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Black holes in our Universe are rarely truly isolated, being instead embedded in astrophysical
environments such as plasma or dark matter. A particularly intriguing possibility is that light scalar
fields form bound states around black holes, producing extended “clouds” known as gravitational atoms.
When these clouds become sufficiently compact, the spacetime can no longer be described by a vacuum
solution of general relativity. In this regime, one can construct quasistationary, spherically symmetric, self-
gravitating scalar gravitational atom configurations. Here, we explore an observationally relevant aspect of
these systems by computing their fundamental quasinormal mode. We present a fully relativistic calculation
of the axial modes in both the time and frequency domains, finding frequency shifts relative to the vacuum
case that depend mostly on the compactness of the gravitational atom. For sufficiently compact
configurations, these shifts may be detectable by current or future gravitational wave detectors.
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I. INTRODUCTION

Gravitational waves (GWs) emitted after the merger of
two compact objects offer a direct way to probe the
properties of the remnant. According to black hole (BH)
perturbation theory, the postmerger signal enters a ring-
down phase, during which the emitted GWs can be
described as a superposition of exponentially damped
sinusoids whose frequencies correspond to the quasinormal
modes (QNMs) of the remnant. The ringdown of a BH
depends only on its macroscopic parameters [1-5], which
are the mass, the spin, and, if present, the charge, as dictated
by the uniqueness theorems of general relativity (GR)
[6-8]. The study of this relaxation stage, known as BH
spectroscopy, provides a powerful means to characterize
the merger remnant and serves as an independent consis-
tency check of inspiral-based analyses.

This picture, however, assumes that the merger takes
place in vacuum. While recent work has shown that typical
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galactic-scale environments, such as dark matter halos,
have negligible impact on the ringdown at the sensitivity of
next-generation detectors [9], much denser or more com-
pact environments could leave detectable imprints. Indeed,
several toy models predict sizeable deviations when the
environment is sufficiently dense or compact [10-14].

A particularly interesting class of such environments
involves ultralight scalar fields with masses in the range
~[10722-107!"] eV. These fields arise naturally in many
extensions of the Standard Model and can, for example,
address the strong CP problem [15-17] or emerge from
string theory [18,19]. They have also been extensively
explored in cosmology as dark-matter candidates [20-24].
Their extremely small masses and weak couplings make
them inaccessible to conventional particle experiments, yet
gravity offers a unique observational window. In particular,
their large Compton wavelength allows them to gravita-
tionally couple with astrophysical BHs.

Although stationary scalar “hair” is excluded by no-hair
theorems [25,26], BHs can support time-dependent,
long-lived scalar configurations, commonly referred to as
scalar wigs or gravitational atoms [27-31]. These struc-
tures may form through the accretion of ambient scalar
fields in galactic centers [32—34], via dark matter relaxation
[35], or through superradiant instabilities (see Refs. [36,37]
and references therein). Depending on the scalar mass,
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gravitational atoms can develop around BHs spanning the
entire mass spectrum, from stellar to supermassive, poten-
tially affecting the GW signal emitted during binary
coalescences at all scales [38—48].

In this work, we extend the BH spectroscopy program to
include gravitational atoms. We focus on the axial sector
and quantify how the presence of the scalar field modifies
the frequency and damping time of the system’s funda-
mental QNM. Our analysis is performed in both the time
and frequency domains, finding excellent agreement
between the two. We further show that existing LIGO-
Virgo-KAGRA (LVK) observations could, in principle,
already be sensitive to the deviations induced by gravita-
tional atoms in certain regions of parameter space.

Throughout this work, we adopt geometric units
(G = ¢ = 1) and denote the scalar-field mass by y#, such
that its reduced Compton wavelength is 1/.

II. GRAVITATIONAL ATOMS

We consider a massive, complex scalar field minimally
coupled to gravity, described by the action

Slg. @] = /d“x Vlgj (R - %V,}DV"CI)* - %/4§|c1>|2>,
(1)

where R is the Ricci scalar, g the determinant of the metric
g, and p A the mass of the scalar field. Varying the action
yields the Einstein-Klein-Gordon equations,

= Tﬂl./’

G (V, V¥ — )@ =0, (2)

774
where G, is the Einstein tensor, and the stress-energy
tensor is given by

Top = 2V (,®V D" — g,5(V,DV°D* + 12007).  (3)

Solutions of the Klein-Gordon equation (2) on a Kerr
background admit guasibound states: test-field configura-
tions that are purely ingoing at the horizon and exponen-
tially suppressed at spatial infinity [27,49,50]. Linear
combinations of such states are commonly referred to as
gravitational atoms [28,51]. When the backreaction of the
scalar field on the metric is included—i.e., when the
coupled Einstein-Klein-Gordon equations (2) are solved
self-consistently—the system forms a self-gravitating
gravitational atom [29-31,52]. Time-domain evolutions
indicate that, after an initial transient, generic scalar-field
configurations around BHs evolve toward states that are
well approximated by gravitational atoms, largely inde-
pendent of the initial data [29,30,51].

