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Building on our automated framework that uses ring diagrams for classifying CP basis invariants Neda
Darvishi et al., [Phys. Rev. D 108, 115030 (2023)], this paper broadens the application of the methodology
with more extensive examples and a wider scope of theoretical frameworks. Here, we showcase its
versatility through detailed analyses of specific operators in the Standard Model effective field theory
(SMEFT), such as a four-fermion operator at dimension-6 and a Yukawa operator extended up to
dimension-2n terms while maintaining a dimension-6 core, as well as in SMEFT with sterile neutrinos
(VSMEFT) up to dimension-7. By integrating the ring-diagram technique with the Cayley-Hamilton
theorem, we have developed a system that not only simplifies the process of identifying basic and joint
invariants but also enables the automatic differentiation between CP-even and CP-odd invariants from the
lowest orders. Additionally, this work presents a comparison of our results with those derived using the
traditional Hilbert-Poincaré series and its Plethystic logarithm. While these conventional approaches
primarily yield the numerical count of invariants, our framework provides a complete structure of

invariants, thereby surpassing the limitations of these traditional methods.

DOI: 10.1103/c5ff-5h72

I. INTRODUCTION

Numerous experiments and observations have hinted at
the presence of new physics beyond the Standard Model
(BSM), including phenomena like neutrino masses, matter-
antimatter asymmetry, and dark matter. Various theories of
new physics (NP) have been proposed to account for these
observations by extending the Standard Model’s field
content and/or symmetries. As is known, the CP violation
in the SM is not enough to explain the matter-antimatter
asymmetry, and thus an additional source of the CP
violation is needed by extending the SM. The CP violation
is closely related to the flavor structure, in which arguably it
is necessary to choose a certain basis and parametrization to
formulate the Lagrangian in the theory. However, physical
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observables cannot depend on arbitrary choices of basis and
can only depend on basis invariant quantities, such as
rephasing invariants. In the context of group theory, basis
invariants are objects which do not transform under the
action of the group of basis changes [1-6]. Thus, the
classification of invariants is essential for analyzing theo-
ries that explain flavor and CP violation.

One of the most well-known examples of a basis
invariant is the Jarlskog invariant [1,2], which signals
the presence of CP violation in the SM. The corresponding
CP-odd invariant, J~, is given by

J= =3ImDet[Y, Y, YY1,

(1.1)
where Y, and Y, are the Yukawa matrices for up-type and
down-type quarks, respectively. This invariant comprehen-
sively captures the effects of flavor transformations, while
remaining independent of phase rotations. Furthermore, it
has been extended to describe CP violation in quark and
lepton mixing, as well as in BSM extensions. To generalize
the description of CP violation in a basis-independent way,

weak-basis invariants were proposed [5,7]. These invariants
are used to obtain rephasing-invariant CP-violating
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quantities in various NP models, such as the two-Higgs-
doublet model [8—12], vectorlike quark extensions [13—19],
supergravity and supersymmetry models [20-22], and even
in axion models [23-25].

In recent years, given the considerable energy gap
between the NP scale and the electroweak scale, it is more
popular to utilize effective field theory to describe NP. The
Standard Model effective field theory (SMEFT) [26-36]
provides the most general parametrization on various NP
effects using the higher dimensional operators, including a
systematic organization of the CP violation effects. Since
there are many CP-violating operators at higher dimen-
sions, how to count and obtain these basis invariants
becomes a challenge. The Hilbert-Poincaré series (HS)
and its plethystic logarithm (PL) [6,30,37—43] help us to
investigate the basis invariant [6,44-48], beside the weak
basis invariant construction. This aids in finding the
number of invariants, but cannot provide the explicit
structure of invariants as well as distinguish between
CP-even and CP-odd invariants, particularly, when the
CP properties of blocks are nontrivial.

While the ungraded Hilbert series is useful for counting
invariants, it generally does not provide explicit structural
information or distinguish between CP-even and CP-odd
invariants, especially when the CP properties of building
blocks are nontrivial. We acknowledge, however, that the
graded Hilbert series can encode additional information,
such as the spurion content of each invariant and, in some
contexts, even their CP properties. This has been explored,
for example, in [49,50]. Nevertheless, the use of the graded
Hilbert series becomes increasingly complex and computa-
tionally demanding in practice, particularly in theories
involving high-rank tensors or many spurions. Our moti-
vation, therefore, is to develop an explicit and systematic
method that can classify invariants and their CP properties
more transparently, while complementing the Hilbert series
approach [44].

In cases where the building blocks have trivial CP
properties, distinguishing CP-odd invariants is relatively
straightforward; for instance, CP-odd invariants can often
be identified by the presence of an odd number of CP-odd
blocks. However, for more general cases, particularly at
higher orders, identifying the full set of independent
invariants typically involves using the Hilbert series and
its plethystic logarithm, along with constructing a linear
ansatz to uncover syzygies. This makes the formulation and
classification of basis invariants a compelling and still
incomplete problem, motivating the development of more
systematic approaches.

In [51], we introduced a systematic and generic pro-
cedure to explicitly classify these CP basis invariants. This
approach uses fundamental blocks which can conveniently
be constructed based on the recently developed so-called
ring diagrams. These blocks are created as orthogonal
trivial singlets, leading to the minimal possible invariants

by design. This method is accompanied by the Cayley-
Hamilton theorem and ring sets (petals) enabling us to
identify basic and joint invariants as well as defining their
CP properties. In this formalism, with the aid of the
Cayley-Hamilton theorem, a set of rules over petals is
applied. Therefore, with petals all higher-order invariants
that are not independent quantities are distinguished.
Particularly, our approach has the following advantages:

(1) facilitates the recovery of the Cayley-Hamilton

theorem using petals;

(i1) offers a structured method for invariant classification

across various theories;
(iii) automatically distinguishes CP-odd from CP-even
basis invariants;

(iv) allows for the construction of CP-odd invariants

from the lowest possible orders;

(v) can be applied to high-rank tensors and complex

structures.
Additionally, the minimal set of leading-order CP-odd
invariants is correlated to the number of phases that are
expected for the sources of CP violation.

In this paper, we explicitly apply the application of ring
diagrams in various examples in the SMEFT framework.
Furthermore, to illustrate CP violation arising from the
interference between operators of different dimensions, we
derive the invariants in the SMEFT extended with a sterile
neutrino (V'SMEFT) [52-56], including operators of dimen-
sions 5, 6, and 7, as well as in a representative type-I
seesaw model.

The outline of the paper is as follows. In Sec. I we
introduce our formalism to construct SM invariants.
Afterward, we generalize this formalism to identify invar-
iants beyond the SM scenarios. We also show a simple
method to distinguish the CP properties of invariants. In
Sec. III, we apply our method for the classification of
invariants in the framework of SMEFT with dim-6 core and
showcase two examples, namely, (i) with the Yukawa
operator and (ii) with the four-fermion operator. In
Sec. IV, we showcase our explicit and automated con-
struction of invariants in the low energy vYSMEFT including
three operators, namely, (i) with only one dim-5 operator,
(i1) two dim-5 and dim-6 operators, and finally (iii) with
two dim-5 and dim-7 operators at the tree-level matching.
We also include an example based on the type-I seesaw
model with a U(3) x U(3) flavor symmetry, to demonstrate
the scalability of our method in more complex symmetry
settings. Additionally, in all sections we also provide the
traditional HS and PL of the ring to verify the number of
invariants. Finally, Sec. V presents a summary of our
findings and concluding remarks.

II. INTRODUCTION OF RING DIAGRAMS

In this section, we elaborate on a methodology to
categorize basis invariants within the SM and beyond,
focusing particularly on flavor matrices. We commence
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with the SM Yukawa Lagrangian involving up-type and
down-type quarks:

L>Y,0uHug; +Y,0;Hdg;+He., (2.1
where the flavor matrices, from which masses and mixing
angles are derived through diagonalization, are fundamen-
tal. These matrices, however, depend on the chosen basis,
as quark and lepton fields in the Lagrangian can undergo

unitary transformations. Under chiral flavor transforma-
tions, the Yukawa couplings transform as follows:

u >’

Y- U(3)QYdU(3)dTv

Y, = U(3),Y,U3),"
(2.2)

with U(3), and U(3),, representing the unitary trans-
formations on the quark doublet O, and singlet fields
uR, UR, respectively, ensuring the Lagrangian’s invariance.
Direct comparisons of predictions of the mass matrices
with experimental values are not straightforward due to
their basis dependency. Observable quantities must remain
invariant under basis changes as described by (2.2). This
necessitates expressing observables in a basis-independent
manner using invariant quantities. The obvious invariants
emerge from combinations U =Y, Y v and D=Y, dY;,
transforming as

U — U(3),UU(3),1,

D — U(3)QDU(3)QT, (2.3)
leading to traces of U and D. By listing all possibilities
from fundamental blocks U and D, basic quark invariants
can be derived. Higher-order invariants are constrained by
the Cayley-Hamilton theorem, which allows any nth power
of an n X n matrix A to be expressed in terms of powers less
than n. For a 3 x 3 matrix A, this is exemplified by [6]

A3 = A’Tr(A) - %A[Tr(A)z — Tr(A%)] + é [Tr(A)3

— 3Tr(A%)Tr(A) + 2Tr(A%)] 13,3 (2.4)
with Tr(A?) being nonreducible and the highest order for a
single 3 x 3 matrix A as

Tr(A%) = %Tr(A)“ — Tr(A%)Tr(A)

4 1
+ §Tr(A3)Tr(A) + ETr(A2)2. (2.5)
Taking the above constraints into account, SM invariants
Jum» Where n and m denote the orders of U and D
respectively, include

Jio =Tr(U), (2.6a)

Jor = Tr(D), (2.6b)
Joo = Tr(U?), (2.6¢)
Jop = Tr(D?), (2.6d)
J3o = Tr(U?), (2.6¢)
Jos = Tr(D?), (2.6f)
J1, = Tr(UD) = Tr(DU), (2.6g)
J»y = Tr(U2D) = Tr(DU?), (2.6h)
Ji = Te(UD?) = Tr(D*U), (2.6i)
Joy = Tr(U2D?). (2.6j)

A CP-odd invariant and its CP-even counterpart are also
identifiable:

Iy, = Tr(U*D?UD), (2.7)

Jiy = Tr(D*U?DU), (2.8)
where CP(J33) — J4;, so by rearranging the above invar-
iants one can deduce the following CP-odd and CP-even
invariants:

Jer—oda = (J33) = (J33)", (2.9)
Jep—even = (J33) + (J33)". (2.10)

Hence, the CP violation can be parametrized as
J-=ImTr[U,D]? =3ImDet[U,D].  (2.11)

Concluding that the CP-violating invariants J~ can be
written by

J~ = Im(independent quantities) # 0.

This is the invariant appearing in the parametrization of the
Cabibbo—Kobayashi—-Maskawa (CKM) matrix relevant to
CP violation in the renormalizable theory of weak inter-
action [57-61]. Note that Eq. (2.10) can be rewritten in
terms of the lower primary invariants defined in Eq. (2.6),
so disregarded as a basic invariant.

