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We investigate saturation effects in exclusive vector meson production in deep inelastic scattering, where
we model fluctuations within the target protons as localized color-charge hot spots. Based on the color glass
condensate framework and the dipole picture for vector meson production, we examine the dependencies of
coherent and incoherent scattering cross sections on the momentum transfer. We draw conclusions on the
effectiveness of our hot spot model and the strength of the suppression of the scattering cross sections
caused by saturation effects. We find that saturation has mild effects in the given energy and charge-density
ranges, but can also show that suppression becomes more prominent as the color-charge density inside the
proton increases.

DOI: 10.1103/bycn-lxzg

I. INTRODUCTION

Exclusive vector meson production in electron-proton
(ep) scattering allows for unique insights into the internal
structure of the proton and the underlying structure of
quantum chromodynamics (QCD). Traditionally, research
has focused on the proton’s structure functions, which
reveal properties of the parton distribution functions [1].
Substantial experimental and theoretical work has been
done in the past decades to extract such functions [2,3].
Nevertheless, recent evidence gained from experiments on
collective flow in proton-proton and proton-nucleus colli-
sions indicates that the transverse profile of partons is also
highly significant to describe observed spectra and particle
correlations in hadronic collisions [4–9]. This is especially
true at high energies, where a significant fraction of the
hadron’s momentum is carried by small-x gluons, leading
to a rapid growth in gluon density. In this high-density
regime, gluon recombination and other nonlinear QCD
effects are expected to play an important role [10].
High-energy deep inelastic scattering (DIS) processes,

found in electron-hadron collisions and in ultraperipheral
collisions at the Large Hadron Collider (LHC) and the
Relativistic Heavy-Ion Collider (RHIC) [11,12], offer a
theoretically robust framework for investigating the internal

partonic structure of hadronic states. Furthermore, due to
the intrinsic sensitivity of DIS processes to low-x degrees of
freedom in the target, these processes let us probe the
transverse distributions to gain further understanding of the
behavior of quarks and gluons in hadronic bound states in
different energy regimes.
In exclusive vector meson production, no net color

charge transfer occurs between the dipole probe and the
target hadron. Thus, the only correlations in transverse
momentum and rapidity between the vector meson and the
outgoing scattering products, or decay products of the
dissociated target, are due to direct momentum transfer,
which probes the color-charge distributions inside the
hadron [13].
In the asymptotic high-energy regime, this interaction is

most effectively described within the dipole formalism
[14], wherein the electron radiates a virtual photon, that
subsequently undergoes quantum fluctuations into a quark-
antiquark (qq̄) pair.
A computational advantage of the dipole picture is the

separation of the whole process into three distinct and
statistically independent subprocesses: An electron initially
emits a virtual photon, which dissociates under quark-
antiquark pair creation with a certain probability. This
probability depends on the correlation of the wave func-
tions of the initial and final states (photon and qq̄ pair,
respectively), which in turn depend on the virtuality and
polarization of the photon and the resulting dipole. The
color dipole then interacts with the color charges present in
the proton, transferring energy and momentum to the target.
This interaction is usually represented as a two-gluon
ladder in perturbative QCD. In scattering experiments,
the decay products of the vector meson are detected and
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their energy and momentum analyzed [15]. The target
proton either remains intact in an entirely elastic scattering
(coherent scattering) or dissociates (incoherent scattering)
due to the energy imparted to it.
In this work, we investigate saturation effects in the

proton using the dipole picture of deep inelastic scattering.
We model the interaction between the dipole and the target
with the color glass condensate (CGC), an effective field
theory of QCD that naturally incorporates multiple scatter-
ing and coherence effects, which become increasingly
important at high gluon densities [16]. We compute both
the coherent and incoherent cross sections for exclusive
vector meson production using the fully nonrelativistic
expression for the overlap function, and compare our
results to the analytically tractable dilute (leading-twist)
limit [17,18]. Following the methodology of previous
studies, we exploit the hierarchy of relevant scales to
disentangle the different sources of fluctuations, distin-
guishing between color charge fluctuations and geometric
fluctuations of the proton structure, included phenomeno-
logically successful hot spot models of the proton structure
[6,9,19–21]. This framework allows us to systematically
explore not only the impact on the coherent cross section,
but also how high gluon densities affect different sources of
incoherent fluctuations.
This paper is organized as follows: In Sec. II, we

introduce the theoretical framework, and we detail the
dipole picture for modeling exclusive vector meson pro-
duction in deep inelastic scattering, outline the derivation of
coherent and incoherent cross sections, and describe the
color glass condensate framework combined with a hot
spot-based proton model. Section III presents our numeri-
cal results, exploring the effects of saturation on both the
coherent and incoherent vector-meson-production cross
sections, with particular attention to the dependencies on
color-charge density and mass of the heavy quarks that
form the vector meson. Comparisons to experimental data
are discussed to assess the effectiveness of the model. In
Sec. IV, we conclude the paper by summarizing key
findings and pointing out possible future research direc-
tions. Additionally, in Appendix A, the reader can find
detailed derivations of the dipole cross section and the color
correlation functions for both dense and dilute limits.
Appendix B explains the numerical integration methods
used and the specifics of hot spot sampling.

II. THEORETICAL FRAMEWORK

A. Cross sections and scattering amplitude of the
process

In this work, we compute cross sections for the fully
diffractive (coherent) process, γ�p → Vp, and the incoher-
ent process, γ�p → Vp�. In the Good-Walker picture [13],
the coherent cross section is given by the square of the
average of the scattering amplitude as [22]

dσcohT;L

dt
¼ 1

16π
jhhAγ�p→Vp

T;L iij2 ð1Þ

and the incoherent cross section computes via the variance
of the amplitude,

dσincT;L

dt
¼ 1

16π
ðhhjAγ�p⟶Vp

T;L j2ii − jhhAγ�p⟶Vp
T;L iij2Þ; ð2Þ

where t ¼ −Δ2 is the Mandelstam variable describing
momentum transfer from the dipole to the proton. The
double averaging process is introduced here since, in what
follows, we will include two different sources of fluctua-
tions in our computations. On one hand, color fluctuations
in the target will arise at scales Q−1

s , the saturation scale of
the target. On the other hand, we include geometrical
fluctuations, which arise at scales similar to the nucleon
radii. The double average, which we define with the
compact notation of

⟪O⟫≡ ⟪Oicih; ð3Þ

denotes averaging of color fluctuations in the target, labeled
as c, and the averaging of event-by-event geometrical
fluctuations, labeled as h.
The ZEUS collaboration has traditionally defined the

total cross section as the direct sum of the cross sections
from virtual photons with transverse and longitudinal
polarizations [22]

dσ
dt

≈
dσT
dt

þ dσL
dt

: ð4Þ

We will henceforth not show the subscripts T or L, and
the reader should consider all given cross sections to be the
sum over polarizations, unless stated otherwise.
To better extract how the incoherent production process

is affected by the fluctuations in the initial wave function of
the proton target, we can separate the dσinc=dt into two
different parts as

dσinc
dt

¼ 1

16π
hhjAj2ic − jhAicj2ih|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

color fluc:

þ 1

16π
hjhAicj2ih − jhhAicihj2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

hot spot fluc:

; ð5Þ

which clearly shows that color fluctuations are given by the
hot spot average of the color variance, while the hot spot
fluctuations are calculated as the hot spot variance of color
averaged amplitudes.
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B. Scattering amplitude in the dipole picture

In the dipole picture of DIS, the scattering amplitude for
exclusive vector meson production can be split into three
distinct subprocesses. The incoming photon splits into a qq̄
pair, which interacts with the target and is eventually
projected into a meson state. The amplitude for this
tripartite process can then be given, at leading order
[22,23], by

Aγ�p→Vp
T;L ðQ2;ΔÞ ¼ i

Z
d2r
Z

d2b
Z

dz
4π

dσpdipðrÞ
d2b

× e−i½bþð1
2
−zÞr�ΔðΨ�

γΨVÞT;LðQ2; r; zÞ; ð6Þ

where the properties of the probe itself are given by
ðΨ�

γΨVÞT;L, the wave-function overlap for the virtual
photon splitting into a qq̄ and subsequent vector meson
production. On the other hand, the interaction of the qq̄ pair
with the strongly interacting target is described by the

dipole cross section,
dσpdipðrÞ
d2b , where r denotes the transverse

dipole size and b the impact parameter of the dipole relative
to the target’s center of mass, as depicted in Fig. 1. These
two characteristic sizes are related to the transverse
positions of the quark and antiquark in the dipole (x and
y, respectively), by

b ¼ xþ y
2

and r ¼ x − y: ð7Þ

The photon virtuality is given byQ2, and z is the fraction
of the light-cone momentum of the incoming photon that is
carried by the quark in the dipole, while naturally the
antiquark carries 1 − z. The total transverse momentum
transfer into the target is described by Δ.
In the following, we will focus on the production of

vector mesons from heavier quark species (c and b). Since
the primary objective of this study is to investigate the role
of saturation effects, we follow previous works [18,22,24]
and employ the nonrelativistic limit of the vector meson

wave functions, which results in the overlaps

ðΨ�
γΨVÞT ¼ −Aq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mqNc

q
eqeK0ðεjrjÞδ

�
z −

1

2

�
ð8Þ

for photons with transverse polarization, and

ðΨ�
γΨVÞL ¼ −2Aq

ffiffiffiffiffiffiffiffi
2Nc

mq

s
eqeQzð1 − zÞK0ðεjrjÞδ

�
z −

1

2

�
;

ð9Þ

for photons with longitudinal polarization.
While Eqs. (8) and (9) can be seen as the leading terms in

an expansion of the relative velocities of the (heavy) quark-
antiquark pair, it should be noted that terms subleading in
power can also have significant effect on the cross section,
in particular for charm quarks (see, e.g., [25]).
In Eqs. (8) and (9), Aq is a normalization constant

controlling the total decay width of the respective vector
meson to electron-positron pair via [24]

Γðqq̄ → eþe−Þ ¼ A2
q
4πe2qαem

m2
q

; ð10Þ

where e ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
4παem

p
is the electromagnetic coupling con-

stant, and eq describes fractional electric charge of the
quark. The governing quantity for the width of the wave-
function overlap is [24]

ε ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2zð1 − zÞ þm2

q

q
: ð11Þ

In the nonrelativistic limit, the produced quarks both
carry the same momentum and energy, making the impact
parameter, b, the sole Fourier conjugate to the momentum
transfer Δ

Aγ�p→Vp
T;L ðQ2;ΔÞ ¼ i

4π

Z
d2r
Z

d2be−ibΔ
dσpdipðrÞ
d2b

× ðΨ�
γΨVÞT;L

�
Q2; r;

1

2

�
: ð12Þ

which significantly simplifies in the computation of the
amplitude in the nonrelativistic limit.
It is important to note that the energy transfer Δ in the

scattering amplitude also includes information about the
direction of transfer. When geometrical fluctuations are
taken into account in the proton, the individual events
become anisotropic. As experimental data on the (in-)
coherent cross sections is reported in terms of the variable t
and insensitive to these fluctuations, one thus needs to
average over the transverse angle of Δ to compare to data.
This procedure is explained in Appendix B 3.

FIG. 1. Process of exclusive vector meson production.
Displayed are the incoming interaction particles (electron, which
scatters off the virtual photon γ�, with virtuality Q2, and the
proton) and the outgoing products (the vector meson and the
proton p0 or dissociated proton p�).
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C. Dipole cross section and correlations

All information about the interaction of the qq̄-pair with
the target is contained in the dipole cross section,

dσpdip
d2b

ðb; rÞ ¼ 2ð1 −Dðb; rÞÞ; ð13Þ

which, for a single configuration of color charges, can be
written using the dipole correlator D, namely,

Dðb; rÞ ¼ 1

Nc
tr

�
V

�
bþ r

2

�
V†
�
b −

r
2

��
: ð14Þ

In this trace, VðxÞ corresponds to a lightlike Wilson line
operator, which describes the interaction of the passing
quark with the target color fields. It is explicitly written as a
resummation of an infinite number of insertions of classical
color fields,

VðxÞ ¼ Pþ exp

�
ig
Z

∞

−∞
dzþA−

a ðzþ;xÞta
	
: ð15Þ

Integration along zþ, which is the light-cone coordinate of a
source moving along the longitudinal axis of collision,
describes the quarks passing through the target.
Additionally, the gauge field A−

a and its fundamental
generator ta constitute the gluon field at transverse position
x. In the CGC formalism [26,27] these fields are generated
in response to the large-x color sources in the target, ρa, and
are explicitly given by

A−
a ðzþ;xÞ ¼

Z
d2zGðx − zÞρaðzþ; zÞ: ð16Þ

The functionGðx − zÞ is the Green’s function associated
with the propagation of a free tranverse gluon, namely
[28,29]

Gðx − zÞ ¼
Z

d2k
ð2πÞ2

eikðx−zÞ

k2 þm2
; ð17Þ

where m has been introduced as an IR regulator.
We will compute the vector-meson production cross

section in two limits, namely for a dense and for a dilute
target. When considering a dense target, the dipole cross
section is taken to be the trace of the full Wilson line, while
considering a dilute target (also commonly known as
leading-twist approximation) corresponds to an expansion
of the dipole operator only up to the first nontrivial order in
the gluon fields (and thus, the color-charge density). The
leading-twist vector meson cross section was studied in
previous work [18]. We note that in both cases, we need the
color average, i.e., the average over color-charge configu-
rations, of the dipole cross section D and its two-point
correlation function DD to evaluate coherent and

incoherent cross sections. These color averages can be
performed analytically, as for a static set of color sources
(no x evolution), the dipole cross section and its two-point
function depend only on the logarithm of the dipole
correlation function [30–32]

Gxy ¼ log

�
1 −

1

2
hdσpdip=d2bic

�
: ð18Þ

The function Gxy can be obtained in a diverse array of
models, with popular choices including the Golec-Biernat-
Wüsthoff (GBW) model [33], the McLerran-Venugopalan
(MV) model [26,27] and the IP-Sat model [34,35]. We
discuss the calculation of Gxy in our hot-spot model
further below.
Dense target. The dense limit allows for infinitely many

scatterings of the qq̄ pair off the target. For the case of the
color average of the dipole operator, the resulting function
is simply given by



dσp;densedip

d2b
ðb; rÞ

�
¼ 2ð1 − eGxy Þ: ð19Þ

Similarly, the color-averaged dipole-dipole color correlator
can be expressed as [36,37]



dσp;densedip

d2b
ðb; rÞ dσ

p;dense
dip

d2b̄
ðb̄; r̄Þ

�

¼ 4

�
1 − eGxy − eGx̄ȳ þ e

aþd
2

2
½ð1þ FÞe12f þ ð1 − FÞe−1

2
f�
�
;