In this work, we restrict our analysis to spherical
symmetry and study the perturbations of a self-gravitating
gravitational atom. We consider a scalar field oscillating at

a single frequency €, corresponding to the fundamental
quasibound state. The background scalar field is then
given by

(1, r) = y(r)e, 4)
where

Q=w-ioc, with w,6€R and y:R — C. (5)
For a nonrotating BH, quasibound states are always
decaying [49,50]—i.e., 6 < 0. Following Refs. [31,52],
we adopt generalized ingoing Eddington-Finkelstein (EF)
coordinates (¢, r, 6, @) to ensure regularity at the horizon. In
these coordinates, the background metric takes the form

ds? = ¢0de® + 20 dedr + ¢2,dr? + r2(d6? + sin? 0dg?),

(6)
with the metric functions
g = —a*(t.r) <1 —M>,
r
p = 2a(t, rym(t, r) ,
=14 20 ™)

Here, m(z,r) is the Misner-Sharp mass function, and
a(t,r) is a real, positive function. In the vacuum limit,
Eq. (6) reduces to the Schwarzschild metric in EF coor-
dinates. Both y(r) and the metric functions (7) are regular
at the horizon, and ingoing null geodesics satisfy
a(t, r)dt 4+ dr = const. Note that the coordinate 7 is not
the standard Schwarzschild time coordinate: the latter
diverges for geodesics crossing the horizon, whereas the
EF time coordinate used here remains finite.

Substituting Egs. (6) and (4) into Einstein’s equations (2)
yields the coupled system

()=o) e

where primes denote radial derivatives. The functions
F = F(r) and G = G(r), together with the Klein-Gordon
equation for y, are given explicitly in Appendix A. The only
explicit time dependence in the background equations arises
through the factor e?*’. For quasistationary configurations,
we restrict our analysis to timescales 7 satisfying 267 < 1.
For the parameter values considered in this work, this
condition holds for timescales much longer than the dynami-
cal timescale, since cMpy < 1 (see Fig. 6 in Appendix A).
For a BH with mass 10M, (10’ M) coupled to a scalar field
of mass 10712 eV (10~'® eV), the corresponding decay time
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is approximately 10~7 yr (107! yr). Although these time-
scales are larger than the dynamical timescale, they can still
be shorter than the inspiral timescale. The cloud’s lifetime,
however, depends sensitively on the assumption of spherical
symmetry. Spinning configurations can naturally populate
higher scalar field multipoles (Z > 0) (e.g., through super-
radiance [36]), where an angular momentum barrier sup-
presses the decay of the cloud [49]. Nevertheless, we expect
the QNM shifts for the nonrotating case to be a good estimate
for spinning configurations, since the imprint of the scalar
field on the metric is mainly ruled by the real part of the
frequency, w, and is therefore less sensitive to the spin [49].
Within the merger dynamical timescales, the background
functions can therefore be treated as stationary—i.e., a ~ a(r)
and m ~ m(r).

At the horizon, r =ry,, the condition ¢ (r,) =0
implies

ry = 2m(ry), ©)

which defines the BH mass as Mgy = ry,/2. We further
define

ay=a(r,) and A=wy(r), (10)
where A can be taken as real without loss of generality,
owing to the U(1) symmetry of the action. The normali-
zation of ay, is fixed a posteriori by requiring that a(r) — 1
at spatial infinity.

Asymptotic flatness demands m’ — 0 and ' — 0, which
is satisfied only for a discrete set of frequencies. In what
follows, we focus on the fundamental mode for which y(r)
has no nodes. The total Arnowitt-Deser-Misner (ADM)
mass of the configuration is My, = m(r — oo). We define
the characteristic radius of the gravitational atom, Rg,,
through

m(Rq,) = 99%M,, (11)
and the radius of the scalar cloud, R, defined analogously as
m(Ry.) — Mgy = 99%(My, — Mpp). (12)

The compactness of the scalar cloud is then defined as

Mga - MBH

Coe =
sC RSC

(13)

Finally, we introduce the dimensionless gravitational fine-
structure constant:

aE’bLSMBH. (14)

We solve Egs. (8) together with the Klein-Gordon
equation for various values of a and A. Self-gravitating

10 20 30 40 50

FIG. 1. Background solution for a = 0.249 and A = 0.401.
Shown are the mass function m/Mpgy (solid red), which asymp-
totes to the constant value M,, = 1.913Myy; the metric function
a (dashed blue), which approaches unity at large radii; and the
real (solid dark green) and imaginary (dashed light green) parts of
the normalized scalar field y /A, both decaying to zero asymp-
totically. The vertical line marks the characteristic radius of the
gravitational atom, Ry, = 22.92Mpy. The corresponding eigen-
frequency is MgyQ = 0.2161 + 0.0188i, and the compactness
is Cg. = 0.03486.

gravitational atoms exist for a < 1/4 [27,31,53]. In prac-
tice, we obtain stable numerical solutions up to a = 0.249.
For @ < 0.11, the equations become stiff, and the numerical
scheme is unreliable. Additionally, configurations with
A 2 0.4 are found to be unstable against radial perturba-
tions. An illustrative example of the background configu-
ration for @ = 0.249 and A = 0.401 is shown in Fig. 1.

