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At leading power accuracy, the QCD light-cone distribution amplitudes (LCDAs) for a heavy meson can
be matched onto the LCDAs in the framework of heavy-quark effective theory (HQET) through a
factorization formula. We examine the power corrections to this factorization in the renormalon model,
which can associate the power corrections originating from high-twist contributions to the divergent series
in a matching kernel. Our analysis indicates that the dominant power corrections originate from the virtual
part of the vertex bubble chain diagrams, which generate poles at w ¼ nþ 1

2
; ∀ n∈N and w ¼ 1 in the

Borel plane. Employing phenomenological models for both HQET and QCD LCDA, we present a
numerical estimate. The results indicate that the power corrections in the peak region are approximately
22% for the D meson and 7% for the B̄ meson. These findings showcase the magnitude and potential
importance of power corrections in achieving high-precision phenomenological predictions for heavy
mesons.
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I. INTRODUCTION

Heavy quark effective theory (HQET) provides an
essential framework for studying the dynamics of hadrons
containing a heavy quark, enabling systematic analyses of
the interplay between perturbative and nonperturbative
QCD effects. One of the key objects in HQET is the
light-cone distribution amplitude (LCDA) that encapsulates
the nonperturbative structure of heavy-light mesons. The
HQET LCDAs describe the momentum carried by the light
degrees of freedom of a heavy meson [1–10]. Unlike their
counterparts in full QCD, HQET LCDAs focus solely on
the soft physics associated with the light quark and gluons
with the heavy quark mass mQ effectively decoupled. This
separation greatly simplifies the description of hadronic
states at a price of an ΛQCD=mQ power expansion. HQET
LCDAs are essential to the precision of QCD phenom-
enology, especially in the study of exclusive B meson
decays, where their use is grounded in the factorization
theorem [11–13]. By providing a universal nonperturbative

input for factorization theorems, HQET LCDAs enable
accurate predictions of decay rates and form factors
[13–17], which are indispensable for examining the stan-
dard model and searching for new physics.
Many advancements have been made in the last few

decades to explore the renormalization group evolution
(RGE) and other perturbative properties of HQET
LCDAs [18–31]. However, due to several difficulties, it
is extremely difficult to obtain explicit distributions from
first-principle calculations such as lattice QCD. First,
HQET LCDAs contain light-cone Wilson lines, making
direct lattice calculations impossible. Second, these LCDAs
are defined with effective fields in HQET, and lattice QCD
calculations of quantities involving HQET fields are very
challenging [32], often requiring sophisticated schemes to
address large discretization errors [see, for instance,
Ref. [33]]. More importantly, the coexistence of heavy
quark fields and light-cone Wilson lines introduces a new
type of divergence in HQET LCDAs, known as cusp
divergence, which prevents the use of operator product
expansion (OPE) and the method of determining distribu-
tions through moment calculations, as the nonnegative
moments become ill-defined [3].
Recently, a factorization theorem linking QCD LCDAs

to the HQET LCDAs has been presented in Refs. [34–36].
The matching is performed within the context of effective
field theory by integrating out the hard modes with
virtualities of order mQ. These matching relations have
been applied in the study of W decays to B mesons [36,37].
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Based on this relationship, a realistic method to extract the
HQET LCDA directly from lattice QCD has been proposed
in Ref. [38], and first attempts on the lattice can be found
in Ref. [39].
Despite this great success, it should be noticed that in the

procedure there are power-suppressed corrections in terms
of ΛQCD=mQ, which need to be systematically accounted
for to achieve high precision. These corrections are
particularly important in the context of ongoing and
forthcoming experiments, where the high precision data
demands corresponding theoretical accuracy.
One of the key challenges in accounting for power

corrections in the matching procedure arises from their
nonperturbative origin. In addition, accurate calculation of
these corrections necessitates the inclusion of higher-twist
LCDAs, which are currently inaccessible from lattice
QCD [40,41]. To address this limitation, the renormalon
model offers a valuable framework for estimating these
corrections [42–47]. Consequently, this approach has been
successfully applied to various physical processes and
quantities governed by factorization theorems [46–56].
Renormalons are associated with the divergence of the
perturbative series in QCD. The IR and UV renormalons
correspond to the infinitely large and small momentum limits
in the loop integral, respectively. When combined with the
framework of OPE, the renormalon model provides a
systematic way to account for higher-power corrections.
Within this renormalon model, corrections are estimated
using the bubble chain diagrams. By incorporating this
model, we provide a reasonable estimate of the impact of
power corrections on the leading-twist factorization formula.
In this paper, we use the renormalon model to estimate

the power corrections arising from matching QCD LCDAs
to HQET LCDAs. Specifically, we provide a perturbative
calculation of the renormalon contribution, focusing on the
evaluation of the bubble chain diagrams. In our analysis, we
employ two methods: one involves performing a direct
calculation of the bubble chain diagrams, while the other
utilizes an effective Borel transformed gluon propagator as
a direct replacement. We find that the poles arise exclu-
sively from the virtual part of vertex diagrams, with the
gluon propagator replaced by a bubble chain. These poles
are located at w ¼ nþ 1

2
for all n∈N, and at w ¼ 1 in the

Borel plane, corresponding to a pole configuration distinct
from other HQET scenarios.
As a numerical estimate, we then employ phenomeno-

logical models for QCD and HQET LCDAs for the D
meson and B̄ meson to calculate the magnitude of the
corrections predicted by the renormalon model. In this
framework, we find that the corrections are approximately
22% for the D meson and 7% for the B̄ meson, which aligns
with the naive expectation based on the ratio ΛQCD=mQ.
Through this explicit analysis, we aim to contribute to
ongoing efforts in refining theoretical models in heavy
quark physics.