ð20Þ

and we include the derivation of this result in Appendix A.
The functions to be evaluated for this correlation are

f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4bcþ ða − dÞ2

q
and F ¼

a − dþ 2b
Nc

f
; ð21Þ

where the short-hands a through d are defined as follows:

a ¼ Gxy þGx̄ȳ −
1

N2
c − 1

Txy;x̄ȳ;

b ¼ 1

2CF
Txy;x̄ȳ c ¼ 1

2CF
Txȳ;x̄y;

d ¼ Gxȳ þGx̄y −
1

N2
c − 1

Txȳ;x̄y: ð22Þ

Additionally, T denotes the gluon-exchange function,
which can be written in terms of Gxy as
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Tx1x2;x3;x4 ¼ Gx1x4 þ Gx2x3 −Gx1x3 −Gx2x4 : ð23Þ

Dilute target. Expanding the Wilson line operators to
second order in the color-charge density yields the dipole
cross section



dσp;dilutedip

d2b
ðb; rÞ

�
≈ −2Gxy ð24Þ

and the dipole-dipole cross section, which appears in the
incoherent cross section [38]



dσp;dilutedip

d2b
ðb;rÞdσ

p;dilute
dip

d2b̄
ðb̄;r̄Þ

�

≈4

�
GxyGx̄ȳþ

1

2ðN2
c−1ÞðGxx̄þGyȳ−Gxȳ−Gyx̄Þ2

�
; ð25Þ

where for completeness, the computation of these leading-
twist approximations can be found in Appendix A.

D. Proton hot spot model

We will use the hot spot model [6,39] to quantify
position-space (geometrical) fluctuations in the proton.
In this model, the proton presents event-by-event fluctua-
tions of the color charges, effectively accumulating over Nh
dense areas, hence the name of the model. Using the hot
spot model, the measured observables undergo averaging
as calculated within a double average: first over the posi-
tions bi of the Nh hot spots, and then over the configu-
rations of color charges [ρaðxÞ] within the hot spots.
For the distribution of the positions of such hot spots, we

will assume a Gaussian distribution, which can be
expressed in terms of the thickness function of the proton

TpðxÞ ¼
1

2πR2
exp

�
−

x2

2R2

	
; ð26Þ

which is normalized to unity. We can then explicitly define
the double average from Eq. (3) as

hhOicih ≡
�
2πR2

Nh

�Z YNh

i¼1

½d2biTðbi −BÞ�

× δð2Þ
�

1

Nh

XNh

i¼1

bi −B

�
hOic; ð27Þ

where the 2D δ constrains the distribution in such a manner
that the positional average of all hot spots is in the center of
the proton, B. For the case of ep collisions, we can set
B ¼ 0 without loss of generality.
With regards to the averages over color charge distri-

butions, we will use the MV model, which assumes

Gaussian correlations between the color charges, such that

hρaðxÞρbðyÞic ¼ μ2p

�
xþ y
2

�
δð2Þðx − yÞδab; ð28Þ

while the one-point function hρaðxÞic ¼ 0 vanishes to
guarantee color neutrality in the target proton [6]. Here
μ2p describes the color-charge distribution in the transverse
plane, which we take as the sum of the charge profiles ofNh
hot spots located in positions bi, where i∈ f1;…; Nhg, as

μ2pðxÞ ¼
XNh

i¼1

μ2hðx − biÞ: ð29Þ

Event-by-event spatial distributions in the transverse plane
are modeled by assuming a Gaussian profile for the color
charge density of each hot spot, namely

μ2hðxÞ ¼
μ20
2πr2h

exp

�
−

x2

2r2h

	
; ð30Þ

where the effective width of these distributions is rh. The
dimensionless parameter μ0 determines the total normali-
zation of color charge present in the proton target and R its
effective radial width. Generally, we expect the color-
charge normalization parameter, μ0, to be dependent on
the center-of-mass energy of the process, as a higher

ffiffiffi
s

p
will induce greater charge densities in the target.
We also note in passing, that the double average

procedure induces a nontrivial color charge density dis-
tribution on average. In particular, at the leading-twist limit,
the emerging distribution can be understood at the ana-
lytical level, where the induced density is given by
hhρaðxÞρbðyÞicih ¼ δabδ

ð2Þðx − yÞμ̄2ðb −BÞ. The new
effective color correlation, also Gaussian, is explicitly
given by [18]

μ̄2ðb −BÞ ¼ μ20
2πR2

C
exp

�
−
ðb − BÞ2
2R2

C

	
; ð31Þ

where the coherent radius, RC ¼ rh þ R2ðNh − 1Þ=Nh,
corresponds to the new effective width of the proton due
to the hot spot average [18].
Based on the hot-spot model, we can now explicitly

compute the correlation function Gxy . Since, in accordance
with the discussion in Appendix A, the correlation function
Gxy is linear in the color-charge density correlator ρaρb,
individual hot spots contribute additively to Gxy and it is
instructive to first consider the contribution of a single hot
spot located at a position b ¼ 0. We can then express Gxy

semianalytically (see Appendix A), which is given by
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Gxy;rh ¼
g2μ20CF

ð4πÞ2
Z

∞

0

du
Z

∞

0

dv
e−m

2ðuþvÞ

uvþ r2h
2
ðuþ vÞ

�
exp

�
−
1

4

uy2 þ vx2 þ r2h
2
ðx − yÞ2

uvþ r2h
2
ðuþ vÞ

	

−
1

2
exp

�
−
1

4

ðuþ vÞx2

uvþ r2h
2
ðuþ vÞ

	
−
1

2
exp

�
−
1

4

ðuþ vÞy2
uvþ r2h

2
ðuþ vÞ

	�
; ð32Þ

where CF ¼ N2
c−1
2Nc

is the fundamental Casimir and m is the
IR regulator introduced in Eq. (17).
By considering the contributions from all hot spots, the

total function Gxy can then simply be computed using

Gxy ¼
XNh

i¼1

Gx−bi;y−bi;rh ; ð33Þ

whereGx−bi;y−bi;rh is given by shifting Gxy;rh , as defined by
Eq. (32), to the center of the hot spot, bi.
Clearly, the formulation of a model in terms of micro-

scopic charges, where Wilson lines are obtained by solving
the YM field equations, has the advantage that it auto-
matically ensures the consistency of all N-point functions.
Notably, this is not the case for many phenomenological
parametrizations of the dipole cross section, which are not
based on microscopic considerations, but instead provide
an explicit parametrization of the dipole cross-section D
directly as a function of r and b. We found that inserting
popular parametrizations such as the GBW model [40] into
higher correlations of the dipole operator, Eq. (14), leads to
inconsistencies for higher-order N-point functions, where,
e.g., the absence of cancellation in the quadrupole corre-
lation leads to a nonvanishing constant even for jbj → ∞,
resulting in divergent amplitudes. For more information,
the reader is referred to Appendix A.

