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We study systems of two and three mesons composed of pions and kaons at maximal isospin using four
CLS ensembles with a ~ 0.063 fm, including one with approximately physical quark masses. Using the
stochastic Laplacian-Heaviside method, we determine the energy spectrum of these systems including
many levels in different momentum frames and irreducible representations. Using the relativistic two- and
three-body finite-volume formalism, we constrain the two- and three-meson K matrices, including not only
the leading s wave, but also p and d waves. By solving the three-body integral equations, we determine, for
the first time, the physical-point scattering amplitudes for 3z, 3K, ztzTK ™, and K™Kz systems.
These are determined for total angular momentum J” = 0=, 17, and 2~. We also obtain accurate results
for 22", K", and 2Kt phase shifts. We compare our results to chiral perturbation theory and to

phenomenological fits.
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I. INTRODUCTION

Three-hadron systems represent an important frontier
in the first-principles understanding of the hadron spec-
trum from quantum chromodynamics (QCD). Many had-
ronic resonances exhibit decay modes involving at least
three hadrons, such as the doubly charmed tetraquark,
T$.(3875), the Roper resonance, and three-pion resonances
such as w(782), h;(1170), and a,(1260). Theoretical and
numerical advances in lattice QCD (LQCD) spectroscopy
are making it feasible to study such systems from first
principles [1-34]; see also recent reviews [35-38]. Indeed,
there are already pioneering applications to three-body
resonances [39-41].

Significant efforts have been devoted to studying weakly
interacting multihadron systems using LQCD [42-58],
and we study here the example of three light mesons
(pions and/or kaons) at maximal isospin. These systems
have simple dynamics, lacking resonances both in the
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full system and in two-particle subchannels. This makes
them ideal for benchmarking first-principles multiparticle
methods. Furthermore, since we work with pseudo-
Goldstone bosons, we can compare results with predictions
from chiral perturbation theory (ChPT), offering valuable
insights into multihadron interactions.

In this work, we use the stochastic Laplacian-Heaviside
method to compute finite-volume multimeson energy
spectra from LQCD. We then use the relativistic two-
and three-particle finite-volume formalism of Refs. [5,6,59]
(the so-called RFT formalism), which allows one to
constrain two- and three-particle K matrices from LQCD
energies. Physical scattering amplitudes are then obtained
from the K matrices by solving appropriate integral equa-
tions, which incorporate s-channel unitarity [6]. This work
flow allows an indirect extraction of infinite-volume three-
particle scattering amplitudes from the energies of three
particles in a finite box.

Specifically, we analyze the following systems com-
posed of z™ and K™ mesons: 2z*, 7K', 2K*, 3zt
atatK", KtK"z*, and 3K*. Extending our previous
studies [55,60], this work includes an additional lattice
ensemble with quark masses very close to the physical
point. With the exception of Ref. [51], which studied the
27" and 37" systems at the physical point, no comparable
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studies have been performed. While our main focus is on
the application of three-particle methods at the physical
point, we can study the chiral dependence of the amplitudes
by combining all available ensembles (four in all).

An important by-product of studies of three-particle
systems is that one obtains results for the interactions of
the two-meson subsystems, here 772", KTK™, and z7K ™.
For all of these systems, and in particular, for £ > 0 partial
waves, we constrain the two-meson phase shifts directly at
the physical point for the first time. In the cases in which
fits to experimental data are available, we find 1-2¢
agreement with our LQCD results.

A novel aspect of this work is the determination of
three-meson scattering amplitudes. These are obtained by
solving integral equations whose inputs are the two- and
three-meson K matrices obtained from fits to the LQCD
energies. Three-meson amplitudes have only been explored
before for the 37" system with total angular momentum
JP =0~ and at heavier-than-physical quark masses [52].
This work provides, for the first time, direct results for
amplitudes at the physical point, and not only for 3z but
also for systems involving kaons. Another new feature is
that we determine amplitudes with higher angular momen-
tum, J” = 11 and 2.

The intermediate two- and three-hadron K matrices,
while scheme dependent and unphysical, can be compared
to ChPT predictions. These are available both at leading
order (LO) and, in some cases, next-to-leading order
(NLO). These comparisons provide an important cross-
check on our computations and, in some cases, allow for
the extraction of low-energy effective couplings.

This paper is released in parallel with a Letter with the
highlights of this work [61].

This paper is organized as follows. Section II summarizes
the LQCD setup and the determination of LQCD energies.
Section III describes the finite-volume formalism, the
integral equations, the parametrizations of the K matrices,
and the fitting procedure. Fits to the spectra and constraints
on threshold parameters are shown in Sec. IV. Comparisons
to ChPT are discussed in Sec. V, and results for the three-
meson scattering amplitudes are provided in Sec. VL
We conclude in Sec. VII. We include four Appendixes:
Appendix A lists the interpolating operators, Appendix B
collects a few tables with two-meson results, Appendix C
presents a reanalysis of previously published data, and
Appendix D discusses the partial-wave projection of all
quantities in the integral equations.

II. LATTICE QCD SETUP AND RESULTS

In this section, we describe the LQCD calculations of
this work, including the ensembles, the interpolating
operators, and the extraction of energy levels. The methods
used here are largely the same as in our previous work
[55,62], and we only repeat the important details. What is
new here is the use of an additional ensemble with close to

physical quark masses and the inclusion of the geometric fit
model for the single-meson correlators.

A. Ensembles

This work uses the Ny =2 + 1 CLS LQCD ensembles
[63] at a fixed lattice spacing, generated with nonpertur-
batively O(a)-improved Wilson fermions and the tree-level
O(a?*)-improved Liischer-Weisz gauge action. There have
been several determinations of the lattice spacing for the
ensembles used in this work. It was first determined to be
a ~0.06426(76) fm using a linear combination of decay
constants [64]. More recently, it has been updated to
a=0.0633(4)(6) fm [65] also using decay constants.
Using baryon masses, a ~ 0.06379(37) fm was reported
[66]. For the purpose of this paper, it suffices to consider
the lattice spacing to be a ~0.063 fm.

The main results of this work are obtained using the
E250 ensemble, with almost physical pion and kaon
masses. The mass dependence of scattering quantities is
explored by combining the results with those from three
additional ensembles at heavier-than-physical pion masses.
These ensembles follow a chiral trajectory along which the
trace of the quark mass matrix is kept approximately
constant, tr M, = 2m; + m ~ const (m, is the up or down
quark mass, and my is the strange quark mass). Open
temporal boundary conditions (BCs) [67] are used on all
ensembles, except for E250 where periodic BCs (PBCs) are
used. A summary of all ensembles is given in Table I. The
details of the N203, N200, and D200 ensembles have
already been reported in our previous work [55,62]. Single-
meson masses and decay constants for these ensembles are
listed in Table II. These will be required for the analysis of
LQCD energies and for the investigation of the chiral
dependence of scattering observables.

B. Correlation functions

The low-lying finite-volume spectrum can be determined
from two-point correlation functions of interpolating oper-
ators that overlap with the sought-after states. To this end,
we compute Hermitian correlator matrices, where the
elements of this matrix are of the form

Cij(tsep) = <Oi(lsep + tO)Oj(IO»

= (QlO|n)(Q|O;[n) et (1)
n=0

where ©; and O ; are annihilation and creation operators,
respectively, and (Q|O;|n) are the matrix elements of the
operators between the vacuum |Q) and the nth energy
eigenstate |n) with energy E,,. In the second equality above,
we give the spectral decomposition of the matrix elements,
which shows how these correlation functions depend on the
finite-volume spectrum. For the E250 ensemble, due to the
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TABLE I.  Details on the ensembles used in this work: name, geometry, boundary conditions, approximate meson masses, number of
configurations N ., source positions /. used, number of eigenvectors N, of the covariant Laplacian retained, dilution scheme (see
Ref. [68] for details), and number of noises N, used for the light (/) and strange (s) quark sources. The lattice spacing is a = 0.063 fm.
For the E250 ensemble, both forward and backward correlators were evaluated for the four evenly spaced source times, resulting in eight
effective sources.

(L/a)® x (T/a) BCs M, [MeV] My [MeV] Nt tyc/a Ny Dilution N.(¢]/s)
N203 483 x 128 Open 340 440 771 32,52 192 (LI12,SF) 6/3
N200 483 x 128 Open 280 460 1712 32, 52 192 (LI12,SF) 6/3
D200 643 x 128 Open 200 480 2000 35, 92 448 (LI16,SF) 6/3
E250 96° x 192 Periodic 130 500 505 4 random 1536 (LI16,SF) 6/3
TABLE II. Masses and decay constants for the ensembles used in this work. For the N203, N200, and D200 ensembles, the masses

were determined in our previous publications [55,62]. The decay constants are taken from Ref. [69].

aM,[ aMK M”L MKL M”/F” MK/FK MK/M”
N203 0.11261(20) 0.14392(15) 5.4053(96) 6.9082(72) 3.4330(89) 4.1530(72) 1.2780(13)
N200 0.09208(22) 0.15052(14) 4.420(11) 7.2250(67) 2.964(10) 4.348(11) 1.6347(29)
D200 0.06562(19) 0.15616(12) 4.200(12) 9.9942(77) 2.2078(67) 4.5132(93) 2.3798(59)
E250 0.04217(20) 0.159170(93) 4.049(19) 15.2803(90) 1.4927(62) 4.6415(56) 3.774(17)

temporal PBCs, the source time slice at f, can be shifted
arbitrarily which helps to reduce autocorrelations. The use
of a matrix of correlators, rather than a single correlator, is
due to the practical difficulties of reliably extracting several
multimeson excited states. By solving a generalized eigen-
value problem (GEVP) for an N x N correlator matrix, the
leading behavior of each of the resulting eigenvalues is
dominated by a different energy E, from the set of the
lowest N energy eigenstates that have nonzero overlap with
the states created by at least one operator entering the
correlator matrix [70]. This allows for a determination of
the N lowest finite-volume energies with a given set of
quantum numbers from simple fits to each of the eigen-
values. Additionally, under certain circumstances, the NLO
behavior of the eigenvalues can be shown to be controlled
by Ey, which leads to less excited-state contamination [71].

The scattering analysis done in later sections requires
both single-meson ground-state energies at rest and several
multimeson energies. For the determination of the single-
meson ground-state energies, a single symmetric correlator
(i.e. a one-by-one correlator matrix) is sufficient. The
single-meson interpolators used in this work are given by

analysis, since the moving energies are obtained through
the continuum dispersion relation. However, in our extrac-
tion of multimeson energies later on, we utilize ratios of
correlators which necessarily involve single-meson corre-
lators with nonzero momentum.

Multimeson energies are more difficult to determine
reliably, in part due to the larger number of multimeson
energies sought after, but also due to an exponentially
decreasing signal-to-noise ratio along with smaller energy
gaps between the states. Fortunately, these latter two issues
are typically not very severe when dealing with systems of
mesons, but to ameliorate the issue we utilize correlator
matrices where the number of interpolating operators
corresponds to the number of states we would like to
extract. The correlator matrix is then amenable to the use of
the GEVP method mentioned above and described in more
detail below. The two- and three-hadron interpolators used
in this work are formed from the single-meson interpolators
given above:

[Hlefz]A(P’ t) - chl:;/}l;m»szfl (pl ’ t)Hfz (pz’ t)’

Pi-P2
- Hy Hp Hpl\(Pot) = o H t
H”-(p’t):Ze_lp'xd<x)}/5u<x), (2) [ hotr f3]A( ’) pI;mCP]afl;Pz»fz;nyz fl(pl’)
X Hfz (p27 t)Hf3 (p3’ t)5 (4)
Hg+(p,t) =) e ®X5(x)ysu(x), 3
(1) XX: ()rsu(x) G) where the total momentum is P =, p;, the irreducible

where u, d, and s label the up, down, and strange quark
fields, respectively. In principle, only the single-meson
ground-state energies at rest are needed for the scattering

representation (irrep) of the little group of P is denoted by
A, f;€{n", K"} is the flavor of each meson, and ¢* are
Clebsch-Gordan coefficients that ensure the operator trans-
forms according to the irrep A. The determination of the
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Clebsch-Gordan coefficients follows the same procedure as
in our previous work [55,62], which follows Ref. [72].1 The
momentum sums run over all momenta related via rotations
within the little group of P, such that ), p; = P. Tables of
the multimeson interpolating operators used for the E250
calculation are given in Appendix A.

To evaluate the correlation functions, quark propaga-
tors from all spatial points in the source time slice to all
points in the sink time slice are needed. These propagators
are computed using the stochastic Laplacian-Heaviside
(sLapH) method [68], a stochastic variant of the distillation
method [73]. Both sLapH and distillation employ a quark
smearing procedure that projects the propagators onto
the space spanned by the N,, lowest modes of —A (on
each time slice), where A is the gauge-covariant three-
dimensional Laplacian expressed in terms of the stout-
smeared gauge field. Since the number of eigenvectors
needed for a constant smearing radius grows in proportion
to the spatial volume L3, the advantage of the stochastic
variant sLapH lies in a better cost scaling with the volume.
Variance reduction is accomplished in sLapH by diluting
the noises in a judicious manner (see Refs. [55,62]). Details
about N.,, the dilution scheme, and the number of noises
are given in Table L.

Before proceeding to the analysis of the correlators, the
question of autocorrelation is addressed. It was mentioned
earlier that the use of randomly shifted source times on
each configuration can help to alleviate autocorrelations, so
we expect autocorrelations to be small on E250. If this is
true, we should find that the errors on the energies do not
increase and the y? for the fits do not decrease as the
amount of rebinning Ny, is increased, as rebinning tends to
reduce autocorrelations. By rebinning, we mean that we
take the results for a correlator on the first Ny;, configu-
rations and average them to create the first bin, then the
average of the next Ny, configurations to create the second
bin, and so on. Then we analyze the correlator with this set
of binned results. The dependence of the errors and y> on
the bin size for various energies is shown in Fig. 1. As can
be seen, no significant increase of errors occurs when going
from a bin size of 1 to 10. This indicates that the effects of
autocorrelations are negligible for these observables. This
is further supported by the y? value shown in the lower
panel, which does not decrease for increasing bin size.
Rather, it fluctuates or even increases, potentially due to
worse estimates of the covariance matrix as the number of
total bins decreases with increasing bin size. Therefore, we
use Ny, = 1 for the analysis on E250.

C. Extraction of energies
The spectral decomposition in Eq. (1) shows that it is in

principle possible to extract the spectrum from two-point

'"The coefficients can be shared upon request.
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FIG. 1. Results of the rebinning analysis to quantify autocor-

relations in single- and multimeson correlators. For the zz
system, we choose the AT (8) level 0; for KK, E(9) level 0;
for zzz, By level 0; for KKK, E, (0) level 0. The choice of irrep
and momentum for the multimeson correlators was random, in
order to not bias our results.

correlators if the interpolating operators included have
nonzero overlap with the sought-after states. In practice,
however, statistical noise complicates this extraction. In this
section, we detail the strategies we follow to deal with this
difficulty. Two independent analyses were performed in
order to verify correctness and to reduce the influence of
human bias.

1. Single-meson masses

In order to extract the single-meson energies in this
work, it is sufficient to use a single, symmetric correlator
at large-time separations, such that there is ground-state
dominance. We fit a single exponential in the range
1 € [timins Imax)» With 7, at least as large as the onset of
the observed ground-state saturation:

C(1) = Agexp(=Eyt). (5)

where E, and A are fit parameters. Other fit models are
used for consistency, e.g., two-exponential fits:

C(1) = Y Arexp(=Eqt), (6)

i=0,1
as well as the so-called “geometric fits” [74]:

exp(—Eyt?)

Clr) =4 1 — Bexp(—AE?®)’ @)
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FIG. 2. Dependence of the single-meson energy extractions on the first time separation included in the fit, #,,;,, and the choice of
model. Three different models, described in the text, are considered: single-exponential (“1-exp”), two-exponential (‘2-exp”), and
geometric (“geom”). The gray bands indicate the fit result based on the chosen 7., and model. Here the chosen model is the single-
exponential. Solid markers indicate a p value > 0.1, whereas hollow markers indicate a p value < 0.1. (a) Pion. (b) Kaon.

which model a tower of equally spaced inelastic excited
states. In Fig. 2, we show the results for the mass of the pion
and kaon as a function of the lower end of the fit range, ¢,
for all three models. All uncertainties in the energy
extractions are estimated with jackknife resampling. The
single pion shows a long plateau at early time separations.
However, single-exponential fits show a decrease in the
central value for fit ranges starting around f,;,/a ~ 27.
Given the consistency across all fit models at earlier values
of t.,;n, We consider this downward trend to be a fluctuation
and opt for the earlier plateau. For the single kaon, single-
exponential fits at large 7,,;, show consistency with two-
exponential and geometric fits. The extracted energies
show little to no dependence on the precise value of 7,,,,
so long as it is large enough to give the fit enough freedom.
Therefore, we opt for f,,,,./a = 40, which is the largest time
separation computed.

