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We present the Batalin-Fradkin-Vilkovisky quantization of the quadratic gravity theory, which is the
most general theory with terms up to quadratic order in curvature. This approach of quantization is based on
the Hamiltonian formulation. In this sense, this study contributes to the consistency of the quantum
formulation of the theory. With this scheme of quantization, we may introduce a broad class of additional
conditions on the field variables, by including Lagrange multipliers and time derivatives. We find that a
mandatory condition for the validity of the Hamiltonian formulation, previously known from classical
analysis, can be incorporated consistently in this quantization. We obtain the propagators of the fields,
including the propagators associated with the quantum states of negative norm. The spectrum of masses
coincides with the results of Stelle [Renormalization of higher derivative quantum gravity, Phys. Rev. D 16,
953 (1977)], but distributed on a different way among the fields.
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I. INTRODUCTION

The Hamiltonian is a necessary ingredient in any
quantum system. It is the operator that determines the time
evolution, according to the postulates of quantum mechan-
ics. Additionally, the process of canonical quantization is
based on the existence of conjugated pairs that satisfy
canonical commutation relations. In many quantum field
theories, one usually deals with the path integral in terms of
the Lagrangian. But, for consistency, this approach assumes
the existence of a Hamiltonian formulation, which is
supposed to have been integrated on canonical momenta,
such that the Lagrangian in use is reproduced. In some
cases, the mathematics of the field theories may be
sufficiently complicated such that having an underlying
Hamiltonian is not obvious, despite the fact that the
majority of the quantum analyses are done on the basis
of the Lagrangian path integral. Even when the classical
Hamiltonian formulation is known, the quantization may be
delicate due to constraints, issues of gauge fixing, the
presence of unphysical degrees of freedom, or other

factors.1 Therefore, it is important to go back to the basics
of the field theory and to perform analysis of the definition
of the Hamiltonian formulation and its quantization. In
particular, Hamiltonian analyses are very appropriate for
characterizing the physical degrees of freedom.
In the context of quantum gravity, the quadratic gravity

theory, which we take as the theory defined by having the
most general Lagrangian with terms up to quadratic order
in curvature (discarding topological contributions), has
been widely studied. It has been known for long [5] that
this theory contains inconsistent modes in its spectrum,
since they are quantum states with negative norm. On the
other hand, quadratic gravity is a renormalizable theory [5],
in contrast to the canonical quantization of general rela-
tivity (under the perturbative approach) [6–10]. This feature
makes the quadratic gravity an interesting theory to study,
since the ultimate theory that reconciles general relativity
with quantummechanics has not been found, and it remains
as an essential open question in theoretical physics. One
may think that theories with higher orders in curvature
could be the answer. Indeed, counterterms of quantum
general relativity are terms of higher order in curvature. In
this sense, corrections of higher order in curvature are
natural in the quantization of the gravitational interaction.
Even in the case that the higher orders in curvature do not
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1For example, in nonprojectable Hořava gravity [1,2], there are
second-class constraints that invalidate the usual Faddeev-Popov
quantization based on the Lagrangian, due to the contribution of
these constraints to the quantum measure [3,4].
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give the final fundamental theory, they arise as low-energy
effective theories of other theories like string theory. Hence,
it is interesting to study their properties even in this
scenario. For these reasons, it is worth to keep studying
the quantum properties of theories of higher order in
curvature.
Many of the analyses that have been done on quadratic

gravity have been devoted to a better understanding of the
quantum modes of its spectrum. We can mention some of
them. The negative sign arises in the propagator of certain
massive modes, and this is interpreted as a negative norm for
the one-particle states representing this propagator [5]. The
authors of Ref. [11] proposed using dressed propagators
instead of the bare propagators obtained from the usual
canonical quantization, due to the presence of these negative-
norm states. The model with only the R2 term in the
Lagrangian exhibits interesting properties on its physical
degrees of freedom: while the full theory propagates tensor
and scalar modes, its perturbation aroundMinkowski space-
time propagates no tensor mode [12–14]. There is a special
case of values for the parameters of quadratic gravity, called
critical gravity [15], where a change of the physical features
of the propagatingmodes takes place. This behavior has been
also found in a model with only quadratic terms in the
Lagrangian [16], i.e., without the Einstein-Hilbert term and
the cosmological constant. Propagators are sensitive to
gauge-fixing conditions. In this sense, a general class of
gauge-fixing conditions in quadratic gravity is studied in
Ref. [17]. Scattering processes of matter particles coupled to
quadratic gravity that involve the exchange of the negative-
norm states were studied in Ref. [18]. A different kind of
coupling in this theory was analyzed in Ref. [19]. The
problem of potential violations of causality in gravity with
vertices corrected by higher-order derivatives [20], a kind of
analysis that is based on the scattering of gravitons, has
gained a great interest. The authors of Ref. [21] showed that
quadratic gravity is causal, according to the criteria intro-
duced in Ref. [20]. Solutions of the classical field equations
of quadratic gravity have also been analyzed, in some cases
adopting perturbative or asymptotic limits, in other cases
taking subcases of quadratic gravity, as the case of Weyl
gravity [22–27].
Analyses devoted to the quantization of quadratic gravity

in terms of the underlying Hamiltonian formulation are
fewer in number. The classical Hamiltonian of this theory is
known [28]; therefore, there is an initial step.2 In this study,
a form of quantization was presented, using the formalism
of the path integral developed by Faddeev [31]. This

formalism only admits gauge-fixing conditions that are
of canonical type. A proposal for a scheme of quantization,
using the Hamiltonian formalism, that can include the
negative-norm states in the physical spectrum is given in
Ref. [32]. Further advances in the Hamiltonian formulation
of quadratic gravity, specially for the case of Weyl gravity,
can be found in Ref. [33].
The Batalin-Fradkin-Vilkovisky (BFV) formalism [34–

