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We revisit the renormalization of models with two U(1) gauge symmetries, in a formulation with
noncanonical gauge kinetic terms which is covariant under field reparametrizations among the two gauge
bosons. This approach is convenient to study the appearance of kinetic mixing in scale evolution because a
couplingmatrix is attributed to the gauge kinetic terms.We obtain simpleMS renormalization group equations
up to two-loop, which can be solved to give effective millicharges at low energy which depend on the running
couplings and heavy mass scales of the model. This formulation allows one to construct “invariants” out of
running Lagrangian parameters, which are invariant under generic gauge field reparametrizations, including
rescalings, and which can be related directly to observables such as the millicharge.
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I. INTRODUCTION

In the presence of more than one U(1) gauge symmetry,
the gauge bosons can mix in propagation. This is com-
monly parametrized as a noncanonical kinetic term

L ⊃ −
ε

2
FμνVμν; ð1:1Þ

whereFμν andVμν are the field strength tensors of twoU(1)s,
and ε can be induced in renormalization group running by
vacuum polarization diagrams involving heavy particles
charged under bothU(1)s (see Fig. 2). As discussed byOkun
[1] and Holdom [2] long ago, this “kinetic mixing” can be
reparametrized into “millicharges” for the light particles in
the model. This setup is a popular example of light new
physics scenarios, which is constrained by many experi-
mental searches [3–11], and whose astrophysical, exper-
imental, and cosmological consequences have been
reviewed in several studies [12–16]. Extra light U(1)s can
impersonate diverse scenarios: they could be the harbinger
of a mirror universe [17,18], constitute cold dark matter if
massive and produced like axions during inflation [19] or via
the misalignement mechanism [20,21], and could modify
thunderstorms [22].
This project has two aims: first, to renormalize a toy

model with two U(1) gauge symmetries, in order to

understand how kinetic mixing fits into renormalization,
and address some naive confusions about the identity of
kinetic mixing (Is it a finite model prediction? A running
parameter?) and the behavior of the couplings (Do they mix
as they run? Do the charges run?). The second aim was to
construct invariants (à la Jarlskog) that correspond to
physical observables, irrespective of the parametrization
chosen in the Lagrangian.
The renormalization1 of models with two U(1)s has been

studied carefully [26–28] for a Lagrangian with canonical
kinetic terms. Reference [26] obtained renormalization
group equations (RGEs) at one loop and two loops for a
triangular matrix of U(1) gauge couplings. The subtraction
of divergences was discussed in [27,28], where it was
observed that there are more divergences than U(1)s. It was
nonetheless shown in [28], that if one refrains from
introducing off-diagonal kinetic counterterms because the
tree-level kinetic terms are diagonal, the S-matrix elements
are still renormalisable. Luo and Xiao [29,30] included
noncanonical kinetic terms in multi-U(1) models, and
generalized the two-loop RGEs of Machacek and
Vaughn [31–33] with these terms. This generalization is
discussed in more detail in [34], where canonical kinetic
terms are preferred, so the kinetic mixing is included in the
RGEs via a matrix of couplings as in [26,27]. Poole and
Thomsen [35] included the gauge couplings in the kinetic
terms for generic gauge groups, and obtained gauge β
functions to three-loop order by using formal relations
between gauge, Yukawa, and quartic couplings; kinetic
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1The impact of finite kinetic mixing has also been discussed
for two [23] and three U(1)s [24] (see also Ref. [25], and
references therein, for an application to supersymmetric grand
unified theories).
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mixing among U(1)s is discussed in their Appendix A. (The
four-loop coefficients in the Poole and Thomsen para-
metrization were obtained in [36,37].) These results have
been included in public codes such as PyR@TE [38,39] and
RGBeta [40].
We focus on obtaining and solving RGEs because we are

interested in renormalization as scale evolution. Since field
reparametrizations are widely used to modify the form of
the Lagrangian, we aim for a formulation which we call
“covariant,” meaning the expressions remain valid under
rotations and rescalings among the two U(1) gauge fields.
Such a covariant formulation allows one to obtain observ-
ables expressed in terms of “invariants.” The Lagrangian
will be constructed with noncanonical kinetic terms, that is,
with a coupling matrix containing the ðgauge couplingÞ−2
multiplying the kinetic terms. This is appropriate because
the physics of interest is the appearance of kinetic mixing
during scale evolution, and because this formulation is
intrinsically covariant under field reparametrizations.
Attributing a gauge coupling matrix to the kinetic terms
gives a clean separation between the running gauge
couplings, which appear in the gauge kinetic terms, and
the conserved charges of matter particles, which appear in
the covariant derivative. In this respect, our Lagrangian
differs from that of Luo and Xiao [29], where the gauge
couplings stay in the covariant derivatives and noncanoni-
cal kinetic terms are added.
We obtain an invariant for kinetic mixing, constructed

from Lagrangian parameters and invariant under gauge
field reparametrizations. It corresponds to the coupling
combinations entering S-matrix elements and is expressed
in terms of running (MS) parmeters evaluated at the
experimental scale. We give a covariant formulation for
the renormalization group equations (RGEs), which are
linear at one loop where the solution is two independent
running couplings. The third parameter of the kinetic
matrix, an angle, is scale independent at one loop, and
runs at two loops. We also obtain (in Appendix B) the
RGEs for invariants formulated in terms of invariants.
Section II presents various forms of the Lagrangian,

discusses the field reparametrizations which make them
equivalent, and introduces an “invariant” for kinetic mix-
ing. The MS renormalization, and the RGEs up to two
loops are reviewed in Sec. III, in a formulation that is
covariant under (scale-independent) field reparametriza-
tions. The RGEs are solved bottom up and top down in
Sec. IV, which allows us to check that the invariant of
Sec. II corresponds to the effective millicharge. We discuss
and summarize in Secs. V and VI.

II. NOTATION AND FIELD
REPARAMETRIZATIONS

The Lagrangian of a model with two U(1) gauge
symmetries can be formulated in various ways. We prefer
Lagrangians with noncanonical kinetic terms because

kinetic mixing is an interesting aspect of such models,
and because renormalizing the kinetic matrix is simpler
than renormalizing the couplings. This sections starts by
recalling field reparametrizations and how they motivate
invariants in Sec. II A, discuss Lagrangians for two U(1)s in
Sec. II B, and presents the kinetic mixing invariant in
Sec. II C.

A. Symmetries, reparametrizations, and basis choices

Symmetries and field redefinitions can be defined in the
context of the path integral. We restrict our discussion to the
Lagrangian, on the glib assumption that modifications to
the path integral measure (resulting from field redefini-
tions) are cancelled out of S-matrix elements by dividing by
the vacuum-to-vacuum transition amplitude.
A symmetry is a transformation of the fields and/or

coordinates, under which the Lagrangian remains
unchanged—for instance, a global phase rotation of the
scalar field in ϕ4 theory. Global symmetries have associated
conserved currents,2 which give quantities that are con-
served by the dynamics following from the equations of
motion. In perturbative quantum field theory, the sym-
metries of an interaction term (e.g., phase rotations of
charged particles) are transferred to the Feynman rules, and
states can be labeled by the eigenvalues of the generators of
the symmetries (e.g., the charge).
Reparametrizations are redefinitions of the fields where

the Lagrangian parameters change in compensation, but
observables are invariant. In the path integral, the fields are
integration variables, so can be redefined provided that the
integrand remains the same. This is the quantum field
theory version of variable changes in usual integration,
such as

Z
dA expf−KA2 þ vAg ¼

Z
dÃffiffiffiffi
K

p exp

�
−Ã2 þ vffiffiffiffi

K
p Ã

�
;

Ã ¼
ffiffiffiffi
K

p
A.

