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Paleodetection has been proposed as a competitive method for detecting dark matter and other new

physics interactions, complementing conventional direct-detection experiments. In this work, we utilize

TRIM simulations to improve the modeling of track-length distributions. Our findings suggest that previous

studies have overestimated the number of tracks caused by weakly interacting particles, and that the lowest

observable dark matter mass should be higher than previously predicted. These differences are mainly

attributed to the fact that (a) the recoil energy—track-length relation is not one to one, (b) at low recoil

energies, a substantial fraction of recoils do not yield any tracks, and (c) at high energies, electronic

stopping becomes dominant, resulting in a track-length barrier at ~200 nm. In addition to WIMPs, we also

modeled tracks from generalized coherent elastic neutrino nucleus scattering (CEvNS) via new light
mediators and estimated the projected sensitivity for these interactions.

DOI: 10.1103/clvr-mhx5

I. INTRODUCTION

There is overwhelming indirect evidence that dark matter
exists, from galaxy rotation curves, to the Bullet Cluster, to
the CMB, but its microphysical properties remain unknown
[1]. Weakly interacting massive particles (WIMPs) have
been, and remain, one of the most sought-after candidates.
Thermally produced in the early Universe, and generic to
many extensions of the Standard Model (SM), such
particles could have masses from ~GeV to TeV with
weak-scale or lower cross sections. Currently, there are a
number of direct-detection experiments that are dedicated
to detecting WIMPs, with the strongest limits above
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10 GeV currently set by LZ [2], and at lower masses by
PICO-60 [3], DarkSide [4], NEWS-G [5] and XENON-nT
[6], depending on the (iso)spin structure of the DM-nucleon
coupling. These direct-detection experiments search for
evidence of nuclear recoils in large detector volumes
caused by the elastic scattering of dark matter particles
on target material. These recoils can lead to scintillation,
heating, ionization, or a combination of these, which can
then be read out. Assuming backgrounds are well under-
stood, experiments are limited at low masses (m,) by the
threshold energy deposition required to see a signal, at low
cross sections by detector volume and exposure time, and at
high masses by the dark matter flux which scales as m;l.

It was realized early on that ancient minerals could
provide a similar target material to search for heavy exotic
particles [7,8]. As long as the nuclear recoil was energetic
enough to displace multiple atoms, and therefore create a
damage track in the material, the accumulated history of
tracks could provide evidence—or constraints—on such
particles. In fact, such searches are routinely used to
estimate the age of some minerals using tracks produced
after spontaneous uranium fission. This line of research
has recently been revived in the context of dark matter

Published by the American Physical Society


https://orcid.org/0009-0004-3796-8557
https://orcid.org/0000-0002-0381-6588
https://orcid.org/0000-0003-3448-7833
https://orcid.org/0000-0002-2361-6014
https://orcid.org/0000-0003-3872-0743
https://ror.org/02y72wh86
https://ror.org/013q1e562
https://ror.org/02y72wh86
https://ror.org/02y72wh86
https://ror.org/03vek6s52
https://ror.org/013m0ej23
https://crossmark.crossref.org/dialog/?doi=10.1103/clvr-mhx5&domain=pdf&date_stamp=2025-08-28
https://doi.org/10.1103/clvr-mhx5
https://doi.org/10.1103/clvr-mhx5
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

FUNG, LUCAS, BALOGH, LEYBOURNE, and VINCENT

PHYS. REV. D 112, 043040 (2025)

detection, both in recasting these early limits as dark matter
constraints [9], as well as in the context of lower-mass
WIMP-like dark matter [10—15]. As the Earth traverses the
dark matter halo in the Milky Way and dark matter scatters
with nuclei within the crust, the resultant recoil could
knock an atom off its lattice site. The first displaced atom
(hereafter referred to as the primary knock-on atom, PKA)
moves across the lattice, leaving behind permanent damage
tracks with lengths x on nanometer scales, which can be
identified using various microscopy techniques. In addition
to dark matter detection, paleodetectors have been pro-
posed to search for traces of neutrinos from nearby super-
novae [16], the diffuse supernova neutrino background
(DSNB) [17], or cosmic rays [18-20], and to characterize
the time variation of the atmospheric [21] and solar [22]
neutrino fluxes. There is also ongoing work on heavy dark
matter in the form of composite dark matter, Q-balls, quark
nuggets, monopoles, etc. [15,23].

As pointed out almost immediately [24], paleodetectors
potentially suffer from large backgrounds coming from
cosmic rays, radioactive decays underground, and neutri-
nos, and the signal from new physics is often expected to be
smaller than the total background rate. A potential signal
can therefore only be disentangled thanks to its expected
track-length spectrum dR/dx, in an analogous way to the
deposited EM-equivalent energy spectrum reconstructed
in neutrino detectors. Together, it means that a careful
statistical treatment and an accurate modeling of the track-
length distribution are imperative.

Another related challenge is that the track length due to a
recoil event cannot be mapped directly to a single recoil
energy E. Rather, a given E can yield a range of different
track lengths depending on the random walk the PKA takes
inside the lattice—or in some cases, it can produce no track
at all. As far as we can tell, all prior literature has assumed a
one-to-one correspondence between Ep and x using the
stopping length. Even the definition of the track length is
subject to discussion, since real particle propagation in a
lattice does not generally follow a straight line. This leads
to overly optimistic projections, as the smearing due to
dEg/dx reduces the overall signal height, but it also leads
to missed opportunities, as it erases important features that
could be used to identify new signals.

Finally, the choice of minerals used for paleodetection
sensitivity analyses has often been cursory. A number of
criteria have been identified for suitable paleodetection
targets (see, e.g., Ref. [12]). They must (i) be readily
available from cores collected during deep drilling, (ii) be
able to record and preserve nuclear recoil damage as tracks,
(iii) have a low molecular number density so that track-
length and energy resolution are optimized, (iv) be ame-
nable to imaging for track identification and quantification,
(v) have been isolated at depths of roughly 5 km to 10 km,
and (vi) have maintained such depths for > 500 Myr.
Previous studies have suggested several potential minerals

that would satisfy at least some of these criteria, although
not all minerals indicated satisfy all these criteria. Such
candidate minerals include olivine, halite, sinjarite, and
nchwaningite. Most of these minerals, other than olivine,
are unsuitable as paleodetectors on geological, geochemi-
cal, and mechanical engineering grounds. Some of the
minerals suggested are rare, and most are either hydrous or
contain halogens; these characteristics mean that these
minerals are soft, resulting in rapid annealing (healing)
of any recoil damage, they are readily altered by crustal
fluids, and they are mechanically unable to remain unde-
formed after burial to depths in the range of 5-10 km
or more.