36] was developed to undertake the quantization of relativ-
istic systems with constraints defined in terms of the
Hamiltonian formulation, in such away that covariant gauges
can be implemented in the quantization and the unitarity of
the theories can be scrutinized. This is a very important
approach, since the quantization of systems with first-class
constraints using the recipe of the Faddeev path integral is
limited to a certain class of gauge-fixing conditions: those
conditions that are canonical. This is the case of the
quantization presented in Ref. [28], as we have commented.
Therefore, the BFV formalism allow us to combine the
quantization in terms of the underlying Hamiltonian with a
broad class of gauge-fixing conditions, including the covar-
iant ones for the case of relativistic theories. This quantiza-
tion was implemented in general relativity [37], with the aim
of establishing its unitarity under covariant gauges.
There is a technical aspect in the Hamiltonian formulation

of quadratic gravity that affects the possible additional
conditions on the field variables one can impose. The
Hamiltonian equations of motion of this theory were pre-
sented explicitly in Ref. [27]. A consistency condition was
found in this study: the condition that the (perturbative)
spatial metricmust be traceless. This is necessary in order for
the Hamiltonian formulation be equivalent to the original
covariant formulation, since the equivalence must hold at the
level of the classical equations of motion. Since the quan-
tization is based on the approach of the canonical quantiza-
tion, this is a required condition for the quantum theory.
In this paper, we study the BFV quantization of quadratic

gravity, taking the classical Hamiltonian formulation devel-
oped by Buchbinder and Lyahovich [28]. We have two
main goals: first, we want to study the complete formu-
lation of the BFV path integral, which may serve as a
master formula for a variety of quantum analysis. The BFV
formalism allows us to introduce gauge-fixing conditions
that depend on time derivatives and Lagrange multipliers.
This is required in special for covariant gauges. Parallel to
this, we want to understand the role of the mandatory
additional condition on the field variables that we have
commented, in this case at the level of the quantum theory.
Second, we study the quantum modes of the spectrum on
the basis of the BFV quantization with the appropriate
gauge-fixing condition. We study the several propagators in
order to elucidate how the inconsistent modes arise in this
Hamiltonian formalism.
This paper is organized as follows: in Sec. II, we present

the BFV quantization of the theory of quadratic gravity.

2The Hamiltonian formulation of quadratic gravity was pre-
viously analyzed in Ref. [29]. However, the rigorous proof of the
validity of the Hamiltonian based on the equivalence between the
Lagrangian and the Hamiltonian equations of motion was
presented in Ref. [28]. Another previous analysis on quadratic
gravity can be found in Ref. [30], where the Hamiltonian
formulation of the Weyl gravity theory was studied.
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In Sec. III, we perform the perturbative version at the
linearized order, introducing the specific gauge-fixing
condition, and we obtain the propagators. We present some
conclusions, and in the Appendix, we show the propagators
of all the quantum fields obtained under this quantization.

II. BFV PHASE SPACE, BRST CHARGE,
AND PATH INTEGRAL

Quadratic gravity is given by the covariant Lagrangian3

L ¼
ffiffiffiffiffiffiffiffiffiffiffi
−gð4Þ

q �
κ−2 Rð4Þ − αRð4Þ

μν Rð4Þμν þ βRð4Þ2
�
; ð2:1Þ

where κ−2, α, and β are arbitrary coupling constants. The
quantization of this theory was studied in Ref. [5], with the
aim of proving its renormalization. The starting point is that
Eq. (2.1) gives the most general action for a theory with
terms up to quadratic order in the curvature tensor,
discarding topological contributions (in our case, we do
not consider the cosmological constant). The rigorous
Hamiltonian formulation of this theory was presented in

Ref. [28], based on the equivalence between the Lagrangian
and Hamiltonian equations of motion. The method pre-
sented in Ref. [28] is a generalization of Ostrogradsky’s
method for the Hamiltonian formulation of systems of
higher order in time derivatives, including constraints [38].
As in general relativity, the Arnowitt-Deser-Misner (ADM)
variables N;Ni, and gij are the appropriate ones for the
Hamiltonian formulation. For quadratic gravity, one of the
main steps is that one uses the extrinsic curvature tensor
Kij, together with its canonically conjugate momentum, as
the additional canonical variables associated with the
higher order in time derivatives. Thus, the phase space
of the classical theory is spanned by the canonical pairs
fðgij; πijÞ; ðKij; PijÞg. It is convenient to introduce a non-
relativistic index A ¼ 0; i. With this index, for example, N
and Ni can be denoted as a single object in the way
NA ¼ N;Ni. In quadratic gravity, the four NA are Lagrange
multipliers, as in general relativity. We list the several
combinations we use in the Hamiltonian formulation:

υm ¼ α −mβ; m ¼ 1; 2; 3…;

γ ¼ ð8αυ3Þ−1;
Vi ¼ ∇jKij −∇iK;

L ¼ KijKij − K2; K ¼ gijKij;

Jij ¼ 2KikKj
k − KijK;

Gijkl ¼ −αðgikgjl þ gilgjkÞ − 2υ4gij gkl;

G−1
ijkl ¼ −ð4αÞ−1ðgikgjl þ gilgjkÞ þ γυ4gijgkl;

Qij ¼ Pij − 2
ffiffiffi
g

p ð−αRij þ gijðκ−2 − υ2Lþ 2βRÞÞ; Q̃ij ¼ G−1
ijklQ

kl;

V ¼ ffiffiffi
g

p ðκ−2ðLþ RÞ þ αðL2 þ RijRij − 2ViViÞ − βðLþ RÞ2Þ: ð2:2Þ

In the Hamiltonian version that we study, two conditions on
the coupling constants are imposed: α ≠ 0 and υ3 ≠ 0. The
bulk part of the Hamiltonian is a sum of constraints, such
that the classical canonical action is

S ¼
Z

dtd3xðπijġij þ PijK̇ij − NATAÞ; ð2:3Þ

where

T0 ¼
1

2
ffiffiffi
g

p Q̃ijQij þ ð∇ij þ JijÞPij þ 2Kijπ
ij þ V; ð2:4Þ

Ti ¼ −2gij∇kπ
jk − 2∇kðKijPjkÞ þ∇iKjkPjk: ð2:5Þ

The four TA are first-class constraints, TA ¼ 0. Their
algebra corresponds to the algebra of spacetime diffeo-
morphisms, which are given by

�Z
ωiTi;

Z
ηjTj

�
¼

Z
ðωi

∂iη
j − ηi∂iω

jÞTj;

�Z
ωiTi;

Z
σT0

�
¼

Z
ωi
∂iσT0;

�Z
ρT0;

Z
σT0

�
¼

Z
ðρ∂iσ − σ∂iρÞTi: ð2:6Þ

The physical degrees of freedom in the phase space are equal
to 16, corresponding to 8 independent physical modes.
There is a technical detail necessary to complete the

validity of this Hamiltonian formulation of quadratic
gravity. The theorem of Buchbinder and Lyahovich [28]3We put an upper label ð4Þ on spacetime tensors.
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establishes the validity of the Hamiltonian based on the
equivalence of the equations of motion with the original
Lagrangian ones. When first-class constraints are present,
they induce arbitrary functions that are not fixed by the
equations of motion. Therefore, they must be fixed for all
time by imposing additional conditions. This is equivalent
to the gauge-fixing procedure in theories with gauge
symmetries using the usual covariant Lagrangian. In the
case of quadratic gravity, when comparing the equations of
motion with the covariant ones, if κ−2 ≠ 0, it turns out that
one specific additional condition must be imposed in order
to have a complete equivalence between both formulations.
Notice that this comparison must be done a the level of the
classical theory, since the quantum theory is obtained from
a canonical quantization procedure; hence we need to start
with a consistent classical Hamiltonian. We will discuss the
additional condition explicitly in the next section, using
perturbative variables.
We proceed to the BFV quantization of this theory. We

promote the Lagrange multipliers NA associated with the
first-class constraints to the range of canonical variables.
Thus, we have the new canonical pairs ðN;PNÞ and
ðNi; τiÞ. We can group the new momenta in one single
variable: πA ¼ PN; τi. According to the BFV formalism, we
define the functions Ga ¼ TA; πA. In this theory, the
functions Ga satisfy an involution relationship. This takes
the form of the algebra

fGa;Gbg ¼ Uc
abGc: ð2:7Þ

An important technical aspect, which is also present in the
canonical quantization of general relativity, is the fact that
the structure coefficients Uc

ab depend on the metric com-
ponents. We introduce two canonically conjugate pairs of

fermionic ghosts, which we denote by ðηA1 ;P1
AÞ and

ðηA2 ;P2
AÞ. The splitting of these variables is ηA1 ¼ η1; ηk1,

ηA2 ¼ η2; ηk2, P
1
A ¼ P1;P1

k, and P2
A ¼ P2;P2

k.
Following the general BFV formalism, for this theory the

gauge-fixed quantum Hamiltonian is given by

HΨ ¼ fΨ;Ωg: ð2:8Þ

Ω is the generator of the Becchi-Rouet-Stora-Tyutin
(BRST) symmetry. It is defined symbolically by the
formula

Ω ¼ TAη
A
1 þ πAη

A
2 −

1

2
UC

ABη
A
1 η

B
1P

1
C; ð2:9Þ

which results, explicitly, as follows:

Ω¼
Z

d3xðTAη
A
1 þπAη

A
2 −ηi1∂iη1P

1−ηi1∂iη
j
1P

1
jÞ: ð2:10Þ

An essential consistency condition of the whole BFV
formalism, which is the basis of the BRST symmetry, is
that Ω must satisfy4

fΩ;Ωg ¼ 0: ð2:11Þ

We have checked that the BRST generator Ω satisfies this
condition. Ψ is the gauge fermion that implements the
preferred additional conditions on the arbitrary field
variables.
The definition of the BFV path integral requires to

choose a gauge fermion Ψ, and the BFV main theorem
ensures that the path integral is independent of Ψ. The path
integral takes the form

Z ¼
Z

DV exp

�
i
Z

dtd3x

�
πijġij þ PijK̇ij þ πAṄA þ P1

Aη̇
A
1 þ P2

Aη̇
A
2 −HΨ

	

;

DV ¼ DgijDπijDKijDPijDNADπADηA1DP1
ADηA2DP2

A: ð2:12Þ

Notice that there is no quantummeasure associated with the
first-class constraints. According to the BFV formalism, an
appropriate form of the gauge fermion that includes time
derivatives in the additional conditions is

Ψ ¼ P1
AN

A þ P2
Aχ

A; ð2:13Þ

where

ṄA − χA ¼ 0 ð2:14Þ

are the conditions on the arbitrary functions to be imposed.
This procedure requires to fix the four factors χA ¼ χ; χi.
We fix the definitive form of χA, and consequently of the

Hamiltonian and the path integral, in the perturbative
approach in the next section.

III. THE LINEARIZED THEORY AND THE
PROPAGATORS

A. Linearized version of the theory:
The additional conditions

We make a convenient change of notation on the BFV
ghosts, as follows:

4Ω is an odd variable, therefore Eq. (2.11) is a nontrivial
condition.
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ηA1 ¼ ðη1; ηi1Þ ¼ ðC;CiÞ; ηA2 ¼ ðη2; ηi2Þ ¼ ðP;PiÞ;
P1

A ¼ ðP1;P1
i Þ ¼ ðP̄; P̄iÞ; P2

A ¼ ðP2;P2
i Þ ¼ ðC̄; C̄iÞ:

ð3:1Þ

After integration on P;Pi; P̄; P̄i, the remaining ghosts
C;Ci; C̄; C̄i become equivalent to the Faddeev-Popov
ghosts of the covariant formulation.
A technical detail of the Hamiltonian formulation of

quadratic gravity is that a nonvanishing zeroth mode for the
momentum Pij is required to define the Minkowski
background [27]. Thus, the perturbative variables are
defined by

gij ¼ δij þ hij; N ¼ 1þ n;

Ni ¼ ni; Pij ¼ 2κ−2δij þ pij; ð3:2Þ

and for the rest of fields, we keep the original notation. We
use the three-dimensional transverse-longitudinal decom-
position for tensors: if σij is a symmetric spatial tensor, we
decompose it in the way

σij ¼ ∂ijΔ−1σL þ ∂ðiσLjÞ þ
1

2
τijσ

T þ σTij; ð3:3Þ

where Δ ¼ ∂kk, and with the conditions: σTkk ¼ ∂kσ
T
kj ¼

∂kσ
L
k ¼ 0, and τij is the tranverse projector,

τij ¼ δij − ∂ijΔ−1: ð3:4Þ

For a spatial vector ξi, we use

ξi ¼ ∂iξ
L þ ξTi ; ð3:5Þ

with ∂kξ
T
k ¼ 0. We use the combinations

η ¼ 3α − 8β; η̃ ¼ 5α − 16β; μ ¼ κ−2

α
: ð3:6Þ

As we have commented in the previous section, there is a
mandatory additional condition required to hold the validity
of the Hamiltonian formulation, which is deduced at the
level of the classical theory. One of the linearized equations
of motion derived from the canonical action (2.3) takes the
form [27]

ðη□þ κ−2Þ□hT − 2ðυ4□þ κ−2Þϕ ¼ −2κ−2ΔðhL þ hTÞ;
ð3:7Þ

where

□ ¼ −∂00 þ Δ; ϕ ¼ ḧL − 2ΔðṅL þ nÞ: ð3:8Þ

On the other hand, the linearized covariant field equation
deduced from the Lagrangian (2.1) is equal to Eq. (3.7), but
with the rhs equal to zero. Therefore, the equivalence of the
classical Hamiltonian formulation with the original
Lagrangian one, in the case κ−2 ≠ 0, only holds if one
imposes the additional condition ΔðhL þ hTÞ ¼ 0. Since in
the whole formalism we are assuming spatial boundary
such that Δ is invertible, this condition is equivalent to

hL ¼ −hT; ð3:9Þ

which is equivalent to saying that the linear-order spatial
metric is traceless.
Now, we may define the general additional conditions on

the arbitrary functions. We fix the factors χA following
several rules. They are linear on the fields. They are based
on the functional condition (2.14), and include no dimen-
sional coupling constants. As a consequence, χA do not
depend on time derivatives and the possible combinations
of fields arising in them are restricted by dimensionality.
The χA are local expressions; hence only the identity and
spatial derivatives can operate on the fields. We want the
rigid (global) symmetry of spatial rotations to be preserved.
We do not consider the dependence of the additional
conditions on any ghost fields. Finally, the condition
(3.9) must be imposed as part of the additional conditions.
After these considerations, splitting χi as in Eq. (3.5), we
find the set of additional conditions:

χ ¼ σ1ΔnL þ σ2ðKT þ KLÞ; ð3:10Þ

χL ¼ 1

ϵ
ðhL þ hTÞ; ð3:11Þ

χTi ¼ σ3ΔhLi ; ð3:12Þ

where σ1, σ2, σ3, and ϵ are dimensionless constants. We
may take the limit ϵ → 0, such that the combination of
Eqs. (3.11) and (2.14) becomes equivalent to the condition
(3.9) in that limit.
Given the additional conditions, we may compute explic-

itly the Hamiltonian (2.8). In the following, we express the
canonical Lagrangian using the transverse-longitudinal
decomposition. Since the expressions are large, we separate
the kinetic terms from the Hamiltonian, L ¼ K −HΨ. The
kinetic terms get an orthogonal decomposition, as follows:
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K ¼ πLḣL þ 1

2
πTḣT þ 1

2
∂kπ

L
l ∂kḣ

L
l þ πTijḣ

T
ij þ pLK̇L þ 1

2
pTK̇T þ 1

2
∂kpL

l ∂kK̇
L
l þ pT

ijK̇
T
ij

þ PNṅþ ∂kτ
L
∂kṅL þ τTk ṅ

T
k þ P̄ ĊþP ˙̄Cþ ∂kP̄L

∂kĊL þ ∂kPL
∂k

˙̄CL þ P̄T
k Ċ

T
k þ PT

k
˙̄CT
k : ð3:13Þ

We present the Hamiltonian separated in sectors,

HΨ ¼ Hscalar
Ψ þHvector

Ψ þHtensor
Ψ ; ð3:14Þ

where

Hscalar
Ψ ¼ −

1

2
γυ2pT2 −

1

2
γηpL2 þ γυ4pTpL − γpTð2αβΔþ κ−2υ4ÞhT − κ−2γη̃pLhL

þ γpLðκ−2ηþ 2αυ4ΔÞhT þ κ−2γηpThL þ πTKT þ 2πLKL

þ γhT
�
2α2υ4Δ2 − κ−2αυ5Δ −

1

2
κ−4η

	
hT þ γhTðκ−4η̃þ 2κ−2αυ2ΔÞhL

−
1

2
κ−4γð11α − 32βÞhL2 þ KT

�
2αΔþ 1

2
κ−2

	
KT þ 2κ−2KL2

− 2κ−2KTKL þ pLΔnþ 2πLΔnL þ κ−2nΔhL − 2κ−2nLΔðKT − KLÞ
þ σ1PNΔnL þ σ2PNðKT þ KLÞ − ϵ−1τLΔðhT þ hLÞ
þ P̄P − P̄LΔPL þ σ2C̄ΔC − 2ϵ−1C̄LΔ2CL þ σ1C̄ΔPL; ð3:15Þ

Hvector
Ψ ¼ 1

8α
pL
i ΔpL

i þ μ

2
pL
i ΔhLi − πLi ΔKL

i þ 1

2
κ−2μhLi ΔhLi −

1

2
KL

i ðαΔ2 þ 3κ−2ΔÞKL
i

− πLi ΔnTi − 2κ−2nTi ΔKL
i þ σ3τ

T
i ΔhLi þ P̄T

i P
T
i þ 2σ3C̄T

i ΔCT
i ; ð3:16Þ

Htensor
Ψ ¼ −

1

4α
pT
ijp

T
ij þ pT

ij

�
1

2
Δ − μ

	
hTij þ 2πTij K

T
ij þ κ−2hTij

�
3

4
Δ − μ

	
hTij þ 3κ−2KT

ij K
T
ij: ð3:17Þ

In order to simplify the field content of the resulting theory, the ghost fields P, P̄, PL, P̄L, PT
i , and P̄

T
i can be integrated

directly.5 By doing this, we obtain the kinetic terms

K ¼ πLḣL þ 1

2
πTḣT þ 1

2
∂kπ

L
l ∂kḣ

L
l þ πTijḣ

T
ij þ pLK̇L þ 1

2
pTK̇T þ 1

2
∂kpL

l ∂kK̇
L
l

þ pT
ijK̇

T
ij þ PNṅþ ∂kτ

L
∂kṅL þ τTk ṅ

T
k þ Ċ ˙̄Cþ∂kĊL

∂k
˙̄CL þ σ1ĊLΔC̄þ ĊT

i
˙̄CT
i ; ð3:18Þ

and the Hamiltonian for the scalar and vector sectors, as follows:

5After the integration, the action maintains the Hamiltonian form for all fields that are not the ghosts C; C̄; Ci, and C̄i.
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Hscalar
Ψ ¼ −

