Ub1Ub2U
†
b3
U†

b4
: ð2:47Þ

Here, the bonds are oriented according to the following
prescription: if b is in the positive μ or ν direction, we write
Ub; otherwise, we write U†

b. For the latter case, we have
U†

b ≡U−1
b , sinceUb ∈G is unitary. To facilitate later use, we

rewrite Eq. (2.47) in a more convenient form as

Up ≐ gxxþμ gxþμ xþþ
μν
g−1xþþ

μν xþν
g−1xþν x: ð2:48Þ

In our formulation, we consider the gamma spin matrices
fγ0; γ1g as generators of the relevant Clifford algebra,
which is isomorphic to M2ðRÞ. These gamma matrices are
taken to be Hermitian, and identified with the real Pauli
matrices,

γ0 ¼
�
1 0

0 −1

�
; and γ1 ¼

�
0 1

1 0

�
; ð2:49Þ

which satisfy the anticommutation relations,

fγμ; γνg ¼ 2δμν12; and trðγμÞ ¼ 0; ð2:50Þ

where 12 is the 2 × 2 identity matrix. These matrices form
the basis for the underlying Clifford algebra and play a
fundamental role in the description of spinor fields in
two-dimensional spacetime. As mentioned before, the two
degrees of freedom in the spinors, since we are in dimension
two and the spins are frozen, only refer to particle and
antiparticle states, cf. remark B.1.
We now define other useful matrices in terms of γ0 and

γ1, which will be instrumental in writing the action for the
system under consideration. Let ϵ; ϵ0 ¼ �1, then

Γϵeμ ≐ −12 � γμ; ð2:51Þ

satisfies the following properties [29]:
(1) ΓϵeμΓ−ϵeμ ¼ 0,
(2) ΓϵeμΓϵeμ ¼ −2Γϵeμ , and
(3) ΓϵeμΓϵ0eν ¼ 212 − Γ−ϵ0eνΓ−ϵeμ .
Let μ ¼ 0, 1. Let a, x, Λ, ϵ, gxx�μ , Up, and Γϵeμ be as

above. Then the total action in two-dimensional Euclidean
spacetime is given by [12,13]

SΛðψ ; ψ̄ ; UpÞ ¼ SgðUpÞ þ Sfðψ ; ψ̄Þ; ð2:52Þ

where the quantities on the right-hand side are defined as
follows. The pure gauge part (the trace is taken over the
group G)

SgðUpÞ ≐
1

ðagÞ2
X
p∈Λ

ApðUpÞ with

AðUpÞ ≐ 2ReTrð1 −UpÞ; ð2:53Þ

note that using the Hilbert-Schmidt (HS) norm kOkHS ¼
½TrðO†OÞ�1=2, where O is a finite dimensional matrix and
† denotes the usual conjugate transpose, one can show that

AðUpÞ ¼ 2ReTrð1 −UpÞ ¼ jjUp − 1jj2HS; ð2:54Þ

such that AðUpÞ is non-negative. The (Fermionic) matter
part of the action is

FIG. 1. Plaquette: a depiction of bonds connecting the nearest
neighbor points.
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Sfðψ ; ψ̄ ; UbÞ ≐
κa
2

X
x;ϵ;μ

ψ̄aαfðxÞΓϵeμ
αβ ðgxxϵμÞabψbβfðxϵμÞ

þ a2
X
x∈Λ

ψ̄aαfðxÞMαβψaβfðxÞ; ð2:55Þ

where we are summing over repeated indices,

Mαβ ¼
�
mþ 2κ

a

�
δαβ; α; β ¼ 1; 2; ð2:56Þ

with κ > 0 denoting the hopping parameter and m > 0 the
bare mass. Here, ψbβf and ψ̄bβf are Wilson fermions (no
doubling), with b ¼ 1, 2, labeling the color SUð2Þ doublet
representation components, β is the spin state index (particle
and antiparticle), and f is the flavor (isospin) label. In
addition, ψ and ψ̄ , treated as independent Grassmann
variables, are nilpotents of degree 2, a consequence of the
anticommutation relations. One easily checks that the formal
continuum limit a↘0 recovers the usual smooth continuous
field action.
In the strong coupling regime, the Osterwalder-Schrader-

Seiler positivity holds (see [19,20,30]), and there is an
underlying quantummechanical Hilbert spaceH associated
with our lattice model.

C. Path integral: Expectation values on the lattice

Let Oðψ ; ψ̄ ; gÞ, henceforth O, be an observable. Then
the inner product on H, for F and G restricted to
x0 ¼ 1=2, is related to the Feynman-Kac (F-K)-like
formula (cf. thm. X. 68 in [31], see also [17,22,32]) as
follows.

ðΘG;OFÞH ¼ hOFGiF−K ∀ F; G∈H; ð2:57Þ

where Θ denotes an appropriate antilinear operator on H
that implements time reflection and acts on the fields ψ
and ψ̄ in the following manner. For x ¼ ðx0; x1Þ, we have

ΘψðxÞ ¼ ψ̄ðTxÞγ0 and Θψ̄ðxÞ ¼ γ0ψðTxÞ; ð2:58Þ

with Tx ≐ ð−x0; x1Þ. Moreover, Θ satisfies the following
properties [17]
(1) ΘðFGÞ ¼ ΘðGÞΘðFÞ ∀ F;G∈H, and
(2) Θ is an involution on H, i.e., Θ2 ¼ 1H.

