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We investigate a chirally imbalanced medium in the context of the two-flavor Nambu-Jona-Lasinio model
using both the large-N,. (LN) and beyond large-N . (BLN) approximations. To incorporate BLN effects, we
consider the optimized perturbation theory (OPT) to the first nontrivial order, which includes two-loop
(exchange) contributions. This procedure allows us to explicitly explore how finite N . corrections affect the
thermodynamics as well as the phase diagram of chirally imbalanced quark matter. We then compare the
results obtained with a sharp three-dimensional cutoff—generically referred to as the traditional regulari-
zation scheme—and with an alternative procedure called the medium separation scheme (MSS). In the first
case, we observe that the pseudocritical temperature decreases as the chiral chemical potential increases, an
effect dubbed inverse chiral catalysis. On the other hand, when considering the MSS regularization, which
properly isolates the medium contributions from the vacuum, we find the opposite result. We show that the
results obtained with MSS are consistent with well-established lattice quantum chromodynamics data in both
the LN and BLN approximations. Finally, we suggest that to cope with the high-density limit, the standard
OPT interpolation prescription must be modified with the inclusion of an extra variational parameter.
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I. INTRODUCTION

Effective models like the Nambu-Jona-Lasinio (NJL)
model [1,2] are invaluable tools for studying quantum
chromodynamics (QCD) properties, particularly its thermo-
dynamics, as they capture key nonperturbative features
while remaining computationally tractable. The NIJL
model, for instance, incorporates dynamical chiral sym-
metry breaking—a crucial aspect of QCD—thus allowing
us to explore the phase structure of strongly interacting
matter, including the matter formed in the quark-gluon
plasma (QGP) at high temperatures and densities. Although
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it neglects confinement, the simplicity of the model enables
analytical and numerical investigations of order parameters,
critical phenomena, and the equation of state, providing
insights that complement lattice QCD (LQCD) simulations,
especially in regimes where lattice methods face chal-
lenges, such as at finite chemical potential, a regime in
which LQCD is plagued by the sign problem [3]. By tuning
parameters to fit low-energy QCD observables, the NJL
model serves as a phenomenological bridge between theory
and experiment, helping us to interpret heavy-ion collision
data and astrophysical observations related to neutron stars.
Thus, while not a complete substitute for QCD, effective
models like the NJL offer a powerful and accessible
framework for probing the thermodynamic behavior of
strongly interacting matter.

We can also improve on the usual NJL. model mean field
type of calculations by combining it with alternative
nonperturbative resummation techniques, like the opti-
mized perturbation theory (OPT) method [4,5] (see also,
e.g., Ref. [6] for a recent review and Refs. [7,8] for seminal
papers dedicated to the application of OPT in four-fermion
theories). This combination of different model approxima-
tions can provide a powerful framework for improving the
study of QCD thermodynamics, particularly in regimes

Published by the American Physical Society
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where standard perturbative approaches fail. The OPT
method introduces variational parameters that, after being
fixed to some optimal value, can capture nonperturbative
effects, allowing for better convergence and more reliable
predictions at finite temperatures and densities. When
applied to the NJL model, it helps to mitigate some of
the model’s limitations by resumming higher-order con-
tributions in a controlled way. This allows for a more
accurate description of the associated phase transitions and
critical behavior (for an earlier application of OPT to the
NJL model, see, e.g., Ref. [9]). Such a combination is
particularly useful for exploring the chiral transition, the
equation of state, and the location of the critical end point in
the QCD phase diagram, where strong coupling effects
dominate. By systematically improving the perturbative
expansion, OPT-enhanced NJL models offer a refined tool
for theoretical investigations, complementing LQCD and
experimental data from heavy-ion collisions.

In general, the nonrenormalizable 3 + 1d NJL model
(and similar effective models) rely on regularization proce-
dures to handle ultraviolet (UV) divergences. However,
when medium effects, such as finite temperature and density,
are introduced, improper regularization can lead to non-
physical results. For example, usual regularization schemes,
e.g., through a sharp cutoff A in the UV-divergent momen-
tum, which we will designate as the traditional regulariza-
tion scheme (TRS), can lead to a mixing of vacuum and
medium effects that can distort thermodynamic quantities
and break thermodynamic relations, leading to incorrect
behavior of the equation of state (EoS) and phase transitions.
These issues have recently been addressed through the
medium separation scheme (MSS) regularization procedure
[10-15]. The MSS procedure addresses the issues of earlier
regularization procedures by systematically separating
medium-dependent contributions from vacuum divergences
before regularization. The MSS has the advantage of
isolating and independently regularizing vacuum and
medium parts, ensuring thermodynamic consistency.
Hence, this regularization scheme minimizes artificial cutoff
effects on thermodynamic observables and better captures
the correct asymptotic behavior of QCD-inspired models,
making it more reliable for studies of dense matter in
astrophysics and heavy-ion collisions.