1

2
γυ2pT2 −

1

2
γηpL2 þ γυ4pTpL − γpTð2αβΔþ κ−2υ4ÞhT − κ−2γη̃pLhL

þ γpLðκ−2ηþ 2αυ4ΔÞhT þ κ−2γηpThL þ πTKT þ 2πLKL

þ γhT
�
2α2υ4Δ2 − κ−2αυ5Δ −

1

2
κ−4η

	
hT þ γhTðκ−4η̃þ 2κ−2αυ2ΔÞhL

−
1

2
κ−4γð11α − 32βÞhL2 þ KT

�
2αΔþ 1

2
κ−2

	
KT þ 2κ−2KL2

− 2κ−2KTKL þ pLΔnþ 2πLΔnL þ κ−2nΔhL − 2κ−2nLΔðKT − KLÞ
þ σ1PNΔnL þ σ2PNðKT þ KLÞ − ϵ−1τLΔðhT þ hLÞ
þ σ2C̄ΔC − 2ϵ−1C̄LΔ2CL; ð3:19Þ

Hvector
Ψ ¼ 1

8α
pL
i ΔpL

i þ μ

2
pL
i ΔhLi − πLi ΔKL

i þ 1

2
κ−2μhLi ΔhLi −

1

2
KL

i ðαΔ2 þ 3κ−2ΔÞKL
i

− πLi ΔnTi − 2κ−2nTi ΔKL
i þ σ3τ

T
i ΔhLi þ 2σ3C̄T

i ΔCT
i : ð3:20Þ

The Hamiltonian (3.17) of the tensor sector remains unaltered after the integration.

B. Propagators

From the previous second-order canonical Lagrangian,
we obtain the propagators of all quantum fields. We
compute the inverse of the matrix of coefficients in
Fourier space. Since in our approach, all quantum vector
and tensor fields satisfy transverse and traceless conditions,
we introduce unit orthogonal basis on these subspaces. For
the vectors, we introduce a basis fexi g on the transverse
space, such that k⃗iexi ¼ 0 and exi e

y
i ¼ δxy. The index x runs

for the two dimensions of the plane orthogonal to k⃗. For the
tensors, we introduce a basis feXijg, which is given by

symmetric tensors, eXij ¼ eXji, that satisfy k⃗ieXij ¼ 0,
eXije

Y
ij ¼ δXY , and eXii ¼ 0. The index X runs for the two

dimensions of the transverse-traceless subspace of sym-
metric tensors. To avoid getting lost with the notation, we
maintain the same symbols for the components in each
basis. If VT

i is a transverse vector field, then VT
i ¼ VT

x exi ,
where VT

x are unconstrained quantities. Similarly, if TT
ij is a

transverse-traceless tensor, TT
ij ¼ TT

Xe
X
ij. The introduction

of these components yields a Jacobian in the measure of the
path integral that depends only on the elements of the basis.
Therefore, we discard this Jacobian. In Fourier space, the
quadratic combinations of fields arising in the canonical
Lagrangian can be written in terms of these components;
for example, VT

i V
T
i ¼ VT

xVT
x and TT

ijT
T
ij ¼ TT

XT
T
X. Since

VT
x ; TT

X are unconstrained, the inverse can be computed
directly in each basis.
We compute the inverse of the matrix of coefficients,

keeping arbitrary values for the dimensionless constants
coming from the conditions (3.10)–(3.12). Once the inverse
has been obtained, we send ϵ → 0. Additionally, we find a

set of values for the constants σ1, σ2, σ3 that greatly
simplifies the resulting propagators; specially for getting
Klein-Gordon propagators in many places. These values are

σ1 ¼ 0; σ2 ¼ 1; σ3 ¼
1

2
: ð3:21Þ

With this choice, the complete form of the additional
conditions we impose is

hL ¼ −hT;

ṅ ¼ KL þ KT;

ṅTi ¼ 1

2
ΔhLi : ð3:22Þ

To present the resulting propagators, with k2 ≡
−ημνkμkν ¼ ω2 − k⃗2, we define

Π0 ¼
i
k2

;

Π1 ¼
i

k2 − μ
;

Π2 ¼
i

k2 þ 4α2γμ
: ð3:23Þ

These factors have the form of Klein-Gordon propagators.
They are valid in the frame defined by the ADM para-
metrization. Their poles give the quantum modes in the
propagators, as we shall see. In order to have real solutions
for the on-shell frequency ω, we require μ ≥ 0. We impose
κ−2 ≥ 0 and α > 0, such that we have a positive κ−2. The
factor Π2 requires υ3 < 0 for the same reason.
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We find that the quantum fields for which the poles can
be identified in the cleanest way are the fields hT; KL

x , and
hTX. Here, we focus on the propagators of these three fields,
and in the Appendix, we present the full list of propagators
of the BFV quantization. The diagonal propagators of the
hT; KL

x ; hTX fields take the form

hhThTi ¼ 16iγυ2Π1Π2;