III. RESULTS

We will now present numerical computations for coher-
ent and incoherent production of J=ψ andϒ vector mesons.

In order to evaluate the cross sections, we perform a
Monte Carlo sampling of the hot spot positions, and
subsequently evaluate the scattering amplitude by numeri-
cal integration using the CUBATURE package [41]. The
software for the calculation of scattering amplitudes for
single hot-spot configurations and the necessary analysis of
these results is available at [42], where the reader can also
find the data and plotting scripts for the results of this paper.
We set the decay width to Ac ¼ 0.211 GeV3=2 which has

been accurately determined from experiments involving
charmed states [24]. Due to the lack of an accurate
measurement of Ab, we will use Ab ¼ Ac for the production
cross section comparisons involving bottom quarks. Some
other numerical parameters used are the electromagnetic
coupling, e ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

4παem
p

, where α−1em ¼ 137.036, and eq,
which describes the fractional electric charge of the
respective quarks. The quark masses are fixed to mc ¼
1.275 GeV for the charm quark, and mb ¼ 4.18 GeV for
the bottom quark.
The color-charge density in each hot spot is varied with

the parameter μ20, which appears in the dipole correlation
functionGxy together with the square of the gluon coupling
constant g2. Therefore, μ0 always enters the cross section as
the dimensionless combination g2μ20, which, in accordance
with previous work [18], was chosen to be g2μ20 ¼ 6.574 as
the best fit value for comparison with the HERA H1 results
[15,43]. This will be the value reported in this work, unless
explicitly stated otherwise.
The photon virtuality is given by Q2 ¼ 0.1 GeV2.

Additionally, the characteristic sizes of hot spot and proton
were chosen as rh ¼ 0.165 fm and R ¼ 0.358 fm, respec-
tively. We have also fixed the number of hot spots inside
each proton to be Nh ¼ 3, for a coherent radius
RC ¼ 0.336 fm. Finally, the IR-regulator in the Wilson
line integral’s Green’s function is m ¼ 0.22 GeV.
The reader can find the coherent and incoherent cross

sections as functions of jtj ¼ jΔj2, in Figs. 3 and 4,
respectively. We compare the dilute and dense limits1 for
J=ψ production, and validate the chosen parameters against
H1 data [15,43]. In all the results we are presenting in this
Section, we average over 512 different hot spot configu-
rations (events), where we use the same underlying sets ofFIG. 2. Illustration of the hot spot proton model, which shows

an arbitrary configuration of Nh ¼ 3 hot spots. The hot spots are
not confined to the proton and radiate some color charge beyond
the size of the proton. The passing dipole with quarks at positions
x and y is also drawn.

1We have validated our numerical integrator and sampling
algorithms against the analytical results of Ref. [18], which are
labeled “Analytical” in the figures.
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events for both the dilute and the dense limits. The bands
shown correspond to the standard error in the statistical
analysis of these events.
We observe a consistent suppression of the cross sections

for the dense limit, in comparison to the dilute approxi-
mation. Naturally, this is expected from these models, as
the dense limit contains scatterings to all orders. This
means that the scattering quarks experience larger momen-
tum broadening than in the single-scattering dilute limit.
Computationally, one can understand this from the dipole
correlation function, Gxy , which is nonpositive for all
positions x and y. This results in the dense-target dipole
cross section being consistently smaller than the dilute-
target dipole cross section [compare Eqs. (19) and (24)]. In
fact, it is also bounded from above, whereas the dilute
dipole cross section is not. These effects ultimately lead to
suppression of the scattering amplitude and thus cross
sections. In comparison with the results presented in this
paper for ep, we expect the suppression to be larger for the
case of electron-ion (eA) collisions, since the effective
color density will increase with the total number of
nucleons.
As can be seen in Fig. 3, the coherent cross sections for

both the dense and dilute limits show exponential decrease
with jtj for larger momentum transfers (jtj > 0.7 GeV2),
where the slope is is affected by the size of the system [18].
Hot spot fluctuations naturally change this slope by
changing, event-by event, the effective color charge density
and the effective size of the system. While this is very
straightforward in the dilute case, leading to the coherent
radius RC, in the case of a dense target, the new effective
size tends to be more entangled to the remaining

parameters. In Fig. 3, this variation manifests in the error
bands, which grow relative to the smaller cross sections at
large jtj.2
For the incoherent cross section in Fig. 4, we observe that

the hot spot fluctuations are the leading contribution to the
incoherent cross section for jtj ≈ 0.5–2 GeV2, which is also
the case of the dilute approximation in Ref. [18]. Outside this
range, they decrease swiftly, leading to the color fluctuations
dominating instead. We observe that for jtj > 2 GeV2, both
the dense and dilute calculations approximate the analytical
estimation ð1þ lnðm2=jtjÞÞ=jtj of Ref. [18]. While the total
normalization of the coherent cross section has been fixed to
successfully reproduce the H1 data, additional scaling is
needed to reproduce the incoherent cross section, where we
have applied a factor K ¼ 3 to our computation. It is
important to note that the discrepancy between H1 and
sampled results for the incoherent cross section cannot easily
be corrected without affecting the coherent cross section as
well. For example, if one increases the value of the
dimensionless free parameters g2μ20, this increases the total
normalization of both the coherent and incoherent cross
sections. In the case of the dense limit, the cross sections
depend nonlinearly on g2μ20, leading to a steeper spectrum for
larger values. This is demonstrated in Figs. 5–8, where we

FIG. 3. Coherent cross sections in the dense and dilute limits.
Data labeled “Analytical” refers to results from previous work
[17], where the hot spot average was calculated analytically in the
dilute limit and no numerical sampling was performed. H1 data is
from [15]. The bands correspond to statistical error coming from
the MC sampling of geometrical fluctuations in the proton.

FIG. 4. Incoherent cross sections in the dense and dilute limits.
Also shown are the color and hot spot fluctuations making up the
total cross section. H1 data is from [15] for small t and [43] for
large t. The standard error is shown as bands.

2The variation from the sampling for the coherent cross
sections shows a relative increase with the transferred energy,
and thus jtj. This can be explained as follows: First, the energy
transfer is higher for dipoles that scatter closer to the center of the
proton, where the average proton thickness is the highest.
Second, the variation in hot spot positions induces variation of
the effective thickness profiles event by event. This effect is also
maximal in the center of the proton. The combination of these
two effects then results in comparatively greater (statistical)
variation for higher energy transfers.
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have investigated the dependence that the vector meson
production cross sections have on the color charge density
normalization, g2μ20. While this behavior adds to the trend
observed in previous studies [18,24], recent work suggests
that including the relativistic corrections to the vector-meson
wave functions, aswell as fluctuations ofQs for each hot spot
individually, alleviates the mismatch between H1 data and
phenomenological results [25].
The effective steepening of the spectrum is exemplified

by the observables sensitive to geometrical fluctuations,
e.g., coherent cross section and the incoherent hot spot
fluctuations, shown in Figs. 5 and 6. On the other hand,
color fluctuations in the incoherent cross sections are
virtually not affected by change in the effective size, where
the ratios between dense systems and the dilute (which is
affected only by normalization) is quite stable along the jtj
direction. In Fig. 7, however, we see that the total
incoherent cross section scales relatively cleanly with
changes to g2μ20. This comes as a consequence of color
fluctuations dominating the incoherent spectrum every-
where outside of the maximum amplitude of the hot-spot–
fluctuations spectrum.
In Fig. 8, we display coherent and incoherent cross-

