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In this paper, we study how an extended spherical collapse model (ESCM) taking into account the
interaction with external protostructures through shear and vorticity and screening modifies typical
parameters of the collapse, such as the collapse threshold, δcðzÞ and δcðMÞ, the turnaround density, δt,
the turnaround radius, Rt, and halo mass function. Unlike the standard spherical collapse model (SSCM)
which excludes shear and vorticity (quantities depending on mass), the collapse threshold δc depends on
mass, redshift, and the parameter jfR0j of the Hu-Sawicki fR theory. We used this result to obtain the halo
mass function bymeans of the excursion set approach. The main goal of the paper is to determine whether the
quoted quantities and the mass function can disentangle between general relativity (GR) and the Hu-Sawicki
fðRÞmodel. When considering the ESCM prediction for GR and the large field (LF) limit of the fðRÞ theory,
the percentage difference in δc is of a few percent and is around 20% if we consider the difference between
the GR in the ESCM and the LF limit in the SSCM. In the case of δt, the values are around 27% and 29% and
for Rt is around 6.5%. In the case of δc and for jfR0j ¼ 10−4 (F4), the difference between the GR value of δc
and the screened one is 0.25% and goes down to 0 for jfR0j ¼ 10−6 (F6). In the case of δt, they are larger than
20% for F4,≃10% for F5, and 0% for F6 and in the case of the turnaround radius≃6.5% (F4),≃3% (F5), and
≃0% (F6). The observational constraints on jfR0j give values smaller than F4 (jfR0j ≲ 10−4.5, at large scales);
thus, only F5 could be used to disentangle between GR and fðRÞ. Since F4 is excluded, F6 is practically
equal to GR, and the LF is excluded because it is larger than F4. Unfortunately, as shown by some studies, the
error on Rt, is of the order of 20%, excluding the possibility to use the turnaround radius, and related
quantities, to disentangle between GR and fðRÞ. Concerning the mass function, the haloes number predicted
by fðRÞ, especially at high redshift, can disentangle between fðRÞ and GR.
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I. INTRODUCTION

The ΛCDM model, based on the assumption that
general relativity (GR) is the correct theory of gravitation,
has successfully passed many tests [1–3]. Nowadays, it
has risen to the position of “the standard model of
cosmology”. The ΛCDM model is based on the idea that
the Universe contains a larger content of mass energy than
predicted [4–6], dominated by nonbaryonic and nonrela-
tivistic particles, indicated as “cold dark matter” [5,7].
Unfortunately, dark matter (DM) particles, despite a large
campaign of direct and indirect searches [5,8,9] and indirect
evidences from small to large scales [8,10–12], have never
been observed [9]. XENON1T [13] has not found signifi-
cant excess over the background, in its direct-detection

experiments, and the same happened with other direct-
detection experiments. Indirect searches have also been
unsuccessful. A large parameter space for annihilating dark
matter was ruled out based on studies of the Andromeda
galaxy [14] and A2877 and Fornax clusters [15]. A second
fundamental component of the standard cosmology, is
the so-called “dark energy” (DE), a fluid having negative
pressure, producing an accelerated expansion of the
Universe [16,17]. In its simplest form, and in the ΛCDM
model, DE is represented by the cosmological constant Λ.
Unfortunately, the cosmological constant Λ suffers from the
“cosmological constant fine tuning problem” and the “cos-
mic coincidence problem” [18–20].
Although the ΛCDM model is celebrated as a great

success of science [1,4,21], several drawbacks are being
discovered at small scales [22–28] and large ones [2,29–34].
The issues at small scale are usually called “small scale

problems” of the ΛCDM [28]. Several recipes, such as
astrophysical ones [28,35,36], a different nature of the dark
matter particles [37–42], or modified gravity (MG) theo-
ries, the simplest being the modified Newton dynamics [43]
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model, fðRÞ [44,45], and fðTÞ [46–49] have been proposed
to solve those problems.
The issues related to the cosmological constant Λ

motivated researchers to look for other explanations and
models to clarify the accelerted expansion of the Universe.
DE effects have been explained through additional matter
fields (e.g., quintessence [50]) or again with MG models
(e.g., fðRÞ theories) [43,47,51–61]. The accelerated
expansion explanation has brought on the table extra
dimensions or effects of higher-order corrections, as in
the Dvali-Gabadadze-Porrati model [62].
To understand in which direction to move to solve the

quoted problems is not easy. A solution, or at least a better
understanding of the problems, could come from new
studies of the CMB [63,64] or present or future surveys
like SKA, LSST, EUCLID, JDEM, etc.
MG effects can be disentangled from GR by means of

scale relationships in clusters like the mass-temperature
relation [65,66], the luminosity-temperature relation [67],
or by structure formation. Important probes are the splash-
back radius [68] and the turnaround radius (TAR) [69–76].
TAR1 has been proposed as a good way to test cosmo-

logical models [73], DE, and the disentangle between the
ΛCDM model, DE, and MG models [69–76].
When [74] showed that MG can affect the maximum

TAR, attention on this quantity increased. Another reason
the TAR has been studied is because according to several
authors it is well defined and not influenced by baryonic
physics (e.g., [69]).
This point is not exactly correct since as shown by

[75–81] the nonlinear equation describing the evolution
of the overdensity contrast depends on several quantities
such as dynamical friction, shear, and vorticity [75]
which depends on the structure mass and baryonic
physics. In the majority of papers dealing with the study
of TAR, the real physics of structure formation is not
taken into account.
In the present paper, we use an extended spherical

collapse model (ESCM) introduced and adopted in
[3,77,79–81], taking into account the effect of a non-null
shear and vorticity on the collapse. As we have already
shown, shear and vorticity change the typical parameters
of the standard spherical collapse model (SSCM) [3], the
mass function [3,77,79,80], the two-point correlation
function [82], and the weak lensing peaks [81]. Here,
we added the Chameleon mechanism in a Hu-Sawicki
fðRÞ theory.
fðRÞ models are a class of models replacing in Einstein-

Hilbert action the Ricci scalar curvature R by Rþ fðRÞ
studied in many contexts. In fðRÞ theory, [83] found a

general relation for the maximum TAR, [71] generalized
the result to generic gravitational theories.2

In the paper we use the Hu-Sawicki model [84,85] and
use our ESCM. SSCM has been applied to fðRÞ theories in
several papers (e.g., [86,87]). In these papers, SSCM has
been used to determine the collapse threshold and the halo
mass function. The goal of the present paper is to see how
the collapse parameters, δc, δt, the turnaround radius, and
the mass function are modified. We also show that the
collapse threshold depends on mass, redshift, and fR0. This
threshold, as in [3,77,79–82,88–90] being not a constant as
in the Einstein-de Sitter Universe or approximately con-
stant in the ΛCDM, furnishes the barrier needed in the
excursion set formalism to get the multiplicity function and
mass function (see also [91]) that we obtained.
We want to discuss if the turnaround radius Rt is really a

tool to test MG models [69,70,92–94] and if the mass
function is a better probe.
In this paper, we try to put constraints on fR0 values by

means of turnaround and the mass function obtained
starting from the threshold of collapse, δcðMÞ, that, apart
from a numerical normalization constant, is the “collapse
barrier” used in the excursion set approach to obtain the
mass function.
The paper is organized as follows. Section II describes

the model used. Section III is devoted to the presentation
and the discussion of our results. Section IV is devoted to
conclusions.

II. THE MODEL

In 1972, Gunn and Gott [95] introduced a very simple
SCM model just considering the radial collapse of a
structure. Despite its simplicity, it is a very popular method
to study analytically the nonlinear evolution of perturbations
of DM, DE, etc. Their SCM does not take into account
random angular momentum [96–103], tidal angular
momentum [104,105], dynamical friction ([106,107]), etc.
The way to take into account angular momentum was found
by [96,98,103,108–115],3 and dynamical friction was stud-
ied in [106,107], while [116–118] discussed the role of
shear in the gravitational collapse. The SSCM with negli-
gible DE perturbations was studied by [119–125], while in
[126–134] the effects of the DE fluid perturbation were
taken into account. [135–137] extended the SSCMmodel to
coupled DE models and [79,135] to extended DE (scalar-
tensor) models. [77,78] studied the effects of shear and
rotation in smooth DE models. [79] studied SSCM in
clustering DE cosmologies and [138] in Chaplygin

1Defined as the distance from the center of a structure to the
surface at which radial velocity is zero. The majority of works
studies the maximum TAR, defined as the radius at which the
radial acceleration is null, ̈r ¼ 0.

2[75] found a more general formula than that of [69] for
smooth DE, showing that shear and vorticity modify TAR.

3In order for the mean angular momentum at any point in space
to be zero [110,112], particles’ angular momentum is distributed
in random directions.
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cosmologies. As reported in the Introduction, it was used
also in MG theories.
In this paper, we use the ESCM taking into account shear

and vorticity and the chameleon effect in the case of the Hu-
Sawicki model. In order not to have a too long section
concerning the model, we wrote the model’s details in some
Appendixes. Appendix A deals with the fðRÞ models and
Hu-Sawicki model. Appendixes B and C discuss how the
evolution equation for δ, with shear and vorticity, was
obtained. Appendix D discusses the chameleon mechanism
and the way it is introduced in the model. Appendix E
discusses the goodness of the quasispherical approxima-
tion, already shown in other papers of ours.
As shown in Appendix C, the equation that we need to

solve to determine the properties of spherical collapse in the
Hu-Sawicki model is Eq. (1), an integro-differential equa-
tion, together with its linearized form. Equation (1) must
also be modified to take the chameleon effect and screening
into account. This issue is discussed in Appendix D.
The evolution equation, with shear, vorticity, and screen-

ing (using the thin-shell method), is given by

δ00ðriÞ þ
�
3

a
þ E0

E

�
δ0ðriÞ −

4

3

δ0ðriÞ2
1þ δðriÞ

¼ 3ð1þ δðriÞÞΩm;0

2a5E2
½GðriÞ − αδðriÞ�; ð1Þ

[see Eq. (A19)] where

GðriÞ ¼
1

2π2

Z
∞

0

dkk2½1þ Sðri; aÞϵðk; aÞ�δðk; aÞ
sinðkriÞ
kri

;

ð2Þ

where SðRi; aÞ is the Khoury-Weltman condition given in
Eq. (D10), and ϵðk; aÞ is given by

ϵðk; aÞ ¼ 1

3

k2

a2m2
fR

þ k2
; ð3Þ

where 0 ¼ d
da, and E is given by Eq. (B11).