We have identified two candidate minerals that are likely
to be robust to the issues mentioned above: olivine,
(Fe,Mg),SiO,, which has been previously studied in
this context, and galena, PbS, which has not. Due to the
computational requirements of our Monte Carlo simula-
tions, we will focus on olivine alone for this work. We do
not expect results from galena to differ substantially, apart
from some loss of sensitivity at low recoil energies due to
the heavier target masses, and some enhancement in total
rates from coherent scattering on lead.

In this work, we therefore endeavor to accurately
predict the recoil spectra expected in ancient olivine.
Where simple stopping-power tables were previously used
to obtain the Er — x correspondence, we will make use of
the Monte Carlo software TRIM (transport of ions in matter
[25]) to obtain dR/dx in a way that accounts for the full
range of possible propagation scenarios for the PKA in the
mineral, and define a track length that is consistent with the
assumed readout resolution and the inherently stochastic
shape of particle tracks in minerals.

Such a treatment is necessary for both signal and
background; we have also performed updated measure-
ments of the uranium and thorium concentrations in
samples of galena and olivine, which we will use as a
benchmark to estimate the background neutron flux in
this work.

Combined, these considerations will lead to updated
projections of the sensitivity of paleodetection experiments
to dark matter. We will additionally examine the potential
of new physics detection using solar neutrinos. Specifically,
new light mediators could result in increased interaction
rates [26,27], and therefore larger track rates from solar
neutrinos than expected, with unique spectral features.

In Sec. II, we briefly present the standard approach to
model the differential recoil rate dR/dx, and introduce a
modification that incorporates additional track formation
scenarios. In Secs. Il B-II D, we review the computation
of nuclear recoil spectra for WIMPs, and for neutrino-
nuclear interactions via new light mediators and B — L
gauge bosons, respectively. In Sec. III, we outline the
background sources considered in this work. In Sec. IV A,
we describe the implementation of TRIM simulations and
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the characterization of track length, followed by the track-
length distributions from new physics interactions in
Sec. IV B. Finally, we present our results and constraints
in Sec. V and conclude in Sec. VI

II. THEORY
A. Integrated track-length distribution

Over the course of millions to billions of years under-
ground, paleodetectors are expected to develop large
densities of defect tracks, coming from fission, alpha
and beta decays within the crust, atmospheric and extra-
terrestrial neutrinos, as well as possible new physics
interactions. Dark-matter-induced tracks cannot be identi-
fied on an eventwise basis; rather, the track-length distri-
bution must be modeled in order to statistically distinguish
signal from background. The track-length distribution is
usually modeled as

dR dR,
=2 E

dE

E(ER)

; (1)

i

where dR;/dEy is the recoil spectrum of element i in the
mineral and dE/dx is the stopping power of element i.
Stopping power is only a function of the target mineral, or
specifically, the constituent elements and the structure of
the mineral. It measures the expectation value of the
differential energy loss of an irradiating particle per unit
length of penetration into a material, rather than the exact
trajectory-dependent values for individual ions. In previous
studies, |dE/dx| was obtained using stopping-power tables
from sSrRIM [25], a software package that models the energy
loss of ions in a material and includes both nuclear and
electronic stopping contributions.

However, in reality, one expects a variety of stopping
ranges due to the stochastic ion-ion interactions in the
crystal lattice. Stopping-power tables provide a quick way
to estimate the expected track length from a recoil, but they
assume a one-to-one relationship between the observed
track length x and recoil energy Ep:

Epg
Xavg (ER) = A

where x,,, represents the mean track length expected from
a recoil energy Ey. In this work, we take into account the
fact that one Ey could yield a distribution of possible x
values, or conversely, a track length x could result from a
range of recoil energies Ej with varying probabilities,
P(Eg|x). We model this using Monte Carlo data from TRIM.
In this case, the track-length distribution is instead an
integral over recoil energies:

dE

SE)| dE. @

FEED O RLUICEAFLICALTEARNG

Piwack(Eg) is the probability of track formation as a
function of recoil energy, the details and implications of
which will be discussed in Sec. IVA.

B. WIMP recoil spectrum

Paleodetectors are generally sensitive to both spin-
independent and spin-dependent interactions [12].
However, since the constituents of olivine almost all have
zero nuclear spin, this mineral is far more sensitive to spin-
independent interactions. We therefore focus on constant,
spin-independent isoscalar DM-nucleus interactions. The
expected nuclear recoil distribution from WIMP dark
matter with isotope i generally takes the form

dRi _ p)(

dER mNim){

do, v
/ duof(0) 2% (4)

where p, = 0.3 GeV cm™3 [28] is the local density of dark
matter; my. and m,, are the masses of the target nucleus of
interest and of the WIMP particle, respectively; f(v) is the
speed v distribution of dark matter in the lab frame; and
do, y/dEg is the differential WIMP-nuclear interaction
cross section. This quantity is a function of momentum
transfer, but it can be written in terms of the cross section at
zero momentum transfer o, v (¢ = 0)

dGI’Ni my.

dEg 2y v

zgz,Ni(q :O)F%(q)’ (5)

where y, y = my m,/(my + m,) is the reduced mass of
the dark matter and nucleus, and the nuclear form factor
F(gq) is by definition the Fourier transform of the charge
density profile of the nucleus—it takes into account the
effect of the finite size of a nucleus with nonzero momen-
tum exchange. Assuming the Helm density profile, the
form factor can be expressed analytically [29]:

qrn,

3(sin(gr,,) — qr, cos(gqr,,
_ (sin(gr,,) ‘]7’3, (qrz))e—(qs)z/z (6)
(qrs,)

where j; is the first spherical Bessel function of the first
kind. We took the best-fit values for the effective nuclear
radius r, = 1.14A'3 fm and the nuclear skin thickness
s = 0.9 fm [29].

