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We investigate the quantum properties of the truly gauge-invariant and conserved charges of two-
dimensional Yang-Mills theories, focusing on lattice QCD in the strong coupling regime. The construction
of those charges uses the integral version of the (1 + 1)-dimensional Yang-Mills equations, and they
correspond to the eigenvalues of a charge operator. The gauge invariance of the charges suggests that they
are not confined, hence hadronic states may carry them. Using the path integral formalism with imaginary
time (Euclidean), we evaluate the correlation functions of those charges on baryon and meson states
through functional integrals over the gauge group SU(N) (N = 2, 3) and Grassmannian variables—the
fermionic fields. Our results show that the expectation values of the lowest nontrivial charges are nonzero
for baryon and meson states but vanish for non-gauge-invariant states, supporting the interpretation that
hadrons indeed carry these charges. While renormalization effects and higher-order contributions remain to
be analyzed, these findings point toward a potential link between gauge-invariant charges and confinement.
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I. INTRODUCTION

A remarkable fact about the laws of Physics governing the
four fundamental interactions of Nature is that they are based
on symmetry principles. The electromagnetic, the strong, and
weak nuclear forces are based on the gauge principle, first
formulated by H. Weyl [1,2] for the case of Maxwell theory,
and extended by C.N. Yang and R.L. Mills [3] (see also [4])
for the case of non-Abelian gauge symmetries. A crucial
requirement of such theories is that any observable must be
invariant under gauge transformations.

The equations of motion of gauge theories lead in a quite
straightforward way to a number of conserved charges equal
to the dimension of the gauge group. In the case of the
electromagnetic interaction, the conserved charge is the
electric charge, which is clearly gauge invariant. However,
in the case of the non-Abelian gauge theories, the conserved
charges are not really gauge invariant. That is a long-standing
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problem first noticed by Yang and Mills [see comment below
Eq. (16) of [3] or Sec. 15.3 of [4] ]. Indeed, the Yang-Mills
equation can be written as j* = 0,F* = J¢ — ie[A,, F*¥],
where A, is the gauge potential, F,,, the field tensor, and J,
the matter current. From the antisymmetry of the field tensor,
one has the conservation law 9, j* = 0, but the corresponding
conserved charge f d’xj,, is not gauge invariant.

The construction of truly gauge invariant conserved
charges for non-Abelian gauge theories was first presented
in [5,6], building on the developments in [7,8]. The method
uses the integral form of the Yang-Mills equations, and is
based on connection on loops spaces and the non-Abelian
Stokes theorem for two-form connections. The conserved
charges are the eigenvalues of some operators that possess
an isospectral time evolution, and there is an infinite
number of charges. More recently, it was shown [9] that
those charges Poisson commute and lead, on the sector of
non-Abelian electric and magnetic charges, to an exact
integrability in non-Abelian gauge theories.

Since such conserved charges are gauge invariant, they
are observable. In the case of QCD they are color singlet
and so, in principle, are not confined. Therefore, the
baryons and mesons could carry such charges. The calcu-
lation of the expectation values of those charges on hadron
states in four dimensional Yang-Mills theories is a difficult
task. For those reasons, we have constructed the equivalent
of those charges in classical (1 + 1)-dimensional gauge
theories in [10], with the objective of pursuing their role in
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the quantum (1 4 1) Yang-Mills theory. However, the
quantum case is a largely uncharted territory, presenting
many open questions that merit further investigation.

Understanding the quantum analog of the new charge
operator is essential for addressing challenges related to
gauge invariance and the interplay between classical and
quantum symmetries. With this goal in mind, this work
intends to take a step forward by laying the foundation for
future investigations into the structure and behavior of
quantum charge operators. A key related question is to
understand what physical property this charge measures, in
order to see how hadronic states, such as mesons and
baryons, behave under these charge operators. How do the
physical quantities behave under the action of this new
gauge-invariant charge, and how does this charge contrib-
ute to our understanding of gauge symmetry in the quantum
regime? Is there any relation between this quantum charge
and confinement?

Of course, there are many treatments about confinement
in the lattice QCD literature, specially in the fundamental
paper [11]. In a mathematically rigorous approach confine-
ment is manifest in the exponential decay of relevant
correlations, since exponential decay implies a mass gap
in the energy-momentum spectrum. In the present paper we
are investigating the role of the new gauge invariant
conserved charges, and searching for a possible relation
among those charges and confinement.

To achieve at least part of this goal, we consider a
QCD-like simplified model with gauge groups SU(2) and
SU(3), and with only three-flavor quark and antiquark
fields. Namely, we take the flavors “U” (up), “D” (down),
and “S” (strange). The analysis is performed in Euclidean
spacetime dimensions on a square lattice with fixed lattice
spacing a > 0. We adopt the Wilson lattice action [12,13]
and assume to be in the strong coupling regime, where the
gauge coupling g > 0 and the hopping parameter « > 0
satisfy the conditions 0 < = f(a) = (ag)? <k < 1.

In the strong coupling regime, the hopping term in the
Wilson action dominates over the pure gauge plaquette
action term. Consequently, for certain computations, the
Wilson plaquette term can be neglected [see Eq. (2.52)
below]. We emphasize that the results obtained here can be
generalized to higher Euclidean spacetime dimensions
d > 2, to systems with a larger number of flavors, and
gauge groups SU(N # 2,3), with additional complexity
and technical painstaking efforts.

We adopt the strong coupling approximation because it
simplifies the type of contributions to be considered when
computing correlations (Green’s functions) and, most
important, it makes the evaluation of the gauge group
integrals with the Haar measure much simpler. In addition,
we are interested in evaluating the expectation values of the
charges on bound states, such as hadronic particle fields. It
is worthwhile mentioning that the strong coupling regime
has shown to be a good approximation. In previous papers,
by one of us, the existence of hadronic particles and some

of their bound states was rigorously confirmed and quark
confinement was verified up to some energy threshold in
the energy-momentum spectrum [14,15]. We also chose to
work in (1 + 1) dimensions since the spin is not really
present, simplifying the algebraic computations. The strong
coupling and the dimensionality are not mandatory.

It is important to note that, in the strong coupling regime,
the application of polymer expansions reveals significant
properties. Starting with a finite lattice system in a box
of volume A, for sufficiently small couplings « and S (see
[16-18]), the thermodynamic limit A "co of correlations
exists, and truncated correlations exhibit exponential tree
decay. The limiting correlations are invariant under lattice
translations and extend to joint analytic functions of
complex coupling parameters. Additionally, our model
satisfies Osterwalder-Schrader positivity [17,19-22]. This
property ensures the existence of an underlying physical
quantum mechanical Hilbert space H. Within this frame-
work, by considering translations in time and spatial
coordinates, we can define self-adjoint and self-commuting
energy and momentum operators on . Their joint spec-
trum is the system energy-momentum spectrum [16,17],
which can be accessed by analyzing the analyticity proper-
ties of a lattice Fourier transform of certain correlations. A
relation between Hilbert space inner products and statistical
mechanical correlation of the model is provided by a path
integral (Feynman-Kac) type formula on the lattice [18,22].

In this context, for the gauge groups G = SU(N), with
N =2, 3, we define an Euclidean two-dimensional lattice
quantum version of the Yang-Mills current given in [10]. We
emphasize that, for two dimensions, the spin degrees of
freedom are frozen and the spin indices 1 and 2 only refer to
the particle-antiparticle distinction. Additionally, our results
focus primarily on the case N = 2, and we deal with N = 3
only when our analysis incorporates baryon fields, which are
not defined for N = 2.