To study the nonlinear evolution of the matter density
contrast, an initial overdensity profile, δiðrÞ, must first be
specified. In fðRÞ theories, the shape of an initial top-hat
density profile will evolve, developing a large spike close to
the boundary between the overdensity and background
FLRW (Friedmann-Lemaître-Robertson-Walker) spacetime.
This profile is evolved from an early epoch, which we

choose to be zi ¼ 500, where the effects of modified
gravity are still negligible, and the evolution is practically
indistinguishable from that predicted by GR. Following the
approach adopted in previous studies [73,87], we consider
an initial density profile referred to as the Tanh profile
characterized by the size of the top-hatlike function rb
denoting the characteristic radius of the overdense region

and s controlling the sharpness of the profile boundary
(the steepness of the transition). In the limit s → 0, the
profile approaches the ideal top-hat configuration,

δiðrÞ ¼
δi;0
2

�
1 − tanh

�
r=rb − 1

s

��
: ð4Þ

Since the contribution of δðrÞ to the mean initial density
of the spherical region is negligible, at the initial time, the
enclosed mass can be approximated byMb ≃ 4π

3
ρ̄0r3b. Since

the mass enclosed within the spherical perturbation remains
constant, M ¼ 4π

3
ρ̄r3ð1þ δÞ, the radius of the overdense

region is directly related to the nonlinear density con-
trast, r3ρ̄ð1þ δÞ ¼ 3M

4π .
The turnaround epoch is defined as the instant at which

the radial velocity of the shell vanishes, ṙjat ¼ 0. Using
mass conservation, this condition yields the relation

3

at
ð1þ δtÞ ¼ δ0t; ð5Þ

where the prime denotes differentiation with respect to the
scale factor. The nonlinear density contrast at turnaround is
therefore δt ¼ δðatÞ. At a later stage, the overdensity
collapses at the scale factor a ¼ ac. The corresponding
critical overdensity is obtained from the solution of the
linearized evolution equation and is defined as δc ¼ δlinðacÞ.
Throughout this work, collapse is assumed to occur when
the nonlinear density contrast reaches δNL ¼ ∞, as in the
classical SSCM. We do not follow the choice δNL ¼ 200
by [73] that should be in good agreement with N-body
simulations and halo mass function calibrations. This choice
does not modify the characteristics of the solutions. The
pipeline that we follow to find quantities at collapse and
turnaround is the following: 1. Choose M, s, redshift, and
gravity model (ϵ ¼ 1=3, fR0 ¼ 10−4; 10−5; 10−6). 2. Build
the initial Tanh profile. 3. Integrate Eq. (1) [(Eq. (A19)] and
the linearized one.
The nonlinear evolution equation derived in Appendix C

is an integro-differential equation, since the gravitational
potential depends on the Fourier transform of the density
profile. At every integration step, the density profile is
transformed into Fourier space, δðr; aÞ ⟶ δðk; aÞ, where
the scale-dependent modification of gravity is evaluated.
After solving the nonlinear equation, the corresponding
solution of the linearized equations provides the critical
overdensity δc. The numerical integration is continued until
the turnaround condition ṙ ¼ 0 is satisfied, which, already
written, is equivalent to

δ0t ¼
3

at
ð1þ δtÞ: ð6Þ

The corresponding turnaround radius is then obtained from
mass conservation.

SHEAR, VORTICITY, AND fðRÞ THEORIES PHYS. REV. D 114, 064093 (2026)

064093-3



The density of a spherically symmetric structure with an
inner constant mass is given by ρmðaÞ ¼ 3M=4πR3ðaÞ, and
the turnaround radius can therefore be computed from the
following relation:

Rtða;MÞ ¼
�

3

4πΩm0ρc½1þ δtða;MÞ�
�
1=3

aM1=3: ð7Þ

Here, we used ρmðaÞ ¼ ρ̄mðaÞ½1þ δða;MÞ�, with
ρ̄ðaÞ ¼ ρm0a−3 and ρc ¼ 2.77 × 1011h2M⊙ Mpc−3.
In [75], we showed that in dark energy models the

previous equation is generalized and contains also shear
and vorticity,

Rta ¼
"

−3M
4πGρdeð1þ 3wÞ þ ðσ2 − ω2Þ

#
1=3

: ð8Þ

In the case of the ΛCDM model, (w ¼ −1), no shear, and
rotation, Eq. (8) reduces to

Rt ¼
�
3GM
Λ

�
1=3

; ð9Þ

which is the same as that obtained by [69].
By definition, Rtða;MÞ is the radius enclosing a fixed

interior massM once that shell stops expanding and starts to
collapse, i.e., once it reaches turnaround. Equivalently,
δtða;MÞ denotes the density contrast evaluated at the precise
instant when the innermost shell of the profile attains its
maximum radius. Since this instant occurs at a specific scale
factor, which we call at, the general quantities Rða;MÞ and
δða;MÞ reduce to Rtða;MÞ and δtða;MÞ exactly when
evaluated at a ¼ at.

III. RESULTS

Several authors have studied the effect of shear [116–118]
and rotation [78,81,82,88,89,139,140] on the SSCM and
elliptical collapse model.
From the relativistic formulation, it follows that vorticity

acts as a repulsive force that opposes collapse, while shear
accelerates the distortion of the fluid volume, not neces-
sarily preventing the final collapse.
The joint effect of the two quantities changes the

turnaround epoch and collapse time, as well as the typical
parameters of the SSCM [139–142].
As a consequence, also the mass function [78–82,89,143],

the two-point correlation function, scaling relations like the
mass-temperature [66,144], and luminosity-temperature
relation [145] are modified.
In this section, we show the results of the calculation and

the impact of the modified gravitational interaction on the
critical density for collapse, δc, and on the density contrast
at turnaround, δt. We consider the small field (SF) regime,
where ϵ → 0, and we are left with the equations in GR and
then reobtain GR results. The large field (LF) regime is
characterized by ϵ → 1=3, which represents the maximum
enhancement of the gravitational interaction within the
linear approximation.
In these two limits, the modified gravitational coupling

becomes independent of both scale and halo mass, allowing
a direct comparison with the standard ΛCDM case. The
quantities δc and δt are evaluated for structures collapsing at
the present epoch (z ¼ 0, a ¼ 1) using the Tanh initial
density profile.
To quantify the effect of modified gravity, we compute

the fractional variation of each quantity with respect to the
GR prediction. The lines in Fig. 1(a) (by a and b we mean
the left and right panels) represent the values of δc in the
redshift range 0 < z < 3 and for 1014h−1M⊙. The curves

FIG. 1. Change of δc with redshift. Panel a (left): the upper dot-dashed line represents δcðzÞ for the LF, and the dotted bottom line δcðzÞ
is for the SF, GR limit. Panel b: top solid line is the SF limit in ESCM, and the dashed line is the LF in ESCM. The dot-dashed line is the
LF in SSCM, and the dotted line is the SF in SSCM. The bottom panel shows the relative differences, as reported.
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correspond to those in Fig. 1 of [73], with the difference
that they used as collapse δNL ¼ 200, and we used a
larger value.
These curves are those typical of spherical collapse. The

two lines of Fig. 1(a) show that the dot-dashed curve
corresponding to a larger gravity (ϵ ¼ 1=3) and dotted one
which is the ΛCDM counterpart are characterized by the
fact that the collapse in presence of larger gravity gives a
larger δc.
This might seem strange since a larger gravity should

give rise to a faster collapse and a smaller δc. In reality, the
critical threshold δc does not represent the nonlinear density
of the collapsing structure. Instead, it is the density value
that the perturbation would have reached if it had evolved
purely according to linear growth theory, evaluated pre-
cisely at the moment the real, nonlinear system completely
collapses. When gravity is stronger (for instance, due to a
fifth force or a modified gravity parameter like ϵ ¼ 1=3),
nonlinear collapse is faster, and the linear growth is even
faster. Since the stronger gravity accelerates the linear
growth during the early stages even more than it hastens the
final nonlinear collapse, the fictitiously extrapolated linear
density δ reaches a higher value by the time the actual
collapse happens. In summary, the curve for stronger
gravity is higher because the enhanced gravitational force
drives linear perturbations to grow at an accelerated rate.
By the time the real object forms, the linear theory has
already extrapolated the density to a higher threshold than it
would have reached under standard gravity.
The top solid and dashed lines in Fig. 1(b) are obtained

by means of ESCM, while the bottom dot-dashed and
dotted lines in the SSCM (α ¼ ϵ ¼ 0) are the same as in
Fig. 1(a). The collapse threshold δc for ϵ ¼ 0 in the ESCM
differs from δc with ϵ ¼ 1=3 by around 1.7%, but the
difference is larger than 20% if we consider the difference
between the ESCM result for ϵ ¼ 0 (GR) and the ϵ ¼ 1=3
in the SSCM (dot-dashed line).
The two top lines illustrate how the critical linear

overdensity for collapse, δcðzÞ, is affected by the com-
bined action of shear and vorticity (parametrized by α) and
by the modification of gravity (parametrized by ϵ). The
large separation between the curves with α ¼ 0.026 (the
value of αðMÞ, related to shear and vorticity, at
1014h−1M⊙) (solid and dashed) and those with α ¼ 0
(dot dashed and dotted) reflects the stabilizing action of
shear and vorticity. Nonradial motions generate an effective
support against gravitational collapse, reducing the effi-
ciency of the inward motion of matter. Consequently, a
perturbation must start from a larger initial linear overdensity
in order to collapse at the same redshift. The position of the
upper curves is determined by the competition between the
stabilizing effects of shear and vorticity and the enhancement
of gravity produced by the modified-gravity parameter ϵ.
Shear and angular momentum oppose the radial infall of
matter, increasing the critical linear overdensity required for

collapse. As a result, the models with α ¼ 0.026 are
systematically shifted toward higher values of δc than the
corresponding spherical-collapse models with α ¼ 0. For a
fixed value of α, the case ϵ ¼ 1=3 strengthens the effective
gravitational interaction.
While between the two bottom lines, the one with