Note that the second property is obtained as a result of
applying the first one and (2.58) on the product of
arbitrary state vectors.
Before we outline the underlying framework used in our

computation, we draw attention to the following remark
that might be useful for a rigorous analysis of the problem.
Remark 2.1. The particle spectrum was analyzed in

Refs. [33,34] at an early stage of lattice QCD, in the strong
coupling approximation. Some works by one of us and
O’Carroll extend these analyses to a rigorous level. On a
lattice with fixed finite spacing, the baryonic sector of the

energy-momentum spectrum in strongly coupled lattice
QCD is analyzed. In the 2004 study [29] (in collaboration
with Schor), baryons and antibaryons are obtained as
bound states of three (anti)quarks, with asymptotic masses
Ms ¼ −3 ln κ þ rsðκÞ and small mass splittings observable
in d ¼ 2 and d ¼ 3, where d denotes the spacetime
dimensionality of the lattice. The term rsðκÞ accounts for
additional factors or refinements in the mass that go beyond
the simple logarithmic dependence on κ, and it likely
contains higher-order corrections that become relevant at
specific values of κ, for small κ. While the construction of
the physical Hilbert space H using gauge-invariant corre-
lation functions requires a careful treatment [17], the 2004
study demonstrates that the baryonic spectrum appears as
isolated energy-momentum dispersion curves within the
subspace Ho, generated by states with an odd number of
fermions. The 2008 paper [18] extends this framework to
1þ 3 dimensions, unveiling the Gell-Mann–Ne’eman
eightfold way structure with baryon octets and decuplets.
The masses, M ¼ −3 ln κ − 3κ3=4þ κ6rðκÞ, include an
octet-decuplet splitting of 3κ6=4þOðκ7Þ. The obtained
spectral results for the one-baryon states exhibit quark
confinement up to the corresponding energy threshold. As
above, rðκÞ captures the contributions to the mass that arise
from the κ6 term in the series expansion, refining the mass
prediction beyond the simple terms such as −3 ln κ and
−3κ3=4. Here, the Hilbert space is enriched by including
symmetries from both SUð3Þc gauge and SUð3Þf flavor
groups, besides spin, and the isolated baryonic spectrum
is rigorously connected to gauge-invariant states. Similar
results have also been obtained for the mesonic sector of H
[35,36]. Two-particle baryonic bound states such as the
deuterum were obtained, e.g., in Refs. [14,15].
In the Euclidean spacetime path integral formulation on

the lattice, the expectation value of a given observable O is
known to be [12,13]

hOif;g ¼
1

ZΛ

Z
dψdψ̄dμðgÞO exp ð−Sg − SfÞ; ð2:59Þ

where the partition function ZΛ, to be thought of as a
normalization, takes the form

ZΛ ¼ h1if;g ¼
Z

dψdψ̄dμðgÞ exp ð−Sg − SfÞ: ð2:60Þ

The integral measures are product measures, i.e.,

dψdψ̄ ¼
Y

x;a;α;f

dψaαfðxÞdψ̄aαfðxÞ;

dμðgÞ ¼
Y
x;μ

dμðgxxμÞ; ð2:61Þ

where dμðgÞ is a Haar measure.
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Here, we are interested in a kind of nested integral in
which we treat the fermionic and gauge parts separately
(see [12]), though one still should be cautious regarding the
additional contribution for the gauge part coming from the
Fermi part. We will have more to say about this later. For
the moment, we give the formula

hOif;g ¼
1

ZΛ

Z
dμðgÞhOifZffðUbÞ exp ð−SgÞ; ð2:62Þ

where Zf and hOif denote the fermionic part of the
partition function and the expectation value, respectively.
To be specific,

Zf ¼
Z

dψdψ̄ expð−SfÞ ð2:63Þ

and

hOif ¼
1

Zf

Z
dψdψ̄O expð−SfÞ: ð2:64Þ

Moreover, the gauge part will be treated in a strong coupling
regime that corresponds to expð−SgÞ ≈ 1. Now using (2.57)
and (2.62), what is to be computed for the expectation value
hOFGi should be clear. In what follows, we set [29]

dμCðψ ; ψ̄Þ ¼
1

N
dψdψ̄ exp

�
−a2

X
x∈Λ

ψ̄aαfðxÞMαβψaβfðyÞ
�
;

ð2:65Þ

which is Gaussian with normalization N and covariance
matrix M, given in (2.56), such that the Fermi integral
between two independent variables ψ and ψ̄ takes the form

Z
dμCðψ ; ψ̄ÞψaαfðxÞψ̄bβhðyÞ ¼ Ξδabδαβδfhδðx − yÞ;

ð2:66Þ

with

Ξ ≐ a−2
�
mþ 2κ

a

�
−1
: ð2:67Þ

Here, we preserve the continuum Dirac delta notation for the
discrete Kronecker delta in coordinate points.

III. QUANTUM YANG-MILLS CHARGES
ON THE LATTICE

A. Lattice charge operator

Adapting the classical matter current, which is a Lie-
algebra-valued function (as discussed in [6]), and incor-
porating the conjugation by Wilson lines, we express the

temporal component of the current in (2.11) as follows.
For convenience, we will use WðxÞ ¼ WðxÞ−1 in (2.42)
and (2.45)

J0ðxÞ ¼
X
j

Jj0ðxÞWðxÞτjWðxÞ−1; ð3:1Þ

with the scalar coefficient Jj0ðxÞ, hereafter referred to
simply as the coefficient, being

Jj0ðxÞ ≐
1

2
ψ̄cξfðxþ0 Þð1þ γ0Þξηðgxþ0 xÞcdðτjÞdeψeηfðxÞ

−
1

2
ψ̄cξfðxÞð1 − γ0ÞξηðτjÞcdðgxxþ0 Þdeψeηfðxþ0 Þ;

ð3:2Þ

where a summation is considered over repeated indices.
The above coefficient exhibits the following characteristics

(i) It is covariantly conserved in the naïve continuum
limit [12]. For a proof, see Appendix C.

(ii) It reduces to the usual Uð1Þ coefficient on the lattice
(cf. [13]), and the usual classical one2 in the
continuum limit.

(iii) While the coefficient transforms locally under the
adjoint representation induced by the local gauge
transformations, the current (3.1) transforms globally.

As such, the current given in (3.2) should not be
interpreted as a physical quantum current. Moreover, our
formulation does not incorporate renormalization, as we do
not attempt to define a fully consistent quantum current in
the ultraviolet limit a↘0 here.
In this context, we aim to explore the quantum correc-

tions introduced by the conjugation with Wilson lines and
the trace over color indices, a concept initially proposed by
one of us [7,8]. Wilson lines play a pivotal role in non-
Abelian gauge theories, as they seem to encapsulate key
quantum effects, such as confinement [38], and the behav-
ior of gauge fields in a lattice framework [39]. Additionally,
they provide a framework for understanding the gauge-
invariant properties of electric and magnetic fluxes and
their role in non-Abelian gauge theories [40]. The path-
dependence of gauge transformations, which is crucial for
describing these effects, is explored further in the context of
Yang-Mills theory [41]. By incorporating these elements,
we hope to capture some of the nontrivial quantum features
that arise in lattice gauge theories. For a more detailed
discussion of this construction and its implications, we
refer the reader to [5–8].
Using (3.1) and (3.2) for the direct implementation of the

charge operator (2.45) on the G ¼ SUðNÞ lattice model
yields,

2The quantum current is expected to involve some correction
terms arising from renormalization and operator ordering effects,
see, e.g., [37].
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Qð2Þ
l ðx; yÞ ≐ a2