Physical systems with nonzero chirality have become a
subject of considerable attention because of the wide range
of anomalous phenomena they can exhibit. Among these is
the chiral magnetic effect (CME), where a magnetic field
induces a vector current in the presence of a chiral
imbalance [16,17]; the chiral separation effect (CSE),
which refers to the generation of an axial current by a
magnetic field in both quark and baryonic matter [18,19];
and the chiral vortical effect (CVE), whereby rotational
motion in a relativistic fluid generates a current [20-23].
The interplay between the CME and external magnetic
fields can further enhance these effects. Furthermore, the

effect of chiral imbalance, combined with electric fields
[24] and isospin chemical potential [25-28], has also been
explored in the context of the chiral phase transition. In
addition, chiral imbalance can cause phenomena such as
the chirality-induced Kondo effect [29] and has been linked
to other mechanisms [30-34]. A comprehensive overview
of applications involving chiral-type effects can be found in
[35]. These include heavy-ion collisions [36], studies of
Weyl and Dirac semimetals [37,38], the early Universe
[39], and compact astrophysical objects [40,41].

To study chiral imbalance in thermal field theories, a
chiral chemical potential, denoted s, is introduced in the
grand partition function. A notable advantage of introduc-
ing ps is that, contrary to the case with finite baryon
chemical potential yp, first-principle simulations of QCD in
the lattice are free from the sign problem. Relatively recent
studies [42,43] have shown, for instance, that the critical
temperature for restoration of chiral symmetry increases
with ps, in contrast to the model predictions drawn from the
NIJL [44-48] and linear sigma models [44,49]. Further
support for the behavior of the critical temperature as a
function of ys, observed within the lattice simulations, can
be found in different approaches. These include large-N,
(LN) universality arguments [50], Dyson-Schwinger equa-
tions with effective quark-gluon interactions [51-55], non-
local NJL models [56-59], self-consistent mean-field
treatment within the NJL model [35,60-64], nonstandard
renormalization in the quark linear sigma model [57,58],
and frameworks based on chiral perturbation theory
[65-67]. All these results point toward the argument put
forward in Ref. [68], namely that ps enhances quark—
antiquark pairing, which increases the quark condensate
and, as a consequence, raises the temperature required for
chiral symmetry restoration. This outcome is consistent
with the lattice predictions.

The correct description of the local NJL model was first
achieved in Ref. [11], through the implementation of the
MSS. A subsequent study [69] employed a new para-
metrization of the Polyakov loop potential together with
MSS, successfully reproducing lattice-consistent results
within the Polyakov—Nambu-Jona-Lasinio model at a finite
chiral chemical potential. In the present work, we apply the
MSS regularization procedure, for the first time com-
bined with the OPT method, to study a cold and chirally
imbalanced two-flavor NJL model. This system has been of
recent interest, particularly because it has been claimed to
exhibit inverse chiral catalysis (ICC) [70,71] within the TRS
type of regularization, which is not consistent with LQCD.
Here, we show that new contributions from the beyond-
large-N,. (BLN) OPT approximation do not change the
qualitative behavior of the pseudocritical temperature as a
function of the chiral chemical potential, indicating that the
MSS procedure is unavoidable at this point.

In this paper, we advance the NJL model framework
beyond previous studies in three key aspects. We start by
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presenting the first application of the MSS regularization
scheme combined with the OPT method. This combination
improves upon earlier MSS implementations in the NJL
model, which relied solely on the LN limit, by systemati-
cally incorporating nonperturbative corrections via the OPT
method. Second, by introducing chiral imbalance effects
alongside the OPT-MSS framework, we significantly
extend the model’s applicability to realistic systems, such
as dense matter under chiral asymmetry. Third, we dem-
onstrate the need to improve the standard implementation
of the OPT method for dense systems, which implies the
addition of a novel second variational parameter. This
modification of the original prescription (e.g., adopted in
Ref. [9]) is fundamental for the proper description of the
system at high densities.

The remainder of the paper is organized as follows. In
Sec. II, we present the basic structure of the SU(2) NJL
model within both LN and OPT to first nontrivial order,
followed by the details of the TRS and MSS regularizations
procedures. The numerical results are shown in Sec. III,
while our conclusions are presented in Sec. I'V.