ϵ ¼ 1=3 lies above that with ϵ ¼ 0. In the two top curves,
the effect of shear and vorticity is larger than that of
enhanced gravity, so the curve (α ¼ 0.026, ϵ ¼ 0) lies
above the one corresponding to larger gravity (ϵ ¼ 1=3).
The redshift evolution is also physically meaningful.

Shear and vorticity, as already shown in [75–81], modify
the behavior of δc, which becomes redshift dependent. The
curves with α ¼ 0.026 decrease slowly with increasing
redshift, indicating that the additional support provided by
shear and angular momentum becomes progressively less
effective as the Universe approaches the matter-dominated
regime. In contrast, the two curves with α ¼ 0 remain
almost constant, showing that the standard spherical-col-
lapse threshold depends only weakly on redshift. Overall,
the upper panel demonstrates that the dominant effect is
produced by shear and vorticity, which increase the
collapse threshold, whereas the modification of gravity
introduces only a relatively small correction.
In the bottom panel is shown the percentage difference

between the top curves, namely, the ΛCDM δc (solid) line
and the threshold affected by MG, both obtained with the
ESCM. The difference, as already discussed, is around
1.7%, slightly larger than [73] result. The difference
between the ΛCDM in ESCM (solid line) and that of
the SSCM with ϵ ¼ 1=3 is much larger, ≃20%.
Figure 2 plots δt in terms of z in the same redshift range

and the same mass as in Fig. 1.
In this case, the value of δt for ΛCDM model (dotted

line) is larger than that for ϵ ¼ 1=3 (dot-dashed line). This
is due to the fact that turnaround happens before, when
gravitation is larger with respect to the ΛCDM case, where
gravitation is smaller. Nonlinear collapse happens more
easily; since gravity is stronger, smaller initial seed per-
turbations are required to form a structure. In the ESCM
model, the solid line, GR, and the dashed line, ϵ ¼ 1=3
case, are similar to Fig. 1. The difference between these two
curves is around 27% slightly larger than [73], while the
difference between the solid and dot-dashed line is ≃29%.
As in Fig. 1, the curves with α ¼ 0.026 sit above the curves
with α ¼ 0. A higher threshold means that collapse is more
difficult, since the parameter α (shear and vorticity) acts as
an opposing effect. It requires a denser initial patch to
overcome this resistance and successfully collapse.
Moving to the right (higher z), going deeper into the past,

the turnaround overdensity δtðzÞ decreases “sharply”. In the
early Universe (higher z), the background Universe is much
denser and entirely matter dominated, making it much easier
for perturbations to grow and collapse. Therefore, a lower
linear density threshold is sufficient to trigger collapse.
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As the Universe expands toward the present day (z → 0),
dark energy or cosmic acceleration begins to dominate
(z ≃ 0.3–0.4), heavily resisting structure formation. This
requires a much higher overdensity threshold to achieve
collapse at later times.
In the following plots, we do not consider only the two

limiting cases ϵ ¼ 1=3 (LF) and ϵ ¼ 0 (SF), but we also
consider the changes of MG at different scales and different
times, through ϵðk; aÞ. This implies an influence of one scale
on the others. Equation (1) [Eq. (A19)] becomes an integro-
differential equation, and one has to solve the Fourier
integral at each step in time as described in Appendix C.
Due to the existence of a further scalar degree of freedom in
fðRÞ, allowing monopole radiation, Birkhoff’s theorem is no
longer valid. Then, the dependence of δc and δt on jfR0j will
bring a mass dependence of those quantities. As already
reported, we consider jfR0j ¼ 10−4; 10−5; 10−6, and mass in
the range 1012h−1M⊙ − 6.7 × 1015h−1M⊙
In this mass range, one has to expect effects due to the

chameleon mechanism. Masses smaller than 1011M⊙, char-
acterized by shallow gravitational potential wells, live in the
unscreened regime. The chameleon mechanism does not
activate, and modified gravity is fully active, making
collapse easier. For large masses, > 1016M⊙ potential wells

are extremely deep (massive galaxy clusters). Consequently,
the chameleon is active, and we are in the screened regime.
The fifth force is suppressed, and the system reverts entirely
to standard GR (ϵ ¼ 0).
The model proposed by [73], and extended in this paper,

computes the turnaround radius and the collapse threshold
within Hu–Sawicki fðRÞ gravity by solving the nonlinear
evolution equation for the density contrast, Eq. (1)
[(Eq. (A19)] (with α ¼ 0). The effects due to the chameleon
mechanism are not considered by [73] since according to
them the overdensities at the turnaround radius (their goal is
to study this phase to disentangle between GR and MG) are
typically of order one. Chameleon screening switches on
when the local density is much higher than the cosmic mean.
If the overdensity at the turnaround shell is only “of order
one” (the classical, nonlinear spherical-collapse value for an
Einstein-de Sitter Universe is δ ≈ 9π2=16 − 1 ≈ 4.55, in
contrast to virialization, where δ ∼ 100 or more), then there
is not yet a deep enough potential well to efficiently activate
screening—this is a common simplification in that literature
(turnaround radius as a cosmological probe). In reality, δt is
in the range 9–12.5, and with shear and vorticity (ESCM),
the value is even higher than in the classical case. As we see
in Fig. 7, the correction due to screening goes from values

FIG. 2. Change of δt with redshift. The upper solid line represents the case ϵ ¼ 0 (GR) in the ESCM, and the dotted line represents the
GR results excluding shear and vorticity. The dashed line is the case ϵ ¼ 1=3 (LF) in the ESCM. The dot-dashed line shows the LF result
excluding shear and vorticity. The bottom panel is the relative differences, as reported.
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> 20% (F4) to 10% (F5); thus, screening is not negligible. In
Appendix D, we discuss how we take the mechanism into
account.
Figure 3 plots the collapse threshold, δc, in terms of

the redshift, z. The top three plots of the figure show how
the threshold varies with z for fR0 ¼ 10−4; 10−5; 10−6

(hereafter F4, F5, F6), going from left to right. The solid
line represents GR (SF), the dashed bottom one the LF
limit. The regions between dashes represent the back-
ground (no screening correction). The initial profile we
used is Tanh, and we considered two values for s,
s ¼ 0.4 and s ¼ 0.8, between which is shown a shaded
region. The solid curves represent δcðzÞ taking into
account screening. Going from left to right, namely,
from F4 to F6, the screening pushes the background
curves towards the GR limit, until fðRÞ coincides with
GR. The bottom row shows the percentage difference
between GR and screened δc, which at F4 is 0.25% and
tends to zero going to the right (F6). The third row
represents the percentage difference between screened δc
and the background. The difference increases toward the

right. The percentage difference between ϵ ¼ 0 and the
background at F4 is a bit larger than 1% and 3% at F6.
Figure 4 shows the mass dependence of δc. Solid and

dotted lines represent the SF and LF limits. The shaded
regions are the screened δc (F4, F5, and F6, from left to
right). The quoted regions tend toward GR, going from F4
to F6. The dashed lines represent the background, while the
bottom curves represent the percentage difference between
GR and screened δc, showing how screened δc moves to the
GR values. The maximum difference between the GR limit
and the screened δc, at 1012M⊙, for F4 is 2.5%. The last
row represents the percentage difference between the
screened δc and the background. Both change with fR0,
and their difference decreases from F4 to F6. It is important
to note that the mass dependence comes both from shear
and vorticity and the MG. In the other papers
[73,86,87,146–148], excluding simulations [149,150], the
effect of shear and vorticity is neglected. Of the quoted
papers, [87] is the most rigorous: it performs numerical
simulations of spherical collapse by solving the quasistatic
fðRÞ equations, including the nonlinear scalar field. Then,

