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Building on our automated framework that uses ring diagrams for classifying CP basis invariants Neda
Darvishi et al., [Phys. Rev. D 108, 115030 (2023)], this paper broadens the application of the methodology
with more extensive examples and a wider scope of theoretical frameworks. Here, we showcase its
versatility through detailed analyses of specific operators in the Standard Model effective field theory
(SMEFT), such as a four-fermion operator at dimension-6 and a Yukawa operator extended up to
dimension-2n terms while maintaining a dimension-6 core, as well as in SMEFT with sterile neutrinos
(νSMEFT) up to dimension-7. By integrating the ring-diagram technique with the Cayley-Hamilton
theorem, we have developed a system that not only simplifies the process of identifying basic and joint
invariants but also enables the automatic differentiation between CP-even and CP-odd invariants from the
lowest orders. Additionally, this work presents a comparison of our results with those derived using the
traditional Hilbert-Poincaré series and its Plethystic logarithm. While these conventional approaches
primarily yield the numerical count of invariants, our framework provides a complete structure of
invariants, thereby surpassing the limitations of these traditional methods.

DOI: 10.1103/c5ff-5h72

I. INTRODUCTION

Numerous experiments and observations have hinted at
the presence of new physics beyond the Standard Model
(BSM), including phenomena like neutrino masses, matter-
antimatter asymmetry, and dark matter. Various theories of
new physics (NP) have been proposed to account for these
observations by extending the Standard Model’s field
content and/or symmetries. As is known, the CP violation
in the SM is not enough to explain the matter-antimatter
asymmetry, and thus an additional source of the CP
violation is needed by extending the SM. The CP violation
is closely related to the flavor structure, in which arguably it
is necessary to choose a certain basis and parametrization to
formulate the Lagrangian in the theory. However, physical

observables cannot depend on arbitrary choices of basis and
can only depend on basis invariant quantities, such as
rephasing invariants. In the context of group theory, basis
invariants are objects which do not transform under the
action of the group of basis changes [1–6]. Thus, the
classification of invariants is essential for analyzing theo-
ries that explain flavor and CP violation.
One of the most well-known examples of a basis

invariant is the Jarlskog invariant [1,2], which signals
the presence of CP violation in the SM. The corresponding
CP-odd invariant, J−, is given by

J− ¼ 3 ImDet½YuYu
†; YdYd

†�; ð1:1Þ

where Yu and Yd are the Yukawa matrices for up-type and
down-type quarks, respectively. This invariant comprehen-
sively captures the effects of flavor transformations, while
remaining independent of phase rotations. Furthermore, it
has been extended to describe CP violation in quark and
lepton mixing, as well as in BSM extensions. To generalize
the description of CP violation in a basis-independent way,
weak-basis invariants were proposed [5,7]. These invariants
are used to obtain rephasing-invariant CP-violating
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quantities in various NP models, such as the two-Higgs-
doublet model [8–12], vectorlike quark extensions [13–19],
supergravity and supersymmetry models [20–22], and even
in axion models [23–25].
In recent years, given the considerable energy gap

between the NP scale and the electroweak scale, it is more
popular to utilize effective field theory to describe NP. The
Standard Model effective field theory (SMEFT) [26–36]
provides the most general parametrization on various NP
effects using the higher dimensional operators, including a
systematic organization of the CP violation effects. Since
there are many CP-violating operators at higher dimen-
sions, how to count and obtain these basis invariants
becomes a challenge. The Hilbert-Poincaré series (HS)
and its plethystic logarithm (PL) [6,30,37–43] help us to
investigate the basis invariant [6,44–48], beside the weak
basis invariant construction. This aids in finding the
number of invariants, but cannot provide the explicit
structure of invariants as well as distinguish between
CP-even and CP-odd invariants, particularly, when the
CP properties of blocks are nontrivial.
While the ungraded Hilbert series is useful for counting

invariants, it generally does not provide explicit structural
information or distinguish between CP-even and CP-odd
invariants, especially when the CP properties of building
blocks are nontrivial. We acknowledge, however, that the
graded Hilbert series can encode additional information,
such as the spurion content of each invariant and, in some
contexts, even their CP properties. This has been explored,
for example, in [49,50]. Nevertheless, the use of the graded
Hilbert series becomes increasingly complex and computa-
tionally demanding in practice, particularly in theories
involving high-rank tensors or many spurions. Our moti-
vation, therefore, is to develop an explicit and systematic
method that can classify invariants and their CP properties
more transparently, while complementing the Hilbert series
approach [44].
In cases where the building blocks have trivial CP

properties, distinguishing CP-odd invariants is relatively
straightforward; for instance, CP-odd invariants can often
be identified by the presence of an odd number of CP-odd
blocks. However, for more general cases, particularly at
higher orders, identifying the full set of independent
invariants typically involves using the Hilbert series and
its plethystic logarithm, along with constructing a linear
ansatz to uncover syzygies. This makes the formulation and
classification of basis invariants a compelling and still
incomplete problem, motivating the development of more
systematic approaches.
In [51], we introduced a systematic and generic pro-

cedure to explicitly classify these CP basis invariants. This
approach uses fundamental blocks which can conveniently
be constructed based on the recently developed so-called
ring diagrams. These blocks are created as orthogonal
trivial singlets, leading to the minimal possible invariants

by design. This method is accompanied by the Cayley-
Hamilton theorem and ring sets (petals) enabling us to
identify basic and joint invariants as well as defining their
CP properties. In this formalism, with the aid of the
Cayley-Hamilton theorem, a set of rules over petals is
applied. Therefore, with petals all higher-order invariants
that are not independent quantities are distinguished.
Particularly, our approach has the following advantages:

(i) facilitates the recovery of the Cayley-Hamilton
theorem using petals;

(ii) offers a structured method for invariant classification
across various theories;

(iii) automatically distinguishes CP-odd from CP-even
basis invariants;

(iv) allows for the construction of CP-odd invariants
from the lowest possible orders;

(v) can be applied to high-rank tensors and complex
structures.

Additionally, the minimal set of leading-order CP-odd
invariants is correlated to the number of phases that are
expected for the sources of CP violation.
In this paper, we explicitly apply the application of ring

diagrams in various examples in the SMEFT framework.
Furthermore, to illustrate CP violation arising from the
interference between operators of different dimensions, we
derive the invariants in the SMEFT extended with a sterile
neutrino (νSMEFT) [52–56], including operators of dimen-
sions 5, 6, and 7, as well as in a representative type-I
seesaw model.
The outline of the paper is as follows. In Sec. II we

introduce our formalism to construct SM invariants.
Afterward, we generalize this formalism to identify invar-
iants beyond the SM scenarios. We also show a simple
method to distinguish the CP properties of invariants. In
Sec. III, we apply our method for the classification of
invariants in the framework of SMEFTwith dim-6 core and
showcase two examples, namely, (i) with the Yukawa
operator and (ii) with the four-fermion operator. In
Sec. IV, we showcase our explicit and automated con-
struction of invariants in the low energy νSMEFT including
three operators, namely, (i) with only one dim-5 operator,
(ii) two dim-5 and dim-6 operators, and finally (iii) with
two dim-5 and dim-7 operators at the tree-level matching.
We also include an example based on the type-I seesaw
model with a Uð3Þ × Uð3Þ flavor symmetry, to demonstrate
the scalability of our method in more complex symmetry
settings. Additionally, in all sections we also provide the
traditional HS and PL of the ring to verify the number of
invariants. Finally, Sec. V presents a summary of our
findings and concluding remarks.

II. INTRODUCTION OF RING DIAGRAMS

In this section, we elaborate on a methodology to
categorize basis invariants within the SM and beyond,
focusing particularly on flavor matrices. We commence
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with the SM Yukawa Lagrangian involving up-type and
down-type quarks:

L ⊃ YuQ̄LiH̃uRj þ YdQ̄LiHdRj þ H:c:; ð2:1Þ

where the flavor matrices, from which masses and mixing
angles are derived through diagonalization, are fundamen-
tal. These matrices, however, depend on the chosen basis,
as quark and lepton fields in the Lagrangian can undergo
unitary transformations. Under chiral flavor transforma-
tions, the Yukawa couplings transform as follows:

Yu → Uð3ÞQYuUð3Þu†;
Yd → Uð3ÞQYdUð3Þd†; ð2:2Þ

with Uð3ÞQ and Uð3Þu;d representing the unitary trans-
formations on the quark doublet QL and singlet fields
uR; uR, respectively, ensuring the Lagrangian’s invariance.
Direct comparisons of predictions of the mass matrices
with experimental values are not straightforward due to
their basis dependency. Observable quantities must remain
invariant under basis changes as described by (2.2). This
necessitates expressing observables in a basis-independent
manner using invariant quantities. The obvious invariants
emerge from combinations U≡ YuY

†
u and D≡ YdY

†
d,

transforming as

U → Uð3ÞQUUð3ÞQ†;

D → Uð3ÞQDUð3ÞQ†; ð2:3Þ

leading to traces of U and D. By listing all possibilities
from fundamental blocks U and D, basic quark invariants
can be derived. Higher-order invariants are constrained by
the Cayley-Hamilton theorem, which allows any nth power
of an n × nmatrix A to be expressed in terms of powers less
than n. For a 3 × 3 matrix A, this is exemplified by [6]

A3 ¼ A2TrðAÞ − 1

2
A½TrðAÞ2 − TrðA2Þ� þ 1

6
½TrðAÞ3

− 3TrðA2ÞTrðAÞ þ 2TrðA3Þ�13×3 ð2:4Þ

with TrðA3Þ being nonreducible and the highest order for a
single 3 × 3 matrix A as

TrðA4Þ ¼ 1

6
TrðAÞ4 − TrðA2ÞTrðAÞ2

þ 4

3
TrðA3ÞTrðAÞ þ 1

2
TrðA2Þ2: ð2:5Þ

Taking the above constraints into account, SM invariants
Jnm, where n and m denote the orders of U and D
respectively, include