The remainder of this paper is organized as follows.
Section II provides a brief review of the theoretical
foundations, including the boosted HQET, HQET factori-
zation, and renormalon model. Section III explores the
application of the renormalon model for estimating power
corrections in HQET factorization, with a detailed calcu-
lation procedure presented. Section IV focuses on a
numerical analysis of power corrections for both the D
meson and the B̄ meson. Section V concludes the paper
with a summary. All results of the relevant bare bubble
chain diagrams are provided as a complement in the
Appendix.

II. THEORETICAL FOUNDATION

A. A brief introduction to boosted HQET

Boosted heavy quark effective theory (bHQET) extends
the traditional HQET framework to accommodate scenarios
involving heavy quarks with large velocities. While HQET
simplifies the dynamics of heavy quarks at rest or moving
slowly relative to a chosen reference frame, bHQET is
specifically designed for high-energy processes where
heavy quarks are relativistic, as frequently encountered
in collider physics and jet dynamics [36,57,58]. This leads
to the necessity of considering both the heavy quark and the
large momentum scale within this theory.
The power-counting in bHQET introduces two small

parameters. The parameter, λ ¼ ΛQCD=mQ, originates from
HQETand represents the suppression frommQ. The second
parameter, b ¼ mH=Q, captures the effects of the large boost
imparted to the heavy quark. The effective Lagrangian in
bHQET is constructed by performing a field redefinition and
matching the boosted quark dynamics to full QCD in the
large-velocity limit. From a practical point of view, this
framework can be regarded as a combination of HQET and
soft-collinear effective theory (SCET) [59–62].
One can approach this either by constructing the theory

based on HQET and subsequently incorporating SCET or,
conversely, by starting with SCET and then adding the
elements of HQET. Specifically, the leading heavy field is
defined as

hnðxÞ ¼
ffiffiffiffiffiffiffiffi
2

nþv

s
eimQv·x

n−nþ
4

QðxÞ: ð1Þ

This definition provides a systematic framework for power
counting. Additionally, it reproduces the same results as
HQET at leading order:

LHQET ¼ h̄vðxÞiv ·DhvðxÞ

¼ h̄nðxÞiv ·D
nþ
2
hnðxÞð1þOðλÞÞ

¼ LbHQETð1þOðλÞÞ: ð2Þ
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This Lagrangian incorporates interactions with collinear
and ultrasoft gluons, which are crucial for accurately
describing high-energy processes.
In bHQET, the LCDA for a heavy pseudoscalar meson is

defined as [1]

φþðω;μÞ¼ 1

if̃HðμÞmH

Z þ∞

−∞

dη
2π

eiωnþ·vη

× h0jq̄ðηnþÞnþγ5Wcðηnþ;0Þhnð0ÞjHðvÞi; ð3Þ

where nμ� ¼ ð1; 0; 0;∓ 1Þ= ffiffiffi
2

p
are unit lightcone vectors,

qðxÞ represents a light quark field, and f̃HðμÞ is the decay
constant for the heavy meson in HQET. The momentum of

the meson is expressed as Pμ
H ¼ Pþ

Hn
μ
− þ m2

H
2Pþ

H
nμþ, while the

heavy quark momentum is parametrized asPμ
Q¼mQvμþkμ,

where v ∼ ð1=b; 1; bÞ and k ∼ ð1=b; 1; bÞΛQCD is the
residual momentum. To ensure gauge invariance, a Wilson
line Wcðx; yÞ is introduced. Its explicit form is given by

Wcðx;yÞ¼P exp

�
ig
Z

1

0

dtðx−yÞμAμðtxþð1− tÞyÞ
�
: ð4Þ

B. Factorization of LCDAs into bHQET LCDAs

Recently, the factorization of QCD LCDA to bHQET
LCDA was established [36], which provides an ab initio
method to calculate the bHQET LCDA.
The QCD LCDA is defined as

ϕðu; μ;mHÞ ¼
1

ifH

Z þ∞

−∞

dτ
2π

eiyPHτnþ

× h0jq̄ðτnþÞnþγ5Wcðτnþ; 0ÞQð0ÞjHðPHÞi;
ð5Þ

where fH is the decay constant in QCD. fH and f̃HðμÞ are
related through

fH ¼ f̃HðμÞ
�
1 −

αsCF

4π

�
3

2
ln

μ2

m2
Q
þ 2

�
þOðα2sÞ

�
: ð6Þ

1. Power counting in peak and tail regions

The QCD LCDA ϕðu; μ;mHÞ describes the light-cone
momentum fraction u carried by the light antiquark in the
meson. Due to the large mass mQ of the heavy quark, the
LCDA exhibits distinct scalings in two regions:

(i) Peak region (u ∼ λ): Here, the LCDA scales
as ϕðxÞ ∼ λ−1.

(ii) Tail region (u ∼ 1): In this regime, the LCDA scales
as ϕðxÞ ∼ 1.

These scalings arise from the normalization condition and
the typical momentum distribution of the light degree of
freedom. To address these regions systematically, separate

matching calculations are performed before merging them
to describe the intermediate region.

