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Spin and polarization are central to precision tests of fundamental physics and for interpreting radiation
from astrophysical sources and ultraintense laser-matter experiments. Here, focusing on the fundamental
process of nonlinear Compton scattering, we demonstrate that a key assumption underlying current strong-
field quantum electrodynamics models, i.e., that emission can be treated as an instantaneous random event
sampled from a local differential rate, is inconsistent once emission angles, electron spin, and/or photon
polarization are resolved. Namely, even in strictly constant and uniform fields, the resulting fully
differential distribution is sign indefinite, yielding negative inferred probabilities. The physical reason is
that the photon emission probability builds up over a finite length of the electron trajectory, the formation
region, during which the electron direction changes by roughly the same small angle that defines the
radiation cone. Therefore, we put forward a new method where we integrate over this formation region
analytically to obtain a physically consistent electron spin and photon polarization model. We show that the
implementation of our model is compatible with existing Monte Carlo and particle-in-cell workflows.
Simulations of a GeV-class electron-laser collision accessible at current petawatt facilities and of emission
in a pulsarlike magnetic field are shown to reveal spin and polarization patterns that differ even qualitatively
from state-of-the-art local models. In particular, our new model predicts substantial angle-dependent
circular photon polarization where the well-known collinear-emission approach yields none, and a
pronounced helicity bias in the recoiling electrons absent from current predictions. These findings have
direct implications for upcoming strong-field QED experiments and for interpreting polarized radiation
from extreme astrophysical environments.
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I. INTRODUCTION

Lepton spin and photon polarization are fundamental
degrees of freedom that determine scattering amplitudes
and observable asymmetries in physical processes, render-
ing them invaluable probes across many areas of physics.
In high-energy physics, particle beams with controlled
polarization enable measurements of parity-violating inter-
actions [1,2], and searches for physics beyond the Standard
Model [3]. In materials science, spin-polarized electron and
positron beams enable materials characterization [4–7] and
the study of magnetic order [8]. In laboratory plasmas,
photon polarization and lepton spin trace ultrafast field
structures, enabling femtosecond diagnostics of transient

magnetic fields [9,10], plasma instabilities [11], shock-
driven electron acceleration [12], and magnetic reconnec-
tion [13]. In nuclear and hadronic physics, polarized
gamma-ray beams provide a sensitive probe of nuclear
structure [14,15], enable selective excitation of polarization-
dependent nuclear resonances [16,17], and facilitate inves-
tigations of meson photoproduction [18]. Photon polariza-
tion also serves as a unique probe of vacuum birefringence
[19,20], an intrinsically quantum-field effect of central
importance in quantum electrodynamics (QED) [21–23]
and cosmology [24]. In astrophysics, polarization of pho-
tons provides clues on their source and radiation mecha-
nism [25]. Prominent examples include pulsars [26,27],
black holes [28], fast radio bursts [29], and gamma-ray
bursts [30].
Motivated by the wide range of applications of polarized

lepton and gamma-ray beams, the past decade has seen rapid
progress in developing new concepts for polarized lepton
[31–50] and gamma-ray sources [51–57]. On the theoretical
side, these concepts are supported by simulations that
incorporate analytical calculations of polarization-dependent
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nonlinear Compton scattering (NCS) and nonlinear Breit-
Wheeler pair production (NBW) [58–67]. On the exper-
imental side, advances in accelerator technology [68] and
high-power laser technology [69] have opened access to the
strong-field quantum electrodynamics (SFQED) regime
[21–23,58,70], with flagship experiments providing evi-
dence of NCS [71], of radiation reaction [72,73], and of
its quantum nature [73,74]. In these beam-laser collision
experiments, electrons in the beam can experience electro-
magnetic fields approaching the QED critical field Fcr ≡
m2=jej ≈ 1.3 × 1018 V=m ( ≈ 4.4 × 109 T) in their instan-
taneous rest frame, leading to qualitatively new dynamics
including stochastic photon emission with significant quan-
tum recoil, and radiative spin polarization of the beam,
phenomena absent in conventional low-intensity laser-matter
experiments. Herem and e < 0 denote the electron mass and
charge, respectively, and units with ℏ ¼ c ¼ ϵ0 ¼ 1 (fine-
structure constant α ¼ e2=4π ≈ 1=137) are employed.
A central objective of the ongoing and upcoming

experimental effort is the accurate measurement of particle
distributions in NCS and NBW, a critical step in validating
the theoretical models and simulation codes upon which
experimental interpretation relies [71,75,76]. These models
underpin both laboratory and astrophysical observations,
but rest on two approximations whose validity for spin- and
polarization-resolved observables has not been fully estab-
lished: the collinear approximation and, within the locally
constant field approximation (LCFA), that emission events
can be sampled from an instantaneous differential rate. The
collinear approximation assumes that produced particles
initially propagate strictly along the momentum direction of
the parent particle [21–23]. This is supported by kinemat-
ics: at ultrarelativistic energies, i.e., γ ≫ 1 for a lepton and
ω ≫ m for a photon, where γ is the Lorentz factor of the
lepton and ω the energy of the photon, the emission
products are collimated within a narrow forward cone of
half angle ∼1=γ (or ∼m=ω for high-energy photons) [77].
However, spin and polarization are defined relative to the
particle’s momentum: the spin density matrix of the out-
going lepton and the polarization density matrix of the
emitted photon both depend on the propagation direction.
Resolving angles is therefore not optional for spin- or
polarization-sensitive observables. This motivates the con-
struction of fully differential, angle-resolved distributions,
and raises the question, addressed in this work, of whether
such distributions can be derived consistently from local,
instantaneous models. The second assumption is emission
sampling from instantaneous rates: within the LCFA every
emission event is treated as instantaneous, determined
solely by the particle’s state at a single point along its
trajectory, with the background field locally replaced by a
constant crossed field (CCF) matching the instantaneous
field invariants. For a laser-pulse background, the LCFA is
known to be accurate when a0 ≡ jejE0=mω0 ≫ 1, where
E0 is the laser field amplitude and ω0 its central angular

frequency, while it breaks down for a0 ≲ 1 because the
background field then varies on the scale of the photon
formation length [21–23,70].
In this article we identify a conceptually distinct and

more fundamental limitation. The known failure of the
LCFA at a0 ≲ 1 is a regime failure: the background field
varies too rapidly for a local-rate description to be accurate.
The problem we expose here is structural: even in a strictly
uniform CCF, where the LCFA holds exactly for spin- and
polarization-summed quantities, the angle- and spin/polari-
zation-resolved local differential rate is not positive definite
and therefore does not admit a probabilistic interpretation.
The physical origin is the finite photon formation region:
emission probability builds up coherently over a finite
segment of the electron trajectory during which the electron
momentum rotates by ∼1=γ, an angle comparable to the
radiation cone, so that spin and polarization cannot be self-
consistently assigned from the emitter’s instantaneous local
state. Specifically, we demonstrate that angle- and spin/
polarization-resolved distributions constructed from the
local lepton state can yield spin η and polarization ξ vectors
with magnitude exceeding unity even in a uniform CCF,
implying unphysical negative probabilities. When the full
photon formation length is accounted for, these pathologies
disappear. This result is not a special feature of crossed
fields: for high-energy particles the CCF is precisely the
local model underlying the LCFA for any slowly varying
background (a0 ≫ 1), because the field experienced over
the formation region is locally a CCF in the particle’s
instantaneous rest frame. We stress that the sign indefi-
niteness of the angle- and spin/polarization-resolved rate 1)
occurs in a CCF and is therefore unrelated to the validity of
the LCFA and 2) propagates directly into every LCFA-
based Monte Carlo (MC) and particle-in-cell (PIC) code,
regardless of the field configuration being simulated.
We introduce a new LCFA model for angle- and spin/

polarization-resolved particle distributions that accounts for
the full photon formation region, and compare its predic-
tions against the standard collinear approximation in two
paradigmatic configurations. The first, a GeV-class electron
bunch colliding head on with a petawatt-class laser pulse, is
directly accessible at current high-power laser facilities, and
reveals angle-dependent circular photon polarization absent
from the collinear local models that form the basis of current
LCFA-based PIC simulations. The second, emission in a
pulsarlike uniform magnetic field representative of con-
ditions in the polar cap of an ordinary radio pulsar, reveals
a pronounced helicity bias in the recoiling electrons that
the collinear model predicts to vanish identically. In both
cases the differences are qualitative, not merely quantitative,
underscoring that the new model is a fundamental modi-
fication to existing frameworks.
Since NCS and NBW are the elementary building blocks

of all SFQED plasma simulations, these findings have direct
implications for upcoming strong-field QED experiments at
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high-power laser facilities, and for the quantitative inter-
pretation of polarized high-energy radiation from pulsars,
magnetars, and other extreme astrophysical environments.

II. SPIN- AND POLARIZATION-RESOLVED
NONLINEAR COMPTON SCATTERING

We first collect the covariant descriptions of lepton spin
and photon polarization used throughout. For a spin-1=2
particle with four-momentum pμ ¼ ðε; pÞ, the covariant
spin density matrix is [78]

ρðpÞ ¼ 1

2
ð=pþmÞð1þ γ5=ζÞ; ð1Þ

where the spin four-vector ζμ ≡ ζμðpÞ satisfies ðζpÞ ¼ 0 and
ζ2 ¼ −η2. Here η is the rest-frame spin-polarization vector
with jηj ≤ 1 (for a pure state jηj ¼ 1 and η equals twice the
mean spin vector in the rest frame). In this article we employ
the notation =p≡ γμpμ, where γμ are the Dirac matrices with
metric gμν ¼ diagðþ1;−1;−1;−1Þ, γ5 ≡ iγ0γ1γ2γ3, Levi-
Civita tensor ϵ0123 ¼ þ1, and ðζpÞ≡ ζμpμ. Because ζμ

depends explicitly on pμ, the spin state of a lepton cannot
be specified independently of its momentum in the relativistic
regime. Photon polarization is likewise tied to momentum.
For a photon with four-momentum kμ ¼ ðω; kÞ, one fixes a
transverse polarization basis feμð1Þ; eμð2Þg such that

ðeðiÞeðjÞÞ ¼ −δij; ðeðiÞkÞ ¼ 0; i; j ¼ 1; 2: ð2Þ

Up to gauge transformations, the photon polarization density
matrix is [78]

ρμνðkÞ ¼ 1

2
ð1þ ξ · σÞði;jÞeμðiÞeνðjÞ; ξ≡ ðξ1; ξ2; ξ3Þ; ð3Þ

where 1ði;jÞ and σði;jÞ are the ði; jÞ element of the 2 × 2 unity
matrix and of the Pauli matrices, respectively, and Einstein’s
summation convention over repeated indices is employed
throughout. In Eq. (3) the Stokes parameters ξ1, ξ2, ξ3 are
defined with respect to a basis transverse to kμ [see the
constraints in Eq. (2)] and satisfy jξj ≤ 1, where, analogously
to the lepton case, the equal sign corresponds to a pure
polarization state. Consequently, a photon’s polarization is
necessarily tied to its propagation direction: integrating over
the emission solid angle mixes Stokes vectors defined in
different, incompatible transverse bases, so spin- and polari-
zation-resolved observables require angle-resolved differen-
tial distributions (see also Ref. [63]).
We begin by considering the differential probability

dPðζ;ζ0;jÞ
NCS for the emission of a photon with four-momentum

kμ by an electron with incoming four-momentum pμ and
spin four-vector ζμ, interacting with a plane-wave

background field characterized by the four potential Aμ

and propagating along d (d2 ¼ 1). Here and in what
follows, for an arbitrary four-vector vμ ¼ ðv0;vÞ we use
the subscripts k and ⊥ to denote the spatial components
parallel and transverse to the propagation direction d, i.e.,
vk ¼ v · d and v⊥ ¼ v − vkd. It is useful to introduce the
quantities dμ ¼ ð1; dÞ and d̃μ ¼ ð1;−dÞ=2 and the light
cone coordinates vþ ¼ ðd̃vÞ and v− ¼ ðdvÞ. We also
introduce two mutually orthogonal four-vectors aμi
(i ¼ 1, 2), satisfying ðaialÞ ¼ −δil and orthogonal also
to dμ, i.e., ðdaiÞ ¼ 0. For an arbitrary plane wave, the four
potential depends on space x and time t [with xμ ¼ ðt; xÞ]
only through the phase ϕ ¼ ðxdÞ ¼ x−, namely Aμ ¼
AμðϕÞ (the quantity ϕ is more precisely the light cone
time, but we will refer to it as a “phase” for simplicity).
Choosing the Lorenz gauge with the additional condition
A0 ¼ 0, the potential can be written as a linear combi-
nation of the transverse basis vectors aμi ¼ ð0; aiÞ. No
specific choice of the emitted-photon polarization basis
eμj (j ¼ 1, 2) is made. Within the S-matrix formalism, the
probability reads as

dPðζ;ζ0;jÞ
NCS ¼ V

d3k
ð2πÞ3 V

Z
d3p0

ð2πÞ3 jSfij
2; ð4Þ

where V is the quantization volume, p0μ ¼ ðε0; p0Þ and ζ0μ
denote the outgoing electron four-momentum and spin
four-vector, respectively, and

Sfi ¼ ð2πÞ3δð2Þðp0⊥ þ k⊥ − p⊥Þδðp0
− þ k− − p−ÞiMfi ð5Þ

is the transition-matrix element. When computing jSfij2,
the square of the δ function δðp0

− þ k− − p−Þ is evaluated
after expressing it in terms of the longitudinal momentum:
δðp0

− þ k− − p−Þ ¼ ðε=p−Þδðpk − p�
kÞ, with

p�
k ¼

m2 þ p2⊥ − ðp0
− þ k−Þ2

2ðp0
− þ k−Þ

: ð6Þ

This change of variables then allows the standard appli-
cation of periodic boundary conditions along d, simplifying
the subsequent integration. At leading order in the Furry
picture, the invariant matrix element Mfi takes the form
(see, e.g., Ref. [79])

Mfi ¼ −
effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8V3εε0ω
p

Z
dϕ

�
ūp0;ζ0

�
1 −

=d=AðϕÞ
2p0

−

�

× =e�j

�
1þ =d=AðϕÞ

2p−

�
up;ζ

�
expfiΦðϕÞg; ð7Þ

where the function in the exponential reads as
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ΦðϕÞ ¼ ðp0þ þ kþ − pþÞϕþ
Z