So in the words of Weinberg (Chapter 7.7 of Ref. [41]),
such field redefinitions are associated to redundant
Lagrangian parameters. Field reparametrizations have been
discussed in the context of EFT [42], and are regularly used
to make the kinetic terms canonical in Lagrangians [see
e.g., Refs. [23,43] for finite reparametrizations in multi-U
(1) models].
For some Lagrangians with canonical kinetic terms,

there remain unitary transformations on the fields and
parameters, under which the Lagrangian and the

2Obtaining conserved currents is very similar to obtaining
Lagrangian equations of motion (EoM), just that for the EoM, a
total divergence is dropped because the field variation vanishes at
∞. Whereas in the case of a symmetry, the Lagrangian is invariant
under the field variation, which does not vanish at∞, so the total
divergence must vanish.
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observables are invariant—for instance, rotations in quark
flavor space in the Standard Model. In these cases, one
must choose a basis to calculate, but it can be convenient to
construct “basis-independent” “invariants” out of the
Lagrangian parameters. This has been performed for
various models [44–46]; a well-known example is the
Jarlskog invariant [47,48] (see Ref. [49] for a detailed
construction of such CP-sensitive invariants).
The “invariants” obtained here differ from previous

constructions, in that they are invariant under arbitrary
gauge field redefinitions, rather than just under the residual
rotations consistent with canonical kinetic terms. This is a
simple generalization because invariants can be associated
to diagrams, and propagators have coupling constants when
the kinetic terms are noncanonical. It is warranted for this
model because kinetic mixing is a noncanonical kinetic
term, and the various formulations of the model differ by
rescalings as well as rotations among the gauge fields.

B. Lagrangians with two U(1) gauge symmetries

This section discusses different versions of the
Lagrangian for our model. They differ by field reparamet-
rizations, so should give equivalent S-matrix elements. Our
aim is to study the renormalization of the model, for which
we need the bare Lagrangian, but it is convenient to first
choose the parametrization of the fields, because it affects
the Z-factors.
The Lagrangians describe a toy model containing Dirac

fermions with two U(1) gauge symmetries. However, the
U(1) of the Standard Model (SM) is chiral hypercharge, so
a more realistic model (see e.g., Ref. [50]) would be subject
to anomaly cancellation conditions and would have differ-
ent numerical factors. We envisage that these differences
have little impact on our aims.
To fix notation we will consider the gauge bosons of two

U(1)s assembled into a vector

A⃗μ ¼ ðAμ; VμÞ:

Both are massless for most of our discussion (masses are
discussed for instance in [51]). A Lagrangian can be written
for an arbitrary parametrization of the gauge bosons (who
therefore wear primes) as

Lnc ¼ −
1

4
ðFμν0Vμν0 Þ

�
K11 K12

K12 K22

��
F0
μν

V 0
μν

�

þ
X
f

f̄ðiD0 −mfÞf þ Lgf þ Lneglect; ð2:1Þ

where the gauge bosons interact with fermions f via the
covariant derivative

Dμ0 ¼ ∂
μ þ iv⃗0 · A⃗μ0 ; ð2:2Þ

with v⃗0 · A⃗0 ¼ Q0
fA

μ0 þ Y 0
fV

μ0 , so there are no gauge cou-
plings in the covariant derivative.3 The “noncanonical” (nc)
gauge kinetic terms can be written more compactly as
− 1

4
F⃗μν0 ½K�F⃗0

μν, where Hermiticity and positivity imply that
[K] is a real symmetric positive definite matrix.
The fermions ffg will later be divided into ηjs of mass

mj which are charged under both U(1)s, SM ψs which
interact principally with Aμ, and shadow χs which interact
principally with the shadow photon Vμ. The terms in
Lneglect which we neglect are sketched in Appendix A.
For the gauge-fixing term we choose Lgf ¼

− 1
2
∂μA⃗

μ½Ξ�∂νA⃗ν, where [Ξ] is real and symmetric. In the
following we will choose ½Ξ� ¼ ½K� for the renormalized
Lagrangian, which corresponds to the Feynman gauge for
multiple U(1)s and our choice of the kinetic term. This is
peculiar because [K] renormalizes and [Ξ] does not;
however, the same peculiarity arises in Feynman gauge
with canonical kinetic terms, where ξ ¼ 1 is not preserved
by the renormalization group equations. Yet this is incon-
sequential for all on-shell matrix elements and for the
running or [K] and mf, as those are all independent of [Ξ].
This gauge-fixing choice is symmetric in U(1) space, so

suitable for massless bosons. This can be compared to
Ref. [28], which gives a detailed discussion of gauge-fixing
two U(1)s (in the canonical Lagrangian formalism) where
the second U(1) is massive, with distinct gauge choices for
the two U(1)s. We envisage that a gauge boson mass mV
can be neglected in the scale evolution of the model at
scales above mV , so our results should apply, but that at the
scale mV , the massless model should be matched onto a
massive one, where a different gauge-fixing scheme could
be chosen.
We find the above normalization of the gauge kinetic

term advantageous when discussing the renormalization of
the theory: The U(1) Ward identities guarantee that v⃗0f, A⃗,
and [Ξ] do not renormalize, so only [K] and the fermion
masses mf run.
The form of the Lagrangian can be changed by gauge

fields reparametrizations, without affecting observables.
Since renormalization will be discussed in Sec. III, it is
useful to distinguish whether these gauge field transforma-
tions depend, or not, on the renormalization scale μ.
Consider first the case of μ-independent changes to Lnc,

which will later serve to simplify the initial conditions
of the RGEs of this Lagrangian. At any fixed scale, the
kinetic matrix [K] can be diagonalized with an orthogonal
rotation OK:

OK½K�OT
K ¼ ½DK�;

3This differs from the Lagrangian of [29], where there are
gauge couplings in the covariant derivatives and noncanonical
kinetic terms.
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where the eigenvalues 1=e2 and 1=g2 of [K] correspond to
the gauge couplings when the charges are defined as
ðQf; ỸfÞ ¼ ðQ0

f; Y
0
fÞOT

K . A further reparametrization of
the gauge fields allows one to equate the eigenvalues of
the kinetic terms (at tree level, or at some fixed scale
in the renormalized theory): we redefine Vμ → e

g V
μ, so that

Ỹf → Yf ¼ g
e Ỹf and the diagonal kinetic matrix becomes

½DK� ¼
"

1
e2 0

0 1
g2

#
; g2 ¼ e2 ð2:3Þ

which is then invariant under O(2) rotations in the space of
the two U(1)s. So imposing diagonal kinetic terms is not a
basis choice for massless gauge fields. The charge vectors
corresponding to this kinetic matrix are

v⃗f ¼
�
Qf

Yf

�
¼
"
1 0

0 g
e

#
½OK�

�Q0
f

Y 0
f

�
: ð2:4Þ

Consider now renormalization-scale-dependent gauge
field redefinitions, which allow to change the form of
the Lagrangian. An interesting transformation is to diag-
onalize [K] at all scales, and absorb the eigenvalues of DK
into the gauge fields,

A⃗ν
canðμÞ ¼ ½D1=2

K �ðμÞOKðμÞA⃗ν0 ; ð2:5Þ

where, exceptionally, the μ dependence is given explicitly.
This field reparametrization induces a canonical kinetic
term in the Lagrangian at all scales,

Lcan ¼ −
1

4
F⃗μν
canF⃗can;μν þ

X
f

f̄ðiDcan −mfÞf; ð2:6Þ

where the covariant derivatives now contain the couplings,
Dμ

can ¼ ∂
μ þ iu⃗f · A⃗

μ
can, with u⃗f ¼ ðQfe; ỸfgÞ.