Now, we use an alternative procedure that systemically
can classify invariants in the SM and beyond, using a ring
diagram that is accompanied by the Cayley-Hamilton
theorem and equivalently by ring-set (petals) enabling us
to identify basic invariants. Particularly, we show our
approach automatically distinguishes the CP properties
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of invariants. Additionally, the structure of interrelations
between basis invariants (syzygies) can be expressed
through the chain procedure providing an explicit cancel-
lation between terms where only basic invariants remain in
them,

Syzygies = f(Basic Invs)

f(Basic Inv)

+ Z Joint Invs x Tr(A", B",C", D")".

oreder—n

Considering the outlined structure, it becomes apparent that
when classifying invariants, beginning with the lowest
order and progressively extending to higher orders, there
comes a juncture where the summation of various

|

M, = diag(U, 0) = @

M=, =

ud

where traces over rings form so-called petals, represented

as follows:
0 =Tr(U),

{0}
Tr{@} - O-nw.

- +
Tr{ U D} : = Tr(UD), 21

K-~
g

As discussed earlier, the components of U and D are y,,, yl,
and y,, yz, which are 3 x 3 matrices following U(3), and
U(3), transformations, respectively. The Yukawa cou-
plings y, and y, are indeed 3 x 3 matrices; however, once
the blocks U, D, and UD are constructed directly from the
symmetries and transformations, as illustrated in Fig. 3, we
deal with 2 x 2 blocks. These blocks significantly simplify
the representation while maintaining the integrity of the
physical information. Now, using the fundamental nature of
these blocks and rings, the higher-order invariants can be
organized using the following tensor product:

H
—
3
oY
l\ 'S
S
——
I

Juxld"ZudX” = Tr(MuXI ® dez ® MudX”)’ (214)

UD 0
0 +DU

permutations of a generating set can be articulated in terms
of fundamental invariants. These invariants, which are
algebraically dependent, are referred to as “joint” invari-
ants. The visual representations of the sequence of steps
that we follow to obtain and distinguish invariants are
summarized in Figs. 1 and 2.

To initiate, we distribute three rings corresponding to the
flavor transformations U(3),, U(3),, and U(3), for the
Yukawa matrices as displayed in Table I. In this configu-
ration, elements y, and y;, are placed in the U(3), ring, and
yq and y'; in the U(3),, ring, with the U(3), ring linking the
two. This structure and its simplified version are depicted in
Fig. 3. We then define three building blocks relevant to
these rings, allowing only a single passage through them, as
follows:

M, = diag(0, D) = @

-l (2.12)
) _ v’ D

Koo

|
or equivalently, using the concept of “petal combinations”
representation. The nature of the products/diagram formal-
ism provides the framework for combining these blocks
into more complex structures. Given still the 3 x 3 nature of
U and D as matrices, this approach permits up to three
maximum passes over a ring, or combinations thereof, as
long as the count of each petal type does not surpass three.
To formulate higher-order invariants with this petal meth-
odology, up to two of the three petals of the same colour
can be repeated. Consequently, the third petal of the same
color must be sequenced after a petal of a different type.
Furthermore, simplification of a petal set is feasible by
substituting two adjacent petals with a double-layer petal.
This procedure is extendable to repetitions of multiple
petals up to two times, e.g.

After this process of simplification, these arrangements can
be translated into relational expressions by selecting an
arbitrary starting point within the rings and then reading the
entire cycle clockwise £ anticlockwise i.e.,
FE= O+ \N) 2O+ /N 0) (215)

This process repeats until identical terms are produced. The
clockwise arrow (O) indicates reading through the terms in
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Couplings

TP&CHT
Ring-Diagram Building bolcks {
petals

Transformation

All Invariants

FIG. 1. The steps for derivation of invariants are visualised. In the fifth block, the acronyms TP and CHT are used for tensor products
and the Cayley-Hamilton theorem.

All Invariants

Basic+Joint ’

— CHT < Petals —
|7CP-even—( Basic ’ Joint ’—CP-odd—I

CP-odd CP-even

) ()

FIG. 2. The steps for distinguishing invariants are visualised.

a forward direction around the cycle, while the anticlock-

N - wise arrow () indicates reading through the terms in
Pd ~ .
EIRN /N // \\ reverse. The arrows (/- --) represent diagonal paths

4 .
/ AR \ , v through the cycle. For example, in the case of a four-petal
L} . . o L.
1 i ] diagram with three distinct components:
‘\ RO LN /’ N 4
</ Ny ~ e

~ w”

L} J

\ U

\\ /I
~ YdTA

FIG. 3. Ring diagram for the SM.
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TABLE 1. Flavor transformation of the Yukawa matrices.

UB3)g U@d3), U(3),
Y, 3 3 1
Y, 3 1 3

By picking a starting point (for instance, the top left), J* and J~ expressions are constructed as follows:

J+* = RRBG(D) + RBRG(N\,) + GBRR(C) + GRBR(,/\),
J= = RRBG(D) + RBRG(\./) — GBRR() — GRBR( /X)),

for J~, the diagonal terms cancel each other out, while in J, one of the repeated diagonal terms is dropped to avoid
redundancy. This results in the simplified expressions:

2.16
= (RRBG+RRGB+RBRG) and (RRBG-RRGB). (2.16)

In the next section, we will elucidate the link between these operational rules and the principles underlying the Cayley-
Hamilton theorem. Utilising the fundamental blocks (2.13) the SM invariants can be recovered as

J =Tr(M,) := 0 =Tr(U)
Jdl = TI'(Md) = 0 = Tl"(D)

Juar = Tr(Myg) = Op =Tr(UD)
Jy2 =Tr(M2) = f =Tr(U?)
Jo =Tr(M2) = f = Tr(D?)

— order-1

— order-2

~

(2.17)
Jyruagt = Te(M, ® M,q) = =Tr(U%D)
‘]udldl = TI‘(Md ® Mud) = % = TI'(DQU)
+ — order-3
Jys =Te(M3) = szf(Ug’)
Jgs :Tr(]\/[g) = %: Tr(D3)

Juaz = TF(MSd) = % =Tr((UD)?) } — order-4
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With X1 = Xp =

J_ud3 = TI‘(MSd) =

by traversing the entire cycle of the hexafoil with two
ingredients both clockwise and counterclockwise, as

RBRBRB(O) + RBBRRB(|/\)
— BRBRBR(O) — BRRBBR(N\ 1)

= RBBRRB(|,\) — BRRBBR(\ 1),

which we derive the nonreducible CP-odd invariant J =, ;.
The CP violation is parametrized as ImJ~, . Note that
J*,s can be delineated in terms of basic invariants, a
relationship that will be detailed in the subsequent section
in Eq. (2.35). This occurs because, in the CP-even
construction, petals of the same color can always sit
adjacent to each other, forming a 3 + 3 structure, which
makes the expression reducible.

Furthermore one can compare the number of the gen-
erating set of invariants using HS by the assignment of
Z1 + 25 + z3 and 27! + 23! 4 23! to represent the 3 and 3*,
respectively, which are pertinent to the flavor transforma-
tion of the Yukawa matrices as shown in Table I. Thus, the
character functions of the building block U and D are
rup(zmz)=(n+n+z) (g +5' +251). (2.19)
Here, z;, 25, 73 are coordinates on the maximum torus of U
(3). Thus, we can find the plethystic exponential (PE) as

PE(Z1,Z2,Z3 N UD) = PED(U(ZI’ZZ’Z3)U]

X PEb{D(Zl,Zz,Zg,)D]- (2'20)

Therefore, the multigraded HS for the quark sector are

H(U.D) = (1+ UD3)™!
< {(1-U)(1 = U*)(1 = U*)(1 = D)(1 - D?)
x (1-D*)(1-UD)(1 - U*D)
x (1-=UD?)(1 - U*D?)}. (2.21)

Here, if U = D = ¢ the one-variable HS takes on the form

14 ¢°
(1-g)*(1=¢*) 0= (1-q")"

Given the function H(g), the PL is defined by

Hsm(q.q) = (2.22)

0 and x3 = 3 in Eq. (2.14), an order-6CP-odd invariant related to (2.9) can be deduced from

(2.18)
- [ (U2D2U D) - Te(D2U2DU) |,
Ak
=) —= q")], (2.23)
=27
with u(k) being the Mobius function,
0 k contains any repeated prime factors
ulk)y=1q1 k=1
(=1)" kis a product of n distinct primes
(2.24)
Hence, PL related to Eq. (2.22) reads
PL[H(q)] =2q +3¢* + 44> + ¢* + ¢°* — q'%,  (2.25)

indicating the total number of (2+3 +4 + 1+ 1) invar-
iants that are in agreement with the sets of invariants given
in Egs. (2.17) and (2.18).

This formalism can be extended to identify possible
invariants in a generic scenario, as well as distinguishing
the CP-violating invariants. Let us start with a generic
example with n = m + k main elements p,..., p,, and
qi,---,qx, Where ps are rotating with U, U,, and gs with
Uy, U;. In analogy with U, 3, it is convenient to draw
three rings where the first ring is labeled with U, related to
rotations of ps with U,, the second one is U; ring pertinent
to rotations of gs with U;, whereas the third ring connects
all rings relevant to mutual U;. This structure is shown in
the following ring Fig. 4, where the number of these rings
can be increased due to the presence of more rotations with
U,. The ring setup is designed around two types of inputs
for crafting invariants. First, we have the first-order blocks,
derived from main elements within a U; ring that are
effectively cancelling U,;. These blocks are placed directly
in their respective ring and are marked with a small circle

“0”, linked by dashed lines, for example, “;,: "4 The

second type involves elements that need combinations from
other rings to cancel out U, rotations. These elements enter
unchanged, connecting to others or blocks with one-way
dashed lines, like “---4". A dashed line loop indicates a
building block, allowing only one pass through these lines.
In this case, a cycle of dashed lines forms a building block,
with only one turn passing through the connection lines i.e.,

095009-7



NEDA DARVISHI, YINING WANG, and JIANG-HAO YU

PHYS. REV. D 112, 095009 (2025)

’—-\\
z AN
4 \
/ \
II \
- U; L\
,’ \\ Pm N\
/ \ N \
/ AN \
[ S~ pl.-" \‘
]
' Uy |
\ []
”-~\ '
\\ ,/ \\ )
\ / \ /
\ / \ 4
Y ‘,’
3 Us
\\ qk
\ !
N
S 1

The mutual U, ring’s design limits pass through connection
lines based on the number of blocks in U, 3 rings. This

approach streamlines block combination creation.
Therefore, in a ring diagram one can identify first-order
blocks and building blocks from dashed cycles as m; and
m,, respectively. These blocks serve as the foundation for
creating tensors and higher-order invariants. First-order
blocks can be aligned into sets of m; orthogonal vectors.
For example, in a scenario with four blocks (A, B, and C,
and D) subject to three rotations, as shown in ring Fig. 5,
|

&

Furthermore, the petals associated with the blocks are
distinguished by different colors/patterns, reflecting their
unique paths within the ring diagram. This visual differ-
entiation is crucial for understanding the directional flow

the foundational block M, is defined as a diagonal matrix
with A in the first position and zeros elsewhere, represent-
ing a direct translation from the ring input. Similarly, M,
M., and M, are constructed to hold B, C, and D in their
respective primary positions within diagonal matrices,
ensuring each element’s unique pathway through the
system.

