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The twist-2 distribution amplitude of the ϕ-meson has attracted considerable interest due to its unique
properties. In this work, we construct the transverse leading-twist light-cone distribution amplitude
ϕ⊥
2;ϕðx; μ0Þ of the ϕ-meson using the light-cone harmonic oscillator model, in which a parameter

B⊥
2;ϕ dominantly controls its longitudinal distribution. To explicitly isolate different twist contributions,

we employ the right-handed chiral correlator for the QCD light-cone sum rules calculation of Dþ
s → ϕ

decays, and further, we get the branching fraction, BðDþ
s → ϕeþνeÞ ¼ ð2.271þ0.291

−0.243 Þ × 10−2 and

BðDþ
s → ϕμþνμÞ ¼ ð2.250þ0.287

−0.240 Þ × 10−2, where errors are squared average of the mentioned error

sources. Furthermore, we have extracted the Cabbibo-Kobayashi-Maskawa matrix element jVcsj ¼
0.975þ0.067

−0.066 with improved precision through the analysis. Finally, we calculated the polarization parameter
and asymmetry parameter for the Dþ

s → ϕ decays.

DOI: 10.1103/byd6-f7sv

I. INTRODUCTION

In current research, studies of charmed mesons, particu-
larly Ds mesons composed of a charm quark and a strange
antiquark, have attracted substantially increased attention.
The study of Dþ

s → ϕlþνl semileptonic decays has
attracted widespread attention. This naturally leads to
our focused interest in semileptonic decay processes
involving the ϕ-meson. For a semileptonic decay process,
charmed mesons provide useful information about the weak
and strong interactions of mesons composed of heavy
quarks, which includes the important message on the value
of the Cabibbo-Kobayashi-Maskawa (CKM) matrix ele-
ments VQq (with Q representing the heavy quark and q
representing the light one). From a theoretical perspective,
semileptonic decays are much simpler than hadronic
decays because the final state involves only one meson
and one lepton pair. Specifically, the leptonic part can
be easily calculated using standard methods, while the

hadronic part can be factorized to reduce theoretical
uncertainties [1–3]. Within the Standard Model (SM),
semileptonic decays are ideal for testing lepton flavor
universality (LFU) and searching for new physics. The
decay Dþ

s → ϕlþνl (l ¼ e, u) is highly sensitive to LFU
violation, as a deviation between e and μ modes could
signal new physics. Previous studies of D0=þ, Dþ

s mesons
[4–9] and charm baryons [10–13] all agree with the SM
within current uncertainties. These decays are described by
hadronic form factors, computed using nonperturbative
QCD methods.
Before conducting theoretical studies, determining the

quark structure of the meson (e.g., the ϕ-meson) is
essential. The ϕ-meson, as a vector meson with spin-parity
JPC ¼ 1−−, has similar properties to the neutral mesons ω
and ρ. Neutral mesons with hidden-flavor can mix through
strong and electromagnetic interactions if they carry
identical quantum numbers (e.g., spin, parity, and charge
conjugation), since these quantum numbers are strictly
conserved in these processes [14]. The trimeson mixing
ϕ − ω − ρ0 system has attracted extensive research efforts,
with diverse mixing mechanisms and parametrization
approaches being investigated [15–18]. Within the unified
mixing framework of ideal basis, the meson mixing can be
described by a trimixing matrix, as a detailed in Ref. [15].
In the two-meson mixing system, the ρ − ω mixing can be
induced either by strong isospin-violating or by electro-
magnetic effects. The former is proportional to the mass
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difference between the u, d quarks, i.e., Δu;d ¼ mu −md

and the latter is accompanied by the fine structure constant
α [19]. In studies of ρ − ω mixing, various loop mecha-
nisms are employed in different models to achieve the
mixing effect, such as extended Nambu-Jona-Lasinio
(NJL) model [20], the global color model [21], the hidden
local symmetry model [22], and the chiral constituent quark
model [23,24]. Meanwhile, several approaches are
employed to describe ρ − ω mixing, including schemes
such as ideal mixing (flavor eigenstate symmetry breaking
models) [19,25]. Under this mixing scheme, we obtain,

jρ0i ¼ jūui− jd̄di

¼ cosα

���� 1ffiffiffi
2

p ðūu− d̄dÞ
�
− sinα

���� 1ffiffiffi
2

p ðūuþ d̄dÞ
�
; ð1Þ

jωi ¼ jūuiþ jd̄di

¼ sinα

���� 1ffiffiffi
2

p ðūu− d̄dÞ
�
þ cosα

���� 1ffiffiffi
2

p ðūuþ d̄dÞ
�
: ð2Þ

The mixing angle α describing the strength of the triplet-
singlet mixing is about −4.1°, i.e., a sizeable violation of
isospin symmetry is obtained. Correspondingly, we obtain
the mixing parameters; cosα ¼ 0.997, sin α ¼ −0.071.
Therefore, neither is the ρ0-meson an isospin triplet, nor is
the ω-meson an isospin singlet. A more detailed discussion
can be found in Refs. [15,26–29]. In addition, ω − ϕmixing
is well-established for the ϕ-meson [16,30–33]. Meson
mixing is an intriguing phenomenon that can explain certain
decay processes of heavy mesons. In this study, we aim to
clarify the impact of ω − ϕ mixing on the flavor wave
function (WF) components of the ϕ-meson. Within the
framework of the singlet-octet mixing scheme, the ω and
ϕ-mesons aremixtures of the SU(3) singletω0 state and octet
ω8 state [34],�

ϕ

ω

�
¼
�
cos θV − sin θV
sin θV cos θV

��
ω8

ω0

�
; ð3Þ

where ω8 ¼ ðuūþ dd̄ − 2ss̄Þ= ffiffiffi
6

p
and ω0 ¼ ðuūþ

dd̄þ ss̄Þ= ffiffiffi
3

p
. Alternatively, in the quark flavor basis mixing

scheme, the physical states ofω andϕ-mesons can be further
expressed as

jϕi ¼ sinφV jωqi − cosφV jωsi; ð4Þ

jωi ¼ cosφV jωqi þ sinφV jωsi; ð5Þ

where jωqi ¼ 1ffiffi
2

p ðuūþ dd̄Þ and jωsi ¼ ss̄ are the quark

flavor bases. The mixing angle φV crucially determines the
flavor composition. The value of the mixing angle φV ¼
3.4� 0.3° is derived within the framework of chiral pertur-
bation theory [33]. The KLOE Collaboration determined the

ω − ϕ mixing angle φV ¼ 3.32� 0.09° by fitting their
experimental measurements [35]. In studying χcJ → ϕϕ
decays, the mixing angle φV ¼ 3.7° can be extracted by
applying the Gell-Mann-Okubo mass formula [36]. The
mixing angle φV ¼ 3.1� 0.3° can be predicted within the
framework of the Nambu-Jona-Lasinio model [37]. A
detailed discussion on this can be found in Refs. [38–40].
In current research, thevalue of cosφV remains close to 1. As
can be seen in Eq. (4), the second term dominates, indicating
that the ϕ-meson is predominantly composed of an ss̄ quark
pair. Therefore, in subsequent studies, we treat the neutral
vector ϕ-meson as a pure ss̄ quarkonium state.
Recent experimental studies of Dþ

s decays to ss̄-contain-
ing final states have achieved significant progress, with
notable advances in precision measurements and new chan-
nel observations. The latest analyses focus on improved
determinations of form factors, polarization parameters, and
tests of lepton flavor universality through these decaymodes.
These developments provide stringent constraints on QCD
dynamics and potential beyond SM effects. In 2023, the
BESIII Collaboration reported a precision measurement of
BðDþ

s → ϕμþνμÞ ¼ ð2.25� 0.09� 0.07Þ × 10−2 [41]. In
2017, the BESIII Collaboration reported the first measure-
ments of branching fractions for Dþ

s → ϕeþνe and Dþ
s →

ϕμþνμ decays, obtaining BðDþ
s → ϕeþνeÞ ¼ ð2.26�

0.45� 0.09Þ × 10−2, BðDþ
s → ϕμþνμÞ ¼ ð1.94� 0.53�

0.09Þ × 10−2, which demonstrated consistency with lepton
flavor universality within uncertainties [8]. Additionally, the
PDG has incorporated data from the BarBar Collaboration
[42] and the CLEO Collaboration [43]. This conclusively
demonstrates the essential importance of studying semi-
leptonic decays of charmed mesons.
On the theoretical front, numerous nonperturbative