Another common formulation for a Lagrangian with two
U(1)s, is to add Eq. (1.1) to a Lagrangian with canonical
kinetic terms, where the matter particles fψg interact with
Aμ, and the fχg interact with Vμ:

Lother ¼ −
1

4
FμνFμν −

1

4
VμνVμν −

ε

2
VμνFμν

þ
X
ψ

ψ̄ði∂ − eQψ=AÞψ þ
X
χ

χ̄ði∂ − eYχVÞχ:

ð2:7Þ

By making a field reparametrization, such a Lagrangian can
be transformed into either of the more general Lagrangians
given in Eqs. (2.1) and (2.6). The parameters of the various
Lagrangians can be compared using the invariants dis-
cussed in Sec. II C.

Finally, we give our conventions for the relative nor-
malization of couplings and charges. The gauge couplings
parametrize the relative importance of interactions vs
propagation for the gauge fields, whereas charges are
required for ≥ 2 matter particles, to modulate the relative
strength of their gauge interactions. These two roles are
clearly separated in the noncanonical Lagrangian of
Eq. (2.1), but the relative normalization can be changed
(Q → xQ, e → e=x) by a field definition Aμ → Aμ=x. We
often address this redundancy by choosing e ¼ g and
Qτ ¼ −1 at some scale.

C. A kinetic mixing invariant

In this section, we construct an invariant for kinetic
mixing, which corresponds to fermion scattering, and is
unchanged under generic gauge field redefinitions includ-
ing rescalings. An invariant for a process with external
gauge bosons is sketched in Appendix C. Invariants for
nonrenormalizable interactions such as the Lamb shift
could also be considered.
To construct an invariant associated to Fig. 1, requires

the noncanonical gauge boson propagator. After sub-
tracting total derivatives from the quadratic gauge boson
terms in Lnc [Eq. (2.1)] and inverting, the propagator is

−i½K�−1
�
gμν

q2
−
qμqν

q4

�
− i½Ξ�−1q

μqν

q4
→−i½K�−1g

μν

q2
; ð2:8Þ

where the Feynman gauge choice of ½Ξ� ¼ ½K� is imple-
mented after the arrow. So the invariant corresponding to
tree scattering amplitudes between particles f1 and f2 (see
Fig. 1) is

If1f2 ¼ v⃗f1 · ½K−1� · v⃗f2 ¼ u⃗f1 · u⃗f2; ð2:9Þ

where v⃗f are the charge vectors of Eq. (2.4) and the
ðcoupling constantÞ2 are contained in ½K�−1. The second
expression for the invariant is constructed from the
Lagrangian with canonical kinetic terms; it is less useful
than the first expression because it is not explicitly invariant
under the field redefinitions that transform between the
Lagrangians of Eqs. (2.1), (2.6), and (2.7).

FIG. 1. Tree-level scattering between fermions f1 and f2 in a 2
U(1) model parametrized by the Lagrangian with noncanonical
kinetic terms of Eq. (2.1). This diagram corresponds to the
invariant of Eq. (2.9).
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Focusing on a single shadow fermion χ, the inner
products of Eq. (2.9) can be combined to obtain a ratio
of invariants corresponding to the kinetic mixing or
“millicharge,”

Iε ≡ v⃗χ · ½K−1� · v⃗ψ
v⃗ψ · ½K−1� · v⃗ψ

; ð2:10Þ

where ψ is a SM fermion. Iε is invariant under generic
gauge field reparametrizations, so can be used to compare
the parameters of Lagrangians written in different bases and
with different field normalizations. In a Lagrangian with
canonical kinetic terms, this invariant corresponds to the
“millicharge” of shadow particle χ normalized to the SM
charge of ψ

Iε ¼
Qχ

Qψ

				
can

;

where the SM fermions ψ interact exclusively with Aμ, and
the shadow χs interact principally with the second U(1). In
the Lagrangian with noncanonical kinetic terms of
Eq. (2.7), Iε ¼ −ε Yχg

Qψe
jother.

III. RENORMALIZATION

We are interested in renormalization as scale evolution,
so this section gives the RGEs for our model up to two
loops. We use dimensional regularization, and renormalize
in MS, so will later implement our RGEs in effective field
theory in order to resum the correct logarithms [52]. The
RGEs for the kinetic matrix [K] are covariant in U(1) space
and linear at one loop, so we will renormalize the
noncanonical Lagrangian of Eqs. (2.1) and (2.3). The
results given here agree with [29,35,53].

A. The bare Lagrangian

In dimensional regularization, the bare Lagrangian in
4 − 2ϵ spacetime dimensions is

L0 ¼ −
1

4
F⃗μν½K0�F⃗μν þ

X
f

f̄0ðiD −mf;0Þf0

−
1

2
∂μA⃗

μ½Ξ0�∂νA⃗ν; ð3:1Þ

where the bare fields and parameters can depend on the
regulator ϵ but should not depend on the scale μ. This
Lagrangian can be reexpressed in terms of Z factors and
running parameters as

L0 ¼ −
1

4
μ−2ϵ̂F⃗μν½ZK�T ½K�½ZK�F⃗μν −

1

2
∂μA⃗

μ½Ξ�∂νA⃗ν

þ
X
f

Zff̄ðiD − Zm;fmfÞf; ð3:2Þ

where Dμ ¼ ∂
μ þ iv⃗ · A⃗, and the running parameters have

the mass dimension expected in four dimensions and can be
related to observations. The Zs contain the counterterms,
which in MS can be expanded as a Laurent series in 1=ϵ̂:

Z ¼ 1þ 1

ϵ̂
Zð1Þ þ 1

ϵ̂2
Zð2Þ þ � � � ; ð3:3Þ

where

1

ϵ̂
≡
�
1

ϵ
− γ þ ln 4π

�
: ð3:4Þ

The ½ZK� matrices will be given in Eqs. (3.6) and (3.7).
Several comments are in order about the Lagrangian (3.2).
Firstly, the gauge fields do not renormalize [54] and have

mass-dimension one. This occurs because the vacuum
polarization diagrams renormalize the kinetic matrix [K]
rather than the gauge fields. The usual Ward identities, such
as Z1 ¼ Z2 in QED, are therefore more transparent. In
addition, since the Ward identities imply that the gauge
boson counterterms are transverse, this implies that [Ξ] is
not renormalized, ZΞ ¼ 1. As discussed after Eq. (2.1), we
take ½K� ¼ ½Ξ� which corresponds to Feynman gauge.
Secondly, the renormalization is multiplicative and ZK is

a matrix, in order to obtain ZK factors which are explicitly
covariant in U(1) space,

½ZK�T ½K�½ZK�¼
 
1þ1

ϵ̂

"
Zð1Þ
K;11 Zð1Þ

K;21

Zð1Þ
K;12 Zð1Þ

K;22

#
þ���

!�
K11 K12

K12 K22

�

×

 
1þ1

ϵ̂

"
Zð1Þ
K;11 Zð1Þ

K;12

Zð1Þ
K;21 Zð1Þ

K;22

#
þ���

!