III. AXTIAL PERTURBATIONS OF A
GRAVITATIONAL ATOM

Having established the background solution, we now
turn to its linear perturbations. The metric is expanded as

G = G + €h + el (15)
where ggy is the background metric (6). The tensors Aj; and
hﬁgl denote perturbations with axial and polar parity,
respectively, which are expanded in tensor spherical har-

monics in the Regge-Wheeler gauge [54,55]. The scalar
field is decomposed as

oD (t,r
@(t.r.0.9) = ou(r.r) + e 2y (0.9). (16
‘m
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Since the scalar field is even under parity transformations
and the background is spherically symmetric, scalar field
perturbations couple only to the polar sector of the metric
perturbations. In pursuit of a complete gravitational atom
spectroscopy, we concentrate here on the simpler axial
sector. Nevertheless, these modes still differ from those of a
Schwarzschild BH, both because the background metric (6)
is different from the Schwarzschild solution and because
the perturbations couple to the background scalar field ®,.

As in vacuum GR [54], axial perturbations can be
described by two functions A™(t,r) and h{™(t,r) (see
Appendix B), whose equations reduce to a single second-
order ordinary differential equation. In what follows, we
omit the harmonic indices £, m to avoid clutter.

A. Perturbations in the frequency domain
The QNMs of BHs are usually obtained in the frequency
domain. Because QNM frequencies are complex, a direct
Fourier transform of the perturbations is not well suited.
Instead, we adopt the ansatz

hi(tr) = hi(r,)e ™ j={0.1},  (17)

where the complex frequencies Y, are ordered by the
magnitude of their imaginary part. Modes with smaller
|Im[Y,]| (lower n) decay slower and thus dominate the
ringdown signal when the amplitude of the signal is large
[5]. We restrict our analysis to the fundamental, dominant
mode (n = 0), denoting its frequency by T =Y,

The equations governing axial perturbations can be
reduced to a single master equation (see Appendix B 2):

(L+r-vi)or =0 ay)

2
drs

where

r)hy(r
Q(I’):p( )rl( )’ (19)
and the tortoise coordinate r, is defined by
d 1
= (20)

dar a(l=2m/r)’

At large radii, the scalar field vanishes, and r, ~r+
2M , In(r/(2M,) — 1). The potential V(r) and the func-
tion p(r) are given explicitly in Appendix B 1, Egs. (B7)
and (B8).

We compute the QNMs via a shooting method, imposing
ingoing boundary conditions at the horizon and outgoing
ones at infinity. Because we work in generalized EF
coordinates, these conditions differ from the ‘“‘standard”
Schwarzschild case [56]. At the horizon (r = ry), the

metric perturbations must behave as ingoing waves,
h(t,r) o e= 1Y, (21)

where the ingoing null coordinate is defined as v = 1 + 7!

with
. dr
F= /—a(r)' (22)

For radial, ingoing null geodesics, a(r)ds + dr =0, and
therefore v is constant. Substituting the above definition
into Eq. (17) yields

hi(r) ~e 7, (23)

At infinity, the scalar field and the metric decouple, and
the spacetime approaches a Schwarzschild solution of mass
M,,. Perturbations then behave as outgoing waves,

hj o e, (24)
where u =1+ 7—2r, is the outgoing null coordinate
(for radial, outgoing null geodesics, a(l —2m/r)dt—
(1 4+ 2m/r)dr = 0). This implies”

ﬁj(r — 00) ~ e Tr=F) (25)
Since p(r) [see Eq. (B7)] is proportional to ¢!T("="-), the
corresponding boundary conditions for the master function

O(r) are
N
0= e ™S Ghr-n), ron,
n=0
M
Q — el Zq,‘f’r‘”, r = 0. (26)
n=0

Solving the Einstein equations perturbatively at the horizon
(infinity) uniquely determines the coefficients ¢ (¢%°) for
n >0 in terms of gf} (¢&). To properly compute gb, we
expand the background functions up to O((r — r,)?) [see
Egs. (A6)]. Imposing the boundary conditions (26) then
allows us to obtain the QNMs of the self-gravitating
gravitational atom, as we will see in Sec. IV.

'If the backreaction of the scalar cloud is neglected, a = 1 and
v =t + r, where t corresponds to the EF time.

’It is worth noting that, due to the use of generalized EF
coordinates, the expansion of the perturbation function £; in
Eq. (17) differs from the standard Regge-Wheeler derivation:

specifically, & j(r, T,) differs from the definition in Ref. [54] by a
factor e!Y(F=r),
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B. Perturbations in the time domain
In the time domain, the axial perturbation equations can
be combined into a single hyperbolic, second-order partial
differential equation (see Appendix B 2). This equation
is numerically solved using standard finite-difference
schemes, such as the Lax-Wendroff method [41,57,58].
We write it schematically as

(=W +H(r)a, —V(r))Q(t.r) = 0, (27)

where

)

ot r) = #hl(t, r) (28)

defines a convenient master function for time-domain

evolution. The functions ¢(r), H(r), and V(r) are provided
in Appendix B, while

(I

2ma (29)

dma
2,0, + 5 6t]

r

is the wave operator in ingoing EF coordinates.

At large distances (r > Ry,), Q(t,r) is approximately
independent of r and, for a certain time interval, can be
represented as a superposition of damped sinusoids:

(1, r) 3 AT cos(Re[T, )t + ). (30)

where A, and ¢, denote the amplitude and initial phase of
the nth mode, respectively. The QNM frequencies Y, are
then obtained by fitting Eq. (30) to the numerical evolution
of Q(z,r) [59]. This fit is repeated for several extraction
radii (r > R,,) and time windows to assess the stability and
consistency of the resulting frequencies.