The exploration of higher-order elements through dashed
cycles introduces a method for constructing advanced
mathematical structures in a compact and intuitive manner.
Here, we define tensor products symbolized by dashed
connections between different elements. These connections
represent the interactions between blocks e.g.

=
A B 0
M3 z00® )

a

with 65 = 1,. In detail, the second-order blocks according
to dashed cycles become M ;,, My., M.,, M 4, M4, and
M., expanding upon the foundational constructs.These
matrices form the basis for further operations, allowing for
the combination and manipulation of elements to explore a
wide range of invariant possibilities within the given
framework.

In Secs. IVA, IVB, and IVC, we provide various
examples with more elements in the cycle of building
blocks. Additionally, due to the properties of blocks, we
can directly represent the building blocks in terms of the
trace of rings (petals). The trace of one cycle of first-order
blocks tagged by “O” in ring Fig. 5 can be translated into a
single petal representation. For higher-order cycles depend-
ing on their n connection lines n petals are required e.g.

e ‘,‘”
-

n =2 for . This structure from the ring diagram can

be summarized as follows:

o 1o,

A B = 'o' I} s
Fooo” L
YA (2.27)
R TS
1 .

-
= - e
(;\{ :E :"“." S
- Ol Y [
AN R aus? Vo
N .
~ F {

and relationships between elements in the construction
of higher-order invariants. By design, the ring diagram’s
structure inherently prevents the redundancy of repeti-
tive elements, ensuring that only new combinations
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\
/, N '
g~
N\
I, NS g \)
/ s*— \

PR RN
\ 7’ S
\ y N /
N \ 4
N \ /
< (4
N r'd
\ ]
\ 1
\ /
/

FIG. 5. Ring diagram for three rotations and four blocks
A, B, C, and D.

contribute to the formation of invariants. This approach
not only illustrates the interconnection among various
invariants but also facilitates the identification of CP
properties within higher-order constructs, even when the
CP characteristics of the original blocks remain
unspecified.

The methodology allows for the expansion of building
blocks to higher orders, either through direct extension
in the diagrammatic representation or via the multiplica-
tion of existing blocks. The generalized invariant form is
given by

nyr = Tr M5 @ My @ -+ @ My™).
(2.28)

J X X
ng1,n,*2

To develop invariants through diagrams as illustrated in
(2.27), one could initially select a random starting point
within rings allocated to a basic unit and proceed to trace
an entire cycle clockwise =+ anticlockwise (O +
NN ) £ (O 4+ NN\ -+ ) and repeated until iden-
tical terms produced.

Additionally, we apply the limit obtained from the
Cayley-Hamilton theorem shown in Egs. (2.4) and (2.5)
over rings, enabling us to construct higher-order invariants
based on the ring diagram (this can be used as an alternative
approach in the construction of invariants using tensors
products). Hence, in diagrams each cycle is allowed to
repeat itself only up to three times when a single block is
involved i.e.,

(2.29)

Jos = Tr(A%) := @Z

Otherwise, in the presence of other 3 x 3 matrices (other
petals that can distinguish with a different sign or color), the
invariants can be reduced to the lower powers following the
relation below

J gy =Tr(A’B) = é [Tr(A%)Tr(B) — 3Tr(A%)Tr(A)Tr(B)
+6Tr(A)Tr(A2B) + 2Tr(A)*Tr(B)
+ 3Tr(AB)(Tr(A2) = Tr(A)?)], (2.30)

indicating the next invariant out of two fundamental blocks

J lgpt = TI'(AQB) = - s (231)

a . *
.’

and in the same fashion for J 1,1 = Tr(AB?). Among the
two matrices, one nonreducible CP-conserving invariant
emerges from

J 2 =Tr((AB)?) +Tr(A%2B?) =Tr(AB)* +2Tr(B)Tr(A’B)
3 [Tr(A)(Tr(B)? ~Tr(5))
+Tr(A2)(Tr(B2) - Tr(B)?)]
—2Tr(A)Tr(B)Tr(AB) +2Tr(A)Tr(AB?). (2.32)

Equivalently, this may be as

Jb2 =TI((AB)2) = 'g..ﬂz “'I“@, (2.33)

a
TN
[T 4
“=’

The highest invariant consisting of two matrices is a joint
invariant, where the summation between different permu-
tations produces basic invariants or lower-order joint
invariants.
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In the case of two matrices, one may have
3 1
J o =Tr((AB)?) + > [Tr(A2B%AB) + Tr(B*A?BA)| = 3 [Tr(B>A’BA) + Tr(A2B?AB)]

112 [(Tr(A2 —Tr(A)?))[9Tr(B2)Tr(AB) — 2Tr(B?)Tr(A)] 4 3Tr(B)2[4Tr(A)Tr(A2B) — Tr(AB)(Tr(A)? 4 3Tr(A2))]
+ 12[Tr(AB?)Tr(A2B) + Tr(AB)* + Tr(AB) (3Tr(A) Tr(AB*) — 2Tr(A2B?))]
+ Tr(B)[Tr(B?)(9Tr(A)Tr(A%) — 7Tr(A)? — 2Tr(A3)) + 12(Tr(A)*Tr(AB?)

—Tr(A)(3Tr(AB)? + Tr(A%2B?)) + 3Tr(AB)Tr(A’B))] + Tr(B)*(5Tr(A)? — 7Tr(A) Tr(A?) + 2Tr(A?))]

1
=3 [Tr(A’B?AB) + Tr(B?A%BA)] + f(Basic Invs). (2.34)
Here, the summation [Tr(B?A2BA) + Tr(A?B?AB)] can be explicitly written in terms of basic invariants, as

Tr(A2B*AB) + Tr(B*A%BA) = % [Tr(B)*Tr(A)(Tr(A)? — Tr(A?))
+ Tr(B?)(Tr(A)Tr(A?) — Tr(A3)) — 3Tr(B)>Tr(A)(Tr(A)Tr(AB)
— Tr(A2B)) + Tr(B)(Tr(B?)(Tr(A3) — Tr(A)3) — 3Tr(A)Tr(A?B?)
+ 3Tr(A)?Tr(AB?)) + 3(Tr(AB*)Tr(A%B) + Tr(AB)Tr(A?B?))]
= f(Basic Invs). (2.35)

Nevertheless, the CP-odd combinations of the above terms become nonreducible that can be represented in terms of
building blocks as

J = [ Tr(A’°B?AB) - Tr(B*A’BA)] =

where the presence of nonzero imaginary values in the aforementioned quantity signals the existence of a nonvanishing
CP-violating phase.

Furthermore, this procedure for the construction of higher-order invariants can be extended by including additional 3 x 3
matrices based on Eq. (2.5). In this context, the lowest invariants involving an additional 3 x 3 matrix C become

J* iy = [ Tr(ABC) + Tr(ACB)] = ',_'Q.

"
CRRE Y
o,

b =
. w Cas

where J* and J~ indicate CP-even and CP-odd invariants, respectively. The occurrence of nonzero values in the CP-odd

invariant introduces a CP-violating phase that does not vanish. Note that these relations are not reducible and can be regarded

as basic invariants. This is contrary to the case of 2 x 2 matrices where these could be written in terms of lower invariants.
The next invariants out of three matrices A, B, and C are joint invariants of order four in the form, as

Japraet + 1 2pet = Tr(A2BC) + Tr(A2CB) + Tr(ABAC)

1

= 5 [Tr(APTr(B)Tr(C) - Tr(BC)(Tr(4)® — Tr(A%))] + Tr(C)Tr(4°B)

(T
— Tr(A)[Tr(AB)Tr(C) + Tr(AC)Tr(B) — Tr(ABC + ACB)]
+ Tr(B)[Tr(A2C) - Tr(A2)Tr(C)] + Tr(AB)Tr(BC), (2.36)

realizing the combination of three terms Tr(A2BC) + Tr(A>CB) + Tr(ABAC) can be expressed in terms of nonreducible
invariants (basic invariants). On the other hand, there is a nonreducible CP-odd invariant in the form
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J~ 2pe = Tr(A2BC) — Tr(A2CB). (2.37)

Therefore, the two CP-odd and CP-even invariants in order four out of three different matrices in the form of petals are
J* e = [ Tr(ABC) = Tr(A*CB)] = M (2.38)

Similarly, it is possible to derive higher-order combinations of three matrices and their permutations i.e., A>B>C, A*BC,
etc. For example, at the order-5 invariant out of three different matrices reads

JF et +JF ooty = Tr(ASCB) + Tr(A3BC) + 2Tr(A2BAC) + 2Tr(A2CAB)
= —3Tr(A)[Tr(A’BC) + Tr(A*CB)] + é [4(Tr(A)* — Tr(A3))Tr(B)Tr(C)
+ 6Tr(A)[(Tr(A%) — Tr(A)?)Tr(BC) + 2Tr(A?B)Tr(C) + 2Tr(B)Tr(A*C)
+ 4TH(AB)Tr(AC)] — 12Te(A)2[Tr(C)Te(AB) + Tr(B)Tr(AC)] + 3(5Tr(A)?
— Tr(A2))[Tr(ABC) + Tr(ACB)] — 12(Tr(A2C)Tr(AB) + Tr(A>B)Tr(AC))]
= Basic Invs. (2.39)

However, from the above combination along with the following CP-odd relation
J”™ppet = Tr(A*CB) — Tr(A3BC) = 2Tr(A)[Tr(A*CB) — Tr(A?BC)]

1
+3 [Tr(A?) — Tr(A)?][Tr(ACB) — Tr(ABC)], (2.40)
while Tr(A2BAC) — Tr(A>CAB) is nonreducible, so one can account for only one CP-odd invariant. From Eq. (2.40), the
CP-odd Tr(A*CB) — Tr(A’BC) invariants can be written in terms of lower CP-odd invariants [the basic invariants

Tr(ACB) — Tr(ABC) and the CP-odd Tr(A>CB) — Tr(A?BC)], thus this contribution is not considered as a distinct
invariant. In terms of rings and building blocks, we have

J syt = [ Te(A’BAC) - Tr(A’CAB)| = ¥

Furthermore, with the inclusion of an additional 3 x 3 matrix D, by altering A - A+ B + C + D in Eq. (2.5), the six
permutations of ABCD can be summed and simplified into fundamental invariants as follows:

Japreat + peraat + Jeatpar = TH(ABCD) + Tr(ABDC) + Tr(ACDB) + Tr(ACBD)
+ Tr(ADCB) + Tr(ADBC) = Tr(A)Tr(B)Tr(C)Tr(D)

— Tr(A)Tr(B)Tr(CD) + Tr(B)[Tr(ACD) + Tr(ADC))

— Tr(A)Tr(D)Tr(BC) + Tr(D)[Tr(ABC) + Tr(ACB))

— Tr(B)Tr(C)Tr(AD) + Tr(C)[Tr(ABD) + Tr(ADB)]

— Tr(C)Tr(D)Tr(AB) + Tr(A)[Tr(BCD) + Tr(BDC)]

+ Tr(AD)Tr(BC) + Tr(AC)Tr(BD) + Tr(AB)Tr(CD)

— Tr(B)Tr(D)Tr(AC) — Tr(A)Tr(C)Tr(BD). (2.41)

Hence, five of these permutations may be regarded as CP-even joint invariants. It is important to note that the CP-odd
relation is simplifiable to CP-odd invariants following the form presented in Eq. (2.36).
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This chain procedure is trivially extended up to higher
orders, where only basic invariants and the summation of
the joint invariant are present. Although, the summation of
the lowest joint invariant can be expressed in terms of basic
invariants. Thus syzygies can be obtained through the chain
procedure providing an explicit cancellation between terms
where only basic invariants remain in them

Syzygies = f(Basic Invs)

f(Basic Invs)

+ Z Joint Invs x Tr(A", B", C", D")™.

oreder—n

This explicit construction of invariants can be always
compared with the numbers obtained from the HS and PL.