J10 ¼ TrðUÞ; ð2:6aÞ

J01 ¼ TrðDÞ; ð2:6bÞ

J20 ¼ TrðU2Þ; ð2:6cÞ

J02 ¼ TrðD2Þ; ð2:6dÞ

J30 ¼ TrðU3Þ; ð2:6eÞ

J03 ¼ TrðD3Þ; ð2:6fÞ

J11 ¼ TrðUDÞ ¼ TrðDUÞ; ð2:6gÞ

J21 ¼ TrðU2DÞ ¼ TrðDU2Þ; ð2:6hÞ

J12 ¼ TrðUD2Þ ¼ TrðD2UÞ; ð2:6iÞ

J22 ¼ TrðU2D2Þ: ð2:6jÞ

A CP-odd invariant and its CP-even counterpart are also
identifiable:

J33 ¼ TrðU2D2UDÞ; ð2:7Þ

J033 ¼ TrðD2U2DUÞ; ð2:8Þ

where CPðJ33Þ → J033, so by rearranging the above invar-
iants one can deduce the following CP-odd and CP-even
invariants:

JCP−odd ¼ ðJ33Þ − ðJ33Þ0; ð2:9Þ

JCP−even ¼ ðJ33Þ þ ðJ33Þ0: ð2:10Þ

Hence, the CP violation can be parametrized as

J− ≡ ImTr½U;D�3 ¼ 3 ImDet½U;D�: ð2:11Þ

Concluding that the CP-violating invariants J− can be
written by

J− ¼ Imðindependent quantitiesÞ ≠ 0:

This is the invariant appearing in the parametrization of the
Cabibbo–Kobayashi–Maskawa (CKM) matrix relevant to
CP violation in the renormalizable theory of weak inter-
action [57–61]. Note that Eq. (2.10) can be rewritten in
terms of the lower primary invariants defined in Eq. (2.6),
so disregarded as a basic invariant.
Now, we use an alternative procedure that systemically

can classify invariants in the SM and beyond, using a ring
diagram that is accompanied by the Cayley-Hamilton
theorem and equivalently by ring-set (petals) enabling us
to identify basic invariants. Particularly, we show our
approach automatically distinguishes the CP properties
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of invariants. Additionally, the structure of interrelations
between basis invariants (syzygies) can be expressed
through the chain procedure providing an explicit cancel-
lation between terms where only basic invariants remain in
them,

Syzygies ¼ fðBasic InvsÞ

þ
X

oreder−n
Joint Invs × TrðAn; Bn; Cn;DnÞm

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{fðBasic InvÞ

:

Considering the outlined structure, it becomes apparent that
when classifying invariants, beginning with the lowest
order and progressively extending to higher orders, there
comes a juncture where the summation of various

permutations of a generating set can be articulated in terms
of fundamental invariants. These invariants, which are
algebraically dependent, are referred to as “joint” invari-
ants. The visual representations of the sequence of steps
that we follow to obtain and distinguish invariants are
summarized in Figs. 1 and 2.
To initiate, we distribute three rings corresponding to the

flavor transformations Uð3ÞQ, Uð3Þu, and Uð3Þd for the
Yukawa matrices as displayed in Table I. In this configu-
ration, elements yu and y

†
u are placed in the Uð3Þu ring, and

yd and y
†
d in the Uð3Þd ring, with the Uð3ÞQ ring linking the

two. This structure and its simplified version are depicted in
Fig. 3. We then define three building blocks relevant to
these rings, allowing only a single passage through them, as
follows:

ð2:12Þ

where traces over rings form so-called petals, represented
as follows:

ð2:13Þ

As discussed earlier, the components ofU andD are yu, y
†
u,

and yd, y
†
d, which are 3 × 3 matrices following Uð3Þu and

Uð3Þd transformations, respectively. The Yukawa cou-
plings yu and yd are indeed 3 × 3 matrices; however, once
the blocks U, D, and UD are constructed directly from the
symmetries and transformations, as illustrated in Fig. 3, we
deal with 2 × 2 blocks. These blocks significantly simplify
the representation while maintaining the integrity of the
physical information. Now, using the fundamental nature of
these blocks and rings, the higher-order invariants can be
organized using the following tensor product:

Jux1dx2udxn ¼ TrðMu
x1 ⊗ Md

x2 ⊗ Mud
xnÞ; ð2:14Þ

or equivalently, using the concept of “petal combinations”
representation. The nature of the products/diagram formal-
ism provides the framework for combining these blocks
into more complex structures. Given still the 3 × 3 nature of
U and D as matrices, this approach permits up to three
maximum passes over a ring, or combinations thereof, as
long as the count of each petal type does not surpass three.
To formulate higher-order invariants with this petal meth-
odology, up to two of the three petals of the same colour
can be repeated. Consequently, the third petal of the same
color must be sequenced after a petal of a different type.
Furthermore, simplification of a petal set is feasible by
substituting two adjacent petals with a double-layer petal.
This procedure is extendable to repetitions of multiple
petals up to two times, e.g.

After this process of simplification, these arrangements can
be translated into relational expressions by selecting an
arbitrary starting point within the rings and then reading the
entire cycle clockwise � anticlockwise i.e.,

J� ≡ ð↻þ↘↙↖ � � �Þ � ð↺þ↗↖↙ � � �Þ: ð2:15Þ

This process repeats until identical terms are produced. The
clockwise arrow (↻) indicates reading through the terms in
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a forward direction around the cycle, while the anticlock-
wise arrow (↺) indicates reading through the terms in
reverse. The arrows (↘↙ � � �) represent diagonal paths
through the cycle. For example, in the case of a four-petal
diagram with three distinct components:

FIG. 1. The steps for derivation of invariants are visualised. In the fifth block, the acronyms TP and CHT are used for tensor products
and the Cayley-Hamilton theorem.

FIG. 3. Ring diagram for the SM.

FIG. 2. The steps for distinguishing invariants are visualised.

IDENTIFYING CP BASIS INVARIANTS IN THE SMEFT PHYS. REV. D 112, 095009 (2025)

095009-5



By picking a starting point (for instance, the top left), Jþ and J− expressions are constructed as follows:

Jþ ≡ RRBGð↻Þ þ RBRGð↘↙Þ þGBRRð↺Þ þ GRBRð↗↖Þ;
J− ≡ RRBGð↻Þ þ RBRGð↘↙Þ −GBRRð↺Þ −GRBRð↗↖Þ;

for J−, the diagonal terms cancel each other out, while in Jþ, one of the repeated diagonal terms is dropped to avoid
redundancy. This results in the simplified expressions:

ð2:16Þ

In the next section, we will elucidate the link between these operational rules and the principles underlying the Cayley-
Hamilton theorem. Utilising the fundamental blocks (2.13) the SM invariants can be recovered as

ð2:17Þ

TABLE I. Flavor transformation of the Yukawa matrices.

Uð3ÞQ Uð3Þu Uð3Þd
Yu 3 3̄ 1
Yd 3 1 3̄
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With x1 ¼ x2 ¼ 0 and x3 ¼ 3 in Eq. (2.14), an order-6CP-odd invariant related to (2.9) can be deduced from

ð2:18Þ

by traversing the entire cycle of the hexafoil with two
ingredients both clockwise and counterclockwise, as

RBRBRBð↻Þ þ RBBRRBð↓↙↖Þ
− BRBRBRð↺Þ − BRRBBRð↘↗↑Þ

≡ RBBRRBð↓↙↖Þ − BRRBBRð↘↗↑Þ;

which we derive the nonreducible CP-odd invariant J−ud3 .
The CP violation is parametrized as Im J−ud3 . Note that
Jþud3 can be delineated in terms of basic invariants, a
relationship that will be detailed in the subsequent section
in Eq. (2.35). This occurs because, in the CP-even
construction, petals of the same color can always sit
adjacent to each other, forming a 3þ 3 structure, which
makes the expression reducible.
Furthermore one can compare the number of the gen-

erating set of invariants using HS by the assignment of
z1 þ z2 þ z3 and z−11 þ z−12 þ z−13 to represent the 3 and 3�,
respectively, which are pertinent to the flavor transforma-
tion of the Yukawa matrices as shown in Table I. Thus, the
character functions of the building block U and D are

χU;Dðz1;z2;z3Þ¼ðz1þz2þz3Þðz−11 þz−12 þz−13 Þ: ð2:19Þ

Here, z1, z2, z3 are coordinates on the maximum torus of U
(3). Thus, we can find the plethystic exponential (PE) as

PEðz1; z2; z3 ; UDÞ ¼ PE½χUðz1; z2; z3ÞU�
× PE½χDðz1; z2; z3ÞD�: ð2:20Þ

Therefore, the multigraded HS for the quark sector are

HðU;DÞ ¼ ð1þ U3D3Þ−1
× fð1 −UÞð1 −U2Þð1 −U3Þð1 −DÞð1 −D2Þ
× ð1 −D3Þð1 −UDÞð1 −U2DÞ
× ð1 − UD2Þð1 −U2D2Þg: ð2:21Þ

Here, if U ¼ D ¼ q the one-variable HS takes on the form

HSMðq; qÞ ¼
1þ q6

ð1 − qÞ2ð1 − q2Þ3ð1 − q3Þ4ð1 − q4Þ : ð2:22Þ

Given the function HðqÞ, the PL is defined by

PL½HðqÞÞ�≡X∞
k¼1

μðkÞ
k

ln ½HðqkÞ�; ð2:23Þ

with μðkÞ being the Möbius function,

μðkÞ≡
8><
>:

0 k contains any repeated prime factors

1 k ¼ 1

ð−1Þn k is a product of n distinct primes

:

ð2:24Þ

Hence, PL related to Eq. (2.22) reads

PL½HðqÞ� ¼ 2qþ 3q2 þ 4q3 þ q4 þ q6 − q12; ð2:25Þ

indicating the total number of ð2þ 3þ 4þ 1þ 1Þ invar-
iants that are in agreement with the sets of invariants given
in Eqs. (2.17) and (2.18).
This formalism can be extended to identify possible

invariants in a generic scenario, as well as distinguishing
the CP-violating invariants. Let us start with a generic
example with n ¼ mþ k main elements p1;…; pm and
q1;…; qk, where ps are rotating with U1, U2, and qs with
U1, U3. In analogy with U1;2;3, it is convenient to draw
three rings where the first ring is labeled with U2 related to
rotations of ps with U2, the second one is U3 ring pertinent
to rotations of qs with U3, whereas the third ring connects
all rings relevant to mutual U1. This structure is shown in
the following ring Fig. 4, where the number of these rings
can be increased due to the presence of more rotations with
Ui. The ring setup is designed around two types of inputs
for crafting invariants. First, we have the first-order blocks,
derived from main elements within a Ui ring that are
effectively cancelling Ui. These blocks are placed directly
in their respective ring and are marked with a small circle
“↻”, linked by dashed lines, for example, “ ”. The
second type involves elements that need combinations from
other rings to cancel out Ui rotations. These elements enter
unchanged, connecting to others or blocks with one-way
dashed lines, like “ ”. A dashed line loop indicates a
building block, allowing only one pass through these lines.
In this case, a cycle of dashed lines forms a building block,
with only one turn passing through the connection lines i.e.,
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The mutualU1 ring’s design limits pass through connection
lines based on the number of blocks in U2;3 rings. This
approach streamlines block combination creation.
Therefore, in a ring diagram one can identify first-order

blocks and building blocks from dashed cycles as m1 and
m2, respectively. These blocks serve as the foundation for
creating tensors and higher-order invariants. First-order
blocks can be aligned into sets of m1 orthogonal vectors.
For example, in a scenario with four blocks (A, B, and C,
and D) subject to three rotations, as shown in ring Fig. 5,

the foundational block Ma is defined as a diagonal matrix
with A in the first position and zeros elsewhere, represent-
ing a direct translation from the ring input. Similarly, Mb,
Mc, and Md are constructed to hold B, C, and D in their
respective primary positions within diagonal matrices,
ensuring each element’s unique pathway through the
system.
The exploration of higher-order elements through dashed

cycles introduces a method for constructing advanced
mathematical structures in a compact and intuitive manner.
Here, we define tensor products symbolized by dashed
connections between different elements. These connections
represent the interactions between blocks e.g.

ð2:26Þ

with σ0 ¼ 12. In detail, the second-order blocks according
to dashed cycles become Mab, Mbc, Mca, Mad, Mbd, and
Mcd expanding upon the foundational constructs.These
matrices form the basis for further operations, allowing for
the combination and manipulation of elements to explore a
wide range of invariant possibilities within the given
framework.
In Secs. IVA, IV B, and IV C, we provide various

examples with more elements in the cycle of building
blocks. Additionally, due to the properties of blocks, we
can directly represent the building blocks in terms of the
trace of rings (petals). The trace of one cycle of first-order
blocks tagged by “↻” in ring Fig. 5 can be translated into a
single petal representation. For higher-order cycles depend-
ing on their n connection lines n petals are required e.g.
n ¼ 2 for “ ”. This structure from the ring diagram can
be summarized as follows:

ð2:27Þ

Furthermore, the petals associated with the blocks are
distinguished by different colors/patterns, reflecting their
unique paths within the ring diagram. This visual differ-
entiation is crucial for understanding the directional flow

and relationships between elements in the construction
of higher-order invariants. By design, the ring diagram’s
structure inherently prevents the redundancy of repeti-
tive elements, ensuring that only new combinations

FIG. 4. The basic structure of a ring diagram.
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contribute to the formation of invariants. This approach
not only illustrates the interconnection among various
invariants but also facilitates the identification of CP
properties within higher-order constructs, even when the
CP characteristics of the original blocks remain
unspecified.
The methodology allows for the expansion of building

blocks to higher orders, either through direct extension
in the diagrammatic representation or via the multiplica-
tion of existing blocks. The generalized invariant form is
given by

Jnax1 ;nbx2 ;…;nabxn ¼ TrðMa
x1 ⊗ Mb

x2 ⊗ � � � ⊗ Mab
xnÞ:

ð2:28Þ

To develop invariants through diagrams as illustrated in
(2.27), one could initially select a random starting point
within rings allocated to a basic unit and proceed to trace
an entire cycle clockwise � anticlockwise ð↻þ
↘↙↖ � � �Þ � ð↺þ↘↗↖ � � �Þ and repeated until iden-
tical terms produced.
Additionally, we apply the limit obtained from the

Cayley-Hamilton theorem shown in Eqs. (2.4) and (2.5)
over rings, enabling us to construct higher-order invariants
based on the ring diagram (this can be used as an alternative
approach in the construction of invariants using tensors
products). Hence, in diagrams each cycle is allowed to
repeat itself only up to three times when a single block is
involved i.e.,

ð2:29Þ

Otherwise, in the presence of other 3 × 3 matrices (other
petals that can distinguish with a different sign or color), the
invariants can be reduced to the lower powers following the
relation below

Ja2ab1 ¼ TrðA3BÞ ¼ 1

6
½TrðA3ÞTrðBÞ− 3TrðA2ÞTrðAÞTrðBÞ

þ 6TrðAÞTrðA2BÞþ 2TrðAÞ3TrðBÞ
þ 3TrðABÞðTrðA2Þ−TrðAÞ2Þ�; ð2:30Þ

indicating the next invariant out of two fundamental blocks

ð2:31Þ

and in the same fashion for Jab1b1 ¼ TrðAB2Þ. Among the
two matrices, one nonreducible CP-conserving invariant
emerges from

Jab2 ¼TrððABÞ2ÞþTrðA2B2Þ¼TrðABÞ2þ2TrðBÞTrðA2BÞ

þ1

2
½TrðAÞ2ðTrðBÞ2−TrðB2ÞÞ

þTrðA2ÞðTrðB2Þ−TrðBÞ2Þ�
−2TrðAÞTrðBÞTrðABÞþ2TrðAÞTrðAB2Þ: ð2:32Þ

Equivalently, this may be as

ð2:33Þ

The highest invariant consisting of two matrices is a joint
invariant, where the summation between different permu-
tations produces basic invariants or lower-order joint
invariants.

FIG. 5. Ring diagram for three rotations and four blocks
A, B, C, and D.
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In the case of two matrices, one may have

Jab3 ≔ TrððABÞ3Þþ 3

2
½TrðA2B2ABÞþTrðB2A2BAÞ� ¼ 1

2
½TrðB2A2BAÞþTrðA2B2ABÞ�

þ 1

12
½ðTrðA2−TrðAÞ2ÞÞ½9TrðB2ÞTrðABÞ− 2TrðB3ÞTrðAÞ�þ 3TrðBÞ2½4TrðAÞTrðA2BÞ−TrðABÞðTrðAÞ2þ 3TrðA2ÞÞ�

þ 12½TrðAB2ÞTrðA2BÞþTrðABÞ3þTrðABÞð3TrðAÞTrðAB2Þ− 2TrðA2B2ÞÞ�
þTrðBÞ½TrðB2Þð9TrðAÞTrðA2Þ− 7TrðAÞ3 − 2TrðA3ÞÞþ 12ðTrðAÞ2TrðAB2Þ
−TrðAÞð3TrðABÞ2þTrðA2B2ÞÞþ 3TrðABÞTrðA2BÞÞ�þTrðBÞ3ð5TrðAÞ3 − 7TrðAÞTrðA2Þþ 2TrðA3ÞÞ�

≡ 1

2
½TrðA2B2ABÞþTrðB2A2BAÞ�þfðBasic InvsÞ: ð2:34Þ

Here, the summation ½TrðB2A2BAÞ þ TrðA2B2ABÞ� can be explicitly written in terms of basic invariants, as

TrðA2B2ABÞ þ TrðB2A2BAÞ ¼ 1

3
½TrðBÞ3TrðAÞðTrðAÞ2 − TrðA2ÞÞ

þ TrðB3ÞðTrðAÞTrðA2Þ − TrðA3ÞÞ − 3TrðBÞ2TrðAÞðTrðAÞTrðABÞ
− TrðA2BÞÞ þ TrðBÞðTrðB2ÞðTrðA3Þ − TrðAÞ3Þ − 3TrðAÞTrðA2B2Þ
þ 3TrðAÞ2TrðAB2ÞÞ þ 3ðTrðAB2ÞTrðA2BÞ þ TrðABÞTrðA2B2ÞÞ�

¼ fðBasic InvsÞ: ð2:35Þ

Nevertheless, the CP-odd combinations of the above terms become nonreducible that can be represented in terms of
building blocks as

where the presence of nonzero imaginary values in the aforementioned quantity signals the existence of a nonvanishing
CP-violating phase.
Furthermore, this procedure for the construction of higher-order invariants can be extended by including additional 3 × 3

matrices based on Eq. (2.5). In this context, the lowest invariants involving an additional 3 × 3 matrix C become

where Jþ and J− indicate CP-even and CP-odd invariants, respectively. The occurrence of nonzero values in the CP-odd
invariant introduces a CP-violating phase that does not vanish. Note that these relations are not reducible and can be regarded
as basic invariants. This is contrary to the case of 2 × 2 matrices where these could be written in terms of lower invariants.
The next invariants out of three matrices A, B, and C are joint invariants of order four in the form, as

Jab1ac1 þ Jþa2bc1 ¼ TrðA2BCÞ þ TrðA2CBÞ þ TrðABACÞ

¼ 1

2
½TrðAÞ2TrðBÞTrðCÞ − TrðBCÞðTrðAÞ2 − TrðA2ÞÞ� þ TrðCÞTrðA2BÞ

− TrðAÞ½TrðABÞTrðCÞ þ TrðACÞTrðBÞ − TrðABCþ ACBÞ�
þ TrðBÞ½TrðA2CÞ − TrðA2ÞTrðCÞ� þ TrðABÞTrðBCÞ; ð2:36Þ

realizing the combination of three terms TrðA2BCÞ þ TrðA2CBÞ þ TrðABACÞ can be expressed in terms of nonreducible
invariants (basic invariants). On the other hand, there is a nonreducible CP-odd invariant in the form
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J−a2bc1 ¼ TrðA2BCÞ − TrðA2CBÞ: ð2:37Þ

Therefore, the two CP-odd and CP-even invariants in order four out of three different matrices in the form of petals are

ð2:38Þ

Similarly, it is possible to derive higher-order combinations of three matrices and their permutations i.e., A2B2C, A3BC,
etc. For example, at the order-5 invariant out of three different matrices reads