II. THE CHIRALLY IMBALANCED NJL MODEL

In order to explore the thermodynamics of the NJL
model at finite densities and temperatures, and analyze how
its phase structure is influenced by the presence of a chiral
imbalance between left- and right-handed quarks, let us
consider the following SU(2) Lagrangian density (written
in natural units)

L =(ig = m)y + Gl(py)* + (Fiysty)*],  (2.1)
where y represents a flavor isodoublet for u, d quarks, of
N -plet quark fields, and 7 are the Pauli matrices in the isospin
basis. In Eq. (2.1), m, represents the current quark mass
(m, =m, 1in the isospin symmetric regime), while
G represents the coupling constant for the scalar and pseu-
doscalar sectors, parametrizing the four-fermion interactions.

In the LN approximation, which is equivalent to the
mean-field approximation [9], one usually introduces
auxiliary bosonic fields ¢ and 7 through a Hubbard-
Stratonovich transformation. Then, a bosonized version
of the model can be written as

Lin = y(ig —m )y — (o + iyst- Ty
- G(o* + 7). (2.2)
To implement the OPT within the NJL. model, one can
adopt the procedure outlined in Refs. [72-74], which
consists of interpolating the original four-fermion inter-
action using a fictitious bookkeeping expansion parameter,
0. Following this approach, the deformed Lagrangian
density of the NJL model, expressed in terms of the
auxiliary fields, becomes

Lopr = wlig —m, —6(c +iyst - 7) — (1 = 6)nlw

- 8G(c® + 7). (2.3)
Note that the original bosonized Lagrangian density is
recovered by setting = 1 in the above expression. Here,
n is an arbitrary mass parameter, which will later be fixed at
some optimal value, 7. In Ref. [75] it was shown that # can
be extended to account for arbitrary mass parameters in the

pseudoscalar direction, through the redefinition n — 5 +

iyst-f so as to preserve the underlying symmetries.
However, from the thermodynamic potential, the physically
relevant fluctuations are in the scalar direction, since only
the scalar field ¢ develops a nonzero vacuum expectation
value. This choice reflects the spontaneous breaking of
chiral symmetry along the scalar channel, while the vacuum
expectation values of the pseudoscalar fields, z;, vanish.
Consistently, within the OPT framework, this implies

-

pi =0 [75]. More details on the procedure to determine
n will be provided below.

At finite temperature 7', quark chemical potential y, and
chiral chemical potential y5, the thermodynamics can be
studied from the partition function in the grand canonical
ensemble,

2T ) = [ aplidlexp [ [\

0

X | @x(L+purow + ‘Z’ﬂs?’o?’s‘//)] . (24)

where u = diag(p,,p,) represents the quark chemical
potential, which relates to the baryon chemical potential
as y = pug/3 in the isospin symmetric limit. At the same
time, us represents the pseudochemical potential related to
the imbalance between left- and right-handed quarks. In the
OPT implementation for this model, it is convenient to also
introduce an additional variational parameter £, through the
replacement p — u + (1 — §)¢, analogous to the replace-
ment made for the current mass, m, - m.+ (1 —38)n
when writing the interpolated Lagrangian density given
in Eq. (2.3). The inclusion of this additional variational
parameter turns out to be fundamental in order to ensure
that the optimized results converge correctly at high
densities, as we shall further discuss when presenting
our numerical results. By employing the corresponding
Lagrangian density in the partition function and following
Ref. [9], one can write the free energy density at order & as

(M_mc)2 ~
T—Nchll(T,ﬂ,Ms)

+ 5Nch(77 + mc)('] -M+ mc)IZ(Twaqu)
+ 0NN LI5(T, i, ps) + SGN N I5(T, fi, pis)

Forr =

1 ~
_EéGNch(n+mc)ZI%(Tvaﬂ5)v (25)
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with the definitions

d3
I (T i ps) = / [E, + TIn(1 + e~ EA/T)
s==+1

+Tmu+e*fW”m (2.6)
Iy(T. i, ps) = SZ,I (Czil))aé <1 TSI L1
_ e(EM)l/T - 1), (2.7)
(T, ji,ps) = Z/ d3p3< 1
= (27;) ( T 11
- m) 2.8)