2. Multimeson energies

Multihadron scattering amplitudes can be determined
from the multihadron finite-volume spectrum. Each energy
level in the spectrum leads to a constraint on the multi-
hadron interactions, and so larger sets are desirable.
However, smaller gaps between states and larger statistical
errors make this more challenging than in the single-
hadron case. The standard procedure2 to reliably constrain
the low-lying energies is the variational method [70,71], in
which the GEVP is solved on a matrix of correlators built
from sets of operators with the same quantum numbers
(flavor, irrep, and total momentum). This method provides
a procedure for extracting excited states without using

*The Lanczos method [75,76] is another promising method but
still needs careful investigation of the systematics involved.

multiexponential fits. This is the same approach followed in
our previous works [55,62].

Given a set of N operators, these are used to construct
an N x N correlation matrix C; j(tsep).3 The GEVP then

consists of solving the following equation:

C(1)ou(t, 10) = A2, 10) C(t0)v, (1, 1o), (8)

where ¢ is the metric time. For 7y > /2, the generalized
eigenvalues behave asymptotically as

A, 10) = |A,[Pe 5701 4 Oe4)], ©)

where n€ {0, ..., N — 1}, E, is the nth eigenenergy, and
A, = Ey — E, is the distance to the first omitted state.
In order to avoid unwanted crossing of eigenvalues or
eigenvectors between time slices or resamplings, we first
solve the GEVP on the mean and at a single time separation
ty, where t, < t; < 2t,. We then use the eigenvectors to
rotate the original correlator matrix on all resamplings and
at all other times. The rotated correlator is checked to make
sure it remains diagonal at all times. Then, the nth diagonal
element of the rotated correlator, denoted C,,(¢), retains the
leading behavior of the nth eigenvalue above 4,,(z, t,). We
check for stability in the energies as 7; and 7, are varied.
Rotated correlators C,(¢) are used to build ratios

Ca(1)

R =TLe, 070

(10)

where C, (p?, 1) is a single-hadron correlator with flavor f;
averaged over all momenta that are equivalent under

*We use 7 in place of ., for convenience in what follows.

sep

014505-5
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allowed rotations of a cube. The denominator is composed
of a product of single-hadron correlators that most closely
resembles the nth energy eigenstate. To this end, we
calculate the overlaps |(Q|O;|n)|>. Once we have deter-
mined which operator has the most overlap with the nth
state, the single-meson correlators entering the denomina-
tor of the ratio are chosen to correspond to the single-meson
operators entering the dominant operator. As a small aside,
since the different operators may not have a consistent
normalization, only the ratios

(IO, "
(Q|Oi|m)|*
are meaningful. This means that one can only answer the
question of which state dominates for a given operator, not
which operator dominates for a given state. This can lead to
ambiguities if, say, two different operators both overlap
more onto a particular state than any others; this does not
happen often. In the few cases it does happen, we check to
make sure the results of the choice of the denominator in
the ratio of Eq. (10) is consistent with either operator being
considered the dominant one. However, we emphasize that
any choice for the operators in the denominator will lead to
the same spectrum so long as the asymptotic regime has
been reached.
The asymptotic behavior of the ratio correlator is

limR, (1) o e™2Fuw!, (12)

=00

and therefore they provide direct access to the lab-frame
energy shift AE},, which are the quantities that are fit
using the quantization conditions. The main advantage of
using the ratio correlator, compared to fitting directly to the
rotated correlator C,,(7), arises from a correlated cancella-
tion of uncertainties and a partial cancellation of inelastic
excited states in weakly interacting systems. The main
disadvantage is the nonmonotonic behavior of the effective
energy of the ratio correlator: terms contributing to R,,(7)
can enter with different signs, potentially leading to a slow
approach to the ground state. This can lead to a misidenti-
fication of the onset of saturation by a single state, and
therefore the systematics are checked against nonratio
extractions of the energies.

Once the lab-frame energy shifts have been obtained
from the ratio correlators, the full energy can be recon-
structed by adding the noninteracting energy back:

Eyp = AEp, + Z \/ M3, +p7 - (13)

This provides a first-order correction of the discretization
effects due to the dispersion relation [77]. Finally, the
center-of-mass (c.m.) energies E* can be obtained from

E* =\/El, —P% (14)

In Figs. 3 and 4, we show several examples of the #,,,
dependence of two- and three-meson lab-frame energy
shifts, respectively. We include comparisons to the results
from single- and two-exponential fits directly to the rotated
correlator C, (). Note that fits directly to the rotated
correlator give us Ej,;, which are then converted to
AE,, using Eq. (13) in order to make direct comparisons.
The choice of 7, is made such that it is at least a few time
separations larger than the onset of the plateau in the
effective energy, while not being so large such that
correlated fluctuations (indicating the start of the loss of
the signal) have become significant. We further demand
consistency with the other fit models. The dependence of
the results on t,,,, is very small, and in the vast majority of
cases we choose the largest time separation computed, i.e.
tmax/a = 40. In a few cases, the last few time slices have
large errors and we make 7., a little smaller.

D. Overview of the spectrum

Here we provide an overview of the energies used in this
work for all two- and three-meson systems. The spectra are
shown in Figs. 5-11. All figures follow the same structure:
LQCD energies in the c.m. frame are shown as green circles
with their uncertainties, and the associated noninteracting
energies are shown as gray bands. All errors are estimated
using jackknife resampling. All relevant thresholds are
shown as dashed horizontal black lines. We also show
predictions from the finite-volume formalism that will be
explained below for selected fits: blue squares represent
those included in the fit, while orange diamonds are those
not included in the fit. As can be seen, overall good
consistency between measured and predicted energies is
observed, even beyond the inelastic thresholds. We stress,
as discussed further below, that the fits include the full
correlated error matrix, and not just the diagonal errors
shown in the figures.

III. FORMALISM

This section describes the pipeline used to obtain
scattering amplitudes from the finite-volume spectrum.

A. Finite-volume quantization conditions

The finite-volume multihadron spectrum contains infor-
mation about scattering amplitudes. In particular, the
finite-volume energies deviate from those of a noninteract-
ing theory due to power-law volume-dependent energy
shifts, and these shifts can constrain scattering amplitudes
through the finite-volume formalism in the form of quan-
tization conditions. This formalism has been developed for

“The finite-volume formalism neglects exp(—M L) effects.
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FIG. 3.

The dependence of a selected set of two-meson energies on the lower end of the fit range ?,,;, and the fit model. We consider

single-exponential fits to the ratio correlator (green) and single- (yellow) and two-exponential (purple) fits directly to the rotated
correlator. The labels in each panel indicate the irrep, total momentum squared (in parentheses after the irrep label), the level number
within the irrep (starting at 0), and the chosen free level that enters the denominator of the ratio. Also included is the chosen energy
extraction, which is indicated by the black dashed line and gray error band. Solid markers indicate a p value > 0.1, whereas hollow

markers indicate a p value < 0.1.

two-hadron [59,78,79] and three-hadron systems [5,6,8—10].
While they share some parallels, the three-hadron case is
significantly more complex. Here, we summarize how the
quantization conditions can be used to access the two- and
three-hadron K matrices that parametrize the two- and three-
hadron interactions.

First, we describe the two-particle quantization condition
(QC2). The inputs to the quantization condition are the
momentum of the two-hadron system, P, the size of the
box, L, a kinematic function labeled F (see Ref. [59]),
which contains finite-volume effects, and the two-hadron K
matrix C,. The QC2 takes the form

c}%t[F(Ez,P, L)™'+ Ky (E3)] =0, (15)

whose solutions determine the two-particle energies E,.
The corresponding c.m. frame energies are given as E; =

\/E3 — P?. We assume a cubic spatial box of volume L3,

and so the allowed total momenta are restricted to be
P = (2n/L)d, where d € Z3. The matrices in Eq. (15) have
angular momentum indices. To reach a finite-dimensional
matrix, all waves with £ > £, are neglected, which is
justified by the suppression of higher partial waves near
threshold. In this way, each individual energy level pro-
vides a constraint on the two-body K matrices for all partial
waves up to and including £ = & ,.

The three-particle quantization condition (QC3) deter-
mines the finite-volume three-hadron spectrum:

det [F3(E, P, L)™' + Kg3(E*)] =0,

ikt

(16)

where Ky 3 is the three-particle K matrix, E is the three-

particle lab-frame energy, and E* = VE?>—P? is the
corresponding c.m. frame energy. Despite its similarity
to the QC2, the QC3 is significantly more complex. In
particular, we note that whereas F in the two-particle
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FIG. 4. As in Fig. 3, but for three-meson energies.

quantization condition is a purely kinematic function, F3
depends on F, on an additional kinematic function G, and
on the two-particle K matrix /C,. In this way, finite-volume
energies of three-hadron systems provide constraints on
both the two- and three-body K matrices. Another key
difference is the set of matrix indices: the QC3 has two
additional indices compared to the QC2. To explain this, we
first note that, in the three-particle formalism, the system is
grouped as a “pair” and a “spectator.” The first new index i
labels the choice of the spectator particle, for example i = #
or K in zzK systems. (This index takes only one value
in the 37 and 3K systems.) The second new index k
labels the finite-volume momentum of the spectator.
Finally, the ¢ and m indices of the QC2 remain but now

denote the two-body partial waves of the pair. The sum
over k is truncated to a finite set by a cutoff function H (k)
that is an intrinsic part of the formalism. In addition to this
truncation, the pair partial waves are set to zero for
¢ > o as for the QC2. Explicit expressions for the
QC3 are given in Ref. [15] for three identical particles
(Bz",3K™") and Ref. [60] for systems with two identical
scalars and a distinct third particle (K*K*z ", zTatK™).

We now return to the cutoff function H (k). For fixed E
and P, as the spectator momentum k varies, so does the
invariant mass of the pair:

or= (E—/m +82) = (P-kp.

(17)
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FIG. 5. Energy spectrum of the zz system for the E250 ensemble. LQCD c.m. frame energies are shown as green circles with errors,
with the gray bars corresponding to the noninteracting energies (see text). In some cases, these lie right under the lattice energies. Labels
for the x axis indicate the finite-volume irreps and (in parentheses) the momentum frame squared. Relevant thresholds are shown with
dashed, horizontal black lines. Predicted energies (blue squares or orange diamonds) are obtained from the simultaneous fit to 2z and 37
levels (using the QC2 and QC3, respectively) given in the last column of Table III. Only levels below the 47 threshold are included in the
fits. Orange diamonds are predictions for levels not included in the fit.
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FIG. 6. Energy spectrum of the KK system for the E250 ensemble. All other notation as in Fig. 5. Predicted energies are obtained from
the fit in the last column of Table IV.
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FIG.7. Energy spectrum of the 7K system for the E250 ensemble. All other notation as in Fig. 5. Predicted energies are obtained from
the s- and p-wave fit from Table V.
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FIG. 8. Energy spectrum of the 3z system for the E250 ensemble. All other notation as in Fig. 5. Predicted energies are obtained from
the fit in the last column of Table III. We stress that this fit is to not only these levels, but also those in Fig. 5.

The cutoff function is actually a function of ¢, and o6} = op;,, remaining zero for lower values. The explicit
interpolates smoothly between 1 and 0. It equals unity ~ form of the function we use is (see, e.g., Ref. [24])

when o, lies above the pair’s threshold, remains unity for a Ok — Omin

. H(k) = J(xlor)),  xlow] = —, (18)
short distance below the threshold, and reaches zero when Oth — Omin
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FIG.9. Energy spectrum of the 3K system for the E250 ensemble. All other notation as in Fig. 5. Predicted energies are obtained from
the fit in the last column of Table IV. We stress that this fit is to not only these levels, but also those in Fig. 6.
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FIG. 10. Energy spectrum of the zzK system for the E250 ensemble. All other notation as in Fig. 5. Predicted energies are obtained
from the s- and p-wave fit from Table V. We stress that this fit is to not only these levels, but also those in Figs. 5 and 7.

0, x <0,
J(x) =< exp(—lexp[-:]). O0<x<1, (19)
1, 1 <x.

Here 6, = 4M? for a zz channel, (M, + My)? for a zK channel, and 4M% for a KK channel.
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FIG. 11.

Energy spectrum of the KKz system for the E250 ensemble. All other notation as in Fig. 5. Predicted energies are obtained

from the s- and p-wave fit from Table VI. We stress that this fit is to not only these levels, but also those in Figs. 6 and 7.

In previous work, various choices for ¢,,;, have been
made, depending on the composition of the pair being
considered. For a zz or KK pair, the choice o, = 0 was
made in Refs. [55,62]. For a zK pair, the choice o, =
M?% — M2 was made in Ref. [62], in order to avoid the
nonanalyticity that appears in the 7K amplitude at the left-
hand cut due to two-pion exchange in the ¢ channel. Here
we maintain these choices for the 7z and zK channels but
change that for the KK system to oy, = 4(M% — M2), so
as to avoid the two-pion exchange left-hand cut in KK
scattering. In this way, we avoid left-hand cut singularities
in all three two-particle channels. A side benefit of this
choice is that the number of values of k that contribute for
a KK pair is much reduced, leading to faster numerical
solutions to the QC3.

B. Scattering amplitudes from K matrices

Given the two- and three-body K matrices, one can
construct the corresponding 2 — 2 and 3 — 3 scattering
amplitudes. In the two-body case, the partial-wave amplitude
M, ; is recovered from the partial-wave unitarity relation:

M3y (E3) = K3 (E3) = ip(E3), (20)
where p(Ej) is the two-body phase space defined as
p(E5) = nq/(8nE}), with the symmetry factor given by n =
1/2 (n = 1) foridentical (distinguishable) particles. Here, g is

the magnitude of the relative momentum of the particles in the
two-body c.m. frame:

A2 ((E3)* M. M3)
2E} ’

q= (21)

where M, and M, are the masses of scattered particles
while A(x,y,z) = x> +y* + 722 = 2(xy + yz + zx) is the
Kéllén triangle function. The partial-wave projected ampli-
tude is related to the full amplitude through the standard
relation

= (20 + 1)My 4(E5)Ps(cos 0"),

=0

(22)

2(82.12)

where s, and t, are the two-body Mandelstam variables, P, is
the Legendre polynomial, and 0* is the scattering angle in the
two-body c.m. frame.

The three-to-three elastic amplitude M5 depends on
eight, rather than two, kinematical variables. It is obtained
by solving a set of relativistic on-shell integral equations
that take M, and Cy 3 as an input. These equations were
first derived in Ref. [6] for three identical bosons and
extended to zzK and KKz systems in Ref. [24]. They
satisfy three-body S-matrix unitarity [16,80] and share
many similarities with the relativistic three-body equations
proposed in the past [81-85], as well as with dynamical
equations derived within other modern three-body finite-
volume formalisms [10,14,20,33,86-88].

We give here a conceptual overview of these equations,
relegating technical details and certain definitions to
Appendix D and external references. Furthermore, for
clarity of presentation, we introduce the integral equations
here only for the nondegenerate systems, i.e. zzK and
KKz. Up to kinematic differences, these have exactly the
same form as those for the DDz system, which have been
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described in full detail in Ref. [89]. Those for degenerate
particles are simpler and are obtained from those given
below by dropping the indices corresponding to spectator
flavor. They are given in full detail in Refs. [6,90]. Without
loss of generality, we consider M3 only in the overall
c.m. frame.

The 3 — 3 scattering process is an elastic reaction in
which three particles of initial momenta {k} = {k;, k., k,}
collide and emerge with final momenta {p} = {p,,py.p>»}
Here, indices 1 and 1’ label the two identical particles, e.g.,
the two pions in the zzK system. The probability of
the reaction is given by the fully connected three-body
amplitude M;({p}, {k}), whose precise definition is given
in Ref. [24]. Following the convention of the three-
body quantization condition, we group particles in the
external states into pairs and spectators and decompose M3
into the so-called unsymmetrized pair-spectator ampli-
tudes, denoted Mg“””) These are characterized by having
final and initial spectators with flavors given by the indices
i,je{1,2}, respectively, and by the rule that, when
expressed in terms of Feynman diagrams, the last (first)
pairwise interaction involves the final (initial) pair (rather
than the corresponding spectator). The full M5 amplitude
is obtained by summing /\/lg"””) over all possible pair-
spectator choices, as described explicitly below.

