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We present the Batalin-Fradkin-Vilkovisky quantization of the quadratic gravity theory, which is the
most general theory with terms up to quadratic order in curvature. This approach of quantization is based on
the Hamiltonian formulation. In this sense, this study contributes to the consistency of the quantum
formulation of the theory. With this scheme of quantization, we may introduce a broad class of additional
conditions on the field variables, by including Lagrange multipliers and time derivatives. We find that a
mandatory condition for the validity of the Hamiltonian formulation, previously known from classical
analysis, can be incorporated consistently in this quantization. We obtain the propagators of the fields,
including the propagators associated with the quantum states of negative norm. The spectrum of masses
coincides with the results of Stelle [Renormalization of higher derivative quantum gravity, Phys. Rev. D 16,
953 (1977)], but distributed on a different way among the fields.
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I. INTRODUCTION

The Hamiltonian is a necessary ingredient in any
quantum system. It is the operator that determines the time
evolution, according to the postulates of quantum mechan-
ics. Additionally, the process of canonical quantization is
based on the existence of conjugated pairs that satisfy
canonical commutation relations. In many quantum field
theories, one usually deals with the path integral in terms of
the Lagrangian. But, for consistency, this approach assumes
the existence of a Hamiltonian formulation, which is
supposed to have been integrated on canonical momenta,
such that the Lagrangian in use is reproduced. In some
cases, the mathematics of the field theories may be
sufficiently complicated such that having an underlying
Hamiltonian is not obvious, despite the fact that the
majority of the quantum analyses are done on the basis
of the Lagrangian path integral. Even when the classical
Hamiltonian formulation is known, the quantization may be
delicate due to constraints, issues of gauge fixing, the
presence of unphysical degrees of freedom, or other
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factors." Therefore, it is important to go back to the basics
of the field theory and to perform analysis of the definition
of the Hamiltonian formulation and its quantization. In
particular, Hamiltonian analyses are very appropriate for
characterizing the physical degrees of freedom.

In the context of quantum gravity, the quadratic gravity
theory, which we take as the theory defined by having the
most general Lagrangian with terms up to quadratic order
in curvature (discarding topological contributions), has
been widely studied. It has been known for long [5] that
this theory contains inconsistent modes in its spectrum,
since they are quantum states with negative norm. On the
other hand, quadratic gravity is a renormalizable theory [5],
in contrast to the canonical quantization of general rela-
tivity (under the perturbative approach) [6—10]. This feature
makes the quadratic gravity an interesting theory to study,
since the ultimate theory that reconciles general relativity
with quantum mechanics has not been found, and it remains
as an essential open question in theoretical physics. One
may think that theories with higher orders in curvature
could be the answer. Indeed, counterterms of quantum
general relativity are terms of higher order in curvature. In
this sense, corrections of higher order in curvature are
natural in the quantization of the gravitational interaction.
Even in the case that the higher orders in curvature do not

'For example, in nonprojectable Hofava gravity [1,2], there are
second-class constraints that invalidate the usual Faddeev-Popov
quantization based on the Lagrangian, due to the contribution of
these constraints to the quantum measure [3,4].
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give the final fundamental theory, they arise as low-energy
effective theories of other theories like string theory. Hence,
it is interesting to study their properties even in this
scenario. For these reasons, it is worth to keep studying
the quantum properties of theories of higher order in
curvature.

Many of the analyses that have been done on quadratic
gravity have been devoted to a better understanding of the
quantum modes of its spectrum. We can mention some of
them. The negative sign arises in the propagator of certain
massive modes, and this is interpreted as a negative norm for
the one-particle states representing this propagator [5]. The
authors of Ref. [11] proposed using dressed propagators
instead of the bare propagators obtained from the usual
canonical quantization, due to the presence of these negative-
norm states. The model with only the R> term in the
Lagrangian exhibits interesting properties on its physical
degrees of freedom: while the full theory propagates tensor
and scalar modes, its perturbation around Minkowski space-
time propagates no tensor mode [12—14]. There is a special
case of values for the parameters of quadratic gravity, called
critical gravity [15], where a change of the physical features
of the propagating modes takes place. This behavior has been
also found in a model with only quadratic terms in the
Lagrangian [16], i.e., without the Einstein-Hilbert term and
the cosmological constant. Propagators are sensitive to
gauge-fixing conditions. In this sense, a general class of
gauge-fixing conditions in quadratic gravity is studied in
Ref. [17]. Scattering processes of matter particles coupled to
quadratic gravity that involve the exchange of the negative-
norm states were studied in Ref. [18]. A different kind of
coupling in this theory was analyzed in Ref. [19]. The
problem of potential violations of causality in gravity with
vertices corrected by higher-order derivatives [20], a kind of
analysis that is based on the scattering of gravitons, has
gained a great interest. The authors of Ref. [21] showed that
quadratic gravity is causal, according to the criteria intro-
duced in Ref. [20]. Solutions of the classical field equations
of quadratic gravity have also been analyzed, in some cases
adopting perturbative or asymptotic limits, in other cases
taking subcases of quadratic gravity, as the case of Weyl
gravity [22-27].