where i =p+ ¢ and M =6 + m. (with (6) =5). The
dispersion relation is

Ep = /(| + sus)? + (1 + )2,

It is important to note that even at this first nontrivial
order, the OPT introduces finite N corrections. This can be
easily understood by recalling that, within the LN approxi-
mation, the coupling G is of order N !, so that the last two
terms in Eq. (2.5) are of order N?, while all others are of
order N.. In this context, the density dependent1 term
OGN fNCI§ is of particular importance. As noted in
Refs. [76,77] this two loop contribution is similar to the
term GyNgN715 = Gyn® that appears in mean field eval-
uations performed within the NJL model when a repulsive
channel, parametrized by Gy, is considered [see Ref. [78]
for more details on the effects of exchange (Fock) type of
terms]. At the same time, it is a well-established fact that
the presence of repulsive vector contributions tends to
stiffen the EoS while rendering the phase transitions less
abrupt [79,80]. Therefore, since here Gy =0, we may
expect that the OPT will predict smoother phase transition
patterns and stiffer EoS than the LN approximation.

For completeness, let us also quote the standard LN
(or meanfield) result [78,81]

(2.9)

(M — mc)2
4G

where I, (T, u, us) for LN can be obtained from 7, (7, ji, ys)
in OPT expression by replacing (7 + m,) - M and { — 0.
Since in this work we are mainly concerned with cold and
dense matter, it is useful to take the 7 — 0 limit in all of the
thermal integrals above. For I, I,, and I3 this yields the
following explicit results depending on the chemical potential,

Fin= = NN (T, . pis), (2.10)

'Note that I3 = 0 for i = 0.

]l(T: 05/"’”5) _II(T: 07” :O’MS)

=) L PG+ m? - 4]

(Vi = (n+m.)* +p)
<’ |

(n+m)?

10
+ 3 ul? = 0 me PR =282 = (4 me)?
+ 8ups /1 = (n + mc)z},

=0,u=0,pus)

(2.11)

(T = 0,p,ps5) — (T

unm
= )uﬂ—n+m)

N [ﬂz ~ (n+mc)2] ln[ mmz} }

’ 2 (n+m)?
(2.12)
and
Ouy—n—m,
(T =0,p,ps) = (w 377][2 ) /42_(77+mc)2
<= m P+ 3. (213)

A. The optimal variational parameters 7j and ¢

Under the assumptions made above, the variational
criterion involves two parameters with canonical dimension
of energy, # and {. Once the free energy density F is
computed up to a given order k in the OPT expansion, the
remaining dependencies on 7 and ¢ are fixed through an
optimization prescription, such as the principle of minimal
sensitivity (PMS) [73,74,82,83],

k k
dFon|  _ dF oo

Z~ oprT =0,
dn s g |s—

(2.14)

which are adopted here. Beyond its inherent simplicity and
the possibility to yield results beyond the mean field, a key
advantage of employing the () approximation lies in the
analytical derivation of the equations for the optimal
parameters 77 and { in terms of the previously defined
integrals I, and /5, which gives2

{;7 - (M -m.)-G(n+ mc)l2(T’ﬁ’/’t5)} )n:ﬁé—i =0,

(2.15)
and

*We have neglected solutions that are independent of the coupling
since these may be considered nonphysical, apart from not re-
producing the LN result when N, — oo (see Ref. [9] for details).
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c+26nrapm)| =0 @16

n=i.{=¢

Notice that in a typical LN evaluation, one considers G to
be of order N7, such that in the limit N, — oo, one obtains
i=M-—m, and { =0. By substituting these optimal
values into Eq. (2.5), one exactly retrieves the standard
LN result, which is a reassuring result as far as the
optimization procedure is concerned.

Let us recall that the constituent quark mass M, in each
method, is obtained by minimizing the corresponding
thermodynamic potential, % =0, resulting in the gap
equation,

M = me +2GNfNCM12<T,/7,ﬂ5), (217)
where, for convenience, we define M =17+ m,. The
corresponding equation for LN is obtained by replacing
M — M and ji — u. Then, using Eq. (2.17) together with
Eq. (2.15) allows us to write the following self-consistent
equation for the OPT effective mass

M:mc+2GNfNCM<1+ >12(T,/7,,u5), (2.18)

2NN,

where ji = u + ¢ can be written as a second self-consistent
relation. In this case, the OPT effective chemical potential
reads

ﬁ:/’t_2G13(T’ﬁvﬂ5)' (219)
Notice that by replacing G — N NGy in Eq. (2.19), one
gets an effective chemical potential that is very similar to the
one considered in mean field evaluations of the NJL model
extended with a repulsive vector channel [81]. Once again,
this demonstrates that even if one considers Gy, = 0, as we
do here, the presence of exchange terms can radiatively
generate vector contributions that are N suppressed [78].
Finally, concerning the OPT free energy, let us point out that
I, relates to the scalar condensate (y), while 5 relates to
the vector condensate n = (w ). Therefore, the OPT and
LN free energies display physically distinct structures since
the latter depends solely on (py) [76,77].