IV. RESULTS

We now solve the perturbation equations in both the
frequency (18) and the time domain (27). Frequency-
domain (FD) methods generally yield higher precision
than time-domain (TD) approaches; however, direct FD
integration becomes numerically unstable at large radii
[60]. This is particularly problematic for configurations like
gravitational atoms, whose radial extent can reach tens to
hundreds of Schwarzschild radii [scaling as (uqa)~']. In
practice, we find that when Ry, 2 30Mpy, FD integration
becomes unreliable, and TD simulations are therefore
required to explore the full parameter space.

To assess numerical accuracy, we performed conver-
gence tests for both the time-domain (TD) and frequency-
domain (FD) approaches and compared their outputs. For
highly compact configurations, the fundamental QNM
frequency Y agrees between the two methods to within
arelative error of ~0.01%. At very low compactness values
(Cye £107%), however, the relative frequency shift away

. =0.090
. e =10.249 (TD) ey, ;
036 i "’\‘ o «a=0.249 (FD) b Yoot J10.085
! ., —a- = 0.210 (TD) M ]
‘e, Ses ]
_ ‘}\\!‘ A a=0.210 (FD) B 70.080 =
=, I 'Y O ] =
£ 0.34F e ] 5
' * 5 10075 &
= 3. e 10.075 F
£ e, LN ] =
b %‘o\g\\ \Q\\A\ 1 |
032 e AR =10.070
H e AN ]
A\{‘ QQ& "
Y ey
. % oy 10065
030 F * oG
1 s s s s 1 s s s 1 s s s s 1 s s s 1 1 1 1 s s
4
= I @ \ [ < 41072 =
= 103k N \ N LB ] =
a 10 o€ / 5 4: Il)ﬁ&“ . //e" A\ﬂ-ﬁ;a_qf‘az =
1077 ¢ ¥
B e F P B S R P B el 10—3
0 0.01 0.02 0.03 0 0.01 0.02 0.03
Csc Csc

FIG. 2. Comparison between time-domain (TD) and frequency-domain (FD) results. The top panels show the real and imaginary parts
of the fundamental mode as functions of the compactness C. for two values of a. The Schwarzschild (vacuum) limit is marked by a
black dot. The bottom panels display the relative differences between TD and FD computations (half-filled markers), which typically
remain below 1073 for the real part and 107> for the imaginary part.
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from the vacuum limit becomes comparable to the numeri-
cal uncertainty, preventing us from reliably determining a
physically meaningful shift.

We therefore restrict our comparison to the regime where
both methods remain accurate—namely, 0.210 < a <
0.249 and 0.01 < Cy, < 0.03. For smaller a or Cg, the
FD scheme loses accuracy. At larger values of C. the
gravitational atom no longer supports radially stable
configurations, while we cannot find bound configurations
for larger values of a, as discussed in Sec. II.

Figure 2 shows the real (left panel) and imaginary (right
panel) parts of the fundamental mode Y for a = 0.249 and
0.210, together with TD results at lower compactness. The
bottom panels display the relative difference between TD
and FD results. The mean relative difference typically
remains below 107 for the real part and 1072 for the
imaginary part, confirming the consistency and accuracy of
both methods. As expected, the QNM frequency converges
to the Schwarzschild (vacuum) limit, Mgy Y, ~ 0.3737 —
0.08896i [61], when C,. — O.

A. QNM shifts

To quantify the effect of the scalar cloud on the QNM
spectrum, we compute the relative shifts in the real and
imaginary parts of the fundamental mode as

Re[Y]
Re[Yyq]”

Im[Y]
S Im[Y,, ]
(31)

SRe[Y]=1- SIm[Y] =1

Figure 3 shows these shifts as functions of the compactness
for two representative cases: a = 0.249 (red circles) and
a = 0.110 (dark blue squares), both computed from the
TD analysis. As expected, both the real and imaginary
components deviate increasingly from their vacuum
values as the compactness grows. For moderately compact
configurations (Ci ~0.01), we find SRe[Y]~ 5% and
SIm[Y] ~ 10%, reaching ~20% and ~30%, respectively,
for the most compact cases (see inset in Fig. 3).

To provide a qualitative assessment of the relevance of
these shifts, we compare them with current observational
bounds on the fundamental mode obtained by the LVK
Collaboration from the recent “loud” event GW250114
[62,63]. In Ref. [63], deviations from the vacuum funda-
mental QNM frequency are parametrized as [cf. Eq. (2)
therein]|
Ja20 = f350(1 4 8 220). 220 = Tho0(1 + 8200), (32)
where f500 = Re[Y] and 7509 = 1/ Im[Y]. Including pre-
merger information and allowing for deviations in both the
220 and 440 modes, they report (cf. Fig. 4 in Ref. [63])

8f 20 = 0.025002, 8ta0 = —0.017049  (33)

20
0E |
X
)
Q
o
-~ GW250114
1r
e o =0.249
-+ a=0.110
10
X
=
g
=
1r
FIG. 3. Percentage relative shift of the real (top panel) and

imaginary (bottom panel) parts of the fundamental QNM as
functions of the compactness for two values of a: @ = 0.249 (red
circles) and @ = 0.110 (dark blue squares). For Cy, <3 x 1072,
the shift varies linearly with compactness; the solid lines show the
results of a linear fit. The insets show the same data on a linear
scale, highlighting the deviation from the linear trend for
C,. > 1072. The red dashed horizontal line marks the 90%
credible LVK constraint from the GW250114 event [62]. Con-
figurations above this line could, in principle, produce QNM
shifts observable with the LVK detectors.