≈ ½K�þ1

ϵ̂
½Zð1Þ

K �T ½K�þ1

ϵ̂
½K�½Zð1Þ

K �; ð3:5Þ

where [K] is symmetric and real, ½ZK� is not required to be
symmetric, and the þ � � � are terms higher order in 1=ϵ̂
which are neglected.
This covariant formalism for ½ZK� differs from the

common choice of writing a Z-factor for each element
of a matrix. A first difference is that ½ZK� has four matrix
elements to implement the three counterterms that could be
required for the symmetric [K]. We do not consider this to
be a problem because we later obtain a relation between
elements of ½ZK�. A second difference is that our formalism
allows a counterterm for K12, even if [K] is diagonal. We
consider this acceptable because the rotation to diagonalize
[K] is μ dependent at ≥ 2 loops, meaning that the RGEs
regenerate an initially vanishing K12 (in conventions where
the charges are μ independent). However, Ref. [27]
attached importance to the number of counterterms, and
Ref. [28] showed that, in a model with a fermion, a
massless and a massive gauge boson, observables could
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be renormalized without introducing a counterterm for K12,
but with mixing between the gauge couplings.
The 1=ϵ̂ term of the ZK matrix will be required to obtain

the RGEs. It arises from vacuum polarization diagrams as
illustrated in Fig. 2. For canonical kinetic terms (and with
the gauge choice ξ ¼ 1), these diagrams are written as

−igμρ
q2

i½Πρσ�ðq2Þ−igσν
q2

;

where the amputated bubble i½Πρσ� is a matrix in the space
of the two U(1)s, commonly written as
iðq2gμν − qμqνÞ½Πðq2Þ�, and presented in many textbooks.
For the noncanonical Lagrangian, the coupling constants e2

and g2 are in the amputated external propagators [see
Eq. (2.8)], rather than in ½Πðq2Þ�. So for Dirac fermions at
one loop, using Eq. (3.5)

Zð1Þ
K j1 loop ¼ −

1

24π2
½K−1�

�X
f

v⃗fv⃗Tf

�
;

�X
f

v⃗fv⃗Tf

�
¼
" P

f Q
2
f

P
f QfYfP

f QfYf
P

f Y
2
f

#
; ð3:6Þ

where there is an additional factor of 1=2 in the one-loop
coefficient for chiral fermions.
The two-loop contribution to the matrix Zð1Þ

K is expected
to be numerically small compared to one loop (in our model
where kinetic mixing arises at one loop; models where
kinetic mixing first arises at higher order have been
considered [55]). However, it is formally interesting
because it has a different functional dependence on the
couplings. Two-loop effects have been calculated for
QED [56] (see also the summary in the three-loop calcu-
lation [57]), and we will include two-loop contributions to
the RGEs by generalizing the QED β function given
in [53]. For this, we only need the “covariants” [matrices
in the 2 U(1) space] corresponding to the two-loop
diagrams of Fig. 2. Since the amputated one-loop diagram
gave the matrix

P
f v⃗fv⃗

T
f , the two-loop QCD and U(1)

diagrams respectively give

Zð1Þ
K j2 loop ¼ bcg2s ½K−1�

�X
c

v⃗cv⃗Tc

�

þ bU1½K−1�
�X

f

ðv⃗f · ½K−1� · vf!Þv⃗fv⃗Tf
�
; ð3:7Þ

where bc and bU1 are numerical coefficents given at
Eq. (3.9), gs is the running coupling of QCD, and c
indexes colored fermions.

B. Renormalization group equations

This section derives the RGEs for the kinetic matrix [K]
(following the review [58]), from which RGEs for the
gauge couplings can be obtained.
The MS RGEs for [K] can be obtained by imposing that

the bare ½K0� of Eq. (3.1) is independent of the renorm-
alization scale μ:

0 ¼ μ
d
dμ

½K0� ¼ μ
d
dμ

ðμ−2ϵ̂½ZK�T ½K�½ZK�Þ;

where ZK is given in Eqs. (3.3) and (3.5). Below we use
μ d
dμ ¼ d

dt. Approximating Z−1
K ≈ I, this gives

2ϵ̂½K� ¼
�
d
dt

½ZT
K�
�
½K� þ d

dt
½K� þ ½K�

�
d
dt

½ZK�
�
;

where d
dt ½ZK� is an expansion of terms that diverge as 1=ϵ̂n

for n ≥ 1, and recall that the only scale dependence in ½ZK�
is via the couplings. Expanding the βK-matrix d

dt ½K� in
positive powers of ϵ̂, as ½βð0Þ� þ ϵ̂½βð1Þ� þ � � �, it is straight-
forward to show that the ½βðnÞ� vanish for n ≥ 2, that

½βð1Þ� ¼ 2½K�, and therefore that only d
dt ½Zð1Þ

K � is relevant

to determine the four-dimensional ½βð0ÞK �:

½βð0ÞK � ¼ −
�
d
dt

½Zð1Þ
K �T

�
½K� − ½K�

�
d
dt

½Zð1Þ
K �
�
: ð3:8Þ

Up to two loops, from Eqs. (3.6) and (3.7),

FIG. 2. The one-loop diagram and representative two-loop diagrams contributing to vacuum polarization in a 2 U(1) model containing
various fermions ffg. There are additional two-loop diagrams with the gauge boson vertices differently ordered on the fermion loop;
only colored fermions fc contribute in the QCD diagram.
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d
dt

½Zð1Þ
K � ¼

�
d
dt

½K−1�
��

−
1

24π2

�X
f

v⃗fv⃗Tf

�
þ bcg2s

�X
c

v⃗cv⃗Tc

�
þ bU1

�X
f

ðv⃗f · ½K−1� · vf!Þv⃗fv⃗Tf
��

þ bc

�
d
dt

g2s

�
½K−1�

�X
c

v⃗cv⃗Tc

�
þ bU1½K−1�

�X
f

�
v⃗f ·

�
d
dt

½K−1�
�
· vf
!
�
v⃗fv⃗Tf

�

so using d
dt ½K−1� ¼ −½K−1�ðddt ½K�Þ½K−1� and the substitution d

dt ½K� → ½βð1Þ� ¼ 2½K� inside d
dt ½Zð1Þ

K � gives

½βð0ÞK � ¼ −
�

1

6π2

�X
f

v⃗fv⃗Tf

�
− 8bcg2s

�X
c

v⃗cv⃗Tc

�
− 8bU1

�X
f

ðv⃗f · ½K−1� · vf!Þv⃗fv⃗Tf
��

:

For a single U(1), the one-loop term reduces to the QED result, so we extract bc and bU1 comparing to the two-loop QED
RGEs of [53]. This gives the β-matrix for two U(1)s, up to two loops, which should be applicable in any basis:

d
dt

½K� ¼ 2ϵ̂½K� − 1

6π2

" P
f Q

2
f

P
f QfYfP

f QfYf
P

f Y
2
f

#

−
αsðtÞ
6π3

" P
c Q

2
c

P
c QcYcP

c QcYc
P

c Y
2
c

#
−
X
f

vf
! · ½K−1� · v⃗f

32π4

"
Q2

f QfYf

QfYf Y2
f

#
; ð3:9Þ

where the last two terms arise at two loops, f indexes all the
fermions with masses below the scale of interest, αs is the
strong coupling, and c are colored particles.
The one-loop contribution to the β-matrix, which is the

second term on the right-hand side of Eq. (3.9), can be
diagonalized by a scale-independent rotation, implying that
at one loop, there is always a basis choice with two running
couplings and constant charges. At two loops, so generi-
cally to all orders, the rotation to diagonalize the β-matrix
will depend on the renormalization scale μ.4 This μ
dependence will be discussed in the next section; since
these RGEs are in a massless renormalization scheme, the
impact of mass scales must be included by hand, and will
be more important than the running of the diagonaliza-
tion angle.