X
x;y∈Λ

X
j;k

Jj0ðxÞJk0ðyÞ

× TrðWðxÞτjWðxÞ−1WðyÞτkWðyÞ−1Þ; ð3:3Þ

where the index l denotes the lattice version of Qð2Þ
M , apart

from the overall multiplicative constant MðigÞ2=2. We
denote by Tr the trace operation over a representation of
the gauge group G, which can be chosen arbitrarily, but
preferably faithfully. In addition, the Wilson line is now
understood as the (ordered) product of bond variables,
specifically,

WðxÞ ¼ gx0x1gx1x2…gxn−1xn ; ð3:4Þ
provided the path in (2.45) splits into the spatial intervals
x0x1, x1x2,…, xn−1xn of the size of a lattice spacing a. The
operator (3.3) is the most important in our studies, since it
leads to nonzero contributions of the expectation values,
hence potentially interesting for the charges, referred to as
the eigenvalues of the operator (2.45) in classical inves-
tigation. The procedure for implementing the higher-order
operators of the series (2.41) is analogous to that used in the
construction of (3.3).

B. State vector analysis: Expectation values
for mesons and baryons

Our goal is to investigate the quantum properties of the
charge operator introduced above. Specifically, wewill focus
on the expectation values of the charge operator, evaluated
with respect to the composite meson and baryon field vectors
within the (quantum mechanical) Hilbert space H.
Remark 3.1. We observe that meson fields are well

defined for both gauge groupsG ¼ SUð2Þ andG ¼ SUð3Þ,
corresponding to color indices taking values in f1; 2g and
f1; 2; 3g, respectively. We treat both cases in the discussion
below. However, when referring to baryon fields, we
restrict the gauge group toG ¼ SUð3Þ, as their construction
involves the totally antisymmetric Levi-Civita symbol ϵabc,
which requires three distinct color indices [see (3.6)].
The gauge invariant meson composite field vectors are

given by [13]

F ¼ ψ̄cα1f1ðyÞψcα2f2ðyÞ; G ¼ ψ̄dβ1h1ðyπρÞψdβ2h2ðyπρÞ:
ð3:5Þ

Remark 3.2. For computations, restrictions on the spin
indices in (3.5) will be applied. Specifically, we will use
α1 ≠ α2 and β1 ≠ β2, as mesons are physically composed
of a quark and an antiquark paired appropriately.
The gauge invariant baryon composite field vectors are

given by [13,29]

F ¼ ϵa1a2a3ψa1α1f1ðyÞψa2α2f2ðyÞψa3α3f3ðyÞ;
G ¼ ϵb1b2b3 ψ̄b1β1h1ðyπρÞψ̄b2β2h2ðyπρÞψ̄b3β3h3ðyπρÞ: ð3:6Þ

1. Matter part

Mesons.Using Wick’s theorem (see [12,13] for exposure
on the lattice), in particular, (2.66) along with (2.61), the
second and the third term, which are cross terms of the
product Jj0ðxÞJk0ðxÞ with Oðκ0Þ yields the same results as
follows:

hJj0ðxÞJk0ðxÞFGif ¼
1

2

Ξ4

Zf
ðτjτkÞd1d1E�

f ; ð3:7Þ

where Zf and Ξ are defined, respectively, in (2.63)
and (2.67), and E�

f , for mesons, is given by

E�
f ¼ ð1� γ0Þβ2α1ð1 ∓ γ0Þα2β1δf1h2δf2h1 : ð3:8Þ

In the computation, we also used
(i) y ¼ x; ρ ¼ 0; π ¼ þ1 for Eþ

f ; and
(ii) y ¼ xþ0 ; ρ ¼ 0; π ¼ −1 for E−

f .
Naturally, the total contribution will be doubled for each

of the choices of the parameters listed above, basically for
y ¼ x and y ¼ xþ0 . Note that if the corresponding vector
states (3.5) are not gauge invariant, then there is no nonzero
contribution in the above computation, see the relevant
discussion below (A2). For more details on nonzero
contributions, we refer the reader to Appendix A.
Baryons. As above, for the first and the fourth term

(which is symmetric in spacetime points—except for the
considered mesons) of the product Jj0ðxÞJk0ðxÞ gives

hJj0ðxÞJk0ðxÞFGif ¼
3a
4

Ξ6

Zf
ðτjτkÞd1d1E�

f ; ð3:9Þ

recalling that Zf and Ξ are defined, respectively, in (2.63)
and (2.67). Here E�

f , for baryons, is given by

E�
f ≐ ½ð1� γ0Þα1β1ð1� γ0Þα2β2δf1h1δf2h2 þ ð1� γ0Þα1β2ð1� γ0Þα2β1δf1h2δf2h1 �ð1� γ0Þα3β3δf3h3

þ½ð1� γ0Þα1β1ð1� γ0Þα2β3δf1h1δf2h3 þ ð1� γ0Þα1β3ð1� γ0Þα2β1δf1h3δf2h1 �ð1� γ0Þα3β2δf3h2
þ½ð1� γ0Þα1β2ð1� γ0Þα2β3δf1h2δf2h3 þ ð1� γ0Þα1β3ð1� γ0Þα2β2δf1h3δf2h2 �ð1� γ0Þα3β1δf3h1 : ð3:10Þ

Here, the specific spacetime points and the associated parameters are chosen to be either of the following options, with
y ¼ x̃þ0 for what we refer to as the first term [see (A3)] and y ¼ x̃ for what we refer to as the fourth term,
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(i) y ¼ x̃þ0 , ρ ¼ 0; π ¼ −1, x ¼ y, μ ¼ ρ, ϵ ¼ π corre-
sponds to Eþ

f .
(ii) y ¼ x̃, ρ ¼ 0; π ¼ þ1, x ¼ y, μ ¼ ρ, ϵ ¼ π corre-

sponds to E−
f .