2. Matching in the peak region

In this paper, we will focus solely on the peak region,
which serves as the relevant domain to describe the
distribution at u ∼ λ. In the peak region, the matching
equation takes the form

ϕðu; μ;mHÞ ¼
f̃HðμÞ
fH

Z
∞

0

dωJpðu;ωÞφþðωÞ; ð7Þ

where the jet function Jpðu;ωÞ is perturbatively calculable.
The one-loop jet function Jpðu;ωÞ has a simple structure
due to cancellations between hard-collinear and soft-col-
linear regions:

Jpðu;ωÞ¼ δ

�
u−

ω

mH

�
θðmH−ωÞ

�
1þαsCF

4π
Jð1Þpeak

�
; ð8Þ

where, in dimensional regularization and the MS (modified
minimal subtraction) scheme,

Jð1Þpeak ¼ 1þ αsCF

4π

�
1

2
ln2

μ2

m2
H
þ 1

2
ln

μ2

m2
H
þ π2

12
þ 2

�
: ð9Þ

This result simplifies Eq. (7) to

ϕðu; μ;mHÞ ¼
f̃HðμÞ
fH

Jð1ÞpeakmHφ
þðumH; μÞ

þ 1

m2
Q
ϕ2ðu; μ;mHÞ þ � � � ; ð10Þ

where ϕ2ðu; μ;mHÞ stands for the subleading-twist oper-
ators in HQET that contributes the QCD LCDA.
The one-loop diagrams that need to be calculated are

shown in Fig. 1. It is worth noting that, in the peak region,
only the virtual part of Fig. 1(a) contributes. This can be

FIG. 1. One-loop Feynman diagrams contributing to both the
QCD and HQET light-cone distribution amplitudes (LCDAs). The
thick line denotes the heavy quark field,while the thin line represents
the light anti-quark. (a) corresponds to the vertex correction, and
(b) depicts the gluon exchange between the light and heavy quarks.
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demonstrated either through the expansion-by-region strat-
egy or via explicit calculation.

C. Renormalon model

As shown in Eq. (10), higher-twist operators also
contribute to the QCD LCDAs, which underestimates
the extraction of HQET LCDAs by the power correction

in the form
Λn
QCD

ðmQÞn. Several approaches exist to account for

higher-twist contributions. One approach is to directly
identify the matrix elements of higher-twist operators that
contribute to the corrections, as was done for the HQET
LCDA [6,20,63]. Alternatively, the renormalon model
can be used to estimate higher-twist contributions, an
approach that has been widely applied in various
works [46,47,49–57,64–68]. In this paper, we adopt the
renormalon model to estimate the higher-twist contribu-
tions to the heavy meson LCDAs.
The renormalon approach to power corrections is based

on the observation that operators of different twists mix
under renormalization. If one can employ cutoff regulari-
zation in the perturbative calculation of QCD LCDAs and
HQET LCDAs, the mixing is manifested. Since the
matching kernel represents the physics in between the
heavy quark mass mQ and the cutoff scale μF, it can have
power dependence on the μF and take the general form

Jpeak ¼ 1þ
X∞
n¼0

cnðμFÞanþ1
s −

X∞
n¼1

�
μF
mQ

�
n
DQn; ð11Þ

where as ¼ g2

ð4πÞ2, and cnðμFÞ depend logarithmically on μF.

The terms DQn represent the power dependence on μF of
the matching kernel. Since the left-hand side of Eq. (10) is
independent of the factorization scale, there must be a term

ϕ̃2 ¼ μ2F
f̃HðμÞ
fH

DQ2
φþðumH; μÞ ð12Þ

in ϕ2 that shares the same power dependence on μF to
cancel the contribution from DQ2

. If the subleading-twist
operators are dominated by their UV contributions—a
feature referred to as “ultraviolet dominance” [44,69]—
and thus by ϕ̃2, the term DQ2

will provide a reasonable
approximation for the total contribution from subleading-
twist operators.
However, in the context of dimensional regularization,

which is more commonly used in practical calculations, the
power dependence of the matching kernel on the factori-
zation scale does not explicitly appear. Instead, the pertur-
bative series

P∞
n¼0 cnðμFÞanþ1

s diverges due to a factorial
growth in cnðμFÞ. A detailed analysis in [44] demonstrates
that the factorial growth of the coefficients at large n arises
from contributions of extreme loop momenta, suggesting
their relation to the power dependence on the factorization

scale. To assign a well-defined meaning to the divergent
series, one can employ Borel summation techniques.
For the matching kernel, the Borel transform takes the

following form:

B½T�ðwÞ ¼
X∞
k¼0

ck
k!

�
w
β0

�
k
: ð13Þ

The Borel integral

TðαsÞ ¼
1

β0

Z
∞

0

dwe−w=ðβ0asÞB½T�ðwÞ ð14Þ

then yields the asymptotic series
P∞

n¼0 cna
nþ1
s given above.

Since the factorial growth of the series results in singular-
ities in the Borel plane, the integral cannot be performed
when these poles lie on the positive half-axis. To circum-
vent these singularities, one can deform the integration
contour. The freedom in selecting the contour leads to the
so-called renormalon ambiguity.
The renormalon model is based on the expectation that

the ambiguity is of the same order as the contribution from
higher-twist operators, allowing it to serve as a parameter-
ization of these higher-twist effects.
In general, the full factorial growth in the matching

kernels cannot be directly traced back to individual
Feynman diagrams. However, it has been argued that the
dominant contributions arise from a specific class of
integrals, commonly referred to as “bubble chain diagrams”
[44,70–72]. These are computed by inserting multiple
fermion loops into a one-loop diagram, as shown in
Fig. 2, and then applying the replacement

−
2

3
nf → β0 ¼

11

3
Nc −

2

3
nf: ð15Þ

This procedure is referred to as “naive nonabelianiza-
tion” [73,74].
To compute the bubble chain, we employ two meth-

ods [42].
(i) Two-step renormalization: This approach begins

by considering all possible configurations in
which some fermion loops are replaced by their

+ + + ···

FIG. 2. Bubble chain diagrams corresponding to changing a
gluon propagator to gluon propagators dressed with fermion loops.
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corresponding counterterms. After renormalizing all
fermion loops, we proceed to handle the remaining
UV divergence and transform the result into the
Borel plane. This procedure will be described in
detail in the following section.