Analyses devoted to the quantization of quadratic gravity
in terms of the underlying Hamiltonian formulation are
fewer in number. The classical Hamiltonian of this theory is
known [28]; therefore, there is an initial step.2 In this study,
a form of quantization was presented, using the formalism
of the path integral developed by Faddeev [31]. This

The Hamiltonian formulation of quadratic gravity was pre-
viously analyzed in Ref. [29]. However, the rigorous proof of the
validity of the Hamiltonian based on the equivalence between the
Lagrangian and the Hamiltonian equations of motion was
presented in Ref. [28]. Another previous analysis on quadratic
gravity can be found in Ref. [30], where the Hamiltonian
formulation of the Weyl gravity theory was studied.

formalism only admits gauge-fixing conditions that are
of canonical type. A proposal for a scheme of quantization,
using the Hamiltonian formalism, that can include the
negative-norm states in the physical spectrum is given in
Ref. [32]. Further advances in the Hamiltonian formulation
of quadratic gravity, specially for the case of Weyl gravity,
can be found in Ref. [33].

The Batalin-Fradkin-Vilkovisky (BFV) formalism [34—
36] was developed to undertake the quantization of relativ-
istic systems with constraints defined in terms of the
Hamiltonian formulation, in such a way that covariant gauges
can be implemented in the quantization and the unitarity of
the theories can be scrutinized. This is a very important
approach, since the quantization of systems with first-class
constraints using the recipe of the Faddeev path integral is
limited to a certain class of gauge-fixing conditions: those
conditions that are canonical. This is the case of the
quantization presented in Ref. [28], as we have commented.
Therefore, the BFV formalism allow us to combine the
quantization in terms of the underlying Hamiltonian with a
broad class of gauge-fixing conditions, including the covar-
iant ones for the case of relativistic theories. This quantiza-
tion was implemented in general relativity [37], with the aim
of establishing its unitarity under covariant gauges.

There is a technical aspect in the Hamiltonian formulation
of quadratic gravity that affects the possible additional
conditions on the field variables one can impose. The
Hamiltonian equations of motion of this theory were pre-
sented explicitly in Ref. [27]. A consistency condition was
found in this study: the condition that the (perturbative)
spatial metric must be traceless. This is necessary in order for
the Hamiltonian formulation be equivalent to the original
covariant formulation, since the equivalence must hold at the
level of the classical equations of motion. Since the quan-
tization is based on the approach of the canonical quantiza-
tion, this is a required condition for the quantum theory.

In this paper, we study the BFV quantization of quadratic
gravity, taking the classical Hamiltonian formulation devel-
oped by Buchbinder and Lyahovich [28]. We have two
main goals: first, we want to study the complete formu-
lation of the BFV path integral, which may serve as a
master formula for a variety of quantum analysis. The BFV
formalism allows us to introduce gauge-fixing conditions
that depend on time derivatives and Lagrange multipliers.
This is required in special for covariant gauges. Parallel to
this, we want to understand the role of the mandatory
additional condition on the field variables that we have
commented, in this case at the level of the quantum theory.
Second, we study the quantum modes of the spectrum on
the basis of the BFV quantization with the appropriate
gauge-fixing condition. We study the several propagators in
order to elucidate how the inconsistent modes arise in this
Hamiltonian formalism.

This paper is organized as follows: in Sec. II, we present
the BFV quantization of the theory of quadratic gravity.
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In Sec. III, we perform the perturbative version at the
linearized order, introducing the specific gauge-fixing
condition, and we obtain the propagators. We present some
conclusions, and in the Appendix, we show the propagators
of all the quantum fields obtained under this quantization.