B. Regularization procedure

A critical aspect of nonrenormalizable models concerns
the regularization procedure that is typically implemented by
introducing a sharp cutoff A. This UV regulator is then
considered to represent a parameter whose numerical value
can be phenomenologically fitted from physical observables.
It defines the upper energy scale at which most model
predictions can be trusted. The naive introduction of a UV
cutoff in the divergent momentum integrals 7, (7, ji, us) and
1(T. 1. ps) like

3 3
J Ny XV
(2n)’E, (2n)*E,
is referred to as the TRS, with the superscript A denoting a
three-dimensional momentum cutoff. Here, we compare
these results with the MSS approach, which applies the
regularization exclusively to the vacuum terms. This pro-
cedure, first applied in color superconductivity studies [10]
and widely used in the description of the QCD phase
diagram in different contexts [11,12,14,15,69,84], ensures
that vacuum and medium effects (coming from terms with
dependencies on T, u, us, etc.) are properly separated from
the divergent integrals prior to regularization.
For example, within the MSS, the divergent integral
I,(T, ji, us) appearing in the gap and PMS equations is
replaced by (see [11] for further details)

Y ELRE RIS

s==£1

+ [245 = (n+ me)* + MG og(Mo)
243+ (n+me)* = Mg

167>
+ ('7+mc)2 _Zﬂg IOg (’7+mc)2
1677 MG '

(2.21)

with My = M(T =0,u = 0,us = 0) being the vacuum
mass (in the LN limit, My - M,). In Eq. (2.21), the
functions 74y,q(My) and I,,o(M,) are given in terms of
divergent integrals that are expressed solely in terms of
vacuum quantities, namely M,

M) =5 [ 80 (222)
w2 ) @) P M '
0
Ilog(MO) = _quuad(MO>' (223)
0
Consequently, /; can then be expressed as
S [ &L, =2 mo{ M)
2 @ S
n+m.)’
+ |:2ﬂ§ - % + M(2):| Ilog(MO)
_ 3(’7 + mc)2 — 4"/\/1(2)
647°
+ (’7 + mc)2 - 4/‘% 10g |:<’7 + mc)2:| }
327° MG
(2.24)

The model parameters, represented by the current
quark mass m,, the scalar coupling constant G, and
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TABLE I. Parameter sets for the LN and OPT approximations
considered in this work. The parameters G and m,. are fitted using
A as an input to reproduce m, = 135 MeV and f, = 94.2 MeV.

The mass parameters, A and —(gq)'/? are given in units of MeV.
Model A (input) GA? m, M, —(gq)'?
OPT 635.0 1.99 5.1 299.8 246.2
LN 640.0 2.14 5.2 321.1 247.2

the three-dimensional cutoff A, are generally fixed to
reproduce the empirical values of the pion decay constant
fx» the pion mass m,, and the quark condensate (gq). In this
work, we take A as input and determine the values of m,. and
G that reproduce [, = 92.4 MeV and m, = 135 MeV. The
parameter values considered in our numerical analysis are
presented in Table 1.

III. NUMERICAL RESULTS

In this section, we present the numerical results for the
order parameters, thermodynamic quantities, and phase
diagram, comparing the LN and OPT approaches.

It is instructive to begin the analysis with the zero baryon
density case. The left panel of Fig. 1 shows the results for
the effective quark mass M as a function of the chiral
chemical potential u5 at zero temperature for both LN and
OPT cases when considering the TRS regularization pro-
cedure, while the right panel shows the results when
considering the MSS case. The normalization M, is the
value of M =6+ m, at T =pu = pus =0, (and also the
scale for MSS). One can observe that in both LN and OPT
approaches, the use of TRS leads to an initial increase in M
with s, followed by a decrease at us = 0.42 GeV. In
contrast, when the MSS is employed, both methods exhibit
a monotonic increase in the effective quark mass, which is a
behavior that is in accordance with previous studies com-
paring TRS and MSS within the mean field approach [11].