Furthermore, from Egs. (2.36), (2.38), and (2.36), one
can realize in addition to the obvious CP-violating invar-
iants by introducing a complex matrix Im Tr(A — H.c.) two
types of invariants can be built, namely,

J” ap» = Im[Tr(A2B2AB) — Tr(B2*A2BA)), (2.42)

J_axbcv - ImTI‘(Ax[By, Cy]). (243)

Although from Eq. (2.40) it can be seen that Eq. (2.43) is
stopped at power three as they are rewritten in terms of
lower-order CP-odd invariants.

Ultimately, this technique provides a new and powerful
systematic way for the construction of basis invariants. In
the following sections, we apply this procedure over
various models including SM, SMEFT, and vSMEFT with
various operators up to dim-7.

ITII. INVARIANTS IN SMEFT

There have been many attempts to describe the low-
energy dynamics of quantum field theories with the aid of
effective field theories (EFTs). This requires “integrating
out” heavy degrees of freedom which cannot be generated
on-shell in the relevant experimental setting. This suggests
maintaining only light degrees of freedom in the theory as
dynamical fields [62,63]. In the SMEFT, the dynamical
light fields are the observed SM particles and the integrated
heavy degrees of freedom stand for hypothetical new
particles [64,65]. In this approach any new particles are
assumed to be very heavy to produce directly, providing a
model-independent way to constrain many beyond the SM
signals [66,67].

In SMEFT, the SM Lagrangian, Lqy;, is extended through
a series of higher-order dim-n SU(3). ® SU(2), ® U(1),

gauge-invariant operators, Ogdlm:")

interactions as

, describing higher-order

d1m n)
dlm:n)

A4 i ’

Lsmerr = Lsm + Z Z

n>4 i

(3.1)

where A is some higher mass scale and C;s stand for the
corresponding dimensionless coupling constants, i.e., the so-
called Wilson coefficients.

In this section, we apply our systematic construction of
invariants in the framework of SMEFT and showcase two
examples: the Yukawa operator up to dim-2n and the four-
fermion operator at dim-6. The invariants in the generic
dim-2n case are considered to demonstrate the full clas-
sification of invariants without the truncation required at
dim-6. Note that this way of construction can be applied to
all types of operators up to four involving matrices, the
petals rule constructed out of Cayley-Hamilton theorem
always follows the same structure.

The discussion related to the construction of invariants in
SMEFT with odd (and even) powers of A is delegated to the
context of YSMEFT in the next section.

A. SMEFT with one Yukawa operator at dim-2n

The SM Lagrangian combined with dim-2n (n > 2)
operator has the form

2n)

(
§ : Ci
L= [’SM + 7/\2”_4 (32)

where Cf.z") is the Wilson coefficient.

The Yukawa couplings in the SMEFT Lagrangian for the
dim-4 and one dim-2n operator at the order 1/A%"~* reads

o
PN 4

N\

N
0,

/ s*’

FIG. 6. The ring diagram for dim-2n SMEFT with Yukawa
operator.
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(2n)

5 7 Chou yyoman 7 _ OLi 0\ /Y, +CC 0\ (Hug; O
LDYMQL,iH”R.j+A2n_4’H’2 4QL,iH”R,j+YdQL.inRA,j‘FH'C-—( oL, 0 v, 0 Hdn, +H.c.,

(3.3)

with the dimensionless coupling constants ngu and C
core while extending to higher orders via the Higgs and energy scale factors.

From the above relation appears that Y, and C®®") transforming both with U(3),, and U(3),. Accordingly, the ring

diagram related to three transformations U(3),,U(3),, and U(3), is given in Fig. 6. In this diagram, in the top and the

(2n) — [HP"2 ~(2n)

=7 Chow this construction consistently maintains a dim-6

bottom rings U(3),, and U(3),, are cancelled out and only those blocks remaining at dim-2n are retained i.e., C, = C?"Y],

T

and C}, = Y,C®*. These can be reexpressed in the forms

_C,+C r_Cu=Ci
2 2
Therefore, as appears in Fig. 6 in addition to the SM blocks M,,, M ;, and M ,,; presented in Eq. (2.12) the building blocks
read

C (3.4)

M =diag(0 C 0 0)= @ M; =diag(0 0 T 0)= @
Mic:"()@(UoC :I:COU) = UrJC Mcit”o@(coT ﬂO’C) = CrT
S T I R BN
Mt*dza()@)(TOD qEBT) = TJD

Among the blocks mentioned above, M, includes a dim-8 term, which is not relevant in a dim-6 operator. However, we
retain this block to enable a comparison of the deduced number of invariants with those obtained from the HS method.
Nonetheless, these blocks are still included in the dim-8 operator.

In this framework, in addition to SM invariants in (2.17), by the aid of fundamental blocks (3.5) the basic invariants can
be organized in the following forms:

(i) Order-1:

o= O= Tr(C), Iz = = Tr(T).

1 Op= Tr(C?) 3, Jh = = Tr(Tz) 3,
e Oﬂ _nwo), = O-mens,
T g - To(TU),  J*, = f - TY(CD),

- = =Tr(TD).

T

(i1) Order-2:
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(iii) Order-3:

O E CTH(T?) 3,
Jlucl = % = TI‘(U2C)7 Jc+1ucl = A = TI'(UO2) ﬂ,
Jc_lctl = mz 'I‘I‘(CQT) B, J;ictl = a = 'Tr(TZC) B’
Tt = =T (UT),  Jf. = = Tr(T°V) 3,
usru m tltu &

J;cdl = & = ’I}(CQD) ﬂa J(;lcdl = & = rI‘I'(C'l)2)7
Jt+1td1 = = rPI'(T2D) ﬁa l]—1 1= = rI‘I‘(TD2),
c O
Jtyten = A~ Te(UCT) 3, Jtgen = %= Tr(DTC) 3,

I gt = [Tr(UDT) - Tx(UTD)]/2,

Zanl
¥ st = ég [Tr(UCD) + Tr(UDC)]/2,

J+’LL1 Ctl

=[Tr(UCT) - T=(UTC)]/2 3,

I gt = =[Tx(DCT) - Tx(DTC)]/2 2.

(iv) Order-4:

J+

uc? *

((c1)?)

%ﬂ(wom 5, T g
T 8 _T(@UY) 3, T, % ((cDYY)
Jr 9 =Tr((DT)?) 2.

td? *
In the case of dim-6, in the list above, the invariants with dimensions higher than 6 are marked with “A” and can be
excluded. However, these invariants are considered in the dim-8 operator.
Obviously, due to the presence of the anti-Hermitian block 7', invariants containing odd powers of 7" and M ,;, are CP odd.
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Additionally, by assigning z; + z, + z3 and z7' + 23! + z3! for 3 and 3*, we can derive the character functions of U, D,
C,and T,

xupcer(ziz2.23) = (@1 + 22+ 23) (g7 + 5+ 251). (3.6)

where each quantity z;, z,, z3 are the coordinates on the maximum torus of U(3). Thus we find

PE(Z]1Z27 ZS ; q”v qu qCa qt) - PE'}{U(Zl’ZZ’Z3)QM] PE[)(D(Z]’Z27Z3)qd]
x PEyc(z1.22.23)qc) PE[rr(21. 22, 23) 4,

o k ok kY k ) kok kY k
yu(Zh, 25, %) gk xp(21.75.23)q
_eXp<Zkl U( 1 kz 3) )exp<§k; D\%1 k2 3 d>

) k ok Lk k ) k ok kY k
% exp< )(6(21712’13)%) exp( ZT(ZI’Zz’Z3>‘]z)
k=1 k k=1 k

=[(1 =4, (1 = qu2227") (1 = q,z2123") (1 = quz3z7") (1 = quz123")
x (1= q,25")(1 = qu235 ") (1 = 44)* (1 = qu2227" ) (1 = 942123 ")
X (1= qqz327" ) (1 = quz125" ) (1 = qa2223") (1 = qu2323 ")
X (1=¢.0(1 =gz )(1 = g1 ) (1 = qez3z7") (1 = qez123")
(1= qe2z3")(1 = qe232," ) (1 = ¢, (1 = 2277 ) (1 = ¢,2123 ")
(1= g2z ) (1 = g5 ) (1 = qi22253 ) (1 = qiz3zy )] 7 (3.7)

X

X

Substituting the PE and the Haar measure of the U(3) group, one can get

H(q) = / Ay PE(zr 22, 23:)

j{ le ng% dZ3
2ﬂ1 lzi|=1 21 Jlz|=1 22 J]z|=1 23

o [_ —Zl) (232—2212) (z3 —Zz) ] x PE(z,.,23.23. q)- (3.8)
212343

Applying the residue theorem to the contour integrals, one obtains

N(q)

D(q)
with
N =1+ 12¢> + 33¢* +56¢° + 138¢° + 31647 + 6134¢® + 1052¢° + 16964'° + 25404'!
135662 + 4612¢'3 + 5538¢" + 611645 + 6318¢'0 + 6116¢'7 + 5538¢'8
1 4612¢" + 356602 4 254042 + 169642 + 10527 + 613¢* + 316¢> + 13842
+564%7 + 33¢% + 12¢% + ¢*2, (3.10)
and
D(q) =(1-q)*(1-¢")"(1-¢*)?(1 - ¢*). (3.11)

The denominator of HS with ¢, ¢,, q,, g, can be written explicitly as
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D(q:9:9u94) X {1 (1 + qcqa)(1 + qcq.) (1 + q4q.,) (1 + q,9,)(1 + qagq) (1 + 9.q.)}

=((1-g.)(1=g2)(1=q,)(1 = q,)(1 —g2)(1 —g3)(1 = gZ)(1 — g7)

X (1=qcqa)(1 = q.q,)(1
x (1=¢7)(1 -
x (1=¢7q.)(1 = g2q,)(1
x (1= q2q0)(1 = q.93)
x (1= ququ))(1 = q.93)
x (1= q397)(1 = q2q3)-

The invariant shown in the above relation matches with the list of basic invariants given at orders 1,2,3.4.

= q49.)(1 = 4,:9.)(1 = 949,)(1 = q.q.)
—q)(1 =) (1 = q3q.,)(1 -
~4c949.)(1 = 439:)
(1= 429.)(1 = 4944
(1= q2qz)(1 = q2q7)(1 = q3q2)(1 — 47 qz)

1—q.97)(1 — qqq7)

(
(
)1 = qeq2)(1 = q493)
(

9c¢9:9.)(1 = 949:9,)

(3.12)

Now to step forward, the following nonreducible CP-odd invariants in addition to the SM CP-odd invariant in Eq. (2.18)

up to dim-2n can be constructed:

Jﬁtludl

u2td!

w2edt

r

2ucl

d2tul

J701 ud?

Jitlud2

uled?