methods are currently being employed to investigate the
decay processes Dþ

s → ϕlþνl with l ¼ ðe; μÞ. Several
groups have also presented results, i.e., the heavy quark
effective field theory (HQEFT) [44], the heavy meson
chiral Lagrangians (HMχT) [45], the covariant quark model
(CQM) [46,47], the traditional three-point sum rules
(3PSR) [48,49], the covariant light-front quark model
(CLFQM) [50,51], the light-front quark model (LFQM)
[52], the light-cone sum rules (LCSR) [53], the covariant
confining quark model (CCQM) [54], the lattice QCD
(LQCD) [55–57], the relativistic quark model (RQM)
[58–61], and the chiral unitary approach (χUA) [62,63].
From 2000 to 2019, theoretical predictions for the branch-
ing fractions BðDþ

s → ϕlþνlÞ consistently exhibited cen-
tral values that deviated from experimental measurements
by varying degrees. Specifically, the theoretical calcula-
tions for the branching fraction of Dþ

s → ϕeþνe yield cen-
tral values ranging between 1.8 × 10−2 and 3.1 × 10−2,
while the central values for the Dþ

s → ϕμþνμ bran-
ching fraction calculations fall between 2.4 × 10−2 and
2.9 × 10−2. The HQEFT provides a unified framework
for treating quark and antiquark fields symmetrically in
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heavy-light mesons like DðsÞ. In studies of Ds → ϕ decays,
it predicts branching fractions of BðDþ

s → ϕeþνeÞ ¼
2.53þ0.37

−0.40 × 10−2 and BðDþ
s → ϕμþνμÞ ¼ 2.40þ0.35

−0.40 ×10−2

[44]. Within the CLFQM, the branching fractions ofDþ
s →

ϕ decays have been investigated through improved treat-
ments of both the strange axial vector meson masses and
mixing angles, yielding results of BðDþ

s → ϕeþνeÞ ¼
ð3.1� 0.3Þ × 10−2 and BðDþ

s → ϕμþνμÞ ¼ ð2.9� 0.3Þ ×
10−2 [50]. From the perspective of transition form factors
(TFFs), the complete set of axial and vector form factors for
the Ds → ϕlþνl decay from full LQCD is determined, in
Ref. [55]. The valence quarks are implemented using the
highly improved staggered quark action and normalize the
appropriate axial and vector currents fully nonperturba-
tively. Simultaneously, the theoretical result of TFFs
was obtained, i.e., A1ð0Þ¼0.615ð24Þ, A2ð0Þ¼0.457ð78Þ,
A0ð0Þ ¼ 0.706ð37Þ, and Vð0Þ ¼ 1.059ð124Þ. Through the
joint analysis of experimental measurements and theoreti-
cal predictions, it becomes evident that the Dþ

s → ϕlþνl
decay process still requires further exploration to achieve
satisfactory consistency between theory and experiment.
In order to achieve a precise standard model (SM)

determination on the decay Dþ
s → ϕlþνl, we need to

determine the nonperturbative hadronic matrix elements, or
equivalently, theDþ

s → ϕ TFFs A1ðq2Þ, A2ðq2Þ, Vðq2Þ, and
A0ðq2Þ, where Vðq2Þ is the TFF defined via a vector
current, A1;2;0ðq2Þ are the TFFs defined via an axial-vector
current [64]. In this paper, one has selected the QCD LCSR
approach for subsequent calculations. This method is
applicable in the low and intermediate q2 regions, and
can be further extrapolated to entire allowed q2 range. The
LCSR is based on the operator product expansion (OPE)
near the light cone, where the nonperturbative dynamics
are parametrized by leading-twist light-cone distribution
amplitude (LCDA) of increasing twists. Therefore, more
precise LCSR predictions with reduced theoretical uncer-
tainties will significantly enhance the study of these TFFs
and the Dþ

s → ϕlþνl decays. Vector meson LCDAs
possess intricate structures that can be systematically
organized through the parameter δ ≃mϕ=mc ∼ 0.80.
Following the methodology outlined in Ref. [65], one
presents the complete set of ϕ-meson LCDAs across
different twist-structures in Table I, where the subscripts

2, 3, 4 stand for the twist-2, the twist-3, and the twist-4
LCDAs, respectively.
Although these higher-twist LCDAs are suppressed at

δ1-order or beyond, they may still contribute significantly
to LCSR calculations. Therefore, actively constraining
these uncertainty sources is essential for achieving more
precise LCSR predictions. In this paper, we have for the
first time constructed the leading-twist transverse LCDA
ϕ⊥
2;ϕðx; μÞ of the ϕ-meson using the light-cone harmonic

oscillator (LCHO) model. The LCHO model is constructed
based on the Brodsky-Huang-Lepage (BHL) prescription
and Melosh-Wigner transformation, where the Melosh-
Wigner transformation connects light-cone spin states
with conventional instant-form spin wave functions.
This transformation serves as one of the most essential
components in light-cone formalization [66]. In this
context, we can utilize the Melosh-Wigner rotation [67]
to construct the light-cone wave functions for quark-
antiquark Fock states within the light-cone quark model.
The complete light-front wave function is achieved
through the evaluation of both spin and momentum-space
wave functions. The two-particle Fock state expansion of
the ϕ-meson includes both longitudinal and transverse
types of spin configurations. Each configuration corre-
sponds to distinct quark-antiquark helicity combinations.
The construction utilizes a model parameter that domi-
nantly governs its transverse behavior ϕ⊥

2;ϕðx; μ0Þ within
well-defined ranges. Furthermore, to isolate the influence
of high-twist LCDAs, we employ the right-handed chiral
correlator [68] in the LCSR calculations. By employing
these LCSRs, we have conducted comprehensive compar-
isons with various experimental and theoretical groups to
determine the decay branching fractions BðDþ

s → ϕlþνlÞ
and CKM matrix element jVcsj.
The rest of this paper is organized as follows. In Sec. II,

we describe the computational techniques used to derive
the Ds → ϕ and provide the relevant expressions for the
decay widths. In Sec. III, we explain the construction of the
LCHOmodel and the determination of its input parameters,
along with a detailed numerical analysis and discussion.
Section IV is reserved for a summary.

II. THEORETICAL FRAMEWORK

In the SM framework, the weak interaction governing
the Dþ

s → ϕ semileptonic decay is dominated by the
vector-axial vector current. According to the definition
of the current, the TFFs of Ds → ϕ can be divided into the
vector current contribution Vðq2Þ and the axial-vector
current contributions A1;2;0ðq2Þ, which together describe
the dynamics of the hadronic matrix element. These TFFs
are coming from the transition matrix element within
the current s̄ðxÞγμΓL

5cðxÞ with ΓL
5 ¼ ð1 − γ5Þ, for which

we adopt the following matrix element to derive the
Dþ

s → ϕ TFFs:

TABLE I. The ϕ-meson LCDAs with different twist-structures
up to δ3-order, where δ ≃mϕ=mc.

Twist-2 Twist-3 Twist-4

δ0 ϕ⊥
2;ϕ � � � � � �

δ1 ϕk
2;ϕ ϕ⊥

3;ϕ,ψ
⊥
3;ϕ,Φ

k
3;ϕ,Φ̃

k
3;ϕ

� � �
δ2 � � � ϕk

3;ϕ,ψ
k
3;ϕ,Φ⊥

3;ϕ
ϕ⊥
4;ϕ,ψ

⊥
4;ϕ,Ψ⊥

4;ϕ,Ψ̃
⊥
4;ϕ

δ3 � � � � � � ϕk
4;ϕ,ψ

k
4;ϕ
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hϕðp;λÞjs̄γμΓL
5cjDþ

s ðpþqÞi ¼−e�ðλÞμ ðmDþ
s
þmϕÞA1ðq2Þ

þ iðe�ðλÞ ·qÞ ð2pþqÞμ
mDþ

s
þmϕ

A2ðq2Þþ iqμðe�ðλÞ ·qÞ
2mϕ

q2

× ½A3ðq2Þ−A0ðq2Þ�þ ϵμναβe�ðλÞνqαpβ 2Vðq2Þ
mDþ

s
þmϕ

; ð6Þ

where eðλÞ stands for the ϕ-meson polarization vector with λ
being its transverse ð⊥Þ or longitudinal ðkÞ component, res-
pectively. p is the ϕ-meson momentum and q ¼ ðpDþ

s
− pÞ

is the momentum transfer between the Dþ
s -meson and the

ϕ-meson. There are some relations among those TFFs, that
not all of them are independent as follows:

A3ðq2Þ ¼
mDþ

s
þmϕ

2mϕ
A1ðq2Þ −

mDþ
s
−mϕ

2mϕ
A2ðq2Þ; ð7Þ

and at the large recoil point q2 ¼ 0, we have

A0ð0Þ ¼ A3ð0Þ: ð8Þ

To obtain the LCSRs for those TFFs, we currently process
the following correlator:

Πμðp; qÞ ¼ i
Z

d4xeiq·x

× hϕðp; λÞjTfs̄ðxÞγμΓL
5cðxÞ; j†Dþ

s
ð0Þgj0i: ð9Þ

For the current j†Dþ
s
ðxÞ selection, the adoption of chiral

current serves [69] this purpose by suppressing the in a
complex series involving all possible ϕ-meson twist-
structures. Therefore, the chiral current can be selected
as j†Dþ

s
ðxÞ ¼ imcc̄ðxÞΓR

5 qðxÞ with ΓR
5 ¼ ð1þ γ5Þ to pro-

ceed with subsequent calculations. This advantage man-
ifests in the ability to highlight different twist
contributions of ϕ-meson LCDAs to the TFFs through
judicious selection of chiral current. It is particularly
noteworthy that the hadronic representation of this
correlator encompasses not only the standard JP ¼ 0−

resonances but also extra JP ¼ 0þ resonant states. This
represents the price when introducing chiral currents into
LCSR calculations.
The correlators are analytic q2-functions defined at both

the timelike and the spacelike q2 region. On the one hand,
in the time-like q2 region, the long-distance quark-gluon
interactions become important and, eventually, the quarks
form hadrons. In this region, one can insert a complete
series of intermediate hadronic states in the correlator and
obtain its hadronic representation by isolating the pole term
of the lowest pseudoscalar Dþ

s -meson,

ΠH
μ ðp; qÞ ¼

hϕjs̄γμΓL
5 cjDþ

s ihDþ
s jc̄imcγ5q1j0i

m2
Dþ

s
− ðpþ qÞ2

þ
X
H

hϕjs̄γμΓL
5 cjDþ

s
HihDþ

s
Hjc̄imcΓR

5q1j0i
m2

Dþ
s
H − ðpþ qÞ2 ;

ð10Þ

which can separated by the four Lorentz structure with the
following form:

ΠH
μ ðp; qÞ ¼ e�ðλÞμ ΠH

1 þ ðe�ðλÞμ · qÞð2pþ qÞμΠH
2

þ ðe�ðλÞμ · qÞqμΠH
3 þ iϵναβμ e�ðλÞν qαpβΠH

4 ; ð11Þ

where hDþ
s jc̄imcγ5q1j0i ¼ m2

Dþ
s
fDþ

s
with fDþ

s
standing for

the Dþ
s -meson decay constant. The invariant amplitudes

ΠH
1;2;3;4 are, respectively,

ΠH
1 ½q2; ðpþ qÞ2� ¼

m2
Dþ

s
fDþ

s
ðmDþ

s
þmϕÞ

m2
Dþ

s
− ðpþ qÞ2 A1ðq2Þ

þ
Z

∞

s0

ρH1
s − ðpþ qÞ2 dsþ subtractions;

ð12Þ

ΠH
2 ½q2; ðpþ qÞ2� ¼

m2
Dþ

s
fDþ

s
A2ðq2Þ

ðmDþ
s
þmϕÞ½m2

Dþ
s
− ðpþ qÞ2�

þ
Z

∞

s0

ρH2
s − ðpþ qÞ2 dsþ subtractions;

ð13Þ

ΠH
3 ½q2; ðpþ qÞ2� ¼

2m2
Dþ

s
fDþ

s
mϕ½A3ðq2Þ − A0ðq2Þ�

q2½m2
Dþ

s
− ðpþ qÞ2�

þ
Z

∞

s0

ρH3
s − ðpþ qÞ2 dsþ subtractions;

ð14Þ

ΠH
4 ½q2; ðpþ qÞ2� ¼

2m2
Dþ

s
fDþ

s
Vðq2Þ

ðmDþ
s
þmϕÞ½m2

Dþ
s
− ðpþ qÞ2�

þ
Z

∞

s0

ρH4
s − ðpþ qÞ2 dsþ subtractions:

ð15Þ

Furthermore, one can employ dispersion relations to
effectively substitute the contributions from both higher
resonances and the continuum states. The spectral densities
ρH1;2;3;4 can be approximated by applying the conventional
quark-hadron duality ansatz
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ρH1;2;3;4 ¼ ρQCD1;2;3;4θðs − s0Þ: ð16Þ

On the other hand, in the spacelike q2 region, the correlator
can be calculated using QCD OPE. Here, the condition

ðpþ qÞ2 −m2
c ≪ 0 with momentum transfer q2 ∼O ≪

m2
c corresponds to sufficiently small light-cone distances

x2 ⇝ 0, thereby ensuring the validity of the OPE. The full
c-quark propagator states,

h0jTfcðxÞc̄ð0Þgj0i ¼ i
Z

d4k
ð2πÞ4 e

−ik·x
�
kþmc

m2
c − k2

− gs

Z
1

0

dvGμνðvxÞ
�
1

2

kþmc

ðm2
c − k2Þ2 σμν þ

v
m2

c − k2
xμγν

	

; ð17Þ

where Gμν is the gluonic field strength and gs denotes the strong coupling constant. Utilizing this c-quark propagator

and performing the OPE on the correlator, we obtain the QCD expansion of ΠQCD
μ incorporating both two-particle and

three-particle Fock state contributions.

ΠQCD
μ ¼ mc

Z
d4xd4k
ð2πÞ4 eiðq−kÞ·x

�
1

m2
c − k2

f2kμhϕðp; λÞjs̄ðxÞq1ð0Þj0i − 2ikνhϕðp; λÞjs̄ðxÞσμνq1ð0Þj0i

− ϵμναβkνhϕðp; λÞjs̄ðxÞσαβq1ð0Þj0ig −
Z

dv

�
kν

ðm2
c − k2Þ2 ½−ihϕðp; λÞjs̄ðxÞgsGμνðvxÞq1ð0Þj0i�

− 2hϕðp; λÞjs̄ðxÞσμαgsGανðvxÞq1ð0Þj0i þ 2ihϕðp; λÞjs̄ðxÞigsG̃μνðvxÞγ5q1ð0Þj0i� þ
2vxα

m2
c − k2

× ½−hϕðp; λÞjs̄ðxÞgsGμαðvxÞq1ð0Þj0i − ihϕðp; λÞjs̄ðxÞσμβgsGαβðvxÞq1ð0Þj0i�




; ð18Þ

where G̃μνðvxÞ ¼ ϵμναβGαβðvxÞ=2. In this work, we employ right-handed chiral correlators in the LCSR calculations to
highlight the contributions from the transverse DAs of the ϕ-meson, consequently adopting chiral-odd basis DAs. Distinct
from chiral-even DAs, chiral-odd DAs serve as an effective probe for symmetry breaking. Up to twist-4 accuracy, the
nonzero meson-to-vacuummatrix elements with various γ-structures, i.e., Γ ¼ 1, iγ5 and σμν, adopt the following form [70]:

hϕðp; λÞjs̄ðxÞσμνq1ð0Þj0i ¼ −if⊥ϕ
Z

1

0

dueiuðp·xÞ
�
ðe�ðλÞμ pν − e�ðλÞν pμÞ

�
ϕ⊥
2;ϕðuÞ þ

m2
ϕx

2

16
ϕ⊥
4;ϕðuÞ

	

þ ðpμxν − pνxμÞ
e�ðλÞ · x
ðp · xÞ2 m

2
ϕ

�
ϕk
3;ϕðuÞ −

1

2
ϕ⊥
2;ϕðuÞ −

1

2
ψ⊥
4;ϕðuÞ

	