ϕ

0

dϕ0
�
p0
μAμðϕ0Þ
p0
−

−
pμAμðϕ0Þ

p−
−
A2ðϕ0Þ

2

�
1

p0
−
−

1

p−

��
; ð8Þ

with up;ζ (up0;ζ0) being the free Dirac spinor for the incoming (outgoing) electron, and Aμ ≡ eAμ. Squaring the modulus of
the matrix element and integrating over the momentum of the outgoing electron as in Eq. (4), one obtains

dPðζ;ζ0;jÞ
NCS

d3k
¼ α

16π2
1

p−p0
−ω

Z
dϕ

Z
dϕ0 exp fi½ΦðϕÞ −Φðϕ0Þ�g

×
1

4
tr

��
=e�j þ

1

2

�
=AðϕÞ=d=e�j

p0
−

þ =e�j =d=AðϕÞ
p−

�
−
A2ðϕÞ=de�j−
2p0

−p−

�
ð=pþmÞð1þ γ5=ζÞ

×

�
=ej þ

1

2

�
=Aðϕ0Þ=d=ej

p−
þ =ej=d=Aðϕ0Þ

p0
−

�
−
A2ðϕ0Þ=dej−
2p0

−p−

�
ð=p0 þmÞð1þ γ5=ζ0Þ

�
: ð9Þ

Having in mind current models based on the LCFA, in
Eq. (9) it is convenient to change to the variables ϕþ ¼
ðϕþ ϕ0Þ=2 and ϕ− ¼ ϕ − ϕ0. The differential probability
can then bewritten as dPNCS=d3k ¼ R

dϕþdPNCS=d3kdϕþ.
For a0 ≲ 1 the probability is not localized,

dPNCS=ðd3kdϕþÞ takes on both positive and negative
values, and only the integration over both ϕ− and ϕþ
yields a physically meaningful result. By contrast, it is
known that, in the limit a0 ≫ 1 and by averaging (sum-
ming) over the initial (final) spin and polarization degrees

of freedom [dPNCS ¼
P

ðζ;ζ0;jÞ dP
ðζ;ζ0;jÞ
NCS =2], the total prob-

ability in the plane-wave field can be obtained by
summing the contributions of probabilities calculated
at each ϕþ in a locally matched CCF [70]. This implies
that, for a0 ≫ 1, dPNCS=d3kdϕþ can be interpreted as a
probability per unit k and per unit laser phase, and
dPNCS=d3kdϕþ ≈ dPCCF=d3kdϕþ, where dPCCF=d3kdϕþ
denotes the differential probability in a CCF matching the
local value of the plane-wave field.
Physically, this reflects the fact that, for a0 ≫ 1, at each

ϕþ only a small formation region around ϕ− ¼ 0, where
the field is well approximated by a CCF, contributes
significantly to the total probability. Analytically, after
averaging (summing) over the initial (final) spin and
polarization degrees of freedom, this result follows from
the integrand in Eq. (9) by changing variables to ðϕþ;ϕ−Þ,
expanding the pre-exponent and the phase of the integrand
in ϕ− about ϕ− ¼ 0 each to the appropriate order, and
integrating the resulting expression over ϕ− (see, e.g.,
Refs. [79,80] for details). The resulting matched-CCF
distribution dPCCF=d3kdϕþ is the quantity actually sam-
pled in LCFA-based MC event generators. As we prove
below, for spin-/polarization-resolved and angle-resolved
NCS this quantity can take both positive and negative
values, and therefore cannot be interpreted as a probability
density per unit time/phase, contrary to the assumption at
the core of current LCFA models.
Notably, the size of the formation region is determined

by the phase function ΦðϕÞ in the exponent of Eq. (7),

and ΦðϕÞ is independent of the spin and polarization
degrees of freedom [see Eq. (8)]. Corrections to the
LCFA due to the space-time structure of the background
field are therefore expected to be suppressed by 1=a20 (see
Sec. IV of Ref. [80]) for both spin-averaged/summed and
spin-resolved probabilities.

A. Structure of the angle- and spin-resolved differential
distribution in a uniform CCF

One may intuitively expect that the considerations above,
obtained for spin- and polarization-averaged/summed quan-
tities, also apply to the spin-/polarization-resolved case. In
particular, one might expect that for a0 ≫ 1 the integrand

dPðζ;ζ0;jÞ
NCS =ðd3kdϕþÞ is non-negative and therefore admits an

interpretation as a probability density. In the following,
however, we show that even in a CCF (which is strictly

uniform and constant, i.e., a0 → ∞), dPðζ;ζ0;jÞ
NCS =ðd3kdϕþÞ

can take both positive and negative values and thus does not
admit a probabilistic interpretation. In fact, we will demon-
strate that this occurs also if one sums over the photon-
polarization states [81].
For definiteness, we set the vector potential to

AμðϕÞ ¼ −jEjϕaμ1, with aμ1 ¼ ð0; a1Þ. This choice corre-
sponds to mutually orthogonal uniform and constant
electric E and magnetic B fields satisfying jEj ¼ jBj and
ðE × BÞ=jEj2 ¼ d. Notice that the electric field E ¼
−dA=dϕ is aligned with a1. In a CCF, the quantum
nonlinearity parameter χe ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðFμνpνÞ2j

p
=mFcr, where

Fμν ¼ ðE;BÞ is the electromagnetic field tensor, is constant
and can be written as χe ¼ ðp−=mÞjEj=Fcr. Without loss of
generality (apart from assuming that k is not parallel to d),
we choose a gauge such that

kμe
μ
j ¼ 0; ð10Þ

dμe
μ
j ≡ ej− ¼ 0; ð11Þ

and
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X
j¼1;2

e�j;μej;ν ¼ −gμν þ
kμdν þ dμkν

k−
: ð12Þ

To simplify the discussion, we consider p=jpj ¼ −d and
focus only on the lepton spin, summing over the photon

polarization, i.e., dPðζ;ζ0Þ
NCS ¼ P

j¼1;2 dP
ðζ;ζ0;jÞ
NCS . With this

choice, Eq. (9) reduces to

dPðζ;ζ0Þ
NCS ¼ d3k

8π

α

p−p0
−ω

Z
dϕþ½ĪðϕþÞ þ ðζ0 l̄ðϕþÞÞ�; ð13Þ

where details of the derivation and the explicit expressions
for ĪðϕþÞ and l̄μðϕþÞ are given in the first subsection of
Appendix D.
Since the choice of the spin quantization axis (SQA) for

the incoming and outgoing lepton is arbitrary, we follow
Ref. [63] and choose, for convenience,

ζμ ¼ −
ðdμaν2 − dνaμ2Þpν

p−
; ð14Þ

ζ0μ ¼ −
ðdμaν2 − dνaμ2Þp0

ν

p0
−

; ð15Þ

which corresponds to the three-dimensional spin vector η (η0)
pointing along the direction of the magnetic field in the
instantaneous rest frame of the incoming (outgoing) lepton.
This allows us to label the initial and final spin states by the
quantum numbers σ; σ0 ¼ �1, defined with respect to the
SQAs in Eqs. (14) and (15). With these choices and
definitions, Eq. (13) can be rewritten as

dPðσ;σ0Þ
NCS

dωdθdφ
¼

Z
dϕþ

dPðσ;σ0Þ
NCS

dϕþdωdθdφ
; ð16Þ

dPðσ;σ0Þ
NCS

dϕþdωdθdφ
¼ α

4π

ω sin θ
p−p0

−
T̄σ;σ0 ðϕþÞ; ð17Þ

where d3k ¼ ω2dω sin θdθdφ, and θ and φ are the polar and
azimuthal angles, respectively. For the sake of comparison
with Baier’s quasiclassical method (see Sec. II B), we define
the polar angle with respect to p as the polar axis, and
the azimuthal angle in the reference plane orthogonal to p
(see Sec. II B). The function T̄σ;σ0 ðϕþÞ is

T̄σ;σ0 ðϕþÞ ¼ −2ð1þ σσ0Þm2

�
p−p0

−

k−E2

�1
3

AiðzÞ

− 2mE
k−
p−

�
σ þ σ0 þ k−

p0
−
σ0
��

p−p0
−

k−E2

�2
3

Ai0ðzÞ

þ 2

�
2ð1þ σσ0Þ þ k2−

p−p0
−

��
p−p0

−

k−

�
zAiðzÞ;

ð18Þ

where we have introduced E ¼ ejEj (E < 0 for an
electron [82]) and

zðϕþÞ ¼ C2
3½1þ π2⊥ðϕþÞ�; ð19Þ

C3 ¼
�

k−m3

p−p0
−E

�1
3

; ð20Þ

π⊥ðϕþÞ ¼
1

m

�
p⊥ − A⊥ðϕþÞ −

p−

k−
k⊥

�
: ð21Þ

Equation (18) involves the Airy function Ai and its derivative
Ai0 (see Appendix A) and coincides with the integral over ϕ−
of the sum of Eqs. (8) and (9) in Ref. [63].
We now show that Eq. (17) can become negative over a

finite range of ϕþ. Since the prefactor in Eq. (17) is non-

negative, the sign of dPðσ;σ0Þ
NCS =ðdϕþdωdθdφÞ is entirely

determined by T̄σ;σ0 ðϕþÞ. We therefore study the condition

T̄σ;σ0 ðϕþÞ ≥ 0; ð22Þ

considering separately (i) σ ¼ −σ0 (spin flip upon emis-
sion) and (ii) σ ¼ σ0 (no spin flip). In case (i), Eq. (22)
reduces to

�
p−p0

−

k−

�
zAiðzÞ ≥ σ0mE

�
p−p0

−

k−E2

�2
3

Ai0ðzÞ: ð23Þ

Since zðϕþÞ > 0, and for each z > 0 the Airy function and
its derivative satisfy AiðzÞ > 0 and Ai0ðzÞ < 0, respec-
tively, Eq. (23) can be rewritten as

z
AiðzÞ
Ai0ðzÞ ≤ σ0C3: ð24Þ

For any choice of initial and final states, the right-hand
side of Eq. (24) is a constant. To gain intuition about
the meaning of the parameters involved, it is useful to
consider the important case of an ultrarelativistic electron
counterpropagating with the CCF. To leading order in 1=γ
(with θ ∼ 1=γ), one has p− ≈ 2ε and k− ≈ 2ω, and
Eq. (20) reduces to

C3 ≈ −
�

ω=ε
ð1 − ω=εÞχe

�1
3

; ð25Þ

which depends only on the ratio ω=ε and on χe. The
general solution of Eq. (24) can be written as

zðϕþÞ ≥ z̃; ð26Þ

where z̃ is the value of z at which the two sides of Eq. (24) are
equal, i.e., the intersection point of the two curves in Fig. 1(a),
representing the left- (blue) and right-hand (orange) sides of
Eq. (24). The example shown in Fig. 1(a) corresponds to
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χe ¼ 1.2, emission angle θ ¼ 2 × 10−5 rad, and photon
energy fraction ω=ε ¼ 0.8. Substituting Eqs. (19) and (21)
into Eq. (26) reduces the latter to a quadratic inequality inϕþ,

āϕ2þ þ b̄ϕþ þ d̄ ≥ 0; ð27Þ

with ā, b̄, and d̄ depending on the relative orientation of the
incoming electron momentum p and the direction d of the
CCF Poynting vector. For a counterpropagating geometry one
has ā ≥ 0, and Eq. (27) yields the two-interval solution

ϕþ ≤
−b̄ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b̄2 − 4ā d̄

p

2ā
or ϕþ ≥

−b̄þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b̄2 − 4ā d̄

p

2ā
:

ð28Þ

This is consistent with the plot of T̄−1;þ1ðϕþÞ shown in
Fig. 1(b) for σ0 ¼ −σ ¼ 1, χe ¼ 2, ω=ε ¼ 1=10, and a
fixed photon emission direction n making an angle θ ¼
2 × 10−5 rad with p, where T̄−1;þ1ðϕþÞ becomes negative
over an extended range of ϕþ. Owing to the factor σ0 in
Eq. (24), only the spin-flip case with σ0 ¼ þ1 (i.e., T̄−1;þ1)

exhibits the two-interval structure in Eq. (28), whereas
T̄þ1;−1 remains positive for all ϕþ. For positrons, the
situation is reversed.
An analogous analysis applies to the case σ ¼ σ0, for

which the condition in Eq. (22) becomes

�
−2m2

�
p−p0

−

k−E2ðϕþÞ
�1

3 þ
�
4þ k−

p−

k−
p0
−

��
p−p0

−

k−

�
z
�
AiðzÞ

≥ σ0mEðϕþÞ
k−
p−

�
2þ k−

p0
−

��
p−p0

−

k−E2ðϕþÞ
�2

3

Ai0ðzÞ: ð29Þ

After straightforward algebra, this inequality can be
recast as

½−2C2
3C4 þ ð4C4 þ 1Þz� AiðzÞ

Ai0ðzÞ ≤ σ0C3ð2C5 þ 1Þ; ð30Þ

with C4 ¼ p−p0
−=k2− and C5 ¼ p0

−=k−. Specializing, as
above, to an ultrarelativistic electron counterpropagating
with the CCF, these parameters reduce to functions of the
energy ratio ω=ε:

C4 ≈
1 − ω=ε
ðω=εÞ2 ; ð31Þ

C5 ≈
1 − ω=ε
ω=ε

: ð32Þ

Although a graphical illustration is less convenient in this
case, considering limiting regimes is still instructive. For
ω=ε → 0, the term proportional to C4z, which scales with
the highest negative power of ω=ε, dominates Eq. (30),
and the inequality reduces to

4C4z
AiðzÞ
Ai0ðzÞ ≤ 0; ð33Þ

which is satisfied for all z > 0 (and hence for all ϕþ).
Conversely, in the limit ω=ε → 1 most terms vanish, and
Eq. (30) reduces to the same form as Eq. (24). Indeed,
Fig. 1(b) shows that already at ω=ε ¼ 0.8, for a counter-
propagating electron -CCF configuration, T̄þ1;þ1ðϕþÞ
(orange) exhibits the same qualitative behavior as
T̄−1;þ1ðϕþÞ (blue). Thus, as ω=ε increases, T̄þ1;þ1ðϕþÞ
ceases to be non-negative.
In summary, we have demonstrated that, in contrast to

the spin-summed case, the angle- and spin-resolved dis-
tribution in Eq. (17) is not positive definite and therefore
does not admit a probabilistic interpretation, even in a
strictly constant and uniform crossed field.