The charge introduced in [7,8] can be expanded in an
infinite series of an arbitrary parameter, called 4, [see
(2.41)], with each coefficient of the expansion associated
with a conserved charge. However, in our analysis, we only
consider the leading terms of the series, corresponding to

Q;VII) and Qﬁ) [see (2.42) and (2.45)], the first and second
charges, respectively. Then, we define a quantum version of
the classical charges and examine their quantum properties
on the finite lattice when applied to composite meson and
baryon fields. To this end, we study the corresponding path
integral using the F-K-like formula (2.57), and compute the
expectation values of the lattice charge operator for baryons
and mesons [see (2.62)]. Although the focus is on the
formula without explicitly using the partition function in
the computation [i.e., just the numerator in (2.62)], our
computations capture the qualitative behavior of the model.
The discussion of the quantum current presented here will
be scant, as our primary focus is on a lattice version of the
classical current. Considering that the continuum limit
a0 of the model only exists after a renormalization
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procedure to remove ultraviolet singularities, a realistic
quantum current and charge must incorporate corrections
arising from renormalization and operator ordering effects.
The analysis of the other charge terms, the higher orders of
the expansion (2.41), will eventually be the subject of
further investigation.

As a result, our analysis focused on the lattice version
of Q1(W>, since we show that QM> =0 [see (2 42)], for a

semisimple gauge group G. The charge Qf )__the imple-

mented lattice version of Qﬁ)—is zero for nongauge
invariant states, whereas it is nonzero for meson and
baryon states.

Despite its limitations, our treatment captures many of
the essential features necessary for exploring the interplay
between gauge invariance and lattice discretization. We
acknowledge that a fully rigorous treatment of the quantum
current, incorporating these subtleties, remains an open
challenge. Progress toward this goal will be reported in
future work, where we aim to develop a more compre-
hensive framework for quantum currents on the lattice.

The paper is organized as follows. In Sec. II, we outline
the essential details of the underlying framework. Section I1I
presents the main results of our study, while Sec. IV is
dedicated to our conclusions. For completeness, we include
several Appendixes that provide additional context related to
some of the topics discussed and detailed computations.

II. FRAMEWORK AND PRELIMINARIES

A. The classical charge operator and conserved charges

The conserved charges for classical Yang-Mills theories
in (1 4+ 1) dimensions are discussed in [10]. Here, we

summarize the main aspects of the construction that serves
as the backbone of our analysis on the lattice.

The first ingredient of our construction is the so-called
non-Abelian Stokes theorem. Consider a O-form B, and a
I-form C,, up = 0, 1, on the (1 + 1)-dimensional Minkowski
space-time M, with the metric g,, = diag(1, —1), and both
taking values on the Lie algebra g of a Lie gauge group G.
Let y(0):[0;.07] = x*(c) € M denote a path in M, with
[6;,6¢] C R, and define the holonomy of the connection C,,
on y, through the ordinary differential equation

dw dx* (o)

— 4+ C,,(x) 7o

W =0.
do

(2.1)

By integrating (2.1), one obtains the path-ordered exponen-
tial, commonly referred to as the Wilson line

c H
W(o;,06) = Pexp (—/ dpC,(p dxd/()p)

)WR, (2.2)

where Wy = W(o;, 0;) stands for the integration constant. In
particular, the series expansion of the Wilson line for the
(totally) ordered partition of the subset [6;, 5] where the
upper bound o, satisfies ¢ < 6/, i.e.,

(2.3)

takes the form

W(o,,0) = (1]— / doyCloy) / / doodo, C(o0)Cloy) + .
1) l L”/ﬁ " daodal...do*n_IC(ao)C(al)...C(an_l)+...>WR

with C(o) = C,(c )‘M( %) and n > 2. The derivative of (2.4)
with respect to o straightforwardly leads to the expression
for the integral curve associated with W that passes through
W(o;). Since W is matrix valued, by the uniqueness of the
ODE solution (cf. Picard-Lindelof theorem, see also
Lipschitz continuity) one finds that W is in fact G valued,
see, e.g., [23], i.e., an element of the underlying group G.

We introduce a group element V(y) in G, through the
exponential map, as

V(y) = eV 0Ble))W), (2.4)
The question we ask now is how V(y) changes when we
change the end point of the curve y by an infinitesimal
increment, ie., x*(o;) — x*(o; +do) = x"(o;) + 6x*.

Using a Baker-Campbell-Hausdorff type relation [24-26],
we get that the variation of V in terms of the argument of the
exponential is'

1 1
SVV! = 6T + = [T.8T) + 5 [T.[T.6T)| +
= 1
= d7oT 2.5
;(Hl)z“ 23)

'An alternative approach leads to a (proper) integral repre-
sentation written in terms of the beta function, yielding the same
result, see, e.g., [27,28], which demonstrates some mathematical
methods to tackle the formula of interest.
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where T = W~!(y)B(x(c;))W(y), and ad; stands form the
adjoint representation operator, i.e., ady = [T, x|. From (2.2),
we have that

dx* (o)
do

SWW! = —C,(x) do (2.6)

and so

dx* (o)

8T = W'D, BW=—=do (2.7)

with D, x =0, * +[C,, *]. Therefore, from (2.5) and (2.7),
we get a differential equation for V

dv dx* (o)
—=WlLW——=V 2.8
do K do 238)
with
— j
L,= Z G ad,D,B. (2.9)

Jj=0

Consequently, we can obtain V by integrating (2.8) along the
curve y, obtaining it as the holonomy of the connection
WL W . Since the result has to be the same as the one given
in (2.4), one obtains the non-Abelian Stokes theorem

eV (NBx(a))W(r)

— Pexp ( / .Uf' doW=! (o)L, (c)W (o)

O

dx:; ((;;)) v

i

(2.10)

with V being an integration constant. The rhs of (2.10) can
be written as a series of the form (2.4), with (—C(0))

replaced by L(c) = W'(o)L,(c)W (o) %}f). Note that
(2.10) is a mathematical identity valid for any pair of
differential forms B and C,,.
The differential Yang-Mills equations in (1 4 1)-dimen-
sions, for a gauge group G, are given by
D,F" =J", u,v=0,1 (2.11)
where J# = J;7, is the matter current, D, = 9, * +ig[A,, ],
is the covariant derivative, and A, = Ajz,, is the gauge field
and
F,=0A,-0A,+ig[A,,A)] (2.12)
is the field tensor, or the curvature of the connection A,. We
haver,,a = 1,2,... dim G, is a basis for the Lie algebra of G,
satisfying

(24 Tb) = ifabeTes Tr(z,ty) = Oap-  (2.13)
Introducing the Hodge duals
F= —%%Fﬂ”; Ju==e,0"% =1 (214
we get that (2.11) becomes
D,F=1, (2.15)

The integral Yang-Mills equations are obtained from the
Stokes theorem (2.10), by using (2.15) and making the
replacements

C,=igA,;  B=iglF (2.16)
with A being an arbitrary (complex) parameter. Therefore,
we get

el 9AW (V) (x(of))W ()

— Pexp ( / f’ doW=1(c)K, (c)W (o) dx;i")) Vi
(2.17)
with
K, = i (igh"™ ad2J,. (2.18)

<H3

—~
N
_|_
—

~—

The Wilson line W is now obtained from (2.1), and the
replacements (2.16), and so

(2.19)

By considering an infinitesimal path, where 6, — o;, we
see that the integration constant in (2.17) must be
Vi = eigﬁWEIF(x(G;))WR (220)
with Wp being the integration constant appearing in (2.2).
The integral equation (2.17) is equivalent to the differ-
ential Yang-Mills equations (2.15) [or equivalently (2.11)].
Indeed, it was obtained from the (identity) Stokes theorem
(2.10) and the Yang-Mills equations (2.15). Alternatively, by
considering an infinitesimal curve y, and Taylor expanding
both sides of (2.17) in a power series in the length of the
path, one gets the Yang-Mills equation (2.15) in lowest order.
Under a local gauge transformation

A,(x) = o)A, () (x) + ga,,e<x>@-1<x>; 0€G

(2.21)
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we have that

Fu(x) = 0(x)F, (x)0™" (x);

Ju(x) = e(x)J,(x)e™" (x) (2.22)

and
or = Wi'o(o;) Wg.

W(o) = o(0)W(0)2x'; (2.23)

Therefore,

W () F(x(ap))W(r) — oW~ (r)F (x(o)) W (1)eR'

(2.24)
W (e)Ku(0)W (o) = 2xW' (o), (0)W(a)ar'  (2:25)
Vg = 0rVr0g'- (2.26)

Consequently, both sides of the integral Yang-Mills equa-
tion (2.17) transform under conjugation by the constant
group element gy, and so are covariant under local gauge
transformations.