The exact form of ¢, y(¢ =0) depends on specific
particle physics models, but if we assume a generic scalar
interaction, o, y(q = 0) can be expressed as
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_ 4y,

oyn (@ =0) = (ZfP +(A=2)f")

2
N4'u)(*Ni

N (g pr, ™

with f7" being the {proton or neutron }-WIMP couplings,
A and Z being the nucleon and proton numbers of the target
nucleus, respectively. The second line of Eq. (7) assumes
JP ~ f". Expressing the WIMP recoil spectrum in terms
of the spin-independent WIMP-nucleon cross section og;
gives

ﬂ _ Ao F7(ER)

), 8
JEy 202 m, Py (Vmin) (8)

where 7, is defined as

_ [ )
s

min

= /vesc dWZZJTM. 9)

v

The integral is kinematically bounded from below with the

minimum incoming velocity required to produce a recoil of
energy Eg, Umin = /My, Eg/ 2/4)2{’,\,‘,. We used the truncated

Maxwellian velocity distributions for f(v) and the corre-
sponding astrophysical parameters given in Ref. [28]:

fﬁ)=———l———w»<—wp>®w S (10)
(2762)3/2N P 207 e ’

in which f(v) is replaced by f(v) in Eq. (9) due to isotropy.
The Heaviside step function ® ensures that velocities
greater than the escape velocity of the Milky Way do
not contribute, implying a hard cutoff in the energy spectra
at the corresponding recoil energy. The normalization
factor N is introduced to account for the truncation:

v 20 vZ
N = erf esc _ \/7 esc _ esc ) 11
o <\/§60> 7o, P\ 22 an
We took o, = (223/1/2) kms™! and 0., = 544 kms~!
from Table 1 of Ref. [28]. These values are derived
from a combination of empirical observations and hydro-
dynamic simulations, and they do not account for, e.g., dark

matter substructure, which could enhance or suppress
rates [30,31].

C. Coherent elastic neutrino-nucleus scattering
(CEvNS) via new light mediators

At low energies, neutrinos undergo neutral current
interactions with an entire nucleus, scattering coherently
with a cross section that scales approximately with the

square of the nucleon number. This enhancement enables
a more precise measurement of neutrino properties and
provides a window into potential new neutrino interactions,
including those mediated by scalars, vectors, and axial
vectors. Solar neutrinos are expected to be one of the major
sources of backgrounds in dark matter direct detection, and
they contribute significantly to the so-called neutrino fog.
Since solar neutrinos are abundant and have energies in the
keV range, where CEUNS is relevant, instead of treating
this as a limitation, we turn this to our advantage and look
for nonstandard neutrino-nuclear interactions.

The differential nuclear recoil rate for a neutrino per unit
target mass can be written as

dR 1
dER_mT

dd dJU,N
YdE, dEg

(12)

where d®/dE, is the differential neutrino flux at Earth per
unit neutrino energy E,, and do, y/dEy is the differential
cross section per unit recoil energy E of a nucleus. We use
the solar neutrino fluxes provided in Refs. [32,33]. For
standard model interactions, the coherent differential cross
section reads

dGD,N o
dEp

2
S ompio(1-5 2 ). 1)

ER,max(Ev)

where Eg . = 2EZ/(my + 2E,) denotes the maximum
recoil energy at a given E,. G is the Fermi constant,
and Q, is the coherence factor parametrized by proton
number Z, neutron number (A — Z), and weak mixing angle
Ow as

0, =(A—2)— (1 —4sin’6y)Z. (14)

At low recoil energies relevant for solar neutrino scattering,
sin? @y, = 0.023867 [34].

CEvNS is known to be sensitive to new physics, which
has been studied extensively in Refs. [26,35-38]. We focus
on the model-independent interactions via new light medi-
ators as studied in Ref. [26], which focused on scalar ¢,
vector Z’, and axial-vector a mediators. In the presence of
such new force carriers, the neutrino-nucleus cross sections
are modified by adding extra contributions to the standard
model term (do/dEg)qy [26]:

d d 2m3E
—O- _ _6 + . QA mN R 5, (15)
dER P dER SM 4JTEU(2ERmN + m¢)

do _(do GrmyQ, 2,(2E§ — Egmy)
<d—ER> 7 <d—ER> oM 2V2rE}(2Egmy + m3,)
szN(ZEE — Egmy)
4nEX(2Egmy + m2,)*’

(16)
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(ﬁ) _ < do ) n Grmy Q.07 (2E; + Egmy)
dEr ), dER ) sm 2\V27E:(2Egmy + m2)
GpmyQ,0,E,Eg
 2V2RE2(2Egmy + m2)
Q7my(2E; + Egmy)

" 4nE; (2Egmy + mg)*’ a7
with [26]
0,~ 138y (18)
and the new coherent factors defined as
Qs ~ (14A + 1.1Z)g, 494 4 (19)
0, = 3A9p,z’gq,z” (20)
Q4 ~ 0.35v9y a9q.a- (21)

where Sy is the nuclear spin and g,y and g,y are the
couplings between neutrinos with mediators X = ¢, Z, a
and quarks with mediators, respectively. We assume that
the interactions are flavor-independent. We also define

99 = V' Gv.pY9q.¢> (22)
9 =Gz 9q2 (23)
9a = \/9v.aY9q.a> (24)

so that Q}, Q’,, and Q/, can now be expressed in terms of a
single effective coupling g3, gy, and g7, respectively.

D.U1),_,

The CEvNS cross sections for vectors can also be
extended to include light U(1),_, vector gauge bosons.
However, since the neutrino carries a B — L charge of
¢%_, = —1 while g™ = 1/3 [39], the coherent factor
becomes

1 1
Oy =34(-3h) =32 @9
where —1/3 comes from the fact that Q%™ = —1/30Y_,,

and gp_; is the B — L gauge boson coupling. The cross

section for B — L is then
< do > - < do ) 4 GpmyQ, /1;2(2E1% - ERmN)
dER ) p_t, dEr)sm  (3)2V2rE2(2Egmy + m2)
;)2mN(2E12/ - ERmN)
(9)4nE2(2Egmy + m%,)*

(26)

The interference term is positive here, and we thus
expect that B — L mediators would always increase the
interaction rate, in contrast to the case for vector
mediators.

III. BACKGROUNDS

Backgrounds are expected to be dominant in paleode-
tection. References [12,14] have performed detailed studies
on the possible sources and provide relevant background
spectra and fluxes, some of which we adopt in our
modeling. Below, we review all the background sources
considered in this study. The expected errors we used for
each of these background sources are summarized in
Table 1.

Solar neutrinos. While solar neutrinos serve as the
detection signals for generalized neutrino interactions, they
also constitute the dominant irreducible neutrino back-
ground for dark matter detection. Figure 1 shows the solar
neutrino spectra, which were obtained from Ref. [32], with
their normalizations taken from Ref. [33]. Figure 2 shows
that solar neutrinos primarily contribute to tracks with
x < 100 nm, which is where most of our signals of interest
lie, as we will see in Sec. IV B. As reported, e.g., in
Ref. [40], the uncertainties for the flux normalizations
from different fusion processes range from 0.6% to 17%.
For simplicity, we adopt a realistic value of 14% for the
total flux normalization, which corresponds to the
theory error on the ®B flux that is dominant in the signal
region.