Remark 3.3. Here, nonzero contributions from two differ-
ent terms of the product Jj0ðxÞJk0ðxÞ for the same choice of
y are not possible, since baryons (3.6) are composed of ψ ’s
or ψ̄’s, unlike mesons, which contain a mixture of both.
The argument concerning the non-Gauge invariant state

vector is slightly subtle here and is treated separately at the
end of Appendix A.

2. Gauge part

Here, both the meson and baryon composite fields yield
the same outcome. Since the covariance matrix is diagonal
in spacetime points, cf. Isserlis-Wick theorem, the gauge
integral is expected to produce trivial values. Specifically,
when taking the trace over the color indices for the charge
operator, the diagonal terms in spacetime points simplify
directly to an expression that is free from the conjugation
by Wilson lines.
For the bond variables appearing in the product Jj0ðxÞJk0ðxÞ,

cf. (3.2), the gauge integral becomes trivial after performing
the Fermi integral in the case of mesons. However, for
baryons, the manipulation is slightly more involved.
Specifically, the result simplifies in a manner analogous
to mesons but requires additional care in handling the gauge
integral by leveraging the following determinant expression
for the bond variables (see Appendix A),

ϵc1c2aðgx̃þ0 x̃Þc1d1ðgx̃þ0 x̃Þc2d2ðgx̃þ0 x̃Þab ¼ ϵd1d2b det g; ð3:11Þ

such that

ϵe1e2bϵd1d2b ¼ δe1d1δe2d2 − δe1d2δe2d1 ; ð3:12Þ

gives the desired result (3.9). The first term of the product
Jj0ðxÞJk0ðxÞ, for example, involves the term

ϵc1c2aϵe1e2bðgx̃þ0 x̃Þc1d1ðgx̃þ0 x̃Þc2d2ðgx̃þ0 x̃Þabðτ
jÞd1e1ðτkÞd2e2 ;

ð3:13Þ
which upon using (3.11) and (3.12) immediately
gives ðτjτkÞd1d1 .
On the other hand, if one decides to carry out the gauge

integral first, all that is required is the following funda-
mental integration orthogonality formula, arising from
Peter-Weyl theorem [12,42,43],

Z
dμðgÞgi1j1g−1k1l1 ¼

1

N
δi1l1δj1k1 ; ð3:14Þ

where N ¼ 2, 3 refers to the gauge group SUðNÞ.

3. Total contribution: Summing expectation values

The total charge, obtained from the expectation values of
the charge operator Qð2Þ

l ðxÞ (3.3), is expressed as a series
comprising n identical terms of the type given in (3.7) for
mesons and (3.9) for baryons, along with additional con-
tributions from the gauge sector. Specifically, the total
(quantum) charge—i.e., the sum of expectation values for
mesons or baryons—takes the form, cf. (2.62)

hQð2Þ
l FGif;g ¼

a2

ZΛ

X
j;k

nTrðτjτkÞhJj0ðxÞJk0ðxÞFGifZf;

ð3:15Þ
where the sum extends over n lattice points x ¼ y ¼
x1;…; xn ∈Λ. The composite fields F and G, as well as
the fermionic contribution h·if to the expectation value,
depend onwhether one is consideringmesons (3.5) and (3.7)
or baryons (3.6) and (3.9).
In the limit n → ∞—the infinite volume or thermody-

namic limit [12]—the series in question along with the
partition function ZΛ in the denominator diverges. Since we
prefer to work on a finite nonzero lattice spacing, we do not
employ the standard renormalization techniques commonly
used in lattice QCD to handle such divergences. However,
alternative approaches exist. In particular, the multiscale
polymer expansion [16,22] offers a systematic framework
to address these issues, ensuring that divergences can be
removed safely, yielding finite, well-defined results. Other
regularization techniques from quantum field theory can be
used, and may be relevant for future investigations depend-
ing on the underlying model.
The average appearing in (3.15) is computed and given in

Appendix B for hadrons, in the case of lattice QCD models
with two and three flavors. Note that our explicit compu-
tations are in agreement with the flavor symmetry of the
model. By considering the hadronic particles wave functions
in terms of quarks and antiquarks, and their linear combi-
nations, the values of the quantum charges of the hadrons
follow. For instance, in the three flavor case and considering
the prefactors given in (3.7), the charge values for πþ and
π− coincide, and it vanishes for π0. Regarding baryons and
using (3.9), we obtain that the charge value for Δþþ differs
from p and n (proton and neutron), which are equal.
The reason for the vanishing charge of π0 is algebraic, and

is due to the fact that its wave function is the linear
combination π0 ≡ ðuū − dd̄Þ= ffiffiffi

2
p

, whilst for π� the linear
combination with a minus sign is not there, as πþ ≡ ud̄, and
π− ≡ dū. Indeed, using (3.7) and the tables in Appendix B
gives nonzero charge for π� and a vanishing charge for π0.
We also considered gauge variant states for which we

obtain vanishing charges.

IV. CONCLUSION

We constructed a two-dimensional Euclidean quantum
gauge invariant Wilson lattice version of the gauge invariant
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charge using Wilson loops and developed in [5,6,10]. The
charge is given as an infinite series. In order to understand
the physical property measured by this charge and improve
our knowledge about the role of local gauge invariance in
quantum field models, we computed the quantum charge
effects up to second order acting on nongauge invariant
states and hadrons in lattice QCD with two and three quark
flavors. In the strong-coupling regime, we obtain a zero
eigenvalue for the quantum charge for nongauge invariant
states and nonzero values for baryons [see (3.9)] and mesons
[see (3.7)]. In a more realistic approach, we need to
incorporate higher-order contributions to the charge. In
addition, renormalization effects must also be taken into
account to define the lattice QCD model. Whether or not our
quantum charge is a measure of confinement is a question
that deserves further analysis.
Of course it would be very desirable to understand the

role of the charge Qð2Þ
M in a more phenomenological way,

e.g., analyzing some standard decay processes as π0 → 2γ,
πþ → μþ þ νμ, and Δþþ → pþ πþ. There is a wide open
pathway to explore on those lines.
In addition, it would also be interesting to extend our

analysis to the quantum version of the higher order charges

QðjÞ
M , given in (2.41). And, more importantly, to extend the

analysis to the case of real QCD in (3þ 1) dimensions, and
verify if the real hadrons carry the quantum version of the
charges constructed in [9].
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APPENDIX A: NONZERO CONTRIBUTIONS

For the reader’s convenience, we provide the necessary
details on the nonzero contributions arising from the
fermionic components of the expectation values for mesons
and baryons. To illustrate, we present a relevant tree-level
diagram for mesons, highlighting an interesting case. For
baryons, the tree-level diagrams follow a similar logic but
are too cumbersome to present explicitly in the text.
Instead, we outline the principal nonzero terms for baryons
and provide a comprehensive list showing how these terms
relate to other nonzero contributions. We will neglect the
global normalization corresponding to the partition func-
tion ZΛ [see (2.62)], which is present in all the analyzed
cases. Hence, we will concentrate on the unnormalized
expectation values.