B. Spin- and polarization-resolved differential
distribution within the quasiclassical method

Inspired by Schwinger’s seminal work [83], the quasi-
classical method (QM) developed by Baier and Katkov

(a)

(b)

FIG. 1. (a) Graphical illustration of the inequality in Eq. (24).
The blue curve shows zAiðzÞ=Ai0ðzÞ, while the orange horizontal
line indicates a representative value of the constant σ0C3. The
condition in Eq. (24) is satisfied where the blue curve lies below
the orange line. (b) T̄−1;þ1ðϕþÞ (blue) and T̄þ1;þ1ðϕþÞ (orange)
as functions of ϕþ, each normalized to its respective maximum.
Both functions become negative over finite intervals of ϕþ,
illustrating that dPðσ;σ0Þ

NCS =ðdϕþdωdθdφÞ is not positive definite.
See the text for details.
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provides a powerful approach to describe radiation from
ultrarelativistic charges and pair production by high-energy
photons in strong external electromagnetic fields [58,84].
Their key observation is that, at ultrarelativistic energies,
the noncommutativity of the operators associated with the
particle dynamical variables (such as position and momen-
tum) can be neglected, whereas commutators involving the
photon field operators, which are ultimately related to the
importance of photon recoil, must be retained [58]. A
distinctive feature of the QM is that it evaluates quantum
transition amplitudes along the classical trajectory deter-
mined by the Lorentz force, while the spin evolution
between emissions is described by the Bargmann-Michel-
Telegdi (BMT) equation. Compared with the Furry-picture
formulation, the QM often yields more compact analytic
expressions for transition amplitudes and distributions,
while reproducing the corresponding strong-field QED
results in the WKB limit at high particle energies [85].
In fact, after taking the ultrarelativistic limit, QM expres-
sions can be obtained from the corresponding Furry-picture
results written in light-front coordinates and by the sub-
stitutions p− ≈ 2ε, k− ≈ 2ω, and ϕ ≈ 2t (see the second
subsection of Appendix D for an explicit example). In
general, since the squared matrix element jMfij2 in Eq. (4)
must be linear in ξ and η, η0 (see, e.g., Ref. [78]), then
dPðηη0ξÞ

NCS =ðdt dω dθ dφÞ can be written in the form

dPðηη0ξÞ
NCS

dt dω dθ dφ
¼ CNCSðwþ ξi hi þ η0j Sj þ ξi η0j PijÞ; ð34Þ

where Einstein summation over i, j ¼ 1, 2, 3 is implied. In
Eq. (34) we have collected terms depending on η0 and ξ to
make their dependence explicit. Here, hi and Sj determine
the mean polarization- and spin- vectors, respectively (see
below), and Pij is the spin-polarization correlation matrix.
Note that w, hi, Sj, Pij are functions of the incoming and
outgoing particles parameters, and depend also on η. Their
explicit expressions as well as the expression of the
prefactor CNCS as obtained within the QM for NCS in
the LCFA, are given in the Appendix B.
The quantity dPðηη0ξÞ

NCS =ðdt dω dθ dφÞ in Eq. (34) is differ-
ential in the time t, photon energy ω and polar θ and
azimuthal φ angles. As in the corresponding Furry-picture
derivation, it is obtained analytically from the QM matrix
element by introducing the variables tþ ¼ ðt1 þ t2Þ=2 and
t− ¼ t1 − t2 (see Ref. [58] for this notation), expanding the
integrand to leading order in t− about t− ¼ 0, integrating
the resulting expression over t−, and identifying tþ with the
local time along the particle trajectory, i.e., t ¼ tþ (see
Refs. [66,67]). The polar angle θ is defined as the angle
between the unit vectors n and v̂ (to be distinguished from
the particle’s velocity v ¼ jvjv̂). Let s be the unit vector
along the electron’s transverse (with respect to v̂) accel-
eration, and define b ¼ v̂ × s. The azimuthal angle φ is

measured in the plane orthogonal to v̂, spanned by ðs; bÞ,
from s to the projection of n onto that plane (see Fig. 2).
This definition of angles is consistent with that given above
for the Furry-picture calculation in a CCF for d being in the
opposite direction of the local electron kinetic momentum,
and it corresponds to the standard definition of spherical
angular coordinates with respect to a system where s is the
x axis, b is the y axis and v̂ is the z axis.
Owing to their simplicity, commonly used local, collin-

ear-emission models are based on angle-integrated expres-
sions, where the solid-angle integration is carried out
analytically within the QM (see, e.g., Ref. [64] and
references therein). In practice, starting from Eq. (34),
these models determine spin and polarization from

dPðηη0ξÞ
NCS

dt dω
¼

Z
π

0

dθ
Z

2π

0

dφ
dPðηη0ξÞ

NCS

dt dω dθ dφ

¼ CNCSðwþ ξihi þ η0jSj þ ξiη0jPijÞ: ð35Þ

Explicit expressions for the angle-integrated functions
w, hi, Sj; correlation matrix Pij; and for the prefactor
CNCS are given in the Appendix C.
Note that, in both Eq. (34) and Eq. (35), η0 and ξ are the

spin and the polarization vectors characterizing the spin and
polarization detector, respectively, and can be chosen
arbitrarily. In the spin case, η0 specifies the axis with respect
to which the outgoing lepton spin is measured, and the
corresponding probabilities refer to spin aligned (þjη0j) or
antialigned (−jη0j) with that axis. Likewise, in the polari-
zation case, the Stokes vector ξ characterizes the photon
polarization detector, and corresponds to selecting photon
polarization states with ξ ¼ �jξj (see Sec. 65 of Ref. [78]).
In kinetic descriptions, the relevant quantities are spin-

and polarization-resolved distribution functions. The spin-
resolved differential distribution is therefore obtained by
summing over the two polarization states, yielding

dPðηη0Þ
NCS

dt dω dθ dφ
¼ 2CNCSðwþ η0 · SÞ; ½cfr: Eq: ð34Þ�; ð36Þ

dPðηη0Þ
NCS

dt dω
¼ 2CNCSðwþ η0 · SÞ; ½cfr: Eq: ð35Þ�: ð37Þ

From these expressions, the mean outgoing spin vector (in
the electron rest frame) produced by the scattering process
follows as (see Sec. 65 of Ref. [78] and, e.g., Refs. [64,66]
and references therein)

hη0i ¼ SðtÞ
wðtÞ ; ðangle-resolvedÞ; ð38Þ

hη0i ¼ SðtÞ
wðtÞ ; ðangle-integratedÞ; ð39Þ
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where w (w) and S (S) are linear functions of the incoming
spin vector η, and depend on time t and on the specific
incoming lepton p and outgoing photon k (ω) momentum
(energy). Similarly, summing Eq. (34) over the two spin
states of the outgoing electron yields the polarization-
resolved distribution:

dPðηξÞ
NCS

dt dω dθ dφ
¼ 2CNCSðwþ ξ · hÞ; ½cfr: Eq: ð34Þ�; ð40Þ

dPðηξÞ
NCS

dt dω
¼ 2CNCSðwþ ξ · hÞ; ½cfr: Eq: ð35Þ�; ð41Þ

from which the mean photon Stokes vector describing the
photon polarization state is obtained as

hξi ¼ hðtÞ
wðtÞ ; ðangle-resolvedÞ; ð42Þ

hξi ¼ hðtÞ
wðtÞ ; ðangle-integratedÞ; ð43Þ

in the chosen polarization basis. For the angle-integrated
collinearmodel based on Eq. (35), the same reasoning has led
to analogous expressions with w, h, and S replaced by their
angle-integrated counterparts w, h, and S, respectively. Note
that, in both angle-resolved and angle-integrated descrip-
tions, the spin-polarization correlation matrix Pij (Pij)
encodes joint correlations between the outgoing electron
spin and the emitted photon polarization. Accessing these
correlations requires event-by-event coincidence informa-
tion, i.e., the ability to correlate each photon with its parent
electron and to measure both the photon polarization and the
recoiling-electron spin in the same event. In a kinetic
(plasma) description one evolves single-particle distribution
functions, which are fully characterized by w together with

S (electron) or h (photon) neglecting higher moments and
electron-photon correlations.
In Sec. II A we have demonstrated that, even in a strictly

uniform CCF, the local, instantaneous angle- and spin-
resolved distribution can take both positive and negative
values. Here we aim to visually identify the region of
parameter space where this occurs. Figure 3 displays the
results obtained for an electron with energy ε ¼ 1 GeV and
velocity perpendicular to the magnetic field B with quantum
parameter χe ¼ 2, and spin vector η antialigned with B, as
functions of the photon-to-electron energy ratio ω=ε and the
polar angle θ or azimuthal angle φ, respectively. Each
marker corresponds to one sample and is colored green
when the physical bound is satisfied [jhη0ij ≤ 1 in panels (a),
(c) and jhξij ≤ 1 in panels (b), (d)], and red otherwise. Note
that, when translated into probabilities, a spin or polarization
vector with magnitude exceeding unity corresponds to a
negative value of the inferred probability. To obtain a clear
picture across parameter space, we kept the electron state
fixed and generated 107 samples with the photon energy
drawn uniformly from 0 < ω < ε, rather than from the
spectrum implied by Eq. (34), which would strongly bias the
sampling toward low-energy photons. The emission angles
ðθ;φÞ were sampled from the spin- and polarization-

summed angular distribution dPðηÞ
NCS=ðdt dω dθ dφÞ

FIG. 2. Angular coordinate system used to specify the photon
emission direction n with respect to the electron velocity unit
vector v̂. The polar angle θ is defined as the angle between n and
v̂. Let s be the unit vector along the electron’s transverse (with
respect to v̂) acceleration, and define b ¼ v̂ × s. The azimuthal
angle φ is measured in the plane orthogonal to v̂, spanned by
ðs; bÞ, from s to the projection of n onto that plane.

(a) (b)

(c) (d)

FIG. 3. Distribution of admissible (green) and inadmissible
(red) absolute values of the mean outgoing electron spin hη0i (a),
(c) and of the photon Stokes vector hξi (b),(d) versus the photon-
to-electron energy ratio ω=ε and the photon emission angles θ
and φ. An incoming electron has energy ε ¼ 1 GeV in a
magnetic field B with velocity perpendicular to B and with spin
vector η antialigned with B and quantum parameter χe ¼ 2. We
simulate 107 events by sampling ω uniformly in ð0; εÞ and ðθ;φÞ
from the distribution dPðηÞ

NCS=ðdtdωdθdφÞ obtained from Eq. (34)
after summing over the final spin and polarization states. For each
event, hη0i and hξi are computed from Eqs. (38) and (42). Markers
are green when jhη0ij ≤ 1 (a),(c) or jhξij ≤ 1 (b),(d), and red
otherwise; red markers thus indicate events for which the local
model implies a negative inferred probability, in direct violation
of its probabilistic interpretation.
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obtained from Eq. (34) after summing over the final electron
spin and photon polarization states. For each sampled event,
the inferred mean outgoing electron spin vector hη0i and
mean photon Stokes vector hξi were computed from
Eqs. (38) and (42), respectively.
Figure 3 shows that the predicted larger-than-unity mag-

nitudes of the spin and Stokes vectors occur predominantly in
the forward direction for both electrons and photons, i.e., at
small values of θ across essentially all photon energies [see
panels (a) and (b) of Fig. 3]. As a function of the azimuthal
angle, two well-defined regions centered at φ ¼ π=2 and
φ ¼ 3π=2 are clearly visible. These correspond to the axis
orthogonal to the plane spanned by the incoming electron
momentum and the transverse acceleration. The width of
these regions is approximately independent of ω=ε for the
electron spin [panel (c)], while it increases toward low
photon energies for the photon polarization [panel (d)].
Figure 4 quantifies how events with physically admis-

sible (jη0j ≤ 1, jξj ≤ 1) and inadmissible (jη0j > 1, jξj > 1)
inferred spin/polarization contribute to the angle-integrated
distribution in Eq. (35). We considered an incoming
electron with ε ¼ 1 GeV energy in a magnetic field B ¼
ð0; By; 0Þ with quantum parameter χe ¼ 2 and for several
initial spin values η2 (purple, 1; red, 0.5; green, 0; orange,
−0.5; blue, −1). Panels (a) and (b) show the mean outgoing
electron spin component hη02i (along B), while panels (c)
and (d) show the mean photon Stokes parameter hξ3i, with

all quantities plotted as functions of the photon-to-electron
energy ratio ω=ε. The parameter hξ3i quantifies the degree
of linear polarization along n × ðs × nÞ (for hξ3i ¼ þ1) or
along n × s (for hξ3i ¼ −1), where the limiting values �1
correspond to pure states fully linearly polarized along the
respective axis. In panels (a) and (c), the colored curves
were obtained by sampling 104 emission directions at each
ω=ε and averaging the corresponding ensemble of spin and
polarization inferred from Eqs. (38) and (42). Panels (b)
and (d) show the same averages after discarding events with
jη0j > 1 or jξj > 1. In all panels of Fig. 4, the black dashed
curves show the corresponding angle-integrated (collinear-
model) prediction from Eq. (35), which always yields
physically admissible results, i.e., spin and Stokes vectors
with magnitude smaller than or equal to unity, and agrees
with Ref. [86].
On the one hand, plots in panels (a) and (c) of Fig. 4

confirm that sampling via Eqs. (38) and (42) reproduces the
angle-integrated prediction of Eq. (35). On the other hand,
panels (b) and (d) show that discarding inadmissible events
affects the photon polarization much more strongly than the
electron spin, particularly for photon energies ω≲ ε=2.
Therefore, simply ignoring inadmissible cases can be
problematic, as it may lead to quantitatively incorrect
results for the total spin and polarization vectors.