IV. SOLVING THE RGES

In this section, we study the scale evolution of the
millicharge invariant, by solving the RGEs for the kinetic
matrix after making a convenient choice of fields. In
Appendix B, we obtain and solve the one-loop RGEs
for invariants in terms of invariants.
It is notorious that dimensional regularization, combined

with massless renormalization schemes like MS, gives
RGEs that resum the “wrong” logarithms. However,
implementing these RGEs in effective field theory allows

one to recover a more Wilsonian scaling of parameters [52],
relevant to observables. So we transform our original model
into a tower of submodels, each defined in a scale slice
between two mass thresholds of the original model, to
contain the particles which are light compared to the scale
of the slice. Then we sequentially solve the RGE of
Eq. (3.9) passing through this tower of submodels.
Section IVA runs the RGEs bottom-up in a submodel,
in order to show that the eigenbasis of the running
couplings can in principle be observed. Section IV B solves
the one-loop RGEs top-down, from Λmod → mb, to show
that the invariant v⃗ψ ½K−1�v⃗χ is proportional to the milli-
charge of a shadow fermion χ. Section IV C includes two-
loop QCD contributions to the β-matrix of the U(1)
couplings, in order to explore the consequences of the
β-matrix being scale dependent.

A. Observing the basis where the couplings are diagonal

We start at a low energy ≳mb, in an EFT containing the
photon, the paraphoton, the gluon, the SM fermions (except
the t) and some shadow fermions fχg lighter than the b.
This EFT is defined between mb and mW ; at mW it matches
to an EFTwith more SM particles, and at mb, it matches to
an EFT without the b. The aim is to explore what can be
learned about this model from observations of τs and one of
the χs. In particular, is it in principle possible to observe the
angle θK diagonalizing the RGEs, and to observe whether
this angle is scale dependent? Associated to this question of
scale dependence of θK is a notion distinguishing model
parameters that run from parameters that are μ independent.
We come back to this question in Sec. VA.

4This agrees with [27], where the coupling matrix was
renormalized in the presence of canonical kinetic terms, and
three running parameters were expected. However [27] expected
three running parameters already at one loop.
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At the scale mb, consider scatterings among τs and a
particular χ. In a noncanonical gauge field parametrization
such that the kinetic terms are diagonal and the photon is
the gauge boson coupling to the τ, one has

v⃗τ ¼
�−1

0

�
; v⃗χ ¼

�
Qχ

Yχ

�
;

D−1
K ðmbÞ ¼

�
e2 0

0 g2

�
with e2ðmbÞ ¼ g2ðmbÞ:

ð4:1Þ

Scattering the χs and τs with themselves and each other

gives three observables evaluated at m2
b, which determine

e2ðmbÞ, Qχ , and Yχ :

v⃗τ½K−1�v⃗τðmbÞ ¼ e2ðmbÞ;
v⃗τ½K−1�v⃗χðmbÞ ¼ −Qχe2ðmbÞ;
v⃗χ ½K−1�v⃗χðmbÞ ¼ Q2

χe2ðmbÞ þ Y2
χg2ðmbÞ: ð4:2Þ

The three observables can be translated to the scale mW ,
by running the RGEs for [K] [see Eq. (3.9)] upward from
mb → mW . This also gives

K−1ðmWÞ ¼
1

detfKg
�

K22ðmWÞ −K12ðmWÞ
−K12ðmWÞ K11ðmWÞ

�

≈

"
e2ðmWÞ −e2ðmWÞg2ðmWÞK12ðmWÞ

−e2ðmWÞg2ðmWÞK12ðmWÞ g2ðmWÞ

#
; ð4:3Þ

where, in the basis of Eq. (4.1), we allowed that the RGEs
could induce off-diagonal kinetic terms for the gauge
bosons, and, at one loop

K12ðmWÞ ¼ −
1

6π2
X
χ

QχYχ ln
mW

mb
:

The approximation for K−1 relies on e2ðmWÞg2ðmWÞ
K12ðmWÞ ≪ 1. If the three observables are measured at
mW with arbitrary experimental precision, they allow one to
determine K−1

11 ðmWÞ ≈ e2ðmWÞ, K−1
22 ðmWÞ ≈ g2ðmWÞ, and

K−1
12 ðmWÞ ≈ −e2g2K12ðmWÞ. Measuring these three observ-

ables at some intermediate scale q2 ∼ ð40 GeVÞ2 would
also allow one to obtain e2ðqÞ, g2ðqÞ, and K12ðqÞ.
It is in principle possible to determine whether the

eigenvalues of [K] run with scale, and whether the angle
to diagonalize it runs with scale, by measuring matrix
elements of [K] with infinite precision at three scales. To
see this, start at some given scale, for instance mb, where
DK can be chosen ∝ I. The basis where the β-fn is diagonal
still exists, but it cannot be identified from observations. So
at mb, we take e2 ¼ g2 ¼ ju⃗τj2, and measure Qχ and Yχ as
above. Then, as above, measuring K−1

ij ðmWÞ allows one
to solve for the eigenvalues and diagonalization angle
at mW :

λ�K ¼ 1

2

n
Tr½K−1� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Tr½K−1� − 4 det½K−1�

q o
;

tan 2θK ¼ 2K−1
12 ðmWÞ

K−1
22 ðmWÞ − K−1

11 ðmWÞ
: ð4:4Þ

Measuring the three observables at some other scale allows
one to verify whether the angle is scale dependent, and
thereby whether there are two or three running parameters
in [K]. This applies provided one does not cross particle
thresholds.

B. An expression for the millicharge
in terms of running couplings

This section starts at a high scale Λmod where the model
is defined, and runs the kinetic matrix [K] at one loop down
to the low scale mb. The RGEs are solved by running
through a series of submodels, which contain only the
particles which are lighter than the scales where the
submodel is defined. This allows one to evaluate, at mb,
the millicharge invariant of Eq. (2.10).
The particle content of the model at Λmod is motivated by

Holdom’s study [2]: there are two massless gauge bosons
and three groups of fermions (previously all called f): the
heavy fηjg, with m1 > � � � > mN > mt, are charged under
both U(1)s, fψg are the Standard Model fermions interact-
ing principally with one of the gauge bosons, and the fχg
are some number of “shadow” fermions with masses < mb
who interact principally with the orthogonal vector boson.
All the fermions are taken Dirac, although fψg and fχg
could be chiral.
In massless renormalization schemes, one must imple-

ment by hand the mass thresholds when solving the RGEs,
in order that the running of the couplings resums the
leading-log corrections to S-matrix elements. This is a
familiar recipe in EFT: when running down in scale, every
time a mass threshold is crossed, the massive particle is
removed, and the matrix elements of the models above and
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below the threshold are equated. We follow this recipe “at
one loop,”meaning that the parameters run according to the
one-loop RGEs [see Eq. (3.9)], the tree matrix elements of
[K] are continuous when crossing a threshold μ ¼ m, and
particles of mass m are removed from the β function
at μ < m.
At the high scale Λmod, we suppose that the ψs and χs do

not interact at tree level:

v⃗χ · ½K−1� · v⃗ψ jΛmod
¼ 0:

In order to solve RGEs, we need initial conditions for [K] at
Λmod. A convenient choice is to take ½K� ∝ I, as described
in Eq. (2.3). With this form of [K], which is then O(2)
invariant, the Aμ can be chosen to interact with the ψs, and
Vμ interacts with the χs. This basis choice, which implies

v⃗ψ ¼
�
Qψ

0

�
; v⃗χ ¼

�
0

Yχ

�
; ð4:5Þ

is convenient because only the ηs contribute to the off-
diagonals of [K].
Running [K] down to the scale m1 with the one-loop

RGEs gives

�
K11 K12

K12 K22

�
ðm1Þ ¼

"
1
e2 0

0 1
g2

#
ðΛmodÞ

þ 1

6π2

" P
f Q

2
f

P
ηQηYηP

ηQηYη

P
f Y

2
f

#
ln
Λmod

m1

;

where f runs over all the fermions in the model, η runs over
all the N ηs, and gðΛmodÞ ¼ eðΛmodÞ.
At m1, the full model is matched onto the submodel

constructed by removing η1 from the full model: the Kij are
taken continuous across the threshhold, and η1 is removed
from the β function at lower scales. Running down to m2,
this gives

�
K11 K12

K12 K22

�
ðm2Þ ¼

�
K11 K12

K12 K22

�
ðm1Þ þ

1

6π2

" P
f
0Q2

f

P
N
η¼2 YηQηP

N
η¼2 YηQη

P
f
0Y2

f

#
ln
m1

m2

;

where the primed sums over run over all the fermions f except η1.
Repeating this matching process across all the thresholds down to the mass mb gives

�
K11 K12

K12 K22

�
ðmbÞ ¼

"
1
e2 0

0 1
g2

#
ðΛmodÞ þ

1

6π2

" P
f Q

2
f ln

Λmod
m̃f

P
η YηQη ln

Λmod
mηP

η YηQη ln
Λmod
mη

P
f Y

2
f ln

Λmod
m̃f

#
; ð4:6Þ

where in the logarithms, m̃f is mn for f ¼ ηn, mt for f ¼ t,
and mb for f any SM or shadow particle of m < mb.
The overlap v⃗χ · K−1 · v⃗ψ parametrizes the scattering

between SM and shadow fermions. To evaluate this overlap
at the scale mb, we need to invert ½K�ðmbÞ, which can be
performed analogously to Eq. (4.3).

v⃗χ · K−1 · v⃗ψ ðmbÞ ≈ −e2ðmbÞg2ðmbÞQψYχK12ðmbÞ: ð4:7Þ

We calculated this invariant by remaining in the same basis
[given in Eq. (4.5)] through the whole sequence of
submodels between the full model and low energy. So
the kinetic terms were not diagonal in the submodels, but
this should not pose a problem because we are calculating
an invariant. The millicharge invariant of Eq. (2.10), which
gives the millicharge of χ normalized to the charge of ψ , is
therefore

IεðmbÞ ≈ −
g2ðmbÞ
6π2

Yχ

X
η

YηQη ln
Λmod

mη
; ð4:8Þ

where the charges on the right-hand side are in the high-
scale model basis of Eq. (4.5). As anticipated, the effect of
RG running is to give a millicharge to χ. In this one-loop
expression, the millicharge is proportional to the running
shadow coupling2 (evaluated at the scale where the milli-
charge is probed).

C. QCD at two loops

Two-loop contributions to the running of [K] are
illustrated in Fig. 2 and correspond to the last two terms
on the right side of Eq. (3.9). They are suppressed relative
to the one-loop term by respectively ∼αs=π and ∼αe=π, so
are unlikely to be of numerical importance. The QCD
corrections are discussed here because they make the β-
matrix scale dependent; therefore the rotation angle to
diagonalize [K] could be μ dependent. So at two loops and
beyond, [K] will be characterized by its two eigenvalues
(the inverse coupling2 s) which already were μ dependent
at one loop, and by a running angle. This section aims to
see the effects of having a third running parameter in [K];
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however, we do not perform a full two-loop analysis which
would require one-loop matching calculations.
The two-loop QCD contribution can be included by

implementing the one-loop solution to the RGE of αs:

αsðtÞ ¼
αsðtiÞ

1þ αsðtiÞ βs02π ln
μ
μi

ð4:9Þ

with βs0 ¼ ð11 − 2Nfc=3Þ and Nfc the number of color
triplet Dirac fermions. Integrating the right side of the
RGE equation (3.9), where only the one-loop U(1) and
two-loop U(1)-QCD corrections are included, and usingR
dtαs ¼

R
dαs=α̇s, gives

½K�ðμfÞ ¼ ½K�ðμiÞ −
1

6π2

" P
f Q

2
f

P
f QfYfP

f QfYf
P

f Y
2
f

#
ln
μf
μi

þ 1

3π2βs0

" P
c Q

2
c

P
c QcYcP

c QcYc
P

c Y
2
c

#
ln
αsðμfÞ
αsðμiÞ

;

ð4:10Þ

where f runs over all the Dirac fermions in the model, and c
runs over the color components of the colored triplets.
The angle to diagonalize ½K�ðμfÞ is simple to obtain. For

a model where only SM fermions ψ are colored, in a basis
where v⃗ψ ¼ ðQψ ; 0Þ and the parametrization where
½K�ðμiÞ ∝ I:

tan 2θ ¼
P

fQfYfP
fðY2

f −Q2
fÞ þ 2

βs0

P
cQ

2
c
ln½αsf=αsi�
ln½μf=μi�

; ð4:11Þ

where αsf ¼ αsðμfÞ. One sees that the angle is scale
independent if QCD is neglected, and that the angle
vanishes if

P
QfYf ¼ 0, which corresponds to no particles

charged under both U(1)s, and SM particles interacting via
QCD and QED [with a disjoint shadow U(1)]. In the case
where SM QCD corrections are included to a model with
kinetic mixing, then ½Pf v⃗fv⃗

T
f � and ½Pc v⃗cv⃗

T
c � are not

simultaneously diagonalizable, so the eigenbasis of [K]
rotates with scale, and [K] is described by two μ-dependent
couplings and a μ-dependent angle.
The impact of a running angle in [K] on S-matrix

elements seems minimal. Our aim in running RGEs is to
resum leading-log corrections into the couplings, such that
the calculation of a tree-level matrix element gives a
leading-log improved result. This resummation was
obtained in the previous section at one loop, and gave
an effective millicharge depending on the running cou-
plings at the experimental scale, and logarithmically on the
mass scales of the full model. So the effective charges at
low energy are already functions of μ at one loop. The form
of the equation for the millicharge, Eq. (4.8), is unchanged
when two-loop QCD is included for SM particles in the

evolution from Λmod → mb, but the expression for
e2ðmbÞ is augmented by the two-loop QCD running from
Λmod.