Jþa3cb1 þ Jþa1ac1ab1 ¼ TrðA3CBÞ þ TrðA3BCÞ þ 2TrðA2BACÞ þ 2TrðA2CABÞ

¼ −3TrðAÞ½TrðA2BCÞ þ TrðA2CBÞ� þ 1

6
½4ðTrðAÞ3 − TrðA3ÞÞTrðBÞTrðCÞ

þ 6TrðAÞ½ðTrðA2Þ − TrðAÞ2ÞTrðBCÞ þ 2TrðA2BÞTrðCÞ þ 2TrðBÞTrðA2CÞ
þ 4TrðABÞTrðACÞ� − 12TrðAÞ2½TrðCÞTrðABÞ þ TrðBÞTrðACÞ� þ 3ð5TrðAÞ2
− TrðA2ÞÞ½TrðABCÞ þ TrðACBÞ� − 12ðTrðA2CÞTrðABÞ þ TrðA2BÞTrðACÞÞ�

¼ Basic Invs: ð2:39Þ

However, from the above combination along with the following CP-odd relation

J−a3bc1 ¼ TrðA3CBÞ − TrðA3BCÞ ¼ 2TrðAÞ½TrðA2CBÞ − TrðA2BCÞ�

þ 1

2
½TrðA2Þ − TrðAÞ2�½TrðACBÞ − TrðABCÞ�; ð2:40Þ

while TrðA2BACÞ − TrðA2CABÞ is nonreducible, so one can account for only one CP-odd invariant. From Eq. (2.40), the
CP-odd TrðA3CBÞ − TrðA3BCÞ invariants can be written in terms of lower CP-odd invariants [the basic invariants
TrðACBÞ − TrðABCÞ and the CP-odd TrðA2CBÞ − TrðA2BCÞ], thus this contribution is not considered as a distinct
invariant. In terms of rings and building blocks, we have

Furthermore, with the inclusion of an additional 3 × 3 matrix D, by altering A → Aþ Bþ CþD in Eq. (2.5), the six
permutations of ABCD can be summed and simplified into fundamental invariants as follows:

Jab1cd1 þ Jbc1ad1 þ Jca1bd1 ¼ TrðABCDÞ þ TrðABDCÞ þ TrðACDBÞ þ TrðACBDÞ
þ TrðADCBÞ þ TrðADBCÞ ¼ TrðAÞTrðBÞTrðCÞTrðDÞ
− TrðAÞTrðBÞTrðCDÞ þ TrðBÞ½TrðACDÞ þ TrðADCÞ�
− TrðAÞTrðDÞTrðBCÞ þ TrðDÞ½TrðABCÞ þ TrðACBÞ�
− TrðBÞTrðCÞTrðADÞ þ TrðCÞ½TrðABDÞ þ TrðADBÞ�
− TrðCÞTrðDÞTrðABÞ þ TrðAÞ½TrðBCDÞ þ TrðBDCÞ�
þ TrðADÞTrðBCÞ þ TrðACÞTrðBDÞ þ TrðABÞTrðCDÞ
− TrðBÞTrðDÞTrðACÞ − TrðAÞTrðCÞTrðBDÞ: ð2:41Þ

Hence, five of these permutations may be regarded as CP-even joint invariants. It is important to note that the CP-odd
relation is simplifiable to CP-odd invariants following the form presented in Eq. (2.36).
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This chain procedure is trivially extended up to higher
orders, where only basic invariants and the summation of
the joint invariant are present. Although, the summation of
the lowest joint invariant can be expressed in terms of basic
invariants. Thus syzygies can be obtained through the chain
procedure providing an explicit cancellation between terms
where only basic invariants remain in them

Syzygies ¼ fðBasic InvsÞ

þ
X

oreder−n
Joint Invs × TrðAn; Bn; Cn;DnÞm

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{fðBasic InvsÞ

:

This explicit construction of invariants can be always
compared with the numbers obtained from the HS and PL.
Furthermore, from Eqs. (2.36), (2.38), and (2.36), one

can realize in addition to the obvious CP-violating invar-
iants by introducing a complex matrix ImTrðA − H:c:Þ two
types of invariants can be built, namely,

J−ab3 ¼ Im½TrðA2B2ABÞ − TrðB2A2BAÞ�; ð2:42Þ

J−axbcy ¼ ImTrðAx½By; Cy�Þ: ð2:43Þ

Although from Eq. (2.40) it can be seen that Eq. (2.43) is
stopped at power three as they are rewritten in terms of
lower-order CP-odd invariants.
Ultimately, this technique provides a new and powerful

systematic way for the construction of basis invariants. In
the following sections, we apply this procedure over
various models including SM, SMEFT, and νSMEFT with
various operators up to dim-7.

III. INVARIANTS IN SMEFT

There have been many attempts to describe the low-
energy dynamics of quantum field theories with the aid of
effective field theories (EFTs). This requires “integrating
out” heavy degrees of freedom which cannot be generated
on-shell in the relevant experimental setting. This suggests
maintaining only light degrees of freedom in the theory as
dynamical fields [62,63]. In the SMEFT, the dynamical
light fields are the observed SM particles and the integrated
heavy degrees of freedom stand for hypothetical new
particles [64,65]. In this approach any new particles are
assumed to be very heavy to produce directly, providing a
model-independent way to constrain many beyond the SM
signals [66,67].
In SMEFT, the SMLagrangian,LSM, is extended through

a series of higher-order dim-n SUð3Þc ⊗ SUð2ÞL ⊗ Uð1ÞY
gauge-invariant operators, Oðdim¼nÞ

i , describing higher-order
interactions as

LSMEFT ¼ LSM þ
X
n>4

X
i

Cðdim¼nÞ
i

Λn−4 Oðdim¼nÞ
i ; ð3:1Þ

where Λ is some higher mass scale and Cis stand for the
correspondingdimensionless couplingconstants, i.e., the so-
called Wilson coefficients.
In this section, we apply our systematic construction of

invariants in the framework of SMEFT and showcase two
examples: the Yukawa operator up to dim-2n and the four-
fermion operator at dim-6. The invariants in the generic
dim-2n case are considered to demonstrate the full clas-
sification of invariants without the truncation required at
dim-6. Note that this way of construction can be applied to
all types of operators up to four involving matrices, the
petals rule constructed out of Cayley-Hamilton theorem
always follows the same structure.
The discussion related to the construction of invariants in

SMEFTwith odd (and even) powers ofΛ is delegated to the
context of νSMEFT in the next section.

A. SMEFT with one Yukawa operator at dim-2n

The SM Lagrangian combined with dim-2n (n > 2)
operator has the form

L ¼ LSM þ
X
i

Cð2nÞ
i

Λ2n−4Oi ð3:2Þ

where Cð2nÞ
i is the Wilson coefficient.

The Yukawa couplings in the SMEFT Lagrangian for the
dim-4 and one dim-2n operator at the order 1=Λ2n−4 reads

FIG. 6. The ring diagram for dim-2n SMEFT with Yukawa
operator.
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L⊃YuQ̄L;iH̃uR;jþ
Cð2nÞ
HQu

Λ2n−4 jHj2n−4Q̄L;iH̃uR;jþYdQ̄L;iHdR;jþH:c:¼
�
Q̄L;i 0

0 Q̄L;i

��
YuþCð2nÞ 0

0 Yd

��
H̃uR;j 0

0 HdR;j

�
þH:c:;

ð3:3Þ

with the dimensionless coupling constants Cð2nÞ
HQu and Cð2nÞ ≡ jHj2n−2

Λ2n−4 C
ð2nÞ
HQu, this construction consistently maintains a dim-6

core while extending to higher orders via the Higgs and energy scale factors.
From the above relation appears that Yu and Cð2nÞ transforming both with Uð3ÞQ and Uð3Þu. Accordingly, the ring

diagram related to three transformations Uð3ÞQ;Uð3Þu, and Uð3Þd is given in Fig. 6. In this diagram, in the top and the

bottom rings Uð3Þu and Uð3Þd are cancelled out and only those blocks remaining at dim-2n are retained i.e., Cu ¼ Cð2nÞY†
u

and C†
u ¼ YuCð2nÞ†. These can be reexpressed in the forms

C ¼ Cu þ C†
u

2
; T ¼ Cu − C†

u

2
: ð3:4Þ

Therefore, as appears in Fig. 6 in addition to the SM blocks Mu, Md, and Mud presented in Eq. (2.12) the building blocks
read

ð3:5Þ

Among the blocks mentioned above, Mct includes a dim-8 term, which is not relevant in a dim-6 operator. However, we
retain this block to enable a comparison of the deduced number of invariants with those obtained from the HS method.
Nonetheless, these blocks are still included in the dim-8 operator.
In this framework, in addition to SM invariants in (2.17), by the aid of fundamental blocks (3.5) the basic invariants can

be organized in the following forms:
(i) Order-1:

(ii) Order-2:
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(iii) Order-3:

(iv) Order-4:

In the case of dim-6, in the list above, the invariants with dimensions higher than 6 are marked with “∄” and can be
excluded. However, these invariants are considered in the dim-8 operator.
Obviously, due to the presence of the anti-Hermitian block T, invariants containing odd powers of T andMab areCP odd.