=[Te(UDT) + Tx(UTD)]/2,

=[Tr(UCD) - Tr(UDC)]/2,

=[T(U?DT) + Te(U?TD)]/2,

= [Tx(v?CD) - Tv(U*DC)]/2,

- [T(D?UC) - T(D*CU)] /2,

=[Tx(D*TU) + Txe(D*UT)]/2,

- [Tr(U2D%C) - T (U*CD?)] /2,

=[Tx(TU?D?) + Te(T D*U?)]/2.

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

Accordingly, the total nine CP-odd invariants with the nonzero ImJ # 0 can be accounted for the CP violation in this

framework [47].
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Note that taking into account higher orders of C and 7,
the number of invariants is matched with the total
number of ¢" invariants in PL of HS with ¢ = ¢, = ¢, =

qu = qa 3S

PL[H(q)] = 4q + 10¢> + 244> + 35¢* + 56¢°

+604° — O(q"). (3.21)
For example, at order 3 there are in total 22 invariants,
including 4 invariants from the SM lists (2.17), 18 from the
dim-6 list at order 3, and 2CP-odd invariants from
Egs. (3.13) and (3.14). Therefore, the aggregate count
reaches 24 = (4 + 18 4+ 2) ¢* invariants that are matched
with the given number in (3.21) at this order.

This way of construction allows us to build invariants
explicitly other than HS which only finds the numbers of
invariants without any insight into their structures.

B. The dim-6 SMEFT with one
four-fermions operator

Now, we apply our systematic construction over another
dim-6 operator with one four-fermions operator involving
quarks and leptons, with the following Lagrangian:

Cue.i ikl ,— _
L= Loy +A—'21(Mi7””j)(€k7’,4€1)

M. =diag(0 C 0 0)= @
C

U 0
0 +C
0
D

CD
+ = = D
Mcd_a()@( 0 4 C’) = CF_, .

(3.22)

MJCEO'()@(

FIG. 7. The dim-6 SMEFT with four-fermions operator.

where C® = 35 C,, ;1. This example requires five rings to

cancel out the chiral flavor transformations in the orm

Y, - U(3),Y,U(3),"
Y — U(3)QYdU<3)dT’

Y, - U(3),Y,U3)," (3.23)
maintaining the Lagrangian invariant. Therefore, correspond-
ing to U(3),.U(3),,U(3), and U(3),,U(3),, it is more
convenient to draw two separate ring diagrams with acommon
Hermitian block C = C°Y,, YlY Y I that participates in both
diagrams. This structure is shown in ring Fig. 7.

Therefore, based on Fig. 7 in addition to the orthogonal
blocks M,, M, and M,,; presented in Eq. (2.12) the
building blocks are

My =diag(0 0 0 L)= @

Pt |

L cLoo0 )\ _ o7*
“’O‘X’(o :ELC): Roe

c —

(3.24)

Therefore, in addition to invariants in (2.17), using the building blocks (4.45) the basic invariants are as follows:

(i) Order-1:

i O-mo),

(i) Order-2:

+

ti= L =T(L).

+

2= = TY(L2)’

4 e OO - Tx(C?) 3,
:cl = f = T‘I(UC)’ ;;1 =
:dl : ﬁ = TI‘(CD)
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ML % =Tr(C?) 3, Jis = =Tr(L?),
Jlucl = % = TI‘(U2C), Jc+1ucl = A = 'TI'(UCQ) ﬂy

ot = =Tr(C?L) 3, Jip= = Tr(L*C),

clt a

AN
:1cd1 : % ) Tr(C2D) 3, Jd+lcd1 = k ) TI‘(CD2)’
T gt = A = [Tx(UCD) + Tx(UDC)]/2.

e %ﬂY((UC’)?) B, Jh:= €=T&~((0L)2) 3,
7T %:ﬂ((@pﬁ) 3.

In a similar fashion, higher orders of C are distinct with “Z” and so they can be removed in the case of a dim-6 operator. Note
that some higher-order invariants cannot form distinct invariants e.g.

Ty = Op = Tr(L) Te(UD),
ég = Tr(L) T(U2D),
Ju2dl1 = % = TI‘(L) TI(DZU),

and similarly for higher-order invariants of this form. Additionally, up to dim-6 the following nonreducible CP-odd
invariants can be constructed:

(iii) Order-3:

(iv) Order-4:

J 241t :

u

J” =[Tr(UCL) - Te(ULC)]/2, (3.26)

ulel!

St = &z[Tr(UCD)—Tr(UDC)]/Q, (3.25)
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S =[Tx(DCL) - Te(DLC)]/2, (3.27)

T e = - [Tx(r*vC) - Te(L*CU)]/2, (3.28)

T et = [Tx(L2CD) - Tx(L2DC)]/2, (3.29)

I y2ea = [Tr(U?CD) - Te(U2DC)]/2, (3.30)

J @yt = 8 [Tr(D*UC) - Tx(D*CU)]/2, (3.31)

S et = [ Tv(U?D%C) - Te(U*CD?)]/2, (3.32)
I qrudt et = [Te(D*UDC) - Tx(D*CDU)]/2. (3.33)

This procedure can be straightforwardly applied in the
other forms of four-fermion interactions as the petals rule
always follows the same structure.

IV. INVARIANTS IN THE FRAMEWORK
OF vSMEFT

In this section, we consider the framework of YSMEFT
that includes three right-handed neutrinos Ny, which are
singlets under the SM gauge group.

The Lagrangian of the type-I seesaw [68,69] that is the
extension of SM with the Dirac neutrino Yukawa coupling
Y, and the Majorana mass MRy of right-hand neutrinos may
be written as

_ . 1._
Lss =Ly +NgidNg— | Y, L HNg +§N8MRNR +H.c.|,
(4.1)

where L = (v, 1) and N§ = CNT with C = iy*y° being
the charge-conjugation operator. In the type-I seesaw

|

model and its low-energy EFT with up to the dim-6
Weinberg operator, the basic flavor invariants have been
investigated based on HS and PL [46,48].

Here, we explore the flavor invariants in vYSMEFT up to
dim-7 using our new systematic construction of invariants
and compare them with HS and PL. In detail, we showcase
this technique for the vSMEFT including three distinct
combination of operators i.e., only one dim-5, two dim-5
and dim-6 operators, and finally two dim-5 and dim-7
operators at the tree-level matching.

A. One dim-5 operator

In the vSMEFT, the leading flavor symmetry-breaking
Lagrangian to the order of dim-5 can be given by

Cs. - -
L= Loy — (ﬁLLHHTLE + H.c.>, (4.2)

with the following Wilson coefficient:
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TABLE II. Flavor transformation under U(3),, U(3),, and
U(3)g of the Yukawa matrices Y, ,, the Majorana masses Mg,
and the Wilson coefficient Cs.

u@3), U(@3). UQ3)r
Y, 3 3 1
Y, 3 1 3
Mg 1 1 3 x3
Cs 3x3T 1 1
Cs = —YDMARYI. (4.3)

The general unitary transformation in the flavor space in the
leptonic sector is given as

L. — L =U@3), L,
I = ls = UB3),Ig.

Ng = Ni = U(3)gNg. (4.4)

Hence, these induce the transformation of Yukawa matri-
ces, the Majorana masses, and the Wilson coefficient as

FIG. 8. The ring diagram for vSMEFT with one Wilson
coefficient Cs.

shown in Table II. Henceforth, the Lagrangian in Eq. (4.2)
remains unchanged under the above transformation.
Therefore, the building blocks for the construction of flavor
invariants are {L = Y,Y}, C5} taking place in ring Fig. 8.
Accordingly, the building blocks become

M, = diag(L 0 0 0)= @
C5CT 0 Py
M, = ® > = I = @,
7 ( 0 0205) © LG
Ly Lo,
m /! K 4.5)
L™ O 0 ¥ (
M= = 5 = 1
tm ‘7‘]@( 0 +Cs LT Cl L G €
S LTm™ L
o ofEEa 0 )
= Oy 0 :I:KmL = LF-’Km7

with K, = CSLT’”Cg and m = 1, 2. Therefore, blocks C, K, and K, correspond to orders —2, —3, and —4, respectively.
However, K and K, are derived from elements that also contribute to lower-order blocks. Consequently, blocks denoted by
K, (where n > 1) do not represent standalone invariants but, through their integration with other blocks, yield unique
invariants Mlj,im. The roles of C, K|, and K, in the petal framework are indicated by green, gray, and purple colors,

respectively. These colors guide the assembly of higher-order invariants by marking the corresponding blocks.
Basic invariants can thus be derived in the subsequent manner:

(i) Order-1:

(i) Order-2:

2 = = Tr(L?),

- Te(L).
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P

where ,” ' stands for order-2 blocks.

Le
(ii1)) Order-3:

Jpp = =Tr(L?),  Ji,:= = Tr(L|C5[?).
(iv) Order-4: ;
fem A STEHGR),  Jae i =T(G)
Nty = i = Tr(LC5LTCY), -

where the dashed gray petal presenting a order-3 ring K| = CSLTCJSf.

(v) Order-5:
o '_',_:"=TY(L|05|4), R = e = Tr(L2C5 LT CY).
(vi) Order-6:
e = -- = Te(L?|C4[*), o =; = Tr(|G5l°),
gt o - Tr(L2C5L7°CY),
Thte = LMoo = Tr(LCsLTCsYCs[?) + Tr(CsLTCs! LICs[?)

AR ~-'

where the dashed gray petal presents an order-4 K, = C5LT2C§.
Additionally, the following nonreducible CP-odd invariants can be constructed:

Jpia = empme, = Te(LCs LTG5 G5 ) - Te(C5LTCs LG )

L9 Ca?

- = o = Te(LACSLTCHCs ) - Te(C5LTCs 125 P2),

Mkytel 7 0

= T ST (EG I - TH(CLTCS T

e = A n(camenepr) - nearesricr)

Nkatel 77 1
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. ‘-'.~ (410)
Jlllkllcl = ﬂ::‘ = TI‘(L2O5LTO5TL|C5|2) - TI'(L2|C5|2LC5LTC5T) .
I
From the aforementioned invariant, CP violation occurs 1(zi,20:23) = (z1 + 20 + Z3)(Z1_l + ZEI + 13—1),

if and only if ImJ~ #0. The first CP-odd invariant 5 2, 2
emerges at order-6. Moreover, the initial joint invariant % s@naa) =t at gt antan o
appears at order-7, denoted as J*, which correlates with + 7P+ 52+t gl
Eq. (4.7) and contributes two invariants at this level. bl 4 ogtat, (4.11)

Notably, at order-8, there are two joint invariants linked
to Egs. (4.8) and (4.9), alongside J ", cumulatively resulting
in five invariants at this tier.