−k⃗2hKL
xKL

y i ¼ α−1Π1δxy;

hhTXhTYi ¼ 2iα−1Π0Π1δXY: ð3:24Þ

The κ−2 ¼ 0 limit (when general-relativity terms are
decoupled) provokes a discontinuity in the way the indi-
vidual modes are separated. This is related to the massless
limit for all modes. Therefore, to further characterize the
physics of the quantum modes, we must separate the totally
massless case from the other case.
Case κ−2 > 0: massless and massive poles. In this case,

we can separate the propagators into partial fractions, each
one with an order-one pole. We obtain

hhThTi ¼ 4

3κ−2
ðΠ2 − Π1Þ; ð3:25Þ

−k⃗2hKL
xKL

y i ¼ α−1Π1δxy; ð3:26Þ

hhTXhTYi ¼ κ−2ðΠ0 − Π1ÞδXY: ð3:27Þ

We have then two kinds of transverse-traceless tensorial
poles: one massless (Π0) and the other one massive (Π1), the
last onewith squaredmass equal toμ. The first one represents
the usual quantum modes of general relativity. The negative
sign in front of Π1 in Eq. (3.27) is associated with states of
negative norm. Hence, this massive tensor is part of the
inconsistentmodes arising in the spectrumof this theory.6We
have also two kinds of scalars, both massive (Π1 and Π2),
with squared masses μ and 4α2jγjμ. Again, the negative sign
in front of Π1 in Eq. (3.25) indicates that the corresponding
mode is physically an inconsistentmode. Thevectorial sector
has a unique massive mode (Π1), with squared mass μ, and
with the right sign for the norm of the state. In total, these are
the eight independent modes that this theory propagates.
Case κ−2 ¼ 0: totally massless poles. In the limit κ−2 ¼ 0,

the three factors become equal:Π0 ¼ Π1 ¼ Π2 ¼ 1=k2, with
amassless pole. FromEq. (3.24), we see that in this limit, the
scalar sector hT acquires a massless pole of second order, the
vectorial sectorKL

x acquires amassless pole of order one, and
the transverse-traceless tensorial sector hTX acquires a mass-
less pole of second order. Taking into account the double
multiplicity of the poles of second order, these massless

modes are the eight propagating modes of the theory in the
κ−2 ¼ 0 limit.
Another interesting sector is the set of BFV ghosts. By

construction, these quantum fields are aimed to eliminate
nonphysical degrees of freedom. We find that this sector is
characterized by the massless Π0 propagator. The repre-
sentative of the scalar and vectorial sectors are, respec-
tively,

hCC̄i ¼ −Π0; ð3:28Þ

hCT
x C̄T

y i ¼ −Π0δxy; ð3:29Þ

whereas the propagator hCLC̄Li is zero under the con-
ditions we are using.

IV. CONCLUSIONS

We have presented the BFV quantization of the quadratic
gravity theory. It is based on the framework of the
Hamiltonian formulation, which was developed by
Buchbinder and Lyahovich [28]. Instead of defining a
quantum measure, the BFV quantization manages the first-
class constraints in terms of auxiliary fields. This procedure
has allowed us to obtain the full quantum canonical
Lagrangian. Hence, the path integral we have obtained
can be used directly for computations of diagrams, once it
is expanded at the required order in perturbations. We have
analyzed the gauge-fixing procedure from two perspec-
tives: first, we have a mandatory condition necessary for the
equivalence of the Hamiltonian formulation with the
Lagrangian one. Second, we have studied the most general
additional conditions based on very reasonable assump-
tions, as the features that they are local expressions, they do
not introduce dimensional constants and they do not break
the symmetry of spatial rotations. We have succeeded in
making compatible both requirements, using the predefined
form for fixing the additional conditions given in the BFV
formalism. In this framework, there is a remaining BRST
symmetry. We have computed the associated generator of
this symmetry.
After introducing the additional conditions, we have

computed the propagators of all quantum fields. Among
them, there are propagators that lead to one-particle states
with negative norm, in agreement with the results of Stelle
in the Lagrangian approach [5]. The masses of the poles
depend on having active the general-relativity terms; that is,
they are proportional to κ−2. In this case, we have found five
classes of modes: the massless transverse-traceless tenso-
rial modes that one usually associates with the graviton of
general relativity; a massive transverse-traceless tensorial
mode, which is one of the negative-norm states; one
massive transverse vector; and two massive scalars of
different masses, one with positive norm and the other
one with negative norm. It turns out that the negative-norm
tensor and scalar modes have exactly the same mass as the