II. BFV PHASE SPACE, BRST CHARGE,
AND PATH INTEGRAL

Quadratic gravity is given by the covariant Lagrangian3

r— /_9(4) (Kfz R4 _ ang‘L>R(4)ﬂv +ﬁR(4)2)’ (2.1)

where k72, a, and f3 are arbitrary coupling constants. The

quantization of this theory was studied in Ref. [5], with the
aim of proving its renormalization. The starting point is that
Eq. (2.1) gives the most general action for a theory with
terms up to quadratic order in the curvature tensor,
discarding topological contributions (in our case, we do
not consider the cosmological constant). The rigorous
Hamiltonian formulation of this theory was presented in
|

v,=a—-mp, m=17273...,

y = (8av;)7!,

V, = VK, - VK.
L=K;Ki—K,

I =2KyK* — KK,

GiH = —a(g*gl! + glg*) — 20,47 g,

K= gin

Ref. [28], based on the equivalence between the Lagrangian
and Hamiltonian equations of motion. The method pre-
sented in Ref. [28] is a generalization of Ostrogradsky’s
method for the Hamiltonian formulation of systems of
higher order in time derivatives, including constraints [38].
As in general relativity, the Arnowitt-Deser-Misner (ADM)
variables N, N‘, and g;j are the appropriate ones for the
Hamiltonian formulation. For quadratic gravity, one of the
main steps is that one uses the extrinsic curvature tensor
K;j, together with its canonically conjugate momentum, as
the additional canonical variables associated with the
higher order in time derivatives. Thus, the phase space
of the classical theory is spanned by the canonical pairs
{(gij.7), (K;;, PY)}. It is convenient to introduce a non-
relativistic index A = 0, i. With this index, for example, N
and N can be denoted as a single object in the way
N4 = N, N'. In quadratic gravity, the four N* are Lagrange
multipliers, as in general relativity. We list the several
combinations we use in the Hamiltonian formulation:

i_j}d = —(4a) " (g9agj1 + 9u9x) + 1049i; 9115

QY = P =2,/g(=aR" + ¢ (k% — v, + 2PR)), 0;; =
V =g(k2(L+R)+a(L*+ R;R7 =2V, V) — B(L + R)?).

In the Hamiltonian version that we study, two conditions on
the coupling constants are imposed: a # 0 and v3 # 0. The
bulk part of the Hamiltonian is a sum of constraints, such
that the classical canonical action is

S = / did®x(x'g;; + PVK;; — NAT,),  (2.3)
where
1 . i . .
To=—=0,; 0"+ (V,~ + J,~~)P’J + 2K,z +V, 2.4)
0 2\/@ J J J J (
Ti = —2gijvkﬂ'jk - ka(KlJij) + VIK]kP]k (25)

*We put an upper label ) on spacetime tensors.

Gi_j}lekl’
(2.2)

|
The four 7', are first-class constraints, 74 = 0. Their
algebra corresponds to the algebra of spacetime diffeo-
morphisms, which are given by

{/wiTi»/rlej} = /(wiaiﬂ'i—ﬂiaiw'i>Tj,
{/wiTi,/O'TO} = /wi()iaTO,
{/pTo,/aTo} = /(pa"a—a@"p)Ti-

The physical degrees of freedom in the phase space are equal
to 16, corresponding to 8 independent physical modes.
There is a technical detail necessary to complete the
validity of this Hamiltonian formulation of quadratic
gravity. The theorem of Buchbinder and Lyahovich [28]

(2.6)
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establishes the validity of the Hamiltonian based on the
equivalence of the equations of motion with the original
Lagrangian ones. When first-class constraints are present,
they induce arbitrary functions that are not fixed by the
equations of motion. Therefore, they must be fixed for all
time by imposing additional conditions. This is equivalent
to the gauge-fixing procedure in theories with gauge
symmetries using the usual covariant Lagrangian. In the
case of quadratic gravity, when comparing the equations of
motion with the covariant ones, if k2 # 0, it turns out that
one specific additional condition must be imposed in order
to have a complete equivalence between both formulations.
Notice that this comparison must be done a the level of the
classical theory, since the quantum theory is obtained from
a canonical quantization procedure; hence we need to start
with a consistent classical Hamiltonian. We will discuss the
additional condition explicitly in the next section, using
perturbative variables.