The phase diagrams in the pseudocritical temperature
(T,) versus ps plane are shown in both panels of Fig. 2 for
both the LN and OPT approximations. The results obtained
with MSS (right panel) are consistent with lattice QCD
simulations at finite us [43], as well as with theoretical
model predictions that properly implement the regulariza-
tion of divergent integrals [11,69]. In this case, there is no
critical endpoint, and the pseudocritical temperature for
chiral symmetry restoration increases monotonically with
Us, in contrast to the TRS result (left panel), which exhibits
the opposite qualitative behavior. For completeness, let us
point out that there is almost no difference in the T',. X us
diagram for the TRS with OPT and LN; while within the
MSS scheme, the pseudocritical temperature values for

*Recall that when considering the case of finite quark masses
(m. # 0), as we do here, one observes a crossover taking place at
a pseudocritical temperature, T .

— OPT 1.04] — oPT
1454 — LN — LN
1.03
= 1.10 b
5 5 1.02
= =
1.05
1.01
1.00 r 1.00
00 01 02 03 04 05 06 00 01 02 03 04 05 06
15 [GeV] 15 [GeV]
FIG. 1. Effective quark mass M normalized by its value in the

vacuum, M, as a function of the chiral chemical potential us5 at
T = u = 0. The left panel shows the results for TRS, while the
right panel shows the MSS predictions. In both panels, dark and
light curves correspond to OPT and LN results, respectively.

g 01881 _
T 0.187 ’
0.16 \‘\ .
s 0.186 yd
— . — 7
= 014 . = 0185
o . O /
2 =, 0.184
2012 £
0.183
.
.
0.10 0.182 S
o
— OPT -, --- OPT
— IN 01811 _- CoIN
0.08 -
00 01 02 03 04 05 06 00 01 02 03 04 05 06
j15 [GeV] 15 [GeV]

FIG. 2. Phase diagrams on the T, X pus plane at u =0
comparing LN (light) and OPT (dark). The left panel shows
the results for TRS, while the right panel shows the MSS
predictions. The continuous lines represent first-order transitions
terminating at a critical endpoint, while dashed lines represent
crossover transitions.

OPT are higher in the range 5 < 0.35 GeV compared to
the LN values.

In the presence of a chiral imbalance, which may arise
due to topological fluctuations in the gluonic fields, the
topological susceptibility y,, becomes a relevant quantity
for analysis. In fact, it has been observed that the increase of
#s leads to a suppression of y,, at finite temperatures, as a
consequence of the fact that a chiral imbalance disfavors
topological configurations such as instantons, which are
responsible for the axial U(1) anomaly [59]. At zero
temperature, the topological susceptibility is defined as

Xtop :mc|<l/_n//>| (31)
Since y,p is proportional to the absolute value of the chiral
condensate, it is expected to increase with ps. Figure 3
illustrates this behavior for both LN and OPT within the
MSS approach. This qualitative behavior is consistent with
previous results from effective models [59] and lattice QCD
simulations [43,85]. Therefore, the expected behavior for
the topological susceptibility is obtained here only by the
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— OPT

1041 ¢
1.031
=3
>
~
5 1.021
P~
1.011
1.001
0.0 0.1 0.2 03 0.4 0.5 06

s [GeV]

FIG. 3. Normalized topological susceptibility yo,/xo as a func-
tion of the chiral chemical potential s at zero temperature and
baryon density, comparing LN (light) and OPT (dark) within the
MSS framework. Here yj, is the value of y,p at T = p = ps = 0.

MSS prescription, whereas the TRS does not give the
correct result.

A. Results at finite quark density and zero temperature

Here, we extend our analysis to finite densities. Since the
role of MSS is to obtain the correct behavior of the
thermodynamic quantities, we restrict ourselves to present-
ing only the results for MSS, performing comparisons
between the LN and OPT approaches.

Figure 4 shows the behavior for the effective quark mass
M normalized by its in-vacuum value M, as a function of
the quark chemical potential at zero temperature and for
different values of us. For zero chiral chemical potential,
the chiral phase transition exhibits different behaviors
depending on the approximation scheme: within the LN
approach, there is a weak first-order transition, whereas in
the OPT framework, a smooth crossover is observed in
accordance with our previous discussion. The smoothening
of the transition in the OPT approximation is also a result of
applying the MSS that, even in the zero p5 case, works to
separate implicit medium dependencies present through the
dependence on M = M(T, u, us).