þ 1

2

h
e�ðλÞμ xν − e�ðλÞν xμ

i m2
ϕ

p · x

h
ψ⊥
4;ϕðuÞ − ϕ⊥

2;ϕðuÞ
i


; ð19Þ

hϕðp; λÞjs̄ðxÞq1ð0Þj0i ¼ −
i
2
f⊥ϕ ½e�ðλÞ · x�m2

ϕ

Z
1

0

dueiuðp·xÞψk
3;ϕðuÞ; ð20Þ

hϕðp; λÞjs̄ðxÞσαβgsGμνðvxÞq1ð0Þj0i ¼ m2
ϕf

⊥
ϕ

e�ðλÞ · x
2ðp · xÞ ½pμðpαg⊥βν − pβg⊥ανÞ − pνðpαg⊥βμ − pβg⊥αμÞ�Φ⊥

3;ϕðv; p · xÞ; ð21Þ

hϕðp; λÞjs̄ðxÞgsGμνðvxÞq1ð0Þj0i ¼ −im2
ϕf

⊥
ϕ ½e�ðλÞ⊥μ pν − e�ðλÞ⊥ν pμ�Ψ⊥

4;ϕðv; p · xÞ; ð22Þ

hϕðp; λÞjs̄ðxÞigsG̃μνðvxÞγ5q1ð0Þj0i ¼ im2
ϕf

⊥
ϕ ½e�ðλÞ⊥μ pν − e�ðλÞ⊥ν pμ�Ψ̃⊥

4;ϕðv; p · xÞ; ð23Þ

where f⊥ϕ represents the ϕ-meson decay constant,

hϕðp; λÞjs̄ð0Þσμνq1ð0Þj0i ¼ if⊥ϕ ½eðλÞν pμ − eðλÞμ pν�;

where we have adopted the following standard conventions:
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g⊥μν ¼ gμν −
pμxν þ pνxμ

p · x
;

eλμ ¼
eλ · x
p · x

�
pμ −

m2
ϕ

2ðp · xÞ xμ
	
þ eλ⊥μ;

ϕðv; p · xÞ ¼
Z

Dαeipxðα1þvα3ÞKðαÞ:

WhereDα¼dα1dα2dα3δð1−α1−α2−α3Þ and KðαÞ stands
for the twist-3 or twist-4 DAΦ⊥

3;ϕðαÞ, Ψ⊥
4;ϕðαÞ, or Ψ̃⊥

4;ϕðαÞ, in
which α ¼ α1; α2; α3 corresponds to the momentum fractions
carried by the antiquark, quark, and gluon, respectively.
Subsequently, by equating the correlators in different q2

regions and applying the conventional Borel transformation,
one obtain the required LCSRs for the Dþ

s → ϕ TFFs, i.e.,

A1ðq2Þ ¼
mbm2

ϕf
⊥
ϕ

fDþ
s
m2

Dþ
s
ðmDþ

s
þmϕÞ

�Z
1

0

du
u
e

m2

Dþ
s
−sðuÞ

M2

�
C

um2
ϕ

Θðcðu; s0ÞÞϕ⊥
2;ϕðu; μÞ þ Θðcðu; s0ÞÞψk

3;ϕðuÞ −
1

4

×

�
m2

cC
u3M4

˜̃Θðcðu; s0ÞÞ þ
C − 2m2

c

u2M2
Θ̃ðcðu; s0ÞÞ −

1

u
Θðcðu; s0ÞÞ

	
ϕ⊥
4;ϕðuÞ − 2

�
C

u2M2
Θ̃ðcðu; s0ÞÞ −

1

u

× Θðcðu; s0ÞÞ
	
ILðuÞ −

�
2m2

c

uM2
Θ̃ðcðu; s0ÞÞ þ Θðcðu; s0ÞÞ

	
H3ðuÞ



þ
Z

Dαi

Z
1

0

dve

m2

Dþ
s
−sðXÞ

M2

�
C

2X3M2

−
1

2X2

	
ΘðcðX; s0ÞÞ½ð4v − 1ÞΨ⊥

4;ϕðαÞ − Ψ̃⊥
4;ϕðαÞ�



; ð24Þ

A2ðq2Þ ¼
mcðmDþ

s
þmϕÞm2

ϕf
⊥
ϕ

fDþ
s
m2

Dþ
s

�Z
1

0

du
u
e

m2

Dþ
s
−sðuÞ

M2

�
1

m2
ϕ

Θðcðu; s0ÞÞϕ⊥
2;ϕðu; μÞ −

1

M2
Θ̃ðcðu; s0ÞÞψk

3;ϕðuÞ

−
1

4

�
m2

c

u2M4
˜̃Θðcðu; s0ÞÞ þ

1

uM2
Θ̃ðcðu; s0ÞÞ

	
ϕ⊥
4;ϕðuÞ þ 2

�
C − 2m2

c

u2M4
˜̃Θðcðu; s0ÞÞ −

1

uM2
Θ̃ðcðu; s0ÞÞ

	

× ILðuÞ −
1

M2
Θ̃ðcðu; s0ÞÞH3ðuÞ



þ
Z

Dαi

Z
1

0

dve

m2

Dþ
s
−sðXÞ

M2
1

2X2M2
ΘðcðX; s0ÞÞ½ð4v − 1ÞΨ⊥

4;ϕðαÞ�

− Ψ̃⊥
4;ϕðαÞ þ 4vΦ⊥

3;ϕðαÞ�


; ð25Þ

Vðq2Þ ¼ mcðmDþ
s
þmϕÞf⊥ϕ

fDþ
s
m2

Dþ
s

Z
1

0

du
u
e

m2

Dþ
s
−sðuÞ

M2

�
Θðcðu; s0ÞÞϕ⊥

2;ϕðu; μÞ −
m2

ϕ

4

�
m2

c

u2M4
˜̃Θðcðu; s0ÞÞ þ

1

uM2

× Θ̃ðcðu; s0ÞÞ
	
ϕ⊥
4;ϕðuÞ



; ð26Þ

A3ðq2Þ − A0ðq2Þ ¼
mcmϕf⊥ϕq2

2fDþ
s
m2

Dþ
s

�Z
1

0

du
u
e

m2

Dþ
s
−sðuÞ

M2

�
−

1

m2
ϕ

Θðcðu; s0ÞÞϕ⊥
2;ϕðu; μÞ −

2 − u
uM2

Θ̃ðcðu; s0ÞÞψk
3;ϕðuÞ

þ 1

4

�
m2

c

u2M4
˜̃Θðcðu; s0ÞÞ þ

1

uM2
Θ̃ðcðu; s0ÞÞ

	
ϕ⊥
4;ϕðuÞ þ

�
ð4 − 2uÞ

�
C

u3M4
˜̃Θðcðu; s0ÞÞ −

2

u2M2

× Θ̃ðcðu; s0ÞÞ
	
þ 2

�
2m2

c

u2M4
˜̃Θðcðu; s0ÞÞ þ

1

uM2
Θ̃ðcðu; s0ÞÞ

�
ILðuÞ −

2 − u
uM2

Θ̃ðcðu; s0ÞÞH3ðuÞ



−
Z

Dαi

Z
1

0

dve

m2

Dþ
s
−sðXÞ

M2
1

2X2M2
ΘðcðX; s0ÞÞ½ð4v − 1ÞΨ⊥

4;ϕðαÞ − Ψ̃⊥
4;ϕðαÞ þ 4vΦ⊥

3;ϕðαÞ�


; ð27Þ
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where H ¼ q2=ðm2
Dþ

s
−m2

ϕÞ and C ¼ m2
c þ u2m2

ϕ − q2.

sðϱÞ ¼ ½m2
c − ϱ̄ðq2 − ϱm2

ϕÞ�=ϱðϱ ¼ u; XÞ with ϱ̄ ¼ 1 − ϱ,
X ¼ a1 þ a3. cðϱ; s0Þ ¼ ϱs0 −m2

c þ ϱ̄q2 − ϱϱ̄m2
ϕ.