Given the assignments z; + z, + z3 for 3 and z7! +
z;' + 23! for 3%, the character functions of the primary
elements are delineated as
|

0

where z; (for i = 1, 2, and 3) denote the coordinates on the
maximum torus of U(3). Then the subsequent PE function
can be written as

k Jk kyk k k _k\ k
Z1,37,% + 21,25, 2
PE(zy, 25,23;q) = exp (g 0(21.25.33)q" + 2521, 2. 23)4 )

k=1

=[(1-¢)(1 —g9z213")(1 = gzaz7") (1 — gz125") (1 — gz327")

X

(

(1= g2225") (1 = g2323") (1 = g2) (1 = 23)(1 = q23)(1 = q2122)

(1= q2123)(1 = q2223) (1 = q27%) (1 = 923°)(1 = q237) (1 = qz7' 53 ")
(

x(1-qz7'z3") (1 —qz3'z5")] ™" (4.12)

Using the MW formula, one obtains the HS in the vSMEFT for the three-generation case

H(q) = / [duly3)PE(z1, 22, 233 9)

2

zl;f j[ 7{ [_ (22— 21)*(zz—21)* (3~ 22)
6 (271)* Jiz1=1 Jiaal=1 Jjzs)=1 2325723

where the Haar measure of the U(3) group has been inserted
and one may obtain

N(Q)s
H(g)s = , 4.14
with
N(g)s =1+3¢°+2q" +5¢° +44° + 5¢"°
+2q11+6q12+2q13 +5q14
+4q15+5q16+2q17+3q18+qz4, (415)
and
D(q)s=(1-q)(1-¢*)*(1-¢*)*(1-¢*)*(1-¢°)*(1-¢°)*.
(4.16)

PE(Z],ZQ,Zz.;C])a (4-13)

Therefore, the total number of invariants can be given by
the leading positive terms of PL as

PL{H(q)s] = q +2¢* +2¢* +3¢* +24°
+5¢° + 24" +5¢° + 4¢°

+5¢" +24'" = O(¢"), (4.17)

where the first CP-odd invariants as discussed earlier show
up at order-6 and we list them up to order-8. Additionally,
the first joint invariant appears in order-7. For the YSSMEFT
dim-5 with three generations of neutrinos, the invariants
identified using our method correspond entirely with those
observed in [6].

In the next section, we show identification of a ring
diagram in the presence of the dim-5 and one dim-6
operators.
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B. Two dim-5 and -6 operators

Here, the Lagrangian (4.2) is extended to the order of

dim-6 as

C C
L= Loy — (jos + H.c.> +A—§o6, (4.18)

with the following dim-6 operator:

Os = LLAATLE,  Og = (f'i0,H)(Liy'L;). (4.19)

Thus the corresponding Wilson coefficients read

A

C5 — —YDM—R YI,

CGZYL/

A2

R

e

R

Y.  (4.20)

TABLE III. Flavor transformation under U(3),, U(3),, and
U(3)g of the Wilson coefficient Cg.

UB), U@d). UB)r
Ce 3x 3 1 1

The general unitary transformations in the flavor space in
the leptonic sector are given in (4.4). These induce the
transformation of Yukawa matrices, the Majorana masses
and the Wilson coefficient as shown in Table II. The
additional entry for the transformation of Cg is given in
Table III. Henceforth, the Lagrangian in Eq. (4.18) remains
unchanged under the above transformation. Therefore, the
building blocks for the construction of flavor invariants are

{L= YeYl', Cs, Cg} as can be seen in ring Fig. 9.

Accordingly, the building blocks and their representative rings are

diag (L 0)= L),

M,

+
Ml km

M:!:

cekm

+
lhm

Mi

c6Hm

LK, 0 \ _
0 +K,, L]
Cs K, 0
0 :I:Km Cﬁ
_ (LHn 0 _
0 +H, L] ~
Ce Hy, 0
0 iHm Cﬁ‘
_ (LE.® 0
- 0 +F,, L

(05 cl

(L

0 Cics

Co

0 =
0 x0sL) - L

0)505

M., = diag (O 06) = 7

Cs >
r--
Ly Lo
-4 : ~
L Km = Cg C(5 )
F-- )‘\ 1'
S LTm L
2 G
» , Y
= (g K, = Cg Cs ,
- A !
S LTm )\/
(4.21)
Ly Lo~
o ' pA
. H, = C Cs |
rFo- A N
AN m k
Cs"
.y Co -
- ]’L' ¥
CG Hm = CE) C{, )
re- A ll
S C@Tm k
Ly L,
-4 ;' ¥
= L F"nm:t = CS C5 )
- - ~ ;!
S mn* K
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FIG.9. The ring diagram for Y*SMEFT with Wilson coefficients
CS.G.

where K, = CsL™"Cl, H, = CsC{"CL, and Fj, =
CsX"*=Cl with X™* = [T"CI" + CJ"L™ running
over m, n = 1, 2. Additionally, the blocks MfGHm out of
-, 'J

H,, can be skipped as produces dim-10.
,-’_4
However, we can keep this block for comparison with
the number derived via the HS.. One can organize the
basic invariants beginning with the lowest-order blocks as
follows:

(i) Order-1:

ring C

l-i : = TI'(Cﬁ)

=Te(L), J4:

(i1) Order-2:

4= =Te(L2), Jh= - =Te(|Gs),
e = =Tr(Ce?), Ji, = = Tr(LCs).
(ii1)) Order-3:
Jjs = = Tr(L3), fa= o =Te(LICsP),
g = =Te(Ce®) s Tl = = Tr(LC}),
Jlllcg3 = = Tr(L?Cs), :écl JOT Tr(Cs|C5[?).
(iv) Order-4:
ba = i =T(LACSP), Jhp= i =Te(|G5lY),
A = Tr(LC5LTCY), e ) Tr(C2|C5[?),
_ - - t
VAP = Te(L*CE), J%,. =Tr(CsCsLTCY),
c+6h11 = ".'-. = TI'(CGCg,OgCg),
Jpag = .o =Te(LCs|Cs]*) + Tr(LICs[Cs),
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where the dashed orange and olive petals present order-3 blocks K; = CSLTCE and H, = C;s CgCg, respectively.
(v) Order-5:

fa = ke =TGR, Tiy= ol =T(12GLTCY)

fex = ,:,«;:,.=Tr(06|05!4), ity 3= .2 = Te(L*C5C3 CY),
Tt = =Tr(CECLTCL), T = .ok = Tr(Cs*C5Cq 1),
Tt = = Tr(LCsC5LTCY) + Tr(Cs LCSLTCY),

T4 = = Tr(LCsC5CT C1) + Tr(Cs LC5CI CF).

Neghyt Ry

(vi) Order-6:

t g i ., = Tr(L?|Cs|*), :3:=":'4".~_\.=T‘r(|05|6),

bt = o =Tr(L2c5LT20g), e = ,, = Tr(C2(Cs]4),

e =Tr(LCsLTCs1C5?) + Tr(C5 LT Cs1 LICs[?),

g = oeAse, = Tr(LC5Cs" C5'|C5[?) + Tr(C5C6 " Cs' LICs?)
Topia = -ien, = TH(CoCsCRTCO5P) + Tx(CsCiT 5! ColCP)

Tt = onie, =ﬁ(L05LT205T06)+ﬁ(C5LT205TLc6),

it = enee, = Tr(LCsCeT C5tCs) + Te(C5CsT 5T LG )
T = g, = TH(LGOS(LTOF + GTLT)CS') + Tr(GoLGH(LTCF + GILT)C')
Topr = el = Tr(LCsCs(LTCY - C{LT)C5") - Tr(Cs LC5(LTCf - CFLT)C51).

The dashed petals in violet, purple, blue, and cyan represent the fourth-order invariants K, = C5L'> C;, H, =C;s ng Cg,
and Fj; = Cs(LTCT + CTLT)CL.
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Besides these, there are CP-odd and joint invariants.
The first CP-odd invariant appears at fourth order
and consists of 9 invariants. At fifth order, the first
joint invariant emerges, and in combination with
four CP-odd and basic invariants, accounts for 14
invariants. Similarly, at sixth order, there are 20 addi-
tional CP-odd and joint invariants, on top of the

previous 13. Up to the fifth order, all invariants are
|

basic. From this order onward, joint invariants can also
be recognized.

Note that for each J* invariant (containing two terms),
there are CP-odd J~ invariants relevant only for their
subtractions. However, only one J~ invariant corresponds
to the last two relations.

The following list presents CP-odd invariants, starting
from the lowest conceivable order:

g =i Tr(LCy|Cs2) - Tr(L|Cs[2Cs), (4.22)
Meglel = :: = Tr(L2*Cs|C5|*) - Tr(L?|C5*Cs), (4.23)
Tatiegler = l:::‘l = Tr(LC3|C5|*) - Tr(L|C5[*CE), (4.24)
gkt = o = Tr(LCsC5LTCY) - Tr(Cs LOS LTCY), (4.25)
R Tr(LCsC5CECl) = Te(Cs LC5CECY), (4.26)
Ticgie2 }E:;‘ = Tr(LCs|C5[*) - Tr(L|C5[*Cs) (4.27)

where certain invariants involving higher orders of Cs ¢ can
be disregarded. From the aforementioned invariants, it is
evident that CP violation occurs if and only if ImJ~ # 0.

In scenarios involving degeneracies, the evaluation of
higher-order CP-violating invariants becomes essential. In
addition to J~, which corresponds to the petals and
relations for J* (with reversed signs between terms) as
shown in the fundamental invariant at the sixth order, a
detailed list of other higher-order CP-violating invariants
can be found in Ref. [51].

A useful exercise is to compare the magnitude of these
invariants with predictions from the Hilbert series and the
results obtained in Refs. [46,48]. We begin by defining the
character functions in terms of 3 and 3* as z; + z, + z3 and

7'+ 23" + 23!, respectively, where z;, and z; are

coordinates on the maximal torus of U(3). The character
functions of the flavor invariants, {L =Y,Y i Cs, C(,},
analogous to Tables II and III, are expressed as
x16(21:22.23) = (21 + 22+ 23) (7 + 251 + 231,
25(21,20,03) =B+ B+ B+ + 0z + 228+ 72
+52+ 2+ g +gtlat + ol
(4.28)

Thus Hilbert series in the vSMEFT with operators of
dimensions 5 and 6 for the 3 x 3 matrices becomes

He(q) = JY\D/S((;I;

(4.29)
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where N4(g) and the denominator Dg(g) read

Ns(q) =1+2¢° +4g* +11¢° +33¢° +52q" + 1044% + 182¢° + 307¢'° + 495¢"" + 80842
£ 1176¢'3 + 1692¢" + 2307¢"5 +2995¢'6 + 37364'7 + 4546¢'% + 52464"° + 59024
+ 640142 + 6632¢% + 663297 + 64017 + 590247 + 52464% + 4546477 + 37364
299567 + 2307¢% + 169243 + 117647 + 8084 + 495¢3 + 307¢°

+182¢% + 104¢%7 + 526 + 33¢® + 11¢* + 4¢* +2¢* + ¢*,

and

(4.30)

De(q) = (1-¢q)*(1=¢*)*(1 = ¢*)*(1 = ¢*)?

x (1=¢°)*(1-¢°)°

(4.31)

Finally, the associated Poincaré series for the Hilbert series can be derived as follows:

PL[H,(q)] =2 +4¢*+64° +9¢* +14¢° +33¢° + 444"

+72q8 _|_74_q9_|_21q10_(9(q11)7

(4.32)

which aligns with the results obtained in Refs. [46,48]. Clearly, the presentation of A'(¢) and D(g) is not unique since these are
elements of a ratio; therefore, defining primary invariants based on the denominator D(g) is not a viable method. Instead, the
current formalism in this article gets the match number of invariants as the above PL, with primary invariants clearly identified up
to the sixth order. The starting point for CP-odd invariants is at fourth order, and for joint invariants, it is at fifth order.