NEDA DARVISHI, YINING WANG, and JIANG-HAO YU PHYS. REV. D 112, 095009 (2025)

095009-14



Additionally, by assigning z1 þ z2 þ z3 and z−11 þ z−12 þ z−13 for 3 and 3�, we can derive the character functions of U, D,
C, and T,

χU;D;C;Tðz1; z2; z3Þ ¼ ðz1 þ z2 þ z3Þðz−11 þ z−12 þ z−13 Þ; ð3:6Þ

where each quantity z1, z2, z3 are the coordinates on the maximum torus of Uð3Þ. Thus we find

PEðz1; z2; z3 ; qu; qd; qc; qtÞ ¼ PE½χUðz1; z2; z3Þqu� PE½χDðz1; z2; z3Þqd�
× PE½χCðz1; z2; z3Þqc� PE½χTðz1; z2; z3Þqt�

¼ exp

�X∞
k¼1

χUðzk1; zk2; zk3Þqku
k

�
exp

�X∞
k¼1

χDðzk1; zk2; zk3Þqkd
k

�

× exp

�X∞
k¼1

χCðzk1; zk2; zk3Þqkc
k

�
exp

�X∞
k¼1

χTðzk1; zk2; zk3Þqkt
k

�

¼ ½ð1 − quÞ3ð1 − quz2z−11 Þð1 − quz1z−12 Þð1 − quz3z−11 Þð1 − quz1z−13 Þ
× ð1 − quz2z−13 Þð1 − quz3z−12 Þð1 − qdÞ3ð1 − qdz2z−11 Þð1 − qdz1z−12 Þ
× ð1 − qdz3z−11 Þð1 − qdz1z−13 Þð1 − qdz2z−13 Þð1 − qdz3z−12 Þ
× ð1 − qcÞ3ð1 − qcz2z−11 Þð1 − qcz1z−12 Þð1 − qcz3z−11 Þð1 − qcz1z−13 Þ
× ð1 − qcz2z−13 Þð1 − qcz3z−12 Þð1 − qtÞ3ð1 − qtz2z−11 Þð1 − qtz1z−12 Þ
× ð1 − qtz3z−11 Þð1 − qtz1z−13 Þð1 − qtz2z−13 Þð1 − qtz3z−12 Þ�−1: ð3:7Þ

Substituting the PE and the Haar measure of the Uð3Þ group, one can get

HðqÞ ¼
Z

½dμ�Uð3ÞPEðz1; z2; z3;qÞ

¼ 1

6ð2πiÞ3
I
jz1j¼1

dz1
z1

I
jz2j¼1

dz2
z2

I
jz3j¼1

dz3
z3

×

�
−
ðz2 − z1Þ2ðz3 − z1Þ2ðz3 − z2Þ2

z21z
2
2z

2
3

�
× PEðz1; z2; z3; qÞ: ð3:8Þ

Applying the residue theorem to the contour integrals, one obtains

HðqÞ ¼ N ðqÞ
DðqÞ ; ð3:9Þ

with

N ¼ 1þ 12q3 þ 33q4 þ 56q5 þ 138q6 þ 316q7 þ 613q8 þ 1052q9 þ 1696q10 þ 2540q11

þ 3566q12 þ 4612q13 þ 5538q14 þ 6116q15 þ 6318q16 þ 6116q17 þ 5538q18

þ 4612q19 þ 3566q20 þ 2540q21 þ 1696q22 þ 1052q23 þ 613q24 þ 316q25 þ 138q26

þ 56q27 þ 33q28 þ 12q29 þ q32; ð3:10Þ

and

DðqÞ ¼ ð1 − qÞ4ð1 − q2Þ10ð1 − q3Þ12ð1 − q4Þ2: ð3:11Þ

The denominator of HS with qc, qt, qu, qd can be written explicitly as
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DðqcqtquqdÞ × fð1þ qcqdÞð1þ qcqtÞð1þ qdquÞð1þ qtquÞð1þ qdqtÞð1þ qcquÞg
¼ ðð1 − qcÞð1 − qdÞð1 − qtÞð1 − quÞð1 − q2uÞð1 − q2dÞð1 − q2cÞð1 − q2t Þ
× ð1 − qcqdÞð1 − qcqtÞð1 − qdquÞð1 − qtquÞð1 − qdqtÞð1 − qcquÞ
× ð1 − q3t Þð1 − q3uÞð1 − q3cÞð1 − q3dÞð1 − q2dquÞð1 − qcqtquÞð1 − qdqtquÞ
× ð1 − q2t quÞð1 − q2cqtÞð1 − qcqdqtÞð1 − q2dqtÞð1 − qcq2t Þð1 − qdq2t Þ
× ð1 − q2cqdÞð1 − qcq2dÞð1 − q2cquÞð1 − qcqdquÞð1 − qcq2uÞð1 − qdq2uÞ
× ð1 − qtq2uÞÞð1 − qtq2uÞÞð1 − q2cq2dÞð1 − q2cq2t Þð1 − q2dq

2
uÞð1 − q2t q2uÞ

× ð1 − q2dq
2
t Þð1 − q2cq2uÞ: ð3:12Þ

The invariant shown in the above relation matches with the list of basic invariants given at orders 1,2,3,4.
Now to step forward, the following nonreducible CP-odd invariants in addition to the SM CP-odd invariant in Eq. (2.18)

up to dim-2n can be constructed:

ð3:13Þ

ð3:14Þ

ð3:15Þ

ð3:16Þ

ð3:17Þ

ð3:18Þ

ð3:19Þ

ð3:20Þ

Accordingly, the total nine CP-odd invariants with the nonzero Im J ≠ 0 can be accounted for the CP violation in this
framework [47].
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Note that taking into account higher orders of C and T,
the number of invariants is matched with the total
number of qn invariants in PL of HS with q ¼ qc ¼ qt ¼
qu ¼ qd as

PL½HðqÞ� ¼ 4qþ 10q2 þ 24q3 þ 35q4 þ 56q5

þ 60q6 −Oðq7Þ: ð3:21Þ

For example, at order 3 there are in total 22 invariants,
including 4 invariants from the SM lists (2.17), 18 from the
dim-6 list at order 3, and 2CP-odd invariants from
Eqs. (3.13) and (3.14). Therefore, the aggregate count
reaches 24 = (4þ 18þ 2) q3 invariants that are matched
with the given number in (3.21) at this order.
This way of construction allows us to build invariants

explicitly other than HS which only finds the numbers of
invariants without any insight into their structures.

B. The dim-6 SMEFT with one
four-fermions operator

Now, we apply our systematic construction over another
dim-6 operator with one four-fermions operator involving
quarks and leptons, with the following Lagrangian:

L ¼ LSM þ Cue;ijkl

Λ2
ðūiγμujÞðēkγμelÞ ð3:22Þ

where C6 ≡ 1
Λ2 Cue;ijkl. This example requires five rings to

cancel out the chiral flavor transformations in the orm

Yu → Uð3ÞQYuUð3Þu†;
Yd → Uð3ÞQYdUð3Þd†;
Ye → Uð3ÞLYdUð3Þe†; ð3:23Þ

maintaining the Lagrangian invariant. Therefore, correspond-
ing to Uð3ÞQ;Uð3Þu;Uð3Þd and Uð3ÞL;Uð3Þe, it is more
convenient todrawtwoseparate ringdiagramswithacommon
Hermitian block C≡ C6YuY

†
uYeY

†
e that participates in both

diagrams. This structure is shown in ring Fig. 7.
Therefore, based on Fig. 7 in addition to the orthogonal

blocks Mu, Md, and Mud presented in Eq. (2.12) the
building blocks are

ð3:24Þ

Therefore, in addition to invariants in (2.17), using the building blocks (4.45) the basic invariants are as follows:
(i) Order-1:

(ii) Order-2:

FIG. 7. The dim-6 SMEFT with four-fermions operator.
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(iii) Order-3:

(iv) Order-4:

In a similar fashion, higher orders ofC are distinct with “∄” and so they can be removed in the case of a dim-6 operator. Note
that some higher-order invariants cannot form distinct invariants e.g.

and similarly for higher-order invariants of this form. Additionally, up to dim-6 the following nonreducible CP-odd
invariants can be constructed:

ð3:25Þ

ð3:26Þ
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ð3:27Þ

ð3:28Þ

ð3:29Þ

ð3:30Þ

ð3:31Þ

ð3:32Þ

ð3:33Þ

This procedure can be straightforwardly applied in the
other forms of four-fermion interactions as the petals rule
always follows the same structure.

IV. INVARIANTS IN THE FRAMEWORK
OF νSMEFT

In this section, we consider the framework of νSMEFT
that includes three right-handed neutrinos NR, which are
singlets under the SM gauge group.
The Lagrangian of the type-I seesaw [68,69] that is the

extension of SM with the Dirac neutrino Yukawa coupling
Yν and the Majorana massMR of right-hand neutrinos may
be written as

LSS¼LSMþ N̄Ri∂NR−
�
YνL̄LH̃NRþ

1

2
N̄C

RMRNRþH:c:

�
;

ð4:1Þ
where LL ≡ ðνL; lLÞT and NC

R ≡ CN̄T
R with C≡ iγ2γ0 being

the charge-conjugation operator. In the type-I seesaw

model and its low-energy EFT with up to the dim-6
Weinberg operator, the basic flavor invariants have been
investigated based on HS and PL [46,48].
Here, we explore the flavor invariants in νSMEFT up to

dim-7 using our new systematic construction of invariants
and compare them with HS and PL. In detail, we showcase
this technique for the νSMEFT including three distinct
combination of operators i.e., only one dim-5, two dim-5
and dim-6 operators, and finally two dim-5 and dim-7
operators at the tree-level matching.

A. One dim-5 operator

In the νSMEFT, the leading flavor symmetry-breaking
Lagrangian to the order of dim-5 can be given by

L ¼ LSM −
�
C5

2Λ
L̄LH̃H̃TLC

L þ H:c:

�
; ð4:2Þ

with the following Wilson coefficient:
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C5 ¼ −Yν
Λ
MR

YT
ν : ð4:3Þ

The general unitary transformation in the flavor space in the
leptonic sector is given as

LL → L0
L ¼ Uð3ÞLLL;

lR → l0R ¼ Uð3ÞllR;
NR → N0

R ¼ Uð3ÞRNR: ð4:4Þ
Hence, these induce the transformation of Yukawa matri-
ces, the Majorana masses, and the Wilson coefficient as

shown in Table II. Henceforth, the Lagrangian in Eq. (4.2)
remains unchanged under the above transformation.
Therefore, the building blocks for the construction of flavor
invariants are fL≡ YeY

†
e; C5g taking place in ring Fig. 8.

Accordingly, the building blocks become

ð4:5Þ

with Km ¼ C5LTmC†
5 and m ¼ 1, 2. Therefore, blocks C, K1, and K2 correspond to orders −2, −3, and −4, respectively.

However, K1 andK2 are derived from elements that also contribute to lower-order blocks. Consequently, blocks denoted by
Kn

m (where n > 1) do not represent standalone invariants but, through their integration with other blocks, yield unique
invariants M�

lkm
. The roles of C, K1, and K2 in the petal framework are indicated by green, gray, and purple colors,

respectively. These colors guide the assembly of higher-order invariants by marking the corresponding blocks.
Basic invariants can thus be derived in the subsequent manner:
(i) Order-1:

(ii) Order-2:

TABLE II. Flavor transformation under Uð3ÞL, Uð3Þe, and
Uð3ÞR of the Yukawa matrices Ye;ν, the Majorana masses MR,
and the Wilson coefficient C5.