Θðcðϱ; s0ÞÞ is the usual step function, Θ̃ðcðϱ; s0ÞÞ and
˜̃Θðcðϱ; s0ÞÞ are defined via the integration

Z
1

0

du
u2M2

e−sðuÞ=M2Θ̃ðcðu; s0ÞÞfðuÞ

¼
Z

1

u0

du
u2M2

e−sðuÞ=M2

fðuÞ þ δðcðu0; s0ÞÞ; ð28Þ

Z
1

0

du
2u3M4

e−sðuÞ=M2 ˜̃Θðcðu; s0ÞÞfðuÞ

¼
Z

1

u0

du
2u3M4

e−sðuÞ=M2

fðuÞ þ Δðcðu0; s0ÞÞ; ð29Þ

where the surface terms δðcðu0; s0ÞÞ and Δðcðu0; s0ÞÞ for
the two-particle DAs are

δðcðu0;s0ÞÞ¼e−s0=M
2 fðu0Þ

C0
;

Δðcðu0;s0ÞÞ¼e−s0=M
2

�
1

2u0M2

fðu0Þ
C0

−
u20
2C0

d
du

�
fðuÞ
uC

�����
u¼u0

	
;

ð30Þ

where C0 ¼ m2
c þ u20m

2
ϕ − q2 and u0 is the solution of

cðu0; s0Þ ¼ 0 with 0 ≤ u0 ≤ 1. There also exist surface
terms from three-particle DAs, but their contributions are
sufficiently negligible to be safely ignored. The simplified
functions ILðuÞ and H3ðuÞ are defined as follows:

ILðuÞ¼
Z

u

0

dv
Z

v

0

dw

�
ϕk
3;ϕðwÞ−

1

2
ϕ⊥
2;ϕðw;μÞ−

1

2
ψ⊥
4;ϕðwÞ

	
;

H3ðuÞ¼
Z

u

0

dv½ψ⊥
4;ϕðvÞ−ϕ⊥

2;ϕðv;μÞ�: ð31Þ

By utilizing these TFFs and considering the chirally sup-
pressed lepton mass effects (which can be neglected), the
differential decay width forDþ

s → ϕlþνl can be expressed
as follows [53,71–73]:

dΓ
dq2

¼ G2
FjVcsj2

192π3m3
Dþ

s

λ1=2ðm2
Dþ

s
; m2

ϕ; q
2Þq2

× ½jHþj2 þ jH−j2 þ jH0j2�

¼ dΓL

dq2
þ dΓþ

T

dq2
þ dΓ−

T

dq2
: ð32Þ

The ϕ-meson has three polarization states; one longitudinal
polarization and two transverse polarizations (right-handed
and left-handed). These can be expressed as

dΓL

dq2
¼ G2

FjVcsj2
192π2m3

Dþ
s

λ1=2ðm2
Dþ

s
; m2

ϕ; q
2Þq2

���� 1

2mϕ

ffiffiffiffiffi
q2

p
×

�
ðm2

Dþ
s
−m2

ϕ − q2Þðm2
Dþ

s
þmϕÞA1ðq2Þ

−
λðm2

Dþ
s
; m2

ϕ; q
2Þ

m2
Dþ

s
þmϕ

	����2; ð33Þ

dΓ�
T

dq2
¼ G2

FjVcsj2
192π2m3

Dþ
s

λ1=2ðm2
Dþ

s
; m2

ϕ; q
2Þq2

����ðmDþ
s
þmϕÞ

× A1ðq2Þ∓
λ1=2ðm2

Dþ
s
; m2

ϕ; q
2Þ

mDþ
s
þmϕÞ

Vðq2Þ
����; ð34Þ

where λðx; y; zÞ ¼ ðxþ y − zÞ2 − 4xy is the Källen
function, and the combined transverse decay width is
ΓT ¼ Γþ

T þ Γ−
T. After q

2 integratioin, we obtain the branch-
ing fraction for this process as

BðDþ
s → ϕlþνlÞ ¼ τDþ

s

Z ðmDþ
s
−mϕÞ2

m2
l

dΓ
dq2

; ð35Þ

where τDþ
s
is the Dþ

s -meson lifetime.
In addition, the helicity amplitudes H�ðq2Þ, H0ðq2Þ and

Htðq2Þ are defined as follows in terms of the TFFs:

H�ðq2Þ ¼
λ1=2ðm2

Dþ
s
;m2

ϕ; q
2Þ

mDþ
s
þmϕ

� ðmDþ
s
þmϕÞ2

λ1=2ðm2
Dþ

s
;m2

ϕ; q
2ÞA1ðq2Þ

∓Vðq2Þ
	
;

H0ðq2Þ ¼
1

2mϕ

ffiffiffiffiffi
q2

p �
ðmDþ

s
þmϕÞðm2

Dþ
s
−m2

ϕ − q2ÞA1ðq2Þ

−
λðm2

Dþ
s
;m2

ϕ; q
2Þ

mDþ
s
þmϕ

A2ðq2Þ
	
;

Htðq2Þ ¼
λ1=2ðm2

Dþ
s
;m2

ϕ; q
2Þffiffiffiffiffi

q2
p A0ðq2Þ: ð36Þ

Based on the helicity amplitudes defined above, the
forward-backward asymmetry Al

FBðq2Þ, the lepton-side
convexity parameter Cl

Fðq2Þ, and the longitudinal (trans-
verse) polarization of the final charged lepton Pl

LðTÞðq2Þ, as
well as the longitudinal (transverse) polarization fraction of
the final ϕ-meson Fl

LðTÞðq2Þ in the semileptonic decay

Dþ
s → ϕlþνl, can be expressed as follows, according to

Refs. [54,58]:
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Al
FBðq2Þ ¼

R
1
0 cos θdΓ=d cos θ −

R
0
−1 d cos θdΓ=d cos θR

1
0 d cos θdΓ=d cos θ þ

R
0
−1 d cos θdΓ=d cos θ

¼ 3

4

HP − 2δHSL

Htotal
; ð37Þ

Cl
Fðq2Þ ¼

3

4
ð1 − δÞHU − 2HL

Htotal
; ð38Þ

Pl
Lðq2Þ ¼

ðHU þHLÞð1 − δ
2
Þ − 3δ

2
HS

Htotal
; ð39Þ

Pl
Tðq2Þ ¼ −

3πml

8
ffiffiffiffiffi
q2

p HP þ 2HSL

Htotal
; ð40Þ

Fl
Lðq2Þ ¼

HLð1þ δ
2
Þ þ 3δ

2
HS

Htotal
; ð41Þ

where the ml with l ¼ ðe; μÞ is the lepton mass and the
helicity structure functions Hi are defined as

HU ¼ jHþj2 þ jH−j2;
HL ¼ jH0j2;
HP ¼ jHþj2 − jH−j2;
HSL ¼ ReðH0H

†
t Þ;

HS ¼ jHtj2: ð42Þ

In addition, the total helicity amplitude takes the

Htotal ¼ ðHU þHLÞð1þ δ=2Þ þ 3δHS=2 ð43Þ

with δ ¼ m2
l=q

2 and Fl
Tðq2Þ ¼ 1 − Fl

Lðq2Þ.

III. NUMERICAL ANALYSIS

Before performing the numerical analysis, we adopt
the following parameters. We take the ϕ-meson decay con-

stant fkϕ ¼ 215� 5 MeV [70], According to the Particle
Data Group (PDG) [74], we take the ϕ-meson mass
mϕ ¼ 1019.461� 0.016 MeV, the charm-quark current
mass mcðm̄cÞ ¼ 1.2730� 0.0046 GeV, the s-quark cur-
rent mass msð2 GeVÞ ¼ 93.5� 0.8 MeV, the Ds-meson
mass mDs

¼ 1968.35� 0.07 MeV and the Ds-meson
decay constant fDs

¼ 249.9� 0.5 GeV. The factoriza-
tion scale μ is set as the typical momentum transfer
of Ds → ϕ, i.e., μk ≈ ðm2

Dþ
s
−mc

2Þ1=2 ≈ 1.5 GeV. In addi-

tion, the renormalization group equation (RGE) of the
Gegenbauer moments of the ϕ⊥

2;ϕðx; μ0Þ leading-twist
LCDA is [75]

a2;ϕn ðμÞ ¼ a2;ϕn ðμ0Þ
�
αsðμÞ
αsðμ0Þ

	 γn
2β0 ; ð44Þ

with

γn ¼ CF

 
1 −

2

ðnþ 1Þðnþ 2Þ þ 4
Xnþ1

m¼2

1

m

!
;

β0 ¼ 11 − 2=3nf; ð45Þ
where nf is the number of flavors involved. The dominant
ϕ-meson transverse leading-twist LCDA ϕ⊥

2;ϕðx; μ0Þ can be
derived from its light-cone wave function (LCWF), which
is related via the relation