The important property following from the integral
equation (2.17) is that the eigenvalues of the operators
on both sides of (2.17) are independent of the path y, as
long as their end points are kept fixed. In order to see that,
consider a curve y’ with the same endpoints as y. Therefore,
yoy'~!is a closed path. We can then use the non-Abelian
Stokes theorem for a 1-form connection [5-7] to write

Wi/ "HW(y) =’Pexp< /do-er 'F,W—

=H(X)

dx* dx?
do dr
(2.27)

where X is any surface with border 0X = yoy'~!. The
surface X is scanned with closed loops, labelled by 7, based
on a reference point on its border, and each loop is
parametrized by o. It then follows that

W o)) — F(5)eiotW ! (DF (o)W g ()1
(2.28)

So, if we change the path y to another path y’, with the same
endpoints, the operator on the lhs of (2.17) changes by a
conjugation by H(X). This means that its eigenvalues are
independent of the path, as long as its endpoints are kept
fixed. Hence (2.17) implies that the operator on its rhs has
the same property. Since the eigenvalues of a matrix can be
written functionally in terms of traces of its powers, we
have that the quantities

Tr( W ()F (o) W(r) M

—Tr <7> exp ( / I_”f doW=1(c)K, (c)W (o) d%:”) VR> !

(2.29)

are path independent, where M is an integer, indicating
powers of the operator. Such property can be used to
construct conserved quantities as we now explain.

Let us consider two paths with the same endpoints. The
first one, denoted by I',, is a straight line parallel to the
x! axis, at a fixed time ¢ = ¢, and going from x! = —c0 to
x!' = +00. The second one is made of three parts,
-l olyol o, where Iy is a straight line, parallel to
the x! axis, at fixed time ¢ = 0, going from x! = —co to
x! = +o00. The paths I, , are straight lines, parallel to the
x¥ axis, positioned at x = 400, and going from ¢ = 0 to
t = t. The operator on the rhs of (2.17) is obtained by
integrating (2.8), with L, replaced by KC,, given in (2.18).
Therefore, it is the holonomy of the connection W‘IIC” W,
and so it satisfies the usual rules of decomposition under
sectioning of paths. Indeed, if I' =I"| oI',, we have from
(2.8), with L, replaced by K,, that

V()

= V(I)v(I) (2.30)

with

V([,) = Pexp (/F doW=()K,,(6)W (o) dx”(d))

do
(2.31)

with no integration constant. However, we have to take into
account that W in V(I';) is calculated from the initial point
of I', which is the same initial point of I';. Therefore, if we
denote by V(I',), the holonomy obtained by integrating
(2.8), with L# repalced by IC”, but with W calculated from
the initial point of I, with integration constant for W set to
unity, we have that

V() = = W (I V(D) W(T)V(T).

(2.32)

V() V(I)

We take the initial point of paths I', and I'Z}, o[y o, o, to
be xg = (x” = ct, x! = —0). Note that the initial point of
I'Z., is also xg. Therefore, from the path independence of
the quantities given in (2.29), we have that

Te(V(T) V)Y
Tr(V([ o) WH(I
Tr(W-1(T'Z

x V(Iz

Tr(V(Ti)V(To)V(IZ) V)
) V(Co)W(IZ)V(I=i) V)M
)WL) V(T )W (L) V() W(IZL,)
&) V)M (2.33)
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On the paths I', and Iy, we have x = and x* =0,
respectively, and x' = . On the paths I',., we have
x¥ = ¢, and x! = Fo00. Therefore, on the paths I', , we
have the path ordered integral of W'/, (c)W, which is
linear in J, and W(I',.,) only involves A,. Consequently,
if we impose the boundary conditions

As we have shown above, V(T'y) is calculated with the
integration constant for W, at the initial point of I'y, set to
unity. The initial point of Iy is xp, = (x°=0,x! = —c0).If
instead, we set the value W at xp to be Wy , we get that the
holonomy V on T, becomes V(Iy) = Wg!V(I'g)Wy,.
Therefore, we get

1
1 : N
Ji - 7 asx' — oo with §>0 (2.34) Tr(V(D,) V)M = Tr(V(FO)VRO)M;
and Vg, = Wi x=eWi, (2.39)
Ay = # asx' - —co with & >0  (2.35) Consequently the charges
X
1
we get that Ou(d) = MTr(V(F,)VR)M; with
VIl ) =1 V() =1 WIZL) = We. Vg = etV Flx'=—co)Wy (2.40)
(2.36)
are conserved in time. From (2.24), we observe that such
Note that, from (2.15), (2.34), and (2.35) charges are indeed gauge invariant.
= By expanding the charge operator in a power series in 4,
1 —
dF =0 asx’ - —oo (2.37) we get that each term of the series is a conserved quantity,
Therefore, we get that and so we obtain an infinity of conserved charges Q[(lfl) ,l.e.,
Tr(V(T)Vp)™ = Te(V (Do) We VW' )" o
. S _ i)
_ Tr(v(ro)ez,tMF(x :—oo))M (238) QM(’I) - ZO/UQM . (241)
=
where F(x! = —o0) is the value of F at x! = —co, for any
value of time. Indeed, from (2.37), we have that F is  The first charge in order A° is trivial, i.e., Qﬁ? = LTriM.
constant in time at x' = —oo. The charge in the first order is
o\ = igTr ( / ” dx! W) oYW (x!) + WRF(x! = —oo)WR>. (2.42)

For a simple Lie algebra, any generator can be expressed as the commutator of two others, and so, the trace of any generator
vanishes in any representation. Therefore, (2.42) vanishes if the gauge group G is simple.

The charge in second order (4%) is

02 - <ig>2Tr( [ awe e wi)

[Se]

/_"l dF W (R (R W(E)

o0

M—-1 o 2 (M-1 -
4 5 ) [/ deW‘l(xl)JO(xl)W(xl)] 1 1 ) [(Wg!'F(x! = —c0)W]?
+ MWZ'F(x!' = —c0)Wpg /oo dle‘l(x')JO(xl)W(x')) (2.43)
Using the cyclic property of the trace, we can write
00 x! 1 o0 2
Tr ( / dx W () o (e ) W) / d)‘ch‘l(;‘cl)JO()‘cl)W()‘cl)> — T [ / AW )WDY | (2.44)
In our applications in this paper, we shall work with the boundary condition F(x! = —co0) = 0. Therefore, the charge in the
second order we shall use is given by
(2):ﬂ-2 O =1l 1 NE
o)y 3 (ig)*Tr dx'WH(xh) Ty (xHw(xh)| . (2.45)
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B. 1+1 quantum lattice Wilson action:
Pure gauge and matter

We consider a two-dimensional Euclidean spacetime
model comprising both gauge and matter components.
Specifically, our focus is on a lattice action featuring two
flavors, U and D; as well as three flavors, U, D, and S, in
the strong coupling regime, i.e., 0 < g2 < k.

Let A C a(Z + 1/2) x aZ C R? be a finite lattice with
lattice spacing a > 0. Furthermore, the lattice A is assumed
to consist of L €N sites, where L is taken to be even for
technical convenience. A site, an arbitrary lattice point,
will be denoted by x = (xy,x;) €A, and we let the time
direction be denoted by 0. The fermionic local fields are
considered as independent Grassmann variables [12],
w(x) (quarks) and i (x) (antiquarks), attached to each lattice
site. As above, the underlying gauge group G is the compact
Lie group SU(N) of dimension N> —1. A lattice bond
connecting nearest-neighbor points is written as
with e, — unit vector,

b= (x,x+ae,), u=0,1.