The connected pair-spectator amplitude is a sum of two
terms describing a set of different three-body processes:

(wa)  ~(w.u)
M~ pft

3.ij

+ M (23)

The first term is the so-called ladder amplitude, given by
the solution of the integral equation:

uu (Pw J) —Mz (pl)GlJ(pl’ J)‘/\/l2 ( j)

Z M2 (pz Glrl(pl’qﬂ)

n=1

) (g.kj).
(24)

It describes all contributions to the scattering process that
do not depend on the dynamics encoded in the three-body
K matrix. The objects in Eq. (24) have implicit matrix
indices describing the angular momentum of the pair; for
details see Ref. [89].

The amplitude depends explicitly on the spectator
momenta p; and k; as well as implicitly on the angular
momenta of the final and initial pair and the total c.m.
energy E. A full description is given in Appendix D. The
kernel of the integral equation contains two objects. The
first is the one-particle-exchange (OPE) amplitude G;;,
describing the exchange of a particle between the external
pairs corresponding to spectators i and j. The second

one is the two-body on-shell amplitude ./\/lg), describing

interactions within the pair corresponding to spectator i.

Thus, DE]L."“) depends on the two-body K matrices via M,.

Finally, the integral is defined as
\Van+ M. (25)

/ / aq,
(0] =
27) 22@) n

where the Lorentz-invariant measure contains the on-shell
energy of the intermediate spectator of flavor n € {1,2}.

The second term in Eq. (23)—the unsymmetrized,
divergence-free amplitude—is given by

df’%tj(pl’ J / ‘Cm (pl’qn) nl(qnvql)
qn Y4

x Ri (q1.k;) (26)

and describes a complicated set of three-body processes
involving short-range interactions encoded in the three-
body K matrix. The so-called left and right “end-cap”
functions are

u 1 i ~ =
£ = (5= M0 @000 )30, - 0.5,

DSZM) (pi’ qn),an (qn)’ (27)

u 1 ~ j =
Ry (a1, k;) = (g — MY (k/)> 5(q1 — k)3
=@ D" @k, (28)
where
S(I)i - qn) = 2qu(2”)363(pi - qn) (29)
The quantity p,(q,) is the standard two-body phase space
modified by a regulating function [89]. The factors £ and
‘R describe initial- and final-state rescatterings due to two-
body interactions and pairwise one-particle exchanges. The

T ,; amplitude is related to the three-body K matrix by the
integral equation:

= ’Cgﬁl’l (qn ’ ql

/ / df3 qn’qn pn (qn)

n'l'=
x L) (g, a40)T 11(qr.4)- (30)

Tnl (qn’ ql)

This incorporates the effect of short-range three-body
interactions, interwoven with those involving two particles.

In practice, as in the two-body case, one simplifies the
above formulas by performing partial-wave projection
[34,89,91]. This reduces the three-dimensional integrals
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over the intermediate spectator momenta to one-
dimensional integrals over their magnitudes. Partial-wave
projection replaces the dependence on the directions of the
spectators with that on the relative angular momentum, Z,
between the spectator and the pair. The angular momentum
of the pair, s, remains as a variable. The resulting amplitude
is a matrix in the orbital basis (also known as the JZ's basis):

(u,u)J

3 lj (pl’ ]) MS.z:f,-’s;;jf_,vsj (pi’ kj)’ (31)

P-W.proj.

where s} and s; are “spins” of external pairs (orbital angular
momentum of two particles forming a pair in their c.m.
frame), ¢} and #; are orbital angular momenta of the
external pair-spectator states, and J is the total angular
momentum of the three-body system. The exact form of the
transformation and further details are discussed in
Appendix D 2. Results for the projection onto the JZs
basis of the OPE amplitude G, and of Ky 3, are given,
respectively, in Appendixes D5 and D 6.

Finally, to reconstruct the full three-body amplitude one
has to sum over different choices of the spectators, as well
as over J,Z, s indices. The full expression is given by

Ms({p}: {k}) = Y _Mi(p}: {K)), (32)

where, for the purpose of this work, we defined the
individual J contributions’ as

MJ {P} {k} ZZZZ){UM;A;’S’ s (pa,vka‘)
i,j 0.0;¢ ; £;.8;
X Zf’s’ i5s; (Hl}’q;,’ Al,:) (33)

The sum over ¢, accounts for the fact that, if the final flavor
is i = 1, then there are two choices of spectator momenta,
p1 and pyp, and similarly for the initial state. This is
encoded by o, having two possible values, 1 and 1. On the
other hand, if i = 2, then there is only a single choice
0y = 2. Symmetry factors are X' = 1, X, = X = V2,
and X5, =2, 0;; is the angle between the final ith and
initial jth spectator in the total c.m. frame, and ¢}, and t};j

are orientations of relative momenta of external pairs in
their rest frames. The projector Z contains the angular
dependence of the amplitude and its explicit form is
provided in Appendix D 3.

C. Parametrization of K matrices

The mapping from energies to two- and three-particle
K-matrix elements is, in general, not one to one, due to
the presence of multiple partial waves and (in the three-

>Note that these are different from the partial-wave projections
of the three-body amplitude introduced in Eq. (12) of Ref. [34].

particle case) of several two-particle channels. Thus one
must use parametrizations of the K matrices as functions
of the kinematic quantities and determine their parameters
by global fits. We use parametrizations that both satisfy
all the relevant symmetries—Lorentz invariance, C, P
and 7 symmetries, and particle-exchange symmetry if
appropriate—and are smooth functions in the kinematic
range that we access. In particular, since we consider
systems at maximal isospin, we do not expect nearby
resonances or bound states. Thus we expand the K matrices
about the threshold and investigate the sensitivity of fits to
the number of terms that are kept.

The two-particle systems that we consider—zz, KK and
K, all at maximal isospin—do not exhibit flavor mixing,
and so the corresponding K matrices can be written simply
in terms of phase shifts

1 2+ cotb,(q). (34)

[
26 = 8aEsq? !

Here 7 is as in Eq. (20), and ¢ is the momentum of both
particles in their c.m. frame and satisfies

Ey=\/M}+ @+ /M3 + ¢, (35)

where M| and M, are the masses of the particles in the pair.
In Eq. (34), we have pulled out the quantity ¢***! coté,,
since this is nonsingular at the threshold and is a smooth
function of g2.

We use two families of parametrizations for the s-wave
phase shift. First, the effective-range expansion (ERE):

N<Tax 2 n
q q
M00t50(‘1> = E b, (W) , (36)

n=0

where b, are fit parameters and M is the mass of one
of the particles in the pair. If M = M, then we refer to
the resulting parameters as being in “pion units,” while
M = M leads to “kaon units.” This model is abbreviated
as ERE2, ERE3, or ERE4, where the number is 7,,,, or,
equivalently, the number of terms that are kept in the
truncated expansion. In this work, we use these para-
metrizations for KK systems.

The second model incorporates the Adler zero expected
from ChPT:

M, E; " (q2>”
B, (L), (37
o) 2 P

where B, and z? are fit parameters and we explicitly take
into account that there could be nondegenerate mesons. At
LO in ChPT, z2 = 1. This fit form is used for both zz and
7K systems, for which we expect ChPT to work well.
While we have tried fits with more parameters, the final fits

q
——cotd, =
M, o(9) = EP—z
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below all have n,, = 2. We refer to these fit forms as
ADLER? if z> = 1 is chosen and ADLER2z if z? is taken
as a third fit parameter.

In order to make contact with the literature, it is
convenient to relate the fit parameters in Eqs. (36) and
(37) to the s-wave scattering length a, and s-wave effective
range r,, which are defined using the convention

1 1
q2f+1cotéf=——+—rfq2+"'~ (38)
ayp 2

For the ERE parametrizations, the relations are

1 2b
Ma():—b—o, Mzaor():——l (39)

while for the ADLER parametrizations, they are

(M| + M,)? — 22(M7 + M3)
M (M, + M,)B, '

agM, = — (40)

2 My (M + My +2(MP+ M5) B
aoroMl = — 5 5 5 5 — L. (41)
My (M + M,)* — 22 (M7 + M3) By
Higher partial waves must also be considered. Due to
Bose symmetry, for identical mesons (zz and KK), the next
contributing wave is the d wave. We parametrize this with a
single parameter D:

(42)

where the term —1 is included to avoid unphysical
subthreshold poles as in Ref. [55]. The d-wave scattering
length is given by M3a, = —Dy/(Dy—1). We ignore
higher partial waves. For zK systems, the next contributing
wave is the p wave. We use the following form:

7 E; 1

——cotd (q) =—=— ;
M3 M, + M, PE¥

(43)

with a single fit parameter, PgK , related to the scattering
length as M3a%X = —pzK.

We also need to parametrize the three-particle K matrix.
For systems of three identical particles, the threshold
expansion, incorporating appropriate symmetries, is given
in Ref. [15]. Up to quadratic order, it is

Mdef.a - IC() + ’CIA + lCzAz + ICAAA + ICBAB, (44)

where ICy, ICy, ICy, K4, and K are free parameters and A,
A4, and Ap are kinematic functions defined as

—, s = (p1+p2+p3)*

Ag=) B —A%  (45)
i.j

Here
- (k)
Ey, = 3M, tl-jz(p : i)
Eth
A _(P—k/)2_4M2 A/:(P_pi)2_4M2 46
J = E2 ’ [ E2 ’ ( )
th th

where p; (k;) are the outgoing (incoming) momenta,
with i = 1-3.

For systems of two identical mesons and a third distinct
particle, the corresponding expansion was worked out in
Ref. [24]. This expansion is less constrained, as the only
symmetry that can be imposed is the exchange of the two
identical particles. Thus, the number of terms grows faster
with the order, and we only consider it up to linear order in
the expansion:

M%}Cdfﬁ - ,C() + ICIA + K:BAg + ICE’lzzz, (47)

where the definitions given above are used, but now with
Eth = 2M1 +M2, and

_(pr+py)? —4mMt | (k4 ky)? —4M}
Ag = 7 + 72 . (48)
th th

Here, 1 and 1’ label the particle that appears twice and 2 the
distinct one.

Note that Eqs. (44) and (47) use the same letters for
different terms; these are differentiated by specifying the
system, e.g., K3F versus K5 K.

D. Fitting procedure

In order to constrain the parameters in the K matrices,
labeled generically as p, we minimize the y? function

Xp) = ZAXi(C_1>i.jAXj7
ij
AX; = AER — AE™QC(p), (49)

where i, j label the levels included in the fit and AE are
lab-frame energy shifts obtained from the ratio fits
described around Eq. (12), while AE™(p) are the
corresponding shifts predicted by the quantization con-
ditions given parameters p. C is the covariance matrix
between the LQCD lab-frame shifts, estimated from jack-
knife resamplings in which the energy shifts are determined
on each jackknife sample. Previous work has explored
using other quantities to define the y> function, e.g., the
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shifts in the overall c.m. frame, and concluded that the
choice in Eq. (49) is preferred, since it leads to smaller
uncertainties in the resulting parameters and to covariance
matrices with lower condition numbers [62].

The y? function is minimized using standard routines in
SciPy [92]. We find the Nelder-Mead algorithm to be robust
in finding the minima. Since each fit can take several hours
on a cluster, we estimate the uncertainties of the fit
parameters by means of the derivative method, rather than
using jackknife. The covariance of the parameters is

computed as
oA Eiab.QC JAEQCY -1
Vim = (7 (C_l) # ’ (50)

op, Y
with derivatives (approximated by finite differences) taken
at the minimum of the y? function. We have verified that the
alternative approach of determining the y?> + 1 contour
yields errors that are consistent.

We perform fits to both two-particle levels alone (zz,
KK, and 7K) and to the combination of two- and three-
particle levels. The combinations that we use are zz + zzz,
KK + KKK, nn+ nK + znK, and KK + nK + +KKr,
i.e. we fit the possible two-particle subchannels along with
the three-particle channel. Since all levels are calculated on
the same ensemble, the correlation matrix between these
levels can be determined. The advantage of these combined
fits is that all information on two-particle interactions is
considered together. In this regard, we recall that the
dominant contributions to the energy shifts in three-particle
systems are due to two-particle interactions, and these shifts
are larger than in two-particle systems because there are
three pairs. Other types of fit, in which the two-particle
channels are fit first, with information then fed into fits to
the three-particle levels, were considered in Ref. [62] and
found to lead to weaker constraints on the parameters.

The fits depend on knowledge of single-hadron masses,
which enter, for example, in the calculation of the energy
shifts from the quantization conditions. We neglect the
uncertainties in these quantities since they are much smaller
than those in the lab-frame energy shifts.

IV. RESULTS

Here, we summarize the fit results and derived threshold
parameters for the different systems and fit models. For the
sake of legibility, tables involving two-meson results are in
Appendix B.

A. Fit results for the K matrices

We first summarize the results of fits to systems of two
and three mesons using the parametrizations described in
Sec. III C and the fit strategy of Sec. III D. We consider
only the E250 ensemble, as results on the other ensembles
have been presented in previous studies [55,62]. The only

exceptions are the fits to KKz and KKK levels, where, as
explained above, we are using a different cutoff function in
the KK subchannels—see Eq. (18) and surrounding dis-
cussion. Since K43 depends on the choice of cutoff
function, in order to have consistent chiral extrapolations,
we have repeated the KKz and KKK fits with the new
function on the D200, N200, and N203 ensembles. The
results are collected in Appendix C. We also note that we
have done many more fits than are displayed below. Fits not
shown have investigated the importance of additional
parameters. For each class of fits, we display only those
with the highest significance.

We begin with systems of pions. We first consider
the two-pion system in isolation, with results given in
Table XXVII of Appendix B. Fits include either s-wave
interactions alone or both s and d waves. In all cases, we
use Adler-zero parametrizations of the s-wave amplitude,
since with our near-physical pion mass we are in the regime
where ChPT is reliable. We find good fits (p > 0.24) with
the two-parameter ADLER?2 form, in which the Adler zero
is fixed to its leading-order value. Fits with additional
parameters do not improve the p values and are not shown.
Including the nontrivial irreps to which the d-wave ampli-
tude contributes leads to higher p values, but the resulting
d-wave amplitude (parametrized by D§") is consistent with
zero. We also find that we can increase the maximum c.m.
frame energy of levels included in the fit (labeled “cutoft”
in the figure) beyond the inelastic threshold at E* = 4M,
and still obtain good fits, in which the errors are slightly
reduced. The insensitivity to inelastic channels is expected
since the coupling to the four-pion states is expected to be
small [93].

Next, we turn to combined two- and three-pion fits,
summarized in Table IIl. The additional parameters that
enter are those in /Cy; 3, from which we either keep only the
purely s-wave isotropic contributions () and /Cy) or also
add in the Kp term, which contains also d waves. Unlike for
two pions, nontrivial irreps in the three-pion sector are
sensitive to the s-wave two-particle amplitude. Thus it
makes sense to do a fit with s-wave parameters to all the
three-pion irreps along with the trivial two-pion irreps; the
results are shown in the first column. Fits to all two-pion
irreps including d-wave terms are, however, slightly better,
although they find a d-wave two-pion interaction consistent
with zero. Similarly, the components of Ky 5 are consistent
with zero. This remains true of the entire Iy 3 when
correlations are included, as will be discussed below.
Finally, we observe that the errors on the two-particle
parameters are, in general, slightly reduced when fitting to
two- and three-pion levels compared to the corresponding
fits to two-pion levels alone. The central values are,
however, consistent.

Turning now to systems of kaons, results for the two-
kaon case are shown in Table XXVIII of Appendix B. For
the KK interaction, we use ERE parametrizations, while, as
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TABLE III.  Results of combined fits to two- and three-pion levels on ensemble E250, using pion units. Cutoffs are
for the two- and three-pion fits, respectively. The d.o.f. entries list in order the number of two-pion and three-pion
levels fit minus the number of parameters. The “s wave (all irreps)” fit is to three-pion levels in all irreps but only to
A, two-pion irreps. The s, d wave fits include all irreps for both two and three pions. Fit parameters are as in the
models described in Sec. III C, using the ADLER2 form for the two-pion interaction.

Ensemble E250

Cutoffs 4M,/5M, 4M,/5M, 4M,/5M,
Description s wave (all irreps) s, d waves s, d waves
s 65.56 68.94 68.60
d.o.f. 24432 —-4=152 344+32-5=061 344+32-6=060
P 0.098 0.23 0.21

Bf” —23.6(2.9) —23.2(2.6) —22.3(2.7)
Bi" —4.0(1.3) —4.3(1.3) —4.7(1.3)
2, 1 (fixed) 1 (fixed) 1 (fixed)
D§” 0 (fixed) -0.1(3.0) x 107# -0.3(3.0) x 107#
K —240(270) —230(270) —160(280)
K3 230(210) 220(200) 290(220)
I 0 (fixed) 0 (fixed) 300(340)

for pions, we do fits with or without d waves. We also
consider fits including energies above the strict inelastic
threshold (KKx), since the coupling to this channel is
expected to be weak [55]. Our results indicate that, in
contrast to two pions, the d-wave amplitude is statistically
significant at the 2-3¢ level and that increasing the cutoff
somewhat above the inelastic threshold does not reduce
the quality of the fits. The p values of all the fits are
significantly worse than those for two pions, likely because
the errors in the energy levels are smaller while the
complexity of the fit form is unchanged. However, we

have not found a way of extending the parametrization that
leads to improved p values. For example, comparing the
last two columns of the table, we see that moving from the
ERE?2 to the ERE3 fit does not improve the quality. Thus, in
fits involving two and three kaons, we consider only
ERE2 fits.