Uð3ÞL Uð3Þe Uð3ÞR
Ye 3 3̄ 1
Yν 3 1 3̄
MR 1 1 3� × 3̄
C5 3 × 3T 1 1

FIG. 8. The ring diagram for νSMEFT with one Wilson
coefficient C5.
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where stands for order-2 blocks.

(iii) Order-3:

(iv) Order-4:

where the dashed gray petal presenting a order-3 ring K1 ≡ C5LTC†
5.

(v) Order-5:

(vi) Order-6:

where the dashed gray petal presents an order-4 K2 ≡ C5LT2C†
5.

Additionally, the following nonreducible CP-odd invariants can be constructed:

ð4:6Þ

ð4:7Þ

ð4:8Þ

ð4:9Þ
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ð4:10Þ

From the aforementioned invariant, CP violation occurs
if and only if Im J− ≠ 0. The first CP-odd invariant
emerges at order-6. Moreover, the initial joint invariant
appears at order-7, denoted as Jþ, which correlates with
Eq. (4.7) and contributes two invariants at this level.
Notably, at order-8, there are two joint invariants linked
to Eqs. (4.8) and (4.9), alongside Jþ, cumulatively resulting
in five invariants at this tier.
Given the assignments z1 þ z2 þ z3 for 3 and z−11 þ

z−12 þ z−13 for 3�, the character functions of the primary
elements are delineated as

χlðz1; z2; z3Þ ¼ ðz1 þ z2 þ z3Þðz−11 þ z−12 þ z−13 Þ;
χ5ðz1; z2; z3Þ ¼ z21 þ z22 þ z23 þ z1z2 þ z1z3 þ z2z3

þ z−21 þ z−22 þ z−23 þ z−11 z−12

þ z−11 z−13 þ z−12 z−13 ; ð4:11Þ

where zi (for i ¼ 1, 2, and 3) denote the coordinates on the
maximum torus of U(3). Then the subsequent PE function
can be written as

PEðz1; z2; z3; qÞ ¼ exp
�X∞

k¼1

χlðzk1; zk2; zk3Þqk þ χ5ðzk1; zk2; zk3Þqk
k

�

¼ ½ð1 − qÞ3ð1 − qz1z−12 Þð1 − qz2z−11 Þð1 − qz1z−13 Þð1 − qz3z−11 Þ
×ð1 − qz2z−13 Þð1 − qz3z−12 Þð1 − qz21Þð1 − qz22Þð1 − qz23Þð1 − qz1z2Þ
×ð1 − qz1z3Þð1 − qz2z3Þð1 − qz−21 Þð1 − qz−22 Þð1 − qz−23 Þð1 − qz−11 z−12 Þ
×ð1 − qz−11 z−13 Þð1 − qz−12 z−13 Þ�−1: ð4:12Þ

Using the MW formula, one obtains the HS in the νSMEFT for the three-generation case

HðqÞ ¼
Z

½dμ�Uð3ÞPEðz1; z2; z3; qÞ

¼ 1

6

1

ð2πiÞ3
I
jz1j¼1

I
jz2j¼1

I
jz3j¼1

�
−
ðz2 − z1Þ2ðz3 − z1Þ2ðz3 − z2Þ2

z21z
2
2z

2
3

�
PEðz1; z2; z3; qÞ; ð4:13Þ

where the Haar measure of the U(3) group has been inserted
and one may obtain

HðqÞ5 ¼
N ðqÞ5
DðqÞ5

; ð4:14Þ

with

N ðqÞ5 ¼ 1þ 3q6 þ 2q7 þ 5q8 þ 4q9 þ 5q10

þ 2q11 þ 6q12 þ 2q13 þ 5q14

þ 4q15 þ 5q16 þ 2q17 þ 3q18 þ q24; ð4:15Þ

and

DðqÞ5¼ð1−qÞð1−q2Þ2ð1−q3Þ2ð1−q4Þ3ð1−q5Þ2ð1−q6Þ2:
ð4:16Þ

Therefore, the total number of invariants can be given by
the leading positive terms of PL as

PL½HðqÞ5� ¼ qþ 2q2 þ 2q3 þ 3q4 þ 2q5

þ 5q6 þ 2q7 þ 5q8 þ 4q9

þ 5q10 þ 2q11 −Oðq13Þ; ð4:17Þ

where the first CP-odd invariants as discussed earlier show
up at order-6 and we list them up to order-8. Additionally,
the first joint invariant appears in order-7. For the νSMEFT
dim-5 with three generations of neutrinos, the invariants
identified using our method correspond entirely with those
observed in [6].
In the next section, we show identification of a ring

diagram in the presence of the dim-5 and one dim-6
operators.
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B. Two dim-5 and -6 operators

Here, the Lagrangian (4.2) is extended to the order of
dim-6 as

L ¼ LSM −
�
C5

2Λ
O5 þ H:c:

�
þ C6

Λ2
O6; ð4:18Þ

with the following dim-6 operator:

O5 ¼ L̄LH̃H̃TLC
L ; O6 ¼ ðH̃†i∂

↔

μH̃ÞðL̄iγ
μLjÞ: ð4:19Þ

Thus the corresponding Wilson coefficients read

C5 ¼ −Yν
Λ
MR

YT
ν ; C6 ¼ Yν

Λ2

M†
RMR

Y†
ν: ð4:20Þ

The general unitary transformations in the flavor space in
the leptonic sector are given in (4.4). These induce the
transformation of Yukawa matrices, the Majorana masses
and the Wilson coefficient as shown in Table II. The
additional entry for the transformation of C6 is given in
Table III. Henceforth, the Lagrangian in Eq. (4.18) remains
unchanged under the above transformation. Therefore, the
building blocks for the construction of flavor invariants are
fL≡ YeY

†
e; C5; C6g as can be seen in ring Fig. 9.

Accordingly, the building blocks and their representative rings are

ð4:21Þ

TABLE III. Flavor transformation under Uð3ÞL, Uð3Þe, and
Uð3ÞR of the Wilson coefficient C6.

Uð3ÞL Uð3Þe Uð3ÞR
C6 3 × 3† 1 1

IDENTIFYING CP BASIS INVARIANTS IN THE SMEFT PHYS. REV. D 112, 095009 (2025)

095009-23



where Km ¼ C5LTmC†
5, Hm ¼ C5CT

6
mC†

5, and F�
mn ¼

C5Xmn�C†
5 with Xmn� ¼ LTmCT

6
n � CT

6
nLTm running

over m, n ¼ 1, 2. Additionally, the blocks M�
c6Hm

out of

ring can be skipped as produces dim-10.

However, we can keep this block for comparison with
the number derived via the HS.. One can organize the
basic invariants beginning with the lowest-order blocks as
follows:

(i) Order-1:

(ii) Order-2:

(iii) Order-3:

(iv) Order-4:

FIG. 9. The ring diagram for νSMEFT with Wilson coefficients
C5;6.
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where the dashed orange and olive petals present order-3 blocks K1 ≡ C5LTC†
5 and H1 ≡ C5CT

6C
†
5, respectively.

(v) Order-5:

(vi) Order-6:

The dashed petals in violet, purple, blue, and cyan represent the fourth-order invariants K2 ≡ C5LT2C†
5, H2 ≡ C5CT

6
2C†

5,
and F�

11 ≡ C5ðLTCT
6 � CT

6L
TÞC†

5.
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Besides these, there are CP-odd and joint invariants.
The first CP-odd invariant appears at fourth order
and consists of 9 invariants. At fifth order, the first
joint invariant emerges, and in combination with
four CP-odd and basic invariants, accounts for 14
invariants. Similarly, at sixth order, there are 20 addi-
tional CP-odd and joint invariants, on top of the
previous 13. Up to the fifth order, all invariants are

basic. From this order onward, joint invariants can also
be recognized.
Note that for each Jþ invariant (containing two terms),

there are CP-odd J− invariants relevant only for their
subtractions. However, only one J− invariant corresponds
to the last two relations.
The following list presents CP-odd invariants, starting

from the lowest conceivable order:

ð4:22Þ

ð4:23Þ

ð4:24Þ

ð4:25Þ

ð4:26Þ

ð4:27Þ

where certain invariants involving higher orders of C5;6 can
be disregarded. From the aforementioned invariants, it is
evident that CP violation occurs if and only if Im J− ≠ 0.
In scenarios involving degeneracies, the evaluation of

higher-order CP-violating invariants becomes essential. In
addition to J−, which corresponds to the petals and
relations for Jþ (with reversed signs between terms) as
shown in the fundamental invariant at the sixth order, a
detailed list of other higher-order CP-violating invariants
can be found in Ref. [51].
A useful exercise is to compare the magnitude of these

invariants with predictions from the Hilbert series and the
results obtained in Refs. [46,48]. We begin by defining the
character functions in terms of 3 and 3� as z1 þ z2 þ z3 and
z−11 þ z−12 þ z−13 , respectively, where z1;2 and z3 are

coordinates on the maximal torus of Uð3Þ. The character
functions of the flavor invariants, fL≡ YeY

†
e; C5; C6g,

analogous to Tables II and III, are expressed as

χl;6ðz1; z2; z3Þ ¼ ðz1 þ z2 þ z3Þðz−11 þ z−12 þ z−13 Þ;
χ5ðz1; z2; z3Þ ¼ z21 þ z22 þ z23 þ z1z2 þ z1z3 þ z2z3 þ z−21

þ z−22 þ z−23 þ z−11 z−12 þ z−11 z−13 þ z−12 z−13 :

ð4:28Þ
Thus Hilbert series in the νSMEFT with operators of
dimensions 5 and 6 for the 3 × 3 matrices becomes

H6ðqÞ ¼
N 6ðqÞ
D6ðqÞ

; ð4:29Þ
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where N 6ðqÞ and the denominator D6ðqÞ read

N 6ðqÞ ¼ 1þ 2q3 þ 4q4 þ 11q5 þ 33q6 þ 52q7 þ 104q8 þ 182q9 þ 307q10 þ 495q11 þ 808q12

þ 1176q13 þ 1692q14 þ 2307q15 þ 2995q16 þ 3736q17 þ 4546q18 þ 5246q19 þ 5902q20

þ 6401q21 þ 6632q22 þ 6632q23 þ 6401q24 þ 5902q25 þ 5246q26 þ 4546q27 þ 3736q28

þ 2995q29 þ 2307q30 þ 1692q31 þ 1176q32 þ 808q33 þ 495q34 þ 307q35

þ 182q36 þ 104q37 þ 52q38 þ 33q39 þ 11q40 þ 4q41 þ 2q42 þ q45; ð4:30Þ

and

D6ðqÞ ¼ ð1 − qÞ2ð1 − q2Þ4ð1 − q3Þ4ð1 − q4Þ5
× ð1 − q5Þ3ð1 − q6Þ3: ð4:31Þ

Finally, the associated Poincaré series for the Hilbert series can be derived as follows:

PL½H6ðqÞ�¼2qþ4q2þ6q3þ9q4þ14q5þ33q6þ44q7

þ72q8þ74q9þ21q10−Oðq11Þ; ð4:32Þ

which aligns with the results obtained in Refs. [46,48]. Clearly, the presentation ofN ðqÞ andDðqÞ is not unique since these are
elements of a ratio; therefore, defining primary invariants based on the denominatorDðqÞ is not a viable method. Instead, the
current formalism in this article gets thematch number of invariants as the abovePL,with primary invariants clearly identified up
to the sixth order. The starting point for CP-odd invariants is at fourth order, and for joint invariants, it is at fifth order.