Supernova neutrinos. Neutrinos (and antineutrinos)
emitted from all core-collapse supernovae across all times
in the observable Universe form the diffuse supernova
neutrino background (DSNB). It primarily spans the energy
range of 103-10* keV and is expected to be isotropic and
time-independent. While the DSNB has not yet been
detected, Ref. [16] showed that it could leave tracks ranging
from x = 1-100 nm in minerals. They have also shown
that supernova neutrinos from the Milky Way, which they
referred to as the Galactic supernova neutrino background
(GSNB), produce a non-negligible number of events. We
obtained the DSNB and GSNB fluxes along with their

TABLE 1. Experimental uncertainties of nuisance parameters
that are profiled over in our projections; see main text for details.
Parameter n; Error o;
Vgolar flUX 14%
UDSNB flux 100%
vgsng flux 100%
vatm flux 100%
238U concentration 1%
Mineral age ¢ 5%
Mineral mass mj;yine 0.01%
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FIG. 1. Spectra of neutrinos expected in paleodetectors. The

gray curves show the solar neutrino contributions from different
fusion processes. In cyan, lime, and orange are the diffuse
supernova neutrino background, atmospheric neutrinos from
cosmic rays, and core-collapse supernova neutrinos from the
Milky Way, respectively.

theoretical uncertainties (set conservatively at 100%)
from Ref. [16].

Atmospheric neutrinos. Cosmic rays hitting the Earth’s
atmosphere also produce energetic neutrinos through the
production and decay of pions and kaons, with a measur-
able flux primarily in the 10*-10° keV range, as seen

—— solar v —— Neutron from 23U decay
—— DSNB BATH
— ATM  ---- Stopping Power only
—— GSNB
1010 1 1 . !
i
1
108 1o i N
R e |
00y T T Y -
T
4 L
gz 10
£
< 1074 -
~
] >
< =
10° 1 -
102 Fmemn i — . :
10° 10! 102 10°
x (nm)

FIG. 2. Differential recoil rates from backgrounds as a function
of track length. We assume a benchmark value of 10~ ppm (or
1071% g/g) for 238U concentration in the calculation of neutron
fluxes.

faintly emerging from the bottom of Fig. 1. Despite being
subdominant, atmospheric neutrinos are still expected to
leave tracks beyond 100 nm. We took atmospheric neutrino
fluxes from Ref. [14], which were adapted from Ref. [41].
Although estimates exist for the measurement errors in the
flux normalization, the complexities of hadron production
mechanisms coupled with the cosmic ray spectrum intro-
duce additional uncertainties. To be conservative, we
assume a 100% error.

Neutrons from *38U decay chains. Radioactive 2**U can
undergo a decay and spontaneous fission, resulting in
energetic neutrons which can span several orders of
magnitude in track lengths and constituting the dominant
background in paleodetection. The number of neutrons
produced directly scales with the concentration of 23U.
Upon measuring the 23U concentration of eight olivine
samples, we observed a peak around 107** ppm (10724
grams of 238U per gram of target mineral). However, the
detection threshold in this work was also at 1073* ppm.
This suggests that the true distribution likely peaks below
the threshold. For the purpose of this work, we used
10~* ppm (107! g/g) as a benchmark value and assume
a 1% error, which is commonly achievable with the use of
inductively coupled plasma mass spectrometry (ICP-MS)
and should be possible in a dedicated study.

To model the spectral shape of nuclear recoils expected
from neutrons, we used the tabulated values for the
constituents of olivine from paleoSpec [10,12,14,16]. In their
work, they computed the neutron spectra from «a decay and
spontaneous fission using SOURCES-4A [42] and obtained
the recoil spectra for various target minerals from TENDL-
2017 [43—-46] and JANIS4.0 [47].

Thorium-234 from radioactive decay. ***U undergoes
radioactive decay, producing an alpha particle and a 2**Th
nucleus in the first alpha decay of the chain. Since this is a
two-body decay, 2**Th receives a monoenergetic recoil
energy of 72 keV. 23*Th is the only source energetic enough
to create observable tracks directly, rather than relying
on recoiled PKAs in the minerals to produce tracks.
Reference [12] estimates the number density of >**Th to
be approximately 10°g=! for 23U concentration at
0.01 ppb (107! g/g), which would be 107 g~! with our
benchmark concentration at 0.1 ppb (10710 g/g).

Intrinsic crystal defects. Minerals often contain impu-
rities that cause intrinsic lattice defects to form upon
crystallization. These defects can be pointlike (0D), linear
(1D), planar (2D), or volumetric (3D). In particular,
linear dislocations resemble nuclear recoil tracks. However,
dislocations typically form loops or terminate at other
defects, such as grain boundaries, where they extend
across an entire grain [48], which is at least of order
O(10%) nm. These tracks should be distinguishable from
O(1)-O(100) nm tracks caused by nuclear recoils.
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IV. MONTE CARLO SIMULATIONS

A. Track-length characterization

We employ TRIM, a Monte Carlo simulation program
within SRIM that calculates the transport of traversing ions
within an amorphous target and their interactions with
constituent atoms. These interactions are evaluated using
binary collision approximation and the free-flight path
approximation [25]. TRIM uses the Kinchin-Pease model
in its quick damage calculation mode to estimate the
number of displaced atoms based on the energy transferred
by the PKA, and it records the coordinates of each resulting
displacement. This allows for a fast approximation without

0
~ -5
"/\ " ~—g —
N | ® = ~10F
N Lt T =3
- ..°} Se, \ = —15 =
| y r
e —
10 . y 20
1% &/ 16
n=3
® Monte Carlo
5 :
10 6
15 W
iO/ 25 G b
am, 35 0
/ 40 45
FIG. 3. An example of collision sites of a Si PKA with

Er =90 keV, represented by colored dots, with red indicating
earlier times and blue indicating later times. Bézier curves of
degrees n =0, 1, 2 and 3 are also shown.

Fe in Olivine at 0.6 keV

Fe in Olivine at 70 keV

simulating the full cascade of secondary recoils. A track
length can intuitively be taken as arc length spanned by the
resulting vacant lattice sites. The dots in Fig. 3 show an
example of a series of vacant sites produced by a PKA with
recoil energy Ex at 90 keV. Ions hit by the PKA also create
a cascade of secondary recoils, which lead to a broadening
of the track. For computational tractability, we model the
track as the sequence of PKA interaction sites.