We proceed to the BFV quantization of this theory. We
promote the Lagrange multipliers N4 associated with the
first-class constraints to the range of canonical variables.
Thus, we have the new canonical pairs (N, Py) and
(N%,7;). We can group the new momenta in one single
variable: 7, = Py, 7;. According to the BFV formalism, we
define the functions G, = T4, 7n,. In this theory, the
functions G, satisfy an involution relationship. This takes
the form of the algebra

{G,.G,} = U, G.. (2.7)

An important technical aspect, which is also present in the
canonical quantization of general relativity, is the fact that
the structure coefficients U¢, depend on the metric com-
ponents. We introduce two canonically conjugate pairs of
|

fermionic ghosts, which we denote by (7},P}) and

(n3,P3%). The splitting of these variables is 1 = 1,7},
" =m.ns5, Py =P Pl and P = P2, Pi.

Following the general BFV formalism, for this theory the

gauge-fixed quantum Hamiltonian is given by

Hy = {¥,Q}. (2.8)

Q is the generator of the Becchi-Rouet-Stora-Tyutin

(BRST) symmetry. It is defined symbolically by the
formula

1

Q =Ty + mums 5

USsintPe. (2.9)

which results, explicitly, as follows:
Q:/d3x<TA77?+”A'Ié_nliai”llP1 _,,liainfip}.)_ (2.10)

An essential consistency condition of the whole BFV
formalism, which is the basis of the BRST symmetry, is
that Q must satisfy4

{Q,Q} =0. (2.11)
We have checked that the BRST generator Q satisfies this
condition. ¥ is the gauge fermion that implements the
preferred additional conditions on the arbitrary field
variables.

The definition of the BFV path integral requires to
choose a gauge fermion ¥, and the BFV main theorem
ensures that the path integral is independent of . The path
integral takes the form

Z:/DVexp [i/dtd3x<ﬂijg,-j+Pinij+ﬂANA+73}4ﬁ?+73ii1‘§—ny)],

Notice that there is no quantum measure associated with the
first-class constraints. According to the BFV formalism, an
appropriate form of the gauge fermion that includes time
derivatives in the additional conditions is

¥ = PINA + P, (2.13)

where
NA—y4=0 (2.14)

are the conditions on the arbitrary functions to be imposed.
This procedure requires to fix the four factors y* = y, y'.
We fix the definitive form of ¥4, and consequently of the

(2.12)

Hamiltonian and the path integral, in the perturbative
approach in the next section.

III. THE LINEARIZED THEORY AND THE
PROPAGATORS

A. Linearized version of the theory:
The additional conditions

We make a convenient change of notation on the BFV
ghosts, as follows:

*Q is an odd variable, therefore Eq. (2.11) is a nontrivial
condition.

106006-4
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’7A (771,771> (c.c )
Py = (P.P}) = (P.P)).

'7124:
P}

(P, P,

C.C)).
(3.1)

(’12#15) =
= (P2 P}) = (

After integration on P, PP, P;, the remaining ghosts
C,C!,C,C; become equivalent to the Faddeev-Popov
ghosts of the covariant formulation.

A technical detail of the Hamiltonian formulation of
quadratic gravity is that a nonvanishing zeroth mode for the
momentum P¥ is required to define the Minkowski
background [27]. Thus, the perturbative variables are
defined by

0ij + h;

— i
n’

ijo N =1+n,
Pz] — 2K—25ij +]7ij,

9ij =
N! (3.2)
and for the rest of fields, we keep the original notation. We
use the three-dimensional transverse-longitudinal decom-
position for tensors: if ;; is a symmetric spatial tensor, we
decompose it in the way

1
)—i-

aij = aijA_IUL + 0( 2

(3.3)

TUO' +th’

where A = dj, and with the conditions: of, = dio}; =
0k6’,; =0, and 7;; is the tranverse projector,

;) = 6 — 0; A" (3.4)
For a spatial vector &;, we use
& =0 +¢&f, (3.5)
with 0,7 = 0. We use the combinations
n =3a—8p, = 5a—16p, ,u:%. (3.6)

As we have commented in the previous section, there is a
mandatory additional condition required to hold the validity
of the Hamiltonian formulation, which is deduced at the
level of the classical theory. One of the linearized equations
of motion derived from the canonical action (2.3) takes the
form [27]

(O + «2)0Oh" = 2(0,0 + c2)p = =22 A(hE + hT),

(3.7)

where

O=—0p+A4A,  ¢=ht-20"+n). (3.8)
On the other hand, the linearized covariant field equation
deduced from the Lagrangian (2.1) is equal to Eq. (3.7), but
with the rhs equal to zero. Therefore, the equivalence of the
classical Hamiltonian formulation with the original
Lagrangian one, in the case k=2 # 0, only holds if one
imposes the additional condition A(h% + AT) = 0. Since in
the whole formalism we are assuming spatial boundary

such that A is invertible, this condition is equivalent to

hL = —hT, (3.9)

which is equivalent to saying that the linear-order spatial
metric is traceless.