C. From local to nonlocal differential distributions

The sign-indefinite behavior demonstrated above implies
that the local differential distribution either starting from the
Furry picture in a CCF [Eq. (17)] or from the ultrarelativistic
limit obtained within the QM [Eq. (34)], cannot in general be
interpreted as a probability density. While the lack of a local
probabilistic interpretation in space-time dependent back-
grounds is well known (see, e.g., Refs. [70,79]) and is simply
due to the breakdown of the LCFA, i.e., when the back-
ground-field variation length becomes comparable to the
photon formation length (a0 ≲ 1), the analysis above reveals
a more fundamental limitation: even in a strictly uniform
CCF, the angle-, spin-, and polarization-resolved NCS local
differential distribution does not admit a direct probabilistic
interpretation. This result challenges a key assumption
underlying MC event generators and PIC implementations
based on the LCFA, namely that local, instantaneous
expressions can always be interpreted as probability den-
sities and sampled to obtain spin-/polarization-resolved
particle distributions.
A consistent treatment therefore requires a quantity with

an unambiguous probabilistic meaning. Conceptually, the
only object that can be rigorously identified as a probability
is the fully phase-integrated expression in Eq. (4), which
yields the transition probability between asymptotic initial
and final states. Equivalently, after changing variables to
ðϕþ;ϕ−Þ, integrating over ϕ−, and summing over the photon
polarizations (so as to focus on the lepton spin for simplic-
ity), one must perform the integral over ϕþ in Eq. (13) to

(a) (b)

(c) (d)

FIG. 4. Spin and polarization curves for NCS of an ultra-
relativistic electron (ε ¼ 1 GeV, χe ¼ 2) for five different initial
spin states (purple, 1; red, 0.5; green, 0; orange, −0.5; blue, −1)
in a uniform magnetic field B ¼ ð0; By; 0Þ versus the photon-to-
electron energy ratio ω=ε. (a),(b) Mean outgoing electron spin
component hη02i (along B). (c),(d) Mean photon Stokes param-
eter hξ3i. In panels (a) and (c) colored curves are obtained by
averaging the spin and polarization inferred from Eqs. (38)
and (42), respectively, over 104 sampled emission angles at
each ω=ε. In panels (b),(d) colored curves show the same
averages after discarding events with jη0j > 1 or jξj > 1. Black
dashed curves show the corresponding angle-integrated predic-
tion from Eq. (39) [panels (a),(b)] and Eq. (43) [panels (c),(d)].

INTRINSIC NONLOCALITY OF SPIN- AND POLARIZATION- … PHYS. REV. D 114, 016030 (2026)

016030-9



obtain a distribution that is differential in the emitted-photon
momentum and resolved in the lepton spin. By construction,
the resulting phase-integrated distribution is non-negative
and yields physically admissible spin/polarization vector for
any photon momentum k.
Within the QM, this implies, following the same steps as

in Sec. II B, that the mean outgoing spin vector is given by
[cf. Eq. (38)]

hη0i ¼
R∞
−∞ dtCNCSðtÞSðtÞR∞
−∞ dt CNCSðtÞwðtÞ

; ð44Þ

and similarly that the mean photon Stokes vector is
[cf. Eq. (42)]

hξi ¼
R∞
−∞ dt CNCSðtÞhðtÞR
∞
−∞ dt CNCSðtÞwðtÞ

: ð45Þ

Directly implementing the numerical calculation of these
quantities in a code is unpractical, because it would require
integration along thewhole trajectories of particles. However,
as we will elaborate on below, although Eqs. (44) and (45)
involve integrals over the entire particle’s trajectory, for each
specific photon momentum k and in a CCF the integrals
receive appreciable contributions only from an extended but
finite segment of the worldline (whose length depends also
on the energy of the emitted photon, see Refs. [79,80]).
For an ultrarelativistic emitter, the collimated nature of
the radiation implies that this segment corresponds to a
“formation region” over which the particle is deflected by a
small angle ∼1=γ [58].

III. MODELING FULLY RESOLVED NCS
DISTRIBUTIONS

We now identify the distributions required for MC
simulations of NCS within the LCFA. Starting from
Eq. (36), summing over the outgoing electron spin states,
one obtains

dPðηÞ
NCS

dω dθ dφ
¼ 4

Z
dt CNCSðtÞwðtÞ ¼

Z
dt

αω

π2

ffiffiffiffiffi
2λ

3

r
γ3 sin θ
χeε

0

×

�
K1

3
ðξeÞ

�
2λ

ε2 þ ε02

εε0
−

1

γ2

�
þ K2

3
ðξeÞ

ffiffiffiffiffi
2λ

p

×

�
θ sinφ

ε2 − ε02

εε0
v̂ −

ω

γε
b

�
· η

�
; ð46Þ

where

λ ¼ 1 − n · v; ð47Þ

ξe ¼
4

ffiffiffi
2

p

3

ωγ3

ε0χe
λ
3
2; ð48Þ

and CNCS and w are given in the Appendix B. The time
integral is evaluated along the classical lepton trajectory
determined by the Lorentz force, while the spin evolves
according to the BMT equation [87]. Integrating Eq. (46)
over the emission angles yields

dPðηÞ
NCS

dω
¼ αffiffiffi

3
p

πγ2

Z þ∞

−∞
dt

�
K2=3ðzqÞ

ε2 þ ε02

εε0

−
Z

∞

zq

dxK1=3ðxÞ − K1=3ðzqÞ
ω

ε
ðη · bÞ

�
; ð49Þ

where ε0 ¼ ε − ω and zq ¼ 2ω=½3ðε − ωÞχe�.
In a CCF, there is a one-to-one correspondence between

a given photon momentum k ¼ ωn and the time t� where
the lepton velocity is parallel to k [70]. Accordingly, for
fixed emission direction n the time integral in Eq. (49)
effectively receives contributions only over the correspond-
ing formation region tf, defined according to

dPðηÞ
NCSðnÞ
dω

≈
αffiffiffi
3

p
πγ2

Z
t�þtf=2

t�−tf=2
dt

�
K2=3ðzqÞ

ε2 þ ε02

εε0

−
Z

∞

zq

dxK1=3ðxÞ−K1=3ðzqÞ
ω

ε
ðη · bÞ

�
: ð50Þ

More precisely, here tf is the direction-, and photon energy-
dependent (see Refs. [79,80]) photon formation time,
which on average corresponds to the time required for
the lepton momentum p to turn by an angle ∼1=γ with
respect to n [58,70]. Moreover, in a CCF the integrand in
Eq. (50) depends only on ε, ε0 ¼ ε − ω, and the quantum
parameter χe (constant in a CCF), as well as on the scalar
product η · b. Over the formation interval, ε varies only at
relative order 1=γ2 and η · b is approximately conserved in
the ultrarelativistic regime because η and b corotate under
the Lorentz and BMT dynamics [88]. As a result, the
integrand can be taken as approximately constant over tf,
yielding

dPðηÞ
NCSðnÞ
dω

≈
dPðηÞ

NCSðt�Þ
dtdω

tf; ð51Þ

dPðηÞ
NCSðt�Þ
dt dω

≡ αffiffiffi
3

p
πγ2

�
K2=3ðzqÞ

ε2 þ ε02

εε0
−
Z

∞

zq

dxK1=3ðxÞ

− K1=3ðzqÞ
ω

ε
ðη · bÞ

�				
t¼t�

: ð52Þ

For an ultrarelativistic emitter radiation is strongly beamed
and the photon formation time tf at a given direction is
relatively short, so the photon spectrum observed along a
fixed direction n is governed by the local dynamics of the
emitting lepton [see Eq. (51)]. Accordingly, the photon
spectrum at a given direction is determined by Eq. (52).
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The dependence on the observation direction n enters only
through the fact that, in a CCF, a given k ¼ ωn selects the
corresponding center of the formation region, i.e., a specific
interval along the trajectory, and hence the local lepton
state [in particular its energy εðtÞ] within that interval.
Equation (52) can therefore be interpreted as a local
probability density per unit time and per unit photon
energy. Finally, integrating Eq. (52) over the photon energy
yields the local emission rate

dPðηÞ
NCS

dt
¼

Z
ε

0

dω
dPðηÞ

NCS

dt dω
: ð53Þ

Under the assumptions stated above, each point within the
formation region gives essentially the same emission prob-
ability per unit time [Eq. (53)] and the same spectral shape
[Eq. (52)]. Similar conclusions apply to the angular distribu-
tion, provided the photon emission angles are defined with
respect to the instantaneous ðs; b; v̂Þ basis (see Fig. 2 and
Sec. II B). As the emitting lepton propagates, the orthonormal
triad ðs; b; v̂Þ corotates with the lepton momentum p, and the
spin vector η precesses according to the BMT equation in a
manner locked to the same rotation. Consequently, when
angles are expressedwith respect to the instantaneous ðs; b; v̂Þ
basis, the integrand of Eq. (46) remains approximately
unchanged across the formation region. Therefore, with
sufficient statistics and for spin- and polarization-summed

distributions, localMC samplingwithin the LCFA reproduces
the time-integrated energy and angular distributions, namely,
Eq. (46). This is consistent with established benchmarks of
spin- and polarization-averaged spectra [79,80] and angular
distributions [89] of strong-field QED calculations against
their MC implementation.
By contrast, for spin and polarization, one must instead

work with formation-integrated quantities, as in Eqs. (44)
and (45). As we have already mentioned, a direct numerical
evaluation of these integrals along an emitter’s trajectory is
impractical in general, because it would require accurately
integrating over the full formation region, whose length
depends also on the emitted photon momentum. To over-
come this difficulty, we compute the corresponding
formation-integrated quantities analytically in a locally
matched CCF (see below).
In a CCF, the one-to-one correspondence between a given

photon momentum k and the segment of the trajectory
contributing to its emission [70] ensures that the relevant
formation-region contribution is automatically selected once
k is fixed. Concretely, we start from the phase-integrated
transition amplitude in Eq. (7), specialized to a CCF with
vector potential and gauge fixing as in Sec. II A [Eqs. (10)
and (11)], but keeping arbitrary spin four-vectors ζμ and ζ0μ.
Using the Airy-function representation in Eq. (A1), the
phase integral can be carried out analytically. After sim-
plification, the amplitude and its modulus square read as

Mfi ¼ −e
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8V3εε0ω
p 2π

ð3κÞ13 expfiα̃gūp
0;ζ0

��
=e� −

e
2

�
=a=d=e�

p0
−

þ =e�=d=a
p−

�
ϕ0

�
AiðzÞ − ie

2

�
=a=d=e�

p0
−

þ =e�=d=a
p−

�
Ai0ðzÞ
ð3κÞ13

�
up;ζ; ð54Þ

and

jMfij2 ¼ CM
1

4
Tr


�
=e�AiðzÞ − e

2

�
=a=d=e�

p0
−

þ =e�=d=a
p−

��
ϕ0AiðzÞ þ i

Ai0ðzÞ
ð3κÞ13

��
ð=pþmÞð1þ γ5=ζÞ

×

�
=eAiðzÞ − e

2

�
=e=d=a
p0
−
þ =a=d=e

p−

��
ϕ0AiðzÞ − i

Ai0ðzÞ
ð3κÞ13

��
ð=p0 þmÞð1þ γ5=ζ0Þ

�
; ð55Þ

with

ϕ0 ¼
β

3κ
; ð56Þ

aν ¼ −jEjaν1; ð57Þ

μ ¼ p0þ þ kþ − pþ; ð58Þ

β ¼ e
2

�
p0
μ

p0
−
−
pμ

p−

�
aμ; ð59Þ

κ ¼ −
e2

6
a2
�

1

p0
−
−

1

p−

�
; ð60Þ

α̃ ¼ 2β3

27κ2
−
μβ

3κ
; ð61Þ

z ¼
�
μ −

β2

3κ

��
1

3κ

�1
3

; ð62Þ

CM ¼ e2π2

2V3εε0ωð3κÞ23 : ð63Þ

The modulus square of the amplitude summed over the
photon polarization quantum numbers can be written as
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X
ξ

jMfij2 ¼ CMðI þ ðζ0lÞÞ; ð64Þ

where explicit expressions for I and lμ are provided in the
Appendix E.
For practical use in kinetic simulations, it is convenient to

express the spin four-vector ζ0μ characterizing the detector in
terms of its rest-frame spin vector η0. Decomposing with
respect to the final-momentum direction p0, one has

ζ00 ¼ jp0j
m

η0k; ζ 0⊥ ¼ η0⊥; ζ0k ¼
ε0

m
η0k; ð65Þ

where the suffixes k and ⊥ denote the components of the
vectors ζ 0 and η0 parallel and perpendicular to p0, respec-
tively [78]. With this, Eq. (64) becomes

X
ξ

jMfij2 ¼ CMðI þ η0 · δÞ; ð66Þ

δ≡
�jp0j
m

l0 −
ε0

m
lk

�
v̂0 − l⊥; ð67Þ

and, by direct analogy with the derivation of Eq. (44), the
mean outgoing spin vector is

hη0i ¼ δ
I
: ð68Þ

An analogous procedure yields the photon polarization, with
only minor modifications. For each emission, we define a
polarization basis

eμðiÞ ¼ fμðiÞ −
ðfðiÞdÞ
ðkdÞ kμ; i ¼ 1; 2; ð69Þ

where the auxiliary vectors fμðiÞ have vanishing time

component and are constructed by orthogonalizing a refer-
ence direction eðxÞ ¼ ð1; 0; 0Þ with respect to k:

eðxÞ⊥ ≡ eðxÞ −
eðxÞ · k
k · k

k ð70Þ

fμð1Þ ¼
�
0;

eðxÞ⊥
jeðxÞ⊥j

�
; ð71Þ

fμð2Þ ¼
�
0;

k × f ð1Þ
jk × f ð1Þj

�
: ð72Þ

This construction enforces mutual orthogonality and trans-
versality to both kμ and dμ [see Eqs. (10) and (11)]. Writing
the polarization vector as

eμ ¼ g1e
μ
ð1Þ þ g2e

μ
ð2Þ; ð73Þ

and defining the Stokes parameters via

ξ1 ¼ g�2g1 þ g2g�1;

ξ2 ¼ iðg�2g1 − g2g�1Þ;
ξ3 ¼ g�1g1 − g�2g2; ð74Þ

with the normalization condition g�1g1 þ g�2g2 ¼ 1, the
photon density matrix e�μeν can be written in the standard
form [90]:

e�μeν¼
1

2

�
eð1Þμ eð1Þν þeð2Þμ eð2Þν



þξ1

2

�
eð2Þμ eð1Þν þeð1Þμ eð2Þν




þ i
ξ2
2

�
−eð2Þμ eð1Þν þeð1Þμ eð2Þν



þξ3

2

�
eð1Þμ eð1Þν −eð2Þμ eð2Þν



:

ð75Þ

Summing Eq. (55) over the final electron spins yields

X
ζ0
jMfij2 ¼ CMðI þ ξ · yÞ; ð76Þ

where the components of y ¼ ðy1; y2; y3Þ are given in the
Appendix E. By analogy with the derivation of Eq. (45), the
mean photon Stokes vector is

hξi ¼ y
I
: ð77Þ

For any given k, Eqs. (68) and (77) provide formation-
region-integrated outgoing lepton spin and photon polari-
zation with direct physical interpretation.
Our analytical building blocks are derived in a CCF,

consistently with the LCFA employed in simulations, which
is formulated locally in terms of particle and field invariants
associated to the instantaneous rest frame of the emitting
particle. In particular, emission probabilities depend on the
local quantum parameter χe ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðFμνpνÞ2j

p
=ðmFcrÞ and on

the instantaneous transverse acceleration direction (see
Sec. III B for details).