We simulated scenarios in which external particles knock
a PKA off its lattice site in olivine, imparting a recoil
energy Er. The PKA subsequently interacts with other
ions in the medium, and by running 20,000 individual
simulations (40,000 for E; < 1 keV) [49], we generated a
statistical distribution of possible track lengths. This
process was repeated for 35 values of Ep ranging from
0.1 keV to 1000 keV with sampling adapted to regions of
rapid change. This yielded an array of 35 normalized fixed-
energy track-length distributions. These distributions were
then combined to construct the quantity P(x|Eg) in Eq. (3).
Figure 4 shows three examples of track-length distributions
for recoil energies Ex of 0.6 keV, 70 keV, and 200 keV.

Before analyzing the simulation results, we first discuss
how track length is modeled based on the locations of
vacant sites produced by PKAs. The most direct approach
is to define track length as the arc length spanned by the
vacant lattice sites. However, in reality, secondary cascades
of PKA cause multiple collision sites to appear as the same
part of the track. Since we did not track any secondary
cascades, and to avoid overestimating the track length, we
modeled the track length using a Bézier parametrization.
We selected the lowest degree n of correction necessary to
achieve an error just below the considered readout reso-
lution. Taking the track in Fig. 3 as an example, n = 2 is the
optimal fit, as it is the minimum 7 that brings the error just
below 10 nm, whereas n = 3 would result in overfitting,

Fe in Olivine at 200 keV

== = Skew Normal | (.0125 -
. 047 "‘ Denoised 0.04 1
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s034 | If 0.03
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FIG. 4. Histograms of track-length distributions for primary knock-on atom recoil energies of 0.6 keV, 70 keV, and 200 keV (from left
to right, respectively). Overlaid are the fitted distribution functions found by using a skew normal distribution (dashed curve) and by

direct denoising of the data (solid curve).
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FIG. 5. Probability of track formation in olivine as a function of

PKA energy from TRIM simulations.

and thus overestimate the visible track length. The details of
this implementation are provided in the Appendix.

To achieve smooth interpolation of track-length distri-
butions between energy points, the raw distributions are
fitted with smooth functions to minimize interpolation
noise. For E, < 40 keV, skew normal distributions provide
a reasonable fit; however, for E; > 40 keV, even the best-
fit parameters fail to capture the characteristic spiky profile
observed at high recoil energies. In such cases, we denoise
the distributions using the Scipy signal processing package
SCIPY.SIGNAL to obtain smooth profiles. Figure 6 shows
a density plot of a 2D function f(x, Eg), illustrating how
the track-length distributions P(x|Eg) vary with Ep. Key
features of this plot will be explained in the following
paragraphs:

(1) As mentioned, P(x|Eg) deviates from a Gaussian-
like profile for Er > 40 keV as shown in Fig. 4,
indicating that distributions obtained from stopping
power alone, even with Gaussian convolution, might
not accurately represent the actual distribution,
especially at high energies. Moreover, the observed
spread is intrinsic, and thus two sources of broad-
ening must be considered: one from the inherent
dispersion of track lengths, and another from the
finite resolution of readout methods.

(2) A “track” in our analysis is defined by the chain of
vacancies created when a PKA displaces lattice ions
(secondary cascades caused by PKAs will not be
considered in this study). Since at least two collision
points are needed to define the end points of a track,
any recoil that results in one or fewer collisions will
have a track length of zero. We interpret this as these
collisions not resulting in any track. Consequently, a
simulated event with zero track length implies that
PKA either (i) crosses the lattice without displacing
any ions, or (ii) displaces only a single ion. If no ions

Olivine (Fe,Mg)2SiOy4

103
—— Electronic stopping
~——— Nuclear stopping
102
=
&
<
S
10!
10°
10° 10t 102 00 07 14

2 [nm]

dE/dz [keV/nm]

FIG. 6. A 2D density plot where each horizontal slice repre-
sents a 1D normalized track-length distribution at a given Ep
in olivine, with lighter colors indicating higher density. Note
that this is not a joint probability distribution; hence, its two-
dimensional integral is not normalized. Overlaid in green is the
Er-x relation obtained from stopping-power tables. Plotted on the
right is the nuclear stopping power (orange) and electronic
stopping power (blue) as a function of recoil energy Ep.

are displaced, no secondary cascade can be initiated.
If exactly one ion is displaced, a secondary cascade
is, in principle, possible; however, at the low PKA
energies relevant here, the recoil energy imparted to
that ion is so small that any cascade it might generate
is unlikely to form an observable track. Those PKAs
that traverse the entire simulated region without
depositing sufficient energy to register a track can
dissipate energy through other processes such as
ionization and phonon scattering (see the right
panel of Fig. 6). Upon simulating 40,000 PKA inter-
actions for each Ep < 5 keV, we found that as recoil
energy decreases, the fraction of events resulting in
a nonzero track length decreases as expected, as
shown in Fig. 5. We define the probability P, that
a track is produced given a recoil as the fraction of
tracks with nonzero length. Figure 5 is similar for
each element and is well fitted by a hyperbolic
tangent function:

1 1
Ptrack = Etanh(alogloER + b) + 5 s (27)

where a and b are constants listed in Table II. This
effect was not accounted for in Eq. (1), where
the total number of tracks is assumed to equal the
total number of recoils, as described by the recoil
spectrum of the incoming particle species of interest.
To address this, we multiply the recoil rate by the
probability of track formation Py, (Eg) in Eq. (3).
The probability reaches 1 for tracks x 2 1 nm,
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TABLE II. Best-fit constants a and b for Eq. (27) for the
constituent elements of olivine.

Element a b
(0] 3.867 2917
Si 3.780 2.972
Fe 4.146 3.453
Mg 3.830 3.050

meaning that this adjustment does not affect low-
resolution readouts. However, for high-resolution
readouts, such as the 1 nm resolution considered in
this study, tracks at the measurement threshold of
0.5 nm are predicted to occur at only half the rate
estimated in previous studies using stopping power
only. As we will see in Sec. V, this leads to a
decrease in sensitivity at low masses.

(3) Figure 6 presents the normalized track-length dis-
tributions as a function of both E and track length
x. The track-length—recoil-energy relationship ob-
tained from stopping-power tables generally follows
the modes of the distributions. However, at higher
energies, an obvious deviation is observed: a plateau
appears at x &~ 200 nm for E 2 200 keV, indicating
a pileup around this track length. This can be
attributed to electronic stopping, such as ionization,
dominating over nuclear stopping at high recoil
energies, resulting in shorter tracks despite more
energetic recoils. This effect is evident on the right
side of Fig. 6, where the plateau appears when
electronic stopping becomes dominant.

(4) As mentioned in Sec. II B, there is a maximum recoil
energy corresponding to the escape velocity of the
Milky Way. With the one-to-one track-length
assumption, a hard cutoff at the corresponding track
length is therefore expected. However, with realistic
track-length distribution, a significant number of
tracks longer than the cutoffs are observed.