Now, we may define the general additional conditions on
the arbitrary functions. We fix the factors y* following
several rules. They are linear on the fields. They are based
on the functional condition (2.14), and include no dimen-
sional coupling constants. As a consequence, y* do not
depend on time derivatives and the possible combinations
of fields arising in them are restricted by dimensionality.
The y* are local expressions; hence only the identity and
spatial derivatives can operate on the fields. We want the
rigid (global) symmetry of spatial rotations to be preserved.
We do not consider the dependence of the additional
conditions on any ghost fields. Finally, the condition
(3.9) must be imposed as part of the additional conditions.
After these considerations, splitting y' as in Eq. (3.5), we
find the set of additional conditions:

x = oAnt + 0, (KT + Kb), (3.10)
c_Yor 7
A=t ay, (3.11)
€
2T = 63 ARL, (3.12)

where o, 0,, 03, and € are dimensionless constants. We
may take the limit € — 0, such that the combination of
Egs. (3.11) and (2.14) becomes equivalent to the condition
(3.9) in that limit.

Given the additional conditions, we may compute explic-
itly the Hamiltonian (2.8). In the following, we express the
canonical Lagrangian using the transverse-longitudinal
decomposition. Since the expressions are large, we separate
the kinetic terms from the Hamiltonian, £ = K — Hy. The
kinetic terms get an orthogonal decomposition, as follows:

106006-5
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; 1. 1 . . . 1 .. 1 . ,
K = alht + EJTT]’IT +§akn}akh,L + zrl-ThiTj + pEKE + EpTKT + Eakp,LakK,L + piTjKl-Tj

J

+ Py + 0gthopit + Tl + P C+PC + 0, PLoyCE + 0 PLo,C* + PTCT + PICT. (3.13)
We present the Hamiltonian separated in sectors,
H‘If — Hf;alar + H\\if:ctor + HE;HSOF’ (3.14)
where
1 1 .
HGH = =S yoap™ = Synp™? + yoap” pt —yp (2apA + kv AT — K yiptht
+ Pt (k720 + 2a0,A)hT + k2ynpTht + 2T KT + 272F K*
1
+yh” (20{21)4A2 — K 2ausA — EK‘_41’[> hT + yhT (k=45 + 2k 2av, A) h*
1 1
- EK_4]/(1 la —328)ht? + KT <2aA + 2K_2> KT + 2k72KE?
— 2 2KTKL + ptAn + 27t Ant + k2nARE — 2720t A(KT — K1)
—+ GIPNAI’lL + O'2PN(KT -+ KL) - €_ITLA(hT + hL)
+ PP — PEAPE + 6,CAC — 2¢7 ' CEA2CE + 6,CAPL, (3.15)
1 1 1
Hyeor = @p{‘ApiL + gpiLAhiL — b AKE + EK_Z,uhffAhiL - EK,’»‘(Q!A2 + 3k 2A)KE
— akAn! = 2k72nT AKE + o377 ARt + PTPT 4 265CTACT, (3.16)
tensor 1 T ,T T 1 T T T —25,T 3 T —2 T T
Hgmor = = 2a PiiPij + pi; EA —p | hy; + 27 KG; 4+ K7y ZA —p | hi; + 37K} K (3.17)

In order to simplify the field content of the resulting theory, the ghost fields P, P, P-, PL, P, and P can be integrated
directly.5 By doing this, we obtain the kinetic terms

A D | . : P B | .
K= nlht + EﬂThT + iak;z}akh} + zlhl; + p K" + 5 pTKT + Eakp,LakK,L

+ LKL + Pyt + ozt opit + cli] + € C +0,CL,C + 6,CEAC + €T, (3.18)

J

and the Hamiltonian for the scalar and vector sectors, as follows:

SAfter the integration, the action maintains the Hamiltonian form for all fields that are not the ghosts C, C, C!, and C;.