(2.46)

u"

Henceforth, we will use shorthand notations for the trans-
lation of lattice points; for example, xff =x tae,
x;r,ﬁ = xj + ae,, and so on. For each bond b, there is a
corresponding gauge group element U, € G, referred to as a
bond variable. If b is the bond specified in equation (2.46),
we denote it by U, = G where its components are
(gxx;)ab, with a,b = 1,2, ..., N being the color indices,
and N the dimension of the defining representation [23]. A
plaquette is a minimal lattice square and carries the plaquette
variable U ,, defined as the ordered product of lattice bond
variables (see Fig. 1), i.e.,

U, = Uy, U, U, Uy . (2.47)
Here, the bonds are oriented according to the following
prescription: if b is in the positive y or v direction, we write
U,; otherwise, we write UZ. For the latter case, we have

U Z = U,', since U, € G is unitary. To facilitate later use, we
rewrite Eq. (2.47) in a more convenient form as

(2.48)

- -1 —1
Up = Gxxf I ahst gx:ij ng)(

In our formulation, we consider the gamma spin matrices
{ro,71} as generators of the relevant Clifford algebra,
which is isomorphic to M,(R). These gamma matrices are
taken to be Hermitian, and identified with the real Pauli
matrices,

1 0 d 0
= R N —=
Y0 0 —1 a 71 1

e

x) b3 wht=alf
v
b4 b2
7!
€T by x:
FIG. 1. Plaquette: a depiction of bonds connecting the nearest

neighbor points.
which satisfy the anticommutation relations,

{yﬂ’ yl/} = 25/41/]]27

where 1, is the 2 x 2 identity matrix. These matrices form
the basis for the underlying Clifford algebra and play a
fundamental role in the description of spinor fields in
two-dimensional spacetime. As mentioned before, the two
degrees of freedom in the spinors, since we are in dimension
two and the spins are frozen, only refer to particle and
antiparticle states, cf. remark B.1.

We now define other useful matrices in terms of y, and
71, which will be instrumental in writing the action for the
system under consideration. Let ¢, ¢’ = +1, then

and tr(y,) =0, (2.50)

ree = -1, +y,, (2.51)

satisfies the following properties [29]:

(1) ree—<e = 0,

(2) I'wI'*w = =2I"°%, and

(3) Fseﬂre’eb =21, — r—e’ebr—eeﬂ'

Let u =0, 1. Let a, x, A, €, Gt » Up, and [““» be as
above. Then the total action in two-dimensional Euclidean
spacetime is given by [12,13]

S\ . U,) = S,(U,) + ;). (2.52)
where the quantities on the right-hand side are defined as
follows. The pure gauge part (the trace is taken over the
group G)

S,(U,) = @ ZAA,,(U,,) with

A(U,) =2ReTr(1 - U,), (2.53)

note that using the Hilbert-Schmidt (HS) norm ||O||,¢ =
[Tr(OT0)]'/2, where O is a finite dimensional matrix and
1 denotes the usual conjugate transpose, one can show that

A(U,) =2ReTr(1-U,) = ||U, — 1|s. (2.54)

such that A(U,,) is non-negative. The (Fermionic) matter
part of the action is

034508-7



PAULO A. FARIA DA VEIGA et al.

PHYS. REV. D 113, 034508 (2026)

_ . ka _ €e, .
Sf (l//, v, Ub) = 7 Zl//aaf (X)Faj; (gxxf,)abl//bﬁf (x;ét)

X.E.p

+ Cl2 Zy_laaf (X)Maﬁllla/ff (X) ’

xeA

(2.55)

where we are summing over repeated indices,

2K
Ma[f = (m +a>5a/js a’ﬂ =1,2, (256)

with k > 0 denoting the hopping parameter and m > O the
bare mass. Here, y,z¢ and 5, are Wilson fermions (no
doubling), with b = 1, 2, labeling the color SU(2) doublet
representation components, f is the spin state index (particle
and antiparticle), and f is the flavor (isospin) label. In
addition, y and wy, treated as independent Grassmann
variables, are nilpotents of degree 2, a consequence of the
anticommutation relations. One easily checks that the formal
continuum limit a\(0 recovers the usual smooth continuous
field action.

In the strong coupling regime, the Osterwalder-Schrader-
Seiler positivity holds (see [19,20,30]), and there is an
underlying quantum mechanical Hilbert space H associated
with our lattice model.

C. Path integral: Expectation values on the lattice

Let O(y,y, g), henceforth O, be an observable. Then
the inner product on H, for F and G restricted to
xo=1/2, is related to the Feynman-Kac (F-K)-like
formula (cf. thm. X. 68 in [31], see also [17,22,32]) as
follows.

(0G,0OF);; = (OFG)p_x VY F, GeH, (2.57)
where ® denotes an appropriate antilinear operator on H
that implements time reflection and acts on the fields y
and ¥ in the following manner. For x = (xg, x;), we have

Oy (x) = #(Tx)yy and OF(x) = yoy(Tx). (2.58)
with Tx = (—x, x;). Moreover, © satisfies the following
properties [17]

(1) ©(FG) =0O(G)O(F) V F,GeH, and

(2) © is an involution on H, i.e., ®* = 1y,.

Note that the second property is obtained as a result of
applying the first one and (2.58) on the product of
arbitrary state vectors.

Before we outline the underlying framework used in our
computation, we draw attention to the following remark
that might be useful for a rigorous analysis of the problem.

Remark 2.1. The particle spectrum was analyzed in
Refs. [33,34] at an early stage of lattice QCD, in the strong
coupling approximation. Some works by one of us and
O’Carroll extend these analyses to a rigorous level. On a
lattice with fixed finite spacing, the baryonic sector of the

energy-momentum spectrum in strongly coupled lattice
QCD is analyzed. In the 2004 study [29] (in collaboration
with Schor), baryons and antibaryons are obtained as
bound states of three (anti)quarks, with asymptotic masses
M, = —=31Ink + r¢(x) and small mass splittings observable
in d=2 and d =3, where d denotes the spacetime
dimensionality of the lattice. The term r,(x) accounts for
additional factors or refinements in the mass that go beyond
the simple logarithmic dependence on «, and it likely
contains higher-order corrections that become relevant at
specific values of k, for small x. While the construction of
the physical Hilbert space H using gauge-invariant corre-
lation functions requires a careful treatment [17], the 2004
study demonstrates that the baryonic spectrum appears as
isolated energy-momentum dispersion curves within the
subspace H,,, generated by states with an odd number of
fermions. The 2008 paper [18] extends this framework to
1 43 dimensions, unveiling the Gell-Mann—Ne’eman
eightfold way structure with baryon octets and decuplets.
The masses, M = —31Inx —3x*/4 + k%r(x), include an
octet-decuplet splitting of 3x%/4 + O(x’). The obtained
spectral results for the one-baryon states exhibit quark
confinement up to the corresponding energy threshold. As
above, (k) captures the contributions to the mass that arise
from the x° term in the series expansion, refining the mass
prediction beyond the simple terms such as —3Inx and
—3k3/4. Here, the Hilbert space is enriched by including
symmetries from both SU(3). gauge and SU(3), flavor
groups, besides spin, and the isolated baryonic spectrum
is rigorously connected to gauge-invariant states. Similar
results have also been obtained for the mesonic sector of H
[35,36]. Two-particle baryonic bound states such as the
deuterum were obtained, e.g., in Refs. [14,15].

In the Euclidean spacetime path integral formulation on
the lattice, the expectation value of a given observable O is
known to be [12,13]

1
(O)rg =5 | dpdpdu(g)Oexp(=S,—S;),

7 (2.59)

where the partition function Z,, to be thought of as a
normalization, takes the form

Za= ()7, = [ dvdpdug)exp (=5, 5. (260)
The integral measures are product measures, i.e.,

dl//dl/_/ = H dl//u(lf(x)dl/_/aaf (X),

xa.af

du(g) = | [du(gss,)- (2.61)

where du(g) is a Haar measure.
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Here, we are interested in a kind of nested integral in
which we treat the fermionic and gauge parts separately
(see [12]), though one still should be cautious regarding the
additional contribution for the gauge part coming from the
Fermi part. We will have more to say about this later. For
the moment, we give the formula

1

(O)pg =7 | du(9){O);Zf(Up) exp (=5,),

Z: (2.62)

where Z; and (O), denote the fermionic part of the

partition function and the expectation value, respectively.
To be specific,

z, = / dydi exp(=S;) (2.63)

and

(O); i/dl//a'l/'/(’)exp(—Sf).