The results from 2K /3K fits are shown in Table I'V. Here
we only include levels up to (slightly above) the inelastic
threshold, corresponding to the first and third columns of
results for two kaons (Table XXVIII). We draw several
conclusions. First, for the two-kaon parameters, the results

TABLE IV. Results of fits to two- and three-kaon levels on ensemble E250, using kaon units. Cutoffs are for the
two- and three-kaon fits, respectively, and lie slightly above the inelastic thresholds at E* = 2.265 and 3.265. The
d.o.f. entries list the number of two-kaon and three-kaon levels fit minus the number of parameters. The “s wave
(symmetric irreps)” fit is to two-kaon (three-kaon) levels in the A| (A,) irreps only. The “s wave (all irreps)” fit is to
three-kaon levels in all irreps, but only to A; two-kaon irreps. The s, d wave fits include all irreps for both two and
three kaons, except that level 1 from frame P?> = 6(27/L)? in irrep A, has been removed due to instabilities in the
root-finding routine. Fit parameters are as in the models described in Sec. III C, using the ERE2 form for the two-

kaon interaction.

Ensemble E250

Cutoffs 22TM g /3.2TM 22TM g /3.2TM 22TM g /3.2TMg
Description s wave (symmetric irreps) s wave (all irreps) s, d waves

7 84.79 120.31 129.57
d.o.f. 28434 -4 =58 284+53-4=1717 40+53-6=287
)4 0.012 0.0012 0.002

bk —2.673(41) —2.665(39) —2.637(41)
biK 0.87(18) 0.85(17) 0.70(19)
DEK 0 (fixed) 0 (fixed) —0.034(26)
KK -4.2(7.0) x 103 4.2(6.2) x 103 4.8(5.7) x 103
3K —-1.25(0.48) x 10° —1.75(0.44) x 103 —2.96(0.50) x 103
1K 0 (fixed) 0 (fixed) —1.96(0.54) x 10°
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TABLE V. Results of fits to zK + 7z + zzK levels on ensemble E250, using pion units. Notation as in Table III,
except that cutoffs and d.o.f. were ordered as zK, nz, and zzK. Fit parameters as in the models described in
Sec. III C, using the ADLER?2 forms for both zz and zK interactions.

Ensemble E250

Cutoffs M, + Mg /4M,/3M, + My  2M, + Myg/4M,/3M, + Mg 2M, + My /4M,/3M,, + Mg
Description s wave (all irreps) s wave (all irreps) s, p waves

e 77.82 76.69 77.53

d.o.f. 214+24+23—-4=064 21424 +23-6=062 25424+23-9=063
p 0.115 0.099 0.103

BEK -26.3(1.1) -26.4(1.2) -25.7(1.2)

BTk —4.81(65) —4.72(67) —4.95(70)

2y 1 (fixed) 1 (fixed) 1 (fixed)

prk 0 (fixed) 0 (fixed) -4.2(6.6) x 107#
Bf” —23.2(2.4) —23.1(2.6) -21.9(2.5)

BY* —3.78(1.14) —3.75(1.2) —4.2(1.2)

2, 1 (fixed) 1 (fixed) 1 (fixed)

gk 0 (fixed) —160(180) —200(240)

KK 0 (fixed) 550(520) 100(920)

Kk 0 (fixed) 0 (fixed) 1800(2500)
Kk 0 (fixed) 0 (fixed) 0(1500)

are consistent with those from two-kaon fits, but with
somewhat reduced uncertainties. Second, we again find
evidence for a nonzero d-wave interaction, although with
reduced significance compared to the two-kaon case. Third,
we find that a nonzero KCy ;3 is needed to describe the
spectrum, with significant results for KX (4-60) and
KK (3.50).

We now turn to mixed systems of pions and kaons,
beginning with the 7K system, results of fits to which are
shown in Table XXIX of Appendix B. The first two columns
show fits up to the inelastic threshold at E* = 2M, + M,
including, respectively, only A, irrep levels with an s-wave
interaction and levels in all irreps with both s- and p-wave
amplitudes. We find good fits with the ADLER2 form of
s-wave interaction but that the p-wave amplitude is con-
sistent with zero. We again expect the coupling to the
inelastic channel to be weak and, thus, try fits with a raised
cutoff. We find (see the final column) that fits of the same
quality are possible only if we allow for the position of the
Adler zero to float. The constraints on the p-wave amplitude
strengthen, but it remains consistent with zero.

Next we consider zzK systems, which are fit in
combination with zz and 7K levels, with results shown
in Table V. Given that we found no evidence for d-wave
interactions in the two-pion channel within errors, we do
not include such interactions in these fits. We do include p-
wave interactions, however, both in the zK and zzK K
matrices. All channels are fit only up to their strict inelastic
thresholds. We find no significant evidence for either
two- or three-particle p-wave terms and, furthermore, that
the isotropic part of Ky 5 is consistent with zero. Indeed,

our fit with the highest p value is that in the first column in
which only s-wave two-particle interactions are used.
Finally, we turn to the KKz systems, which are fit in
combination with the KK and zK levels, with results
displayed in Table VI. These are our fits with the largest
total number of levels, up to 115 if all irreps are included.
They are also by far our worst fits in terms of p values,
which we attribute to the smaller statistical errors for
quantities involving kaons combined with the fact that
we cannot, in practice, add more parameters to our fit forms
and achieve stable fits. One new feature of our fits
compared to Ref. [62] is that we have allowed the option
of including d waves in the KK channel, in addition to p
waves in the 7K channel, and s waves in both channels.® In
practice, the best fit we find is that in the first column of the
table, where only s-wave two- and three-particle inter-
actions are included and only two-particle levels in the A,
irrep (though all three-particle irreps) are fit. In this fit, the
K4t 3 parameters Ky and KC; are not individually significant,
but, due to the strong (anti)correlation between these
parameters, the full isotropic part of Ky 5 has a significance
0f 99.5% (equivalent to 2.8¢ for a single variable). This can
be seen in Fig. 15 and will be discussed further below.

6Strictly speaking, this is not consistent with the power-
counting scheme one uses in the threshold expansion—one
should also include d waves in the 7K channel and in Ky 3.
Here we are taking a more pragmatic approach based on the
observations that d waves are needed in the KK subchannel,
while p waves are not significant in the 7K channel. Furthermore,
since the /Cy4¢ 53 contribution is subleading in a 1/L expansion,
higher-order terms in gy 3 are likely to be numerically small.
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TABLE VI. Results of fits to Kz + KK + KK levels on ensemble E250, using kaon units. Notation as in Table III, except that cutoffs
and d.o.f. were ordered as Kz, KK, and KKz. Fit parameters as in the models described in Sec. III C, using the ADLER2 and ERE2
forms for zK and KK K matrices, respectively. We stress that the numerical values of the zK fit parameters cannot be directly compared
to those in Tables V and XXIX, since they are in pion units.

Ensemble E250

Cutoffs Mg +2M,2My + M, /2My +2M, Mg +2M,/2Myg + M, /2My +2M, My +2M,/2Mg + M, /2Mg + 2M,
Description s wave (all irreps) s, p waves s, p, d waves

e 179.15 191.79 204.42

d.o.f. 21 4+284+50—-6 =93 254+284+50-9=94 25440+ 50-10 =105
p 2% 1077 1.1x 1078 22x1078

B{)’K —2.010(92) —1.95(10) —1.94(10)

B’{K —3.59(75) —3.80(80) =3.77(79)

zer 1 (fixed) 1 (fixed) 1 (fixed)

PgK 0 (fixed) 0.031(38) 0.011(38)

b(’)('( —2.626(40) —2.626(40) —2.599(40)

be 0.66(18) 0.67(18) 0.53(19)

DgK 0 (fixed) 0 (fixed) —0.042(25)

KgK” —800(1200) —700(1200) —600(1200)

KKKz —5100(6600) -1(2) x 10* -2(2) x 10*

ICgK” 0 (fixed) 0.3(1.3) x 10* 0.8(1.3) x 10*
[CKK= 0 (fixed) —-9(7) x 10* -11(7) x 10*

B. Two-body phase shifts

In this section, we show plots of the two-meson phase
shifts that follow from the fits presented in the previous
section. These are plotted as a function of ¢?, where q is
the pair c.m. frame momentum, defined in Eq. (35). We
plot (1/¢**')tané,, instead of the more conventional
g* ! cot,, since, for the weakly interacting systems that
we study here, the phase shift can vanish, leading to poles

in cot d,. Results for all channels are shown in Figs. 12—-14;
we discuss them in turn.

For the ztz" system, we show results for both s- and
d-wave phase shifts in Fig. 12. The colored bands denoted
“fit” are plots of (the inverse of) Eqs. (37) (left panel)
and (42) (right panel), using the results for Bg", Bf* and D"
from the s, d fit including IC%” in Table III, with the error
bands incorporating the effects of correlations between these

0.000
0.002
0.001 1
.
H N
E 0,000 H————— ‘
= Fit \“\\\ -0.0011
-0.150{ &= Dispersive  { T - — Fit
l-" LO ChPT ) ~0.0021 &= Dispersive
0 1 2 3 0 1 2 3
(a/Mz)? (a/Mz)?

(a)

(b)

FIG. 12. Phase shift plotted as tan 5/¢**! as a function of the c.m. frame momentum squared for the 7 7" system in an s (a) or d (b)
wave. The results are for the E250 ensemble. The maximum value of ¢> corresponds to the inelastic (four pion) threshold. The “fit”
results use two-meson parameters from the combined two- and three-hadron fit with s and d waves and including Ky from Table III.
Dispersive results are from Ref. [93]. The dashed line in the (a) panel gives the LO ChPT prediction. The data points are discussed
in the text.
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Phase shifts for the K* K+ system in an s (a) or d (b) wave. Notation as in Fig. 12. The maximum value of g> corresponds to

the inelastic (K Kx) threshold. Two-meson parameters have been taken from the combined two- and three-hadron fit with s and d waves

from Table IV.
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FIG. 14. Phase shifts for the z+ K+ system in an s (a) or p (b) wave. The maximum value of g> corresponds to the inelastic (zzK)
threshold. Two-meson parameters have been taken from the combined two- and three-hadron fit with s and p waves from Table V for s
wave and from the combined two- and three-hadron fit with s and p waves from Table VI for p wave. Dispersive results are from

Ref. [94]. Other notation as in Fig. 12.

fit parameters. The most important comparison in the plots
is to the results from the dispersive analysis of Ref. [93],
shown by the gray curves. The latter can be considered as
effectively the experimental result, since it incorporates
experimental input constrained by analyticity and crossing
symmetry. As can be seen, our s-wave results agree with the
dispersive analysis within approximately one standard
deviation. Given that we have not accounted for the
systematic errors due to finite lattice spacing or the fact
that our pion mass differs slightly from the physical value,
we consider this a good agreement. We stress that the
statistical uncertainty in our result is comparable to, or even
smaller than, those in the dispersive result. We also show the

LO ChPT result (see, e.g., Ref. [95]), which shows
the expected behavior of agreement at the threshold and
increasing discrepancies with increasing ¢. By contrast,
for the d-wave phase shift, our results are consistent with
zero, with larger uncertainties than dispersive studies,
but are nevertheless consistent with the dispersive results.
Clearly, a substantial reduction in statistical errors will be
needed to obtain a nonzero result for this quantity.

In both panels, we include also data points that require
further explanation. If one uses the QC2 keeping only
s-wave interactions, then there is a one-to-one correspon-
dence between energy shifts of individual two-pion levels
(in the A, irrep) and values of §,. Using this, one obtains the
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data points in the left panel. We stress that the “fit” curve is
based on substantially more information than that in the
“data” points and is not a fit to these points. Nevertheless,
we display these points as they give an indication of the
spread in values of ¢> accessed by our energy levels and
also of the reduction in errors obtained by fitting to multiple
levels (both zz and 3z, in all irreps). Similarly, for the
d-wave plot, a one-to-one mapping can be obtained from
two-pion levels in nontrivial irreps to the phase shift and
leads to the data points shown. We note that these levels
give information only at the largest values of g?.

For the KK system, shown in Fig. 13, no dispersive
prediction is available. Thus, to our knowledge, this is the
first theoretical determination of maximal-isospin KK
scattering at the physical point. As can be seen, a significant
deviation from LO ChPT is present. This breakdown is
not unexpected for kaon system, and we return to it below
when discussing other quantities. For the d-wave phase shift,
the LO ChPT prediction vanishes. We find a result that is
nonzero at the 1-2¢ level. The data points in this figure result
from one-to-one mapping using the QC2 applied to the two-
kaon levels in A irreps in the s-wave-only approximation
for the left panel and to those in nontrivial irreps in the
d-wave-only approximation for the right panel.

Finally, Fig. 14 shows the results for s- and p-wave
#t KT phase shifts, with dispersive results from Ref. [94].
We note that our statistical errors are substantially smaller
than those of the dispersive analysis. We observe some
tension between our results and those from the dispersive
analysis in the threshold region. A possible explanation is
that the dispersive analysis includes data that only starts at
larger energies (see Fig. 6 in Ref. [94]). Our p-wave results
are consistent with zero, though slightly favor a positive
scattering phase, a sign that agrees with the dispersive
analysis. In this plot, the data points are obtained from the
A, irrep zK levels (left panel) and those in nontrivial irreps
(right panel).

C. Two-meson threshold parameters

The fits of Sec. IVA provide multiple determinations
of the scattering lengths and effective ranges in the two-
meson systems, using Eqs. (39)-(43). We collect the results
(with errors accounting for correlations between the under-
lying fit parameters) in Tables XXX-XXXII, listed in
Appendix B.

For the sake of comparison, we also include results for
the scattering lengths obtained from the energy shift of a
single energy level—the threshold state—applying a trun-
cated form of the threshold expansion of Ref. [78] (explicit
expressions can be found in Ref. [96]). Historically, the
threshold expansion method was the first used to obtain
estimates of the scattering lengths. Our results illustrate the
significant reduction in statistical error that one obtains by
fitting to the extended spectrum.

We combine the scattering lengths and effective ranges
using model-averaging procedures [97-100]. Each deter-
mination of a single quantity can be assigned a weight w;,
normalized such that ) ,w; = 1. The model-averaged
value is then obtained using

(0) = Zini, (51)

where O; is the estimate of the quantity O for the ith model.
In the above equation, brackets indicate the model-aver-
aged quantity. The uncertainty in a model-averaged quan-
tity has two terms:

5(0) = /80N + 5(0) (52)

where

5(0)sa = Zw,@@%, (53)

O = Yo m0% - (Zwo). e

where 60; is the statistical uncertainty in the ith model.
One choice is to assign the weights based on the Akaike

information criterion (AIC). Specifically, we use the result

of Ref. [98]:

w; = Nexp (—AIC/2), AIC = 4> —2d.o.f., (55)

where the constant N is chosen so that the weights are

normalized. An alternative averaging procedure is given in

Ref. [100] in terms of the p values of the various fits, p;.
Explicitly,

wi = N'p;/503, (56)

where N’ is again a normalization constant.

For both of these choices, it is usually envisaged that one
is averaging over a range of fits to similar quantities, with
variations of choices of parameters and fit ranges. Our
situation is somewhat different, given that we are combin-
ing fits to different datasets (e.g., zz versus zz + 37). It is
possible to bias the average by including more fits of one
type than of another. To minimize this bias, we use roughly
equal numbers of the best fits of each type.

The results from applying both the AIC- and p-based
methods to our datasets are collected in Tables VII and
VIII, where we show statistical and systematic uncertainties
separately. We stress that the latter is due only to the
variation across fits. Discretization errors will be discussed
below. We have included also results from ensembles other
than E250 using the model-averaging methodology. These
results replace those given in Refs. [55,62] using a more
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TABLE VIIL

Final results for s-, p- and d-wave scattering lengths, denoted a,, a; and a,, respectively. Errors are, respectively,

statistical and systematic, based on model averaging using the AIC- and p-value-based methods. The data used to obtain these averages
are those in Tables XXX-XXXII and XXXVI, together (for the 7z results) with Tables 4—6 in Ref. [S5].