ϕ⊥
2;ϕðx; μ0Þ ¼

2
ffiffiffi
3

p

f̃⊥ϕ

Z
jk⊥j2≤μ20

dk⊥
16π3

ψ⊥
2;ϕðx;k⊥Þ; ð46Þ

where f̃⊥ϕ ¼ f⊥ϕ =C⊥ϕ is the reduced vector decay constant

with C⊥ϕ ¼ ffiffiffi
3

p
. In the LCHO model [76], one can divide

the ϕ-meson LCWF into two parts, i.e., the redial part and
spin-space part accordingly. Based on the BHL prescription
[77], the LCHO model of the ϕ meson leading-twist WF
can be given [78,79],

ψ⊥
2;ϕðx;k⊥Þ ¼

X
h1h2

χh1h2ϕ ðk⊥ÞψR
2;ϕðx;k⊥Þ; ð47Þ

where χh1h2ϕ ðk⊥Þ stands for the spin-space WF, h1 and h2
are the helicity states of the two constitute quarks in ϕ.
The χh1h2ϕ ðk⊥Þ comes from the Wigner-Melosh rotation
[80–82]. ψR

2;ϕðx;k⊥Þ indicates the spatial WF, which can be
divided into a k⊥-dependent part and a x-dependent part.
Therefore, the spin-space WF and the spatial WF can be
expressed as, respectively,

χh1h2ϕ ðk⊥Þ ¼
m̂sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2⊥ þ m̂2
s

p ; ð48Þ

ψR
2;ϕðx;k⊥Þ ∝ ½1þ B⊥

2;ϕC
3=2
2 ðξÞ�

× exp

�
−b⊥2

2;ϕ

�
k2⊥ þ m̂2

s

x
þ k2⊥ þ m̂2

q

x

�	
;

ð49Þ

where C3=2
2 ðξÞ is Gegenbauer polynomial, ξ ¼ 2x − 1, x

stands for the s-quark momentum fraction of the meson
and x̄ ¼ 1 − x stands for that of the light-quark q. m̂s is the
s-quark mass and m̂q is the light-quark mass. Further, one
can obtain the LCDA

ϕ⊥
2;ϕðx;μ0Þ ¼

3A⊥
2;ϕm̂s

ffiffiffiffiffi
xx̄

p

4π3=2f⊥ϕb⊥2;ϕ
½1þB⊥

2;ϕC
3=2
2 ðξÞ�

×

"
Erf

 
b⊥2;ϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ20 þ m̂2

s

xx̄

r !
−Erf

�
b⊥2;ϕ

m̂sffiffiffiffiffi
xx̄

p
�#

;

ð50Þ
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where Erf ¼ 2ffiffi
π

p
R
x
0 e

−t2dt and the constituent quark mass

m̂s or m̂q ≃ 370 MeV. In addition to the normalization
condition, the average value of the squared transverse
momentum can be regarded as another constraint, which
is defined as

hk2i2;ϕ ¼
R
dxd2k⊥jk⊥j2jψ⊥

2;ϕðx;k⊥Þj2R
dxd2k⊥jψ⊥

2;ϕðx;k⊥Þj2
: ð51Þ

Here, the value of hk2⊥i2;ϕ ∼ 0.37 GeV2 [78]. In general,
the light meson’s transverse leading-twist LCDA can be
expanded into a series of Gegenbauer polynomials. The
Gegenbauer moments a⊥n at the initial scale μ0 have been
obtained by the following formula:

a⊥n ðμ0Þ ¼
R
1
0 dxϕ

⊥
2;ϕðx; μ0ÞC3=2

n ðξÞR
1
0 dx6xx̄½C3=2

n ðξÞ�2
; ð52Þ

where μ0 ∼ 1 GeV stands for some initial scale. Besides,
the normalization of the wave function is as follows:

Z
1

0

dx
Z

d2k⊥
16π3

ψ⊥
2;ϕðx;k⊥Þ ¼

f⊥ϕ
2
ffiffiffi
6

p : ð53Þ

The LCHO model has three undetermined parameters
A⊥
2;ϕ, b⊥2;ϕ and B⊥

2;ϕ. In addition to the normalization
condition and the squared transverse momentum hk2⊥i2;ϕ,
one shall adopt the values of the second Gegenbauer
moment a⊥2 ð1 GeVÞ ¼ 0.14ð7Þ [70]. Based on this, the
behavior of the dominant ϕ-meson transverse leading-twist
LCDA ϕ⊥

2;ϕðx; μ0Þ can be determined and shown in Fig. 1.
The corresponding parameter is A⊥

2;ϕ ¼ 14.1835, B⊥
2;ϕ ¼

0.163502 and b⊥2;ϕ ¼ 0.625318, respectively. The param-
eter B⊥

2;ϕ quantitatively controls the behavior of the LCDA.

A larger B⊥
2;ϕ value manifests a double-peak structure,

while a smaller B⊥
2;ϕ exhibits single-peak behavior. The

Fig. 1 also includes comparisons with the SR [70], the
Dyson-Schwinger equations (DSE) [83] and LQCD [84].
Notably, our results exhibit a double-peak behavior con-
sistent with the SR predictions. Further, we adopt the
LCDA for discussion in the following.
As two important input parameters, the continuum

threshold parameter s0 and the Borel parameter M2, in
QCD sum rules [73,85–88], we adopt the following criteria
to obtain reasonable input parameters:

(i) The continuum contribution is less than 35%;
(ii) The contribution of the high-twist LCDAs is no

more than 5%; and
(iii) The value of TFFs is stable in the Borel window.
Based on the criteria for determining s0 and M2 in the

LCSR approach, one takes the sA1

0 ¼ 9.5� 0.5 GeV2,
sA2

0 ¼ 4.4� 0.25 GeV2, sV0 ¼ 7.6� 0.5 GeV2 and M2
A1

¼
4.0� 0.8 GeV2, M2

A2
¼ 2.9� 0.2 GeV2, M2

V ¼ 3.7�
0.5 GeV2. Then, the TFFs at the large recoil point
q2 ¼ 0, i.e., A1;2ð0Þ and Vð0Þ are present in Table II.
These values at the large recoil point are crucial for
connecting theoretical models with experimental measure-
ments. The differences in describing hadronic internal
structures among various theoretical approaches are
directly reflected at the large recoil point. Our calculated
TFFs exhibit the large recoil point uncertainties ranging
from 2.6% to 8.9%. The uncertainties are coming from the
squared average for all the input parameters. In Table II, the
results given by several groups have also been presented
i.e., HQEFT’06 [44], LCSR [53,72], HMχT [45], CQM
[46], 3PSR [48], CLFQM [50], LFQM [52], CCQM [54],

FIG. 1. The transverse leading-twist LCDA ϕ⊥
2;ϕðx; μ0Þ at the

scale μ0 ¼ 1.5 GeV. As a comparison, the results derived from
the SR [70], the DSE [83] and LQCD [84] approaches have been
presented.

TABLE II. Comparison of various theoretical for the Dþ
s → ϕ

TFFs A1ðq2Þ, A2ðq2Þ, and Vðq2Þ at the large recoil point q2 ¼ 0.

A1ð0Þ A2ð0Þ Vð0Þ
This work 0.600þ0.022

−0.020 0.567þ0.050
−0.056 0.910þ0.024

−0.024
HQEFT’06(1) [44] 0.569þ0.046

−0.049 0.304þ0.021
−0.017 0.778þ0.057

−0.062
HQEFT’06(2) [44] 0.605þ0.043

−0.042 0.583þ0.038
−0.036 0.951þ0.053

−0.053
LCSR’04 [53] 0.54(9) 0.57(9) 0.70(10)
LCSR’24(1) [72] 0.514þ0.024

−0.016 0.438þ0.093
−0.080 0.902þ0.040

−0.024
LCSR’24(2) [72] 0.512þ0.030

−0.020 0.402þ0.078
−0.067 0.882þ0.040

−0.036
HMχT’05 [45] 0.61 0.32 1.10
CQM’00 [46] 0.64 0.47 1.10
3PSR’03 [48] 0.55(15) 0.59(11) 1.21(33)
CLFQM’11 [50] 0.69 0.57 0.98
LFQM’19 [52] 0.77 0.66 1.24
CCQM’19 [54] 0.68 0.67 0.91
RQM’20 [58] 0.643 0.492 0.999
LQCD’01 [89] 0.63(2) 0.62(5) 0.85(4)
LQCD’11 [56] 0.594(22) 0.401(80) 0.903(67)
LQCD’13 [55] 0.615(24) 0.457(78) 1.059(124)
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RQM [58], LQCD [55,56,89]. The comparison about the
every results from Table II indicates that the TFFs of our
predictions are consistent with many approaches within
errors. Our results for A1ð0Þ and Vð0Þ exhibit good agree-
ment with the LQCD’11 [56] predictions. Moreover, the
A2ð0Þ values show reasonable consistency with both the
LCSR’04 [53] and CLFQM’11 [50] results. This observa-
tion confirms that our results demonstrate reasonable
validity for the value at the large recoil point. Regarding
the ω − ϕ mixing effects, we adopt a mixing angle of
ϕV ¼ 3.4° for the present calculation. Our analysis reveals
that the mixing angle φV contributes 0.044014% to A1ð0Þ,
0.044091% to A2ð0Þ and 0.044066% to Vð0Þ. The negli-
gible magnitude of its contribution justifies our neglect of
the mixing angle effects. Therefore, we adopt the ideal
pure-state approximation treating the ϕ meson as a pure
ss̄ state in subsequent calculations. We anticipate that
a near-future breakthrough in understanding the ϕ meson’s
properties will significantly advance our comprehension of
ϕ-meson-related decays.
Furthermore, we provide two particularly interesting