FIG. 3. The value of δc vs redshift. The top and bottommost lines represent the screened δcðzÞ for SF and LF in the ESCM, and the
shaded solid region is δcðzÞ for F4, F5, and F6, from left to right. The shaded dashed ones represent the background (no screening). The
two bottom rows represent the percentage difference of the quantities reported.
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they build a fit to their spherical collapse results, to get
δcðM; z; fR0Þ. However, their system is isolated; it does not
consider interaction with neighbors and then neglects shear
and vorticity.
Then, in those papers the mass dependence of δc comes

just from the MG. In reality, mass dependence must appear
in the collapse even in GR as shown by [4,91,151]. The
collapse threshold is a decreasing function of mass as seen
in Fig. 4. We show this behavior more clearly in Fig. 5(a).
The dashed blue line represents δcðMÞ in our model and the
solid black line the [91] threshold. This kind of dependence
was shown for the first time by [88], considering that
structures are subject to tidal torque effects, and by [91],
using an ellipsoidal collapse, and extended by [143] to take
into account other effects. Since the threshold is funda-
mentally, apart from some numerical normalization factors,
the barrier used in the excursion set theory to calculate the
dark matter halo mass function, its correct calculation is
important. If we look at papers like [86,87,146–148], shear
and vorticity are not taken into account, and the collapse
threshold is an increasing function of mass to reach the
classical GR value. In those papers, the mass dependence in

the barrier comes only, as already reported, from MG, since
the interaction of a protostructure with neighboring ones it is
not taken into account, or the elliptical collapse extension.
Consequently, a part of the mass dependence is lost, in those
approaches, and this influences the mass function. The
effect of shear and vorticity has been studied in [3,77–80].
In our model, shear and vorticity are parametrized by a mas-
dependent term, αðMÞ, see Eq. (B15) and [3,77–80]. It is a
monotonically decreasing function of mass, roughly esti-
mated at galactic and cluster scales and having values
of 0.05 [3] at MW scale and 0.005 at clusters scale [80] (in
Appendix B, there is a short discussion on α values). In
[152], there is an attempt to obtain an estimate of σ2 − ω2,
but as they report, some limitations in their approach make
a direct comparison with [3] difficult. So, as in [3] and
subsequent papers, we chose to obtain the complete mass
dependence of α, assuming that the collapse threshold of our
model fits that of [88,91]. Our αðMÞ is plotted in Fig. 5(b).
In order to reobtain Kopp’s threshold, it is necessary to

set α ¼ 0, namely, discard shear and vorticity.
Once the threshold, which represents the barrier, is

known, δc ¼ BðSÞ (where S is the variance of the linear

FIG. 4. Same as Fig. 3 but for δcðMÞ.
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density field smoothed on a mass scaleM),4 it is possible to
obtain the mass function. In excursion set theory, mapping
the formation of cosmic structures reduces to a first-
crossing time problem. For a nonflat, moving barrier such
as the one obtained, an exact analytical solution for the
first-crossing distribution does not exist. To overcome this
limitation, the problem may be formulated via a Volterra
integral equation or utilizing numerical Monte Carlo (MC)
simulations of random walks. Using MC simulations, one
can obtain the multiplicity function, νfðνÞ, the fraction of
total cosmic mass that collapses into halos per unit interval
of the scaling variable, where ν≡ δc

σ . Finally, the mass
function is given by

nðMÞdM ¼ ρ̄

M2
½νfðνÞ�

���� d ln νd lnM

����dM: ð10Þ

Using the thresholds plotted in Fig. 4 for F4, F5, and
F6, obtained using the ESCM, we obtain the mass
function by means of MC simulations. The result is
plotted in Fig. 6. We consider the cases F5 and F6 plotted
in Fig. 2 of Gupta et al. [154] (see also [150]) for z ¼ 0.5

Gupta’s MG mass functions were obtained using the dark
matter halo catalogs generated using Elephant (Extended
LEnsing PHysics using ANalaytic ray Tracing). The
dashed line represents Tinker’s mass function [155], the
dotted line the mass function given in [91], and the green
dots the mass function that we obtained. The right panel is

the case F6. We considered only these two cases because
of the constraints on the values of fR0: fR0 < 10−4.79

[156], and fR0 < 10−4.31 [157].
In the Hu-Sawicki fðRÞ modified gravity model, the

background field values jfR0j ¼ 10−5 and 10−6 lead to an
enhanced abundance of massive galaxy clusters compared
to GR=ΛCDM, leading to an increase of the mass function.
The magnitude of this deviation and the mass scale at which
it occurs depend heavily on the competing effects of
enhanced growth and the chameleon screening mechanism
and is more visible at high redshift (see [150,154], and
Fig. 1 of [149], for z ¼ 0.5). As also shown in [154] for
higher redshifts, for the case F5, F6, the fðRÞmass function
predicts more and more haloes.
In low-density regions, such as cosmic voids and large-

scale structures, the scalar degree of freedom (the “fifth
force”) is unscreened. The fifth force increases the growth
rate of linear perturbations with the consequence of boosting
the overall normalization of density fluctuations, effectively
increasing σ8 relative to ΛCDM. Consequently, a higher
number of massive halos forms per unit volume compared to
GR. In high-density environments (small scales, and halo
centers), the scalar field couples to a larger effective mass
(meff ), suppressing the fifth force via the chameleon mecha-
nism, and the effective gravitational constant returns to its
Newtonian value (Geff ≈ GN).
For jfR0j ¼ 10−5, the Compton wavelength of the scalar

field is relatively large, and the field is lighter. The
chameleon screening is less efficient, failing to screen
galaxy clusters and intermediate-mass halos. This results
in a widespread enhancement in the halo mass function
(HMF) across a broad range of masses (≳1014M⊙). For
jfR0j ¼ 10−6, the fifth force has a shorter range. The
chameleon screening mechanism becomes highly efficient
and screens most typical galaxy clusters. As a result,

FIG. 5. Left panel: trend of δcðMÞ for GR in ESCM (dashed blue line), comparison with [91], solid line, and δcðMÞ for the LF in
ESCM, dashed orange line. Right panel: the mass dependence of α, where σðMÞ is the rms fluctuation. The solid line is the calibrated
αðMÞ and the dashed line the quartic fit.

4In [153], instead of simply considering δc ¼ BðSÞ, the barrier
was slightly modified by multiplying the threshold of spherical
collapse, δc;sc ¼ 1.686, by

ffiffiffi
a

p
: BðSÞ ¼ ffiffiffi

a
p

δc½1þ bð S
aδ2c

Þc�, to im-
prove the agreement with simulations.

5F4, as already reported, is excluded from observational
constraints.
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the HMF closely tracks the standard GR predictions, with
detectable enhancements confined only to the most mas-
sive, rarest clusters that remain partially unscreened.
In a future paper, we intend to study more in detail

δcðM; z; fR0Þ and the mass function, using Kopp’s
approach, and adding the effect of shear and vorticity.
We now proceed with the discussion of the characteristic

quantities in the SSCM and in our case in the ESCM. In
Fig. 7, we plot the evolution with redshift of the turnaround
overdensity. The top panels refer to δtðzÞ for the SF and LF
limit, the background, dashed lines, and the effect of
screening on δtðzÞ, shaded region, and this for F4 to F6,
from left to right. As one can see, the screening changes
δtðzÞ behavior, and the last quantity tends to be pushed
towards the SF (GR) limit, going from F4 to F6. The
bottom row represents the percentage difference between
the value of δtðzÞ in the SF limit and that of screening. In
the last row is the percentage difference between screening
and background. In some papers such as [73], the large
difference between the SF limit (GR) and the background
(≃30%) and larger than 20% for the difference between the
SF limit (GR) and the screened value has led some to think
that turnaround and related quantities could be used to
distinguish between GR and MG. As Fig. 7 shows, this
difference decreases until 0% going toward F6, and so these
quantities could be used to distinguish only between some
values of fR0. F6 is excluded because it is too close to GR,

and F4 as we have already seen is excluded by several
constraints already cited. So, only the F5 case remains. In
summary, stating that δt can be used to distinguish between
GR and MG is not exactly true (in the following we see
another constraint coming from simulations [158]). Then,
we may go directly to turnaround, showing its dependence
on z and mass.
In Fig. 8, we plot the dependence of turnaround on

redshift, RtðzÞ. Figure 8, top plot, is similar to Fig. 7. The
top panels show the evolution of turnaround for LF, SF,
and fðRÞ. Both the background and the effect of screening
for F4, F5, and F6 are shown. The bottom rows are similar
to those in Fig. 7.
When we go to higher z, we are looking further back in

time, when the ambient cosmic matter density was signifi-
cantly higher. This rapid density increase at high z drives
the decay features across all rows.
In fðRÞ modified gravity theories, the effective mass

of the scalar field degree of freedom (the scalaron)
depends heavily on the local curvature and density. At
higher redshifts, the increased density ρðzÞ dramatically
increases meff . This severely limits the range of the
modified gravity fifth force (λC ∝ m−1

eff ). Consequently,
the characteristic transition scale RtðzÞ must steadily decay
and shrink as z → 3.
The fractional differences drop sharply to zero at a

threshold redshift (z ≈ 0.7 for jfR0j ¼ 10−5 and z ≈ 1.5 for

FIG. 6. Mass function for F5 and F6. The solid line corresponds to [150,154]. The dashed and dotted lines show the mass-function
predictions of Refs. [91,155]. The dots represent our mass function.
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jfR0j ¼ 10−4). At high z (early Universe), the background
density exceeds the threshold required to activate screen-
ing. The fifth force is entirely quenched, forcing the
modified model to become identical to standard GR.
Thus, ΔRt → 0. At low z (late Universe), when the
Universe expands and dilutes, the density drops below
the critical threshold, allowing the screening to break down
and letting modified gravity deviations grow.
In the bottom row, the relative deviations against the

smooth background model peak at a specific cosmic epoch
and then decay at higher redshifts. As screening takes full
effect at early times, the local perturbations are suppressed.
The system smoothly converges back toward the unper-
turbed background metric, forcing the relative ratio toward
zero at the right side of the plots. The decay rate and the
activation redshift of the screening depend on the back-
ground field value jfR0j,

jfRðzÞj ≈ jfR0j
�
R̄0

R̄ðzÞ
�
2

: ð11Þ

In the weak field case, jfR0j ¼ 10−6, the scalar field is
small and easily trapped by even low ambient matter
densities. It screens almost immediately, exhibiting a
smooth, continuous decay throughout cosmic history.
For a stronger field, jfR0j ¼ 10−4, the field has a high
amplitude and requires the extreme densities found at much
higher redshifts (z > 1.5) to be fully screened and forced
into decay.
Figure 8, bottom plot, represents more clearly the

evolution of the background.
Concerning the use of the turnaround radius to distin-

guish between GR and MG, we are in a similar situation to
that of the previous figure.
The largest difference between the SF (GR) and the

screened Rt is ≃6.5%, in the case F4, but as we saw, this
case must be discarded from the results of the constraints.
For F6, the “signal” is zero. We are left with the F5 case, in
which the difference between GR andMG is ≃3%, not very
high. We have to conclude as in the previous case: turn-
around is not very useful in distinguishing fðRÞ theories
from GR.