Ensemble M, af" Myak¥ M at¥ M3as” M3.a¥K Miatk
E250 (AIC) 0.0436(49)(9)  0.379(6)(2) 0.0610(30)(05)  0.2(3.0)(0.2) x 107 0.039(17)(4)  —1.6(3.1)(0.1) x 10~
E250 (p) 0.0443(55)(12)  0.379(6)(3) 0.0603(29)(24) —1.0(3.2)(1.0) x 107 0.043(16)(5)  —1.1(4.3)(1.6) x 107*
D200 (AIC) 0.0886(52)(24) 0.3677(52)(25) 0.109(3)(0) 0.0016(7)(0) 0.039(3)(0) —0.0005(6)(0)
D200 (p) 0.0881(51)(23) 0.3676(54)(31) 0.107(4)(0) 0.0016(7)(0) 0.039(3)(0) —0.0012(7)(1)
N200 (AIC) 0.1562(46)(13) 0.3375(48)(17) e 0.0042(9)(0) 0.0263(14)(0) e
N200 (p) 0.1524(54)(40)  0.3370(49)(24) e 0.0038(10)(3) 0.0263(16)(0) e
N203 (AIC) 0.2083(41)(17) 0.2970(43)(0)  0.212(5)(0) 0.0073(8)(1) 0.019(1)(0) —0.004(4)(0)
N203 (p) 0.2082(49)(8)  0.3012(46)(32) 0.207(6)(2) 0.0066(9)(3) 0.019(1)(0) —0.003(3)(1)

. ) ) if we wish to investigate the quark mass dependence of
TABLE VIII. Final results for products ayry. Notation as in K s . .
Table VII. ar.3» we must ensure that the cutoff function itself varies

smoothly with quark mass. This is one reason why we have

Ensemble M2azmri” M%ak¥ kK M2azK ik repeated the determination of Ky 3 from KKz and 3K
E250 (AIC) 2.62(15)3) 0.54(19)(10) _ 0.66(12)(04) systems on the ensemples other than E250 using the same
E250 (p) 2.62(15)(3) 0.50(12)(8) 1.00(07)(12) class of cutoff function as that we use on E250 (see
D200 (AIC)  2.42(26)(22)  0.48(13)(12)  1.22(5)(0) Appendix C). o
D200 (p) 2.58(13)(10)  0.36(08)(10) 1.22(6)(0) Given the cutoff dependence of /Cy 3, it might seem that
N200 (AIC) 2.35(16)(6) 1.14(16)(14) there is nothing special about the point Ky 3 = 0. This is
N200 (p) 2.38(13)4) L.O5(13)(17) not the case for weakly interacting systems, however. In
N203 (AIC)  2.03(13)(9) 1.47(14)(1) 1.61(8)(1) particular, in ChPT, the LO contribution is scheme inde-
N203 (p) 1931721 1.21(12)(18)  1.64(8)(2)

primitive method.” Comparing the results using the two
averaging methods, we see that the central values are
consistent, usually well within the errors. The only excep-
tion is a¥r2X on the E250 ensemble, where the difference
approaches 3¢. This is an example where a single meas-
urement dominates the p-value average and is an outlier.
There are also some small differences in the error estimates
obtained by the two methods. In the plots below we use the
results from the p-value averages. We compare these results
to those in the literature in Sec. VA below.

D. Constraints on the three-meson K matrix

We now turn to Ky 3, the K matrix that describes three-
particle interactions, focusing on the statistical significance
by which it differs from zero. Previous work has found
evidence for nonzero values of Ky ; for some systems and
pion masses; here we extend the study to near-physical
masses and also present the global picture from all four
ensembles. In this regard, it is important to keep in mind
that [Cy; 3 is not a physically measurable quantity, since it
depends on the choice of cutoff function. For that reason,

"The results for two-pion quantities are obtained from
Ref. [55], which used a different > function based on the
c.m. energies. See Appendix C for discussion of why the results
remain valid.

pendent, as discussed in Refs. [55,62]. Thus, at this order, a
nonzero value of Ky 5 is physically meaningful. Scheme
dependence enters only at NLO, at which order, for
example, the contributions for the 3z system to the coeffi-
cients Ky, K, Ky, and Kp in Ky 5 [see in Eq. (44)] are of
O(MS/FS). In the case of 3z+, this scheme dependence
has been explicitly calculated and is numerically small
[101]. We stress that, when we show comparisons with
ChPT below in Sec. V D, we use the same cutoff function in
ChPT as we do in the QC3.

Another reason for considering the statistical signifi-
cance of results from Ky 3 is that being able to extract
nonzero results is numerically challenging, and we wish to
gauge how accurately one needs to determine energy levels
in order to tease out values for Ky 5. The challenge arises
from the fact that a three-particle interaction leads to energy
shifts that generically scale like 1/L°, much suppressed
compared to the effects of two-particle interactions that
scale as 1/L3.

Thus motivated, we turn to results. The tables of fits
given above (Tables III-VI) provide errors for individual
components of Ky ;. In ChPT, the first two constants
appearing in the threshold expansion for identical-particle
systems [Eq. (44)] behave at LO as [55]

37, K37 o x, I G o x%, (57)
where x, = M, /F, xx = Mg/F, and F can be either F,
or Fy at the considered accuracy. For mixed systems,
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the corresponding constants in Eq. (47) behave as [60]

KK o x2x%,

JCKK ~ JCKKT o x4 (58)

K 3
K™ o xpxk,

Here we have dropped contributions suppressed by powers
of M, /M. Higher-order terms in the threshold expansion
appear at NLO in ChPT (explicit results only available for
3z [101]). For the other systems, we note that, in the chiral
limit, contributions from kaon loops (or insertions of m)
dominate over those from pion loops (or insertions of m, or
my). This leads to the expectations

K3 I ~ K o )

ISR~ IGE ~ Kt o, (60)
KK ~ 2K o x2x%, (61)
ICKK™ ~ JCKKT o x5 (62)

Thus, on the E250 ensemble, for which x2 < x%, the
systems in which we are most likely to find significant
signals are 3K and KKz. In fact, we find that the only
components with values differing from zero by more than
20 are KC3X and KG3X.

This is not the full story, however, as the tables do not
display the (typically rather large) correlations between
these components. Thus it is instructive to determine the
significance of the full /Cy 5 and of its isotropic component
KC°, including these correlations. These results are col-
lected in Tables IX and X. Since we are assuming a
multivariate Gaussian distribution, the confidence interval
of a given number of ¢’s can differ substantially from that
for a single variable. For instance, in a two-variable
distribution, lo means 39.3% rather than the usual
68.3% of a single-variable Gaussian distribution. Thus,
in addition to the number of ¢’s, we quote the significance
and also the effective single-variable number of sigmas,
which we denote o;. The overall conclusion is that, on the
E250 ensemble, the only significant results for Ky 5 are for
the 3K and KKz systems, which is in qualitative accord
with the ChPT expectations given above. For K'*°, only the
3K system has a significant result on the E250 ensemble.
We also observe, in almost all cases, that, as the pion mass
increases the significance of Kyr 3 and ° on all ensembles
for all systems increases, again consistent with the general
expectations of ChPT.

We close this section by presenting Fig. 15, which
displays the significance of X*° for all four systems on
the E250 ensemble, in a way that illustrates graphically the
impact of correlations. This plot is based on results from the
“s wave (all irreps)” fits in Tables III-VI. We find that,

TABLE IX. Significance of Ky 3 in various fits. The chosen 37
and 3K fits are those using a three-parameter form for Ky 3, using
JCiso 0 fCiso.l and KCB. The chosen zzK and KK fits use a four-
parameter form for Ky 3, using K500, K51, KCB, and KCE. Results
for 3z, and #zK fits on ensembles other than E250 are from
Refs. [55,62], respectively. The significance is given by the
number of ¢ in the three- or four-parameter Gaussian form, by the
numerical significance, and by the equivalent single-parameter
Gaussian o.. See text for further discussion.

Ensemble Fit c Significance Oeff
E250 3z, s+d 1.2 0.30 0.4
D200 3z, s+d 1.0 0.19 0.3
N200 3z, s+d 3.8 1.00 3.0
N203 3z, s+d 4.5 1.00 3.8
E250 3K, s+d 11.8 1.00 11.4
D200 3K, s+d 8.8 1.00 8.3
N200 3K, ERE3, s +d 10.7 1.00 10.2
N203 3K, ERE4, s +d 11.6 1.00 11.2
E250 K, s+ p 1.2 0.16 0.2
D200 K, s+ p 33 0.97 22
N203 znK, s+ p 3.6 0.99 2.5
E250 KKn, s+p+d 35 0.99 2.5
D200 KKz, s+ p+d 5.9 1.00 5.0
N203 KKz, s+p+d 1.6 0.37 0.5

TABLE X. Significance of K'* in various fits. The chosen fits
are as in Table IX, in all of which a two-parameter form is used
for K1%°, The significance is given by the number of ¢ in the two-
parameter Gaussian form, by the numerical significance, and by
the equivalent single-parameter Gaussian -

Ensemble Fit o Significance Ot
E250 3z, s+d 1.2 0.51 0.7
D200 3z, s +d 0.8 0.26 0.3
N200 3z, s +d 3.8 1.00 34
N203 3z, s+d 4.5 1.00 4.2
E250 3K, s+d 8.0 1.00 7.7
D200 3K, s+d 7.8 1.00 7.5
N200 3K, ERE3, s +d 7.5 1.00 7.2
N203 3K, ERE4, s +d  10.1 1.00 9.8
E250 K, s+ p 0.9 0.33 0.4
D200 K, s+ p 2.8 0.98 2.3
N203 K, s+ p 3.1 0.99 2.6
E250 KKz, s+ p+d 1.3 0.57 0.8
D200 KKz, s+ p+d 5.0 1.00 4.6
N203 KKz, s+p+d 0.5 0.12 0.15

while for the 37 and 77K systems K*° has a significance of
only ~65%, that for the 3K and KKz systems is much
higher. Again, this is broadly consistent with the expect-
ations of ChPT.
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FIG. 15. Representation of the significance of the isotropic

component Ky 3 for the three-meson systems. The ellipses
correspond to the 68.3% confidence interval. The normalizations
of Ky and KC; have been rescaled (with different factors for the
different three-meson systems) so that they all fit in a single
figure. Thus, only the distance to the origin is relevant.

V. COMPARISONS TO CHPT

The main goal of this section is to compare our results
for two- and three-particle scattering parameters with the
pion-mass dependence predicted by ChPT. For this, we
use the results from all four ensembles that we have
collected above. The fits presented here generalize those
of Refs. [55,62] by the inclusion of our new results near the
physical point and by the use of the updated fits presented
in Appendix C.

While our results are at a single lattice spacing, we
estimate the discretization effects using ChPT augmented
by discretization terms. Moreover, while the E250 ensem-
ble is very close to physical quark masses, some small
mistuning effects can be present. We estimate their size
using continuum ChPT.

For some two-meson quantities, we can compare our
results at physical quark masses to those in the literature,
many of which are collected in the FLAG review [102].

In the fits below, we use the ratios M,/ F, from Table II
for the independent variables. We neglect their uncertain-
ties, as they are significantly smaller than those in the
quantities being fit. We also need the ratios My /F from
this table in some fits. For SU(3) ChPT fits to results
involving zz, nK, and KK quantities, we neglect the
correlations between these quantities on individual
ensembles.

A. s-wave scattering lengths

We begin with the s-wave scattering lengths of the two-
meson systems, results for which are displayed in Fig. 16.
We use the averages in Table VII obtained with the p-value
method. We fit all 11 results to the NLO prediction of
SU(3) ChPT [given in Egs. (3.14)—(3.21) of Ref. [62]],

Phys. point

0.11 =

ﬁ ]W I(CL(I)\’K
L Mag®

0.0 = ~ - : ; ~
0 2 4 6 3 10 12

(M, F,)?

FIG. 16. Two-meson s-wave scattering lengths for all four
ensembles used in this work. The LO ChPT prediction and a NLO
ChPT fit are included. In order to plot the NLO curve, an
interpolating function for My /M, and M /F as a function of
M,/ F, has been constructed using Table II. The physical-point
value in M,/F, is included as a vertical line.

which depends on two low-energy coefficients (LECs). The
fit results are

Ls(4nF,) = 0.1(7) x 1073,
L,.(4nF,) = —0.98(2) x 1073,

y*/do.f.=124/(11 =2), p=0.19, (63)
where, as indicated, LECs are quoted at the scale
u=4nF ,,.8 The resulting fits are shown in the figure,
along with the LO ChPT prediction. Note that only for the
zz and 7K scattering lengths do we expect the LO and
NLO results to agree in the chiral limit. The results for the
LECs improve on those found in Ref. [62], which included
only the D200 and N203 ensembles and did not include d
waves in the zz and KK subchannels. The results were
Ls=0.0(1.5)x 107 and L,, = —0.88(4) x 1073, Thus
the inclusion of the physical-point data leads to a halving of
the errors and, in the case of L,,, to a shift in the central
value by about 26. We can also compare L., to that
obtained in Ref. [55], where the fit was to 7z and KK data
only on the D200, N200, and N203 ensembles and gave
L., = —1.13(3) x 1073. The nearly 4c shift in the central
value suggests that the fitting systematics were under-
estimated and again shows the importance of the inclusion
of the physical-point data.

Discretization effects in these results can be estimated by
introducing additional LECs into ChPT [103]—for Wilson-
like fermions this method is Wilson ChPT (WChPT) [104].

8This choice of scale is advantageous in chiral fits, as it allows
one to express all quantities as functions of M, /F, or My /F. It
induces some mass dependence in the chiral logarithms, but this
is of higher order in the chiral expansion.
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The necessary results are presented in Ref. [62], and it turns
out that, at LO in discretization errors, only a single
combination of LECs enters for all three scattering lengths.
We denote this combination W = 2wy, + wg. The inclusion
of W leads to nonvanishing values for the zz and zK
scattering lengths in the chiral limit. Fitting to the expres-
sions given in Ref. [62] [see Egs. (3.29)—(3.31) of that
work] we find

Ls(4nF,) = —0.3(9) x 1073,
L, (47F,) = —0.94(4) x 1073,
W = -0.22(17),

y*/d.o.f.=10.7/(11 =3), p=022. (64)
The fit is marginally improved by the inclusion of W
[compare to Eq. (63)], although the resulting value lies only
slightly more than 1o away from zero. The errors on the
results for Ls and L, increase, while the central values are
consistent. Although the inclusion of discretization errors is
only approximate (as higher-order terms in a> are dropped),
the comparison of the ChPT and WChPT fits suggests that
discretization errors are small relative to the statistical
errors for Ls, and comparable to the statistical errors for
L ... We take the results from Eq. (64) as our best estimate
of these quantities.

Our result for Ls can be compared to those in the latest
FLAG review [102]. In this regard, it is important to note that
the standard method of determining Ls uses the NLO
prediction for fx/f,, a quantity that involves only single
particles and thus, in lattice calculations, has much smaller
errors than our determination. Thus the comparison with
FLAG serves as a cross-check on our methods. FLAG quotes
LEC:s at the conventional value for the renormalization scale,
u =770 MeV; our result from Eq. (64) run to this scale is
103Ls(u = 770 MeV) = 0.7(9). The lattice determinations
quoted in FLAG are from Ref. [105] (2 4 1 flavors), which
finds 10°Ls = 0.95(41), and from Ref. [106] 2+ 1+ 1
flavors), which finds 10°Ls = 1.19(25). We see that our
result is consistent with these but has larger errors, as
expected.

As is clear from Eqgs. (63) and (64), we are able to
determine L, with good precision: the combined statistical
and (approximate) discretization error is less than 5%. This
LEC is related to the standard set of SU(3) LECs by

L,m == 2L1 + 2L2 + L3 - 2L4 - L5 + 2L6 + Lg (65)
and to the quantity L, used in the FLAG report by
1
2
To our knowledge, the only determination of L, is that

given in Ref. [107], where the result 10°L ., (v2F,) =
3.8(3) is quoted (using the notation L, instead of Lg).

er: = Lscatt - LS‘ (66)

Running our result to other scales we find

L..(u =770 MeV) = —0.44(4) x 1073,
L. (u=V2F,) = 1.75(4) x 1073, (67)

If we determine L., using the FLAG estimate 103Ls =
1.19(25), as was done in Ref. [107], then we obtain

Locai(p =770 MeV) = 0.16(13) x 1073,
Lscatt(/" = \/EF,,) = 445(13) x 1073, (68)

Thus our result is consistent with that of Ref. [107] at the 2¢
level. We stress that the dominant error in L, comes from
that in L5 (even when using the FLAG result) and so
advocate quoting L,, instead.