ratios γV ¼Vð0Þ=A1ð0Þ and γ2¼A2ð0Þ=A1ð0Þ in Table III.
Meanwhile, a comparative analysis is conducted between
theoretical predictions (HQEFT [44], LCSR [53,72], 3PSR
[48], CCQM [54], RQM [58], LQCD’01 [55,56,89]) and
experimental results (from the FOCUS Collaboration [90],
the BABAR Collaboration [42,91] and the BESIII
Collaboration [41]). For γV, our results show good consis-
tency with the FOCUS’04 [90] and BESIII’23 [41] mea-
surements. Regarding theoretical comparisons, we agree
well with the LQCD’11 [56] predictions. Moreover, for
γ2, our results exhibit good agreement with both the

HQEFT’06 [44] and LQCD’01 [89] calculations. These
ratios effectively eliminate the common uncertainties from
the overall normalization of TFFs, thereby more sensitively
revealing the differences in hadronic internal dynamics
descriptions among various models. Meanwhile, the exper-
imentally measured ratios provide high-precision bench-
marks for validating theoretical models.
For the TFFs derived from the right-handed chiral

correlator, the relative importance of different twist DAs
follows these key trends: twist-2 ≫ twist-3 ∼ twist-4. The
twist-3 and twist-4 expressions employed in this work are
derived from Refs. [70,92]. Correspondingly, we present
the behaviors of twist-3 and twist-4 in the Fig. 2. As shown,

the longitudinal distribution amplitude ϕk
3;ϕðxÞ exhibits

strong suppression and approaches negative values near
the endpoints (x → 0, 1). This behavior introduces signifi-
cant suppression when integrated over the entire domain.

Similarly, the DA ψk
3;ϕðxÞ does not vanish completely near

the endpoints but exhibits a small negative-value region,
resulting in minor suppression upon integration over the
entire domain. For the transverse twist-4 DAs ψ⊥

4;ϕðxÞ and
ϕ⊥
4;ϕðxÞ, a pronounced peak emerges with significantly

enhanced magnitude. In particular, ψ⊥
4;ϕðxÞ exhibits a

double-peak structure with both higher peak magnitudes
and broader high-value regions. This characteristic behav-
ior leads to significant enhancement when integrated

TABLE III. The prediction for the ratio γV and γ2 of Dþ
s → ϕ

decay within uncertain. Meanwhile, both theoretical and exper-
imental results are presented for comparison.

γV γ2

This work 1.517þ0.011
−0.015 0.945þ0.047

−0.064
HQEFT’06(1) [44] 1.37þ0.24

−0.21 0.53þ0.10
−0.06

HQEFT’06(2) [44] 1.57þ0.21
−0.18 0.96þ0.14

−0.12
LCSR’24(1) [72] 1.755þ0.008

−0.005 0.852þ0.135
−0.133

LCSR’24(2) [72] 1.723þ0.023
−0.021 0.785þ0.100

−0.104
HMχT’05 [45] 1.8 0.52
3PSR’03 [48] 2.20(85) 1.07(0.43)
CCQM’19 [54] 1.34(27) 0.99(20)
RQM’20 [58] 1.56 0.77
FOCUS’04 [90] 1.549(250)(145) 0.713(202)(266)
BABAR’06 [91] 1.636(67)(38) 0.705(56)(29)
BABAR’08 [42] 1.807(46)(65) 0.816(36)(30)
BESIII’23 [41] 1.58(17)(2) 0.71(14)(2)
LQCD’01 [89] 1.35(7) 0.98(8)
LQCD’11 [56] 1.52(12) 0.62(12)
LQCD’13 [55] 1.72(21) 0.74(12)

FIG. 2. The chiral-odd high-twist DAs of ϕ-meson at the scale
μ0 ¼ 1 GeV.

TABLE IV. Different twist contributions for the Dþ
s → ϕlþνl

TFFs.

A1ð0Þ A2ð0Þ Vð0Þ
Twist-2 0.558 0.923 1.170
Twist-3 0.027 −0.098 � � �
Twist-4 0.013 −0.352 −0.260
ILðxÞ 0.003 0.091 � � �
H3ðxÞ −0.001 0.002 � � �
Total 0.600 0.567 0.910
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over the entire domain. Furthermore, one presents the
contributions of different twist LCDAs to the Dþ

s → ϕ
TFFs in Table IV. For both A1ð0Þ and Vð0Þ, the contri-
butions from different twist DAs follow this key trend;
twist-2 ≫ twist-3 ∼ twist-4. For A2ð0Þ, we find that the
twist-4 DA contributes more significantly than the twist-3
DA component. Our systematic analysis demonstrates
that this phenomenon arises because surface terms
account for 61.2% of the total contributions in the
twist-4 calculation procedure. For the two simplified
distribution functions ILðxÞ and H3ðxÞ, their contribu-
tions are significantly smaller when compared to those
from the twist-2. The dominance of the twist-2 term

indicates a more convergent twist-expansion could be
achieved by using the chiral correlator.
Comparative studies of TFFs across the entire q2 region

can reveal the consistency of theoretical approaches in the
transition region between nonperturbative and perturbative
regimes. For the extrapolation of TFFs, we employ the
SSE parametrizations. Different parametrization schemes
can affect the extracted slope. In Fig. 3, we present the
extrapolated behavior of TFFs across the entire q2 region,
which also includes the HMχT [45], the CQM [46], the
LFQM [52], the CCQM [54] and the LQCD’13 [55]. The
shaded bands in our prediction arise from input parameter
variations, while other groups show their central predic-
tions. The slope of TFFs in Fig. 3 exhibits a slightly steeper
behavior compared to other theoretical predictions. The
advantage of employing the SSE parametrizations lies in its
ability to effectively translate the near-threshold behavior of
TFFs into constraints on the expansion coefficients. The
TFF A1ðq2Þ shows good agreement with both CQM [46]
and LQCD’13 [55] within uncertainties, while A2ðq2Þ and
Vðq2Þ exhibit behavior largely consistent with LFQM [52]
prediction.
Through those TFFs, we calculate the differential decay

width 1=jVcsj2dΓðDsþ → ϕlþνlÞ=dq2, and the results are
presented in Fig. 4. The HMχT [45], the LQCD’13 [55], the
CCQM [54], and the CQM [46] predictions are also
presented. The results indicate that in the high-q2 region,
our differential decay width shows good agreement with
other results. Although there is a noticeable deviation in the
low-q2 region, this is reasonable. In the high-q2 region, our
behavioral prediction shows good agreement with the
LQCD’13 [55] within uncertainty bounds, while also being
largely consistent with both the CQM [46] and the HMχT
[45] results. On this basis, we choose to integrate q2 over
the entire physical region from m2

l to ðMDþ
s
−mϕÞ2,

resulting in the following:

FIG. 3. The extrapolated TFFs A1ðq2Þ, A2ðq2Þ, and Vðq2Þ in the
whole q2 region, where the solid line are central values the shaded
bands are corresponding uncertainties. In addition, it is compared
with other predictions.