(ii) Borel-transformed propagator: Alternatively, we
directly use the Borel-transformed bubble chain
propagator, given by

B½asDABðkÞ�ðwÞ ¼ iδABðe5=3μ2Þw gμν −
kμkν
k2

ð−k2 − iϵÞ1þw ;

ð16Þ

and then perform the remaining integral.
Both methods provide complementary insights into the

calculation and serve as cross-validations of the results.

III. POWER CORRECTIONS

In our specific case, the bubble chain diagrams corre-
spond to the one-loop diagrams depicted in Fig. 1(a), where
the gluon propagator is modified to include n fermion
loops. All other diagrammatic contributions cancel out in
both the QCD and bHQET cases. This outcome is con-
sistent with expectations, as only the gluon propagator is
modified compared to the one-loop diagrams. Thus, this
modification does not impact the application of the expan-
sion-by-region technique. Explicit results for the bubble
chain diagrams, for both the QCD LCDA and HQET
LCDA cases, are provided in the Appendix. To calculate
the matching kernel, we need the scale of the partonic state:

pμ
Q ¼ mQvμ ¼ s̄nþpH

nμ−
2
þ m2

Q

s̄nþpH

nμþ
2
;

pμ
q ¼ nþpq

nμ−
2

¼ snþpH
nμ−
2
;

where pμ
Qðpμ

qÞ is the momentum of the heavy (light) quark,

nþpH ¼ mQvμ ¼ s̄nþpH
nμ−
2
þ m2

Q

s̄nþpH

nμþ
2
, and s̄≡ 1 − s.

In this section, we calculate Fig. 1(a) in the coordinate
space and then perform the Fourier transformation to the
momentum space. The calculation requires several useful
formulas that we now collect.
The massive quark propagator can be written as

Gðx − yÞ ¼ ð−iÞd=2
2πd=2

Z
∞

0

dααd=2−1e−iαðx−yÞ2−im
2

4α

×

�
iðx − yÞ þ im

2α

�
: ð17Þ

The gluon propagator with n fermion loops can be
written as

Δμν
n ðx − yÞ ¼ −1

4πd=2
Γð1 − ðnþ 1ÞϵÞ

Γð1þ nϵÞ
×

gμνRn
ϵ

ð−ðx − yÞ2 þ iϵÞ1−ðnþ1Þϵ ; ð18Þ

where the color factor is omitted, and

Rϵ ¼ −
2nf
3

g2

ð4πÞd=2ϵ
6Γð1þ ϵÞΓ2ð2 − ϵÞ

4ϵΓð4 − 2ϵÞ : ð19Þ

During the calculation, we only need the Schwinger para-
metrized form of it:

Δμν
n ðx − yÞ ¼ −

ð−iÞ1−ðnþ1Þϵ

4πd=2
gμνRn

ϵ

Γð1þ nϵÞ
×
Z

∞

0

dαα−ðnþ1Þϵe−iαðx−yÞ2 ; ð20Þ

wherewe used theSchwinger parametrization of propagators

1

ð−z2 þ iϵÞNþ1
¼ ð−iÞNþ1

ΓðN þ 1Þ
Z

∞

0

dσσNe−iσz
2

: ð21Þ

To Fourier transform the HQET LCDA in coordinate
space to momentum space, we need the Fourier trans-
formation of the following type:

Z
dt
2π

eixtðitþ ϵÞ2ðnþ1Þϵ−1

¼ 1

Γð1 − 2ðnþ 1ÞϵÞ
Z

dt
2π

Z
∞

0

dσσ−2ðnþ1Þϵe−iσteixt

¼ 1

Γð1 − 2ðnþ 1ÞϵÞ
Z

∞

0

dσσ−2ðnþ1Þϵδðσ − xÞ

¼ 1

Γð1 − 2ðnþ 1ÞϵÞ
1

x2ðnþ1Þϵ θðxÞ: ð22Þ

A. Bare bubble chain calculation

Now, we explicitly calculate Fig. 1(a) in coordinate
space. For convenience, we use the substitution z≡ nþt.
The integral expression for Fig. 1(a) in coordinate space is
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ϕaðzÞ ¼
ð−iÞ−ð2þnÞϵg2Rn

ϵ

8π4−2ϵΓð1þ nϵÞ
Z

ddk
Z

1

0

dt0
Z

∞

0

dσ1

Z
∞

0

dσ2σ1−ϵ2 σ−ððnþ1ÞϵÞ
1

Z
ddη

× exp

�
−i
�
η2σ2 þ

m2

4σ2
þ σ1ðη − t0zÞ2

�
− ikη

�
q̄ðzÞnþ

�
ηþ m

2σ2

�
zγ5qðkÞ

¼ ð−iÞ−ð2þnÞϵg2Rn
ϵ

8π4−2ϵΓð1þ nϵÞ
Z

ddk
Z

1

0

dt0
Z

∞

0

dσ1

Z
∞

0

dσ2σ1−ϵ2 σ−ððnþ1ÞϵÞ
1

Z
ddη

× exp

�
−i
�
η2σ2 þ

m2

4σ2
þ σ1ðη − t0zÞ2

�
− ikη

�
q̄ðzÞnþηzγ5qðkÞ: ð23Þ

The second equality arises from nþz ¼ tnþnþ ¼ tn2þ ¼ 0. We complete the square for the exponential:

−i
�
η2σ2 þ

m2

4σ2
þ σ1ðη− t0zÞ2

�
− ikη → −

1

4
i

�
−
ðk− 2σ1t0zÞ2

σ1 þ σ2
þm2

σ2
þ 4σ1t02z2

�
− iðσ1 þ σ2Þ

�
ηþ k− 2σ1t0z

2ðσ1 þ σ2Þ
�

2

: ð24Þ

We introduce a change of variable ξ ¼ ηþ k−2σ1t0z
2ðσ1þσ2Þ, which transforms the integral to

ϕaðzÞ ¼
ð−iÞ−ð2þnÞϵg2Rn

ϵ

8π4−2ϵΓð1þ nϵÞ
Z

ddk
Z

1

0

dt0
Z

∞

0

dσ1

Z
∞

0

dσ2σ1−ϵ2 σ−ððnþ1ÞϵÞ
1

Z
ddξ

× exp

�
−
1

4
i

�
−
ðk − 2σ1t0zÞ2

σ1 þ σ2
þm2

σ2
þ 4σ1t02z2

�
− iðσ1 þ σ2Þξ2

�
q̄ðzÞnþ

�
ξ −

k − 2σ1t0z
2ðσ1 þ σ2Þ

�
zγ5qðkÞ

¼ −
ð−iÞ−ð2þnÞϵg2Rn

ϵ

8π4−2ϵΓð1þ nϵÞ
Z

ddk
Z

1

0

dt0
Z

∞

0

dσ1

Z
∞

0

dσ2σ1−ϵ2 σ−ððnþ1ÞϵÞ
1

Z
ddξ

× exp

�
−
1

4
i

�
−
ðk − 2σ1t0zÞ2

σ1 þ σ2
þm2

σ2
þ 4σ1t02z2

�
− iðσ1 þ σ2Þξ2

�
q̄ðzÞnþ

k
2ðσ1 þ σ2Þ

zγ5qðkÞ: ð25Þ

The second equality follows from the fact that the integrand vanishes if it is an odd function in ξ and z=z= ¼ 0.
After integrating the variable ξ,

ϕaðzÞ ¼ −
ð−iÞ−1−ðnþ1Þϵg2Rn

ϵ

8π2−ϵΓð1þ nϵÞ
Z

ddk
Z

1

0

dt0
Z

∞

0

dσ1

Z
∞

0

dσ2σ1−ϵ2 σ−ððnþ1ÞϵÞ
1

× exp

�
−
1

4
i

�
−
ðk − 2σ1t0zÞ2

σ1 þ σ2
þm2

σ2

��
q̄ðzÞnþ

k · z

ðσ1 þ σ2Þ1þd=2 γ5qðkÞ; ð26Þ

we change the variables fσ1; σ2g → fσ ¼ σ1σ2
σ1þσ2

; β1 ¼ σ2
σ1þσ2

g and integrate out σ and t0:

ϕaðzÞ ¼ −
ð−iÞ−1−ðnþ1Þϵg2Rn

ϵ

8π2−ϵΓð1þ nϵÞ
Z

ddk
Z

1

0

dt0
Z

∞

0

dσ
Z

1

0

dβ1β
nϵþ1
1 σ−ððnþ1ÞϵÞ−1

× exp

�
iðβ1 − 1Þð4kσt0z − β1m2 þm2Þ

4σ

�
k · zq̄ðzÞnþγ5qðkÞ

¼ −4ðnþ1Þϵ g
2Rn

ϵm−2ðnþ1ÞϵΓðnϵþ ϵÞ
8π2−ϵΓð1þ nϵÞ

Z
ddk

Z
dβ1β

nϵþ1
1

× ð1 − β1Þ−1−2ðnþ1Þϵq̄ðzÞnþγ5qðkÞð1 − eiðβ1−1ÞkzÞ: ð27Þ
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In the following steps, we contract the quark fields with
the partonic state and discard the tree-level matrix element:

ϕaðzÞ ¼ −4ðnþ1Þϵ g
2Rn

ϵm−2ðnþ1ÞϵΓðnϵþ ϵÞ
8π2−ϵΓð1þ nϵÞ

Z
dβ1β

nϵþ1
1

× ð1 − β1Þ−1−2ðnþ1Þϵeiðu−sÞP
þ
Htð1 − eiðβ1−1Þs̄P

þ
HtÞ:
ð28Þ

We only care about the virtual part, which corresponds to

ϕaðzÞ ¼ −4ðnþ1Þϵ g
2Rn

ϵm
−2ðnþ1Þϵ
Q Γðnϵþ ϵÞ

8π2−ϵΓð1þ nϵÞ
Z

dβ1β
nϵþ1
1

× ð1 − β1Þ−1−2ðnþ1Þϵeiðu−sÞP
þ
Ht; ð29Þ

and finally we arrive at the bare result of n bubble diagram
for the virtual part of Fig. 1(a) in momentum space:

ϕaðuÞ ¼
1

ifH

Z
∞

0

dt
2π

eiuP
þ
HtϕaðnþtÞ

¼ i4ðnþ1Þϵ g
2Rn

ϵm
−2ðnþ1Þϵ
Q Γðnϵþ ϵÞ

8π2−ϵfHP
þ
HΓð1þ nϵÞ

×
Γð−2ðnþ 1ÞϵÞΓðnϵþ 2Þ

Γð2 − ðnþ 2ÞϵÞ δðu − sÞ: ð30Þ

The bare diagram does not include a factor of n!, which
leads to the factorial growth in the matching kernel. This
factorial behaviour arises from the renormalization of the
fermion loops.