V. DISCUSSION

A. Parameters, predictions,
and which is kinetic mixing?

One of the puzzles motivating this study was the identity
of kinetic mixing. This section argues that, as expected, it is
a prediction of the model.
The model is defined by its symmetries, particle content,

and parameters such as masses, coupling constants, and
charges. To define, at a given scale, our model of Nf
fermions coupled to two massless U(1)s, all nonredundant
(or equivalently “physical”) parameters must be input: Nf

masses, and 2Nf − 1 couplings and charges [27]. It is
straightforward to check that the number of couplings and
charges corresponds to the number of independent invar-
iants If1f2 [see Eq. (2.9)].
At one loop, the expression for the millicharge invariant

is given in Eq. (4.8). It is a function of the running coupling
g2ðμÞ, of charges, and of (running) mass parameters of the
theory, such as the masses mi of the ηi, or the scale Λmod
where the model is defined. So modulo Λmod which we
discuss next, the invariant at low energy is clearly a
prediction of the model, in the case where the model’s
parameters were input at some higher scale.
There has been some discussion in the literature (see e.g.,

Ref. [27]) about whether lnΛmod should appear in the
formula for low-energy kinetic mixing because it suggests
an undesirable dependence on a cutoff. However, we are
undisturbed by Λmod because it either cancels out in the
sum over ηj in the one-loop result for the low-energy
millicharge given in Eq. (4.8) or it is the physical scale of
the theory where v⃗ψ ½K�−1v⃗χðμÞ ¼ 0. [Recall that the ηs are
the heavy fermions charged under both U(1)s, which
generate the kinetic mixing.]
An input assumption of our model is that the SM and

shadow fermions do not scatter off each other at the high
scale Λmod: v⃗ψ ½K�−1v⃗χðΛmodÞ ¼ 0. This assumption is
equivalent to imposing that there is a basis where
½K�ðΛmodÞ ∝ I, the SM particles have charges Qψ but
Yψ ¼ 0, and the shadow particles have charges Yχ but
Qχ ¼ 0 [see Eq. (4.5)]. If the β-matrix is diagonal in this
basis, then v⃗ψ ½K�−1v⃗χ ¼ 0 from Λmod → m1, and at one
loop the off-diagonals of the β-matrix vanish:
0 ¼Pηj

QjYj. So in this case, Λmod cancels out of the
low energy millicharge [Eq. (4.8)].
If the β-matrix is not diagonal in the Yψ ¼ Qχ ¼ 0 basis

at Λmod, then the vanishing of v⃗ψ ½K�−1v⃗χ at Λmod is an
accidental cancellation that occurs only at Λmod, which
allows to calculate Λmod from the charges, masses, and
couplings of the model.
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So in summary the model predicts the millicharge
invariants at low energies in terms of the Nf masses and
the 2Nf − 1 coupling and charges.

B. If millicharges run, what happened to current
conservation and anomalies?

Current conservation, in classical electrodynamics, is a
consequence of the rephasing invariance of the charged
particles, and applies in conjunction with the equations of
motion. In quantum field theory, where the equations of
motion may not be satisfied, they can be exchanged for
Ward-Takehashi identities, which follow from a residual
local symmetry that survives gauge fixing. These identities
for our model can be obtained by making a BRS trans-
formation on the noncanonical Lagrangian of Eq. (2.1)
augmented by gauge-fixing terms as in Eq. (3.2) and by
ghosts. These identities confirm that the charges do not run,
as anticipated in Sec. III A. Anomaly cancellation works as
usual in this formalism, where the kinetic mixing in the
gauge boson propagators is external to the triangle diagram.
So one sees that, in the noncanonical formalism, anomalies
cancel and charge conservation identities are satisfied
as usual.
The situation is less clear with the canonical Lagrangian

of Eq. (2.6), where the millicharge of χ is proportional to
the invariant Iε of Eq. (4.8). So already at one loop, there is
a charge which depends on scale via the running couplings.
However, the path integral is invariant under field repar-
ametrizations, and S-matrix elements are functions of
reparmetrization-invariant combinations of Lagrangian
parameters. So the physical consequences of Ward-
Takehashi identities and anomaly cancellation should
remain in the canonical parametrization. But it is reassuring
to check that the effective charges in the canonical
formalism are conserved at vertices, due to the vanishing
of the sum of the charges of the fields participating in each
term of the Lagrangian. Similarly, the hydrogen atom is
neutral in the canonical formulation because anomaly
cancellation relates the charges of the electrons and quarks
in the noncanonical Lagrangian, and the proton and
electron charge vectors transform the same way in going
from the noncanonical to canonical formulation.

C. What about a covariant canonical formalism?

The charge vectors u⃗f of the canonical Lagrangian (2.6)
are physically attractive because their inner products appear
in S-matrix elements, and they are invariant under rescaling
of the charges into couplings. However, it is difficult to
formulate and solve covariant-in-U(1)-space RGEs for u⃗.
We encountered two difficulties.
The first is that the one-loop RGE for e in QED is

nonlinear: μ d
dμ e ¼ 1

12π2
e3. So the generalization of this

differential equation to the vector of couplings u⃗ is not
obvious. This is to be compared with the one-loop RGE for

the kinetic term coefficient 1=e2, which is linear and trivial
to generalize to 2 U(1)s.
The second issue, is that rotations [in two-U(1) space] of

the charge vector u⃗ are unrelated to the rotation which
diagonalizes the kinetic terms. This can be seen from
Eq. (2.5), which implies that u⃗ ¼ D−1

K OKv⃗. If the rotation
to diagonalize [K] is scale dependent, which is not the case
at one loop but appears true to all orders, then that rotation,
given as OK in Eq. (2.5), is inconveniently intricated inside
u⃗. Furthermore, u⃗ appears to contain two (running) param-
eters, so its unclear what happened to the angle.
A more promising approach that has been carefully

explored [26,27,34], is to define a coupling matrix [E],
such that u⃗f ¼ ½E�v⃗f. However, this requires defining [E]
as the square root of ½K−1�, and the commutator of [E] with
its derivative seems required to obtain its RGEs. Therefore
it appears more convenient to work with [K].

D. Invariants

The invariants of Eqs. (2.9) and (2.10) have many
desirable features: they are invariant under rotations and
rescaling of the U(1) gauge fields, they are simple, can be
constructed diagrammatically, and they correspond
to the coupling combinations that appears in S-matrix
elements.
This is a rare combination. Most such constructions,

including the familiar Jarlskog invariant, are only invariant
under field rotations in a Lagrangian with canonical
kinetic terms. In addition, invariants constructed from
the Lagrangian are often only remotely related to S-matrix
elements. For instance, in the SM quark sector, the Jarlskog
invariant is a trace (so corresponds to a closed diagram),
and is constructed from tree-level parameters. Whereas S-
matrix elements measuring quark CP violation do not
correspond to closed diagrams, and are proportional to
simpler CP invariants and running parameters [59]. It has
been suggested [60] that such S-matrix combinations could
be useful in reconstructing new physics models; however,
in our two U(1) model, the Lagrangian and S-matrix
invariants are the same.
An additional remarkable feature of the invariants Ififj of

Eq. (2.9) is that their RGEs can be expressed in terms of
invariants (see Appendix B). This opens tantalizing per-
spectives: S-matrix elements are functions of invariants; if
in addition, RGEs can be written in invariant fashion, then
perhaps there is no need for the Lagrangian parameters
deemed redundant by Weinberg [41].