FIG. 4. The differential decay width 1=jVcsj2dΓðDsþ →
ϕlþνlÞ=dq2 as a function of q2, where the solid lines are central
values and the shaded bands are corresponding uncertainties. In
addition, it is compared with other predictions.
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ΓL ¼ ð16.075þ2.494
−2.131Þ × 10−15 GeV;

ΓT ¼ ð14.837þ1.499
−1.240Þ × 10−15 GeV;

Γtotal ¼ ð30.912þ3.944
−3.295Þ × 10−15 GeV: ð54Þ

Furthermore, by combining the lifetime of the initial
state Dþ

s -meson τDþ
s
¼ 0.504 ps and the CKM matrix

element jVcsj ¼ 0.975 [74], we can obtain the branching
fractions for Dþ

s → ϕlþνl with l ¼ ðe; μÞ, which are
shown in Table V. The analysis also incorporates systematic
comparisons between experimental measurements and
theoretical predictions, i.e., HQEFT [44], CQM [46],
3PSR [48], CCQM [54], BABAR [42], BESIII [8,41],
and PDG [74]. Significantly, our measured branching
fraction for the highly anticipated μ-channel decay shows
excellent agreement with BESIII’23 [41], while simulta-
neously demonstrating good consistency with BESIII’17
[8] in the e-channel measurements. The branching fraction
serves as a crucial observable in the SM, where its precise
theoretical predictions provide essential parameters for

connecting theoretical calculations with experimental
measurements.
In the SM, the CKM matrix elements are fundamental

parameters whose precise determination is both crucial
and indispensable. Moreover, the structure of the
SM requires the CKM matrix element to be unitary.
Therefore, independent precision determinations of CKM
matrix elements compared with experimental measure-
ments can test their orthogonality and probe the validity
of the SM. In Table VI, we present the pre-
dicted CKM matrix element jVcsj using the branching
fraction results BðDþ

s → ϕμþνμÞ ¼ 2.25� 0.09� 0.07
from BESIII’23 [41]. Additionally, we have compared
our results with those from different research groups,
including PDG [74], BESIII [5,93–95], HFLAV [96],
Bayesian [97], HPQCD [98], LQCD [99], Belle [100],
and CKMfitter [101]. As shown, our results demonstrate
excellent agreement with the PDG averages [74], while
also showing remarkable consistency with the BESIII
(I)’15 [93] experimental measurements. In comparison
with theoretical predictions, our results show close agree-
ment with LQCD’17 [99] calculations within uncertainty
ranges. Discrepancies remain between our predictions
and other theoretical groups due to methodological dif-
ferences, originating from distinct technical approaches.
This underscores the need for further investigation of
ss̄-composition mesons to achieve higher precision in
jVcsj determinations.
Meanwhile, one presents predictions for the polarization

parameters and asymmetry parameters Al
FB, C

l
F, P

l
L, P

l
T,

and Fl
L of the Dþ

s → ϕ decay, providing more detailed
information for hadronic semileptonic decays in Fig. 5,
whose errors caused by different choices of input param-
eters are shown by shaded bands. In Fig. 5, one observe
distinct behaviors in the polarization and asymmetry
parameters between electrons and muons in the low-q2

region. This primarily arises because the electron’s negli-
gible mass renders its polarization effects less pronounced
in interactions, whereas the muon’s larger mass introduces
more complex interaction mechanisms, leading to unique
polarization and asymmetry patterns. Additionally, the
Fig. 5 reveals that all uncertainties are remarkably small,
particularly for observables like the longitudinal or trans-
verse polarization fractions ðPl

L; P
l
TÞ of the final-state

charged lepton, where the uncertainties are practically
negligible.
After performing the integration, one obtains the inte-

grated value of these observables, which are presented in
Table VII and compared with the results from the CCQM
[54] and the RQM [58]. The polarization and asymmetry
parameters exhibit distinct variations depending on the
lepton mass. Our predicted values are systematically
slightly lower than those of the RQM and CCQM but
remain entirely within the ranges predicted by these
models.

TABLE V. Comparison of experimental and theoretical predic-
tions on the branching fractions BðDþ

s → ϕlþνlÞ with l ¼ e, μ
and their corresponding errors (in unit: 10−2).

BðDþ
s → ϕeþνeÞ BðDþ

s → ϕμþνμÞ
This work 2.271þ0.291

−0.243 2.250þ0.287
−0.240

HQEFT’06 [44] 2.53þ0.37
−0.40 2.40þ0.35

−0.40
CQM’00 [46] 2.57 2.57
3PSR’03 [48] 1.80� 0.50 � � �
CCQM’19 [54] 3.01 2.85
BABAR’08 [42] 1.61� 0.03� 0.17 � � �
BESIII’17 [8] 2.26� 0.45� 0.09 1.94� 0.54
BESIII’23 [41] � � � 2.25� 0.09� 0.07
PDG [74] 2.39� 0.16 2.24� 0.11

TABLE VI. The results of jVcsj in different channels are
compared, including the results of the experimental groups
and the theoretical group.

jVcsj
This work 0.975þ0.067

−0.066
PDG [74] 0.975� 0.006
HFLAV’24 [96] 0.9808� 0.0079� 0.0020
Bayesian’24 [97] 0.957� 0.003
HPQCD’21 [98] 0.9663(80)
LQCD’17 [99] 0.970(33)
Belle’13 [100] 0.97341(22)
CKMfitter’05 [101] 1.04� 0.16
BESIII(I)’15 [93] 0.9601� 0.0033� 0.0047� 0.0239
BESIII(II)’15 [94] 0.975� 0.008� 0.015� 0.025
BESIII’18 [5] 0.955� 0.005� 0.004� 0.024
BEIII’21 [95] 0.973� 0.009� 0.014
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IV. SUMMARY

In this work, we employed the LCHO model to con-
struct the transverse LCDA of the ϕ-meson, and performed
LCSR calculations for the semileptonic decay Dþ

s →
ϕlþνl using right-handed chiral correlator. In our calcu-
lations, we proposed an improved transverse twist-2
LCDA ϕ⊥

2;ϕðx; μ0Þ for the ϕ-meson within the LCHO
model framework, with its behavior presented in Fig. 1.
Our model exhibits a double-peak behavior, showing
strong similarity to the conventional SR predictions. In
our study of Dþ

s → ϕ decays, we employed right-handed
chiral correlator in the LCSR framework to isolate distinct

FIG. 5. The polarization and asymmetry parameters of the decay Dþ
s → ϕlþνl, including their central values and uncertainties. The

solid lines represent the central values, while the shaded regions indicate the corresponding uncertainties.

TABLE VII. The polarization and asymmetry parameters of the
decay Dþ

s → ϕlþνl are calculated with all input parameters set
to their central values.

Ae
FB Aμ

FB Ce
F Cμ

F Pe
L

This work −0.174 −0.203 −0.393 −0.295 0.900
CCQM’19 [54] −0.18 −0.21 −0.43 −0.34 1.00
RQM’20 [58] −0.21 −0.24 −0.49 −0.35 1.00

Pμ
L Pe

T Pμ
T Fe

L Fμ
L

This work 0.781 −0.001 −0.145 0.475 0.471
CCQM’19 [54] 0.91 −0.11 −0.14 0.53 0.50
RQM’20 [58] 0.90 0.00 −0.15 0.54 0.54
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twist contributions. The TFFs are calculated at the large
recoil point q2 ¼ 0 and have been given in Table II.
Through those TFFs, we systematically calculated multiple
physical observables including the branching fractions, the
decay widths, and the polarization and asymmetry param-
eters. We have presented the differential decay width of the
semileptonic decay Dþ

s → ϕlþνl with l ¼ ðe; μÞ in Fig. 4
and the branching fractions in Table V. For both e and μ
channels, our theoretical predictions show full consistency
with experimental measurements within quoted uncertain-
ties. Additionally, we extracted the CKM matrix element
jVcsj from our analysis, with the determined value pre-
sented in Table VI. Our determined jVcsj value shows
agreement with experimental measurements and is con-
sistent with the PDG average within uncertainties.
Furthermore, we have calculated the longitudinal, trans-
verse, and total decay widths, with the results presented in
Eq. (54). We further predicted the forward-backward
asymmetries, the lepton-side convexity parameters, as well
as lepton and vector meson longitudinal and polarization

parameters, which have been showed in Table VII and
Fig. 5. These observables are experimentally measurable in
the near future, and their measurements will provide crucial
tests for the validity of our ϕ-meson LCDA model.
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