at the 90% credible level.” Although these constraints were
derived for a Kerr BH with spin y ~ 0.7, they provide a

‘We quote here only the results for the fundamental mode,
which is the focus of this work. The correlation between the 220
and 440 modes is negligible [63].
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TABLE I.  Linear fits to the QNM frequency shifts as functions
of the compactness for two values of a. The linear approximation
holds for Cy. <3 x 1072,

a SRe[Y] 5Im[Y]
0.249 (5.26 £ 0.01)C,, (7.30 £ 0.09)C,,
0.110 (4.70 £ 0.03)C.. (4.94 + 0.03)C,.

useful benchmark for estimating the detectability of envi-
ronmental effects in the nonrotating case considered here.

In Fig. 3, the red dotted lines indicate the 90% credible
LVK bounds from Eq. (33). Our results suggest that
scalar clouds with compactness Cy. = 3 x 1073 could, in
principle, produce detectable shifts in the QNM frequency
for events with a postmerger signal-to-noise ratio (SNR)
comparable to that of GW250114 (SNR ~40). Detec-
tability of both the real and imaginary shifts within the
same credible interval would require Cy = 1072. Since
parameter uncertainties scale roughly as 1/SNR (see, e.g.,
Ref. [64]), the minimum detectable compactness scales as

1072SNR _ 0.4
SNR ~ SNR’

Ce(SNR) 2 (34)

where SNR denotes the SNR of GW250114.

As previously observed in studies of anisotropic fluid
environments [11,14], both éRe[Y] and 6 Im[Y] exhibit a
nearly linear dependence on the compactness at small Cy..
The corresponding slopes, which show only mild depend-
ence on a, are summarized in Table I and are shown as solid
lines in Fig. 3. For Cy = 3 x 1072, deviations from the
linear trend become evident (see inset of Fig. 3).

A useful reference point is provided by earlier work on
anisotropic-fluid halos [9,11,14], where the compactness
can be expressed in terms of the redshift at the horizon aZ.

Empirically, we find that

1

51— a). (35)

Coe ®
which, to a good approximation, is independent of a. At
small compactness and for fixed ay,, the frequency shifts
induced by the scalar cloud are thus comparable to those
from the halo [14].

Finally, Fig. 4 shows the imaginary part of T as a
function of its real part, both normalized by the total mass
of the gravitational atom, M ¢a» Tather than by the BH mass
Mpgg. This normalization removes any residual dependence
on the mass of the gravitational atom and thus isolates the
effect of the compactness.

For C,. £0.02, the ratio

Im[MgaT] - Im[MBHTvac]

£=- Re[MgaT] - Re[MBHTvaC}

(36)

0.30 g
N RS e e N /.;&'
F - LY 1 »
Y 1 .0'
Y o
0.25 v ]
‘ J »
— 1 L 1 N “‘ ‘_ 0'15/
£ 103 102 »
E 020t )
5 »
=
| *
sl . e =0.249
0 » e =0.110
L *
: /“1
0.10 /
ko 1 " " " 1 " " 1 " " " 1 " " " 1 "
0.4 0.6 0.8 1.0 1.2
M, Re[Y]

FIG. 4. Imaginary versus real part of the fundamental mode
for different scalar-cloud configurations. Results are shown for
a = 0.249 (red circles) and a = 0.110 (dark blue squares). The
black dot marks the vacuum limit, My Y ,,.. The inset shows that
for C,. < 0.02, the ratio £ [Eq. (36)] remains approximately
constant.

is nearly constant and independent of the compactness,
making it a convenient diagnostic of environmental effects.
Its dependence on a encodes the imprint of the scalar field
mass 7 (see inset in Fig. 4). Specifically, we find £ ~
0.2209 &7 x 107* for a = 0.249 and £ ~0.2369 4+ 10~
for a = 0.11. If the remnant BH mass can be independently
measured—for example, through inspiral-only analyses
[65] or electromagnetic observations [66]—then the
observed QNM frequency shift of a gravitational atom
could provide a direct probe of the scalar field mass.

B. Light-ring frequency, Lyapunov exponent,
and surface gravity

To gain further physical insight into the system, we
compute three background quantities closely related to the
QNM spectrum [2]: the light-ring frequency, the Lyapunov
exponent, and the surface gravity.