A. Selection of the polarization basis

The photon polarization basis in Eq. (69) depends on the
propagation direction d of the background and on the
emitted-photon momentum kμ ¼ ðω; kÞ. As a consequence,
the Stokes vector obtained from Eq. (77) is defined event by
event with respect to a basis that generally changes with k.
For this reason, in general, when polarization observables
are combined across events each Stokes vector must first be
rotated into a common reference basis (e.g., one fixed in the
laboratory frame or tied to a detector plane).
Finally, the construction in Eqs. (69)–(72) becomes ill

defined when the reference direction eðxÞ is collinear with k,
because the orthogonalization step yields a vanishing
vector. In this case, we switch to an alternative reference
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axis (e.g., eðyÞ) and repeat the construction, thereby ensur-
ing a well-defined transverse polarization basis for all
emission directions.

B. Implementing spin- and polarization-resolved
distributions

We now introduce our emission algorithm for NCS that
enables the consistent sampling of both kinematics (energy
and angles) and internal degrees of freedom (electron spin
and photon polarization) in PIC and MC codes within
the LCFA.
The algorithm preserves the established LCFAworkflow

for the momentum, for which local sampling has been
shown to be accurate under the assumptions discussed in
Sec. III, while replacing the ill-defined local treatment of
spin and polarization by phase-integrated distributions
evaluated in an auxiliary, event-by-event matched constant
crossed field. The resulting algorithm is readily integrable
in existing SFQED-PIC/MC frameworks. The required
routines for angle-resolved emission and formation-
integrated spin/polarization calculation have been imple-
mented in SFQEDtoolkit [91].
Algoritm 1: For an incoming lepton with momentum p

and spin η, each computational cycle comprises the
following sequence of steps:
(0) Particle push: advance the particle position x,

momentum p, and spin η by integrating the Lorentz
force and the BMT equation, respectively.

(1) Event triggering: sample whether an emission oc-
curs in the time step Δt using the local (total)

emission rate dPðηÞ
NCS=dt in Eq. (53).

If an event occurs
(2) Energy sampling: sample the photon energy ω from

the local spectrum dPðηÞ
NCS=ðdt dωÞ in Eq. (52).

(3) Angle sampling: using the photon energy ω deter-
mined at step (2), sample the emission angles θ;φ
with respect to the instantaneous QM basis of
Sec. II B from the local angular distribution

dPðηÞ
NCS=ðdt dω dθ dφÞ, i.e., the integrand in

Eq. (46). Once the photon momentum is fully
sampled, update the electron momentum by enforc-
ing momentum conservation (photon emission
recoil).

(4) Spin/polarization vector: given the photon momen-
tum k obtained at steps (2) and (3), determine the
outgoing lepton mean spin hη0i and photon mean
Stokes vector hξi from Eq. (68) and Eq. (77),
respectively (see also below).

Otherwise, if no emission is deemed
(5) No-emission spin evolution: using the no-emission

probability 1 − ðdPðηÞ
NCS=dtÞΔt, update the lepton

mean spin according to the nonradiative mixed-
states transition prescribed in Refs. [65,67,92].
This “no-emission” spin evolution physically arises

from interference between the one-loop electron
self-energy and the forward-scattering amplitude,
acting even in the absence of emission; see
Refs. [61,65,67,92–94] for details.

Steps (1)–(3) of Algorithm 1 are performed by evaluating
time-local expressions on the instantaneous particle state
and fields. This procedure is well benchmarked for spin-
and polarization-averaged observables. In step (4), the
phase-integrated expressions in Eqs. (68) and (77) are
evaluated in an auxiliary constant crossed field (ACCF)
matched to the instantaneous local invariants and lepton
dynamics. The ACCF is employed only to compute the
phase-integrated hη0i and hξi for the sampled photon
energy ω and momentum k.
The ACCF is constructed as follows: at emission, let the

emitting lepton have energy ε, momentum p, and quantum
parameter χe (computed from the local electromagnetic
field and the instantaneous momentum). The ACCF is
fixed by
(1) Field magnitude (matching χe). As discussed at the

next step, the ACCF is oriented opposite to the
emitting lepton momentum. In this case, to leading
order in 1=γ, χe ≈ 2εjejE=m3 for a counterpropagat-
ing ultrarelativistic lepton. We therefore set the
ACCF field strength to reproduce the same instanta-
neous χe,

EACCF ¼
χe

2εjejm
3: ð78Þ

(2) Field orientation (matching the local transverse accel-
eration). We define an ACCF with normalized Poynt-
ing vector d≡ ðE × BÞ=jEj2 such that d ¼ −p=jpj.
We align the ACCF electric-field direction with the
instantaneous unit vector s along the lepton’s trans-
verse acceleration [s · p ¼ s · d ¼ 0] induced by the
local background field,

EACCF ¼ sgnðeÞEACCFs;

BACCF ¼ EACCF ×
p
jpj ; ð79Þ

sgnðeÞ ¼ þ1 for positrons and −1 for electrons.
Matching χe ensures that the ACCF reproduces the relevant
strong-field QED photon-energy spectrum, while the field
orientation preserves the local geometric structure. Indeed,
for an ultrarelativistic particle moving in an arbitrary slowly
varying background field ða0 ≫ 1Þ, e.g., a constant and
uniform magnetic field, the field in the instantaneous rest
frame contains orthogonal electric and magnetic compo-
nents of approximately equal magnitude, so that the local
emission process is equivalent (in the LCFA/QM sense) to
emission in a crossed-field configuration. This is precisely
the rationale behind the ACCF used here: at each emission
we construct a locally matched CCF that reproduces the
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same χe (instantaneous rest frame field strength) and
the same local geometry (instantaneous rest frame field
geometry via the transverse-acceleration direction) as the
background electromagnetic field, and we evaluate forma-
tion-integrated spin and polarization in that matched CCF.
Importantly, the phase controlling the formation region is

independent of spin and polarization [see Eq. (8)], so the
accuracy of neglecting any local space and time depend-
ence of the background field within the formation length in
the probability of single-photon emission PNCS is that of
the LCFA itself, i.e., of order 1=a20 [79,80,95,96]. We note
that MC simulations based on single-photon NCS, as those
considered here, neglect coherent multiphoton contribu-
tions. By considering the exemplary case of nonlinear
double Compton scattering [97–100], the ratio of the one-
step (coherent) to the two-step (incoherent cascade) prob-
ability scales as 1=ða0ΔψÞ, where Δψ is the total laser
phase accumulated over the interaction (Δψ ≈ a0 for the
simulations in Sec. IVA). Analogous considerations can
be made for the emission of more than two photons, such
that the cascade approximation, in which the coherent

contributions are ignored, is well justified in the considered
regime.
In summary, the new algorithm (i) retains the local LCFA

treatment for event triggering, photon-energy sampling, and
photon-emission-angle sampling and (ii) replaces the prob-
lematic time-local spin/polarization expressions by a non-
negative, formation-region-integrated expression evaluated
in a matched ACCF. This preserves compatibility with
existing PIC/MC workflows while restoring a rigorous
probabilistic interpretation for spin and polarization at the
event level. An analogous strategy can be extended to, e.g.,
nonlinear Breit-Wheeler.
As a consistency check, we repeat the calculation of the

angle-averaged spin and polarization curves as functions of
the photon-to-electron energy ratio ω=ε, using the same
parameters as in Fig. 4 but using the phase-integrated
expressions in Eqs. (68) and (77). Specifically, for each
value of ω=ε we generate 104 emission events with angles
sampled from the integrand in Eq. (46), and for each event
we compute the final electron spin and photon Stokes vector
using the phase-integrated formulas in Eqs. (68) and (77).
All sampled states are physically admissible (jη0j ≤ 1 and
jξj ≤ 1). We then compare these results with the local
(instantaneous) angle-integrated predictions from Eqs. (39)
and (43), and find that the corresponding curves agree within
numerical accuracy, as shown in Fig. 5. This agreement is
consistent with the fact that, within the LCFA, each point
inside the formation region contributes essentially the same
probability per unit time and exhibits the same spectral and
angular dependence, as discussed in Sec. III.

IV. SIMULATIONS

The angle-resolved, phase-integrated model developed
here is conceptually distinct from the collinear, local model
commonly employed to date and it uses only non-negative
probability distributions by construction. In fact, although
the angle-integrated spin- and polarization-resolved distri-
butions are non-negative, they receive essential contribu-
tions from regions where the corresponding fully resolved
local differential is negative (see Figs. 3 and 4). To quantify
the impact on ensemble-averaged spin and polarization
observables, we consider two representative simulation
configurations, presented in the following subsections. In
the first case, an ultrarelativistic electron bunch propagates
through an intense electromagnetic laser pulse (see
Sec. IVA) and in the second case through a constant
magnetic field (see Sec. IV B). In both cases, we perform
MC simulations using both (i) the standard collinear, local
(CL) model based on time-local angle-integrated distribu-
tions [Eqs. (39) and (43)], and (ii) the angle-resolved,
nonlocal (AN) model based on phase-integrated distribu-
tions [Eqs. (68) and (77)]. The field profile and bunch
parameters are specified in each subsection.
As discussed in the Introduction, the polarization of the

emitted photon and the spin of the outgoing electron are

(a)

(b)

FIG. 5. Spin and polarization curves for NCS of an ultra-
relativistic electron (ε ¼ 1 GeV, χe ¼ 2) for five different initial
spin states (purple, 1; red, 0.5; green, 0; orange,−0.5; blue,−1) in a
uniform magnetic field B ¼ ð0; By; 0Þ versus the photon-to-elec-
tron energy ratio ω=ε. (a) Mean outgoing electron spin component
hη02i (along B) according to Eq. (68). (b) Mean photon Stokes
parameter hξ3i according to Eq. (77). Black dashed curves show the
corresponding local- angle-integrated prediction according to
Eq. (39) [panel (a)] and Eq. (43) [panel (b)].
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tied to each particle’s momentum. In individual events, for
a photon, hξ2i and jhξ⊥ij≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hξ1i2 þ hξ3i2

p
quantify the

degree of circular and linear polarization, respectively, in
the plane perpendicular to the photon momentum.
Additionally, these combinations of Stokes parameters
are Lorentz invariant [78]. For an electron, the analogous
quantities are the helicity hhi and the magnitude of the spin
component transverse to the electron momentum jhη0i⊥j.
The electron helicity operator ĥ is defined as the scalar
product of the Dirac spin operator Σ̂ and of the momentum
operator ĥ≡ Σ̂ · P̂=jP̂j. For an electron in a state of definite
momentum and definite spin (as is the outgoing electron in
the laboratory frame considered here), the expectation value
of the helicity is hhi ¼ ðm=ε0Þhζ 0i · p0=jp0j ¼ hη0i · p0=jp0j,
where ζ 0 is the spatial part of the outgoing electron’s spin
four-vector.
In practice, since we are interested in beam-level

observables, we group particles into angular bins such
that all particles in a given bin have nearly the same
propagation direction. For photons, we then compute the
binned averages:

ξ̄2 ≡ 1

N

XN
l¼1

hξ2il; ð80Þ

jξ̄⊥j≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1

N

XN
l¼1

hξ1il
�2

þ
�
1

N

XN
l¼1

hξ3il
�2

vuut ; ð81Þ

where the index l runs over the N photons in the selected
bin. This procedure is meaningful because, within a suffi-
ciently narrow angular bin, photons share essentially the
same emission direction k=jkj and, in the ultrarelativistic
regime considered here, are produced by electrons with
nearly the same momentum direction p=jpj. This results in a
common polarization basis [Eqs. (69)–(74)], such that the
sums in Eq. (81) are well defined. For electrons, we
analogously report the binned average helicity,

h̄≡ 1

N

XN
l¼1

hhil; ð82Þ

and the magnitude of the averaged transverse spin-polari-
zation vector,

jη̄0⊥j≡
				 1N

XN
l¼1

hη0i⊥l

				: ð83Þ

Again, for a sufficiently collimated beam, the ensemble
average in Eq. (82) directly represents the beam polarization
along the common propagation direction. Indeed, angular
collimation provides a shared reference direction, so the
per-particle helicities hhil ¼ hu†p0;ζ0Σup0;ζ0 il · p0l=ð2ε0ljp0ljÞ

can be consistently averaged. For ultrarelativistic and
almost collinear electrons the situation is similar to photons
in the sense that, whereas for a photon the helicity is a
strictly Lorentz-invariant quantity, for an ultrarelativistic
electron the helicity is Lorentz invariant except for the
restricted class of Lorentz boosts that do invert the direction
of electron momentum.