7 (2.64)

Moreover, the gauge part will be treated in a strong coupling
regime that corresponds to exp(—S,) ~ 1. Now using (2.57)

and (2.62), what is to be computed for the expectation value
(OFG) should be clear. In what follows, we set [29]

1
() = 3w drexp (=073 g (Mg ) )

xXEA

(2.65)

which is Gaussian with normalization A/ and covariance
matrix M, given in (2.56), such that the Fermi integral
between two independent variables y and  takes the form

/dﬂc(llh I aar (X)W ppn(¥) = ESapOapdnd(x — y),
(2.66)

with

2 -1
2= g2 (m + K) . (2.67)
a

Here, we preserve the continuum Dirac delta notation for the
discrete Kronecker delta in coordinate points.

III. QUANTUM YANG-MILLS CHARGES
ON THE LATTICE

A. Lattice charge operator

Adapting the classical matter current, which is a Lie-
algebra-valued function (as discussed in [6]), and incor-
porating the conjugation by Wilson lines, we express the

temporal component of the current in (2.11) as follows.
For convenience, we will use W(x) = W(x)™!' in (2.42)
and (2.45)

Jo(x) = Zfé(X)W(X)TjW(X)‘I, (3.1)

with the scalar coefficient J'(’;(x), hereafter referred to
simply as the coefficient, being

T30) = 2 ()1 + 70y (0552) ey ()

1_ .
- El//cff(x)(] - Y())fjn (T])cd(gxxar)del//enf(xar)’

(3.2)

where a summation is considered over repeated indices.
The above coefficient exhibits the following characteristics

(1) It is covariantly conserved in the naive continuum
limit [12]. For a proof, see Appendix C.

(ii) It reduces to the usual U(1) coefficient on the lattice
(cf. [13]), and the usual classical one’ in the
continuum limit.

(iii) While the coefficient transforms locally under the
adjoint representation induced by the local gauge
transformations, the current (3.1) transforms globally.

As such, the current given in (3.2) should not be
interpreted as a physical quantum current. Moreover, our
formulation does not incorporate renormalization, as we do
not attempt to define a fully consistent quantum current in
the ultraviolet limit a\ 0 here.

In this context, we aim to explore the quantum correc-
tions introduced by the conjugation with Wilson lines and
the trace over color indices, a concept initially proposed by
one of us [7,8]. Wilson lines play a pivotal role in non-
Abelian gauge theories, as they seem to encapsulate key
quantum effects, such as confinement [38], and the behav-
ior of gauge fields in a lattice framework [39]. Additionally,
they provide a framework for understanding the gauge-
invariant properties of electric and magnetic fluxes and
their role in non-Abelian gauge theories [40]. The path-
dependence of gauge transformations, which is crucial for
describing these effects, is explored further in the context of
Yang-Mills theory [41]. By incorporating these elements,
we hope to capture some of the nontrivial quantum features
that arise in lattice gauge theories. For a more detailed
discussion of this construction and its implications, we
refer the reader to [5-8].

Using (3.1) and (3.2) for the direct implementation of the
charge operator (2.45) on the G = SU(N) lattice model
yields,

2 . . .

The quantum current is expected to involve some correction
terms arising from renormalization and operator ordering effects,
see, e.g., [37].
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0P (xy)=a® Y S HIEY)

XyYEN jk

X Te(W(x)e W () WH)P#Wo)),  (33)
where the index £ denotes the lattice version of Qz(vzz), apart
from the overall multiplicative constant M(ig)?/2. We
denote by Tr the trace operation over a representation of
the gauge group G, which can be chosen arbitrarily, but
preferably faithfully. In addition, the Wilson line is now
understood as the (ordered) product of bond variables,
specifically,

W(X) = gxoxl gx1x2 .. 'gx,,_lxn s (34)

provided the path in (2.45) splits into the spatial intervals
XoX1, X1X2, .., X,_1X, Of the size of a lattice spacing a. The
operator (3.3) is the most important in our studies, since it
leads to nonzero contributions of the expectation values,
hence potentially interesting for the charges, referred to as
the eigenvalues of the operator (2.45) in classical inves-
tigation. The procedure for implementing the higher-order
operators of the series (2.41) is analogous to that used in the
construction of (3.3).

B. State vector analysis: Expectation values
for mesons and baryons

Our goal is to investigate the quantum properties of the
charge operator introduced above. Specifically, we will focus
on the expectation values of the charge operator, evaluated
with respect to the composite meson and baryon field vectors
within the (quantum mechanical) Hilbert space H.

Remark 3.1. We observe that meson fields are well
defined for both gauge groups G = SU(2) and G = SU(3),
corresponding to color indices taking values in {1,2} and
{1,2,3}, respectively. We treat both cases in the discussion
below. However, when referring to baryon fields, we
restrict the gauge group to G = SU(3), as their construction
involves the totally antisymmetric Levi-Civita symbol €.,
which requires three distinct color indices [see (3.6)].

The gauge invariant meson composite field vectors are
given by [13]

G = Wapn, V5 )Wap,n, (V5)-
(3.5)

F = l/_/cmf] (y)l//cazfz (y) ’

Remark 3.2. For computations, restrictions on the spin
indices in (3.5) will be applied. Specifically, we will use
a; # a, and f; # f,, as mesons are physically composed
of a quark and an antiquark paired appropriately.

The gauge invariant baryon composite field vectors are
given by [13,29]

F = €Caaa;Vaaf) (y)l//azazfz (y)l//a3a3f3 (y)’

G = €b,0,5,W b, 5,1 Vo W by, V3 )W gy V5). (3.6)

1. Matter part

Mesons. Using Wick’s theorem (see [12,13] for exposure
on the lattice), in particular, (2.66) along with (2.61), the
second and the third term, which are cross terms of the
product J§(x)J&(x) with O(x°) yields the same results as
follows:

=4
(Jo(x)I5(x)FG), = EZ_f(T]Tk)d,dl Ef.  (3.7)
where Z; and E are defined, respectively, in (2.63)
and (2.67), and EF, for mesons, is given by
E?: - <1 + 7/O)ﬂza'l <1 + 70)a2ﬂ15f1h25f2h1- (38)
In the computation, we also used

(i) y=x,p=0,7=+1 for E}r; and

(i) y=x5,p = 0,7 = —1 for E.

Naturally, the total contribution will be doubled for each
of the choices of the parameters listed above, basically for
y =x and y = x;. Note that if the corresponding vector
states (3.5) are not gauge invariant, then there is no nonzero
contribution in the above computation, see the relevant
discussion below (A2). For more details on nonzero
contributions, we refer the reader to Appendix A.

Baryons. As above, for the first and the fourth term
(which is symmetric in spacetime points—except for the
considered mesons) of the product J}(x)J&(x) gives

; 3aE® .
UWIFG), = 55 ) B
recalling that Z; and E are defined, respectively, in (2.63)
and (2.67). Here E]ﬂf, for baryons, is given by

EJ% = [(1 + }/O)mﬁl (1 + 7O)rtzﬁ25.f1h15.fzhz + (1 + }/0>(l|/)’2(1 + }/0>0‘2/3|(S.flhz5fzhl]<1 + }/0)(13/}36f3h3
I E70) a5, (1 £ 70)ayps 01,1053y + (1 E70) a5, (1 70)ap, 05,850, ] (1 £ 70) i, O,y

HT £ 70) a8, (1 £ 70) a0 111,0 s + (1 E70) ey, (1 E 70) sy 07118 oy | (1 & 70) s, O3y -

(3.10)

Here, the specific spacetime points and the associated parameters are chosen to be either of the following options, with
y = )”cg for what we refer to as the first term [see (A3)] and y = X for what we refer to as the fourth term,
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(i) y=xj,p=0,1=—-1,x=y, u=p, € =r corre-
sponds to E; .

() y=Xx p=0,r=+1, x=y, u=p, € =x corre-
sponds to E7.

Remark 3.3. Here, nonzero contributions from two differ-
ent terms of the product J}(x)J&(x) for the same choice of
y are not possible, since baryons (3.6) are composed of y’s
or ir’s, unlike mesons, which contain a mixture of both.

The argument concerning the non-Gauge invariant state
vector is slightly subtle here and is treated separately at the
end of Appendix A.