B. Renormalization of bubble chain diagram

In the renormalization process, a bare diagram with n
fermion loops is replaced by a sum of diagrams where
some of the fermion loops are substituted with their
corresponding counter-terms. Then we discard the terms
with ϵ−nðn > 0Þ. This substitution introduces the factorial
growth, as each permutation of fermion loops and counter-
terms contributes to the n! factor:

fHϕa:ren ¼
Xn
k¼0

n
k

�
−β0
ϵ

�
k ið4πÞϵakþ1

s 2−2kϵþ2nϵþ1ðnϵ − kϵþ 1Þm2ϵðk−n−1Þ
Q Rn−k

ϵ Γð2ðk − n − 1ÞϵÞΓðð−kþ nþ 1ÞϵÞ
Pþ
HΓððk − n − 2Þϵþ 2Þ δðu − sÞ

¼ anþ1
s

�
β0
ϵ

�
nXn
k¼0

�
n

k

�
ð−1Þk i2ðs − ϵþ 1Þm−2s

Q Γð−2sÞΓðsÞð4πÞs
Pþ
HΓð−s − ϵþ 2Þ fs=ϵ−1δðu − sÞ; ð31Þ

where f ¼ 6Γð2−ϵÞ2Γðϵþ1Þ
Γð4−2ϵÞ and s ¼ ðn − kþ 1Þϵ. To simplify

the expression, one can set

Fðϵ;sÞ¼ i2ðs− ϵþ1Þm−2s
Q Γð−2sÞΓðsÞð4πÞs

Pþ
HΓð−s− ϵþ2Þ fs=ϵ−1; ð32Þ

Fðϵ; sÞ ¼
X∞
j¼−2

X∞
n¼0

f½j�n sjϵn; ð33Þ

and use the formulas related to the second Stirling numbers:

Xn
k¼0

ð−1Þk
� n

k

�

ðn − kþ 1Þ2 ¼
ð−1Þn
nþ 1

Hnþ1; ð34Þ

Xn
k¼0

ð−1Þk
� n

k

�

ðn − kþ 1Þ ¼
ð−1Þn
nþ 1

; ð35Þ

Xn
k¼0

ð−1Þk
�
n

k

�
ðn−kþxÞj¼0; 0≤j≤n−1; ∀ x; ð36Þ

Xn
k¼0

ð−1Þk
�
n

k

�
ðn − kþ xÞn ¼ n!; ∀ x: ð37Þ

Finally, one arrives at

ϕren=anþ1
s ¼ βn0

�
f½−2�nþ2

ð−1Þn
nþ 1

Hnþ1 þ f½−1�iþ1

ð−1Þn
nþ 1

þ f½n�0 n!

�

× δðu − sÞ: ð38Þ

One can observe that the last term in Eq. (38) contains a
factorial growth in n.

C. Renormalon ambiguity

The renormalon ambiguity corresponds to the residue of
the Borel transform of matching kernel. The Borel trans-
form of ϕa;ren can be written as

B½fHϕa:ren�ðwÞ ¼ RðwÞ þ
X∞
n¼0

f½n�0 wn

¼ ðRðwÞ þ Fð0; wÞÞδðu − sÞ; ð39Þ
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where RðwÞ is an entire function in w, which corresponds to
the first two terms in Eq. (38) and does not contribute to
renormalon ambiguity.
Putting back the color factor and μ2w0 ¼ μ2wðeγE

4π Þw, we get
the Borel transform of matching kernel

B½Jpeak�ðwÞ

¼ −iCFRðwÞμ2w0 −
2CFðwþ 1Þμ2wΓð−2wÞΓðwÞ

m2w
Q Γð2 − wÞ e5w=3:

ð40Þ

We then consider the Borel integral, as introduced in
Eq. (14). To estimate the size of the correction, it is
sufficient to focus on the associated renormalon ambiguity:

δJpeak

¼ 1

β0
Res

				e−w=ðβ0asÞ 2CFðwþ 1ÞΛ2w
QCDΓð−2wÞΓðwÞ

m2w
Q Γð2−wÞ e5w=3

				
¼ 1

β0
Res

				2CFðwþ 1ÞΛ2w
QCDΓð−2wÞΓðwÞ

m2w
Q Γð2−wÞ e5w=3

				; ð41Þ

where the leading-order expression of αs is used. The
residue is evaluated at each point on the positive half-axis
that exhibits a singularity. One can verify that there are
singularities at w ¼ nþ 1

2
; ∀ n∈N, and w ¼ 1.

IV. NUMERICAL ANALYSIS

Following the procedure outlined in the previous section,
we analyze the power corrections up to second order in
ΛQCD=mQ for the LCDAs of both D mesons and B̄ mesons.
We employ established LCDA models to examine how
power corrections influence the transition to HQET
LCDAs. Additionally, we adopt phenomenological models
for the HQET LCDA of the D meson to estimate the power
corrections when matching to the QCD LCDA. It should be
noted that these analyses of power corrections may exhibit
model dependence and can be improved once reliable
results from lattice simulations of QCD LCDAs become
available in the future.