We can also fit the pion data to the NLO SU(2)
ChPT expression. This involves a single combination of
LECs, ¢,,—see Eq. (3.15) of Ref. [62]—where here the
notation matches that in the FLAG report. In this case, we
use the same renormalization scale as in FLAG, namely
= \/EF,T. The fit to the continuum NLO ChPT form
yields
Cor=T14(5),

r*/d.o.f.=043/(4—1), p=0.93,

(69)

while that to the corresponding WChPT expression, which
includes the same new LEC W as in the SU(3) fits above,
gives

loe=75(8), W =-004(22),
r*/dof.=040/(4—-2), p=082.  (70)

Here we see no evidence for discretization errors—the
chiral extrapolation is consistent with af” vanishing in the
chiral limit. Nevertheless, to be conservative, we take
the WChPT fit result as our preferred value. To determine
the impact of the new E250 result at the physical point, we
have repeated the fits dropping this point, finding £,, =
7.4(5) for the ChPT fit’ and £,, = 7.2(1.0) and W =
0.07(32) for the WChPT fit. Thus including the physical
point makes no difference if one constrains the fit to have
the correct chiral behavior but does lead to a reduction in
the error if one leaves the intercept free. FLAG finds that
only the calculation of Ref. [108] meets their criteria for
inclusion in their average for £,,. The result from this work
is £, = 3.79(61)(134,), which differs from our results by
2-30. There are several differences between our work and
Ref. [108] regarding discretization effects, finite-volume

*This differs slightly from the result #,, = 7.6(4) quoted in
Ref. [55] for the same fit, the difference being due to our new
method of averaging fits.
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TABLE XI.

Summary of determinations of the physical-point scattering lengths using three different methods:

direct calculation on the E250 ensemble (first uncertainty is statistical, second is from quark-mass mistuning), chiral
fits without discretization effects (ChPT), and chiral fits including the leading discretization effects (WChPT).

FLAG estimates are shown for comparison.

Method M, at" Myak¥ M at¥
Direct 0.0443(56)(13) 0379(7)31) 0.060(4)(2)
SU(3) ChPT 0.04267(4) 0.360(3) 0.058(2)
SU@3) WChPT 0.04260(7) 0.355(5) 0.057(3)
SU(2) ChPT 0.04295(17) e e
SU®2) WChPT 0.0429(3)

FLAG [102] 0.0441(4) [108] 0.388(20) [109] 0.059(2) [107]

effects, and quark masses. Moreover, Ref. [108] used the
ground-state energy, while we use the full spectrum. Thus,
it is difficult to isolate the source of the discrepancy.

The fits described above allow us to determine the
scattering lengths at the physical point. We do so by
inserting into our chiral fits the physical masses and decay
constants, which we take to be

M, = 139.57018 MeV,  F, — -o0 41 MeV,
V2
156.1 MeV
My — 493677 Mev,  Fy — 1201 MV, (71)
V2

The results are collected in Table XI. We also include in the
table the FLAG estimates, along with the original refer-
ences. These are “estimates” rather than “averages” since
only a single result satisfies the FLAG criteria for each of
the quantities.

In Table XI, we also include our “direct” results from the
E250 ensemble. These have larger error bars than those
obtained from chiral fits. They also have slightly mistuned
quark masses. In order to estimate the mistuning error, we
use LO ChPT,

1
A, (M — A(x
mq( Xa ) 167 )
1 X X
A, (Mam®) = — A —=K 2

with Xe{ﬂ',K}, Xy = Mx/Fx, and

A[Q] = abs(Qgas0 — Qphys)’ (73)
where E250 labels the values in Table II and “phys” the
values in Eq. (71). Although this leads to a shift of definite
sign, we treat it as a two-sided uncertainty. The results are
included in Table XI. As can be seen, the size of this effect
turns out to be most significant for the KK system,
indicating that, for aXX, results from the chiral fits provide
better estimates.

We conclude this section with a summary of our findings
from the chiral fits of s-wave scattering lengths. We have
computed results for the three scattering lengths (a?”, af¥
and af*). While our results are at a single lattice spacing,
we have investigated discretization effects using WChPT,
and our findings suggest that they are small. We have also
estimated the effects of the quark-mass mistuning on our
direct E250 results, finding them to be small except for the
KK system. Incorporating this additional error, we find good
consistency between direct results and those from the chiral
fits. A final comment on the small size of the uncertainties in
the s-wave 7z scattering lengths is appropriate. We stress
that these include only statistical effects and lack a complete
error budget. Uncontrolled sources of error are those due to
higher-order ChPT corrections, discretization errors, and
exponentially suppressed finite-volume effects.

B. s-wave effective ranges

We now discuss the results for the effective ranges. It is
convenient to package these into the quantities M3 a3 riY,
with X, Y € z, K. This is because the LO ChPT predictions

for these quantities are simple:

My M3%
M2aXVpX¥ =1 4 X 4 X (74)
XToTo My M3

The NLO SU(2) ChPT prediction exists for pions [110],
while no closed form in SU(3) ChPT is available.

The results are shown in Fig. 17, where we have
normalized them by the LO ChPT prediction. Only the
zr result is required to equal unity in the chiral limit; for the
7K and KK systems the plot shows the extent of SU(3)
breaking, which is very large for the KK case. We have fit
the zz results to the NLO ChPT form [using the form in
Eq. (3.16) of Ref. [55]] finding
C; =—-0.296(24),

y*/d.o.f.=2.05/3,  p=0.56.

(75)

Here C; is a combination of SU(2) LECs and is evaluated
at the renormalization scale u = \/2F,. Evaluating the
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FIG. 17. Results for the product of the s-wave effective range

and scattering length, normalized by the LO ChPT prediction.
The band shows the results of a fit of the two-pion results to the
prediction of SU(2) NLO ChPT. The physical point is indicated
by the dashed vertical line.

chiral fit at the physical point, we find M2aZ"rf™ =
2.68(3), which is consistent with the direct determination
on E250, M%ag”rg” = 2.62(16), but with a much-reduced
error. To our knowledge, no other chiral fits to this quantity
appear in the literature.

C. Scattering lengths in higher partial waves

We next investigate the chiral dependence of scattering
lengths in higher partial waves: p wave for 7K, and d wave
for zz and KK. The results for the p-wave zK scattering
length are shown in Fig. 18. As can be seen, only one
ensemble obtains a value that is more than 1o away from
zero. However, the central values of all results are negative,

0.000 0=
o T
—00051 T
< —0.0101
B
m@g
= 00151 T Chiral fit
— NLO ChPT
—0.0201 ¢ This work
n  Dispersive analysis
—0.0251 HadSpec
0 5 10 15
(M, /F,)?
FIG. 18. Results for the p-wave scattering lengths as a function

of the pion mass. The three ensembles used in this work are
shown as red circles. LQCD results by the HadSpec Collabora-
tion are shown as orange triangles [111]. The dispersive result of
Ref. [94] is given as a blue square.

suggesting that the interaction is attractive at threshold.
This is in qualitative agreement with the dispersive results
of Ref. [94], although their central value differs by about 3¢
with ours on the E250 ensemble. Similar tension has been
observed in the low-energy s-wave phase shift displayed
in Fig. 14, and both might be explained by the lack of
experimental data in the low-energy region. In this sense,
our results complement those available from experiments.

The leading chiral dependence of this quantity is
M3a™ o« (M,/F,)*, and we observe that such behavior
qualitatively describes the points in Fig. 18. However,
as can be seen, this fit disagrees at about the 2¢ level from
the NLO SU(3) ChPT prediction (given in Appendix C
of Ref. [62]).

The final two-meson quantities that we consider are the
d-wave scattering lengths for identical mesons. Our results
are shown in Fig. 19. With the exception of that for a3” on
the E250 ensemble, all results have good statistical sig-
nificance. This exception is expected, however, because
chiral symmetry implies that the scattering length is small
for physical pion masses and, thus, hard to determine. In
particular, a4 vanishes at LO in SU(2) ChPT and thus, up
to logarithms, behaves as Mya3™ o« (M,/F,)*. In the left
panel of the figure, we show a fit to this form, which works
well. There is, however, a possible discrepancy with the
dispersive result for this quantity at the physical point,
Mja5™ = —1.85(18) x 107 [93]. While this is compatible
within 1o with our E250 result, given the large errors in the
latter, the sign is opposite to that on our heavier-pion
ensembles and, thus, to the prediction of our naive chiral fit.
As discussed in Ref. [55], this appears to be related to the
fact that d-wave phase shift predicted by the dispersive
analysis changes sign slightly above the threshold. Thus
our naive fit is unreliable in the vicinity of the physical
point, and we refrain from quoting an extrapolated value.

For the KK system, aXX is not protected by chiral
symmetry, so we expect a linear dependence on (M, /F,)?,
up to logarithms. The right panel in the figure shows that
such a linear fit describes the data well and leads to the
physical-point value My aXX = 0.045(3).

D. The three-pion K matrix

Here we discuss the chiral dependence of the three-
particle K matrix for the 3zt system. While this is a
scheme-dependent, and thus unphysical, quantity, it can be
calculated in ChPT using the same scheme (i.e. the same
cutoff function H). This allows for a direct comparison with
our lattice results without needing to solve the integral
equations that lead to Ms.

The LO ChPT result was originally computed in
Ref. [48], where it was observed that the LO result was
in fact scheme independent. However, it was found that
there were large differences between this prediction and the
lattice results. The NLO result was subsequently calculated

014505-27



SEBASTIAN M. DAWID et al.

PHYS. REV. D 112, 014505 (2025)

0.010
0.0081 |
0.0061: Jf
EN E /'/
le: i ,/'/
= 0.004 iz +
0.0021 | .
D 557 --- Linear fit
L o This work
0.0001%
0 25 50 75 100 125 150
(M /Fr)*
(a)

0.08
--- Linear fit
o This work
0.061
i
N R -
S 0.04 | e %
10 R AL s SO
S
e
0.021 § """"" o
i
E
0.00 —— :
2 4 6 8 10 12
(M) Fy)?
(b)

FIG. 19. Results for the d-wave scattering lengths for the two-pion (a) and two-kaon (b) systems. The results are fit to a linear
dependence on the quantity plotted on the x axis, with the intercept fixed to zero in the case of pions, as discussed in the text. The

physical point is indicated as a vertical line.

in Ref. [101] (and generalized to all isospins in Ref. [112])
using the NLO ChPT three-pion scattering amplitudes from
Refs. [113,114]. Very large NLO corrections were observed
in the quantities that are nonzero at LO, namely K, and I,
in Eq. (44). Thus the disagreement of lattice results with LO
ChPT was understood, while, at the same time, the range of
pion masses for which ChPT is convergent was seen to be
small, barely extending to the physical quark mass.

It is thus of considerable interest to confirm this picture
by determining /Cy and /C; at the physical point, as we have

2 %

--- LO ChPT This work

NLO ChPT o ETMC

103

0{ f .

-1 . . . .

0 50 100 150
(M /Fy)?!
(a)

done in this work. Given the expected chiral behavior
[Eq. (57)], however, we expect that IC4 3 will be small and
difficult to extract with statistical significance. This is
indeed the case, as seen above. Nevertheless, we can test
whether the results we obtain are consistent, within errors,
with the expected chiral behavior. The results of this test are
shown in Fig. 20, where we see that indeed consistency is
observed.

The other coefficient that we determine, Kp, begins at
NLO in ChPT, with a result determined in Ref. [101].

2 %
--- LO ChPT This work
14 NLO ChPT O ETMC
Koo
Lo
14
—9]
-3 . . . .
0 50 100 150
(M) Fr)*
(b)

FIG. 20. Results for the coefficients Ky (a) and K; (b) term in the threshold expansion of the three-pion g4 3. Orange circles are the
results of this work, using fits that include s and d waves, and Ky (see Table III and Ref. [55]). The results of Ref. [51] are shown as red
squares (and come from a fit that include only s waves). LO [48] and NLO [101] predictions from ChPT are also shown. The error band

arises from uncertainties in LECs. Note that the horizontal axis is proportional to M2,
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FIG. 21. Results for the Ky term in the threshold expansion of
the three-pion Ky 5 from fits that include s and d waves. The
band indicates the NLO ChPT prediction from Ref. [101], with
the uncertainty arising from that in the LECs. Note that the
horizontal axis is proportional to M$.

A comparison with this prediction is shown in Fig. 21. Here
the situation is analogous to that for Xy, in which the
leading nontrivial chiral prediction has the opposite sign
from the lattice data. It will require a NNLO calculation to
determine whether higher orders lead to a sign change
around the physical pion mass. What we do see, however, is
that our new result at the physical point is consistent with
the chiral prediction.

VI. THREE-MESON SCATTERING AMPLITUDES

In this section, we present results for three-meson
scattering amplitudes. Unlike the intermediate K matrices,
these are physical quantities that one could compare to the
experiment, were three-particle scattering achievable. They
are obtained by solving the three-body integral equations,
as described in Sec. III B, using the fit results for the two-
and three-body K matrices in Sec. IV A as input. We show
results for all the systems studied in this work, i.e. 377,
atatK*, KTKTxt, 3K*, including the quark-mass and
partial-wave dependence.

We begin with a comment on the kinematics. Although
the presented formalism is relativistic and valid in general
reference frames, for simplicity (and without loss of general-
ity) we consider a three-to-three scattering process in the
overall rest frame. Second, as discussed in Appendix D 1, the
most general, elastic three-hadron amplitudes depend on
eight kinematic variables. This multivariable nature allows
for many choices of two-dimensional representations; here,
we impose relations between kinematical variables such that
the studied amplitudes are always presented as functions of a
single variable. This corresponds to selecting a kinematic
configuration in which certain orientations of the three-
momenta are fixed. One such configuration is the equilateral

configuration, where all three momenta have the same
magnitude and lie along bisectors of an equilateral triangle.
A more general choice is the isosceles configuration, where
the magnitudes of two of the momenta are equal and lie at a
relative angle of a # 120°, thus lying along bisectors of an
isosceles triangle. A more detailed description is given in
Appendix D 1. In particular, Fig. 31 depicts the most general
kinematic configuration used in this work. We also present
the individual, fixed-J contributions to the overall scattering
amplitude, as defined in Eq. (32).

In this section, we fix the incoming momenta to always
lie in an equilateral configuration and explore different
equilateral or isosceles choices for the outgoing momenta.
For simplicity, we take the initial and final reaction planes
to be the same. The J = 0 amplitudes do not depend on the
relative orientation of two planes, but this choice simplifies
the description of the / = 1, 2 amplitudes. For instance, the
chosen kinematic configuration of incoming momenta
makes the J = 1 amplitudes vanish for systems composed
of identical particles (37 and 3K). In general, the resulting
amplitudes then depend on the overall c.m. energy, denoted
E in this section, on the angle a describing the final-state
configuration, and on the angle between the initial and final
“triangles,” 8,, (defined precisely in Appendix D 1). If we
fix two of these variables, we can display the dependence
on the remaining one.

A. Three-hadron amplitudes at the physical point

We begin by showing results for the three-meson ampli-
tudes with approximately physical quark masses obtained
from the E250 ensemble spectra. For each three-body
system, we choose a representative model of the two-
and three-body K matrices as input to the integral equa-
tions. Specifically, we obtain the results discussed in this
section using scattering parameters from the last columns
of Table III in the case of 3, Table IV in the case of 3K,
Table V in the case of 27K, and Table VI in the case of
2Kz. When solving integral equations, for each J¥, we
include all nontrivial contributions from pair-spectator
partial waves characterized by combinations of angular
momenta (Z,s) such that Z,s <2. We summarize the
included waves in Table XII.

The displayed uncertainties have been propagated from
the errors in the two- and three-body K matrices and are
purely statistical. We do not have a complete error budget,
as we work at only one lattice spacing and volume, with
slightly mistuned quark masses, and truncated forms of the
K matrices. Nevertheless, we have found evidence (dis-
cussed in Sec. VA) that the discretization and mistuning
errors are smaller than those shown. Moreover, model
dependence of the results for the amplitudes is not studied
systematically, but we verified that the differences between
different considered models (associated with the inclusion
of higher partial waves in two-body subchannels) affect the
result very little.
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TABLE XII.

Pair-spectator LS partial waves included in the solutions of the three-body integral equations for each

three-particle system. We denote them by (7, s), where s is a “spin” of a pair and # is the pair-spectator orbital

angular momentum.