At nonzero values of us, a first-order phase transition
associated with partial restoration of chiral symmetry is
observed in all the cases considered in this work, with the
discontinuity becoming more pronounced for higher values
of us. This enhancement of the first-order nature is more
evident within the LN approximation, which tends to
produce stronger phase transitions when compared to the
OPT. Furthermore, it may be observed that the chiral
chemical potential for the chiral transition decreases as
us increases. At a finite chiral chemical potential, e.g.,
us < 0.1 GeV, the LN approximation shows a second
discontinuity, which is not found in the OPT method. It
is relevant to note that the additional discontinuity in the
LN case tends to merge with the first one as we increase the
value of the chiral chemical potential.

j0] mEmms=sssscccaacoca-
0.9
0.81
0.7{ — OPT
< 06) LN
S 059 -+ 1;=0.0 GeV
04— 1;=0.1 GeV
== ;=03 GeV
0.31
0.21
0.1
0.01_, ‘
0.0 0.1

FIG. 4. Effective quark mass M normalized by its in vacuum
value, M), as a function of quark chemical potential for both LN
(light) and OPT (dark).

At this point, it is important to illustrate how the
additional variational parameter, ¢, preserves the stability
of the optimization process at high densities (x — A). The
result shown in Fig. 5 indicates that by following the
procedure originally outlined in Ref. [9], where { = 0, and
employing the parameter set discussed in Sec. II B, one
observes that around u ~ 0.5 GeV, the dynamical quark
mass begins to increase with u. Then, it reaches a maximum
value at 4 ~ A before diving into a region where M < 0.
This behavior is clearly nonphysical, as an increasing
density is expected to drive chiral symmetry restoration.
The result shown in Fig. 5 illustrates well how this problem
is effectively solved by including the second variational
parameter ¢, highlighting that the replacement u — u +
(1 =8)¢ in the partition function is crucial to accurately
describe the high-density regime within the OPT
framework.

From the free energy density, given by Eq. (2.5), all the
thermodynamic quantities follow. The pressure density is
P = —F (T, ug, us) and the energy density e is

€ =—P+Ts+ ugng + usns, (3.2)
where the entroi)y, baryon, and chiral densities are defined,
respectively, as

(3.3)

*Note that, as the OPT free energy density Eq. (2.5) also
depends on the variational parameters # and ¢, the defining
expressions for s,np, and ns explicitly also involve partial
derivatives of Fpr with respect to # and {. However, thermo-
dynamic consistency is nonetheless ensured since the PMS
conditions (2.14) automatically cancel these contributions. The
expressions for s,np, and ns then follow from the standard
thermodynamic relations.
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FIG. 5. Effective quark mass M normalized by the vacuum mass
M, as a function of y/A. The inclusion of ¢ assures that the OPT
effective mass behaves well as one approaches the highest possible
density values allowed by the model (1 — A = 0.635 GeV).

0P

ng=—, 34

=g (3.4)
oP

Ny = —. (3.5)
s

Note that the baryonic density is related to the density n by
ng = n/3. We also recall here that the chiral density is
divergent. Such divergence arises from zero-point fer-
mionic fluctuations, which acquire explicit dependence
on the chiral chemical potential us. Although this contri-
bution vanishes for massless fermions, it becomes loga-
rithmically divergent for massive ones, reflecting the
thermodynamically incompatibility between a finite value
of the chiral density and the absence of the chiral symmetry
for massive fermions [59]. Therefore, in the presentation of
all our numerical results, we have subtracted this diver-
gent term.

In Fig. 6, we show the baryon density ng normalized by
the nuclear density 7, = 0.17 fm™ and as a function of .
We can also observe here the features of the first-order
transition discussed previously. The strongest discontinuity
is observed for ps = 0.3 GeV, where the baryon density
jumps from 0 to 24.5n, in both approximations, while the
jump is more pronounced in the LN than in the OPT case
for us = 0.1 GeV.

The results for the equation of state P x ¢ (EoS) are
shown in Fig. 7. In this figure we have defined Py =
—[F(T,up.pus) — F(0,0,us)] so that both pressure and
energy density are zero when u = 0. As anticipated, for
both us values considered, the respective EoS is noticeably
stiffer in the OPT approximation compared to the LN case,
throughout the entire range of u values considered. It
should also be noted that within a given approximation
scheme, the increase of y5 leads to a softening of the EoS.
Moreover, it is important to mention that the behavior

121

104

"B/ T
[

02 03 0.4 05 0.6
1 [GeV]

FIG. 6. Baryonic density np, normalized by the nuclear
saturation density ny = 0.17 fm~3, as a function of the quark
chemical potential, u, comparing the LN (light lines) and OPT
(dark lines) approaches.