A. Power corrections to D meson LCDAs

We parametrize the QCD LCDA using Gegenbauer
polynomials:

ϕðu; μÞ ¼ 6uð1 − uÞ
�
1þ

X∞
n¼1

anðμÞCð3=2Þ
n ð2u − 1Þ

�
: ð42Þ

The Gegenbauer moments anðμÞ are determined through
the integral

anðμÞ¼
2ð2nþ3Þ

3ðnþ1Þðnþ2Þ
Z

1

0

duCð3=2Þ
n ð2u−1Þϕðu;μÞ; ð43Þ

and their evolution is governed by the relation

anðμhÞ
anðμÞ

¼
�
αsðμhÞ
αsðμÞ

� γn
2β0 ; ð44Þ

where the anomalous dimension γn is given by

γn ¼ 2CF

�
4
Xnþ1

k¼1

1

k
−

2

ðnþ 1Þðnþ 2Þ − 3

�
: ð45Þ

For our numerical study, we adopt the meson mass
mD ¼ 1.870 GeV. The numerical values of Gegenbauer
moments are taken from Ref. [36] and used as a phenom-
enological input. The Gegenbauer moments for the D
meson at μ ¼ 1.6 GeV are

aDn ð1.6 GeVÞ ¼ f−0.659; 0.206;−0.057; 0.036;
− 0.004;−0.007;…g: ð46Þ

For the HQET LCDA of the D meson, we adopt the
model in [75]:

φþðω;μÞ¼
XN
n¼1

cn
ωn

ωnþ1
0

e−ω=ω0

¼ c1ω
ω2
0

�
1þc02

ω

ω0

þc03

�
ω

ω0

�
2

þ�� �
�
e−ω=ω0 ; ð47Þ

where ω0 ¼ 0.32ð15Þ, c1 ¼ 0.63ð44Þ, c02 ¼ 0.12ð37Þ, and
c03 ¼ 0.04ð19Þ.
In Fig. 3(a), we illustrate the HQET LCDA for the D

meson, derived from the QCD LCDA model using one-
loop matching. The blue error band reflects the variation in
the factorization scale, which ranges from 1.6 to 3 GeV.
Similarly, Fig. 3(b) displays the QCD LCDA for the D
meson, obtained from the HQET LCDA model through
one-loop matching. In this case, the factorization scale is
fixed at μ ¼ mD. The error band for the one-loop matching
arises from the uncertainty in the HQET LCDA model.
When the renormalon ambiguity is considered, the uncer-
tainty band expands symmetrically, indicating a significant
theoretical uncertainty in the one-loop matching.
In Fig. 4, we further present the ratio of the power

correction to the one-loop matching, δφþ
D=φ

þ
D. Since the

matching kernel does not rely on the momentum fraction u,
this ratio is independent of the momentum of the light
degree of freedom. It is evaluated as a function of μ to
estimate the impact of power corrections within the
renormalon model. In the peak region, where matching
is performed at μ ∼mQ, we find a correction of approx-
imately 22% for the D meson. This aligns with our
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expectation that power corrections scale as ΛQCD=mc,
indicating a substantial effect.

B. Power corrections to B̄ meson LCDAs

As a complementary analysis, we estimate the power
correction to the B̄ meson HQET LCDA. The model-
dependent results for Gegenbauer moments of the B̄ meson
QCD LCDA at μ ¼ 4.8 GeV are given by [36]

aB̄n ð4.8 GeVÞ ¼ f − 1.082; 0.826;−0.513; 0.288;−0.157;

0.078;−0.030; 0.008;…g: ð48Þ

It is crucial to emphasize that the Gegenbauer expansion for
B̄ meson LCDAs suffers from slow convergence, primarily
due to the distribution peak approaching the boundary. This
limitation is explicitly manifested in the results of Eq. (48),
where eight Gegenbauer moments are employed to model
the amplitude. As shown in Ref. [36], these moments can
yield highly asymmetric distributions for B̄ meson LCDAs,
a feature that can also be seen in the profiles depicted in
Fig. 5. However, since our analysis focuses on the estimate

of power corrections, the qualitative behavior of our results
might not be significantly changed.
Figure 5 shows the HQET LCDA for the B̄ meson,

incorporating both one-loop matching and renormalon
ambiguity as power corrections. The factorization scale
is varied between 4 and 6 GeV. The ratio of the power
correction to the one-loop matching is depicted in Fig. 6,
where a correction of about 7% for the B̄ meson is
observed.
In Fig. 7, we present the mass dependence of the ratio of

power correction to the one-loop matching result, evaluated
at μ ¼ mQ. As the meson mass decreases, the correction
becomes increasingly significant, illustrating the limita-
tions of the renormalon model. This highlights the neces-
sity of explicit calculations for higher-twist contributions to
achieve a more precise understanding.
Furthermore, these results can be extended to vector

mesons using heavy-quark spin symmetry [76]. Although

FIG. 4. Ratio of renormalon ambiguity to the one-loop match-
ing result for the D meson at different energy scales.

FIG. 3. (a) HQET LCDA of the D meson with one-loop matching. The blue error band represents the variation in the factorization
scale, ranging from 1.6 to 3 GeV, while the yellow error band accounts for the renormalon ambiguity estimation. (b) QCD LCDA of the
D meson with one-loop matching. The blue error band reflects the uncertainty associated with the HQET LCDA model, and the yellow
error band represents the estimation of renormalon ambiguity.