In vacuum, the so-called eikonal limit (¢ > 1) establishes
a direct connection between the QNM spectrum and the
properties of the photon sphere. In this regime, the QNM
frequencies of Kerr BHs can be approximated by [67]

1
T ~ QLRf — l(fl + 5) |/1LR R (37)

where n is the overtone number, Q;r is the orbital
frequency of the light ring, and A;z is the Lyapunov
exponent characterizing the instability timescale of the
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photon orbit. Following Ref. [67], the light-ring radius
r=riR satisfies’

a/

_rm’—l—r—Sm

r(r—2m) ’ (38)

F=rLr

F=rLr

which reduces to ri g = 3Mpy in the vacuum limit. The
corresponding light-ring frequency and Lyapunov exponent
are

2
My = a(rir) 1— m("LR)’

'LR LR

Mgyhr = % [;"Q(Sm’2 +rm") = 2rm(3m’ + rm")

+3m? — r(r —2m)*—

S e

IF=rpr

a/’] 1/2

both of which reduce to 1/(3v/3Mpy) in Schwarzschild.
For high overtones (n > 1) instead, the QNM spectrum
is well approximated by [68—73]

Tk [i <n + %) + mz(]ﬂ , (40)

where « is the surface gravity of the BH, defined as [74]

1
K2 = —EV”I”V”ID, (41)

with #* being the timelike Killing vector. For gravitational
atoms, this becomes

an 22 |Q|2
_ 1—4 142 42
K4mm[ A“(*@ﬁ (42)

which reduces to
(4Mygy)~" in vacuum.

Figure 5 shows the relative shifts of Q;r, 4, and k as
functions of the compactness for @ = 0.110. Similarly to
before, in the small-compactness regime (Cy. < 107%), they
are well described by linear fits:

the Schwarzschild value «,,. =

Q
SQup=1- QLR ~0.0095C,,

vac

TR
A
Shg =1-"2~0.088C,,
lLR
Sk =1———~399C,. (43)
KVHC

4 . . . . .

In the quasistationary approximation, the metric depends only
on r, which coincides with the Schwarzschild radial coordinate.
We therefore use the same expressions as in Ref. [67].

7
£

A

(%]

1073 3

P | PR PR
1074 1072 1072

Bt 0 0 -
1076 107
Cs

FIG. 5. Relative percentage shifts of the light-ring frequency
Qi r, Lyapunov exponent 4; g, and surface gravity « induced by
the presence of a scalar cloud, shown relative to the vacuum case
for @ = 0.110. Solid lines denote linear fits valid for Cy, < 107
Comparing Eq. (43) with the QNM shifts reported in
Table T shows that the presence of the scalar cloud
completely spoils the eikonal correspondence (37): the
QNM frequency shifts are up to 2 orders of magnitude
larger than the light-ring predictions.5 This breakdown of
the geodesic (eikonal) correspondence is not unexpected.
As noted in Ref. [31], self-gravitating gravitational atoms
interpolate between BHs and boson stars. The geodesic
correspondence is known to fail for boson stars, which lack
a light ring unless they are ultracompact [75]. In the limit of
small Mgy, gravitational atoms increasingly resemble
boson stars, leading to larger deviations from Eq. (37).
Conversely, the surface-gravity shifts are still compa-
rable to the QNM frequency shifts across the entire
parameter space, including for the most compact configu-
rations where the frequency-compactness relation is no
longer linear. This suggests that QNMs are more sensitive
to the near-horizon geometry than to the photon-sphere
structure. To further illustrate this, we compare our results
again with those for anisotropic-fluid halos. A straightfor-
ward calculation shows that the surface gravity «y for a
halo with stress-energy tensor T}, = diag{—p, p.. p,, p,} is

ap

Ky = 5 (8zrppen + 1), (44)
2rh

where p,, is the radial pressure evaluated at the horizon.
Since p,;, = 0 for anisotropic fluids, Eq. (44) implies that
the surface gravity scales directly with ay,, and thus as the

For a = 0.249, we find 6Q; g ~0.45,Cy., ig ~ 1.93,Cy.,
and 6k ~ 6.49, C,..
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shift of the fundamental mode [14]. The surface-gravity
correspondence therefore does hold for both matter halos
and scalar cloud environments, reinforcing analytical argu-
ments suggesting that Eq. (40) still holds in beyond-
vacuum BHs [71].

V. CONCLUSIONS

We have extended the BH spectroscopy program to
gravitational atoms: BHs surrounded by long-lived, self-
gravitating scalar clouds. Through a fully relativistic analysis
of the axial sector, we computed the fundamental QNM in
both the frequency and time domains, finding consistent
results between the two. As expected, the presence of the
scalar cloud induces shifts in both the real and imaginary
parts of the fundamental QNM frequency. Although the
ringdown signal is expected to be largely unaffected by most
astrophysical environments [9], our results show that highly
compact configurations can leave detectable imprints on the
QNM spectrum. For instance, for signal-to-noise ratios
comparable to that of GW250114, scalar clouds with Cy. >
3 x 1073 could produce deviations from the vacuum spec-
trum detectable with the current LVK sensitivity.

Such compactness values could possibly arise through
superradiant instabilities [36] or through relaxation and
gravitational cooling processes [24]. The main caveat,
however, concerns the survival of the cloud throughout
the coalescence. As the inspiral proceeds, the cloud is
expected to experience depletion due to the binary’s motion.
Recent numerical relativity simulations of BH binaries in
scalar-field environments suggest that, owing to their wave-
like nature, such clouds may be depleted less efficiently
during the merger than particle-like distributions [43,48,76],
and they may even induce detectable phase shifts in the late
inspiral. Nonetheless, longer simulations, together with a
better understanding of the cloud’s past evolution [42,44], are
necessary to draw firmer conclusions.

We also examined background quantities related to the
QNM spectrum, including the light-ring frequency,
Lyapunov exponent, and surface gravity. While the eikonal
(geodesic) correspondence between the light ring and QNM
frequencies breaks down in the presence of the scalar cloud,
the surface-gravity estimate seems robust, suggesting that
QNMs are mostly sensitive to the near-horizon geometry
rather than to the structure of the photon sphere.