2. Gauge part

Here, both the meson and baryon composite fields yield
the same outcome. Since the covariance matrix is diagonal
in spacetime points, cf. Isserlis-Wick theorem, the gauge
integral is expected to produce trivial values. Specifically,
when taking the trace over the color indices for the charge
operator, the diagonal terms in spacetime points simplify
directly to an expression that is free from the conjugation
by Wilson lines.

For the bond variables appearing in the product J? (x)J& (x),
cf. (3.2), the gauge integral becomes trivial after performing
the Fermi integral in the case of mesons. However, for
baryons, the manipulation is slightly more involved.
Specifically, the result simplifies in a manner analogous
to mesons but requires additional care in handling the gauge
integral by leveraging the following determinant expression
for the bond variables (see Appendix A),

eclcza(gngc)cldl (9}32)62(12 (9%:5),;, = €a,apdetg,  (3.11)
such that
€eie,b€d dyb = 5eld1 5ezd2 - 5e]d25e2d1’ (3-12)

gives the desired result (3.9). The first term of the product
J}(x)JE(x), for example, involves the term

(gxgx)ah (Tj)d,e] (Tk)dzez’
(3.13)

ecl czuee] esb (g’%g’%)c] d (gifarfc)

cady

which upon wusing (3.11) and (3.12)
gives (7/7%), 4.

On the other hand, if one decides to carry out the gauge
integral first, all that is required is the following funda-
mental integration orthogonality formula, arising from
Peter-Weyl theorem [12,42,43],

immediately

1
/d#(g)giljlgillll :N(silll(sjlkl’ (3.14)

where N = 2, 3 refers to the gauge group SU(N).

3. Total contribution: Summing expectation values

The total charge, obtained from the expectation values of
the charge operator Q(f )(x) (3.3), is expressed as a series
comprising n identical terms of the type given in (3.7) for
mesons and (3.9) for baryons, along with additional con-
tributions from the gauge sector. Specifically, the total
(quantum) charge—i.e., the sum of expectation values for
mesons or baryons—takes the form, cf. (2.62)

(0P FG), ZnTr ()T (x)TE(x)FG) ,Z;,

(3.15)

where the sum extends over n lattice points x =y =
Xi,...,Xx, € A. The composite fields F and G, as well as
the fermionic contribution (-); to the expectation value,
depend on whether one is considering mesons (3.5) and (3.7)
or baryons (3.6) and (3.9).

In the limit n — co—the infinite volume or thermody-
namic limit [12]—the series in question along with the
partition function Z, in the denominator diverges. Since we
prefer to work on a finite nonzero lattice spacing, we do not
employ the standard renormalization techniques commonly
used in lattice QCD to handle such divergences. However,
alternative approaches exist. In particular, the multiscale
polymer expansion [16,22] offers a systematic framework
to address these issues, ensuring that divergences can be
removed safely, yielding finite, well-defined results. Other
regularization techniques from quantum field theory can be
used, and may be relevant for future investigations depend-
ing on the underlying model.

The average appearing in (3.15) is computed and given in
Appendix B for hadrons, in the case of lattice QCD models
with two and three flavors. Note that our explicit compu-
tations are in agreement with the flavor symmetry of the
model. By considering the hadronic particles wave functions
in terms of quarks and antiquarks, and their linear combi-
nations, the values of the quantum charges of the hadrons
follow. For instance, in the three flavor case and considering
the prefactors given in (3.7), the charge values for z* and
7~ coincide, and it vanishes for 7°. Regarding baryons and
using (3.9), we obtain that the charge value for A™ differs
from p and n (proton and neutron), which are equal.

The reason for the vanishing charge of z° is algebraic, and
is due to the fact that its wave function is the linear
combination z° = (uit — dd)/~/2, whilst for z* the linear
combination with a minus sign is not there, as 7+ = ud, and
n~ = du. Indeed, using (3.7) and the tables in Appendix B
gives nonzero charge for 7 and a vanishing charge for 7°.

We also considered gauge variant states for which we
obtain vanishing charges.

IV. CONCLUSION

We constructed a two-dimensional Euclidean quantum
gauge invariant Wilson lattice version of the gauge invariant
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charge using Wilson loops and developed in [5,6,10]. The
charge is given as an infinite series. In order to understand
the physical property measured by this charge and improve
our knowledge about the role of local gauge invariance in
quantum field models, we computed the quantum charge
effects up to second order acting on nongauge invariant
states and hadrons in lattice QCD with two and three quark
flavors. In the strong-coupling regime, we obtain a zero
eigenvalue for the quantum charge for nongauge invariant
states and nonzero values for baryons [see (3.9)] and mesons
[see (3.7)]. In a more realistic approach, we need to
incorporate higher-order contributions to the charge. In
addition, renormalization effects must also be taken into
account to define the lattice QCD model. Whether or not our
quantum charge is a measure of confinement is a question
that deserves further analysis.

Of course it would be very desirable to understand the
role of the charge Qﬁ,z,) in a more phenomenological way,
e.g., analyzing some standard decay processes as 7° — 2y,
7t = pu* +v,, and A™" - p 4 2. There is a wide open
pathway to explore on those lines.

In addition, it would also be interesting to extend our
analysis to the quantum version of the higher order charges

Qﬁ{l), given in (2.41). And, more importantly, to extend the
analysis to the case of real QCD in (3 + 1) dimensions, and
verify if the real hadrons carry the quantum version of the
charges constructed in [9].
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APPENDIX A: NONZERO CONTRIBUTIONS

For the reader’s convenience, we provide the necessary
details on the nonzero contributions arising from the
fermionic components of the expectation values for mesons
and baryons. To illustrate, we present a relevant tree-level
diagram for mesons, highlighting an interesting case. For
baryons, the tree-level diagrams follow a similar logic but
are too cumbersome to present explicitly in the text.
Instead, we outline the principal nonzero terms for baryons
and provide a comprehensive list showing how these terms
relate to other nonzero contributions. We will neglect the
global normalization corresponding to the partition func-
tion Z, [see (2.62)], which is present in all the analyzed
cases. Hence, we will concentrate on the unnormalized
expectation values.

1. Mesons

Here we exemplify the explicit computation, since the
tree diagram is smaller compared to that of baryons, and it
is easy to demonstrate the main features.

We are interested in computing the Fermionic part of the
second term, and the first cross term, again it is the term
containing asymmetric y’s and y’s with respect to space-
time points, of the product J}(x)J&(x) at the order O(k°), in
particular, regarding Fig. 2 A below, we first examine the
spacetime points and identify the potentially nonzero terms.
There are a total of six terms, of which the following do not
survive:

(1) (4)(1)(1): This term involves contractions with
spacetime points y and y7, which are distinct by
construction, specifically 6(y — y7) = 0.

(i) (4)(2)(1): This term does not survive for the same
reason as the previous one.

(iii) (4)(2)(2): This term involves contractions with x and
xg» which results in a product that is zero.

@iv) (4)(3)(2): This term does not survive because, for it to
be nonzero, one would have to set y = x, which
subsequently affects other contractions in the sub-
branch, yielding trivial zeros, 5(x — x; ) and 5(y5 — ).

After analyzing all the possible combinations, which
accounts to analyzing three more tree diagrams, we arrive at
the following potentially nonzero terms:

(1) Fory=x,p=0and 7 = +1

)* Oc,e,06,1,0 fnOcye, O, OnpOccOa a1, ,0da0p, p, Oy
) Be,e,0m,010c, 080,01, O ce, Oary O, 1Odadp,p, Oy
2)% 8e,a0%,5,0 iy Ocse, O, OnpOccOayay O, 2 00der Oy Oy s
) Bc,d0¢,p,0 51,0 c,cO,a, O, Oce, Oy O, fOder Oy Oy -
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1)
Ecal f1 () Weanan (373—) Jdt}lhl (y:) Yeas 2 (Y)
1)
chgzh (I) e, mf (I)
L Ecalfl (y)wcazfz (y)adﬁlhl (ZJ;T;) Yegnah (973—)
(2)
1)
(2) — Ecalfl (y)wmmf (1‘) Edﬁlh,l (y;) Yeas fa (y)
(4) Peye,s (23) Yapans (7) Boseun (@) Yeznan (27)  ———
I acoqfl (y)wcazfz (y)adﬁlhl (y;) Yeym f (:L')
(2)
(1)
wcalfl (Y)eyn 5 () Jd/ilhl (y;) Yeanah (I(J)r)
(3)
Jcﬁzh (%) Yeas iz (Y) .
- %cal f1 (Y)eanan (I(T) Edﬂl h1 (y:) VYeyn f ()
(2)

FIG. 2. Tree diagram for the fermionic part of the expectation values taken with respect to meson composite vector fields with y = x,
p=0and 7 = +1.