C. Two dim-5 and -7 operators

Here, the Lagrangian of #SMEFT is considered as the
extension of (4.2) to the order of dim-7

C C
L= Loy — (ﬁ Os + H.C.) + (A—; O, + Hc) (4.33)

with
Os =L HATLS, O, =L HH'LCH'H, (4.34)
and the corresponding Wilson coefficients read
A g A3 T
CSZ—YI/M—RYD, C7:YDWYD. (435)

The general unitary transformation in the flavor space in
the leptonic sector induces the transformation of Yukawa
matrices, the Majorana masses, and the Wilson coefficient

TABLE IV. Flavor transformation under U(3),, U(3),, and
U(3)g of Wilson coefficient C;. The rest of the transformations
are the same as Table II.

uQ), u(@3), U(3)r
C, 3x3T 1 1

as shown in the previous section, where C5 is replaced with
Ce but with the same transformation as Cs as shown in
Table 1V, i.e.,

Therefore, the ring diagram can be sketched including
flavor invariants {L = Y,Y:, Cs, C;} as shown in
ring Fig. 10.

Thus, the building blocks take the form

/ Cl===<-=---¢ \
- -

”’— 7\\.-\-\_\.)_’:—,” 5‘\\

N 4 ~

- N ’ ~
N7 N7
P N

-~ d -7 SO
~ -f_-—..--*-:...\

\ RS TN

~ P
-~ T -
*-.l .-

FIG. 10. The ring diagram for vYSMEFT with Wilson coef-
ficients Cs ;.
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o

M,

1]
=
25
o
—~
b

c,ctoo -
M. = 5 t = @
°5 ( 0 CgCE)) C’5 _’05 )
c; 0l 0 =
M. = 7 T = @
u, = (GC 0 C -JCT:@
¢ - 0 Cics LT T ’
c;cto - @
M;: = 5 T =
ct ( 0 0;07) C’7”_’6’5 5
L~
LK, 0 A ~
M, = ( 0 :&:KmL) = LF-’Km = C}g\ ?5»
\\\ m,\l
LT (4.36)
L~
_ LPm 0 _ ’—’l _ ; ¥
My, = ( 0 ime) = LF P, = Ci '0'7,
< prm X
AL~
LX 0 LA ‘ ~
+ = m = = T =
M. = ( 0 iXmL) = L X Ci C
S LTmK
L~
LY, 0 LA ‘ ~
+ — m — — t
]lem = ( 0 :I:YmL) = LF-—Ym = Ci '077
\~ LTm )\,

with K,, = CsL™Cl, P,, = C;L™"C}, X, = CsL™"CY, and Y,, = C;L™" C] where running over m = 1, 2. Also, it would
be more convenient to redefine M, and M into their real and imaginary components i.e., M = (M, + M )/2 and
M, = (M, —M,)/2. Similarly, we can reexpress X,, and Y, with R;, = (X,, +Y,)/2 and S,, = (X,, = Y,,)/2.

In this framework, the list of basic invariants is long and similar to the previous case extended to dim-6. Here, we classify
these invariants to order-5 and provide only a couple of examples from order-6:

(i) Order-1:
= =Tr(L).
(i1) Order-2:
= = T, LT (jo),
h= o =Te(|CP), Jo= =T(CsCl+ CiCY),
Jo= L =T (GOl - Creh).
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(iii) Order-3:

Ji = = TH(Z?), Toyi= i =T(LGP),
T = = Tr(L|C4]?), i = = Tr(L(C5C} + C:ChY),
Ty = = Tr(L(CsCY - C-Chy).
(iv) Order-4:
for ol S(EGR), T (),
Bt = = Tr(L*|CA ), T2 = = Tr(|CAl*),
oo = = Tr(|Cs |07 ),
Jra+Jh, = - + = Tr((CsChH? + (C-ChH?),
Ty = = Tr((CsC7)* - (C:C)?),
T = o3 = Tr(LCsLTCY), T 1= o =Tr(LC,LTCY),
Jiao= _ =Te(L(CsLTCY + C-LTChy), -
Top = i =T(LGLTCI-CLTAY)
eyt = = Tr(L*(C5C} + C7C1)),
Ty = = Te(2*(C5CT - CrCY)),
Then = :‘;:i_x:’I&~(|C5\2(C5C$+C7C’§)),
T = :‘;::.:;ﬂ(|05\2(050;—c7cg)),
Then = = Tr(|C[2(C5C1 + C7CY)),
Toey = = Tr(|CA](C5CY - C:CY)),

095009-29



NEDA DARVISHI, YINING WANG, and JIANG-HAO YU PHYS. REV. D 112, 095009 (2025)

where the dashed gray, blue, light gray, and cyan petals present order-3 blocks K; = C5LTC2, P = C7LTC;,
R, = CSLTC;, and S| = C7LTC§, respectively.

(v) Order-5:
e = ,:,-;:,'=Tf(L|CS|4)v ez = = Te(LICA["),
Jha = ,‘.:s=Tr(L\C5|2\C7|2)+Tr(L\C7\2|C5|2),
Tipgr = -3 = Tr(L2C5L7CY), Tt 1=, oo = Te(L*C,LTCY),

‘e .»

AR =Tr(L*(CsLTCl + C7LTCY)),

fisd = .en =Te(L¥(CsLTCL - C;LTCYy),

Taen = e, = T(LICP(G5CL + CrCD) + TH(CHPL(CsC + CCY)),
Jigen = .-- e Tr(L|C5[2(C5Cl - C2C1)) + Tr(|C52L(C5CL - C:C1)),
Tien = = Tr(L|C72(C5C1 + C7CY) + Tr(|CoPL(C5CE + €+ CY)),

= Tr(L|C:P(CsCE - CoC)) - TY (|G L(C5CT - C:CY)),

e Jige = + L =T(L(CsCh + L(CiCh)?),
Tiojier = = Tr(L(C5Ch)? - L(C-CY)?).
(vi) Order-6:
Sip = S =T, R L )
S e = - = Tr(Cs[*|C7F*), Jgen = ‘ =Tr(|CsPPICHl*),
Jis = ;~’ =Tr(|Cs[%), Jis= = Tr(|C4[°),
Ty = e = (2G5 LT*CY), Tiipa = M= (reLvey),
Tt = i = Tr(L2C5LTCY), Tt 3= o = (2oL CY),
Thpa = ":‘.".:;T‘r(LC5LTC5T|Cs|2) + Tr(CsLTCs' LICs[?),
VARTEES o Tr(LC7LTCAY|Cr?) + Te(CrLTCAt LICH?),
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where the dashed petals in gray, purple, brown, and olive present order-4 K, = CSLTZCE, H, = CSLTZC;
Ry = CsL™>C} + C,L™*CY, and Ry = CsL™C) — C;LT2CY i the ring diagram.

In the above list, there are already CP-odd invariants J~, where their nonzero values account for CP violation.
Taking the character functions of 3 and 3* to be z; + z; + z3 and z7! + 23! + z3! respectively, one can calculate the
character functions of the flavor invariants

x(z1.20.23) = (@1 + 22 +23) (7 + 521 + 230, (4.37)
15(21.2.3) =0+ B+ E 0+ 02+ 22

+zP+ 5ttt g g + ol (4.38)
112120, 3) =B+ B+ B+ un+ 02+ 222

+t+ 2+t g+ glgt gt (4.39)

Then the PE function can be written as

im(i’lﬂ 25.25)4" + x5(2h. 25, 25) 4" + a7 (2. 2B, Z’g‘)q">

PE(z1,22,23;9) = eXP( k

k=1
=[(1-9)(1 - g2123")(1 = gz2z7") (1 = gz125") (1 = gz327")
x (1= q2225")(1 = gz323") (1 = q21)*(1 = q23)*(1 — q23)°
< (1= q2122)*(1 = q2123)*(1 = q2223)*(1 — q27%)*(1 = q23°)?
x (1-qz3?)*(1 = qz1'23" )P (1 — gz 251 )2 (1 — qz3'25 1))~ (4.40)
Thus, one obtains the HS in the dim-7vSMEFT where the Haar measure of U(3) group has been inserted and thus one may
obtain

Na(q) (4.41)

where
No(q) =1+ q*+2¢° + 11g* +18¢° +73¢° + 12047 + 335¢% + 6334°

+ 1454¢'0 +2690q'! + 54564'* 4+ 9501¢'3 + 17145¢'* + 28182¢"
+46469¢'0 + 7163447 + 109578¢"'® + 1586474"° + 2261024°
+308209¢%" + 411372¢%* + 528477¢% + 663734¢** + 80505842
+953211¢%° + 10934694¢% + 122253347 4 1326782¢%° + 14027114°
+ 144122463 + 14412246 + 14027114 + 13267824 + 12225334
+1093469¢% + 95321147 4 80505848 + 6637344 + 528477¢*
+ 411372¢*" + 3082094 + 226102¢* + 158647¢* + 109578¢*
+ 716344 + 46469¢*7 4 28182¢* + 17145¢* + 9501¢°° + 54564
+2690g72 + 1454¢% + 633¢7* + 335¢% + 120¢°° + 73¢°7 + 18¢°% + 11¢°° +2¢%° + ¢ + ¢%, (4.42)

and
Di(q) = (1 =)' (1=¢*)*(1=¢* (1 =¢*) (1 = ¢°)*(1 = ¢°)°. (4.43)
Hence, the PL takes on the form

PL[H(q)] = q + 5¢* + 5¢° + 17¢* + 204> + 64¢° + 82q" + 175¢® + 231¢° + 199¢'° — O(q""), (4.44)
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that aligns with the results obtained earlier in this section
using petals of building blocks.

Our procedure, suggests an automated way to find
explicitly the structure of invariants other than providing
only the number of invariants. These classifications of
invariants play a crucial role in analyzing theories which
explain flavor by a dynamical mechanism.

D. Three-generation type-I
seesaw model

As a representative example of transformations under a
product flavor symmetry group U(m) ® U(n), we consider
the full type-I seesaw model. In this context, we take
m = n = 3, corresponding to three generations of right-
handed neutrinos. The fundamental building blocks for
constructing flavor invariants in this model are the Yukawa
matrices Y; and Y,, along with a symmetric matrix Yy
associated with the Majorana mass term for the right-
handed neutrinos. Their transformation properties under the

TABLE V. Transformation properties of the basic Yukawa and

Majorana matrices under the flavor symmetry
U(3), ® U(3), ® U(3).

U@3), U(3). UQ3)r
Y, 3 3 1
Y, 3 1 3
Ve 1 1 (323,

flavor symmetry group U(3), ® U(3), ® U(3)g are sum-
marized in Table V.