Our findings motivate several directions for future
investigation. Extending the analysis to the polar sector
is particularly important, as scalar and gravitational per-
turbations couple there, producing an additional family of
modes imprinted in the GW signal. Moreover, given recent
suggestions that LVK events may already be affected by
scalar-field environments during the inspiral stage [47], one
should also study in detail the postmerger phase, determin-
ing how much of the cloud survives, the corresponding
shifts to the QNM spectrum, and whether these signatures
are consistent with current observations.
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APPENDIX A: QUASISTATIONARY SELF-
GRAVITATING GRAVITATIONAL ATOMS

In this appendix, we provide the details of the con-
struction of the self-gravitating gravitational atoms: quasi-
stationary, spherically symmetric background solutions
used throughout the main text.

Substituting Egs. (4)—(6) into the Einstein-Klein-Gordon
equations yields the coupled system for the metric func-
tions (8) and the scalar field:

2
fy" =Cwy+ By', where f=1 ——m, (A1)
r
with the coefficients
B= _%(1 _ﬂ) _4miQ
r r roa
ety Q |2
+-— {(y“—l) —w‘ + 72 us|w|?
% a
2 —iQ o0
+ (L4 77)fRe|——yy'| 0. (A2a)
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TABLE II. Parameters of the background solutions for different values of A and a.
o A QMBH Rga/MBH Mga/MBH Csc
0.21 5.013 x 1077 0.9731 + 0.009224i 2 1 <10~
5.329 x 1072 0.9686 + 0.01036 44.32 1.110 1.5x 1073
3.528 x 107! 0.8861 + 0.04182i 32.00 2.115 3.115 x 1072
0.249 5.013 x 1077 0.9649 + 0.01789i 2 1 <1072
2.395 x 1072 0.9640 + 0.01818i 10.90 1.015 2.7 x 107
2.013 x 107! 0.9248 + 0.03366i 31.76 1.542 1.415 x 1072
iQ\2 2miQ N
i mi _ _
c:u§+y2<;) P2 a m(r)—EJern(r )",
n=1
20t iQ |2 214,12 12 Y
— el | —w| +uilwl* + fly] a(r):1+zan(r—rh)",
a n=1
—iQ* iQ N
- fRe [ l//*l//’] } —, (A2b)
a a w(r) =A+> y,(r—m)" (A6)
n=1

where y = /1 + 2m/r. The functions F and G in Eq. (8)
read

2
, (A3)

/

F(r)=ar

-y

2

o) =5 [ (12 + Be) +vp] a0

In addition, Einstein’s equations imply

2
o,m = r’e*! <72m|cfim — fIm [Qll/l//*]>. (A5)
Quasistationary solutions exist for times 7 < 1/(20) [31].
However, even when 20t — 0, the right-hand side of
Eq. (AS5) does not vanish identically due to our choice of
coordinates. In the limit ¢ — 0, the no-hair theorems forbid
self-gravitating gravitational atoms: the solution must cor-
respond to either a vacaum BH or a boson star [79]. In this
limit, the mass must be time-independent. Indeed, trans-
forming Eq. (AS) to Schwarzschild coordinates [cf. Eq. (36)
in Ref. [52]] yields d,m = 0 for 6 — 0 when y €R, thus
satisfying the no-hair theorem [79]. For all configurations
studied, we verify a posteriori that 9,m/(2mo) < 1.

To then construct the background solution, we solve the
coupled ODE:s for the metric functions (8) and the scalar field
(A1) numerically with suitable boundary conditions. At the
horizon r = ry, all fields are expanded as power series’:

®Alcubierre et al. [31] made these expansions defining a new
variable z, which makes the Klein-Gordon equation well defined
at 2m = r. However, once we know that a solution exists, we can
do these expansions in terms of r instead of z.

We tested different truncation orders N and found that in
practice, we do not really need the series expansion to
compute the background. However, to compute the horizon
series coefficients needed later when imposing the boundary
conditions for the perturbations [the coefficients ¢f in
Eq. (26)], we use N = 3 so that the near-horizon expansions
match the Schwarzschild limit smoothly. At spatial infinity
(r = o), the scalar field must decay exponentially as

V/(’") N wm(r) = e—ksrr—1—M(2ik<Q—ZQz+y§)/k5, (A7)
where k, = \/u2 — Q2. a,, = a(r — o), and Q = Q/a,, is
the frequency measured by a static observer at infinity.

We integrate the ODEs from r; = ry, + € (with e ~ 107#
to avoid numerical issues at the horizon) to a large radius,
Feo 2 50Mpy > ry,. For fixed (A, a), we determine the
complex eigenfrequency by a shooting method such that

V'Weo —W¥e)l—r, =0, (A8)
and |y(r)| # 0 for r > ry,. After finding the correct Q, we
rescale a(r) and Q so that a(r - o) =1 and Q = Q.

Figure 1 in the main text shows the radial profiles m(r),
a(r), and the real and imaginary parts of y(r) for a
representative  configuration (a = 0.249, A = 0.401).
Table II lists additional background parameters (frequency
Q, characteristic radius Rga, ADM mass M,,, and compact-
ness C,.) for a few choices of (A, a).