106006-6
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1 1 ]
MG = =S yoap™ = Synp"? + youp” pt —yp" QapA +x2vg)h" -k yiiptht

2 2

+ypr(x72n + 2a0, A AT + k2ynpTht + 2T KT + 272- K*

1
+yh! (2a204A2 — K 2ausA — EK'_47’]) hT + yhT (k=43 + 2k 2av, A) hE

1 1
- 51(“7/(1 la —32p)ht? + KT <2aA + EK_2> KT 4 2k72KL2

— 2k 2KTKL + ptAn + 2zt Ant + k2nAht — 220t A(KT — K1)
+0,PyAnt + 6,Py(KT + KE) — e 'eL A(RT + hE)

+6,CAC — 2671 TLAXCE, (3.19)
1 1 1
Hyeor = 8—pf~‘Ap,~L + gp{-‘AhiL — b AKE + EK_zﬂhll»‘Ahll»‘ - EKf‘(aAz + 3k 2A)KE
a
—abAnT = 2k72nT AKE + 6377 AR + 265CTACT. (3.20)

The Hamiltonian (3.17) of the tensor sector remains unaltered after the integration.

B. Propagators

From the previous second-order canonical Lagrangian,
we obtain the propagators of all quantum fields. We
compute the inverse of the matrix of coefficients in
Fourier space. Since in our approach, all quantum vector
and tensor fields satisfy transverse and traceless conditions,
we introduce unit orthogonal basis on these subspaces. For
the vectors, we introduce a basis {e}} on the transverse

space, such that k;e¥ = 0 and e¥e] = 5. The index x runs
for the two dimensions of the plane orthogonal to k. For the
tensors, we introduce a basis {efi} which is given by

symmetric tensors, e} = e¥, that satisfy kel =0,
efel; =&, and e} = 0. The index X runs for the two

dimensions of the transverse-traceless subspace of sym-
metric tensors. To avoid getting lost with the notation, we
maintain the same symbols for the components in each
basis. If V! is a transverse vector field, then V! = VTe?,
where V{ are unconstrained quantities. Similarly, if 77; is a
transverse-traceless tensor, TIT] = T,T(ef&. The introduction

of these components yields a Jacobian in the measure of the
path integral that depends only on the elements of the basis.
Therefore, we discard this Jacobian. In Fourier space, the
quadratic combinations of fields arising in the canonical
Lagrangian can be written in terms of these components;
for example, VI V] = ViV and T|T}; = TxT%. Since
VI T% are unconstrained, the inverse can be computed
directly in each basis.

We compute the inverse of the matrix of coefficients,
keeping arbitrary values for the dimensionless constants
coming from the conditions (3.10)—(3.12). Once the inverse
has been obtained, we send ¢ — 0. Additionally, we find a

set of values for the constants o, 0,, o3 that greatly
simplifies the resulting propagators; specially for getting
Klein-Gordon propagators in many places. These values are

1
03 = —~.

0120, 3

0 =1, (3.21)

With this choice, the complete form of the additional
conditions we impose is

ht = —h"
in=Kl+ KT,
1
al = EAhiL- (3.22)
To present the resulting propagators, with k> =
1, kK = w? — k*, we define
i
HO = p .
i
I, = ,
1 k2 —u
i
h=5——. 3.23
2 k2 +4(12}’/l ( )

These factors have the form of Klein-Gordon propagators.
They are valid in the frame defined by the ADM para-
metrization. Their poles give the quantum modes in the
propagators, as we shall see. In order to have real solutions
for the on-shell frequency w, we require u > 0. We impose
k72 >0 and a > 0, such that we have a positive k2. The
factor I, requires v; < O for the same reason.

106006-7
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We find that the quantum fields for which the poles can
be identified in the cleanest way are the fields h”, KL, and
h¥. Here, we focus on the propagators of these three fields,
and in the Appendix, we present the full list of propagators
of the BFV quantization. The diagonal propagators of the
hT, KL, hY fields take the form

(hThTY = 16iyv,]1,11,,
—I(KEKL) = a7 'T1, 6,

(hEhl) = 2ia~ 1M1, 5yy. (3.24)

The x> =0 limit (when general-relativity terms are
decoupled) provokes a discontinuity in the way the indi-
vidual modes are separated. This is related to the massless
limit for all modes. Therefore, to further characterize the
physics of the quantum modes, we must separate the totally
massless case from the other case.