1. Mesons

Here we exemplify the explicit computation, since the
tree diagram is smaller compared to that of baryons, and it
is easy to demonstrate the main features.
We are interested in computing the Fermionic part of the

second term, and the first cross term, again it is the term
containing asymmetric ψ’s and ψ̄’s with respect to space-
time points, of the product Jj0ðxÞJk0ðxÞ at the orderOðκ0Þ, in
particular, regarding Fig. 2 A below, we first examine the
spacetime points and identify the potentially nonzero terms.
There are a total of six terms, of which the following do not
survive:

(i) (4)(1)(1): This term involves contractions with
spacetime points y and yπρ , which are distinct by
construction, specifically δðy − yπρÞ ¼ 0.

(ii) (4)(2)(1): This term does not survive for the same
reason as the previous one.

(iii) (4)(2)(2): This term involves contractions with x and
xþ0 , which results in a product that is zero.

(iv) (4)(3)(2): This term does not survive because, for it to
be nonzero, one would have to set y ¼ x, which
subsequently affects other contractions in the sub-
branch, yielding trivial zeros,δðx − xþ0 Þ and δðyπρ − yÞ.

After analyzing all the possible combinations, which
accounts to analyzing three more tree diagrams, we arrive at
the following potentially nonzero terms:
(1) For y ¼ x, ρ ¼ 0 and π ¼ þ1

ð2Þð1Þð1Þ∶ δc1e2δξ1η2δfhδc2e1δξ2η1δhfδccδα1α2δf1f2δddδβ1β2δh1h2 ;

ð2Þð2Þð1Þ∶ δc1e2δξ1η2δfhδc2cδξ2α2δhf2δce1δα1η1δf1fδddδβ1β2δh1h2 ;

ð4Þð1Þð2Þ∶ δc1dδξ1β2δfh2δc2e1δξ2η1δhfδccδα1α2δf1f2δde2δβ1η2δh1h;

ð4Þð3Þð1Þ∶ δc1dδξ1β2δfh2δc2cδξ2α2δhf2δce1δα1η1δf1fδde2δβ1η2δh1h:
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(2) For y ¼ xþ0 , ρ ¼ 0 and π ¼ −1

ð3Þð1Þð1Þ∶ δc1cδξ1α2δff2δc2e1δξ2η1δhfδce2δα1η2δf1hδddδβ1β2δh1h2;

ð3Þð3Þð2Þ∶ δc1cδξ1α2δff2δc2dδξ2β2δhh2δce2δα1η2δf1hδde1δβ1η1δh1f

However, with regard to Remark 3.2 we see that δα1α2 ¼ δβ1β2 ¼ 0. Thus, the only surviving terms are (4)(3)(1) and (3)(3)(2).
While the former produces

hJj0ðxÞJk0ðxÞFGif ¼ 1

4Zf

Z
dμCðψ ; ψ̄Þfψdβ2h2ðyπρÞψ̄c1ξ1fðxþ0 Þψcα2f2ðyÞψ̄c2ξ2hðxÞψe1η1fðxÞψ̄cα1f1ðyÞψe2η2hðxþ0 Þψ̄dβ1h1ðyπρÞg

× ð1þ γ0Þξ1η1ðgxþ0 xÞc1d1ðτ
jÞd1e1ð1 − γ0Þξ2η2ðτkÞc2d2ðgxxþ0 Þd2e2

¼ Ξ4

4Zf
ð1þ γ0Þβ2α1ð1 − γ0Þα2β1δf1h2δf2h1ðτjτkÞd1d1 ; ðA1Þ

the latter gives

hJj0ðxÞJk0ðxÞFGif ¼ 1

4Zf

Z
dμCðψ ; ψ̄Þfψcα2f2ðyÞψ̄c1ξ1fðxþ0 Þψdβ2h2ðyπρÞψ̄c2ξ2hðxÞψe2η2hðxþ0 Þψ̄cα1f1ðyÞψe1η1fðxÞψ̄dβ1h1ðyπρÞg

× ð1þ γ0Þξ1η1ðgxþ0 xÞc1d1ðτ
jÞd1e1ð1 − γ0Þξ2η2ðτkÞc2d2ðgxxþ0 Þd2e2

¼ Ξ4

4Zf
ð1þ γ0Þα2β1ð1 − γ0Þβ2α1δf1h2δf2h1ðτjτkÞd1d1 : ðA2Þ

FIG. 2. Tree diagram for the fermionic part of the expectation values taken with respect to meson composite vector fields with y ¼ x,
ρ ¼ 0 and π ¼ þ1.
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The second cross term gives the same results as in (A1) and
(A2) but with y’s and the corresponding parameters inter-
changed. As such the overall contribution yielding (3.7) is
twice the values given in (A1) and (A2).
Now, suppose the meson composite field (3.5) is not

gauge invariant, meaning we take c ≠ c0. Following the
above computation, we eventually obtain ðτkτjÞcc0 .
However, the normalization of the underlying Lie algebra
elements involves (up to a constant) δcc0 , which requires
c ¼ c0 for a nonzero contribution. Doing it the other way
around—i.e., taking either d ≠ d0 or restriction on both
indices (c and d) simultaneously—ultimately introduces an
additional factor δdd0, which contributes to a nonzero result
only if d ¼ d0. In other words, the expectation value for
non-gauge-invariant ψ̄ψ vectors vanishes.

The absence of contributions from non-gauge-invariant
field vectors is also evident when applying the hyperplane
decoupling expansion to identify the physical particles,
namely hadrons and glueballs [18,44].