VI. SUMMARY

The path integral and Green’s functions are invariant
under field redefinitions—but renormalization-scale-de-
pendent redefinitions can modify which parameters run.
In a model with kinetic mixing between two U(1) gauge
bosons, we obtain and solve the MS RGEs [Eq. (3.9)] in a
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parametrization where the kinetic terms have a running
coupling matrix [K] but there are no U(1) gauge couplings
in the covariant derivatives. We rediscovered that in this
parametrization [∼ − 1

4e2 FF for a single U(1)], the gauge
fields are not renormalized, the Ward identities are trans-
parent, and the RGEs are linear at one loop so trivial to
solve. [K] at one loop contains two running couplings and
can be diagonalized by a finite angle. This parametrization
is particularly convenient for multi-U(1) models because
kinetic mixing is generated automatically in RG evolution,
and because the formalism is covariant under the μ-
independent field reparametrizations which are commonly
used in such models. To have a measure of kinetic mixing
that is independent of the field parametrization, we con-
structed a generalized invariant for kinetic mixing
[Eq. (4.8)]. Recall that usual invariants (e.g. Jarlskog)
are not modified by unitary transformations which leave
the kinetic terms invariant in the Lagrangian; we general-
ized this notion to obtain an invariant which is unchanged
under generic gauge field reparametrizations including
rescalings.
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APPENDIX A: NEGLECTED LAGRANGIAN
TERMS

This appendix discusses the various terms not considered
in the Lagrangian of Eq. (2.1).
Non-Abelian gauge interactions were not written

because they are independent, at the Lagrangian level, of
the U(1)s. We also neglected terms such as

Lneglect¼−
εμναβ
2

ðFμν0Vμν0 Þ
�
T11 T12

T12 T22

��
Fαβ0

Vαβ0

�

þ
X
j

Dμ0ϕ†
jD

0
μϕj−VðϕjÞþðλjknϕjfkfnþH:c:Þ;

ðA1Þ

where the Yukawa interactions are gauge invariant if the
sum of the participating charge vectors vanishes:
v⃗0ϕ þ v⃗0fk þ v⃗0fn ¼ 0. [This condition remains satisfied
under rotations and rescaling in the two-U(1)-space.5]
Multiple scalars, non-Abelian gauge sectors, and
Yukawa interactions are included in [29]. Scalar fields
are neglected here (despite that they could induce gauge
boson masses) because we are interested in the running of
parameters at scales above possible gauge boson masses.
Finally, in QED, the CP-odd θ term can be written as a total
divergence, and this remains true for T12 terms in the
presence of 2 U(1)s,

εμναβF0
μνV 0

αβ ¼ 4∂μðεμναβA0
ν∂αV 0

βÞ:

So we also neglect these εF⃗0½T�F⃗0 terms because they
should be irrelevant for S-matrix elements, although they
could be interesting in certain topologies or for space-time
dependent Tij [54].

APPENDIX B: INVARIANT FORM OF THE RGES

In the main body of the text we solved the renormaliza-
tion group equations for the coefficient of the kinetic term
[K], which then determined the running of the invariants.
Given the simple solution for the RGEs of [K] this is a
numerically efficient and practical approach, even though
K transforms under field redefinitions. Hence, it is inter-
esting to note that the RGE and their solution can be
derived solely in terms of the invariants. Writing t ¼ ln μ
and sandwiching the RGE for K inverse with the charge
vectors of fermion f1 and f2,

d
dt

vTf1 ½K�−1vf2 ¼ −
1

6π2
vTf1 ½K�−1

X
f

vfvTf ½K�−1vf2

−
αsðtÞ
6π3

vTf1 ½K�−1
X
c

vcvTc ½K�−1vf2 ; ðB1Þ

we find a RGE equation that is expressed only in terms of
the invariant matrix defined in Eq. (2.9). (Note that we sum
over all fermions f, treating each colored state distinct, and
only over the colored triplets c, when we include mixed
QCD effects.) Using this equation, we find for the inverse
of the invariant matrix

d
dt

½I�−1 ¼ ½I�−1½İ�½I�−1 ¼ −
1

6π2
1 −

αsðtÞ
6π3

δc; ðB2Þ

5In a particular field parametrization, the sum of the charges
only needs to be an integer in order for the Yukawa interaction to
be invariant. But the integer should be zero to allow field
reparametrizations which rescale the couplings e → e=x and
charges Q → xQ.
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where 1 denotes the unit matrix in fermion space, while δc is 1 for a fermion that is a colored triplet component and 0
otherwise.
Integration and expressing the scale dependence of αs in terms of the QCD β function results in a solution for ½I�−1ðtÞ,

whose inverse reads

If1f2ðμÞ ¼ If1fðμ0Þ
�
1 −

1

6π2
ln

�
μ

μ0

�
½Iðμ0Þ� þ

1

3π2βs0
ln

�
αsðμÞ
αsðμ0Þ

�
½δcIðμ0Þ�

�
−1

ff2

: ðB3Þ

The above solution involves the inversion of larger
matrices, that can be still performed efficiently with
numerical methods. In the following we will perform this
inversion through an expansion in Iff0 ln =ð6π2Þ in order to
match the above result to the millicharged invariant of
Eq. (2.10). Considering fermion fields ψ , η, and χ, defined
as in Sec. IV B we find

IεðμÞ ≈
1

6π2Iψψ

X
h∈ η

IψhIhχ ln

�
mh

Λmod

�
: ðB4Þ

APPENDIX C: AN INVARIANT
FOR τ + τ − → γ +Emiss

This appendix discusses an invariant for a process with
external gauge bosons: τþτ− → Aþ V. Physically, this
would give a final state of γþ missing energy. In the case
of two massless gauge bosons, the physical photon is the
gauge boson that interacts with the SM, so this process
should not occur. However, in the case where Vμ is massive,
the photon Aμ is defined as the massless gauge boson, and
τþτ− → γ þ Emiss becomes possible. In the case where Vμ

gets a mass from the vacuum expectation value of a scalar
ϕ, this appears in the noncanonical Lagrangian (2.1) as

Lnc ⊃ hϕi2A⃗μ½v⃗ϕv⃗Tϕ�A⃗μ:

The Uð1Þ ×Uð1Þ structure of the two-point function for
Vμ can be written in an arbitrary basis as

Dμν
V ∝ ½K−1� ½v⃗ϕv⃗Tϕ�

v⃗ϕ · ½K−1� · v⃗ϕ
½K−1�; ½v⃗ϕv⃗Tϕ�¼

� Q2
ϕ QϕYϕ

QϕYϕ Y2
ϕ

�
;

ðC1Þ

where the simplest field parametrization in which to
implement this matrix is to take ½K� ∝ I, and choose the
basis such that Qϕ ¼ 0. The equivalent coupling structure
for the orthogonal gauge boson A is orthogonal in the U(1)
space, so

Dμν
A ∝ ½K−1�ε ½v⃗ϕv⃗Tϕ�

v⃗ϕ · ε½K−1�ε · v⃗ϕ
ε½K−1�; ðC2Þ

where ε is the antisymmetric 2 × 2 matrix with unit entries.
The matrix element squared for jMðττ → Aþ VÞj2 is then
proportional to

ðv⃗τ · ½K−1� · v⃗ϕÞ2ðv⃗τ · ½K−1�½ε� · v⃗ϕÞ2
jðv⃗ϕ · ε½K−1�ε · v⃗ϕÞðv⃗ϕ · ½K−1� · v⃗ϕÞj

: ðC3Þ
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