A. Electron beam-laser interaction

As a first test case, we consider the head-on collision of
an ultrarelativistic electron bunch and a tightly focused laser
pulse propagating along þz. The electron bunch carries a
total chargeQ ¼ 2.0 pC, with mean energy ε ¼ 2 GeV and
relative energy spread Δε=ε ¼ 0.04. Its spatial charge
density is taken to be Gaussian:

qðx; y; zÞ ¼ Q0

ð2πÞ3=2σ2⊥σk
exp

�
−
x2 þ y2

2σ2⊥
−

z2

2σ2k

�
; ð84Þ

with transverse rms size σ⊥ ¼ 4 μm and longitudinal full
width at half maximum FWHMk ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð2Þp

σk ¼ 3 μm.
The normalization constant Q0 is chosen such thatR
qðx; y; zÞdxdydz ¼ Q. The beam angular profile is also

taken to be Gaussian, with rms divergence σθ ¼ 2 mrad.
The distribution of the θx, θy angles about the mean
propagation direction is

fðθx; θyÞ ¼
1

2πσ2θ
exp

�
−
θ2x þ θ2y
2σ2θ

�
: ð85Þ

Note that electron beams with GeV-scale energies, pC-level
charge, mrad-scale divergence, femtosecond durations, and
quasimonoenergetic spectra at the few-percentage level are
routinely produced in laser-wakefield accelerators in opti-
mized operating regimes [101–104].
The laser pulse used in the simulations is modeled as a

focused Gaussian beam following Ref. [105], using the full
field expression given there. Its parameters are chosen as
follows: central wavelength λ0 ¼ 2πc=ω0 ¼ 1 μm, normal-
ized amplitude a0 ¼ 80, focal waist is w0 ¼ 2 μm, and
FWHM pulse duration τFWHM ≈ 27 fs. These values cor-
respond to a cycle-averaged peak intensity and power I0 ≈
8.8 × 1021 W=cm2 and P0 ≈ 0.55 PW, respectively, with
total pulse energy E ≈ 16 J.
For reference, to lowest order in the diffraction angle, the

corresponding electric field can be written as

Eðx; y; z; tÞ ¼ E0 exp

�
−

ψ2

ω2
0τ

2
−
x2 þ y2

w2
z

�

× ½sinðψÞxþ ϵ sinðψ þ π=2Þy�; ð86Þ

where E0 ¼ mω0a0=jej is the peak field amplitude, ψ the
plane-wave phase, τ ¼ τFWHM=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 lnð2Þp

the characteristic
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pulse duration, wz the beam waist at axial position z, and
ϵ ≥ 0 is the laser ellipticity parameter (ϵ ¼ 0 corresponds to
linear polarization along x). The unit vectors x and y span
the plane transverse to the propagation direction.
Petawatt-class laser systems routinely deliver pulses with

energies in the 10–30 J range and durations of a few tens of
femtoseconds, corresponding to powers in the 0.1–1 PW
range [69]. Tight focusing of such pulses to few-micron
waists, reaching on-target intensities in the 1021 W=cm2

class required for strong-field QED experiments, has been
demonstrated in recent high-intensity laser-electron colli-
sion measurements [71–74]. Moreover, the experimental
realization of laser intensities exceeding 1023 W=cm2 has
been reported [106], and several laser facilities are under
construction or design that are expected to surpass this level
by a substantial margin [107–109].
We perform two simulations: one with a laser pulse

linearly polarized along the x axis, and one with the addition
of a small degree of ellipticity ϵ ¼ jEyj=jExj ¼ 0.05. Such a
modest ellipticity at the considered power and intensity can
be implemented straightforwardly at petawatt-class facilities,
e.g., by inserting large-aperture reflective quarter-wave
retarders after the compressor and before the focusing optics
[110]. Although the simulations include photon emissions
over the full energy range (with no lower energy cutoff), in
both the linear and elliptical laser-polarization cases we plot
only photons with energies above 10MeV, since this range is
more accessible experimentally for photon detection.
Plotting the full photon sample does not qualitatively alter
the displayed polarization pattern.
Figure 6 shows angle-resolved distributions of electron

helicity h̄ [panels (a),(e)], degree of photon circular
polarization ξ̄2 [panels (b),(f)], transverse spin magnitude
jη̄0⊥j [panels (c),(g)], and linear polarization jξ̄⊥j [panels
(d),(h)] in the head-on collision of an ultrarelativistic

electron bunch with a linearly polarized laser pulse.
Distributions are shown as functions of the deflection
angles (θx, θy), defined for electrons (photons) as
θx ¼ atan2ðp0

x;−p0
zÞ (θx ¼ atan2ðkx;−kzÞ) and θy ¼

atan2ðp0
y;−p0

zÞ (θy ¼ atan2ðky;−kzÞ), where the two-
argument arctangent function is used, and the minus sign
for the z component of the momentum accounts for the
incoming electron bunch propagation along the negative z
direction. In these simulations, the bin size is Δθx ¼
4 × 10−4 rad and Δθy ¼ 4 × 10−5 rad. Both the CL model
[panels (a)–(d)] and the AN model [panels (e)–(h)] results
are displayed. As expected, the symmetric, oscillatory
structure of the field of a many-cycle linearly polarized
laser pulse yields no net electron spin polarization in either
model. Similarly, both approaches predict negligible
circular photon polarization (ξ̄2 ≈ 0) and a high degree
of linear polarization. Yet, notably, the AN model yields a
stronger (weaker) linear polarization along (orthogonal to)
the laser polarization axis [see panel (d) for CL and
panel (h) for AN]. Note that the initial angular spread of
the electron bunch, together with the fact that the laser
focal waist is half the bunch transverse rms size
(w0 ¼ 2 μm, σ⊥ ¼ 4 μm), implies that a large fraction
of electrons of the bunch experience field amplitudes well
below the peak value. This reduces the sensitivity of the
electron spin and angular distributions to the emission
model and contributes to the limited differences observed
between CL and AN in this setup.
Figure 7 shows the same observables as Fig. 6 with the

same laser and bunch parameters, but for a colliding laser
pulse with a modest ellipticity ϵ ¼ jEyj=jExj ¼ 0.05. For
the outgoing electrons, the CL and AN models yield
similar results for both the helicity h̄ [panels (a) and (e)]
and the transverse spin magnitude jη̄0⊥j [panels (c)
and (g)]. A small helicity bias is nevertheless present in

(a) (b)

(e) (f)

(c) (d)

(g) (h)

FIG. 6. Angle-resolved distribution of electron helicity h̄ [panels (a),(e)], degree of photon circular polarization ξ̄2 [panels (b),(f)],
transverse spin magnitude jη̄0⊥j [panels (c),(g)], and degree of photon linear polarization jξ̄⊥j [panels (d),(h)] in the head-on collision of
an ultrarelativistic electron bunch (2.0 pC, 2 GeV mean energy, 4% energy spread, FWHMk ¼ 3 μm, σ⊥ ¼ 4 μm, σθ ¼ 2 mrad) with a
tightly focused, linearly polarized laser pulse propagating along þz (λ0 ¼ 1 μm, a0 ¼ 80, τFWHM ≈ 27 fs, w0 ¼ 2 μm,
I0 ≈ 8.8 × 1021 W=cm2). Results are shown for both the CL [panels (a)–(d)] and AN [panels (e)–(h)] models; only photons with
energy greater than 10 MeV are plotted.
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the AN result [panel (e)], indicating a distinctive prefer-
ence for the final spin to align or antialign with the
propagation direction in the AN model. We discuss this
effect further in the pulsarlike magnetic-field setup (see
Sec. IV B). Photon polarization, by contrast, is strongly
dependent on the emission model. Both models predict a
comparably high degree of linear polarization across the
explored angular range [panels (d) and (h)]. However,
while the CL model yields a negligible circular component
[panel (b)], the AN model predicts a qualitatively different
pattern with a significant circular polarization that changes
with the emission direction [panel (f)]. In particular, within
the AN description, photons emitted along the major laser
polarization axis x are predominantly left handed (ξ̄2 < 0),
whereas those emitted along the minor laser polarization
axis y are predominantly right handed (ξ̄2 > 0).
The outer regions of the distributions shown in Figs. 6

and 7 correspond to lower particle statistics and may be
affected by larger fluctuations; we ensured the spin and
polarization patterns remain clearly identifiable and are
governed by the underlying angularly/spin/polarization-
resolved dynamics. The particle-density maps provide
complementary information, without altering the physical
conclusions, and are therefore not included.

B. Emission in a pulsarlike magnetic field

In the polar-cap region of ordinary pulsars, freshly pro-
duced secondary pairs can reach energies of several hundred
MeV [111]. For a short time after creation, these particlesmay
also possess appreciable pitch angles θpitch ≳ 0.1, and, when
immersed in amagnetic field of typical strengthB ∼ Fcr=100,
radiate copiously. To probe electron and photon polarization
under comparable conditions, we consider a constant and
uniformmagnetic field withB ¼ Fcr=100, and electrons with
momentum components perpendicular jp⊥j ¼ 100 m and
parallel jpkj ¼ 400 m to the magnetic field, corresponding to
an energy of 210 MeV, a pitch angle θpitch ≈ 0.25 rad, and an
initial quantum parameter χe ¼ 1. All remaining bunch

parameters are the same as in the electron-laser setup. The
simulation is evolved until the bunch center completes
approximately one full gyration in the x–y plane (in the
absence of recoil due to emission).
Figure 8 shows angle-resolved distributions of electron

helicity h̄ [panels (a),(e)], degree of photon circular polari-
zation ξ̄2 [panels (b),(f)], transverse spin magnitude jη̄0⊥j
[panels (c),(g)], and linear polarization jξ̄⊥j [panels (d),(h)].
The electron bunch has an initial angular position of
atan2ðpx;−pzÞ ¼ θpitch and atan2ðpy;−pzÞ ¼ 0 and, under
the action of the constant magnetic field, its center rotates
anticlockwise in both the θx–θy and x–y planes whilemoving
with constant velocity along the z direction. Electrons that
radiate lose energy, thus increasing the cyclotron frequency
ωc ¼ jejB=ðγmÞ. These particles advance more rapidly
along the angular trajectory in the ðθx; θyÞ deflection map
and appear ahead of nonradiating electrons. Consequently,
by the end of the simulation the electronmomenta form a ring
of radius θpitch in the θx–θy plane [see panels (a),(c),(e),(g);
note the different horizontal and vertical axis scales]. In this
simulation, the bin size is Δθx ¼ Δθy ¼ 8 × 10−4 rad.
To interpret the results in Fig. 8, we first summarize the

main predictions of the AN model (see Sec. III) by
simulating a large number of independent NCS events
for a fixed incoming electron. Since the electron does not
evolve, it is not necessary to specify the spacetime structure
of the background field. The only inputs required by the AN
model are the electron energy ε ¼ 210 MeV, the quantum
parameter χe ¼ 1, the initial spin state (unpolarized,
hηi ¼ 0), and the instantaneous triad ðs; b; v̂Þ, which we
set to ð−x; y;−zÞ without loss of generality [see panel (e)
of Fig. 9]. We sampled 106 events and for each event used
the method introduced in Sec. III B to sample the photon
energy, emission direction, final electron spin η0, and photon
Stokes vector ξ.
The results are summarized in Fig. 9, where the angles θx

and θy have the same meaning as in the previous section.
Thus, a point along the horizontal axis θy ¼ 0 corresponds

(a) (b)

(e) (f)

(c) (d)

(g) (h)

FIG. 7. Same as Fig. 6, but with the laser pulse having a modest ellipticity (ϵ ¼ jEyj=jExj ¼ 0.05). Only photons with energy larger
than 10 MeV are plotted.
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to an electron or a photon emitted alongþs for θx < 0 or−s
for θx > 0. Analogously, a point along the vertical axis
θx ¼ 0 corresponds to an electron or a photon emitted
alongþb for θy > 0 or −b for θy < 0 [see the orientation of
s and b in panel (a) of Fig. 9]. We observe that

(i) Electron helicity: the mean helicity h̄ is negative
(positive) for θy > 0 (θy < 0), i.e., for the momen-
tum p0 having a component along þb (−b) [panel
(a)]. In other words, the larger the projection of p0
along b, the more the spin tends to antialign with p0.

(ii) Photon circular polarization: an analogous pattern
appears for the circular Stokes parameter ξ̄2 [panel
(b)]. The right handedness (left handedness) in-
creases as the emission becomes more parallel
(antiparallel) to b, with ξ̄2 growing with k · b.

(iii) Transverse spin and linear polarization: no net
transverse spin is expected [jη̄0⊥j ≈ 0, panel (c)].
By contrast, the degree of linear polarization ap-
proaches unity along �s, with jξ̄⊥j → 1 [panel (d)].

Now, with the help of the above general analysis,
corresponding to Fig. 9, we note that, since the electrons
gyrate around the z axis (and move with constant velocity
along z), on each point of the momentum ring of radius
θpitch in Fig. 8,
(1) The projection of the velocity of either the final

electron or of the photon onto the θx-θy plane is
normal to the momentum ring and points outward.

(2) The acceleration unit vector s is tangent to the
momentum ring and points counterclockwise.

(3) The projection of the unit vector b onto the θx-θy
plane points radially outward.

The three-dimensional orientation of s and b for electrons
emitting at ðθx; θyÞ ¼ ðθpitch; 0Þ is shown in panel (i) of
Fig. 8, while panel (e) shows their projections onto the
θx–θy plane. Consequently, if the b (y) axis in panels (a)–(d)

of Fig. 9 is reoriented to align with any chosen radial
direction of the ring in Fig. 8, the spin and polarization
patterns in panels (e)–(h) of Fig. 8 are obtained by rotating
the corresponding pattern from Fig. 9 about the origin
ðθx; θyÞ ¼ ð0; 0Þ (see panel (i) in Fig. 8).
In the CL model, photons are emitted parallel to the

electron momenta and therefore inherit the same ringlike
distribution [panels (b) and (d) of Fig. 8]. In the AN
description [panels (f) and (h)], the photon ring is broad-
ened because the AN model assigns a nontrivial emission
cone of half width ∼1=γ around the instantaneous electron
velocity, in contrast to the strictly collinear CL emission.
Figure 8 shows that the CL model predicts no spin-

momentum alignment [panel (a)], whereas the AN model
[panel (e)] exhibits a pronounced helicity bias. In particular,
and according to the considerations in the previous para-
graph, when the recoiling electron momentum has a
positive component along the instantaneous unit vector b
(defined in Fig. 2), with p0 · b > 0, the spin tends to
antialign with the final momentum (blue outer circle);
when that momentum component points in the opposite
direction (p0 · b < 0), the spin preferentially aligns instead
(red inner circle). The red and blue circles bracket a gray,
spin-neutral ring corresponding to those electrons that
acquire no momentum component along b at emission
(i.e., p0 · b ≈ 0).
Photon polarization provides an even clearer signature of

this dynamics within the AN model. Indeed, the angular
distribution of the Stokes parameter ξ̄2 predicted by the AN
model [panel (f) of Fig. 8] closely mirrors the electron-
helicity pattern: when the projection of the emitted photon
momentum along the instantaneous electron b versor is
positive (k · b > 0), photons are strongly right handed
(ξ̄2 > 0), whereas the opposite orientation (k · b < 0)
corresponds to left handed polarization (ξ̄2 < 0). In the

(a) (b)

(e) (f)

(c) (d)

(g) (h)

(i)

FIG. 8. Angle-resolved distribution of electron helicity h̄ [panels (a),(e)], degree of photon circular polarization ξ̄2 [panels (b),(f)],
transverse spin magnitude jη̄0⊥j [panels (c),(g)], and degree of photon linear polarization jξ̄⊥j [panels (d),(h)] for the constant uniform
magnetic-field setup (B ¼ Bz, B ¼ Fcr=100), representative of secondary leptons in pulsar polar-cap conditions. The electron bunch is
initialized with average jp⊥j ¼ 100m and jpkj ¼ 400m (210 MeV, θpitch ≈ 0.25 rad, χe ¼ 1) at atan2ðpx;−pzÞ ¼ θpitch and
atan2ðpy;−pzÞ ¼ 0 and evolved for one full gyration in the x–y plane. Panel (i) shows the three-dimensional orientation of the
triad ðs; b; v̂Þ for electrons at the initial position; panel (e) displays the projections of s and b onto the θx–θy plane. At every other point
on the momentum ring, s and b preserve the same orientation relative to the local electron momentum: s is tangential to the ring in the
counterclockwise direction, and b points radially outward.
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AN model, for photons emitted nearly along the bunch
direction, the polarization becomes predominantly linear,
with jξ̄⊥j≳ 0.7 [panel (h)] and ξ̄2 ≈ 0. In sharp contrast, the
CL model yields an almost uniform degree of linear
polarization, jξ̄⊥j ≈ 0.5, and no appreciable circular com-
ponent, ξ̄2 ≈ 0, consistent with its use of angle-integrated
(collinear) emission distributions.