Therefore, using the Hermitian combinations L =Y IY,T
and R=Y}Yp, along with the basic building blocks
{v,.Y].Y:}, the resulting ring of flavor invariants can
be represented diagrammatically as shown in Fig. 11.
Accordingly, the relevant building blocks can be organized
as follows:

M, = diag(L 0 0) = @
Mp = diag(0 R 0) @
My = diag(0 0 N) @
-
LN
s N
Miy = (0 ﬂ:NL) R
-~
Mj: = RN N R
N 0 =NR R-
xR
II h\,
ME = Lye Ryl L™y, 0 _ i (4.45)
m 0 iyleny e .
\‘~Lm '\
_ RK, 0 A
- 13@( 0 :thR) = R _Hmo
xR~
‘ ¥
Ry’ L™y 0 ' %
+ — 1 14 — yy
Mlkm = 13®( 0 ﬂ:y;Lmny) = N Z'/V
\‘~Lm L’
RK, 0 A
= 13® = )
3 ( 0 :l:KmR) R Kmx

where K,

= y,,LmyU and K}, = y; L™y, withm = 1, 2. However, K| and K, are derived from elements that also contribute

to lower-order blocks and do not represent standalone invariants but, through their integration with other blocks, yield
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FIG. 11. The ring diagram for seesaw and three generations of right-handed neutrinos.

unique invariants M ﬁ . The basic invariants can be combined into the following form, with color coding in the diagrams

indicating the building blocks: green for L, gray for R, pink for N, dashed blue for K,,, and dashed red for K},.
(i) Order-1:

= O =Tr(L), Jh= =Tr(R), Joa= =Tr(N).
(i1) Order-2:
T . B )
o= =Tr(N?),  J}i= 0 = Tr(LN),
];Nl = = Tr(RN),
(iii) Order-3:
J = % =Tr(L%), Ji:= =Tr(R?),
s = =Tr(N3),  Jf .= N Tr(NL?),
J'r;nl1 = n = TI‘(NZL)’ :l—lnrl = = TI‘(N2R)’
Tt = = Tr(NRQ), Jl+1k11 1= ,"'.O =Tr(LK)),
Jl"l—kl* = '¢',l =T\['(LK],_(-).

‘e
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A similar structure can be extended to construct higher-
order invariants, with the first CP-odd invariant appearing
at fourth order, given by

J-

nlrk! 7

s+, =Tr(NRK;) - Tt(NKR).

*u!

As a result, the first joint invariant appears at order-5 as

Ty 0= = Tr(N’RK;) - Tr(N*K 1 R).

n2rk!

This suggests that the sequence of invariants is expected to
terminate beyond order 4 + 5.

To verify whether this prediction is consistent with the
Hilbert series, we analyze the character functions associ-
ated with the relevant representations. Assigning the

character functions of the fundamental and antifundamental
representations, 3 and 3*, as z; + z, +z3 and z7' + 25! +
z3! respectively, one can compute the character functions
corresponding to the flavor invariants as follows:

x1(z1,22,23) = (21 + 22+ 23) (a7 + 23" +23")
X0(21:22,23:24:25.26) = (21 + 22+ 23) (23 + 25" +25")
+(za+tzs+2z6) (27 +231 +231),
Xr(24:25.26) =23+ 22+ 22 + 2425 + 2426 + 2526
+272+ 250zt 7!

+z3lzg 4+ 2575 (4.46)

where z;, for i =1, 2, 3 (or for i =4, 5, 6) denote the
coordinates on the maximum torus of the U(3) group that
corresponds to the flavor-basis transformation in the active

neutrino (or RH neutrino) sector. Labeling the degrees of
Y,, Y,, and Y by g, one can calculate the PE function

PE(z1,22, 23,24, 25: 263 9) = [(1 = ¢)*(1 = 2125 ) (1 = g2227" ) (1 = 2125 ) (1 = qz327 ) (1 = q2225")
x(1=qz32,")(1 = 2123 ) (1 = qzazy ) (1 = qz125") (1 = gzsz7") (1 = gz125")
x(1=qzez7") (1 = 2225 ) (1 = qz473 ") (1 = g2225") (1 = q252,") (1 = q2225")
x(1=qz677")(1 = qz323" ) (1 = qzaz3" ) (1 = qz325" ) (1 = gz525") (1 = qzazg")
x(1=qze73") (1 = q23) (1 = qz3) (1 = q25) (1 = qzaz5) (1 = qz426) (1 = q2526)

x(1=gz3*)(1 — qz53) (1 — qzg*) (1 — qz3'25") (1 = qz5'25") (1 = qz5'z5 "))

Using the above equation, one gets

o) =2 -

(4.47)

/ [d/’dU(B)®U(3)PE(Zl’ 22,23, 24, 25+ 265 9)

— 11]{ ?{ f j{ j{ ]{ {_ (22— 21)%(z3 = 21)*(z3 = 12)2
36 (271)° Jiz =1 Jisa=1 Jiss=1 Jiea=1 Jizg=1 Jizg=1 3353

2,2,2

« [_ (25 — 24)* (26 — 24) (26 — 25)°
24252

where

] PE(Z1, 22,2324, 255 265 ‘1>7

(4.48)

N(q) =1+ q¢*+5¢° +9¢* +22¢° + 61¢° + 126q" + 273¢® + 552¢° + 10384'% + 18804
+3293¢'2 4 5441¢"3 + 8712¢"* + 13417¢" + 198674'° + 284144'7 + 3935148
+ 526044 + 682204¢%° + 85783¢%! + 10458842 + 123852¢% + 1425594** + 159328¢%
+ 173201470 + 183138¢%" + 18823248 + 188232¢% + 1831384°° + 1732014
+ 15932842 + 142559¢ + 123852¢>* + 1045884 + 857834°¢ + 682204%7 + 52604438
+39351¢% 4 28414¢* + 19867¢*" + 13417¢* + 8712¢% + 5441¢** + 3293¢™

+ 1880¢* + 10384 + 552¢™ + 273¢* + 1264 + 61¢°" + 22¢°% + 94 + 5¢°* + ¢ + ¢°',

(4.49)
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and

D(q) =(1-q)*(1—¢*)*(1-¢*)*(1—¢*)?
x (1=¢)*(1=¢°)°(1=¢")*(1 - 4*).

where the PL takes on the form

(4.50)

PL[H(q)] = 3q + 5¢* + 9¢> + 10¢* + 19¢°
+404° + 6647 +92¢% + 70¢° — O(¢'?).
(4.51)

The result reproduces that of Ref. [44] when g = >

V. SUMMARY AND DISCUSSIONS

This paper extends our earlier work [51], enhancing the
ring diagram framework’s capability to classify CP invar-
iants. We enrich this methodology with detailed examples
and extend its application across a wider range of theo-
retical physics.

The Hilbert-Poincaré series (HS) and its plethystic
logarithm (PL) are valuable tools for counting invariants
in theoretical physics. In particular, the graded Hilbert
series can encode important structural information, such as
the spurion content of each invariant, and in some cases, it
can also provide insight into their CP properties, as
discussed in [49,50]. However, in practical applications,
especially in theories involving high-rank tensors or multi-
ple spurions, the graded series can become computationally
demanding and challenging to interpret. Furthermore,
while these algebraic tools are effective for enumeration,
they often do not directly reveal the physical significance or
internal structure of the invariants.

The ring-diagram technique provides a complementary
perspective by focusing on the visual and topological
organization of invariants. This method facilitates a more
systematic classification and enables the identification of
physically meaningful combinations. It is particularly
effective in analyzing CP properties and revealing struc-
tural patterns that may not be evident through algebraic
approaches. We believe this framework offers a valuable
addition to the existing toolkit for studying invariant
structures in complex field theories.

In this work, we have further integrated the ring-diagram
approach with the Cayley-Hamilton theorem, resulting in
an automated procedure for classifying basis invariants.
This development allows us to systematically identify both
basic and joint invariants and demonstrate that sums of joint
invariants can always be expressed in terms of basic
invariants arranged in a specific order. The formalism
we present enables the following:

(i) apply the Cayley-Hamilton theorem in practice,

(ii) offer a generic method for the classification of

invariants,

(iii) automatically distinguish between CP-even and CP-
odd invariants right from their most basic levels.

Through this approach, we have revisited the SM
invariants and demonstrated the technique’s application
in identifying invariants across SMEFT up to dim-2n
(while maintaining a dim-6 core) and low energy
vSMEFT including operators of dim-5,6,7 as well as the
type-1 seesaw model. This method not only offers a new
perspective on invariant identification but also provides new
explanations for details in the classical HS and its PL,
particularly in terms of classifying basis invariants, joint
invariants, syzygies, and the negative leading numbers in PL.

The structure of invariants obtained in our paper for SM
fully matches those in [6,47]. Similarly, the CP-odd
invariants identified in SMEFT dim-6 align with the
findings in [47] using the Hilbert series. For vSMEFT
dimension 5, our method’s invariants correspond entirely
with those observed in [6]. While the total number of invariants
for YSMEFT dim-5 and —6 matches [48] based on the Hilbert
series, the number of primary invariants defined in [48]
depends on the denominator of the Hilbert series, which
could change with a different numerator. Our method enhan-
ces the presentation of CP-odd and primary invariants by
applying the Cayley-Hamilton theorem through ring dia-
grams, providing a more robust and systematic classification
which can uniformly be applied in various models.

To further evaluate the scalability of our method in more
complex symmetry settings, we consider an example based
on the type-I seesaw model with three generations of
neutrinos and a U(3) x U(3) flavor symmetry. In such
scenarios, computing the Hilbert series becomes signifi-
cantly more demanding due to the need to integrate over
multiple unitary groups and the rapidly growing number of
residues, as initially discussed in [6] and further developed
using the ungraded Hilbert series in [44]. We demonstrate
that the ring-diagram framework remains computationally
efficient in this context and exhibits more favorable scaling
behavior compared to the Hilbert series approach. This
highlights both the practicality and general applicability of
our method for analyzing flavor invariants in models with
extended symmetry structures.

In Table VI, we present a summary of the lowest order of
CP-odd invariants due to matrix properties (excluding their
complex nature), the highest order of basic invariants, and
the lowest order of joint invariants for the SM, SMEFT,
vSMEFT, and type-I seesaw models. The final column
indicates the orders greater than or equal to the sum of the
lowest order of CP-odd invariants and the lowest order of
joint invariants for each framework, except when the number
of the lowest order of joint invariants is smaller than that of
the highest-order basic invariants. In such scenarios, it lists
orders greater than the sum of the lowest order of CP-odd
and the highest order of basic invariants. This column
clarifies in which order the invariants cease, which aligns
with the appearance of negative leading numbers in the PL.
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TABLE VI. Summary of the occurrences and termination of
different types of invariants for SM, SMEFT dim-6, v-SMEFT
dim-5, v-SMEFT dim-5, 6, v»-SMEFT dim-5, 7 and type-I seesaw
models. The second column outlines the lowest order of CP-odd
invariants, while the third and the fourth columns detail the
highest order of basic invariants and the lowest order of joint
invariants, respectively. The final column delineates the order of
invariant termination.

Model LO CP-odd HO basic LO joint Termination
SM 6 4 6 > 12
SMEFT dim-6 3 4 4 >7
(dim-2n)

v-SMEFT dim-5 6 6 7 >13
v-SMEFT dim-5,6 4 6 5 > 10
v-SMEFT dim-5,7 5 6 6 > 11
Type-I seesaw 4 8 5 >9

This method can be applied in the construction of
invariants from high-rank tensors and complex structures
as well as the frameworks of multi-Higgs doublet
models (nHDMs) and nHDM-effective field theory
(nHDM-EFT) [70-73] that we plan to report in our
upcoming publications. This integrated approach aims
to fill existing gaps in the literature and provides a more
complete picture of the intricate relationship between CP
violating and electric dipole moments.
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