C. Two dim-5 and -7 operators

Here, the Lagrangian of νSMEFT is considered as the
extension of (4.2) to the order of dim-7

L ¼ LSM −
�
C5

2Λ
O5 þ H:c:

�
þ
�
C7

Λ3
O7 þ H:c:

�
; ð4:33Þ

with

O5 ¼ L̄LH̃H̃TLC
L ; O7 ¼ L̄LH̃H̃TLC

LH
†H; ð4:34Þ

and the corresponding Wilson coefficients read

C5 ¼ −Yν
Λ
MR

YT
ν ; C7 ¼ Yν

Λ3

MRv2
YT
ν : ð4:35Þ

The general unitary transformation in the flavor space in
the leptonic sector induces the transformation of Yukawa
matrices, the Majorana masses, and the Wilson coefficient

as shown in the previous section, where C7 is replaced with
C6 but with the same transformation as C5 as shown in
Table IV, i.e.,

Therefore, the ring diagram can be sketched including
flavor invariants fL≡ YeY

†
e; C5; C7g as shown in

ring Fig. 10.
Thus, the building blocks take the form

FIG. 10. The ring diagram for νSMEFT with Wilson coef-
ficients C5;7.

TABLE IV. Flavor transformation under Uð3ÞL, Uð3Þe, and
Uð3ÞR of Wilson coefficient C7. The rest of the transformations
are the same as Table II.

Uð3ÞL Uð3Þe Uð3ÞR
C7 3 × 3T 1 1
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ð4:36Þ

withKm ¼ C5LTmC†
5, Pm ¼ C7LTmC†

7, Xm ¼ C5LTmC†
7, and Ym ¼ C7LTmC†

5 where running overm ¼ 1, 2. Also, it would
be more convenient to redefine Mc and Mc† into their real and imaginary components i.e., Mþ

c1 ¼ ðMc þMc†Þ=2 and
M−

c2 ¼ ðMc −Mc†Þ=2. Similarly, we can reexpress Xm and Ym with Rþ
m ¼ ðXm þ YmÞ=2 and S−m ¼ ðXm − YmÞ=2.

In this framework, the list of basic invariants is long and similar to the previous case extended to dim-6. Here, we classify
these invariants to order-5 and provide only a couple of examples from order-6:

(i) Order-1:

(ii) Order-2:

NEDA DARVISHI, YINING WANG, and JIANG-HAO YU PHYS. REV. D 112, 095009 (2025)

095009-28



(iii) Order-3:

(iv) Order-4:
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where the dashed gray, blue, light gray, and cyan petals present order-3 blocks K1 ≡ C5LTC†
5, P1 ≡ C7LTC†

7,
R1 ≡ C5LTC†

7, and S1 ≡ C7LTC†
5, respectively.

(v) Order-5:

(vi) Order-6:
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where the dashed petals in gray, purple, brown, and olive present order-4 K2 ≡ C5LT2C†
5, H2 ≡ C5LT2C†

5,
Rþ
2 ≡ C5LT2C†

7 þ C7LT2C†
5, and R−

2 ≡ C5LT2C†
7 − C7LT2C†

5 in the ring diagram.

In the above list, there are already CP-odd invariants J−, where their nonzero values account for CP violation.
Taking the character functions of 3 and 3� to be z1 þ z2 þ z3 and z−11 þ z−12 þ z−13 respectively, one can calculate the

character functions of the flavor invariants

χlðz1; z2; z3Þ ¼ ðz1 þ z2 þ z3Þðz−11 þ z−12 þ z−13 Þ; ð4:37Þ
χ5ðz1; z2; z3Þ ¼ z21 þ z22 þ z23 þ z1z2 þ z1z3 þ z2z3

þ z−21 þ z−22 þ z−23 þ z−11 z−12 þ z−11 z−13 þ z−12 z−13 ; ð4:38Þ
χ7ðz1; z2; z3Þ ¼ z21 þ z22 þ z23 þ z1z2 þ z1z3 þ z2z3

þ z−21 þ z−22 þ z−23 þ z−11 z−12 þ z−11 z−13 þ z−12 z−13 : ð4:39Þ
Then the PE function can be written as

PEðz1; z2; z3; qÞ ¼ exp

�X∞
k¼1

χlðzk1; zk2; zk3Þqk þ χ5ðzk1; zk2; zk3Þqk þ χ7ðzk1; zk2; zk3Þqk
k

�

¼ ½ð1 − qÞ3ð1 − qz1z−12 Þð1 − qz2z−11 Þð1 − qz1z−13 Þð1 − qz3z−11 Þ
× ð1 − qz2z−13 Þð1 − qz3z−12 Þð1 − qz21Þ2ð1 − qz22Þ2ð1 − qz23Þ2
× ð1 − qz1z2Þ2ð1 − qz1z3Þ2ð1 − qz2z3Þ2ð1 − qz−21 Þ2ð1 − qz−22 Þ2
× ð1 − qz−23 Þ2ð1 − qz−11 z−12 Þ2ð1 − qz−11 z−13 Þ2ð1 − qz−12 z−13 Þ2�−1: ð4:40Þ

Thus, one obtains the HS in the dim-7νSMEFT where the Haar measure of Uð3Þ group has been inserted and thus one may
obtain

H7ðqÞ ¼
N 7ðqÞ
D7ðqÞ

; ð4:41Þ

where

N 7ðqÞ ¼ 1þ q2 þ 2q3 þ 11q4 þ 18q5 þ 73q6 þ 120q7 þ 335q8 þ 633q9

þ 1454q10 þ 2690q11 þ 5456q12 þ 9501q13 þ 17145q14 þ 28182q15

þ 46469q16 þ 71634q17 þ 109578q18 þ 158647q19 þ 226102q20

þ 308209q21 þ 411372q22 þ 528477q23 þ 663734q24 þ 805058q25

þ 953211q26 þ 1093469q27 þ 1222533q28 þ 1326782q29 þ 1402711q30

þ 1441224q31 þ 1441224q32 þ 1402711q33 þ 1326782q34 þ 1222533q35

þ 1093469q36 þ 953211q37 þ 805058q38 þ 663734q39 þ 528477q40

þ 411372q41 þ 308209q42 þ 226102q43 þ 158647q44 þ 109578q45

þ 71634q46 þ 46469q47 þ 28182q48 þ 17145q49 þ 9501q50 þ 5456q51

þ 2690q52 þ 1454q53 þ 633q54 þ 335q55 þ 120q56 þ 73q57 þ 18q58 þ 11q59 þ 2q60 þ q61 þ q63; ð4:42Þ
and

D7ðqÞ ¼ ð1 − qÞ1ð1 − q2Þ4ð1 − q3Þ3ð1 − q4Þ7ð1 − q5Þ4ð1 − q6Þ5: ð4:43Þ
Hence, the PL takes on the form

PL½HðqÞ� ¼ qþ 5q2 þ 5q3 þ 17q4 þ 20q5 þ 64q6 þ 82q7 þ 175q8 þ 231q9 þ 199q10 −Oðq11Þ; ð4:44Þ
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that aligns with the results obtained earlier in this section
using petals of building blocks.
Our procedure, suggests an automated way to find

explicitly the structure of invariants other than providing
only the number of invariants. These classifications of
invariants play a crucial role in analyzing theories which
explain flavor by a dynamical mechanism.

D. Three-generation type-I
seesaw model

As a representative example of transformations under a
product flavor symmetry group UðmÞ ⊗ UðnÞ, we consider
the full type-I seesaw model. In this context, we take
m ¼ n ¼ 3, corresponding to three generations of right-
handed neutrinos. The fundamental building blocks for
constructing flavor invariants in this model are the Yukawa
matrices Yl and Yν, along with a symmetric matrix YR
associated with the Majorana mass term for the right-
handed neutrinos. Their transformation properties under the

flavor symmetry group Uð3ÞL ⊗ Uð3Þe ⊗ Uð3ÞR are sum-
marized in Table V.
Therefore, using the Hermitian combinations L≡ YlY

†
l

and R≡ Y†
RYR, along with the basic building blocks

fYν; Y
†
ν; Y�

νg, the resulting ring of flavor invariants can
be represented diagrammatically as shown in Fig. 11.
Accordingly, the relevant building blocks can be organized
as follows:

ð4:45Þ

where Km ¼ y†νLmyν and K�
m ¼ y�νLmyν withm ¼ 1, 2. However, K1 and K2 are derived from elements that also contribute

to lower-order blocks and do not represent standalone invariants but, through their integration with other blocks, yield

TABLE V. Transformation properties of the basic Yukawa and
Majorana matrices under the flavor symmetry
Uð3ÞL ⊗ Uð3Þe ⊗ Uð3ÞR.