6We have fixed the signs of κ−2 and α. Other choices can
translate the negative-norm states to other poles.
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vector mode, which has a positive norm. In the limit
κ−2 ¼ 0, all modes becomes massless.
The values of the masses we have found in this study

equal the results of the spectrum found by Stelle in Ref. [5],
but distributed in a different way since we are using a
different formalism for the quantum fields and a different
(noncovariant) longitudinal-transverse decomposition. It
would be interesting to delve deeper into this distribution
of the problematic modes, since they arise in the tensor,
vector, and scalar sectors, but with different signs of the
propagators. For example, one could compute specific
diagrams to study if there are some cancellations between
the propagators of these modes.
An analysis that may continue this study is the problem

of the integration on momenta, such that the (covariant)
Lagrangian of the theory is obtained at the quantum level.
This is very important for studying aspects such as the
resulting quantum measure, a problem that was already
pointed out by Buchbinder and Lyahovich [28] using the
Faddeev’s scheme of quantization [31], and to check the
validity of the standard Faddeev-Popov quantization that
has been usually used in the quadratic gravity theory. This
problem requires an appropriate use of the perturbative
approach to implement the integration, since the explicit
additional conditions are imposed in terms of the pertur-
bative variables.
In implementation of the BFV quantization, we have

used a specific additional condition, which is the vanishing

of the trace of the perturbative spatial metric. As we have
commented, this is mandatory to hold the equivalence
between the Hamiltonian and Lagrangian equations of
motion. Several questions arise about this condition;
specifically when one wonders about perturbations around
different backgrounds, or at the nonperturbative level. The
condition of the vanishing of the trace in perturbations
around Minkowski spacetime was found computationally
in Ref. [27]. More analyses are required to elucidate
whether this is a genuine feature of the complete, non-
perturbative theory. Similarly, analysis of perturbations
around other backgrounds may help us to understand this
feature.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX: PROPAGATORS OF THE BFV
QUANTIZATION

In this appendix, we present the full list of propagators
for the quantum fields involved in the BFV quantization of
quadratic gravity, under the conditions (3.21). We present
only the nonzero diagonal propagators.
The propagators of the scalar sector are characterized by

the Π1 and Π2 factors. The propagators are

hhThTi ¼ 16iγυ2Π1Π2; hπTπTi ¼ 4iγA1Π1Π2;

hhLhLi ¼ hhThTi; hπLπLi ¼ −iγκ−4ω2A4Π2
0Π1Π2;

hKTKTi ¼ 4iγυ2ω2Π1Π2; hpTpTi ¼ −16iγA2Π2
0Π1Π2;

hKLKLi ¼ −iγω2A5Π2
0Π1Π2; hpLpLi ¼ 16iγv2κ−4Π1Π2;

hnni ¼ −iγA3Π2
0Π1Π2; −k⃗2hnLnLi ¼ iγ

ω2

k⃗2
A3Π2

0Π1Π2: ðA1Þ

The propagators of the vectorial sector have in common the Π1 factor:

−k⃗2hhLx hLy i ¼ −4α−1ω2Π2
0Π1δxy; −k⃗2hπLx πLy i ¼ 4κ−2μΠ1δxy;

−k⃗2hKL
xKL

y i ¼ α−1Π1δxy; −k⃗2hpL
xpL

y i ¼ 4A6Π2
0Π1δxy;

hnTx nTy i ¼ α−1k⃗2Π2
0Π1δxy: ðA2Þ

The propagators of transverse-traceless tensorial sector are characterized by the presence of the Π0 and Π1 factors. The
propagators are

hhTXhTYi ¼ 2iα−1Π0Π1δXY; hπTXπTYi ¼
iκ−2

2
A7Π0Π1δXY;

hKT
XK

T
Yi ¼

iω2

2α
Π0Π1δXY; hpT

Xp
T
Yi ¼ −2iκ−2ð3k2 − 4μÞΠ0Π1δXY: ðA3Þ
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For the ghost sector, the only nonzero propagators are those shown in Eqs. (3.28) and (3.29). In the previous expressions, we
have introduced the combinations

A1 ¼ −ω2ð4α2v1j4k⃗4 þ 2κ−2αv1j5k⃗
2 − κ−4υ3j8Þ þ α2ðk⃗2 þ μÞð4k⃗2 − μÞð2v1j3k⃗2 − κ−2Þ;

A2 ¼ 2α2υ1j3ω6ð4k⃗2 − 5μÞ − ω4ð4α2υ5j16k⃗4 − 2κ−2αυ9j29k⃗
2 − κ−4υ11j32Þ þ 2ω2k⃗2ð4α2υ2j7k⃗4 − κ−2αυ3j13k⃗

2 − κ−4υ11j32Þ
− k⃗4ð4α2υ1j4k⃗4 þ 2κ−2αυ1j1k⃗

2 − κ−4υ11j32Þ;
A3 ¼ 3αω4 − αω2ð2k⃗2 þ 3μÞ þ k⃗2ðυ3j8k⃗2 − κ−2Þ;
A4 ¼ υ11j32ω4 − ω2ð2υ17j48k⃗2 − 5κ−2Þ þ 9k⃗2ðυ3j8k⃗2 − κ−2Þ;
A5 ¼ υ3j8ω4 − ω2ð2υ5j16k⃗2 − κ−2Þ þ k⃗2ðυ11j32k⃗2 − 5κ−2Þ;
A6 ¼ −4κ−2μω2 þ κ−2ð3ω2 þ k⃗2Þk2 − αk⃗2k4;

A7 ¼ ð3k⃗2 þ 4μÞk2 þ μk⃗2; ðA4Þ

where

υmjn ¼ mα − nβ; ðA5Þ

(such that υm ¼ υ1jm, η ¼ υ3j8 and η̃ ¼ υ5j16).
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