V. CONCLUSION AND OUTLOOK

In this work, focusing on NCS as the paradigmatic
process of SFQED, we have shown that the instantaneous,
angle-resolved spin- and polarization-resolved differential
distribution, obtained by treating the LCFA integrand as a
probability density per unit time/phase, is sign indefinite
even in a strictly uniform constant crossed field. We stress
that this occurs already in a uniform constant field,
indicating that it is not related to a failure of the LCFA.
As a consequence, the commonly used inference of out-
going electron spin and photon Stokes vectors from local
fully differential expressions can yield unphysical states
with jhη0ij > 1 and/or jhξij > 1, i.e., negative inferred
probabilities. This establishes an intrinsic nonlocality of
spin and polarization in strong-field QED. We have then
demonstrated that a consistent probabilistic interpretation is
restored only at the level of phase-integrated quantities: the
spin- and polarization-resolved distributions become non-
negative and yield admissible, normalizable outgoing spin
and Stokes vectors once the full photon formation region is
integrated over. Building on this observation, we derived
closed analytical expressions for phase-integrated spin and
polarization by evaluating phase-integrated amplitudes in a
constant crossed field, leading to analytic formulas for hη0i
and hξi at fixed emitted photon momentum. We have put
forward and implemented an algorithm which preserves the
established and well-benchmarked local LCFA workflow
for event triggering and photon momentum (rates, photon
energy, and emission angles), but replaces the ill-defined
time-local treatment of spin and polarization by phase-
integrated spin/polarization vectors computed in an
event-by-event matched auxiliary constant crossed field.

By construction, the resulting emission events carry physi-
cally admissible spin and Stokes vectors while remaining
compatible with LCFA-based SFQED MC and QED-PIC
methods.
Benchmark simulations in two representative configu-

rations, (i) a GeV-class electron-laser collision at current
experimental parameters, and (ii) emission in a pulsarlike
magnetic field, demonstrate that this nonlocal (phase-
integrated) treatment can produce qualitatively different
results in electron spin and photon polarization compared
with the standard local collinear model. These findings
provide a new framework for predictive modeling of spin-,
and polarization-resolved observables in strong-field QED
experiments and for interpreting energetic polarized radi-
ation from astrophysical environments.
Closely analogous issues arise for NBW pair production.

Preliminary results reported in Ref. [67] confirm that the
angle- and spin/polarization-resolved local differential rate in
NBW is likewise sign indefinite in a uniform constant field,
indicating that the structural nonlocality identified here is not
specific to NCS but is a generic feature of strong-field QED
processes whenever spin and polarization are resolved.
Extending the phase-integrated, LCFA-compatible sampling
strategy introduced here to NBW therefore represents a
natural and pressing direction for future work.
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APPENDIX A: AIRY FUNCTIONS

For reference, we collect the definitions and identities
for the Airy function AiðzÞ used in this work. Its Fourier
integral representation and derivatives are

AiðzÞ ¼
Z
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Their relations to the modified Bessel functions of the
second kind KνðzÞ (for z > 0) are

AiðzÞ ¼
ffiffiffi
z

p

π
ffiffiffi
3

p K1
3

�
2

3
z
3
2

�
; ðA2Þ

Ai0ðzÞ ¼ −
z

π
ffiffiffi
3

p K2
3

�
2

3
z
3
2

�
: ðA3Þ

Finally, the following integral representations may prove to
be useful:
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APPENDIX B: EXPLICIT EXPRESSIONS FOR
THE LOCAL ANGLE- AND SPIN/

POLARIZATION-RESOLVED DISTRIBUTION

Within the QM and the LCFA, the NCS probability in
Eq. (4) leads to the time-local, fully differential distribution
reported in Eq. (34), which we reproduce here for con-
venience:

dPðηη0ξÞ
NCS

dt dω dθ dφ
¼ CNCSðwþ ξi hi þ η0j Sj þ ξi η0j PijÞ:

Here repeated indices i, j ¼ 1, 2, 3 are summed over
(Einstein convention). The vectors hi and Sj determine the
polarization- and spin-dependent parts of the distribution,
respectively, while Pij is the spin-polarization correlation
matrix. Derivation details can be found in Refs. [66,67];
below we provide the explicit expressions for w, hi, Sj, Pij,
and for the prefactor CNCS.
The prefactor reads as

CNCS ¼
αω

4π2

ffiffiffi
2

3

r
λ1=2

γ3

χeε
0 sin θ; ðB1Þ

where

λðtÞ ¼ 1 − n · vðtÞ

encodes the instantaneous angle between the electron
velocity vðtÞ and the photon emission direction n. The
explicit expressions for w, hi, Sj, Pij are
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where Kν denotes the modified Bessel function of the
second kind, and ξe has been defined in Eq. (48) and is
reported below for convenience:

ξe ¼
4
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ωγ3

ε0χe
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3
2

is their argument. All other quantities are defined in the
main text (see Secs. I and II B).

APPENDIX C: EXPLICIT EXPRESSIONS FOR
THE LOCAL ANGLE-INTEGRATED SPIN/

POLARIZATION-RESOLVED DISTRIBUTION

The local, angle-integrated distribution is obtained by
integrating the fully differential expression in Eq. (34) over
the photon emission solid angle. Using the angular-inte-
gration identities collected in the Appendix of Ref. [64]
(see also Ref. [67]), one finds Eq. (35), which we report
below for convenience:
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¼ CNCSðwþ ξihi þ η0jSj þ ξiη0jPijÞ:

The explicit expressions for CNCS, w, hi, Sj, Pij are
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2εε0
η −

ω2

2εε0
ðη · v̂Þv̂

�
−

ω2

2εε0
½ðη · sÞs − ðη · bÞb�

Z
∞

zq

dxK1
3
ðxÞ − K1

3
ðzqÞ

ω

ε
b; ðC9Þ

where

zq ¼
2ω

3ðε − ωÞχe
: ðC10Þ

APPENDIX D: ANGLE- AND SPIN-RESOLVED
DIFFERENTIAL DISTRIBUTION IN
A CONSTANT CROSSED FIELD

This Appendix provides derivation details and explicit
expressions for all quantities entering Eq. (13), as used in
Sec. II A. We also show that, for an arbitrary initial lepton
state specified by momentum p and rest-frame spin η, the
ultrarelativistic limit of the spin- and polarization-summed
result (i.e., after summing over the outgoing electron spin
and photon polarization) reduces to the corresponding
quasiclassical-method expression.

1. Reduction to a single phase integral in a CCF

We start from Eq. (9). Specializing to the CCF vector
potential introduced in Sec. II A and defining

z̄ðϕþÞ≡ 2uðμþ 2βϕþ þ 3κϕ2þÞ; ðD1Þ

u≡ 1

2

�
4

3κ

�
1=3

; ðD2Þ

where

μ ¼ p0þ þ kþ − pþ; β ¼ e
2

�
p0
μ

p0
−
−
pμ

p−

�
aμ and

κ ¼ −
e2

6
a2
�

1

p0
−
−

1

p−

�
; ðD3Þ

we proceed as follows: (i) change integration variables
according to

ϕ ¼ ϕþ þ uϕ̃; ϕ0 ¼ ϕþ − uϕ̃; ðD4Þ

(ii) impose the gauge conditions in Eqs. (10) and (11); and
(iii) use the polarization completeness relation (12). This
yields

dPðζ;ζ0Þ
NCS ¼ d3k

8π

α

p−p0
−ω

Z þ∞

−∞
dϕþ

Z þ∞

−∞

dϕ̃
2π

exp

�
iz̄ðϕþÞϕ̃þ i

3
ϕ̃3

��
−gμν þ

kμdν þ dμkν
k−

�

×
u
2
Tr

��
γμ þ e

2

�
=a=d
p0
−
γμ þ γμ

=d=a
p−

�
ðϕþ þ uϕ̃Þ

�
ð=pþmÞð1þ γ5=ζÞ

×

�
γν þ e

2

�
=a=d
p−

γν þ γν
=da
p0
−

�
ðϕþ − uϕ̃Þ

�
ð=p0 þmÞð1þ γ5=ζ0Þ

�
: ðD5Þ

The integral over ϕ̃ is performed using the Airy-function representation in Appendix A, which leads to
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dPðζ;ζ0Þ
NCS ¼ d3k

8π

α

p−p0
−ω

Z þ∞

−∞
dϕþ

�
−gμν þ

kμdν þ dμkν
k−

�
u
2
Tr

��
γμð=pþmÞð1þ γ5ζÞγνAiðz̄Þ

þ e
2
γμð=pþmÞð1þ γ5=ζÞ

�
=a=d
p−

γν þ γν
=da
p0
−

�
ðϕþAiðz̄Þ þ iuAi0ðz̄ÞÞ

þ e
2

�
=a=d
p0
−
γμ þ γμ

=d=a
p−

�
ð=pþmÞð1þ γ5=ζÞγνðϕþAiðz̄Þ − iuAi0ðz̄ÞÞ

þ e2

4

�
=a=d
p0
−
γμ þ γμ

=d=a
p−

�
ð=pþmÞð1þ γ5=ζÞ

�
=a=d
p−

γν þ γν
=d=a
p0
−

�
ðϕ2þAiðz̄Þ þ u2z̄Aiðz̄ÞÞ

�
ð=p0 þmÞð1þ γ5=ζ0Þ

�
: ðD6Þ

After evaluating the Dirac trace and contracting the indices μ and ν, Eq. (D6) reduces to Eq. (13), where ĪðϕþÞ is the spin-
independent contribution and l̄μðϕþÞ is the spin-coupling four-vector. Their explicit forms are

ĪðϕþÞ ¼ u

�
−2e2ðaaÞ

�
p0
−

p−
þ p−

p0
−

�
ðu2z̄þ ϕ2þÞAiðz̄Þ −

4

k−
eϕþAiðz̄Þ

�
p−ðakÞ þ p0

−ðakÞ −
k−p−

p0
−

ðap0Þ
�

þ 4

k−
Aiðz̄Þð−k−m2 þ p0

−ðkpÞ þ p−ðkp0ÞÞ þ 4emuAi0ðz̄Þϵαβρσζαaβ
�

1

p−
kρdσ −

1

p−
dρpσ þ

1

p0
−
dρp0

σ

��
; ðD7Þ

l̄μðϕþÞ ¼ Ā ζμ þ B̄ aμ þ C̄ kμ þ D̄ dμ þ Ē pμ þ F̄ ϵμνρσ aνkρdσ þ Ḡ ϵμνρσaν dρ pσ þ H̄ ϵμνρσ aν dρp0
σ: ðD8Þ

The coefficients in Eq. (D8) depend on the phase ϕþ and read as

ĀðϕþÞ ¼ u

�
4ðaaÞe2Aiðz̄Þðϕ2þ þ u2z̄Þ − 4

k−
eϕþAiðz̄Þð−p−ðakÞ − p0

−ðakÞ þ k−ðap0ÞÞ

þ 4

k−
Aiðz̄Þðk−ðpp0Þ − p0

−ðkpÞ − p−ðkp0ÞÞ
�
; ðD9Þ

B̄ðϕþÞ ¼ u

�
−

4

k−
eϕþAiðz̄Þ

�
−p−ðζkÞ þ p0

−ðζkÞ − k−ðζp0Þ þ ζ−ðkpÞ

þ ζ−k−
p−

ðpp0Þ − ζ−k−
p0
−

m2 −
ζ−p0

−

p−
ðkpÞ

��
; ðD10Þ

C̄ðϕþÞ ¼ u

�
4

k−
Aiðz̄Þð−eϕþðζaÞðp− − p0

−Þ − ζ−ðpp0Þ þ ζ−m2 þ p−ðζp0ÞÞ
�
; ðD11Þ

D̄ðϕþÞ ¼ u

�
4ðζaÞeϕþAiðz̄Þ

�
m2

p−
−
ðpp0Þ
p0
−

�
þ 4

k−
eϕþAiðz̄Þ

�
p−

p0
−
− 1

�
ððζaÞðkp0Þ − ðζkÞðap0ÞÞ

−
4

k−
ðζkÞAiðz̄Þððpp0Þ −m2Þ − 2ζ−ðaaÞe2m2Aiðz̄Þðϕ2þ þ u2z̄Þ

�
1

p2
−
þ 1

p02
−

�

þ 4
ζ−

p−p0
−
ðaaÞðpp0Þe2Aiðz̄Þðϕ2þ þ u2z̄Þ þ 4

k−
ζ−ðakÞeϕþAiðz̄Þ

�
1

p−
þ 1

p0
−

�
ððpp0Þ −m2Þ

−
4

k−
ζ−ðap0ÞðkpÞeϕþAiðz̄Þ

�
1

p−
−

1

p0
−

�
− 4ðζp0ÞðaaÞ 1

p0
−
e2Aiðz̄Þðϕ2þ þ u2z̄Þ

−
4

k−
ðζp0ÞðakÞeϕþAiðz̄Þ

�
p−

p0
−
þ 1

�
þ 4

k−
ðζp0ÞðkpÞAiðz̄Þ

�
; ðD12Þ

ĒðϕþÞ ¼ u

�
4ðζaÞeϕþAiðz̄Þ −

4

k−
ζ−eϕþAiðz̄Þ

�
p0
−

p−
ðakÞ þ ðakÞ − k−

p−
ðap0Þ

�

− 4
ζ−
p−

ðaaÞe2Aiðz̄Þðϕ2þ þ u2z̄Þ þ 4

k−
Aiðz̄Þðζ−ðkp0Þ − k−ðζp0Þ þ p0

−ðζkÞÞ
�
; ðD13Þ
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F̄ðϕþÞ ¼ −
4

k−
emu2Ai0ðz̄Þð1 − p−

p0
−
Þ; ðD14Þ

ḠðϕþÞ ¼ −4emu2Ai0ðz̄Þ 1

p−
; ðD15Þ

H̄ðϕþÞ ¼ þ4emu2Ai0ðz̄Þ 1

p0
−
: ðD16Þ

2. Ultrarelativistic limit and connection to
the quasiclassical method

In the ultrarelativistic limit the integrand in Eq. (13) can
be mapped directly onto the quasiclassical method differ-
ential in Eq. (36). For brevity, we illustrate this explicitly
for the case where the outgoing electron spin is summed.
From Eq. (13) one has