section results against different values of g2μ20, partially
normalized by g2μ20. Due to the leading-twist approxima-
tions in the dilute limit, cross sections depend linearly on
ðg2μ20Þ2. We present the partially normalized cross section
to facilitate the observation of the breaking of this scaling
due to the all-twist (dense) result. As can be readily seen,
dense targets display stronger dampening due to multiple

scatterings, leading to a large suppression for larger color-
charge normalization parameters.
The effects of the quark mass on the vector meson

production coherent and incoherent cross sections are
shown in Figs. 9–11. All cross sections in these figures
have been rescaled with ðΓJ=ψ=ΓVÞðmq=mcÞ5 to remove the
leading quark-mass dependence. The coherent cross sec-
tions, Fig. 9, present a mild dependence on the quark
masses, apart from the leading quark terms. The main effect
is a slight change in the general decay rate of the spectrum,
and hence, the effective size of the proton as seen by the b-
quark probes [44].
Considering the incoherent cross section, hot spot

fluctuations are affected more than the color fluctuations
by different quark masses. The hot spot spectrum sees the
biggest change, as it is deeply hardened, while its amplitude
relative to the color fluctuations increases. This changes the
jtj dependence in such a way that the cross section does not
steadily decrease with energy transfer but instead peaks at
around 0.6 GeV2 for the bottom quark case. The bottom
dipole forces the system into smaller dipoles, and hence
large momentum transfers are enabled, hardening the
spectrum. It is interesting to note that for the more massive
bottom quark, the dilute and dense limits have the same
slope for the momentum-transfer scales explored, which
stands in contrast to the trend observed for the charm quark.
On the other hand, the spectrum of color fluctuations is
affected in a milder way, where the difference between

FIG. 5. Coherent cross sections for different color-charge
amounts g2μ20. The standard error is shown as bands. The smaller
diagram shows the ratio of dense to dilute model scattering cross
sections.

FIG. 6. Color and hot spot fluctuations for different color-
charge amounts g2μ20. Shown are the color- and hot-spot–
fluctuation contributions making up the full incoherent cross
section shown in Fig. 7. The standard error is shown as bands.
The smaller diagram shows the ratio of dense to dilute model
scattering cross sections.
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targets in the dilute and dense limits is larger for less
massive quarks. Additionally, just as in the case of the hot
spot fluctuations, more massive quarks in the bound pair
harden the spectrum by forcing the system into smaller
dipoles.

FIG. 7. Incoherent cross section for different color-charge
amounts g2μ20. The standard error is shown as bands. The smaller
diagram shows the ratio of dense to dilute model scattering cross
sections. As expected, the discrepancy between the dilute and the
dense results increases for larger color-charge densities.

FIG. 8. Coherent and incoherent cross sections at fixed energy
transfer jtj ¼ 1.0 GeV2, for a range of different values of g2μ20,
compared to the value fixed for data comparison in this work,
ðg2μ20Þ0 ¼

ffiffiffiffiffiffiffiffiffiffiffi
43.22

p
. The cross sections have been normalized by

a factor g2μ20 to facilitate the comparison between dense and
dilute cases.

FIG. 9. Coherent cross section for different quarks constituting
the vector meson. Bands show the relative variation due to
different event configurations.

FIG. 10. Color- and hot-spot–fluctuation contributions making
up the full incoherent cross section shown in Fig. 11, for different
quarks in the vector meson. The standard error is shown as bands.
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IV. CONCLUSIONS

In this study we compute exclusive vector meson pro-
duction cross sections in the dipole picture, using a
Monte Carlo sampling approach to account, event-by-event,
for the geometrical subnuclear fluctuations of the proton, as
given by the successful hot spot model. We benchmarked our
numerical Monte Carlo setup against analytical leading-twist
results presented in previous work [18], and compared the
leading- and full-twist limits to study saturation effects. For
the relevant observables, we computed the diffractive coher-
ent and incoherent cross sections of charmed and bottom
vector mesons (J=ψ and ϒ), where we made use of the
nonrelativistic approximation of the wave-function overlap
for the relevant vector meson. We find good agreement to
coherent J=ψ production data from H1 [15,43], as well as the
shape of incoherent data. However, we confirm the trend
observed in previous studies, which indicated that an extra
prefactor, K ¼ 3 [18], is needed to account for the mismatch
of the relative normalization of coherent and incoherent cross
sections. Since saturation effects fail to explain this mis-
match, the only remaining possibility is that a more accurate
description of the vector meson wave function [25] beyond
the strict nonrelativistic limit considered in this work as well
as in the leading-twist analysis of [18] is required, and we
intend to pursue such an analysis in the future.
We also undertook a systematic study, exploring how the

overall normalization of charge density, as well as the
magnitude of the quark masses, affects the cross sections in
both the dense and dilute limits. We observe a consistent
trend, where larger charge densities and smaller masses are
better suited to distinguish the linear and nonlinear effects.

We also present a consistent parametrization of the
dipole amplitude, where the color fields inside the proton
are created by individual, localized charge hot spots. This is
necessary to obtain a physical incoherent cross section,
since simpler models with no infrared regulation present
pathological behavior for higher correlation functions (e.g.,
quadrupole) and large dipole sizes, especially when
jrj > 2Rp. The formulas we present here have been cured
of this pathological behavior, giving a finite incoherent
cross section for all geometry configurations.
Just as expected, we find that saturation effects lead to a

suppression of the overall scattering cross section relative
to the leading-twist limit. While being quite mild in ep
collisions, we expect, naturally, that these saturation effects
are more significant in systems with higher charge den-
sities, such as those with greater center-of-mass energies or
eA collisions. As an outlook, in future work we plan to
tackle the question of how system size and nuclear structure
affect the relations between the nonlinear and linear limits
of vector meson production both in ultraperipheral colli-
sions in RHIC and the LHC [11,12] and in the upcoming
Electron-Ion Collider (EIC)[45].
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APPENDIX A: DIPOLE CROSS SECTION AND
COLOR CORRELATIONS

Beginning with the definition of the dipole correlator

Dðb; rÞ ¼ 1

Nc
tr½VðxÞV†ðyÞ�; ðA1Þ

FIG. 11. Incoherent cross section for different quarks constitut-
ing the vector meson. The standard error is shown as bands.
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first the color average is applied and then exchanged with
the trace, which makes use of the linearity of the trace, as

hDðb; rÞi ¼ 1

Nc
tr½hVðxÞV†ðyÞi�: ðA2Þ

For ease of notation, the color field operator Ax is defined
such that the Wilson line operator takes the form

VðxÞ ¼ Pþ exp

�
ig
Z

∞

−∞
dzþA−

a ðzþ;xÞta
	

¼ eigAx : ðA3Þ

The Wilson lines in the correlator are now expanded to
second order, which is sufficient for a full solution with the
highly Lorentz-contracted target [16,17], yielding

hDðb; rÞi

≈
1

Nc
tr

�
�
1þ igAx −

g2

2
A2
x

��
1 − igAy −

g2

2
A2
y

���
:

ðA4Þ
Multiplying out the terms and using that odd order color
fluctuations average to 0, we get,

hDðb; rÞi ≈ 1

Nc
tr

�
1þ g2hAxAyi −

g2

2
hA2

xi −
g2

2
hA2

yi
�
:

ðA5Þ
Since the dilute model assumes only one scattering of the
dipole on the target, we can, without loss of generality,
generalize that interaction to occur at a single longitudinal
zþ. The integration then becomes trivial and we substitute
the color field operator Ax with its generator ta (with color
a) and corresponding stochastic variable ξax, which is now
independent of zþ,

hDðb; rÞi ≈ 1

Nc
tr

�
1þ g2tatbhξaxξbyi −

g2

2
tatbhξaxξbxi

−
g2

2
tatbhξayξbyi

�
: ðA6Þ

The stochastic variables, of course, have the same average
and correlation relation as the color field operators, namely

hξaxi ¼ 0 and hξaxξbyi ¼
λxy
g2CF

δab: ðA7Þ

Here, λ is a short-hand for

λxy ¼ g2CFhA−
a ðzþ ¼ 0;xÞA−

a ðz̄þ ¼ 0; yÞi; ðA8Þ

where, to solve the zþ and z̄þ integrals, we used that the
interaction occurs at a single zþ ¼ 0. From the Fierz
identity of the Lie algebra generators ta in adjoint color
space, it follows that [47]

taijt
a
kl ¼

1

2
δilδjk −

1

2Nc
δijδkl: ðA9Þ

Thus, the trace over two generators of the same color is
tr½tata� ¼ taijt

a
ji ¼ 1

2
ðN2

c − 1Þ. Evaluating the trace and aver-
ages, we find the color averaged dipole correlator to be

hDðb; rÞi ≈ 1þ Gxy; ðA10Þ

where the dipole correlation function

Gxy ¼ λxy −
1

2
λxx −

1

2
λyy ðA11Þ

was defined. This will be calculated in Appendix A 4.
This leads to the dipole cross section, in the dilute limit,

taking the form



dσp;dilutedip

d2b
ðb; rÞ

�
¼ 2ð1 − hDðb; rÞiÞ ≈ −2Gxy; ðA12Þ

where, as before, x ¼ bþ r
2
and y ¼ b − r

2
.

1. Dipole cross section in the dense limit

We again start from the trace over the color average of
the dipole correlator. In the dense limit, interactions
between probe and target are assumed to occur all the
way along the path through the target, and the integral will
not become trivial. Instead, we again introduce stochastic
variables ξ, but this time carry out the Gaussian averaging
of the Wilson line correlators by representing the standard
Gaussian integral over color charges as a discrete stochastic
process in the evolution variable z. Wilson lines are
initialized such that Vðz ¼ 0Þ ¼ 0, and in each evolution
step, we expand the individual Wilson lines as follows:

Vxðzþ δzÞ

¼ VxðzÞ
�
1þ igtaξaxðδzÞ12 −

g2

2
taξaxtbξbxδzþ � � �

�
ðA13Þ

Here, δz is size of each step. Expanding both Wilson lines
in this way yields

Vxðzþ δzÞV†
yðzþ δzÞ

¼ VxðzÞ
�
1þ igtaξaxðδzÞ12 −

g2

2
taξaxtbξbxδzþ � � �

�

×

�
1þ igtcξcyðδzÞ12 −

g2

2
tcξcytdξdyδzþ � � �

�†
V†
yðzÞ

ðA14Þ
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¼ VxðzÞ
�
1þ g2taξaxtcξcyδz −

g2

2
taξaxtbξbxδz −

g2

2
tcξcytdξdyδz

þOðg1Þ þOðg3Þ þ � � �
�
V†
yðzÞ:

ðA15Þ

All odd orders and orders above the second are disregarded.
When now applying the color average and trace, as well as
equivalently rearranging the equation and dividing by δz,
we get a finite-differences differential equation,

∂zðVxðzÞV†
yðzÞÞ

¼ lim
δz→0

Vxðzþ δzÞV†
yðzþ δzÞ − VxðzÞV†

yðzÞ
δz

ðA16Þ

¼ VxðzÞ
�
g2taξaxtcξcy −

g2

2
taξaxtbξbx

−
g2

2
tcξcytdξdy

�
V†
yðzÞ: ðA17Þ

We continue by calculating the z derivative of our color-
averaged dipole correlator, making use of the commuta-
tivity of the derivative with both the average and the trace.
Using the Fierz identity for the Lie-group generators, as is
shown above for the calculation of the dilute-limit corre-
lator, and applying the average with Wick’s theorem, yields
the differential equation

∂zhDðb; rÞi ¼ 1

Nc
tr½h∂zðVxðzÞV†

yðzÞÞi� ðA18Þ

¼ GxyhDðb; rÞi; ðA19Þ

which is solved by

hDðb; rÞi ¼ eGxy : ðA20Þ

Here, the initial condition of Dðb; rÞðz ¼ 0Þ ¼ 1 was
chosen, as D is already normalized in such a way that
the dipole cross section is 0 before interaction with the
target. Thus, the dipole cross section in the dense limit is
given by



dσp;densedip

d2b
ðb; rÞ

�
¼ 2ð1 − eGxy Þ: ðA21Þ

2. Dipole-dipole cross section in the dilute limit

Starting from the color average of the dipole-dipole cross
section, we find



dσp;dilutedip

d2b
ðb; rÞ dσ

p;dilute
dip

d2b̄
ðb̄; r̄Þ

�

¼ 4


�
1 −

1

Nc
tr½VxV

†
y �
��

1 −
1

Nc
tr½V x̄V

†
ȳ �
��

: ðA22Þ

The traces are now expanded as they were in the single-
dipole correlator calculation. Multiplying the terms and
applying the trace and average analogously to the previous
calculations yields



dσp;dilutedip

d2b
ðb; rÞ dσ

p;dilute
dip

d2b̄
ðb̄; r̄Þ

�

≈ 4

�
GxyGx̄ȳ þ

1

2ðN2
c − 1Þ ðGxx̄ þGyȳ − Gxȳ −Gyx̄Þ2

�
:

ðA23Þ

3. Dipole-dipole cross section in the dense limit



dσpdip
d2b

ðb; rÞ dσ
p
dip

d2b̄
ðb̄; r̄Þ

�

¼


2

�
1 −

1

Nc
tr½VxV

†
y �
�
2

�
1 −

1

Nc
tr½V x̄V

†
ȳ �
��

¼ 4



1 −

1

Nc
tr½VxV

†
y � − 1

Nc
tr½V x̄V

†
ȳ �

þ 1

N2
c
tr½VxV

†
y �tr½V x̄V

†
ȳ �
�

ðA24Þ

Analogous to the calculation in the dilute limit, only the
dipole-dipole correlator is unknown. Using the same
assumptions and properties as in the calculation of the
single dipole correlator in the dense model, namely the
discretization of the integral as a stochastic process, we find
the differential equation