(2) Fory=xj,p=0and 7 = -1
<3)(1)(1) 5015551025ff2502€1552'115hf5€€25a1'725f1hédd(sﬂl/}z(shlhz.

(3)(3)(2) : 5510551(lzéffzéczdéfzﬂz6hh25¢'€25(11'726f|h5d€’|5ﬁ|’7|6h|f

However, with regard to Remark 3.2 we see that 5, ,, = 6,5, = 0. Thus, the only surviving terms are (4)(3)(1) and (3)(3)(2).
While the former produces

. 1 . B B B . :
(Jo(x)J5(x)FG) ~iz, / duc (W 0) W apn, ) ere, 1 (X0 Wear fs D)W een Wy r ()W cay £, D)W e (X0 )W apyn, (5) }

X (1 + 70)51111 (gxgx)cldl (Tj>dlel (1 - }/0)52;72 (Tk)czdz (gxxar)
=4

N 4~—Zf (1 * yo)ﬂza‘ (1 - yo)azﬁl(sfl h25f2h] <Tj7k)d1d1 > (Al)

dye,

the latter gives

j 1 Y7 Y7 T\ 77 Y7 ¥7 v/
<16(X)J§(X>FG>f = 4—Zf duc(y, W>{Wca2f2 (y)‘//clélf(xa_)‘l’dﬂzhz (yp)Wczézh(x)l/’eznzh<xg)l//ca1fl (y)‘//elmf(x)l//dﬁlh] ()’p)}

X (] + 7/0)51;71 (gx;;x)cldl (Tj)dlel (1 - yO)fznz (Tk)czdz (gxxar)

=4
=

- 4Zf (1 + }/O)aZﬁl (1 - yo)/jzaléflhzéthl (Tka>d|d1 : (AZ)

dyer

034508-13



PAULO A. FARIA DA VEIGA et al.

PHYS. REV. D 113, 034508 (2026)

The second cross term gives the same results as in (A1) and
(A2) but with y’s and the corresponding parameters inter-
changed. As such the overall contribution yielding (3.7) is
twice the values given in (A1) and (A2).

Now, suppose the meson composite field (3.5) is not
gauge invariant, meaning we take ¢ # ¢’. Following the
above computation, we eventually obtain (7¥7/),..
However, the normalization of the underlying Lie algebra
elements involves (up to a constant) 6., which requires
¢ = ¢’ for a nonzero contribution. Doing it the other way
around—i.e., taking either d # d’ or restriction on both
indices (¢ and d) simultaneously—ultimately introduces an
additional factor 6,,, which contributes to a nonzero result
only if d = d'. In other words, the expectation value for
non-gauge-invariant yy vectors vanishes.

i~ - a
<J(])(X)J{(J(X)FG>]” = _S—Zfea,aza3€blbzb3

Xoph€

The absence of contributions from non-gauge-invariant
field vectors is also evident when applying the hyperplane
decoupling expansion to identify the physical particles,
namely hadrons and glueballs [18,44].

2. Baryons

Recalling that, here, the gauge group is SU(3) the
product JJ(x)J%(x) at O(x') yields [to avoid confusion
with the spacetime points and flavor indices associated
with the fields w(x) and y(x) in the action (2.55), and the
fields appearing in the product J)(x)J&(x), we will relabel
the spacetime coordinates of the latter as ¥ and use capital
letters, such as F, to denote the flavor indices of the
former]

S [ i e 5 W )

XYW a1 V5 )W v £, )W oy V5 arcts £ (V)W bopsis (V5)
X l//a3a3f3 (y)l/_'aaF(x>l//bﬂF(x/€4)}(1 + }/0)51;1] (g)?g)"c)cldl (Tj>dlel

X (14 70)e,p, (95:5)

€e
(Tk)dzez Fa/; (gxxf, )ab .

Cdy

(A3)

Below, we list all possible nonzero terms along with their corresponding references for tracking within the tree diagram, as
well as the chosen spacetime points and parameters used in the computation. The assignment of a reference number depends
on the chosen combinatorial pattern, but once established, each term can be uniquely referenced within the diagram.

G)B)MM)QR).y =% .p=0r=-lLx=ypu=pe=n

- / A ) W ag O ereo i Wasaars Vst G W 1 (O pon (75)

XYW oo W by, V5 Wb (X)W by VW ayas 3 (V)W aar (X) }5

(A4)

where we have included the overall sign arising from the permutations. Now, solving the integral using (2.66) along
with (2.61), then contracting the relevant flavor indices we arrive at

—&° (601 c 50!1 & ) (5“202 5“252 ) (561 by 5’71/31 ) (532172 5’72ﬁ2 ) <6bb3 5ﬂﬁ3 ) (5a3060‘3a)6f1 Iy 5f2’12 6f3h3 ’

thereby substituting the result in (A3) one immediately obtains,

aB°

_gz_feclczaee]ezb(l + VO)alﬂl (1 + VO)azﬂz(l + 70)a3ﬂ3 (‘g}‘g;‘)cldl (Tj)dlel (.Q?gi)

Similarly, the following nonzero contributions can be found:

3)(3)(1)(3)(1), with the same choices of parameters as in (A4)

/ d/"C(W? lp) {l//ala]f] (y)lpclélf(xar)l//azazfz (y)l/_/czizh (xg>Weln1f(x)lpblﬂlh] (yz>

X l//b/iF (xft )l/_/hzf)’zhz (y;f)l//ezrlzh (x)l/_/h_‘;/}_gh:; (y;f)llja_g(l:;f} (y)l/_/aaF (.X') } ’

aB°

_gz_feclczaeelezb(l + 70)a1ﬂ1 (1 + 70)a2ﬂ3 (1 + 70)0{3,52 (g;‘ari‘)cld] (Tj)dlel (giar}>

(AS)
Czdz(Tk)dzez(gxgx)abéflhl5f21125f3h3- (A6)
(A7)
ey (Tk)dzez (gigi)ab5f1h15f2h35f3hz (A8)
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3)B3)2)MD(2),

/ dﬂC(Wv l/_/){WaIaIfI (y)l/_/clé]f(xar)ll/uzazfz (y)l/_/czézh (xar)l//ezrlzh (x)l/_/hlfﬂ hy (y;f)

X Wen Wby pon, Vo)W X)W by (V5 )W asas fs (V)W aar (X) }

aB°

_gz_fecwzaeelﬁzb(l + YO)alﬂz(] =+ YO)azﬂl (] =+ YO)a3ﬂ3 (giarfc)cldl (Tj)dlel (gx(:r’%)cztb (Tk)dze2 (‘gjcg)?)ab&f‘hzéfzh‘5f3h3

3323 (D),
= [ e W, WP 5 W WP 5 W 0,0, )
XWoaE (X)W by, V5 W oern r )W by V5 Wasas (V)W aar (X) ]
a B0 ”
- g?f eclczaeelezb(l + YO)aI/}3 (1 + yo)azﬁl (1 + YO)a3/}2 (gxo X)cld] ( )dlel (gxo )Czdz( )dze (g ) 6f]h';5f2h] 6/‘;]12
3)B)@(M)(D),
[ ) W 9005 W O s W (5000, 7)
X W F by, VoW erpan G bt VW asas 3 (V)W aar (%)}
8 Z CILQ(I e]ezb(l + y{))alﬁz(l + YO)azﬁ; (1 + yo)agﬂl (gx(] x)cld] ( /)dle] (gi;)ri)cde (Tk)dzez (gfcgfc)abaf]hzéfzh}af}h[
3)B)DH(2)(D),
- / dﬂc(l[/, ll_/) {Walalfl (y)ll_lclflf(%a_)y/azazfz (y)l/_lczfz (xO )V/bﬂF( )V/blﬂl hy (yZ)
X l//egi’lzh (‘i)y_/bzﬁghz (yg)l//elmf<i)l/_/b3ﬁ3h3 (YZ)Wa3a3f3 <y)l/_/aaF ('x) }7
aB°