Case k2 > 0: massless and massive poles. In this case,
we can separate the propagators into partial fractions, each
one with an order-one pole. We obtain

4
<th’lT> = 3’(—_2 (H2 - H]), (325)
—I(KEKE) = a7 ' 15, (3.26)
(hxhy) = k=2(Ty — I, )by (3.27)

We have then two kinds of transverse-traceless tensorial
poles: one massless (I1) and the other one massive (I;), the
last one with squared mass equal to y. The first one represents
the usual quantum modes of general relativity. The negative
sign in front of I1; in Eq. (3.27) is associated with states of
negative norm. Hence, this massive tensor is part of the
inconsistent modes arising in the spectrum of this theory.6 We
have also two kinds of scalars, both massive (I1; and I1,),
with squared masses u and 4a?|y|u. Again, the negative sign
in front of I1; in Eq. (3.25) indicates that the corresponding
mode is physically an inconsistent mode. The vectorial sector
has a unique massive mode (I1;), with squared mass y, and
with the right sign for the norm of the state. In total, these are
the eight independent modes that this theory propagates.
Case k=2 = 0: totally massless poles. In the limit k> = 0,
the three factors become equal: I1, = IT; = I, = 1/k?, with
amassless pole. From Eq. (3.24), we see that in this limit, the
scalar sector h” acquires a massless pole of second order, the
vectorial sector K% acquires a massless pole of order one, and
the transverse-traceless tensorial sector h% acquires a mass-
less pole of second order. Taking into account the double
multiplicity of the poles of second order, these massless

®We have fixed the signs of k2 and a. Other choices can
translate the negative-norm states to other poles.

modes are the eight propagating modes of the theory in the
k2 = 0 limit.

Another interesting sector is the set of BFV ghosts. By
construction, these quantum fields are aimed to eliminate
nonphysical degrees of freedom. We find that this sector is
characterized by the massless Il propagator. The repre-
sentative of the scalar and vectorial sectors are, respec-
tively,

(CC) = I, (3.28)

(CICY) = —TNy6,y, (3.29)
whereas the propagator (C*CL) is zero under the con-
ditions we are using.

IV. CONCLUSIONS

We have presented the BFV quantization of the quadratic
gravity theory. It is based on the framework of the
Hamiltonian formulation, which was developed by
Buchbinder and Lyahovich [28]. Instead of defining a
quantum measure, the BFV quantization manages the first-
class constraints in terms of auxiliary fields. This procedure
has allowed us to obtain the full quantum canonical
Lagrangian. Hence, the path integral we have obtained
can be used directly for computations of diagrams, once it
is expanded at the required order in perturbations. We have
analyzed the gauge-fixing procedure from two perspec-
tives: first, we have a mandatory condition necessary for the
equivalence of the Hamiltonian formulation with the
Lagrangian one. Second, we have studied the most general
additional conditions based on very reasonable assump-
tions, as the features that they are local expressions, they do
not introduce dimensional constants and they do not break
the symmetry of spatial rotations. We have succeeded in
making compatible both requirements, using the predefined
form for fixing the additional conditions given in the BFV
formalism. In this framework, there is a remaining BRST
symmetry. We have computed the associated generator of
this symmetry.

After introducing the additional conditions, we have
computed the propagators of all quantum fields. Among
them, there are propagators that lead to one-particle states
with negative norm, in agreement with the results of Stelle
in the Lagrangian approach [5]. The masses of the poles
depend on having active the general-relativity terms; that is,
they are proportional to k2. In this case, we have found five
classes of modes: the massless transverse-traceless tenso-
rial modes that one usually associates with the graviton of
general relativity; a massive transverse-traceless tensorial
mode, which is one of the negative-norm states; one
massive transverse vector; and two massive scalars of
different masses, one with positive norm and the other
one with negative norm. It turns out that the negative-norm
tensor and scalar modes have exactly the same mass as the
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vector mode, which has a positive norm. In the limit
k2 = 0, all modes becomes massless.

The values of the masses we have found in this study
equal the results of the spectrum found by Stelle in Ref. [5],
but distributed in a different way since we are using a
different formalism for the quantum fields and a different
(noncovariant) longitudinal-transverse decomposition. It
would be interesting to delve deeper into this distribution
of the problematic modes, since they arise in the tensor,
vector, and scalar sectors, but with different signs of the
propagators. For example, one could compute specific
diagrams to study if there are some cancellations between
the propagators of these modes.