∂zhtr½VxV
†
y �tr½V x̄V

†
ȳ �i

¼
�
Gxy þ Gx̄ȳ −

1

N2
c − 1

Txy;x̄ȳ

�
htr½VxV

†
y �tr½V x̄V

†
ȳ �i

þ 1

2CF
Txy;x̄ȳhtr½VxV

†
ȳV x̄V

†
y �i ðA25Þ

with the unknown quadrupole correlator

htr½VxV
†
ȳV x̄V

†
y �i: ðA26Þ

T is a transition function defined as
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Tx1x2;x3x4 ¼ Gx1x4 þGx2x3 −Gx1x3 −Gx2x4 : ðA27Þ

Also analogous to the calculation of the dipole-dipole
correlator, the z derivative of the quadrupole correlator is
found to be

∂zhtr½VxV
†
ȳV x̄V

†
y �i

¼
�
Gxȳ þ Gx̄y −

1

N2
c − 1

Txȳ;x̄y

�
htr½VxV

†
ȳV x̄V

†
y �i

þ 1

2CF
Txȳ;x̄yhtr½VxV

†
y �tr½V x̄V

†
ȳ �i: ðA28Þ

The two differential equations are combined into the
coupled equation

∂z

� htr½VxV
†
y �tr½V x̄V

†
ȳ �i

htr½VxV
†
ȳV x̄V

†
y �i

�

¼ Mxyx̄ȳ

� htr½VxV
†
y �tr½V x̄V

†
ȳ �i

htr½VxV
†
ȳV x̄V

†
y �i

�
; ðA29Þ

where the correlation matrix M was defined as

Mxyx̄ȳ≡
�
a b

c d

�

¼
 
GxyþGx̄ȳ− 1

N2
c−1

Txy;x̄ȳ
1

2CF
Txy;x̄ȳ

1
2CF

Txȳ;x̄y GxȳþGx̄y− 1
N2

c−1
Txȳ;x̄y

!
:

ðA30Þ

The matrix elements a, b, c, and d were defined for clarity
and will be used in the next step.
The coupled equation is solved for the dipole-dipole

correlator by

htr½VxV
†
y �tr½Vx̄V

†
ȳ �i ¼

�
1

0

�
T
eMxyx̄ȳ

�
N2

c

Nc

�
: ðA31Þ

The matrix exponential for a square matrix is readily
calculated, such that the correlator is found to be

htr½VxV
†
y �tr½V x̄V

†
ȳ �i

¼ N2
c

2
e
aþd
2 ½ð1þ FÞe12f þ ð1 − FÞe−1

2
f�; ðA32Þ

where f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4bcþ ða − dÞ2

p
and F ¼ a−dþ2b

Nc
f .

Noncancellations. A well-used approximation is to
change the full Gxy function to a (semi)analytical model,
such as GBW or the IP-Sat models. As stated in the
main text, we observe inconsistencies in the resulting
N-point functions when these parametrizations are applied.

In our case, this leads the quadrupole correlation to
include incomplete cancellations, thus yielding divergent
amplitudes due to residual non-zero value, even in the limit
jbj → ∞. In such parametrizations, Gxy → ð1=4Þr2×
Q2ðx; r;bÞ, where the impact parameter dependence is
then further factorized to Q2ðx; r;bÞ ≔ Q2

0ðx; rÞTðbÞ. This
factorization, which is not present in Eq. (32), introduces
the alleged noncancellations. This will be confirmed by
using the MV model in its nonimpact parameter form [48],
where the logarithm of the dipole function also factorizes,
giving

Gxy ¼ −
g2μ20CF

4π
TðbÞ 1

m2
½1 −mrK1ðmrÞ� ðA33Þ

where K1ðxÞ is a modified Bessel function of the second
kind. One can obtain this infinitely large ion formula by
expanding to leading order on the overlap between r, and b.
In this sense, it acts as the first order of a gradient expansion
on the colour source density of the target.

FIG. 12. Dipole-Dipole correlations in terms of the first dipole
size, r for a set of four different outlier dipole configurations (see
main text for details).
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To make explicit the noncancellations, we present a
simple but intuitive comparison of four different two-dipole
outlier configurations, see Fig. 12. In the following
configurations, and for simplicity, the first dipole is placed
“outside” the effective area of the Gaussian profile, at
b ¼ ð0; 2rHÞ. Both dipoles are oriented in the x direc-
tion, r ¼ ðr; 0Þ.
(1) Second dipole with a fixed size r̄ ¼ rH located at the

center of the gaussian profile, b̄ ¼ 0.
(2) Second dipole with a fixed size r̄ ¼ 2rH located at

the center of the gaussian profile, b̄ ¼ 0.
(3) Second dipole with a fixed size r̄ ¼ rH located

opposite to the first dipole, b̄ ¼ ð0;−2rHÞ.
(4) Second dipole with a fixed size r̄ ¼ rH located

opposite to the first dipole, with a net imbalance.
Namely, b̄ ¼ ð0;−rHÞ.

The reader can see that the dipole-dipole correlation
stays In the limit of factorization of the impact parameter
dependence, the incoming dipoles see the target effectively
as an infinite nucleus with color density given at the impact
parameter value, μ2ðbÞ. This means that independent
charges, the (anti)quark, will see no effects from the profile
itself. In other words, the target exhibit incosistent large
distance tails. This is the reason that ultimately leads to the
noncancellations. While this approximation has been quite
successfully used to model a plethora of systems, including
DIS [49,50], the effect of the odderon in scattering of
various systems [51,52] and energy deposition for particle
produciton in heavy ion collisions [53–56] (see [10] for
more references), this Section shows that the hybrid
dependence on the impact parameter has its limitations.
On the other hand, the dipoles computed using the MV

for the impact-parameter dependent Gaussian profiles (here
MV-IP) do not exhibit this problem, and all configurations
vanish for large values of the first dipole size, r, where the
first dipole “misses” the color density profile. It is worth
noting that the variation with respect to the regulator does
not change the vanishing of the correlator when r → ∞,
even as it has some effect on the values of the correlation,
including the slope at large r.

4. Dipole correlation function G

The color field A−
a was previously [Eq. (15)] defined as

A−
a ðzþ;xÞ ¼

Z
d2zGðx − zÞρaðzþ; zÞ; ðA34Þ

where Gðx − zÞ is the Green’s function

Gðx − zÞ ¼
Z

d2k
ð2πÞ2

eikðx−zÞ

k2 þm2
: ðA35Þ

In the calculation of the dipole and dipole-dipole correla-
tors, we defined the dipole correlation function as

Gxy ¼ λxy −
1

2
λxx −

1

2
λyy ðA36Þ

and its components as

λxy ¼ g2CFhA−
a ðxÞA−

a ðyÞi: ðA37Þ

In the eikonal limit all interactions with the target occur on
a single instant in light-cone time, and hence, in what
follows, the zþ- and z̄þ-dependencies of A−

a ðzþ;xÞ and
A−
a ðzþ; yÞ can be conveniently disregarded. Substituting

these with their Green’s functions and charge densities ρðzÞ
yields

λxy ¼ g2CF

Z
d2zd2z̄

d2kd2k̄
ð2πÞ4

eikðx−zÞ

k2 þm2

eik̄ðy−z̄Þ

k̄2 þm2
hρzρz̄i:

ðA38Þ

The color average was moved into the integrals around the
color-charge densities. The complete dipole correlation
function thus takes this form,