4
€ [GeV/fm?|

FIG. 7. Equation of state, for both LN (light line) and OPT
(dark line).

observed for OPT in Ref. [9] is also attributed to the
absence of the second variational parameter ¢, as previously
discussed at the beginning of this section. In the absence of
¢ the results of Ref. [9] show that the OPT produces a very
stiff EoS at low densities, followed by a peaklike structure,
after which the stiffness was notably moderated, rendering
it softer than the LN curve for y 2 A. On the other hand,
with the replacement g — u + (1 — 8)¢, the OPT frame-
work now yields a stiffer EoS across all investigated density
regimes.

In Figs. 8 and 9 we show the results for the speed of
sound squared,

oP
2 N
ci=—, 3.6
=21 (3.6)
as a function of the normalized baryon density and the
chemical potential, respectively. For us = 0.3 GeV, it is
observed that in the transition region, ¢? jumps from zero
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FIG. 8. Speed of sound squared, as a function of baryonic
density, for different values of ps. Dark and light curves
correspond to OPT and LN results, respectively.
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FIG. 9. Speed of sound squared, as a function of quark
chemical potential, for different values of ps. Dark and light
curves correspond to OPT and LN results, respectively.

toward a value close to the conformal limit of 1/3. In
contrast, for us = 0.1 GeV, the first-order transition is
weaker, resulting in a smaller jump in ¢2. The increased
stiffness of the EoS within the OPT framework, compared
to the LN approximation, is also evident in the sound
velocity. For the two values of the chiral chemical potential
considered, the sound speed exceeds the conformal value
and does not appear to converge at asymptotically large
densities. In contrast, the LN converges rapidly to 1/3
immediately after the transition. Although the stiffness of
the EoS in the OPT at low-density regimes is adequate for
reproducing the high masses inferred from gravitational
wave observational data [86-88], the stiffness should
ideally be moderated at higher densities to yield smaller
radii, a behavior not observed in the current results.
Achieving such smaller radii would require the inclusion
of additional physical ingredients, which extend beyond the
scope of this work. For the reasons discussed in the
previous section, the OPT generates a stiffer EoS, which,

in turn, allows ¢? to reach values beyond the conformal
value at high u values, as the figure shows.

IV. CONCLUSIONS

In this work, we have employed the MSS procedure to
investigate the influence of a finite chiral chemical potential
on the QCD phase structure at finite densities and temper-
atures within the OPT framework applied to the two-flavor
NJL model. Our analysis focused on the behavior of
thermodynamic quantities and order parameters, compar-
ing results from the OPT and LN approximations.

At zero quark chemical potential, we revisited the basic
phase structure of the pseudocritical temperature as a
function of the chiral chemical potential, comparing the
LN and OPT approximations. In the TRS prescription, the
phase diagram is almost identical in both approximations,
with the pseudocritical temperature decreasing as a func-
tion of the chiral chemical potential until a critical endpoint,
which is followed by a first-order phase transition line. In
contrast, in the MSS regularization, both approximations
show an increase in the pseudocritical temperature as a
function of the chiral chemical potential—a result that is in
qualitative agreement with well-established results from the
LQCD and Dyson-Schwinger equations. In this case, the
OPT approximation predicts higher values for the pseu-
docritical temperature in the range us < 0.35 GeV com-
pared to LN. The LN and OPT results that were obtained
here using MSS regularization strongly disagree with the
findings of Ref. [70,71], which predict the ICC effect,
which can be attributed to a regularization artifact asso-
ciated with TRS-type prescriptions.

As expected, we have observed that the LN tends to
predict stronger first-order phase transitions compared to
the OPT for the range of us values considered. For
completeness, the physical reasons for such behavior have
been reviewed following Refs. [76,77]. At the same time,
we have found that the presence of a chiral chemical
potential enhances the first-order nature of the chiral phase
transition at zero temperature and lowers the quark chemi-
cal potential at which it occurs. Furthermore, we have
shown that the inclusion of the additional optimization
parameter ¢ in the OPT proves to be essential to prevent
nonphysical behavior at high densities.

Our results confirm that, also for chirally imbalanced
quark matter, the presence of two-loop (exchange) con-
tributions in the OPT free energy produce a stiff EoS, which
may have implications for the study of dense matter in
astrophysical contexts. Moreover, the observed sensitivity
of the phase structure to model parameters reinforces the
importance of a careful treatment of divergences in non-
renormalizable models.

Future investigations could include extensions to finite
temperature and/or the incorporation of vector and di-
quark couplings, providing a more realistic description of
extremely dense environments.
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