System Pair JP =0 JP=1% JP=2-

atrtat atat (0,0), (2,2) (2,0), (0,2), (2,2)

Tt KT KT (0,0), (1,1) 0,1), (1,0), (2,1) (2,0), (1,1)
Al an 0,0) (1,0) 2,0)

7 KtK" K+t 0,0), (1,1) 0,1), (1,0), (2,1) (2,0), (1,1)
KYK+* 0,0), (2,2) (1,0), (1,2) (2,0), (0,2), (2,2)

KYKtK* K*K* (0,0), (2,2) (2,0), (0,2), (2,2)

We first display results for the J” = 0~ component of
these amplitudes. For this choice, the amplitudes do not
depend on 6,, and, for fixed @, are functions of E only.
Results for | M 3|? are shown in Fig. 22 for both the final-state
equilateral and isosceles configurations (the latter with o =
175°). We show all amplitudes up to the maximum energy
E o = Eqr + 1.5M . While this lies beyond the inelastic
threshold for systems with kaons, Ey,, + M ,, we note that the
fits to the 7z K, KK, and 3K spectra continue to work well
above the nominal inelastic threshold, as seen in Sec. I D.

Two general features are noteworthy. First, the 3K ampli-
tude is larger than that for systems that include a pion. This
is to be expected, based on the suppression of pion inter-
actions as one approaches the chiral limit. Second, all
amplitudes diverge at the threshold—a behavior expected
for the chosen kinematic configuration of incoming or
outgoing momenta due to the one-particle exchange proc-
esses. Indeed, within the integral equations, the amplitudes
are well approximated by the LO terms in the iterative

1010

— KKK KK

10°1

—_— ankK — mrm

1081

0|2

J=
X

M

M
—
=)

D

\

10°4

10*

0.5 1.0
(E - Ethr)/Mﬂ'
(a)

1.5

expansion of Eqgs. (24) and (30). In this approximation, the
OPE pair-spectator amplitude gives the most pronounced
contribution, as seen in our solutions. In the mixed systems,
two types of physical exchanges are allowed since two
different particles can be exchanged between external
pairs—a pion or a kaon.

Comparing the two kinematic configurations in Fig. 22,
it can be seen that the hierarchy between 3z, zzK, and
K K7 amplitudes changes. In particular, the K Kz amplitude
is larger than those for 3z and zzK in the equilateral case
but smaller for the isosceles configuration. This indicates a
nontrivial interplay between kinematic configurations and
K-matrix parameters, an effect magnified by our extreme
choice of @ = 175°. In this example, the change in the 2K 7
amplitude is associated with the energy closing for the
physical one-kaon exchange between the external zK and
KK pairs.

The uncertainties display a complicated dependence on
the flavor of the system and on E, which results from the

1010

()|

|M

4
™

=
10°
10* : :
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FIG. 22. Absolute values squared of the J = 0~ three-body amplitudes as a function of the energy relative to the threshold in the
equilateral (a) and the @ = 175° isosceles (b) kinematic configurations, based on fits to the spectra obtained on the E250 ensemble. Ey,,
is the three-meson threshold energy, e.g., Ey, = 2M, + M for the zzK system. All quantities have been normalized by the pion mass.
Bands represent statistical errors propagated from the two- and three-body fit parameters.
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FIG. 23. Absolute values squared of the J” = 0~ three-body

amplitudes as a function of the a angle in the isosceles
configuration at £ = Ey,. + M,, based on fits to the spectra
obtained on the E250 ensemble. All amplitudes have been
normalized by the pion mass.

interplay between the errors in the underlying lattice
spectra and the choice of fit. Two general features are that
errors increase with E and that they are larger for the
isosceles configuration. A possible explanation for both
features is that the p- and d-wave parameters, which have
larger errors than those for s waves, contribute more
significantly at higher energies and to the asymmetric
isosceles configuration. Moreover, at higher energies where
the My; part of the three-body amplitude becomes
comparable with the ladder amplitude, errors from the
three-body K matrices begin contributing significantly to
the total uncertainty of the solutions.

Up to this point, we have fixed the orientations of the
particles and varied the overall energy. We now discuss
the a dependence of the amplitudes at a fixed energy,
E = Ey, + M,; see Fig. 23. We assume 180° > a > 0°.
This corresponds to incoming particles having momenta of
the order of the pion mass (for the 2K state, koq ~ 1.25M ,,
while for the 37 state, k.q ~ 0.88M).

The momenta of outgoing particles depend on the angle
a and differ depending on which bisector of the isosceles
triangle they form. For instance, for the 2Kz system, the
momenta of kaons vary from p;, ~0.77M, at a = 0° to
Pis ® 1.55M, at @ = 180°, while the momentum of pion
decreases from p, ~ 1.55M , at @ = 0° to zero at @ = 180°.
We note that o = 0° corresponds to a “back-to-back”
configuration between the momentum of a pair of identical
particles and a remaining particle. When the angle «
approaches 180° the two identical particles fly back to
back along a certain line, with the momentum of the third
orthogonal to that direction and its magnitude approach-
ing zero.

Despite the simplicity of the studied configuration, the
nontrivial dependence of the particle’s momenta on the
angle a brings out a new feature: a cusplike behavior

associated with one-particle exchanges. These arise
because the intermediate particle in the definite-/ OPE
contribution can become on shell only in specific ranges of
a. The amplitudes diverge logarithmically at the end points,
but, due to the finite precision of the plot and small
imaginary parts added in the definition of the OPE
amplitude (as discussed in Appendix D 4), these logarith-
mic singularities appear as finite cusps in the figure. These
discontinuities (although in different variables) are also
visible in the Dalitz-like plots in Ref. [52]. Let us also stress
that the infinities associated with logarithmic singularities
in the definite-/ amplitudes are a mathematical conse-
quence of projecting the three-body amplitude into partial
waves. They would be converted into a pole of the
propagator were we to sum all the partial waves, so that
the full amplitude would diverge. The divergence of
physical three-hadron amplitudes was recognized long
ago [115], and it was also understood how it is regularized
by the use of wave packets [116,117].

For the nonidentical cases, for which the exchanged
particle can be either a pion or a kaon, there can be separate
ranges for which on-shell exchange is possible. Let us
discuss the KKz system as an example. At the considered
energy, physical pion exchange between two 7K pairs is
possible for all values of a. By contrast, kaon exchange
between the initial KK and final zK pair is kinematically
allowed for 67° < a < 152° leading to the central “plateau
region” between the two cusps in the KKz results in
Fig. 23. On the other hand, the asymmetry between initial
(equilateral) and final (isosceles) configurations means that
kaon exchange between an initial zK and final KK pair is
possible for a different range of angles, @ < 155°. The
upper limit leads to the “double step” feature in the KKz
curve above a = 37/4.

We now consider higher total angular momenta, spe-
cifically J* = 17 and J¥ = 27. As an example, results for
the squared amplitudes in the equilateral configuration are
shown in Fig. 24. The amplitude for J¥ = 17 is nonzero
only for systems with nonidentical particles due to the
symmetric nature of the equilateral configuration of incom-
ing momenta. Other features are similar to those of the
JP = 0~ case: there is divergence at the threshold, and the
amplitudes decrease with energy. Away from the diver-
gence, both amplitudes in higher-partial waves are smaller
in magnitude than in the J* = 0~ case, with the J* = 1*
amplitudes being the smallest.

We recall from Eq. (23) that the unsymmetrized ampli-
tude consists of ladder and divergence-free parts. The
former depends only on two-meson interactions, while
the latter is nonzero for nonvanishing Ky 3 only. One can
symmetrize these two components separately, as done in
Eq. (32), leading, respectively, to D’ and M<Jif,3' Although
this separation is cutoff dependent, it is interesting to
investigate how these components contribute to the ampli-
tude. Within a chosen regularization scheme, it provides an
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FIG. 24. Absolute values squared of the J* = 17 (a) and J* = 2~ (b) three-particle amplitudes in the equilateral configuration, as a
function of the energy relative to threshold. Other notation as in Fig. 22.
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FIG. 25. Real and imaginary parts of the components of the J” = 0~ three-meson amplitudes in the equilateral configuration as a
function of the energy relative to threshold. Contributions from the ladder D and divergence-free, M 3, parts are shown. The results for
3K have been rescaled, as indicated in the y-axis label, so as to use the same vertical scale in all panels. (a) 37 amplitude. (b) zzK
amplitude. (c) KKz amplitude. (d) 3K amplitude.

intuition about the relative strength of the long- and short-  equilateral configuration as a function of E. Only the ladder

range effects in the scattering process. component diverges at the threshold, and we find that the
In Fig. 25, we show the real and imaginary parts of these ~ imaginary part (originating from the ie prescription in the

components for all J¥ = 0~ three-meson amplitudes in the ~ OPE propagators) dominates near the threshold.
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FIG. 26. Example of ,, dependence for the ztzTK™* (a) and K™K "z " (b) squared amplitudes in the equilateral configuration at

E = Ey4, + M. Results with J” =07, 1* and 2~ are compared.

The ladder component is significantly larger than the
divergence-free contribution, which is consistent with zero
except for the 3K case. This agrees with the pattern of
results for /Cyy 5 illustrated in Fig. 15. The conclusion is that
the contribution from three-particle interactions is subdomi-
nant except possibly at the highest energies. In agreement
with expectations, we do not observe any resonancelike
enhancements in these amplitudes.

The analogous plots for higher values of J do not exhibit
any new features and are not shown. However, the J > 0
amplitudes show a nontrivial dependence on the angular
orientation of external momenta. To show an example of
this dependence, we vary the relative orientation between
the initial and final triangle configurations by changing 65,
at a fixed value of energy, E = Ey,. + M, and a = 120°.
The results are shown in Fig. 26 for the zzK and KKx
amplitudes. This illustrates the relative magnitude of the
different waves in the specific kinematic configurations
considered, as well as the expected periodicity of the
amplitude. Since the squared magnitude is shown, the fact
that various components of the J© = 1+ amplitude change
sign between 6,, = 0 and 7 is not apparent. Note that even
when real and imaginary parts of D’ and Mjm
all have periodic behavior, their 6,, dependence might
be shifted by different nonzero phases, leading to non-
trivial interference between these components. In particu-
lar, there are angles 6,, at which My, ; is nonzero, while

D’ vanishes, and vice versa. The full J = 1 amplitude does
not vanish at 6,, = z/2 and 37/2 but reaches its minimal
values.

B. Chiral dependence of three-meson amplitudes

Since we have access to two- and three-body K
matrices computed on different ensembles along the

2m,, + mg = const quark-mass trajectory, we also inves-
tigate the chiral dependence of three-meson amplitudes.
Recall that along this trajectory the kaon becomes heavier
as the pion gets lighter.

For this comparison, we focus on the J¥ = 0~ amplitude
using the equilateral configuration. While similar plots can
be made for the isosceles case, and larger partial waves,
their qualitative behavior is similar. The results are dis-
played in Fig. 27 for all three meson systems.

We first comment on the 3z amplitude, shown in the
upper-left panel of Fig. 27 for four different quark masses.
ChPT predicts that the magnitude of the amplitude
decreases as the pion mass is lowered. To illustrate this,
we also show the NLO ChPT predictions. These are
obtained by solving the integral equations using, as inputs,
the two- and three-particle K matrices at NLO in ChPT
from Refs. [101,112-114]. The two-body K matrices were
translated into unitary two-body on-shell amplitudes
through the inverse amplitude method [118]. As can be
seen, the NLO ChPT three-pion amplitude achieves a good
agreement with the lattice result on the physical-point
ensemble, while the deviation increases with an increasing
pion mass. Furthermore, the agreement is better close to the
threshold, which is explained by the fact that ChPT is an
expansion in both the pion mass and the pion squared
momentum.

Results for the zzK and K Kz amplitudes are also shown
in Fig. 27, in this case only for the three available quark-
mass values. They exhibit a similar behavior to the three-
pion amplitudes. Specifically, as the pion mass is reduced,
these amplitudes decrease, which is again consistent with
the expectation from ChPT. There are no NLO ChPT
predictions available for the zzT K™, KTK*z™ systems.

Lastly, the 3K amplitude is shown in the lower-left
corner of Fig. 27, and it is normalized by M. In this case,
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FIG. 27. Absolute value squared of the J” = 0~ three-meson amplitudes in the equilateral configuration for four pion masses, as a
function of the energy relative to threshold. In the 3z case, the result is compared to the NLO ChPT prediction. (a) 3z amplitude. (b) zzK

amplitude. (c) KKz amplitude. (d) 3K amplitude.

the behavior along the chiral trajectory is different: as kaons
become heavier toward the physical point, their interactions
also strengthen; this is indeed what is observed in our
results. As for the mixed states, there are no NLO ChPT
predictions available for the 3K system.

VII. CONCLUSION

This work has determined three-hadron scattering ampli-
tudes from LQCD at physical quark masses for systems of
two and three mesons at maximal isospin. Our calculations
use four different ensembles, including one with M, =
130 MeV. For several systems, in particular 2K*, 3K,
ataTKt, and KT KTz ", this marks the first direct calcu-
lation with quark masses that bracket the physical values
(albeit in the approximation of exact isospin symmetry). In
addition, we have computed the three-meson scattering
amplitudes at the physical point for the first time.

The lattice setup follows that used in previous works at
heavier quark masses [55,62]. Specifically, we use
Laplacian-Heaviside smearing [73] to define interpolating
operators. Correlation functions are constructed using noise

dilution projectors following the stochastic LapH method
[68]. Euclidean-time correlation functions are then ana-
lyzed by solving the GEVP and performing fits to the
rotated correlators. This procedure is summarized in Sec. II.
The key feature is that a large number of energy levels can
be determined with good statistical accuracy.

The extracted energies are then analyzed using the finite-
volume formalism, explained in Sec. IIT A. Specifically,
parameters in the two- and three-particle K matrices are
constrained by directly fitting the predictions of two- and
three-particle quantization conditions to the LQCD ener-
gies, as described in Sec. IIID. For the physical-point
ensemble, the fit results are shown in Sec. IVA. In
Appendix C, we also reanalyze our previous spectrum
using a consistent methodology and choice of cutoff.
Several aspects of the chiral dependence of the K matrices
are discussed in Sec. VD, including some plots in
Appendix C. Overall we find good qualitative agreement
when comparing to ChPT.

A by-product of this work is the accurate computation of
two-meson  amplitudes. We determine threshold
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parameters, as well as the energy-dependent phase shift,
for the 22", K", and 2K™ systems. The inclusion of
three-particle energies leads to a more accurate determi-
nation of these quantities since the dominant contribution
to the energy shifts comes from two-particle interactions,
and furthermore, there are three pairs in a three-particle
system. When available, we compare to experimental
results, in particular for z7z" and ztK" systems. In
these cases, we find agreement with phenomenological fits
to experimental data at the 1-2¢ level. For the threshold
parameters, our results provide competitive statistical
uncertainties when compared to those summarized in
the FLAG report [102], although (as discussed below)
our results do not contain a complete error budget. We
note that the inclusion of the ensemble with M, =
130 MeV reduces the errors in threshold parameters by
about a factor of 2 compared to our previous results based
on chiral extrapolations.

A major focus of this work is the computation of three-
particle scattering amplitudes from first principles. This
requires solving integral equations in which the K matrices,
obtained from fits to the spectrum, are inputs. The
necessary steps are summarized in Sec. III B. Further
technical details are provided in Appendix D, including
detailed results for the partial-wave projections of the
building blocks. In Sec. VI, we show results for the
resulting amplitudes with several choices of kinematic
configurations and overall angular momentum and com-
ment on their features. We also display the chiral depend-
ence of these amplitudes. For the case of 377, we compare
the full amplitude to ChPT and find an increasingly good
agreement with decreasing pion mass.

Some systematic uncertainties remain unquantified.
First, although exponentially suppressed finite-volume
effects are expected to be small due to M, L > 4, they
are certainly present at the percent level. They could be
further quantified by working on additional, larger vol-
umes. Second, chiral fits are performed using NLO ChPT
expressions, which neglects higher-order contributions,
which is a concern for the ensembles with larger pion
masses. Third, our calculations are conducted at a single
lattice spacing. Using Wilson chiral perturbation theory, we
estimate discretization errors to be small, but a detailed
study of these effects will require additional lattice spac-
ings. Finally, our physical-point simulation has slightly
detuned light-quark masses and does not include isospin
breaking. Despite these limitations, the small statistical
uncertainties highlight the strong constraining power of our
results.

This work has successfully demonstrated the feasibility
of studying physical three-meson systems at maximal
isospin. Building on this milestone, future efforts will
focus on exploring the properties of three-meson resonan-
ces at the physical point.