Gxy ¼ g2CF

Z
d2zd2z̄

Z
d2k
ð2πÞ2

d2k̄
ð2πÞ2 hρzρz̄i

×
1

ðk2 þm2Þðk̄2 þm2Þ
�
eikðz−xÞeik̄ðz̄−yÞ

−
1

2
eikðz−xÞeik̄ðz̄−xÞ −

1

2
eikðz−yÞeik̄ðz̄−yÞ

�
: ðA39Þ

As above, hρxρyi is the color-averaged correlated hot spot
color-charge density, which is given by

hρxρyi ¼
XNh

i¼1

μ2
�
xþ y
2

− bi

�
δð2Þðx − yÞ ðA40Þ

with

μ2ðxÞ ¼ μ20
2πr2h

e
− x2

2r2
h : ðA41Þ

Performing the z and z̄ integration, which makes use of the
δ distribution after exchanging the sum over hot spots and
the integrals, yields

Gxy ¼
g2μ20CF

ð2πÞ4
XNh

j¼1

Z
d2kd2k̄

e−
r2
h
2
ðkþk̄Þ2eiðkþk̄Þbj

ðk2 þm2Þðk̄2 þm2Þ

×

�
e−ikxe−ik̄y −

1

2
e−ikxe−ik̄x −

1

2
e−ikye−ik̄y

�
:

ðA42Þ

The phase eiðkþk̄Þbj is part of the result of the Fourier
transformation. Factorizing this phase with the other
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exponentials results in

Gxy ¼
g2μ20CF

ð2πÞ4
XNh

j¼1

Z
d2kd2k̄

exp f− r2h
2
ðkþ k̄Þ2g

ðk2 þm2Þðk̄2 þm2Þ

×
�
e−iðkxjþk̄yjÞ −

1

2
e−iðkþk̄Þxj −

1

2
e−iðkþk̄Þyj

�
;

ðA43Þ

where we have defined xi ¼ x − bi and yi ¼ y − bi. Thus,
with multiple hot spots, the position of each hot spot is
simply subtracted from the quark positions x and y, which
are integrated over in the scattering amplitude. Using
Feynman’s integration trick, namely

1

ðk2 þm2Þ ¼
Z

∞

0

du e−uðk2þm2Þ; ðA44Þ

the remaining integral is a complex Gaussian integration,
which can be performed to give

Gxy ¼
g2μ20CF

ð4πÞ2
XNh

j¼1

Z
∞

0

du
Z

∞

0

dv
e−m

2ðuþvÞ

uvþ r2h
2
ðuþ vÞ

×
�
exp

�
−
1

4

uy2j þ vx2
j þ r2h

2
ðxj − yjÞ2

uvþ r2h
2
ðuþ vÞ

	

−
1

2
exp

�
−
1

4

ðuþ vÞx2
j

uvþ r2h
2
ðuþ vÞ

	

−
1

2
exp

�
−
1

4

ðuþ vÞy2j
uvþ r2h

2
ðuþ vÞ

	�
: ðA45Þ

The reader can note that Gxy only depends on the
magnitudes jxij and jyij, and the angle between xi and
yi, ϕxi;yi , since

ðx − yÞ2 ¼ ðxi − yiÞ2

¼ x2
i þ y2i − 2

ffiffiffiffiffiffiffiffiffi
x2
i y

2
i

q
cosϕxi;yi : ðA46Þ

Because the numeric scattering amplitude integrals
already have four and eight dimensions, respectively, this
two-dimensional integration cannot realistically be
included in every integration point. An interpolation
method was chosen to replace the two integrals giving
G. This tricubic interpolation uses the magnitudes of the
vectors and the angle between them as inputs to interpolate
over precalculated results, achieving a significant speedup
for each calculation of G, compared to numeric integration
methods, with only small losses in accuracy (relative error
<10−4). Figure 13 shows the correlation function for one
hot spot of size r2h ¼ 0.7 GeV2 at the origin and a set of

different rotations of the dipole that scatters off it. More
alignment of the dipole along the gradient of the hot spot’s
charge density results in higher dipole correlation.
The largest values are found when the dipole quarks pass

on opposite sides of the hot spot, as is shown at jbj ≈ 0.

APPENDIX B: NUMERICS

1. Numerical integration

Numeric integrators [41] were used to solve the four- and
eight-dimensional integrals required for the amplitudes in
the coherent and incoherent cross sections.
All proper numeric calculations before analysis were

performed on high-performance computers at the
Paderborn Center for Parallel Computing [57].

2. Hot spot sampling

Generating a hot spot configuration consists of first
sampling Nh independent positions in transverse 2D space
according to the spatial density distribution of the proton
[see Eq. (26)]. Then, the spatial average of these positions is
calculated and subtracted from each position, which aligns
the center of mass with the desired center of the proton.
This process causes the actual size of the spatial distribution
of hot spots to be slightly smaller than the size of the
distribution on which they were sampled initially. Previous
work [18] found that, with Gaussian hot spot and proton
profiles, as are in use here as well, the resulting distribution
is still Gaussian, and calculated the new size parameter, the
“coherent radius,” to be [18]

R2
C ¼ r2h þ

Nh − 1

Nh
R2: ðB1Þ

The Monte Carlo–sampling approach outlined in this work
does not need the analytical solution for the resulting
distribution.

FIG. 13. Dipole correlation function for different dipoles. The
size of the dipole, r ¼ jrj, was arbitrarily chosen to be 1 GeV−1.
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3. Energy transfer orientation average

Averaging over the polar angle ϕΔ of Δ as

dσ
dt

¼
Z

dϕΔ
2π

dσ
dð−Δ2Þ ðB2Þ

yields the desired, direction independent cross section. For the color fluctuations this can be done semianalytically,Z
dϕΔ
2π

ðhjAðeÞj2ic − jhAðeÞicj2Þ ¼
Z

dϕΔ
2π

1

16π2

Z
d2rd2r̄

Z
d2bd2b̄ðΨ�

γΨVÞðQ2; rÞðΨ�
γΨVÞðQ2; r̄Þ

× e−iðb−b̄ÞΔ
�


dσpdip
d2b

ðb; rÞ dσ
p
dip

d2b̄
ðb̄; r̄Þ

�
−


dσpdip
d2b

ðb; rÞ
�


dσpdip
d2b̄

ðb̄; r̄Þ
��

: ðB3Þ

Here, the first term inside the parentheses of the reduced dipole cross section is the color-averaged dipole-dipole correlator
as shown above. The second term is the trivial product of two single color-averaged dipole correlators arising from the
square of the amplitude before the hot spot averaging. Performing the ϕΔ integral yields the following result:Z

dϕΔ
2π

ðhjAðeÞj2ic − jhAðeÞicj2Þ ¼
1

16π2

Z
d2rd2r̄

Z
d2bd2b̄J0ðjb − b̄jjΔjÞðΨ�

γΨVÞðQ2; rÞðΨ�
γΨVÞðQ2; r̄Þ

×

�

dσpdip
d2b

ðb; rÞ dσ
p
dip

d2b̄
ðb̄; r̄Þ

�
−


dσpdip
d2b

ðb; rÞ
�


dσpdip
d2b̄

ðb̄; r̄Þ
��

: ðB4Þ

J0 denotes the Bessel function of the first kind. The scattering cross section now only depends on the magnitude of Δ.
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