2. Baryons

Recalling that, here, the gauge group is SUð3Þ the
product Jj0ðxÞJk0ðxÞ at Oðκ1Þ yields [to avoid confusion
with the spacetime points and flavor indices associated
with the fields ψðxÞ and ψ̄ðxÞ in the action (2.55), and the
fields appearing in the product Jj0ðxÞJk0ðxÞ, we will relabel
the spacetime coordinates of the latter as x̃ and use capital
letters, such as F, to denote the flavor indices of the
former]

hJj0ðx̃ÞJk0ðx̃ÞFGif ¼ −
a

8Zf
ϵa1a2a3ϵb1b2b3

X
x;μ;ϵ

Z
dμCðψ ; ψ̄Þfψ̄c1ξ1fðx̃þ0 Þψe1η1fðx̃Þψ̄c2ξ2hðx̃þ0 Þ

× ψe2η2hðx̃Þψ̄b1β1h1ðyπρÞψa1α1f1ðyÞψ̄b2β2h2ðyπρÞψa2α2f2ðyÞψ̄b3β3h3ðyπρÞ
× ψa3α3f3ðyÞψ̄aαFðxÞψbβFðxϵμÞgð1þ γ0Þξ1η1ðgx̃þ0 x̃Þc1d1ðτ

jÞd1e1
× ð1þ γ0Þξ2η2ðgx̃þ0 x̃Þc2d2ðτ

kÞd2e2Γ
ϵeμ
αβ ðgxxϵμÞab: ðA3Þ

Below, we list all possible nonzero terms along with their corresponding references for tracking within the tree diagram, as
well as the chosen spacetime points and parameters used in the computation. The assignment of a reference number depends
on the chosen combinatorial pattern, but once established, each term can be uniquely referenced within the diagram.
ð3Þð3Þð1Þð1Þð2Þ; y ¼ x̃þ0 ; ρ ¼ 0; π ¼ −1; x ¼ y; μ ¼ ρ; ϵ ¼ π

−
Z

dμCðψ ; ψ̄Þfψa1α1f1ðyÞψ̄c1ξ1fðx̃þ0 Þψa2α2f2ðyÞψ̄c2ξ2hðx̃þ0 Þψe1η1fðx̃Þψ̄b1β1h1ðyπρÞ

× ψe2η2hðx̃Þψ̄b2β2h2ðyπρÞψbβFðxϵμÞψ̄b3β3h3ðyπρÞψa3α3f3ðyÞψ̄aαFðxÞg; ðA4Þ

where we have included the overall sign arising from the permutations. Now, solving the integral using (2.66) along
with (2.61), then contracting the relevant flavor indices we arrive at

−Ξ6ðδa1c1δα1ξ1Þðδa2c2δα2ξ2Þðδe1b1δη1β1Þðδe2b2δη2β2Þðδbb3δββ3Þðδa3aδα3αÞδf1h1δf2h2δf3h3 ; ðA5Þ

thereby substituting the result in (A3) one immediately obtains,

−
a
8

Ξ6

Zf
ϵc1c2aϵe1e2bð1þ γ0Þα1β1ð1þ γ0Þα2β2ð1þ γ0Þα3β3ðgx̃þ0 x̃Þc1d1ðτ

jÞd1e1ðgx̃þ0 x̃Þc2d2ðτ
kÞd2e2ðgx̃þ0 x̃Þabδf1h1δf2h2δf3h3 : ðA6Þ

Similarly, the following nonzero contributions can be found:
(3)(3)(1)(3)(1), with the same choices of parameters as in (A4)Z

dμCðψ ; ψ̄Þfψa1α1f1ðyÞψ̄c1ξ1fðx̃þ0 Þψa2α2f2ðyÞψ̄c2ξ2hðx̃þ0 Þψe1η1fðx̃Þψ̄b1β1h1ðyπρÞ

× ψbβFðxϵμÞψ̄b2β2h2ðyπρÞψe2η2hðx̃Þψ̄b3β3h3ðyπρÞψa3α3f3ðyÞψ̄aαFðxÞg; ðA7Þ

−
a
8

Ξ6

Zf
ϵc1c2aϵe1e2bð1þ γ0Þα1β1ð1þ γ0Þα2β3ð1þ γ0Þα3β2ðgx̃þ0 x̃Þc1d1ðτ

jÞd1e1ðgx̃þ0 x̃Þc2d2ðτ
kÞd2e2ðgx̃þ0 x̃Þabδf1h1δf2h3δf3h2 ðA8Þ
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(3)(3)(2)(1)(2), Z
dμCðψ ; ψ̄Þfψa1α1f1ðyÞψ̄c1ξ1fðx̃þ0 Þψa2α2f2ðyÞψ̄c2ξ2hðx̃þ0 Þψe2η2hðx̃Þψ̄b1β1h1ðyπρÞ

× ψe1η1fðx̃Þψ̄b2β2h2ðyπρÞψbβFðxϵμÞψ̄b3β3h3ðyπρÞψa3α3f3ðyÞψ̄aαFðxÞg; ðA9Þ

−
a
8

Ξ6

Zf
ϵc1c2aϵe1e2bð1þ γ0Þα1β2ð1þ γ0Þα2β1ð1þ γ0Þα3β3ðgx̃þ0 x̃Þc1d1ðτ

jÞd1e1ðgx̃þ0 x̃Þc2d2ðτ
kÞd2e2ðgx̃þ0 x̃Þabδf1h2δf2h1δf3h3 ðA10Þ

(3)(3)(2)(3)(1),

−
Z

dμCðψ ; ψ̄Þfψa1α1f1ðyÞψ̄c1ξ1fðx̃þ0 Þψa2α2f2ðyÞψ̄c2ξ2hðx̃þ0 Þψe2η2hðx̃Þψ̄b1β1h1ðyπρÞ

× ψbβFðxϵμÞψ̄b2β2h2ðyπρÞψe1η1fðx̃Þψ̄b3β3h3ðyπρÞψa3α3f3ðyÞψ̄aαFðxÞg; ðA11Þ

−
a
8

Ξ6

Zf
ϵc1c2aϵe1e2bð1þ γ0Þα1β3ð1þ γ0Þα2β1ð1þ γ0Þα3β2ðgx̃þ0 x̃Þc1d1ðτ

jÞd1e1ðgx̃þ0 x̃Þc2d2ðτ
kÞd2e2ðgx̃þ0 x̃Þabδf1h3δf2h1δf3h2 ðA12Þ

(3)(3)(4)(1)(1),
Z

dμCðψ ; ψ̄Þfψa1α1f1ðyÞψ̄c1ξ1fðx̃þ0 Þψa2α2f2ðyÞψ̄c2ξ2hðx̃þ0 ÞψbβFðxϵμÞψ̄b1β1h1ðyπρÞ