X
ζ0

dPðζ;ζ0Þ
NCS

dϕþ dω dθ dφ
¼ α

4π

ω

p−p0
−
sin θĪðϕþÞ; ðD17Þ

while from Eq. (36) one obtains, after summing over the
final spin,

X
η0

dPðηη0Þ
NCS

dt dω dθ dφ
¼ αω

π2

ffiffiffi
2

3

r
λ1=2

γ3

χe ε
0 sin θw: ðD18Þ

To demonstrate that Eq. (D17) reduces to the QM result in
Eq. (D18) in the ultrarelativistic limit, we adopt the same
CCF configuration as in Sec. II A and parametrize the
photon momentum as

k ¼ ωðcos θ v̂þ sin θ cosφ sþ sin θ sinφ bÞ; ðD19Þ

in the local instantaneous basis ðs; b; v̂Þ (see Fig. 2). In this
limit the combination in Eq. (D1) yields

μþ 2βϕþ þ 3κϕ2þ

≈
�

εω

2ðε − ωÞ
��

1

2

�
θ2 þm2

ε2

�
− tωcθ cosφþ ω2

c

2
t2
�
;

ðD20Þ

where ωc ≡ 2jejE=ε and E ≈m3χe=ð2εjejÞ. For an ultra-
relativistic electron, the square bracket in Eq. (D20) coin-
cides with the kinematic factor λðtÞ in Eq. (47):

λðtÞ ¼ 1

2

�
θ2 þm2

ε2

�
− tωcθ cosφþ ω2

c

2
t2: ðD21Þ

Using the Airy–Bessel relations in Eqs. (A2)–(A3), and
expressing the spin four-vector ζμ in terms of the rest-frame

polarization η as ζ0 ¼ ðjpj=mÞηk, ζ⊥ ¼ η⊥ and ζk ¼
ðε=mÞηk (with k and ⊥ denoting components parallel
and perpendicular to p), the leading contributions in
Eq. (D7) reduce to

4

3κ
≈
32

m6

ε4

χ2
2ðε − ωÞ

εω
; ðD22Þ

�
4

3κ

�1
3

Aiðz̄Þ ≈ 4

ffiffiffiffiffi
2λ

3

r
ε2

m3πχe
K1

3

�
2

3
z̄
3
2

�
; ðD23Þ

�
4

3κ

�2
3

Ai0ðz̄Þ ≈ −
32λffiffiffi
3

p ε4

m6πχ2e
K2

3

�
2

3
z̄
3
2

�
; ðD24Þ

−2e2ðaaÞ
�
p0
−

p−
þ p−

p0
−

�
u2z̄ ≈ 4ε2λ

ε2 þ ε02

εε0
; ðD25Þ

−2e2ðaaÞ
�
p0
−

p−
þ p−

p0
−

�
ϕ2þ ≈ 4ε2

ω2
ct2

2

ε2 þ ε02

εε0
; ðD26Þ

−
4

k−
eϕþ

�
p−ðakÞ þ p0

−ðakÞ −
k−p−

p0
−

ðap0Þ
�

≈ −4ε2ωctθ cosφ
ε2 þ ε02

εε0
; ðD27Þ

4

k−
ð−k−m2 þ p0

−ðkpÞ þ p−ðkp0ÞÞ

≈ 4ε2
�
1

2

�
θ2 þm2

ε2

�
ε2 þ ε02

εε0
−

1

γ2

�
; ðD28Þ

2emεμνρσζμ aν

�
1

p−
kρdσ −

1

p−
dρpσ þ

1

p0
−
dρp0

σ

�

≈ mχe

�
−θ sinφ

ε2 − ε02

εε0
v̂þ ω

εγ
b

�
· η: ðD29Þ

Using the relation 2z̄3=2=3 ≈ ξe [see Eq. (D1) and Eq. (48)]
and collecting terms yields

X
ζ0

dPðζ;ζ0Þ
NCS

dϕþ dωdθdφ
≈
1

2

X
η0

dPðηη0Þ
NCS

dtdωdθdφ

¼ 1

2

αω

π2

ffiffiffi
2

3

r
λ1=2

γ3

χeε
0 sinθ

�
K1=3ðξeÞ

�
2λ

ε2 þ ε02

εε0
−

1

γ2

�

þK2=3ðξeÞ
ffiffiffiffiffi
2λ

p �
θ sinφ

ε2 − ε02

εε0
v̂−

ω

εγ
b

�
· η

�
: ðD30Þ

The factor of 1=2 originates from the different evolution
variables: Eq. (D17) is differential in the phase ϕþ, whereas
Eq. (D18) is differential in laboratory time t ¼ tþ (see
Sec. II B). In the present CCF configuration ϕþ ≈ 2t.
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APPENDIX E: PHASE-INTEGRATED DISTRIBUTIONS

In Sec. III we derived the phase-integrated NCS probability density in a CCF. Here we report the explicit expressions of
the outgoing spin- and polarization-independent term I and of the spin detector four-vector lμ appearing in Eq. (64).

1. Spin-dependent structure

The four-vector lμ can be decomposed as

lμ ¼ Aζμ þ Baμ þ Ckμ þDdμ þ Epμ þ ϵμνρσðF aνkρdσ þ Gaνdρpσ þHaνdρp0
σÞ; ðE1Þ

where the coefficients A;…; H depend only on the emission kinematics and on the background-field parameters.
The explicit expressions for I and for the coefficients in Eq. (E1) are

A ¼ 2ðaaÞe2
�
Ai0ðzÞ2
ð3κÞ2=3 þ ϕ2

0AiðzÞ2
�
þ 2

k−
eϕ0AiðzÞ2ð−p−ðakÞ − p0

−ðakÞ þ k−ðap0ÞÞ

þ 2

k−
AiðzÞ2ðk−ðpp0Þ − p0

−ðkpÞ − p−ðkp0ÞÞ; ðE2Þ

B ¼ 2

k−
eϕ0AiðzÞ2

�
−p−ðζkÞ þ p0

−ðζkÞ − k−ðζp0Þ þ ζ−ðkpÞ þ
ζ−k−
p−

ðpp0Þ − ζ−k−
p0
−

m2 −
ζ−p0

−

p−
ðkpÞ

�
; ðE3Þ

C ¼ 2

k−
eϕ0ðζaÞAiðzÞ2ðp− − p0

−Þ þ
2

k−
AiðzÞ2ð−ζ−ðpp0Þ þ ζ−m2 þ p−ðζp0ÞÞ; ðE4Þ

D ¼ −2ðζaÞeϕ0AiðzÞ2
�
m2

p−
−
ðpp0Þ
p0
−

�
−

2

k−
eϕ0AiðzÞ2

�
p−

p0
−
− 1

�
ððζaÞðkp0Þ − ðζkÞðap0ÞÞ

−
2

k−
ðζkÞAiðzÞ2ððpp0Þ −m2Þ − ζ−ðaaÞe2m2

�
Ai0ðzÞ2
ð3κÞ2=3 þ ϕ2

0AiðzÞ2
��

1

p2
−
þ 1

p02
−

�

þ 2
ζ−

p−p0
−
ðaaÞðpp0Þe2

�
Ai0ðzÞ2
ð3κÞ2=3 þ ϕ2

0AiðzÞ2
�
− 2

ζ−
k−

ðakÞeϕ0AiðzÞ2
�

1

p−
þ 1

p0
−

�
ððpp0Þ −m2Þ

þ 2
ζ−
k−

ðap0ÞðkpÞeϕ0AiðzÞ2
�

1

p−
−

1

p0
−

�
− 2ðζp0ÞðaaÞ 1

p0
−
e2
�
Ai0ðzÞ2
ð3κÞ2=3 þ ϕ2

0AiðzÞ2
�

þ 2

k−
ðζp0ÞðakÞeϕ0AiðzÞ2

�
p−

p0
−
þ 1

�
þ 2

k−
ðζp0ÞðkpÞAiðzÞ2; ðE5Þ

E ¼ −2ðζaÞeϕ0AiðzÞ2 − 2
ζ−
p−

ðaaÞe2
�
Ai0ðzÞ2
ð3κÞ2=3 þ ϕ2

0AiðzÞ2
�
þ 2

ζ−
k−

eϕ0AiðzÞ2
�
p0
−

p−
ðakÞ þ ðakÞ − k−

p−
ðap0Þ

�

þ 2

k−
AiðzÞ2ðζ−ðkp0Þ − k−ðζp0Þ þ p0

−ðζkÞÞ; ðE6Þ

F ¼ −
2

k−
emAiðzÞ Ai0ðzÞ

ð3κÞ1=3
�
1 −

p−

p0
−

�
; ðE7Þ

G ¼ −2emAiðzÞ Ai0ðzÞ
ð3κÞ1=3

1

p−
; ðE8Þ

H ¼ þ2emAiðzÞ Ai0ðzÞ
ð3κÞ1=3

1

p0
−
; ðE9Þ
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I ¼ −e2ðaaÞ
�
p0
−

p−
þ p−

p0
−

��
Ai0ðzÞ2
ð3κÞ2=3 þ ϕ2

0AiðzÞ2
�
þ 2

k−
eϕ0AiðzÞ2

�
p−ðakÞ þ p0

−ðakÞ −
k−p−

p0
−

ðap0Þ
�

þ 2

k−
AiðzÞ2ð−k−m2 þ p0

−ðkpÞ þ p−ðkp0ÞÞ þ 2emAiðzÞ Ai0ðzÞ
ð3κÞ1=3 ϵ

μνρσζμaν

�
1

p−
kρdσ −

1

p−
dρpσ þ

1

p0
−
dρp0

σ

�
: ðE10Þ

As shown in the main text, applying the relations in Eq. (65) recasts Eqs. (E1)–(E10) into the form of Eq. (66), thereby
identifying the vector δ [Eq. (67)]. The mean outgoing spin vector then follows from Eq. (68).

2. Polarization-dependent structure

For the photon polarization, Eq. (76) involves the polarization-coupling vector y ¼ ðy1; y2; y3Þ, from which the mean
Stokes vector can be calculated [Eq. (77)]. The explicit expressions for y1, y2, and y3 are

y1 ¼ 4ðe1aÞðe2aÞe2
�
Ai0ðzÞ2
ð3κÞ23 þ ϕ2

0AiðzÞ2
�
þ 2AiðzÞ2ððe1pÞðe2p0Þ þ ðe1p0Þðe2pÞÞ

þ 2eϕ0AiðzÞ2½ðe1aÞððe2pÞ þ ðe2p0ÞÞ þ ðe2aÞððe1pÞ þ ðe1p0ÞÞ�

þ emAiðzÞAi
0ðzÞ

ð3κÞ13 ϵ
αβρσ

�
1

p−
e1αe2βζρaσ

�
p0
− −

p−

2

�
þ 1

p−
e1αe2βaρ

�
ðζp0Þdσ −

ζ−
2
pσ

�

þ 1

p−
ðζaÞe1αe2βdρ

�
p0

σ −
1

2
pσ

�

þ e1αζβaρdσ

��
1

p0
−
−

1

2p−

�
ðe2pÞ −

2

p−
ðe2p0Þ

�
þ ðe1pÞe2αζβaρdσ

�
1

p0
−
þ 1

2p−

�

−
ðe2aÞ
p0
−

e1αζβdρpσ þ ðe2ζÞe1αaβdρ
��

2

p0
−
−

1

p−

�
p0

σ −
�

1

p0
−
−

1

2p−

�
pσ

�

þ ðe1aÞe2αζβdρ
�

2

p−
p0

σ −
1

p0
−
pσ

�
þ ðe1ζÞe2αaβdρ

��
2

p0
−
−

1

p−

�
p0

σ −
�

1

p0
−
þ 1

2p−

�
pσ

��
; ðE11Þ

y2 ¼ 2eAiðzÞAi
0ðzÞ

ð3κÞ13
�
p0
−

p−
ð−ðe1aÞðe2pÞ þ ðe1pÞðe2aÞÞ þ

p−

p0
−
ð−ðe1aÞðe2p0Þ þ ðe1p0Þðe2aÞÞ

�

þ 2mAiðzÞ2ϵαβρσe1αe2βζρðp0
σ − pσÞ

þ 1

p0
−
e2m

�
Ai0ðzÞ2
ð3κÞ23 þ ϕ2

0AiðzÞ2
�
ϵαβρσ

�
2
ðe2aÞ
p−

e1αaβdρðp0
−ζσ − ζ−p0

σÞ − ðaaÞe1αe2βdρ
�
ζ−p0

−

p2
−

p0
σ − ζσ

��

þ emϕ0AiðzÞ2
1

p−
ϵαβρσ

�
e1αe2βaρ

�
ðζp0Þdσ −

ζ−
2
pσ þ ðp0

− −
3

2
p−Þζσ

�

þ e1αe2βdρ

�
2
ðap0Þ
p0
−

p−ζσ − ðζaÞðp0
σ −

3

2
pσÞ

�

þ 1

2
ððe1pÞe2α − ðe2pÞe1αÞζβaρdσ þ ððe1ζÞe2α − ðe2ζÞe1αÞaβdρðp0

σ −
1

2
pσÞ

�
; ðE12Þ

y3 ¼ 2eϕ0AiðzÞ2½ðe1aÞððe1pÞ þ ðe1p0ÞÞ − ðe2aÞððe2pÞ þ ðe2p0ÞÞ�

þ 2e2
�
Ai0ðzÞ2
ð3κÞ23 þ ϕ2

0AiðzÞ2
�
ððe1aÞ2 − ðe2aÞ2Þ þ 2AiðzÞ2ððe1pÞðe1p0Þ − ðe2pÞðe2p0ÞÞ

þ 2

p0
−
emAiðzÞAi

0ðzÞ
ð3κÞ13 ϵ

αβρσ

���
ðe1pÞ −

p0
−

p−
ðe1p0Þ

�
e1α −

�
ðe2pÞ −

p0
−

p−
ðe2p0Þ

�
e2α

�
ζβaρdσ

þ ððe1ζÞe1α − ðe2ζÞe2αÞaβdρðp0
σ − pσÞ

�
: ðE13Þ

Finally, we emphasize that the coefficients ðy1; y2; y3Þ, and hence the Stokes vector hξi ¼ y=I, are defined with respect to
the event-dependent polarization basis specified in Eq. (69) (see also Sec. III A).
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