An analysis that may continue this study is the problem
of the integration on momenta, such that the (covariant)
Lagrangian of the theory is obtained at the quantum level.
This is very important for studying aspects such as the
resulting quantum measure, a problem that was already
pointed out by Buchbinder and Lyahovich [28] using the
Faddeev’s scheme of quantization [31], and to check the
validity of the standard Faddeev-Popov quantization that
has been usually used in the quadratic gravity theory. This
problem requires an appropriate use of the perturbative
approach to implement the integration, since the explicit
additional conditions are imposed in terms of the pertur-
bative variables.

In implementation of the BFV quantization, we have
used a specific additional condition, which is the vanishing

(KTh™) = 16iyv,I1,11,,
(hERE) = (hThT),
(KTKT) = 4iyv,0*11,11,,
(KEKL) = —iya? ASTIAIL I,

<nn> = —l]/Ay,H%Hl Hz,

of the trace of the perturbative spatial metric. As we have
commented, this is mandatory to hold the equivalence
between the Hamiltonian and Lagrangian equations of
motion. Several questions arise about this condition;
specifically when one wonders about perturbations around
different backgrounds, or at the nonperturbative level. The
condition of the vanishing of the trace in perturbations
around Minkowski spacetime was found computationally
in Ref. [27]. More analyses are required to elucidate
whether this is a genuine feature of the complete, non-
perturbative theory. Similarly, analysis of perturbations
around other backgrounds may help us to understand this
feature.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX: PROPAGATORS OF THE BFV
QUANTIZATION

In this appendix, we present the full list of propagators
for the quantum fields involved in the BFV quantization of
quadratic gravity, under the conditions (3.21). We present
only the nonzero diagonal propagators.

The propagators of the scalar sector are characterized by
the I1; and II, factors. The propagators are

<”T”T> = 4iy A\ 1111,
(rlat) = =iy @? AJBI L,
(pTp™)y = =16iy AT IT,,

(Pt p*) = 16iy v I1,,

The propagators of the vectorial sector have in common the I1; factor:

—I(hERE) = 407 @?TRIL, 5,

—*(KEKEY = a7 'T1,6,

v

(ninl) =a™ KTI2IT, Syy-

2
R (ntnl) = iy%Agl'I(z)Hle. (A1)
R (akat) = 4k pTTi6,,
_k2 <p)lclp€l> = 4A6H(2)H15xy»
(A2)

The propagators of transverse-traceless tensorial sector are characterized by the presence of the I, and I1; factors. The

propagators are

<h§h§> = 2ia_1H0H1(Sxy,

KIKD) = mom,s
XHy 2a ot419xy»

(pxpy) = —2ik2(3k* — 4u)II 01, 5xy.

2

iK™
mymy) = TA7H0H15XYa

(A3)
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For the ghost sector, the only nonzero propagators are those shown in Egs. (3.28) and (3.29). In the previous expressions, we

have introduced the combinations

Al = —(1)2(4(121}”4]_54 —+ 2]('_2(11}1‘5]_()2 - K_4l)3|8) + (12(]_()2 + ﬂ) (4]_()2 - y)(Zlel? — K'_2>,

72 74 _ 7 72 T4 2
Ay = 2070, 30° (4k™ — 5p) — 0* (4%vs) 16k — 2K 2avgpok” — kM0 1130) 4 207k” (4@Pvyk — K2 awy 13k — k01 32)

74 74 — 72 —
—k (4(121)”4]{ +2K 20{1)1|1k — K 4011|32),

Az = 3aw* - aw2(2122 +3u) + %2(03|8£2 —k72),

A4 = Uy ]|32(l)4 — 0)2(21)]7‘48]_6)2 - SK_Z) + 9]_52(1)3‘8]_()2 - K_z),

AS = 1)3‘8(04 — a)2(205“6l€2 - K_2) + ]}’Z(Dl ]|32]_€2 - SK_2)7
As = =4k 2ue? + k2 (30? + K2k — ak*k*,
Ay = (3K* + 4u)k> + uk*,

where

Uplp = ma — np,

(such that v,, = vy},,, 1 = v33 and 7j = vs|16).
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