× ψe1η1fðx̃Þψ̄b2β2h2ðyπρÞψe2η2hðx̃Þψ̄b3β3h3ðyπρÞψa3α3f3ðyÞψ̄aαFðxÞg; ðA13Þ

−
a
8

Ξ6

Zf
ϵc1c2aϵe1e2bð1þ γ0Þα1β2ð1þ γ0Þα2β3ð1þ γ0Þα3β1ðgx̃þ0 x̃Þc1d1ðτ

jÞd1e1ðgx̃þ0 x̃Þc2d2ðτ
kÞd2e2ðgx̃þ0 x̃Þabδf1h2δf2h3δf3h1 ðA14Þ

(3)(3)(4)(2)(1),

−
Z

dμCðψ ; ψ̄Þfψa1α1f1ðyÞψ̄c1ξ1fðx̃þ0 Þψa2α2f2ðyÞψ̄c2ξ2hðx̃þ0 ÞψbβFðxϵμÞψ̄b1β1h1ðyπρÞ

× ψe2η2hðx̃Þψ̄b2β2h2ðyπρÞψe1η1fðx̃Þψ̄b3β3h3ðyπρÞψa3α3f3ðyÞψ̄aαFðxÞg; ðA15Þ

−
a
8

Ξ6

Zf
ϵc1c2aϵe1e2bð1þ γ0Þα1β3ð1þ γ0Þα2β2ð1þ γ0Þα3β1ðgx̃þ0 x̃Þc1d1ðτ

jÞd1e1ðgx̃þ0 x̃Þc2d2ðτ
kÞd2e2ðgx̃þ0 x̃Þabδf1h3δf2h2δf3h1 : ðA16Þ

The rest of the terms are found to be related to the above terms in our computation as follows:

−ð5Þð3Þð1Þð1Þð2Þ ¼ −ð5Þð4Þð1Þð3Þð1Þ ¼ −ð4Þð3Þð4Þð2Þð1Þ ¼ −ð4Þð4Þð2Þð3Þð1Þ ¼ −ð3Þð3Þð4Þð1Þð1Þ ¼ −ð3Þð4Þð2Þð1Þð2Þ;
−ð5Þð3Þð1Þð3Þð1Þ ¼ −ð5Þð4Þð1Þð1Þð2Þ ¼ −ð4Þð3Þð4Þð1Þð1Þ ¼ −ð4Þð4Þð2Þð1Þð2Þ ¼ −ð3Þð3Þð4Þð2Þð1Þ ¼ −ð3Þð4Þð2Þð3Þð1Þ;
−ð5Þð3Þð2Þð1Þð2Þ ¼ −ð5Þð4Þð4Þð1Þð1Þ ¼ −ð4Þð3Þð2Þð3Þð1Þ ¼ −ð4Þð4Þð4Þð2Þð1Þ ¼ −ð3Þð3Þð1Þð3Þð1Þ ¼ −ð3Þð4Þð1Þð1Þð2Þ;
−ð5Þð3Þð2Þð3Þð1Þ ¼ −ð5Þð4Þð4Þð2Þð1Þ ¼ −ð4Þð3Þð2Þð1Þð2Þ ¼ −ð4Þð4Þð4Þð1Þð1Þ ¼ −ð3Þð3Þð1Þð1Þð2Þ ¼ −ð3Þð4Þð1Þð3Þð1Þ;
−ð5Þð3Þð4Þð1Þð1Þ ¼ −ð5Þð4Þð2Þð1Þð2Þ ¼ −ð4Þð3Þð1Þð3Þð1Þ ¼ −ð4Þð4Þð1Þð1Þð2Þ ¼ −ð3Þð3Þð2Þð3Þð1Þ ¼ −ð3Þð4Þð4Þð2Þð1Þ;
−ð5Þð3Þð4Þð2Þð1Þ ¼ −ð5Þð4Þð2Þð3Þð1Þ ¼ −ð4Þð3Þð1Þð1Þð2Þ ¼ −ð4Þð4Þð1Þð3Þð1Þ ¼ −ð3Þð4Þð4Þð1Þð1Þ ¼ −ð3Þð3Þð2Þð1Þð2Þ:
Here the overall sign appears with respect to ϵc1c2aϵe1e2b, and we used Γ−e0 ¼ −ð1þ γ0Þ.
As for gauge-invariant composite fields, unlike the case of mesons, the explanation here is slightly more involved and

requires some additional work. In particular, suppose that there are no ϵ symbols present in the baryon field vectors F and G
(3.6), with a1 ≠ a2 ≠ a3 and b1 ≠ b2 ≠ b3. Then, upon examining any of the equations (A6)–(A16), one sees that there is
insufficient structure in the color indices to apply the determinant relation (3.11). As a result, the following gauge integral must
be evaluated—e.g., in the case of (A6). Notably, the gauge integral itself is identical across all terms [cf. (A3)]; only the
contractions differ, leading to distinct results depending on the term in question.
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Z
dμðgÞðgx̃þ

0
x̃Þc1d1ðgx̃þ0 x̃Þc2d2ðgx̃þ0 x̃Þab; ðA17Þ

performing the gauge integral (A17) using the approach
discussed in [42], see also the integral I6 Eq. (B4) in [18]
(note the misprint in the indices of the fourth and fifth terms),
one finds, up to a numerical coefficient, the expression
ϵd1d2bϵc1c2a. Then, examining the contractions (A5) resulting
from the Fermi integral (A4), we find that the resulting term
includes

ϵd1d2b3ϵa1a2a3ðτjÞd1b1ðτkÞd2b2 : ðA18Þ

This expression simplifies immediately to

δb3a3ðτjÞa1b1ðτkÞa2b2 − δb3a2ðτjÞa1b1ðτkÞa3b2
− δb3a3ðτjÞa2b1ðτkÞa1b2 þ δb3a1ðτjÞa2b1ðτkÞa3b2
þ δb3a2ðτjÞa3b1ðτkÞa1b2 − δb3a1ðτjÞa3b1ðτkÞa2b2 : ðA19Þ

Clearly, for even a single nonzero contribution to arise, one
of the conditions b3 ¼ ai for some i ¼ 1, 2, 3 must be
satisfied, in addition to the necessary conditions for pro-
ducing the product τjτk and taking the trace over it.
However, if we contract the expression in (A18) with
ϵa1a2a3ϵb1b2b3 , as if the baryon field vectors in (3.6) were
gauge invariant, the result is generically nonzero, without
requiring any prior constraint on the index b3, and matches
the expressions obtained above [after plugging in the correct
numerical coefficient derived from (A17)], see (3.13). The
same logic applies to the remaining terms.