Uð3ÞL Uð3Þe Uð3ÞR
Yl 3 3̄ 1
Yν 3 1 3̄
YR 1 1 ð3̄ ⊗ 3̄Þs
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unique invariants M�
lkm

. The basic invariants can be combined into the following form, with color coding in the diagrams
indicating the building blocks: green for L, gray for R, pink for N, dashed blue for Km, and dashed red for K�

m.
(i) Order-1:

(ii) Order-2:

(iii) Order-3:

FIG. 11. The ring diagram for seesaw and three generations of right-handed neutrinos.
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A similar structure can be extended to construct higher-
order invariants, with the first CP-odd invariant appearing
at fourth order, given by

As a result, the first joint invariant appears at order-5 as

This suggests that the sequence of invariants is expected to
terminate beyond order 4þ 5.
To verify whether this prediction is consistent with the

Hilbert series, we analyze the character functions associ-
ated with the relevant representations. Assigning the

character functions of the fundamental and antifundamental
representations, 3 and 3�, as z1 þ z2 þ z3 and z−11 þ z−12 þ
z−13 respectively, one can compute the character functions
corresponding to the flavor invariants as follows:

χlðz1;z2;z3Þ¼ðz1þz2þz3Þðz−11 þz−12 þz−13 Þ
χνðz1;z2;z3;z4;z5;z6Þ¼ðz1þz2þz3Þðz−14 þz−15 þz−16 Þ

þðz4þz5þz6Þðz−11 þz−12 þz−13 Þ;
χRðz4;z5;z6Þ¼ z24þz25þz26þz4z5þz4z6þz5z6

þz−24 þz−25 þz−26 þz−14 z−15
þz−14 z−16 þz−15 z−16 ; ð4:46Þ

where zi, for i ¼ 1, 2, 3 (or for i ¼ 4, 5, 6) denote the
coordinates on the maximum torus of the U(3) group that
corresponds to the flavor-basis transformation in the active
neutrino (or RH neutrino) sector. Labeling the degrees of
Yl, Yν, and YR by q, one can calculate the PE function

PEðz1; z2; z3; z4; z5; z6; qÞ ¼ ½ð1 − qÞ3ð1 − qz1z−12 Þð1 − qz2z−11 Þð1 − qz1z−13 Þð1 − qz3z−11 Þð1 − qz2z−13 Þ
×ð1 − qz3z−12 Þð1 − qz1z−14 Þð1 − qz4z−11 Þð1 − qz1z−15 Þð1 − qz5z−11 Þð1 − qz1z−16 Þ
×ð1 − qz6z−11 Þð1 − qz2z−14 Þð1 − qz4z−12 Þð1 − qz2z−15 Þð1 − qz5z−12 Þð1 − qz2z−16 Þ
×ð1 − qz6z−12 Þð1 − qz3z−14 Þð1 − qz4z−13 Þð1 − qz3z−15 Þð1 − qz5z−13 Þð1 − qz3z−16 Þ
×ð1 − qz6z−13 Þð1 − qz24Þð1 − qz25Þð1 − qz26Þð1 − qz4z5Þð1 − qz4z6Þð1 − qz5z6Þ
×ð1 − qz−24 Þð1 − qz−25 Þð1 − qz−26 Þð1 − qz−14 z−15 Þð1 − qz−14 z−16 Þð1 − qz−15 z−16 Þ�−1: ð4:47Þ

Using the above equation, one gets

HðqÞ ¼ N ðqÞ
DðqÞ ¼

Z
½dμ�Uð3Þ⊗Uð3ÞPEðz1; z2; z3; z4; z5; z6; qÞ

¼ 1

36

1

ð2πiÞ6
I
jz1j¼1

I
jz2j¼1

I
jz3j¼1

I
jz4j¼1

I
jz5j¼1

I
jz6j¼1

�
−
ðz2 − z1Þ2ðz3 − z1Þ2ðz3 − z2Þ2

z21z
2
2z

2
3

�

×

�
−
ðz5 − z4Þ2ðz6 − z4Þ2ðz6 − z5Þ2

z24z
2
5z

2
6

�
PEðz1; z2; z3; z4; z5; z6; qÞ; ð4:48Þ

where

N ðqÞ ¼ 1þ q2 þ 5q3 þ 9q4 þ 22q5 þ 61q6 þ 126q7 þ 273q8 þ 552q9 þ 1038q10 þ 1880q11

þ 3293q12 þ 5441q13 þ 8712q14 þ 13417q15 þ 19867q16 þ 28414q17 þ 39351q18

þ 52604q19 þ 68220q20 þ 85783q21 þ 104588q22 þ 123852q23 þ 142559q24 þ 159328q25

þ 173201q26 þ 183138q27 þ 188232q28 þ 188232q29 þ 183138q30 þ 173201q31

þ 159328q32 þ 142559q33 þ 123852q34 þ 104588q35 þ 85783q36 þ 68220q37 þ 52604q38

þ 39351q39 þ 28414q40 þ 19867q41 þ 13417q42 þ 8712q43 þ 5441q44 þ 3293q45

þ 1880q46 þ 1038q47 þ 552q48 þ 273q49 þ 126q50 þ 61q51 þ 22q52 þ 9q53 þ 5q54 þ q55 þ q57; ð4:49Þ
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and

DðqÞ ¼ ð1 − qÞ3ð1 − q2Þ4ð1 − q3Þ4ð1 − q4Þ2
× ð1 − q5Þ2ð1 − q6Þ3ð1 − q7Þ2ð1 − q8Þ; ð4:50Þ

where the PL takes on the form

PL½HðqÞ� ¼ 3qþ 5q2 þ 9q3 þ 10q4 þ 19q5

þ 40q6 þ 66q7 þ 92q8 þ 70q9 −Oðq10Þ:
ð4:51Þ

The result reproduces that of Ref. [44] when q ¼ t2.

V. SUMMARY AND DISCUSSIONS

This paper extends our earlier work [51], enhancing the
ring diagram framework’s capability to classify CP invar-
iants. We enrich this methodology with detailed examples
and extend its application across a wider range of theo-
retical physics.
The Hilbert-Poincaré series (HS) and its plethystic

logarithm (PL) are valuable tools for counting invariants
in theoretical physics. In particular, the graded Hilbert
series can encode important structural information, such as
the spurion content of each invariant, and in some cases, it
can also provide insight into their CP properties, as
discussed in [49,50]. However, in practical applications,
especially in theories involving high-rank tensors or multi-
ple spurions, the graded series can become computationally
demanding and challenging to interpret. Furthermore,
while these algebraic tools are effective for enumeration,
they often do not directly reveal the physical significance or
internal structure of the invariants.
The ring-diagram technique provides a complementary

perspective by focusing on the visual and topological
organization of invariants. This method facilitates a more
systematic classification and enables the identification of
physically meaningful combinations. It is particularly
effective in analyzing CP properties and revealing struc-
tural patterns that may not be evident through algebraic
approaches. We believe this framework offers a valuable
addition to the existing toolkit for studying invariant
structures in complex field theories.
In this work, we have further integrated the ring-diagram

approach with the Cayley-Hamilton theorem, resulting in
an automated procedure for classifying basis invariants.
This development allows us to systematically identify both
basic and joint invariants and demonstrate that sums of joint
invariants can always be expressed in terms of basic
invariants arranged in a specific order. The formalism
we present enables the following:

(i) apply the Cayley-Hamilton theorem in practice,
(ii) offer a generic method for the classification of

invariants,

(iii) automatically distinguish betweenCP-even andCP-
odd invariants right from their most basic levels.

Through this approach, we have revisited the SM
invariants and demonstrated the technique’s application
in identifying invariants across SMEFT up to dim-2n
(while maintaining a dim-6 core) and low energy
νSMEFT including operators of dim-5,6,7 as well as the
type-I seesaw model. This method not only offers a new
perspective on invariant identification but also provides new
explanations for details in the classical HS and its PL,
particularly in terms of classifying basis invariants, joint
invariants, syzygies, and the negative leadingnumbers inPL.
The structure of invariants obtained in our paper for SM

fully matches those in [6,47]. Similarly, the CP-odd
invariants identified in SMEFT dim-6 align with the
findings in [47] using the Hilbert series. For νSMEFT
dimension 5, our method’s invariants correspond entirely
with thoseobserved in [6].While the totalnumberof invariants
for νSMEFT dim-5 and−6matches [48] based on theHilbert
series, the number of primary invariants defined in [48]
depends on the denominator of the Hilbert series, which
could change with a different numerator. Our method enhan-
ces the presentation of CP-odd and primary invariants by
applying the Cayley-Hamilton theorem through ring dia-
grams, providing a more robust and systematic classification
which can uniformly be applied in various models.
To further evaluate the scalability of our method in more

complex symmetry settings, we consider an example based
on the type-I seesaw model with three generations of
neutrinos and a Uð3Þ × Uð3Þ flavor symmetry. In such
scenarios, computing the Hilbert series becomes signifi-
cantly more demanding due to the need to integrate over
multiple unitary groups and the rapidly growing number of
residues, as initially discussed in [6] and further developed
using the ungraded Hilbert series in [44]. We demonstrate
that the ring-diagram framework remains computationally
efficient in this context and exhibits more favorable scaling
behavior compared to the Hilbert series approach. This
highlights both the practicality and general applicability of
our method for analyzing flavor invariants in models with
extended symmetry structures.
In Table VI, we present a summary of the lowest order of

CP-odd invariants due to matrix properties (excluding their
complex nature), the highest order of basic invariants, and
the lowest order of joint invariants for the SM, SMEFT,
νSMEFT, and type-I seesaw models. The final column
indicates the orders greater than or equal to the sum of the
lowest order of CP-odd invariants and the lowest order of
joint invariants for each framework, except when the number
of the lowest order of joint invariants is smaller than that of
the highest-order basic invariants. In such scenarios, it lists
orders greater than the sum of the lowest order of CP-odd
and the highest order of basic invariants. This column
clarifies in which order the invariants cease, which aligns
with the appearance of negative leading numbers in the PL.
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This method can be applied in the construction of
invariants from high-rank tensors and complex structures
as well as the frameworks of multi-Higgs doublet
models (nHDMs) and nHDM-effective field theory
(nHDM-EFT) [70–73] that we plan to report in our
upcoming publications. This integrated approach aims
to fill existing gaps in the literature and provides a more
complete picture of the intricate relationship between CP
violating and electric dipole moments.
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