B. Track-length distributions from new physics
interactions in olivine

1. WIMPs

The top-left panel of Fig. 7 shows the differential
recoil rate as a function of track length for three
different combinations of dark matter masses and cross
section: m, =1 GeV, o5 =107 em?; m, =5 GeV,
o5y =107 cm?; and m, = 100 GeV, o5 = 107 cm?.
The green shaded region highlights tracks that would be
visible in our “low resolution” scenario (x > 10/2 nm),
while the blue shading highlights the gain from a high-
resolution (1/2 nm) readout. Solid lines show results using
our TRIM simulations, while dotted lines are equivalent
spectra computed using stopping power only, as was done
in previous works.

The track-length distribution for dark matter with
m, =1 GeV generally comes from less energetic recoils,
and thus shorter tracks. In contrast, heavier dark matter
m, = 100 GeV leads to more energetic but less frequent
recoils due to a smaller DM flux. In most cases, using a
realistic track-length distribution tends to flatten the dis-
tribution. As mentioned in point 4 of Sec. IVA, longer
tracks than expected (e.g., x % 5 nm for m, = 1 GeV) can
now be observed.

However, for the neutron background, we observe the
opposite trend: our calculations predict a lower rate than the
stopping-power-only case. This is consistent with our
prediction that recoils 2200 keV are subject to significant
electron stopping, which does not lead to displaced atoms
(see point 3 in Sec. IVA), explaining the spike at
x =~ 200 nm. The numerical noise at the tail of the neutron
distribution arising from the lack of Monte Carlo data
should not affect the analysis, as most dark matter signals at
these tracks lengths are negligible (absent after binning the
distribution) with a reasonable exposure.

We also see a decrease in tracks at low energies due to
the Pyacc suppression across all dark matter masses and
backgrounds. At low resolution (10 nm), differences
at the short-track end fall below the readout threshold,
while at high resolution (1 nm), they lead to a loss of
sensitivity.

2. New light mediators

In the top-right, bottom-left, and bottom-right panels of
Fig. 7, we show the differential track-length distribution of
solar neutrinos with a nucleus via scalar, vector and axial-
vector mediators, respectively. In all three scenarios, we
compare the standard model (gray) with the following
cases: (i) my = 1 keV (blue), (ii) my = 10 MeV (orange),
and (iii)) my = 1 GeV (green), where X = scalar ¢, vector
Z', or axial vector a. These masses are chosen to represent
the range of characteristic constraint features, from the
insensitivity of cross sections to mediator mass at low
masses, to a ~1/m% suppression in the cross section for
high masses, with corresponding couplings roughly at or an
order of magnitude lower than current limits. The blue and
green highlighted regions indicate tracks detectable with
10 nm and 1 nm resolution readouts, respectively. We also
show in dashed lines the rate obtained from stopping-
power-only calculations.

In Sec. II C, we reviewed how the neutrino-nucleus cross
section is modified by the addition of new scalar-mediated
interactions. We expected that such an inclusion would
enhance the recoil rate regardless of the properties of the
scalar mediator, as given in Eq. (15). All three masses lead
to higher neutrino-nucleus interaction rates than the stan-
dard model, as expected. Since the cross section scales
inversely with mé the lower the mass, the higher the rate.
As shown in the top-right panel of Fig. 7, my =1 keV
consistently has a higher rate than mj = 10 MeV at the
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Differential recoil rate of (top-left) WIMPs, and solar neutrinos with new (top-right) light scalar mediators, (bottom-left) light

vector mediators and (bottom-right) light axial-vector mediators as a function of track length. The solid lines represent results
incorporating TRIM modeling, while the dashed lines correspond to stopping-power-only calculations. The cyan shaded region indicates
the track-length range detectable with high-resolution readout, whereas the lime shaded region highlights the range for low-resolution

readout.

same coupling. With smaller m,, the changes compared
to the standard model are more drastic at shorter
track lengths than at longer track lengths; whereas for
larger m,, the increase is more uniform across all track
lengths.

Vector mediators, on the other hand, do not always
contribute positively to the differential cross section. The
negative interference term in Eq. (16) scales inversely with
m2, while the positive term scales inversely with m?,.
Consequently, for small m, where both interference terms
are non-negligible, the modified rates can be either higher
or lower than the standard model depending on the
mediator mass, coupling, and track-length range. This
trend is evident in the case of my = 1 keV, where the
rate exceeds the standard model for x <4 nm but falls
below it for x = 4 nm. This highlights the importance of

scanning the entire track-length range, particularly for
vector mediators, to capture this distinct profile. For larger
my, the positive term is suppressed by m‘é,, leading to an
overall deficit in the recoil rate with respect to the standard
model. For instance, both m, = 10 MeV and m, =
1 GeV predict a reduction in solar neutrino recoils.

Unlike the scalar and vector cases, the axial vector
contribution has a cubic dependence on the nuclear spin,
S3, making it an important factor to consider when
selecting a target mineral. In olivine, Mg (10% natural
abundance) has spin Sy = 5/2, while 2°Si (4.7%) and >"Fe
(2.2%) both contribute with Sy = 1/2. Since the positive
terms in Eq. (17) always dominate, the recoil rate is
consistently higher than in the standard model, as shown
in Fig. 7. The overall profile for all three masses closely
resembles that of the scalar case.

043040-10



REFINING THE SENSITIVITY OF NEW PHYSICS SEARCHES ...

PHYS. REV. D 112, 043040 (2025)

V. SENSITIVITY PROJECTIONS

We utilize a binned likelihood fit to assess the sensitivity
of paleodetectors. Technologies that could potentially be
used for paleodetection, such as scanning electron micro-
scopes (SEMs) and transmission electron microscopes
(TEMs), have readout resolutions of 1-10 nm and at the
sub-nanometer scale, respectively. While high-resolution
readout allows for better identification of signal features, it
is time consuming; lower resolution, on the other hand,
could achieve a higher volume of readout in a similar time
frame. We therefore consider two cases: one assuming a
low-resolution readout with around 100 g of olivine
sample, and the other assuming high resolution with
around 0.01 g.