APPENDIX B: COMPUTATIONAL RESULTS

Here we provide the computational results of the fer-
mionic parts of the expectation values for baryons (3.10) and
mesons (3.8). Recall we use the uppercase letters U, D, and
S to denote what is commonly referred to as the up, down,
and strange quarks, respectively.
Regarding the F-K-like formula (2.57), special care is

needed in handling computational results: while the lhs
requires F ¼ ΘG, the rhs (path integral) employsF andG as
defined in (3.5) for mesons and (3.6) for baryons. Thus,
when computing expectation values (3.8) and (3.10), the
constraint

F ¼ ΘG ðB1Þ

must be enforced. For mesons, given αi; βi ¼ þ;− (whereþ
denotes a quark and − an antiquark) and fi; hi ¼ U, S, D,
we take F ¼ ψ̄þUψ−D. Then using (B1) by the antihomo-
morphism property of Θ [see below (2.58)], this implies
G ¼ ψ̄−DψþU. Such a restriction ensures expectation values
correspond to physically meaningful composite states, e.g.,
the pionlike πþ. Color indices, spacetime points, and time

reflection are suppressed since they are redundant for
numerical evaluations.
For baryons, the situation is more intricate but follows

the same principle: enforcing (B1), a configuration like
ψþUψþUψþD yields G ¼ ψ̄þDψ̄þUψ̄þU, which aligns with
a protonlike state.
Remark B.1. In two-dimensional spacetime, the ψ fields

carry a natural double labeling of particle-antiparticle states
(through bar and spin indices), since the spin index assumes
only two values, + (particle) and − (antiparticle).

1. Mesons

a. Two-flavor case

F G E�
f F G E�

f

U U U U 4 D D D D 4
D U U D U D D U

b. Three-flavor case

F G E�
f F G E�

f F G E�
f

U U U U D D D D S S S S
D U U D 4 U D D U 4 U S S U 4
S U U S S D D S D S S D

2. Baryons

a. Three-flavor case

F G E�
f F G E�

f F G E�
f

U U U U U U 48 D D D D D D 48 S S S S S S 48
D U U U U D U D D D D U U S S S S U
U D U U D U D U D D U D S U S S U S
U U D D U U D D U U D D S S U U S S
S U U U U S 16 S D D D D S 16 D S S S S D 16
U S U U S U D S D D S D S D S S D S
U U S S U U D D S S D D S S D D S S
U D S S D U 8 D U S S U D 8 S U D D U S 8
U S D D S U D S U U S D S D U U D S

b. Two-flavor case

F G E�
f F G E�

f

U U U U U U 48 D D D D D D 48
D U U U U D U D D D D U
U D U U D U 16 D U D D U D 16
U U D D U U D D U U D D

While the above values are computed for baryons, with
all þ’s, antibaryons give the same values as above with
þ → − and y ¼ x̃.
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APPENDIX C: THE NAÏVE CONTINUUM LIMIT: COVARIANTLY CONSERVED MATTER CURRENT

Taking the finite difference of the coefficient (3.2) at x and x−μ gives

1

a
ðJjμðxÞ − Jjμðx−μ ÞÞ

¼
X
μ

1

2a
ðψ̄ðxþμ Þ þ ψ̄ðx−μ ÞÞτjψðxÞ −

X
μ

1

2a
ðψ̄ðxþμ Þ þ ψ̄ðx−μ ÞÞτjψðxÞ

þ
X
μ

1

2a
ðψ̄ðxþμ Þ − ψ̄ðx−μ ÞÞγμτjψðxÞ þ

X
μ

1

2a
ψ̄ðxÞγμτjðψðxþμ Þ − ψðx−μ ÞÞ

þ
X
μ

iag
2a

ðψ̄ðxþμ ÞAμðxþμ Þ − ψ̄ðx−μ ÞAμðxÞÞτjψðxÞ þ
X
μ

iag
2a

ψ̄ðxÞτjðAμðxþμ Þψðxþμ Þ − AμðxÞψðx−μ ÞÞ

þ
X
μ

iag
2a

ðψ̄ðxþμ ÞγμAμðxþμ Þ þ ψ̄ðx−μ ÞγμAμðxÞÞτjψðxÞ −
X
μ

iag
2a

ψ̄ðxÞγμτjðAμðxþμ Þψðxþμ Þ þ AμðxÞψðx−μ ÞÞ; ðC1Þ

where we transformed the time translation of x in the
second term from ψ to ψ̄ . This change of variables should
be understood in the context of translationally invariant
expectation values, with a slight abuse of notation. None-
theless, in principle, the derivation above should be carried
out more systematically to rigorously obtain the Slavnov-
Taylor identity, analogous to the Ward-Takahashi identity
for the abelian gauge group (see [13]). Then using the finite
difference derivative of the variables ψðxÞ’s and ψ̄ðxÞ’s

∂
a
μψðxÞ ≐

1

2a
ðψðxþμ Þ − ψðx−μ ÞÞ ðC2Þ

and keeping the leading order terms, in particular, for

ψðx�μ Þ ¼ ψðxÞ �OðaÞ ðC3Þ

and

Aμðx�μ Þ ¼ AðxÞ �OðaÞ; ðC4Þ
we find the naïve continuum limit as follows.

lim
a→0

1

a
ðJjμðxÞ − Jjμðx−μ ÞÞ

¼
X
μ

ð∂μ þ ig½AμðxÞ; ·�Þψ̄ðxÞγμτjψðxÞ

¼
X
μ

Dμðψ̄ðxÞγμτjψðxÞÞ: ðC5Þ

Since the limit yields the non-abelian classical current with
the covariant derivative denoted by Dμ, we conclude the
current is conserved, see, e.g., [4].
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