FIG. 7. Changes of δt with z. Symbols as in Fig. 4.
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FIG. 8. Top panel: variation of Rt with redshift. Symbols as in Fig. 4. Bottom panel: same as the previous panel but showing only the
background values of F4, F5, and F6.
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In Fig. 9, we plot RtðMÞ. Across the first row, the
turnaround radius grows monotonically as the mass of the
halo increases. Larger halos structurally support a much
larger spatial radius. The two bottom rows show similar
changes as those shown in the previous two plots.
For the strongest field (left), deviations step up smoothly

over the mass range. For the weakest field (right), the
fractional difference remains nearly flat and uniform, (zero
value) across all halo masses because standard screening
suppresses structural differences uniformly.
In standard structure formation models, a virialized dark

matter halo is defined as a bounded spherical overdensity.
The total mass M enclosed within a given structural
boundary scales directly with the physical volume of the
halo; this means that the physical radius,R, scales with halo
mass,M1=3. While the geometric baseline follows theM1=3

law across all panels, the modified gravity field parameters
(jfR0j) introduce subtle shifts in the slopes between
columns. In the second row, for jfR0j ¼ 10−6, massive
halos (M ∼ 1015h−1M⊙) possess sufficiently deep gravita-
tional potentials to trigger efficient local chameleon screen-
ing, forcing the curve to track standard GR, while for
jfR0j ¼ 10−4 the scalar field environment remains largely
unscreened even for massive clusters, altering the internal
halo profile and slightly modifying the baseline structural
slope. Lower-mass halos (M ∼ 1012h−1M⊙) are highly
abundant and typically have sufficient cosmic time to relax

into symmetric, stable configurations. Conversely, cluster-
scale halos (M ∼ 1015h−1M⊙) occupy the active nodes of
the cosmic web and are dynamically young. They con-
tinuously experience violent major mergers, tidal disrup-
tions, and asymmetric filamentary accretion. This ongoing
dynamical assembly introduces massive object-to-object
variations in their internal density profiles, subhalo dis-
tributions, and overall shape triaxiality. Because nonlinear
modified gravity metrics (such as the thin-shell thickness
corrections) depend heavily on the local density gradients,
this intense structural diversity yields a wide spread in the
calculated parameters, expanding the shaded scatter bands.
As in the previous plot, the percentage difference

between Rt in GR and the screened one is 6.5% for F4
and becomes 0 for F6. As before to distinguish between GR
and fðRÞ, we have to consider F5, showing a small
difference (3%).
Summarizing, the idea that turnaround could success-

fully constrain cosmological parameters and explore the
very nature of gravity introduced by [69,159] and studied
by several other authors (e.g., [72–76]) is not viable.
As already mentioned, the turnaround radius is not

simply the spherical region obtained by solving GR’s
equations, but it has a complex structure due to several
physical effects. Moreover, a measurement of turnaround is
complicated by the nonspherical nature of galaxy cluster
environments, which instead consist of an intricate network

FIG. 9. Mass dependence of Rt. Symbols as in Fig. 4.
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of filaments, sheets, and voids. To this we must add that, as
previously shown, as far as fðRÞ theory is concerned one
could use just F5, with discrepancies of a few percent with
GR. In [158], it was shown by means of numerical
simulations that environmental asymmetries (such as fila-
ments and cosmic voids) introduce a significant uncertainty
margin in measurement precision, of the order of 20%. This
means that turnaround is not a good way at all to study the
nature of gravity, at least in fðRÞ models. This was already
shown in [75,76]. As shown by the same authors, the mass-
temperature relation of clusters is not useful to disentangle
between GR and fðRÞ theories [66], while the luminosity-
temperature relation is a good way to disentangle GR and
fðRÞ gravities [67].

IV. CONCLUSIONS

Interaction with external protostructures through shear
and vorticity and screening modifies typical parameters of
the SSCM. As already found in [77–80], unlike the SSCM,
the collapse threshold δc depends on mass, redshift, and the
parameter fR0 of the Hu-Sawicki fR theory. Concerning δc,
the difference between the results for ϵ ¼ 0 (GR) and ϵ ¼
1=3 (LF) obtained in the ESCM is of some percent, while
the value of δc in GR in the ESCM and the LF limit in the
SSCM is much higher ≃20%. The behavior of δcðMÞ,
taking into account shear and vorticity, has the same
dependence as the threshold for elliptical collapse obtained
by [88,91,143]. Its dependence on mass is twofold:
dependence on mass through fðRÞ and through shear
and vorticity. By means of the excursion set approach,
we obtained the mass function for F5 and F6 at z ¼ 0 (it can
be easily found also at z > 0). Even if there are no big
differences with GR, it is possible to see a larger number of
haloes in fðRÞ. This trend increases with increasing red-
shift, as shown by [149,150,154]. In the case of δt, the
values are around 27% and 29%, considering ESCM or not,
while for the turnaround, Rt, is around 6.5%. Considering
different values of fR0 in the case of δc, the difference
between the GR value and the screened one is 2.5% for F4
and goes down to 0 for F6. δt shows larger differences with
respect to δc, a bit larger than 20% for F4. Recently, [157]
placed constraints on the values of fR0 combining the
overlapping Dark Energy Survey Year-3, KiloDegree
Survey, and Hyper Suprime-Cam data for weak lensing
mass calibration and the first Spectrum Roentgen Gamma
(SRG)/eROSITA All-Sky Survey (eRASS1) cluster catalog
in the western Galactic hemisphere. Assuming massless
neutrinos, it was shown that jfR0j < 10−4.31, at 95% con-
fidence level, and jfR0j≲ 10−4.5 (at large scales), in other
studies. This excludes F4. In order to disentangle between
GR and fðRÞ, only F5 could be used. Since F4 is excluded,
F6 is practically equal to GR, and the LF is excluded
because it is larger than F4.
Unfortunately, as shown by some studies, [158], the error

on Rt, is of the order of 20%, excluding the possibility to

use the turnaround radius and related quantities to disen-
tangle between GR and fðRÞ.
In order to disentangle between GR and fðRÞ, we are left

with the mass function which is a good probe especially at
increasingly high redshifts.
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APPENDIX A: f ðRÞ THEORIES AND
THE HU-SAWICKI MODEL

In this section, we summarize the MG theory and, in
particular, the Hu-Sawicki model. The Hu-Sawicki model
is a particular model among the fðRÞ theories.
An MG model such as fðRÞ can be obtained by

modifying the Einstein–Hilbert action, replacing the
Ricci scalar R with Rþ fðRÞ, as follows:

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
Rþ fðRÞ
16πG

þ Lm

�
; ðA1Þ

where Lm is the matter Lagrangian density. The
ΛCDM model is recovered in the case fðRÞ ¼ −2Λ.
Varying the action, the modified Einstein equations are

given by

Gαβ þ fRRαβ −
�
f
2
−□fR

�
gαβ −∇α∇βfR ¼ 8πGTαβ;

ðA2Þ

where Gαβ is the Einstein tensor, fR ≡ dfðRÞ
dR , and Tαβ is the

energy-momentum tensor. Through the trace of Einstein’s
modified equations, one can obtain a Klein-Gordon equa-
tion for fR, which can be considered as a scalar field. Field
and metric are coupled through

3□fR − Rþ fRR − 2f ¼ −8πGT; ðA3Þ

where T is the trace of the energy-momentum tensor. The
scalaron effective potential may be defined through
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∂Veff

∂fR
¼ 1

3
ðR − fRRþ 2f − 8πGTÞ; ðA4Þ

and its mass is

m2
fR

¼ ∂
2Veff

∂f2R
¼ 1

3

�
1þ fR
fRR

− R
�
: ðA5Þ

In viable high-curvature models, jfRj ≪ 1 and
jRfRRj ≪ 1, so that

m2
fR

≃
1

3fRR
: ðA6Þ

As seen, in fðRÞ gravity, the Einstein–Hilbert action is
generalized by replacing the Ricci scalar with a nonlinear
function of the curvature. This modification introduces an
additional scalar degree of freedom, usually referred to as
the scalaron, whose dynamics are governed by a Klein–
Gordon equation derived from the trace of the modified
Einstein equations. The mass of this scalar field determines
the range of the fifth force and therefore controls the
deviations from GR. The inverse of the scalaron mass
defines the comoving Compton wavelength,