In Fig. 6, we show the characteristic damping time
of the cloud, 7=1/6, as a function of Cy for
a=1{0.11,0.21,0.249}. At C, < 1073, the backreaction
from the cloud is negligible, and the scalar field profile
is approximately that of a quasibound state configuration
in vacuum (with a frequency that coincides with the

ga>
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FIG. 6. Decay timescale of the gravitational atom as a function
of the compactness for three different values of a. In the vacuum
limit, the frequency coincides with the fundamental quasibound
state of nonrotating BHs.

fundamental mode [49]). As can be seen in the figure, the
time decay in this regime becomes approximately inde-
pendent of the compactness. For Cy, > 10~ instead, more
compactness configurations have a shorter lifetime, though
always remaining much larger than the dynamical time-
scale ~Mpgy for all values of the compactness explored in
this work.

APPENDIX B: MASTER EQUATIONS

In this appendix, we collect the perturbation equations
used in Sec. III and outline how the metric and scalar field
perturbation equations reduce to single second-order
master equations in both the frequency (18) and time
domains (27).

In the Regge-Wheeler gauge [54], axial metric pertur-
bations are expanded in axial vector harmonics S, and
depend on two functions, /(t, r) and h(t, r):

hiy = i_szA,j ={0,1}, and A ={0,¢}. (B1)
It is convenient to redefine these fields so that the vacuum
Regge-Wheeler limit is manifest, and a single second-order
equation arises even for nonvacuum backgrounds. We
therefore set

ho(t, 1) = ho(1, 1),
2m(r)

M(t.r) =) + s =)

ho(t,r).  (B2)

With this redefinition, the linearized Einstein equations for
the axial sector reduce to a coupled system for (hg, 1),
which we now present in the frequency and time domains.

1. Frequency domain
Using the frequency ansatz [cf. Eq. (17)],

hi(t.r) = Zﬁj(r, T,)e j={0,1}, (B3)

and dropping the harmonic indices (£, m) as well as the
dependencies on (r,r) for compactness, the linearized
Einstein equations become

- L+l -2 m T2
hl{fw/|2+Mz|w|2+7+ ¢ _

22 ra  2df
3am’ (m-+r)d a” m"
3 (mt e __}
ra rea a r
iThly Yhy(Tm — iaf)
2 3,72 =0,
2a° f arf
a 2i¥m 2m' 2m)\- iTh ~
(e oy
a ra r r af
(B4)
Here, we introduce
2 |Q|2 2 /
M =p; =~ 7" and { = —4Im[Quy*].  (BS)

Following the vacuum case [54], Eq. (B4) can be combined
into a single second-order master equation for the variable

o) = 20RO (56)
where p(r) reads
p(r) = €T exp < / [r(rd — 2am’)
+2m(—rd + a)) rzl—afdr>. (B7)

With this definition, Q(r) satisfies a Schrodinger-like
equation [Eq. (18) in the main text], with a potential
given by

_2af(a=3rd)m'

V() oy Pa M,

+i_{[7’(4m+ r)a +a(ré(¢ +1) —6m)]

2a’fm” Cafm
—

r

+2af2a//_

_|_2a2f2|w/|2+
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2. Time domain
In the time domain, the Einstein equations read

a 2m m h 2mh
hl( +2—> e N ")
a ra

) Ty
a" 3a'm' mB3d —2ad"r+rf) m' 2+ 2m
ho{_ + ( 2 +’"f|ll/,|2_7+ B} +~/\/ls|l//|2_72
a ra rea r 2r r
. (2ma m—rm’ a 1\. fdh, 2m?hy, 2mhl, mh, f f.
hol =+ ——— ) = f— ==k 0_ - 0 L +L i, =0,
* 0( ra* * r*fa > (2(1 r> 1t 2a  r*a’f ra + ra 2 ot
a(=3rm'+m+r) rd"-2ma" +ml m” )
hl{ ( 3 )4 HAWP =+ My +——5—
rea ra r 2r
n 2mhy ( ra" —3d'm’ Lm (B — 2" + 1E) — Fly/2 + m" Myl 2—¢ 2m
- —— (3d' = 2rad" + r¢) - —_— - —
raf ra r’a v r sV 2r? r
i dm?a’ 2rm(m' — 1) —=2m?> +r*\  m(rd —2a)h, ma'hy (r*—8m>)hl mhl
0 a’fr? a’r f? rra® ra? 2r2a’f ra
i, 2j 2j
_mny omyhy Y L_0. (B9)

ra ra’f = 2a’

where overhead dots refer to time derivatives. Similarly to before, it is convenient to introduce a time-domain master
function

o) =1 1.n), (B10)
with
q(r) = ciafvm. (B11)

The constant ¢, is an arbitrary integration constant, and we set ¢; = 1/2/r,, to recover the Regge-Wheeler function in the

vacuum limit. Using the definitions above, one obtains the hyperbolic second-order equation used in the time evolutions
[cf. Eq. (27)], with

M) = a2

m
V(r) afm'(r(r —14m)a’ + 6am) n af(r2m(2d’ +¢r) +rd') +a(ré (€ + 1) — 6m))
r) =
2r’m r

2 3r—2 n” 2 -6 " 210 2
+2af?a’ - a’fBr zm)m +4 flr = 6mym” _ 2a* fly|? 2 m(r) ?(r) - M, ) + 282y %. (B12)
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