Due to finite resolution, tracks with true lengths near the
edges of each bin may be misclassified into neighboring
bins. To account for this, we follow the approach in
Ref. [14], where the binned distributions are modeled by
convolving the differential recoil rate with a window
function:

! left y __  right
et = () - ()l
( ) = Vo, \[GX

(28)

left right

where x' and x;°" are the left and right bin edges
respectlvely, and o, is the desired resolution, such that

dR

R = [ et ) S ). 29
X

We obtain limit projections by assuming an Asimov dataset
with a standard-model-only signal. Figure 8 shows an
example of binned track counts for the vector mediator
after applying the convolution with Eq. (28). We construct
a joint likelihood distribution by treating each bin, as
well as selected nuisance parameters, as independent
measurements:

s Rddtdt Rthl({g}))
Z Rtht {19})

centra.l ])2
Z . (30)

J

~21n £({9}:6;)

The N bins of track counts are summed over, with Ry, ;
representing the counts for the ith bin of the Asimov data
and Ry, ; denoting the theoretically expected number of
tracks in that bin, evaluated at model parameters {9}. In the
case of dark matter recoils, for example, {9} = (m,,oy;).
The index j represents each of the M nuisance parameters,
all of which are listed in Table L. 6; represents the value of

1 t X Mylivine = 100 g Gyr
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—— Backgrounds
£ === 1 nm
B 447 L
5 10
=9
»n 4
45 10) . =
=
Q
O
10° 4 -
10! 3
T T T .
10° 10! 102 10
x [nm)]
FIG. 8. Binned track-length distributions for WIMPs with
m, =1 GeV, 65y = 107 cm*; m, = 5 GeV, 65, = 107 cm?;
and m, = 100 GeV, oy = 107 ~47 cm?, along with background

rates from solar neutrinos, atmospheric neutrinos, DSNB
neutrinos, GSNB neutrinos, and neutrons from U/Th decay.
Solid thin lines correspond to a 10 nm resolution while
thick dash-dotted lines correspond to a 1 nm resolution. Bin
widths are chosen to match the resolution, resulting in 100 bins
for 10 nm and 1000 bins for 1 nm, both with an exposure of
100 g Gyr.

the jth nuisance parameter to be tested, with uncertainty o;
and central measured value Ocpya ;-
We use a profile likelihood ratio defined as

%»

L£(9;0)
L£(9;0)

A{9}) =—-2In (31)

In the numerator of Eq. (31), £ is maximized over the
M-dimensional vector @ at each point in parameter space—
i.e., each pair of (m,,ocg) for dark matter scattering, and
(9y.4)2'» My z) for light mediators. In the denominator, £ is
maximized over the (M + 2)-dimensional space (9,0).
We exclude parameter values beyond the 90% confidence
level of the test statistics, such that the pairs of § values
that render A({9}) < —2.71 are rejected. Reference [14]
explored the sensitivity of projected limits to systematic
errors and uranium concentration in more detail.

A. WIMPs

Figure 9 shows our projected limits on the
WIMP-nucleon cross sections. We present three cases:
(i) a low readout resolution with a high exposure (LR-HE;
i.e., 10 nm with 100 g of olivine), (ii) a high resolution of
1 nm with a small sample size of 0.01 g (HR-LE), and (iii) a
high resolution with a large sample size (HR-HE). While
scanning 100 g at 1 nm would be very ambitious with
current technology, we include this case to illustrate the
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FIG. 9. 90% projected sensitivity to spin-independent scattering for WIMP dark matter. All shaded regions represent existing
constraints, except for the purple region, which corresponds to the neutrino fog computed for olivine using the NeutrinoFog software [50].
Three solid lines represent different resolution and target mass scenarios considered, while the dotted lines show corresponding
stopping-power limits. Other constraints include LZ [2], DarkSide-50 [51], CRESST [52], Xenon-1T [53], and XENON-nT [6].

theoretical reach of such paleodetection searches.
We also illustrate the neutrino fog for olivine, computed
with the help of the NeutrinoFogl software [50]. As
explained above, coherent scattering with background
neutrinos is accounted for in all of our sensitivity curves,
as are neutrons which constitute the bulk of our expected
background.

Figure 9 compares the limits derived using stopping
power (dotted lines) and those obtained from a realistic
treatment of track-length distribution (solid lines) across all
three readout scenarios. In general, using realistic track
distributions yields less stringent limits. This is expected, as
our simulations predict a broader track-length distribution
compared to stopping power, making distinct features of
the dark matter profile less discernible in the presence of
background. At high masses, stopping power is a good
approximation, since heavy dark matter induces more
energetic recoils, where the track-length distributions tend
to be spiky, as shown in Fig. 4.

At low masses, however, the discrepancy becomes more
pronounced. With HR-LE readout, the sensitivity threshold
for low-mass WIMPs is approximately half an order of
magnitude higher than in the stopping-power case. This
increase is likely due to the Py, adjustment in track-
length computation, which suppresses shorter tracks that

lhttps://github.com/cajohare/NeutrinoFog

are primarily expected from light dark matter. It is also
worth noting that high resolution improves sensitivity only
at low masses, while exposure becomes the limiting factor
at high masses. This is consistent with expectations, as low-
mass dark matter primarily produces short tracks, while
heavy dark matter typically results in tracks well above the
threshold of both resolution scenarios. The green lines in
Fig. 9 indicate the sensitivity paleodetection could achieve
with HR-HE readout.

Note that the stopping-power limits in this work are
computed using stopping-power tables from SRIM rather
than directly retrieving them from Ref. [14], where the
projected upper limits for WIMPs in olivine were com-
puted. This ensures that the only variable being tested is the
inclusion of realistic track distributions, instead of potential
discrepancies in assumptions or computational methods.
These projected limits assume a 14% error in solar neutrino
fluxes (see Sec. I1I for details), rather than the 100% used in
Ref. [14], and consider a lower resolution of 10 nm, as
opposed to the 15 nm used in Ref. [14].

B. Solar neutrinos and new light mediators

In Fig. 10, we present the projected limits derived from
Asimov solar neutrino data in solid lines on the couplings
between neutrinos and new scalar, vector, and axial-vector
mediators as a function of mediator mass. As with the
WIMP case, we assess the sensitivity of paleodetectors
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FIG. 10. 90% C.L. projected sensitivities for neutrino-nucleus interactions mediated by light scalar (top left), vector (top right), and
axial-vector particles (bottom left), and B — L (bottom right). Solid lines represent the three resolution and exposure scenarios
considered in this study: magenta corresponds to a threshold of 10 nm with an exposure of 100 g Gyr (= 10° ton-year), gray to 1 nm
with 0.01 g Gyr (= 10 tonyear), and orange to 1 nm with 100 g Gyr. The highlighted regions indicate existing limits from COHERENT
(for all four cases) [54,55], CONUS (for scalar and vector) [56,57], CONNIE (for scalar and vector) [58,59], CONUS+ (for scalar and
B-L gauge boson) [61], and combined analysis from PanadaX-4T and XENONNT (for all four cases) [60]. Constraints specific to B — L
gauge bosons are shown in blue, including combined analysis from GEMMA, Borexino, TEXONO, and Charm II [62]; XENON-1T
electron recoils [63]; beam dump and fixed target experiments (including LSND, MiniBooNE, and NuMI/MINOS [64,65], combined
from Ref. [60]: E141 [66], E137 [67], E774 [68], KEK [69], Orsay [70-72], v-CAL 1[73-76], CHARM [77,78], NOMAD [79], PS191
[80,81], A1 [82], and APEX [83]); SN1987A supernova neutrinos [84]; cooling bounds from globular clusters [85]; N4 bounds from
Planck 2018 [86]; and helioscope bounds from the Sun [87]. A small region of the “Sun” limits could be lifted if a fraction of the emitted
bosons are reabsorbed within the Sun [87]; this area is indicated by the light blue region near m, = 1076 GeV.