FIG. 5. HQET LCDA of the B̄ meson with one-loop matching.
The blue error band originates from the variation of the
factorization scale from 4 to 6 GeV, and the yellow error band
reflects the estimation of renormalon ambiguity.
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the matching relations for LCDAs with different spin
structures differ at OðΛQCD=mQÞ, the estimation of
higher-twist contributions within the renormalon model
remains unchanged. This further emphasizes the need for
direct computations of higher-twist effects in order to
improve precision.

V. SUMMARY

In this paper, we estimate the power corrections involved
in the matching between the heavy meson QCD LCDA and
the HQETLCDA using the renormalonmodel. Specifically,
a perturbative calculation of the bubble chain diagrams is
performed, with the renormalon contribution providing an
estimate of the magnitude of the power corrections. To
provide a numerical validation, we model the LCDAs of
both theDmeson and B̄meson to check the size of the power
corrections. The results from the renormalon model suggest
a correction of 22% for theDmeson and 7% for the B̄meson.
This indicates that it is necessary to account for power
corrections when the quark is not sufficiently heavy in
studies of the matching between QCD and HQET LCDAs.

ACKNOWLEDGMENTS

The authors would like to thank Qi-An Zhang, Jun Zeng,
Zhifu Deng, and Yanbin Wei for sharing their calculation
results with us. We also thank Yushan Su for valuable
discussions and helpful comments on our results. This
work is supported by Natural Science Foundation of China
under Grants No. 12125503 and No. 12335003. J.-L. Z. is
supported by the T. D. Lee scholarship.

DATA AVAILABILITY

The data that support the findings of this study are available
as ancillary files on the arXiv version of this work [77].

APPENDIX: BUBBLE CHAIN CALCULATION

In this section, we present the results for the one-loop
bare bubble chain diagrams of both the QCD LCDA and
the HQET LCDA. HQET A and QCD A correspond to
diagram (a) in Fig. 1, while HQET B and QCD B
correspond to diagram (b). The color factor CF and

μ2ðnþ1Þϵ
0 are omitted in the following results:

(i) HQET A

mHφ
þ
a ¼ −

ig24ðnþ1ÞϵRn
ϵΓðnϵþ ϵÞðw − vÞ−2ðnþ1Þϵ−1

8π2−ϵf̃HðμÞnþ · vΓðnϵþ 1Þ θðω − νÞ. ðA1Þ

(ii) QCD A

ϕa ¼ i4ðnþ1Þϵ g
2Rn

ϵm
−2ðnþ1Þϵ
Q Γðnϵþ ϵÞ

8π2−ϵPþ
HΓð1þ nϵÞ

Γð−2ðnþ 1ÞϵÞΓðnϵþ 2Þ
Γð2 − ðnþ 2ÞϵÞ δðu − sÞ

− i
4ðnþ1Þϵg2m−2ðnþ1Þϵ

Q Γðnϵþ ϵÞ
8π2−ϵfHΓðnϵþ 1ÞPþ

H

ū1þnϵ

s̄1−ðnþ2Þϵ
θðu − sÞ

ðu − sÞ2ðnþ1Þϵþ1
. ðA2Þ

FIG. 6. Ratio of renormalon ambiguity to the one-loop match-
ing result for the B̄ meson at different energy scales.

FIG. 7. Ratio of renormalon ambiguity to one-loop matching
with the factorization scale set at μ ¼ mQ.
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(iii) HQET B

mHφ
þ
b ¼ −

ig2ωðϵ − 1Þ4ðnþ1ÞϵRn
ϵ cscðπðnþ 1ÞϵÞðνωÞϵðνðω − νÞÞ−ððnþ1ÞϵÞ−1

8π1−ϵf̃HðμÞnþ · vΓð2 − ϵÞ θðν − ωÞ

−
ig24ðnþ1ÞϵRn

ϵΓðnϵþ ϵþ 1Þðω − νÞ−2ðnϵþϵþ1Þ

8π2−ϵf̃HðμÞnþ · v

�
ðω − νÞ2F̃1

�
1; ðnþ 1Þϵ; nϵþ 2;−

ν

ω − ν

�

þ νðnϵþ 1Þ2F̃1

�
1; nϵþ ϵþ 1; nϵþ 3;−

ν

ω − ν

��
θðω − νÞ. ðA3Þ

(iv) QCD B

ϕb ¼ i
g24ðnþ1Þϵðm2

QÞ−ðnþ1ÞϵRn
ϵ

8π2−ϵfHP
þ
H

ð1− sÞðnþ2Þϵð1− uÞnϵþ1Γðnϵþ ϵÞ
�ðϵ− 1Þ22F̃1ð1; nϵþ ϵ;nϵþ 2; s−sus−u Þðu− sÞ−2ðnþ1Þϵ

s− 1

− ðnþ 1Þuϵ
�
u− sÞ−2ðnϵþϵþ1Þ

2F̃1

�
1; nϵþ ϵþ 1;nϵþ 2;

s− su
s− u

��
θðu− sÞ

þ ig24ðnþ1Þϵðm2
QÞ−ðnþ1ÞϵRn

ϵ

8π1−ϵfHP
þ
HΓð1− ϵÞ uð1− sÞðnþ2Þϵs−nϵ−1 cscðπðnþ 1ÞϵÞðu− suÞ−ϵ

× ðsð−ϵÞþ sþ uðϵ− 1Þþ 1Þðu− sÞ−ðnþ1Þϵ−1θðs− uÞ: ðA4Þ
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