λC ¼ 1

mfR

; ðA7Þ

which determines the characteristic range over which the
additional scalar degree of freedom mediates gravitational
interactions. Since the scalar field couples to matter through
the trace of the energy–momentum tensor, it generates an
extra attractive interaction, commonly referred to as a fifth
force, in addition to the standard Newtonian gravita-
tional force.
The strength and range of this force depend on the

scalaron mass. A light scalar field corresponds to a large
Compton wavelength, allowing the fifth force to operate
over cosmological distances. Conversely, when the sca-
laron becomes massive, the interaction range is strongly
suppressed and the theory approaches the predictions
of GR.
In viable fðRÞ models, the scalaron mass increases in

high-density environments through the chameleon mecha-
nism. This environmental dependence efficiently screens
the fifth force inside dense astrophysical systems, such as
stars, galaxies, and the Solar System, thereby satisfying the
stringent local tests of gravity while still allowing detect-
able deviations from GR on cosmological scales.
In the quasistatic regime (subhorizon limit), perturbing

around the cosmological background gives

∇2δfR ¼ a2

3
ðδR − 8πGδρmÞ; ðA8Þ

where δfR ¼ fRðRÞ − fRðR̄Þ, δR ¼ R − R̄, and δρm ¼
ρm − ρ̄m, where an overbar denotes the homogeneous
cosmological background.
The modified Poisson equation is

∇2Φ ¼ 16πG
3

a2δρm −
a2

6
δR: ðA9Þ

If the scalar-field perturbation is linearized,

δR ≃
dR
dfR

δfR; ðA10Þ

one obtains in Fourier space

−k2Φðk; aÞ ¼ 4πGa2½1þ ϵðk; aÞ�δρmðk; aÞ; ðA11Þ

with

ϵðk; aÞ ¼ 1

3

k2

a2m2
fR

þ k2
: ðA12Þ

Thus, the effective Newton constant is

Geffðk; aÞ ¼ G½1þ ϵðk; aÞ�: ðA13Þ

The GR limit is recovered when

a2m2
fR

≫ k2; ϵðk; aÞ → 0; ðA14Þ

the so-called small field (SF) limit, whereas the unscreened
large field limit gives

a2m2
fR

≪ k2; ϵðk; aÞ → 1

3
; ðA15Þ

which is the large field (LF) limit.

1. Hu-Sawicki model

The Hu-Sawicki model can be written as

fðRÞ ¼ −m2
c1ðR=m2Þn

c2ðR=m2Þn þ 1
; ðA16Þ

where m, c1, c2, and n, (with n > 0) are free parameters,
with m2 ¼ H2

0Ωm;0, while c1 and c2 can be determined
through

c1
c2

≈ 6
ΩΛ;0

Ωm;0
: ðA17Þ

As seen, in the large curvature regime (R=m2 ≫ 1),
fðRÞ ≈ −2Λ.
In the high-curvature regime and for n ¼ 1, expanding

Eq. (A16),
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fðRÞ ≃ −16πGρΛ − fR0
R̄2
0

R
; ðA18Þ

where the leading constant term has been matched to a
cosmological constant, R̄0 ¼ R̄ðz ¼ 0Þ and fR0 ¼ fRðR̄0Þ.
The standard ΛCDM model is recovered in the
limit jfR0j → 0.
We stress that, in this “designer” Hu-Sawicki construc-

tion, fðRÞ is not intended to replace Λ as an alternative
explanation of the dark-energy phenomenon: the ratio
c1=c2 is tuned precisely so that the high-curvature/back-
ground limit of fðRÞ reproduces −2Λ; i.e., the background
expansion history is built by construction to mimic ΛCDM.
ΩΛ;0 is therefore retained throughout, both in the back-
ground expansion rate EðaÞ [Eq. (B11)] and, as shown
below, in the scalaron-mass expression, while all of the
new, testable physics of the model are carried by the single
deviation parameter fR0, which controls the scalar (cha-
meleon) sector governing the fifth force and its screening.
Consequently, ΩΛ;0 enters numerically in every calculation
presented in this paper: through EðaÞ in the master
evolution equation for δ [Eq. (1)] and through the scalaron
mass used to compute the screening term ϵðk; aÞ [Eq. (3)] at
every radius and epoch.
We may also rewrite the mass of the scalar field in

Eq. (A6) as

mfR ≃
H0

c

�
Ωm0 þ 4ΩΛ

2jfR0j
�

1=2
�
Ωm0ð1þ zÞ3 þ 4ΩΛ

Ωm0 þ 4ΩΛ

�
3=2

:

ðA19Þ
Through the equations presented in the previous sec-

tion, we may investigate the evolution of matter density
perturbations within the Hu-Sawicki fðRÞ framework.
Unless otherwise stated, we adopt the fiducial cos-
mological parameters Ωm ¼ 0.31, ΩΛ ¼ 0.69, σ8 ¼ 0.81,
and ns ¼ 0.96

APPENDIX B: THE ESCM

We need to calculate the evolution equations
of δ in the nonlinear regime, already obtained by
[119,121,122,124,128,160] in the spherical and ellipsoidal
collapse models. To start with, for the fluid, we assume the
equation of state P ¼ wρc2 and the Neo-Newtonian expres-
sions for the relativistic Poisson equation, the Euler, and
continuity equations [161],

∂ρ

∂t
þ∇r⃗ · ðρv⃗Þ þ

P
c2

∇r⃗ · v⃗ ¼ 0; ðB1Þ

∂v⃗
∂t

þ ðv⃗ ·∇r⃗Þv⃗þ∇r⃗Φþ c2

c2ρþ P
∇P ¼ 0; ðB2Þ

∇2Φ − 4πG

�
ρþ 3P

c2

�
¼ 0: ðB3Þ

Here, r⃗ the physical coordinate, Φ the Newtonian gravita-
tional potential, and v⃗ the velocity in three-space.
Let us use comoving coordinates x⃗ ¼ r⃗=a to obtain the

perturbations equations,

δ̇þ ð1þ wÞð1þ δÞ∇x⃗ · u⃗ ¼ 0; ðB4Þ

∂u⃗
∂t

þ 2Hu⃗þ ðu⃗ ·∇x⃗Þu⃗þ 1

a2
∇x⃗ϕ ¼ 0; ðB5Þ

∇2
x⃗ϕ − 4πGð1þ 3wÞa2ρ̄δ ¼ 0; ðB6Þ

being u⃗ðx⃗; tÞ is the comoving peculiar velocity and HðaÞ
the Hubble function.6

The nonlinear evolution equation is obtained combining
the previous equations. In the case w ¼ 0 (dust), we get

δ̈þ 2Hδ̇ −
4

3

δ̇2

1þ δ
− 4πGρ̄δð1þ δÞ

− ð1þ δÞðσ2 − ω2Þ ¼ 0: ðB7Þ

Equation (B7) is Eq. (41) of [121] and a generalization of
Eq. (7) of [128] to the case of a nonspherical configuration
of a rotating fluid.
In Eq. (B7), σ2 ¼ σijσ

ij is the shear, related to a
symmetric traceless tensor, named shear tensor, and
ω2 ¼ ωijω

ij is the vorticity, related to an antisymmetric
tensor. They are given by

σij ¼
1

2

�
∂uj

∂xi
þ ∂ui

∂xj

�
−
1

3
θδij; ðB8Þ

ωij ¼
1

2

�
∂uj

∂xi
−
∂ui

∂xj

�
; ðB9Þ

where θ ¼ ∇x⃗ · u⃗ is the expansion.
In terms of the scale factor a, Eq. (B7) takes the form

δ00 þ
�
3

a
þ E0

E

�
δ0 −

4

3

δ02

1þ δ
−
3

2

Ωm;0

a5E2ðaÞ δð1þ δÞ

−
1

a2H2ðaÞ ð1þ δÞðσ2 − ω2Þ ¼ 0; ðB10Þ

where Ωm;0 is DM density parameter today (a ¼ 1).
The term EðaÞ is given by

EðaÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm;0

a3
þ ΩK;0

a2
þΩΛ;0gðaÞ

r
; ðB11Þ

and

6The pressure terms in Eq. (B5) are zero, since in the top hat,
with ρ ¼ ρ̄þ δρ and P ¼ P̄þ δP, the gradient is zero.
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gðaÞ ¼ exp

�
−3

Z
a

1

1þ wða0Þ
a0

da0
�
: ðB12Þ

We need an expression for σ2 − ω2. As shown in
[77–80], using a spherical collapse which considers angular
momentum, we consider the ratio between the rotational
term and the gravitational one, obtaining α ¼ L2

M3RG ≃ RV2

MG.
We stress that α encodes a genuine physical mechanism,

namely, angular-momentum acquisition via tidal torquing
from the surrounding large-scale structure (“protostruc-
tures”) during collapse, in the standard tidal-torque theory
picture, rather than a purely effective device introduced only
to allow shear and vorticity terms in the model. This is
reflected in the fact that α is not tuned to reproduce this
paper’s own results but is calibrated directly against
independent, observed rotation-velocity data for the
Milky Way, the Coma cluster (optical and XRISM), and
Abell 2107, as summarized below. We note, however, that
other physical channels not currently included in this
parametrization—in particular, the highly nonlinear dynam-
ics of dark-matter self-clustering during virialization and the
interaction with internally accreting baryonic gas—may
also contribute to shear and vorticity, especially at late times
and on small scales and represent a natural, complementary
extension of the present framework that we plan to pursue in
future work.
The above quoted ratio, α ¼ L2

M3RG, in the case of the
Milky Way using [162] data is ≃0.08.
In [3], we found a similar value, 0.05, and 0.04 is given

also by [163]. Then, at 1012M⊙, α should be in the range
0.05–0.08.
The value of α is larger for smaller size perturbations

(dwarf-galaxy size perturbations) and smaller for larger size
perturbations (clusters).
Concerning clusters, e.g., Coma, several estimates of the

coherent rotation velocity are available: the historical
optical measurement vrot ≃ 137 km=s [164] (marginal at
∼1.3σ) and the recent XRISM detection of a North–South
velocity gradient of the intracluster gas of ∼530 km=s
across the cluster, corresponding to vrot ≃ 265 km=s per
side (530 km=s being an upper limit). The corresponding
values of α ¼ v2rotR=ðGMtotÞ are

vrot ¼ 137 km=s ⇒ α ≃ 6.7 × 10−3; ðB13Þ

where Mtot ¼ 1.88 × 1015M⊙ and R ¼ r200 ≃ 2.9Mpc
(weak lensing, Kubo et al. [165]).

vrot ¼ 265 km=s ⇒ α ≃ 2.5 × 10−2: ðB14Þ

Abell 2107 is the best-studied rotating cluster,
with a robust rotation detection [166]. With [166] data vrot ¼
160–208 km=s (at 3.5σ) and then yielding α ¼ 0.021–0.035
with r200 ≃ 1.01 h−1Mpc eM200 ≃ 2.89 × 1014 h−1M⊙.