under three readout scenarios: 10 nm with 100 g (LR-HE)
in magenta, 1 nm with 10 mg (HR-LE) in gray, and 1 nm
with 100 g (HR-HE) in orange. We also overlay existing
limits, including CEvNS constraints from COHERENT
[54,55], CONUS [56,57], and CONNIE [58,59]; and
combined analysis using data from PandaX-4T and

XENONNT [60], and CONUS+ [61], extending from
1073 to 10~ GeV, where the limits are expected to remain
unchanged theoretically.

The shapes of the projected exclusion regions are similar
for all three mediators. For my < 107> GeV, the limits are
insensitive to mediator mass, while at higher masses, the
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2 or my*, depending

sensitivity scales approximately as my
on the spin structure of the mediator.

The LR-HE scenario marginally improves sensitivity
beyond existing limits for scalar mediators, while HR-LE
extends the reach by an additional order of magnitude.
Since light mediators generally produce lower energy
recoils, and thus shorter tracks, exposure is less of a
limiting factor than readout resolution, in contrast to
the case with dark matter. A similar trend is observed
for axial-vector mediators (bottom-left panel of Fig. 10).
Paleodetection with olivine is only half an order of
magnitude more sensitive than existing limits. It is, how-
ever, also worth noting that this result depends on the
nuclear spins of the target mineral. This means that with an
appropriate choice of mineral containing a high abundance
of isotopes with large nuclear spins, the sensitivity can be
further improved. For vector mediators, the sensitivity is
not a monotonic function of mass due to the negative
interference contributions in the modified cross section, as
discussed in Sec. II C. Consequently, a narrow band of the
allowed region appears within the exclusion bounds.
However, this region has already been ruled out by other
experiments such as COHERENT.

C.UM)p_

The bottom-right panel of Fig. 10 shows the B — L
parameter space in the gauge coupling gz_; — m plane.
The region excluded by both the LR-HE and HR-LE limits
has already been heavily constrained down to g, »» ~ 10710
by neutrino-electron scattering experiments [62,63], beam
dump and fixed target experiments [60,64—82] (see the
caption of Fig. 10 for detailed references), Supernova
1987A [84], and stellar cooling bounds from globular
clusters [85] and the Sun, as shown in the bottom-right
panel of Fig. 10. B — L gauge bosons emitted by the
Sun could be reabsorbed by plasmons, reducing
the effect of stellar cooling and potentially loosening the
constraints [87]. This region is labeled as “Z’ capture in
Sun.” Nonetheless, there is still some potential parameter
space to be covered by paleodetection at high masses.
The “gap” below m, = 1073 GeV is ruled out by the
expansion history of the Universe (N, as measured by
Planck [1,86]), though additional dark radiation in the
early Universe could potentially reopen this parameter
space.

VI. DISCUSSION AND CONCLUSION

We have updated the predicted sensitivities of paleo-
detectors for the search for particle dark matter, taking into
account the realistic track-length distributions produced by
simulations of particle propagation in a medium. We have
also reexamined the spectrum expected from solar neu-
trinos, and provided sensitivities to new light mediators

which may enhance or suppress the track production rate at
low recoil energies.

While the ~g Gyr exposures here are not unrealistic, the
sheer number of track measurements that they imply should
give the reader pause. The O(107) tracks per bin shown in,
e.g., Fig. 7 from background alone is consistent with
predictions from previous work. Preliminary measurements
in halite at the University of North Florida (Sec. 3 of
Ref. [15]) recorded a few hundred tracks using Ar plasma
etching and confocal microscopy, consistent with the Th-«
peak plus neutron background predicted in Ref. [12] (the
same neutron model used here). These measurements imply
surface track densities of ~107 cm™2.

Predictions thus appear somewhat robust, implying
that the development of technology to read out such large
track numbers is imperative. Many efforts are underway,
using automated search algorithms and technology such as
atomic force microscopy, etching, and x-ray diffraction
[15], but scalability remains an open question.

Nonetheless, as traditional direct-detection experiments
pass the 10 ton scale and begin to require significant
funding and stockpiling of target material, paleodetection
will likely become the fastest—and cheapest—path
beyond the 100 ton-year mark. As we have shown here,
the path through the neutrino fog may indeed come
from deeper underground than Gran Sasso, SNOLAB,
or SURF.
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APPENDIX: BEZIER PARAMETRIZATION
OF TRACKS

Bézier curves B(¢), with parameter 0 <t <1, are
defined by the positions of control points P; that are fixed
in space. A Bézier curve is the locus of a line segment with
end points that are constantly changing as t increases,
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whose locations trace the loci of each line segment formed
by each consecutive pair of control points P; and
P;. ;. Mathematically, a Bézier curve with degree n is
defined as

B(f) = Zn:bz(t)lnk, (A1)
k=0

where B(7) and P; are 3-vectors in 3D space, the
subscript k represents the kth control point, n + 1 is the
total number of control points, and b% () is the Bernstein
polynomial

bh(1) = (Z);ku — 1)k, (A2)

Equation (A1) can also be written in matrix form:

b(),n(t)
Bx(t) Px,O Px,l Px.n bl n(t)
By(t) =P P, Py, ) . (A3)
Bz(t) Pz.O Pz.] Pz,n

bn,n(t)

for Bézier curves in 3D space with n + 1 control points. In
the context of parametrizing track lengths, the coordinates
of the displaced atoms obtained from TRIM simulations,
shown as scatter dots in Fig. 3, are taken to be B(7), where
t = 0 corresponds to the first recoil (the leftmost red dot in
Fig. 3). By inverting Eq. (A3), we obtain the coordinates of
n control points P; necessary to reconstruct a parametric
curve that passes through all vacant lattice sites with degree
n. We increase the degree n from 0 until the least-square
error is just above the chosen resolution.
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