_gz_feé‘lczaeelezb(l + 7/0)(11/”3 (1 + 7/0)(12/)’2(1 + 7/0)(13/)’1 (g)?g%>c|d1 ( )dlel (gx X) ( k>dZ‘32 (g;‘gi)ahéflh(sfzhzéfml ’

0 Czdz

The rest of the terms are found to be related to the above terms in our computation as follows:

=(5)B)M(M)2) ==6)H(1)B)(1) ==(4)B) () (2)(1) = =) (2)3)(1) = =3)3)(H) (1) (1) = =(3)(4)(
=(5)3)(MEB)(1) ==6)H (1) (1)(2) ==(#HB)H(1)(1) = =44 (2)(1)(2) = =3)(3)(#)(2)(1) = =) (4)(
—(5)(3)2)(1N(2) = =) HH(M)(1) ==(#HB)(2)B)(1) = - (2)(1) = =(3)(3)(1)(3)(1) = =(3)(4)(
—(5)(3)2)3)(1) ==(5)HH2)(1) ==(HB)(2)(1)(2) = - HH (1) (1) ==3)3)(1)(1)(2) = =(3)(4)(
—(5)B)@HM)1) ==(5)#H2)(1)(2) =-HEB)H)B)(1) = =@ (1) (1)(2) = =(3)(3)(2)(3)(1) = =(3)(4)(
—(5)3)@)2)(1) ==(5)#H2)B)(1) ==HE) () (1)(2) = =# (1) B)(1) = -B)H)H(1)(1) ==(3)(3)(
Here the overall sign appears with respect to €., .,4€,¢,5» and we used '™ = —(1 4 yy).

(Al1)

(A12)

(A13)

(Al14)

As for gauge-invariant composite fields, unlike the case of mesons, the explanation here is slightly more involved and
requires some additional work. In particular, suppose that there are no e symbols present in the baryon field vectors F and G
(3.6), with a; # a, # a3 and b; # b, # bs. Then, upon examining any of the equations (A6)—(A16), one sees that there is
insufficient structure in the color indices to apply the determinant relation (3.11). As a result, the following gauge integral must
be evaluated—e.g., in the case of (A6). Notably, the gauge integral itself is identical across all terms [cf. (A3)]; only the

contractions differ, leading to distinct results depending on the term in question.
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/ dﬂ(Q)(Qigi)cldl (95;5)

0 ¢crdy

(ngi)ab’ (A17)
performing the gauge integral (A17) using the approach
discussed in [42], see also the integral Z¢ Eq. (B4) in [18]
(note the misprint in the indices of the fourth and fifth terms),
one finds, up to a numerical coefficient, the expression
€4,dyb€ ¢, c,a- Then, examining the contractions (A5) resulting
from the Fermi integral (A4), we find that the resulting term
includes

€4,d,b5€a,a20a; (Tj)dlb, (Tk)dzbz' (A18)
This expression simplifies immediately to
5b3a3 (Tj)albl (Tk)azbz - 5b3a2 (Tj)alb] (Tk)a3b2
- 5173(13 (Tj>a2b1 (Tk)albz + 5b3(11 (Tj)azb] (Tk)a3b2
+ 617302 (Tj)aﬂ?] (Tk)a]bz - 5173(1] (Tj)a3b] (Tk)azbz' (Alg)

Clearly, for even a single nonzero contribution to arise, one
of the conditions b3 = a; for some i =1, 2, 3 must be
satisfied, in addition to the necessary conditions for pro-
ducing the product 7/z* and taking the trace over it.
However, if we contract the expression in (A18) with
€4,aya,Eb, by, 8 1f the baryon field vectors in (3.6) were
gauge invariant, the result is generically nonzero, without
requiring any prior constraint on the index b3, and matches
the expressions obtained above [after plugging in the correct
numerical coefficient derived from (A17)], see (3.13). The
same logic applies to the remaining terms.

APPENDIX B: COMPUTATIONAL RESULTS

Here we provide the computational results of the fer-
mionic parts of the expectation values for baryons (3.10) and
mesons (3.8). Recall we use the uppercase letters U, D, and
S to denote what is commonly referred to as the up, down,
and strange quarks, respectively.

Regarding the F-K-like formula (2.57), special care is
needed in handling computational results: while the lhs
requires F' = OG, the rhs (path integral) employs F and G as
defined in (3.5) for mesons and (3.6) for baryons. Thus,
when computing expectation values (3.8) and (3.10), the
constraint

F=0G (B1)
must be enforced. For mesons, given «;, f; = +, — (where +
denotes a quark and — an antiquark) and f;, h; = U, S, D,
we take F' =, yw_p. Then using (B1) by the antthomo-
morphism property of ® [see below (2.58)], this implies
G = w_py . y. Such a restriction ensures expectation values
correspond to physically meaningful composite states, e.g.,
the pionlike z . Color indices, spacetime points, and time

reflection are suppressed since they are redundant for
numerical evaluations.

For baryons, the situation is more intricate but follows
the same principle: enforcing (B1), a configuration like
WiuW oW p yields G =y py gy, which aligns with
a protonlike state.

Remark B.1. In two-dimensional spacetime, the y fields
carry a natural double labeling of particle-antiparticle states
(through bar and spin indices), since the spin index assumes
only two values, + (particle) and — (antiparticle).

1. Mesons

a. Two-flavor case

F G Ef F G Ef
U U U U 4 D D D D 4
D U U D U D D U

b. Three-flavor case
+ + +

F G Ef F G Ef F G Ef
U u u u D D D D S S S S
D U UD 4 U DDU 4 US S U 4
S U U S S D D S D S S D

2. Baryons
a. Three-flavor case
+ + +

F G Ef F G Ef F G Ef
Uuouuuu48DDDDDD 48 S S S S S S 48
DUUUUD UDDDDU USSSSU
UDUUDU DUDDUD SUSSUS
UuDDUU DDUUDD SSUUSS
SUUUUS 16 SDDDDS 16 DS S S SD16
USUUSU DSDDSD SDSSDS
UuUS SUU DDS SDD SSDDS S
UDSSDU 8 DUSSUD 8 SUDDUS 8
USDDSU DSUUSD SDUUDSS

b. Two-flavor case
+ +

F G Ef F G Ef
U U U U U U 49 D D D D D D 48
D U U U U D U D D D D U
U D U U D U 16 D U D D U D 16
U U D D U U D D U U D D

While the above values are computed for baryons, with
all +’s, antibaryons give the same values as above with
+ —> —and y = X.
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APPENDIX C: THE NAIVE CONTINUUM LIMIT: COVARIANTLY CONSERVED MATTER CURRENT

Taking the finite difference of the coefficient (3.2) at x and x, gives

V) = Jh7))

where we transformed the time translation of x in the  and

second term from y to . This change of variables should

be understood in the context of translationally invariant A, (xr) = A(x) £ O(a). (C4)
expectation values, with a slight abuse of notation. None-

theless, in principle, the derivation above should be carried ~ W° find the naive continuum limit as follows.

out more systematically to rigorously obtain the Slavnov- 1 .
Taylor identity, analogous to the Ward-Takahashi identity hn(l)_ (Ju(x) = Ju(xy))
. . . a=0a
for the abelian gauge group (see [13]). Then using the finite B ,
difference derivative of the variables y(x)’s and y(x)’s = Z + iglA, (x). D (x)y, 7y (x)
1 _ — j

() = 5 (wlx;) — () (&) ZD X1 (). (C5)

and keeping the leading order terms, in particular, for Since the limit yields the non-abelian classical current with
N the covariant derivative denoted by D,, we conclude the
w(x) = w(x) £ 0(a) (C3)  current is conserved, see, e.g., [4].
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