The most reliable cluster-scale estimate is therefore
in the range 0.0067–0.035 with an average of α ∼ 10−2

(Coma marginal detection and A2107 outer-region robust
detection), i.e., roughly one order of magnitude below the
galactic value. Also at cluster scales, [80], performing a
likelihood analysis with current available observational
data, found a value of ≃0.005 at 1015M⊙.
Using the same ansatz we may calculate the same ratio

between the gravitational and the extra term appearing in
Eq. (B10) thereby obtaining

ðσ2 − ω2ÞH−2
0 ¼ −

3

2

αΩm;0

a3
δ: ðB15Þ

Then, substituting Eq. (B15) in Eq. (B10), the nonlinear
equation to solve is

δ00 þ
�
3

a
þ E0

E

�
δ0 −

4

3

δ02

1þ δ
−
3

2

Ωm;0ð1 − αÞ
a5E2ðaÞ δð1þ δÞ ¼ 0:

ðB16Þ
In order to obtain the term αðMÞ, in the range previously

considered (1012h−1M⊙—6.7 × 1015h−1M⊙), we calcu-
lated the threshold of collapse δc, with our model, and
matched it with δc obtained by Del Popolo et al. [82,143] or
Sheth, Mo, and Tormen [91]. The result obtained is plotted
in Fig. 5(b). αðMÞ is fitted by the quartic function of σðMÞ
[written on the panel of Fig. 5(b)], where σðMÞ the root-
mean-square density fluctuation on a mass scaleM given in
Eq. (B)6 of [143].
The value of αðMÞ is 0.05925 at 1012h−1M⊙, ≃0.01431

at 1015h−1M⊙, and ≃0.00779 at 6.7 × 1015h−1M⊙, in
agreement with the values estimated above.
The threshold of collapse, and the turnaround, can be

obtained by solving Eq. (B16) following the method
described in [124].

APPENDIX C: INCLUSION OF
THE f ðRÞ MODIFICATION

Equation (B10), in terms of the potential Φ, may be
written as

δ00 þ
�
3

a
þ E0

E

�
δ0 −

4

3

δ02

1þ δ
−

1

a2H2ðaÞ ð1þ δÞðσ2 − ω2Þ

¼ 1þ δ

H2a4
∇2Φ: ðC1Þ

In the Hu-Sawicki model, after reducing to the quasi-
static regime and linearizing in δfR, the modified Poisson
equation in Fourier space reads [[73], Eq. (2.9)]

−k2Φðk; aÞ ¼ ½1þ ϵðk; aÞ�4πGa2ρ̄δðk; aÞ; ðC2Þ
with ϵðk; aÞ given by Eq. (A12). In configuration space,
inverting Eq. (C2) with the convention
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Φðx; aÞ ¼
Z

d3k
ð2πÞ3 e

ik·xΦðk; aÞ

gives

Φðx; aÞ ¼ −4πGa2ρ̄
Z

d3k
ð2πÞ3 e

ik·xk−2½1þ ϵðk; aÞ�δðk; aÞ;

ðC3Þ

in agreement with Eq. (3.2) of [73]. Applying ∇2, which
acts as −k2 in Fourier space, cancels the k−2,

∇2Φðx; aÞ ¼ 4πGa2ρ̄
Z

d3k
ð2πÞ3 e

ik·x½1þ ϵðk; aÞ�δðk; aÞ:

ðC4Þ

Under spherical symmetry, the angular integral gives the
standard reduction

Z
d3k
ð2πÞ3 e

ik·xfðkÞ ¼ 1

2π2

Z
∞

0

dkk2fðkÞ sinðkrÞ
kr

; ðC5Þ

so that

1

a2
∇2Φðr; aÞ ¼ 4πGρ̄

2π2

Z
∞

0

dkk2½1þ ϵðk; aÞ�δðk; aÞ sinðkrÞ
kr

¼ 2Gρ̄
π

Z
∞

0

dkk2½1þ ϵðk; aÞ�δðk; aÞ sinðkrÞ
kr

:

ðC6Þ

Using

4πGρ̄ ¼ 3

2
H2

0Ωm;0a−3;
2Gρ̄
π

¼ 3H2
0Ωm;0

4π2a3
;

Eq. (C6) reads

1

a2
∇2Φðr; aÞ

¼ 3H2
0Ωm;0

4π2a3

Z
∞

0

dkk2½1þ ϵðk; aÞ�δðk; aÞ sinðkrÞ
kr

: ðC7Þ

Substituting the previous equations in Eq. (C1), we get

δ00 þ
�
3

a
þ E0

E

�
δ0 −

4

3

δ02

1þ δ
−

1þ δ

a2H2
0E

2
ðσ2 − ω2Þ

¼ 3ð1þ δÞΩm;0

4π2a5E2

Z
∞

0

dkk2½1þ ϵðk; aÞ�δðk; aÞ sinðkrÞ
kr

;

ðC8Þ

which is the generalization of Eq. (3.3) of [73] to include
shear and vorticity. Using Eq. (B15),

δ00 þ
�
3

a
þ E0

E

�
δ0 −

4

3

δ02

1þ δ

¼ 3ð1þ δÞΩm;0

2a5E2

�
1

2π2

Z
∞

0

dkk2½1þ ϵðk; aÞ�

× δðk; aÞ sinðkrÞ
kr

− αδ

�
; ðC9Þ

which is the same equation written in terms of α≡ αðMÞ.

APPENDIX D: CHAMELEON MECHANISM

The scalar field has an environment-dependent behavior
which was first investigated by [167,168] and is often
referred to as the “chameleon effect”. In cosmology and
modified gravity theories (such as the Hu-Sawicki fðRÞ
model), the chameleon mechanism consists in a scalar field
whose mass, and hence the range of the fifth force it
mediates, depends on the local matter density.
In the range of mass we study, one has to be cautious and

modify the ESCM to take the mechanism into account.
Then, the chameleon mechanism is a screening effect where
the scalar field responsible for the “fifth force” (the enhanced
gravity, e.g., ϵ ¼ 1=3) acquires a mass that depends on the
local ambient density. For small masses (< 1011M⊙),
gravitational potential wells are shallow, and the chameleon
mechanism does not activate (unscreened regime). Modified
gravity is fully active, making collapse easier. For masses
> 1016M⊙, potential wells are extremely deep (massive
galaxy clusters). The chameleon is fully activated (screened
regime). The fifth force is suppressed, and the system reverts
entirely to standard GR (ϵ ¼ 0). So, it is paramount to take it
into account.
In the evolution equation of [73], only the term

ϵðk; aÞ ¼ 1

3

k2

a2m2
fR
ðaÞ þ k2

: ðD1Þ

appears.
The fundamental limitation of their approach is that

ϵðk; aÞ depends only on the Fourier scale and on the
background scalaron mass, never on the local density of
the collapsing region. Consequently, the original model
neglects the chameleon screening mechanism.
It is necessary, somehow, to introduce it. There are

several ways. In Hu-Sawicki fðRÞ gravity, the Einstein
equations become

Gμν ¼ 8πGTμν þ TðsfÞ
μν : ðD2Þ

Under the quasistatic approximation, the system reduces to
three coupled equations,

∇2Φ ¼ 4πGρmδ −
1

2
∇2δfR; ðD3Þ
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∇2δfR ¼ a2

3
½δRðfRÞ − 8πGδρm�; ðD4Þ

and the Euler (fluid) equation governing the motion of
collisionless matter,

ẍþ 2Hẋ ¼ −
1

a2
∇Φ; ðD5Þ

where x denotes the comoving coordinate, and H ¼ ȧ=a is
the Hubble parameter.
For spherical symmetry, Eq. (D5) reduces to

̈r ¼ −
∂Φ
∂r

þ ä
a
r; ðD6Þ

where r ¼ ax is the physical radius of the spherical shell.
Solving the equations, one can calculate the collapse of a
spherically symmetric, pressureless matter distribution in
an asymptotic FLRW spacetime. While in GR, due to
Birkhoff’s theorem, an initial homogeneous overdensity
(“top hat”) does not change its shape; this is no longer true
in fðRÞ theories, since Birkhoff’s theorem is no longer
valid due to the existence of a further scalar degree of
freedom allowing monopole radiation. The spherical region
is divided into many concentric shells; Eq. (D4) is solved
to obtain the fifth force, which, together with a collapse
condition, allows one to determine the needed quantities.
This approach was followed by [87] to get the collapse

threshold δcðM; z; fR0Þ and the mass function. The
approach is computationally expensive; moreover they,
like all others papers trying to get δc, skipped shear and
vorticity. The effect of this is that the predicted δc (see
Fig. 6 in [87]) are monotonically increasing with mass up to
the GR limit.
In other words, [87] and related papers used a spherical

collapse model which, by its nature, does not take into
account the interaction of a perturbation with the exter-
nal ones.
In other words, in [87], the mass dependence of δc comes

from the MG. In reality, mass dependence must appear in
the collapse even in GR as shown by [91,151]. This implies
that the resulting mass function is not fully correct.
Several papers used simpler approaches with respect to

that of [87], e.g., [86,146–148], some of which used the
dynamical thin shell approximation.
Other simpler approaches start from the observation that

in the standard linearized background approach the sca-
laron mass mfR depends strictly on the cosmological
background scale factor a. To capture the authentic cha-
meleon effect, where gravity reverts to GR inside dense
regions, one must promote mfR to depend dynamically on
the local density ρm ¼ ρ̄mð1þ δÞ,

mfRðδ; aÞ ≃
H0

c

�
Ωm0 þ 4ΩΛ

2jfR0j
�
1=2

×
�
Ωm0ð1þ zÞ3ð1þ δÞ þ 4ΩΛ

Ωm0 þ 4ΩΛ

�
3=2

:

Consequently, the scale-dependent modification filter ε
becomes an explicit function of the local overdensity δ,

εðk; a; δÞ ¼ 1

3

k2

a2m2
fR
ðδ; aÞ þ k2

: ðD7Þ

As the collapse progresses and δ grows, m2
fR

∝ ð1þ δÞ3
escalates rapidly. This drives ε → 0, shutting off the fifth
force (Geff → G) inside the overdensity. Since ε now varies
point by point based on δðr; aÞ, it can no longer be
processed as a uniform global multiplier in Fourier (k)
space. One can resolve this issue using a spatial represen-
tative value of δ for the entire collapsing boundary to update
mfRða; δ̄ðaÞÞ globally at each time step. This approach has
several drawbacks.
When using a uniform, single-value representation of the

overdensity δ to globally update the scalaron mass (mfR ) at
each time step, one introduces several major physical and
mathematical limitations: A. Unphysical Uniformity: it
forces the fifth force to “turn off” simultaneously across
the entire boundary or halo, failing to capture the continu-
ous shielding and spatial variation of the chameleon field.
B. Mass underestimation: using central peak densities
artificially elevates the global mass mfR , which suppresses
structure growth more than is physically accurate for the
outskirts of the halo. Conversely, volume averages under-
estimate the mass in the dense core. C. Violation of locality:
the chameleon mechanism is inherently local. Enforcing a
global filter dampens the true scale-dependence of screen-
ing, which requires high-mass (screened) centers and low-
mass (unscreened) outskirts.
A rigorous treatment, already mentioned and adopted

by [87], is to explicitly solve the linearized Klein–Gordon
equation pointwise,

∇2δfR ¼ a2

3
ðδR − 8πGδρmÞ; ðD8Þ

which requires integrating an elliptic relaxation or
multigrid solver at every time step or an N-body code
(e.g., ECOSMOG, MG-GADGET).
An intermediate approach, not very rigorous but better

than the one discussed before, consists in promoting the
gravitational modification factor from a purely scale-
dependent quantity to one that also depends on the local
density profile through a dynamical screening function, i.e.,
local screening via the thin-shell condition. The modified
gravity correction therefore becomes

ϵðk; aÞ ⟶ ϵðk; aÞSðr; aÞ; ðD9Þ
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where 0 ≤ Sðr; aÞ ≤ 1. The screening factor satisfies the
Khoury-Weltman condition,

Sðr; aÞ ¼ min

�
1; 3

ΔRthðr; aÞ
Rðr; aÞ

�
; ðD10Þ

where

ΔRthðr; aÞ
Rðr; aÞ ¼ f̄RðaÞ − fR;minðρinðr; aÞÞ

6ΦNðr; aÞ
: ðD11Þ

There are several factors entering the screening factor

such as: 1. the Newtonian potential, ΦNðr; aÞ ¼ GMð<rÞ
r , of

the mass enclosed within r; 2. the local equilibrium value of
the scalar field for the instantaneous internal density

ρinðr; aÞ, fR;minðρinÞ ¼ −fR0
R̄2
0

RðρinÞ, 3. the cosmological

background, f̄RðaÞ. Unlike the original formulation, the
screening factor depends on the evolving density profile
through the enclosed mass, the Newtonian potential, and
the local density. Consequently, the collapse equation
becomes genuinely nonlinear and self-consistent.
A limitation of this approach is that replacing the

nonlinear elliptic equation,

∇2fR ¼ 1

3
½δRðfRÞ − 8πGδρ�;

with an algebraic thin-shell prescription neglects the finite
propagation of the scalar field, the radial gradients, and the
nonlocal coupling between neighboring shells.
Nevertheless, the one-zone approximation captures the

dominant physical mechanism responsible for chameleon
screening while requiring only minimal modifications to
the original [73] numerical solver.
The natural extension of the one-zone approximation is

to retain the full radial density profile while introducing the
chameleon mechanism locally, shell by shell, rather than
through a single global screening factor. The evolving
configuration is represented by the profile δðr; aÞ, sampled
on the radial grid r1;…; rN . For each shell ri, the enclosed
mass is

Mð< riÞ ¼ 4π

Z
ri

0

ρðrÞr2dr; ðD12Þ

or, numerically,

Mi ¼ 4π
Xi

j¼1

ρjr2jΔr: ðD13Þ

This gives a local, shell-dependent Newtonian potential,

ΦNðriÞ ¼
GMi

ri
; ðD14Þ

in place of the single global ΦN used by the one-zone
approximation. The local density at each shell,

ρinðriÞ ¼ ρ̄ðaÞ½1þ δðri; aÞ�; ðD15Þ

is used to evaluate the local equilibrium field value
fR;minðρiÞ, and hence, the thin-shell parameter is computed
locally rather than once for the whole halo,

ΔRthðriÞ
ri

¼ f̄RðaÞ − fR;minðρiÞ
6ΦNðriÞ

; ðD16Þ

SðriÞ ¼ min

�
1; 3

ΔRthðriÞ
ri

�
: ðD17Þ

Because S now varies shell by shell, the modification
factor entering the source term is likewise evaluated locally,
ϵðk; aÞ → ϵðk; aÞSðriÞ, and the gravitational source term
itself becomes shell dependent,

GðriÞ ¼
1

2π2

Z
∞

0

dkk2½1þ SðriÞϵðk; aÞ�δðk; aÞ
sinðkriÞ
kri

:

ðD18Þ

Equation (1) [Eq. (C9)] is then evaluated explicitly at
each shell as

δ00ðriÞ þ
�
3

a
þ E0

E

�
δ0ðriÞ −

4

3

δ0ðriÞ2
1þ δðriÞ

¼ 3ð1þ δðriÞÞΩm;0

2a5E2
½GðriÞ − αδðriÞ�; ðD19Þ

i.e., the same master equation, but with the local, shell-
dependent screening kernel GðriÞ of Eq. (D18) in place of
the single global G used in the one-zone approximation.
Unlike the one-zone case, this makes the collapse equation
genuinely nonlocal across shells: the density profile at
every radius feeds back, throughMð< riÞ and ΦNðriÞ, into
the effective gravity felt at every other radius.

APPENDIX E: CONDITIONS FOR A NEARLY
SPHERICAL COLLAPSE

Large values of σ and ω give rise to a nonspherical
collapse. A large shear will deform the structure, trans-
forming it into an ellipsoid whose axes will collapse at
different times. A large vorticity will strongly slow down
the collapse. To have a nearly spherical collapse, the two
quantities must be compared with the isotropic contraction
rate of the perturbation.
Following the covariant characterization of aniso-

tropy ([169]), a practical condition for the collapse to remain
nearly spherical is to use
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ffiffiffiffiffiffiffi
2σ2

p

jθj ≪ 1;

ffiffiffiffiffiffiffiffi
2ω2

p

jθj ≪ 1; ðE1Þ

where θ is the expansion (or contraction scalar). Typical
values are

ffiffiffiffiffiffiffi
2σ2

p

jθj ≲ 0.03 − 0.05; ðE2Þ
ffiffiffiffiffiffiffi
2σ2

p

jθj ≲ 0.1; ðE3Þ
ffiffiffiffiffiffiffi
2σ2

p

jθj ≳ 0.2 − 0.3; ðE4Þ

[170,171] corresponding respectively to very small defor-
mations, a nearly spherical regime, and a regime where the
spherical approximation becomes unreliable.
Another way is using Raychaudhuri equation in the form

θ̇ þ θ2

3
þ 2ðσ2 − ω2Þ ¼ −4πGρþ � � � : ðE5Þ

The anisotropic stresses enter the Raychaudhuri equation
through the combination ðσ2 − ω2Þ. Perturbative and
model-based estimates [77–79,124,152] indicate that this

term amounts to a few percent of the gravitational source
term, motivating the practical requirement,

jσ2 − ω2j
4πGρ̄δ

¼ jσ2 − ω2j
3
2
ΩmH2δ

≲ 0.05 − 0.1: ðE6Þ

In the extended spherical-collapse model,

σ2 − ω2 ¼ −
3

2
αΩmH2δ: ðE7Þ

Inserting this in Eq. (E6), a practical classification is

α Interpretation

α < 0.05 Excellent nearly spherical approximation
0.05 ≤ α < 0.07 Nearly spherical
0.07 ≤ α < 0.10 Weak spherical approximation
α ≥ 0.10 Spherical approximation unreliable

The plots versus z assume αð1014h−1M⊙Þ ¼ 0.026,
which is an excellent nearly spherical approximation.
The correction to the average collapse dynamics is approx-
imately 2.6%. The value of αðMÞ at 1012h−1M⊙ is equal to
0.05925, and in the case αðMÞ at 1015h−1M⊙ is ≃0.01431,
while it is equal to ≃0.00779 at 6.7 × 1015h−1M⊙, in
agreement with the values estimated before.
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