ACKNOWLEDGMENTS

We acknowledge helpful discussions with Jorge Baeza-
Ballesteros, Andrew Jackura, Maxim Mai, and Arkaitz
Rodas. We thank our colleagues within the CLS consortium
for sharing ensembles and Marco C¢ for providing data for
the meson decay constants on E250. The work of S. M. D.,
Z.T.D., and S.R.S. is partially supported by U.S.
Department of Energy (DOE) Grant No. DE-
SC0011637. FE. R.-L. acknowledges partial support by
the Mauricio and Carlota Botton Fellowship and by the
U.S. DOE Contracts No. DE-SC0011090 and No. DE-
SC0021006. C. M. and S. S. acknowledge support from the
U.S. National Science Foundation (NSF) under Grant
No. PHY-2209167. Quark propagators were computed
on Frontera at the Texas Advanced Computing Center
(U.S. NSF, Grant No. OAC-1818253) and Hawk at the
High Performance Computing Center in Stuttgart. Meson
functions and contractions were carried out on “Mogon II”
at JGU Mainz. This work contributes to the goals of the
U.S. Department of Energy ExoHad Topical Collaboration,
Contract No. DE-SC0023598.

DATA AVAILABILITY

The data are not publicly available. The data are
available from the authors upon reasonable request.

APPENDIX A: INTERPOLATING OPERATORS
ON E250

In this appendix we specify the interpolating operators
utilized in this work for the E250 ensemble. Each table
corresponds to a different overall flavor combination.
Additionally, due to space constraints on each page, some
of the tables are further divided by the total momentum. For
each total momentum P = ZL—”d—Where d is a vector of
integers—total irrep A, and total flavor considered, the
operators entering the correlator matrix of Eq. (1) can be
enumerated by the number of appearances of the irrep A in
the rows with the d,; that can be obtained from d through
allowed rotations of a cube. Our notation for the irreps
listed can be found in Ref. [72]. For every d . listed, we
also constructed corresponding operators for all d that can
be obtained through these allowed rotations of a cube. Each
operator corresponds to a particular multihadron free
energy level. For each free energy, the tables list the
corresponding momentum squared of each hadron, the
total energy, and the irreps of the corresponding operators.

The zzr operators are listed in Tables XIII and XIV, the
Krz operators are listed in Tables XV and XVI, the KKz
operators are listed in Tables XVII and XVIII, the KKK
operators are listed in Tables XIX and XX, the zz operators
are listed in Tables XXI and XXII, the Kz operators are
listed in Tables XXIII and XXIV, and the KK operators are
listed in Tables XXV and XXVIL.
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TABLE XIIl. zzz operators with d;,; <4 used in this work. TABLE XIV. (Continued)
d.; [d2,.d2.d2]  E™/M, Operators d [d2 . d2 . d2]  E™ /M, Operators
0,0,00 [0,0,0] 3.0 A7, 0,0,3 [I,1,1] 30 Ay
[1,1,0]  4.69237 AL, ®E; [4,1,0]  3.95236 A;
[2,2,0]  5.8236 AT, @ E; &T;, 2,2, 1] 477603 A; ® B3
©,0,1) [1,0,0]  3.51919 A3 [9,0,0]  4.90383 A
2,1,0] 502374 A; ® B, @ E [5.2,01  5.25826 A; ©B; © E
[1,1,1] 531668 245 @ B; 5. 1,11 5.62752 A; ©B; © E
4 L0l 590663 e [4,2,11 590409 A @B, OF
[3,3,11 598437 A; @ Bj
©,1,1) [2.0,0]  3.82717 A;
[1,1,0]  4.14747 A;
[3.1,0] 527585 A; ® B;
[2,2,0] 539422 AT @ A
[2, 1, 1] 5.69597 A7 @ 4A; @ 3B] @ B;
(1,1,1)  [3,0,0]  4.05855 A5
2, 1, 0] 4.51898 A; ® E- TABLE XV. Kzz operators with d%; < 2 used in this work.
[1,1,11  4.84256 A; R— —
3,1,1] 598437 245 @ 2E- dres |dk- dz, dz,]  E™/M, Operators
0,0,2) [1,1,0]  3.51919 A3 0, 0, 0) [0, 0, 0] 5.77412 A,
[4’ 0’ 0] 4.24778 AE [1, 1, 0] 6.92691 Alu (&) Eu (&) Tlg
[2, 2, 0] 4.92755 A5 @ B3 [0, 1, 1] 7.46648 A @ E,
2,1,1] 525617 A; ® B, ®E (2, 2, 0] 7.77766 A ®E T,
[5, 1, 0] 5.66272 A; © B, ©E” 0,0, 1) (1, 0, 0] 5.87936 A,
(3, 3, 0] 5.97821 A; @ By [0, 1, 0] 6.43583 A,
2, 1, 0] 7.04309 A®B OE
1, 2, 0] 7.33005 A®B OE
TABLE XIV. 77z operators with 5 < d2; < 9 used in this work. [4, 1, 0] 7.57532 A
(1,1, 1] 7.6166 4A, ® 2B, ® E
d, [[172[1 i a@w d1213 Efee /M Operators [0, 2, 1] 7.88075 A, ®B, DE
0,1,2)  [2,1,0]  3.95025 A ©. 1.5 1200 2.97557 4z
L1 1] 431666 A [1, 1, 0] 6.57003 A, @ B,
5.0.0] 44097 e [0, 2, 0] 6.84256 A,
410 50254 A [0, 1, 1] 7.13664 A,
3,2,0] 523387 AT ®A; 3, 1, 0] 7.15042 A, © B,
B.L1] 556739 A oA 2,2, 0] 746158 A, ©A, ®B ® B,
2,211 569597 247 @ 545 L1, 3, 0] 7.63969 A2 © By
610 5821 A @ A 5, 1, 0] 7.66515 A, ® B,
2,1, 1] 775359 A, ®A, DB, ® B,
(1,1,2)  [3.1,0] 426627 A;
[2,2,0] 44118 A;
[6,0,0] 455223 A3
2,1,1 477603 AT @ 243
[5.1,0]  5.22011 AT @ Ay
(4,2, 0] 5.48405 Ay TABLE XVI. Kzrz operators with 3 Sdfef <9 used in this
[4,1,11 582218 A5 work.
0,22 2,2,0 3.82717 A3 ‘
©.2.2) {2: 1: 1} 42419 A; d.; [d%.d2 . d%]  E'™/M, Operators
[5.1,0] 473633 A; © By (1, 1, 1) 3, 0, 0] 6.06448 A,
[8.0,0]  4.79663 A5 2, 1, 0] 6.69241 A ®E
[3.3,0]  5.10934 A; 1, 2, 0] 6.99377 A®E
4,1,11 539268 A; @ By [0, 3, 0] 7.15375 A,
[3.2,11 561355 A7 @24; @ By @ 2B; (1,1, 1] 7.29355 ABE
[2,2,2]  5.75186 AT @ A7 [0, 2, 1] 7.56898 ABE
[6,2.0] 588601 AT @ A5 @ BT @ B 6, 1, 0] 7.74998 A, ®E

(Table continued)
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TABLE XVI. (Continued)

TABLE XVII. KKz operators with d>; < 6 used in this work.

ref =

d.; ld%.d2, . d2]  E'™/M, Operators d¢ dk, . dk,. d7] Efe /M, Operators
0, 0, 2) [4, 0, 0] 6.14734 A, (0, 0, 0) [0, 0, 0] 2.26496 A,
[1, 1, 0] 6.19262 A, (1, 1, 0] 2.42744 AL ®E,
[0, 1, 1] 6.79079 A, (1,0, 1] 2.57041 A,®E, ®T,
2,2, 0] 7.13151 A, ®B,®E [2, 2, 0] 2.57854 A, ®E, ®Ts,
(5, 1, 0] 7.34423 A, ®B,®E (3, 3, 0] 2.72036 A ® Ty,
[0, 4, 0] 7.41135 Ay 2,1, 1] 2.7272 E,®T,
E ; H ;:‘;ggﬁi gz ggz gg 0,0, 1) [1, 0, 0] 2.30989 A,
T [0, 0, 1] 2.45497 A,
©, 1,2) 5,0, 0] 6.2251 Ay [2, 1, 0] 2.46899 A ®B,®F
(2, 1, 0] 6.32231 A, [4, 1, 0] 2.60873 Ay
(1,2, 0] 6.64048 A, (2,0, 1] 2.61381 A, ® B, ®E
[4, 1, 0] 6.91027 Ay [3, 2, 0] 2.61735 A ®B DE
[1, 1, 1] 6.9555 24, [1, 1, 1) 2.61958 44, ® 2B, ® E
(0, 2, 1] 7.2438 Az (1,0, 2] 2.68902 A, ®B,®E
(3,2, 0] 7.25841 A @A, 3, 1, 1] 2.76773 B,
[6, 1, 0] 7.43273 A @A,
2. 3. 0] 7 46685 A ® A, ©, 1, 1) [2, 0, 0] 2.3509 A,
3, 1, 1] 7.56821 A® A, (1, 1, 0] 2.35676 A2
[5, 2, 0] 7.80185 A @ A, (2,2, 01 251211 AL © 4,
[0, 0, 2] 2.57417 A,
(1, 1, 2) [6, O, 0] 629847 Az [5, 1’ 0] 264]41 A2 @ BI
3, 1, 0] 6.44166 4, [4, 2, 0] 2.65351 A, ® B
(2,2, 0] 6.7854 AL ® A [3, 0, 1] 2.65391 B,
(1,3, 0] 6.98078 Ay 2,1, 1] 2.66448 A
[5, 1, 0] 7.00863 A @A,
2,1, 1] 7.10526 A @24, (I, L, D (3,0, 0] 2.38875 A,
[4, 2, 0] 7.37637 A, (2, 1, 0] 2.39953 A, OE
[1, 2, 1] 7.42184 24, @ 34, (2, 0, 1] 2.5483 A ®E
[0, 3, 1] 7.58948 A, (1, 1, 1] 2.55421 AABE
4,1, 1] 7.69064 A, (1, 0, 2] 2.62539 ABE
[0, 2, 2] 771171 A, [0, 0, 3] 2.66642 A,
2, 4, 0] 7.74409 A, (6, 1, 0] 2.67225 E
[1, 5, 0] 7.81679 A (0, 0, 2) [1, 1, 0] 2.28389 A,
©,2,2) [2, 2, 0] 6.42066 A, (4, 0, 0] 2.42398 Ay
[8, 0, 0] 6.43424 A, (1,0, 1] 2.4353 Ay
(5, 1, 0] 6.65614 A, ® B, (2,2, 0] 2.44388 A, ® B,
2,1, 1] 6.7578 A, [5, 1, 0] 2.5766 HLOBOE
(1,2, 1] 7.08992 A, ® B, (3,3, 0] 2.59307 A, @ By
(3, 3, 0] 7.28061 A, ® B, (2, 1, 1] 2.60025 24, © 2B, @ 2E
4, 1, 1] 7.37083 A, @ B, (2,0,2] 2.67214 A, @B, QE
[0, 2, 2] 7.39281 A, (6, 2, 0] 2.71945 B,
[1, 5, 0] 7.50236 A2 @ Bl (0’ 1’ 2) [2’ 1’ 0] 2.328 A2
(3,2, 1] 773246 A A, DB @B, [4. 1. 0] 247571 A,
©, 0, 3) [4, 1, 0] 6.174 A, [2,0, 1] 2.48107 A,
[1, 1, 1] 6.22459 A, (3,2, 0] 2.48479 A®A,
[9, 0, 0] 6.49747 A, (1,1, 1] 248714 24,
[1, 4, 0] 6.92152 A, (1,0, 2] 2.56018 A,
(5,2, 0] 7.15788 A ®B,®E [6, 1, 0] 2.60821 A ®A,
2,2, 1] 7.25914 A, ®B,®F (5, 2, 0] 2.62377 A @24,
(5,1, 1] 7.49035 A ®B,®E [4, 0, 1] 2.62768 A,
[0, 4, 1] 7.5631 A, 3,1, 1] 2.64273 A ®A,
[1,2,2] 7.59023 A, ® B, ,
[2.5. 0] 767561 A @B, BE (Table continued)
4,2, 1] 7.87054 A, ®B,®E
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TABLE XVIL (Continued)

TABLE XIX. (Continued)

d.; [d%(] , d%(z ,d2] Ef™ /M, Operators
1,1, 2) [3, 1, 0] 2.36865 A,
2,2, 0] 237369 A,
[6, 0, 0] 2.48816 A,
5, 1, 0] 251012 A @ A,
[4, 2, 0] 2.52285 A,
[3,0, 1] 2.52327 A,
[2, 1, 1] 2.53439 2A, @ 3A,
2,0, 2] 2.6081 A @A,
1, 1, 2] 2.6142 A @24,
[6, 2, 0] 2.65655 A @A,

TABLE XVIII. KKr operators with 8 <d2. <9 used in this

ref =

work.
d.; dk,.dk,.d7]  E™/M, Operators
, 2,2) [2, 2, 0] 2.30135 A,
[5, 1, 0] 2.44183 A, ® B,
[3, 3, 0] 2.45921 A,
[2, 1, 1] 2.46677 Ay @ B
[2, 0, 2] 2.54244 A,
[8, 0, 0] 2.54571 A,
[1, 1, 2] 2.5487 A,
[6, 2, 0] 2.59212 Af®A, ®B @B,
[5, 0, 1] 2.59929 A) @ B
[4, 4, 0] 2.60674 A,
4, 1, 1] 2.61847 A, ® By
[3, 2, 1] 2.62779 A, @©2A, ® B; ® 2B,
[3, 1, 2] 2.70886 A @A, ®&B @B,
0, 0, 3) [4, 1, 0] 2.33512 A,
[1, 1, 1] 2.34724 A,
[5, 2, 0] 2.49155 Ay®B,®F
[4, 0, 1] 2.49567 A,
[9, 0, 0] 2.57248 A,
2, 1, 2] 2.59919 Ay®B,®F
[6, 3, 0] 2.63779 Ay®B, ®FE
[5, 1, 1] 2.65641 Ay®B,®F
[3, 2, 2] 2.76043 B,
TABLE XIX. 3K operators with d2; < 4 used in this work.
d. dk,. d%,. dx,] E™ /Mg Operators
0, 0, 0) [0, 0, 0] 3.0 Ay,
[1, 1, 0] 3.16248 A, DE,
[2, 2, 0] 3.31358 A ®E,
0,0, 1) [1, 0, 0] 3.05368 A,
[2, 1, 0] 3.21182 Ay®B,®F
[1, 1, 1] 3.21755 2A, & B,
[4, 1, 0] 3.35084 A,
[3, 2, 0] 3.35942 E
2,2, 1] 3.36983 B,

(Table continued)

d. dk,. dk,. dk,] E™ /Mg Operators
O, 1, 1) [2, 0, 0] 3.10277 A,
[1, 1, 0] 3.10856 A,
3,1,0]  3.25744 A, @ B,
[2, 2, 0] 3.26215 A @A,
2,1, 1] 326794 A, @44, ® 3B, ® B,
5, 1, 0] 3.39019 A, @ B,
3,2, 1] 3.4166 A, @ B,
1,1, 1 [3, 0, 0] 3.14814 A,
[2, 1, 0] 3.15873 A ®E
[1, 1, 1] 3.16457 A,
[3, 1, 1] 3.31453 ABE
©, 0, 2) [1, 1, 0] 3.05368 A,
[4, 0, 0] 3.19044 A,
[2,2,0]  3.2099 A, @ B,
2,1, 1] 321578 A ®B,F
5, 1, 0] 3.33994 Ay @B, ®E

TABLE XX. The list of 3K operators with 5 < dr2ef < 9used in
this work.
dit [d%(l . d%(z , d%(x] Efee /M Operators
0, 1, 2) [2, 1, 0] 3.10474 A,y
[1, 1, 1] 3.11068 A,
[5, 0, 0] 3.23014 A,
[4, 1, 0] 3.24835 A,
[3, 2, 0] 3.2572 A DA,
[3, 1, 1] 3.26311 A DA,
[2, 2, 1] 3.26794 2A, @ 54,
[6, 1, 0] 3.37766 A DA,
(1, 1, 2) [3, 1, 0] 3.15192 A,
[2, 2, 0] 3.15679 A,
[2, 1, 1] 3.16276 A D24,
[6, 0, 0] 3.26762 A,
[5, 1, 0] 3.28893 A DA,
[4, 2, 0] 3.30129 A,
[3, 2, 1] 3.31614 Ay
0, 2, 2) [2, 2, 0] 3.10277 Ay
2, 1, 1] 3.10884 A,
[5, 1, 0] 3.23711 A, ® B
[3, 3, 0] 3.25379 A,
4, 1, 1] 3.25571 A, @ B,
[3, 2, 1] 326476 A, @ 2A, & B, & 2B,
[2, 2, 2] 3.26968 A DA,
[8, 0, 0] 3.33697 A,
[6, 2, 0] 3.38171 A @® B, &B,
0, 0, 3) [1, 1, 1] 3.0 A,
[4, 1, 0] 3.14252 A,
[2, 2, 1] 3.16276 A, ® B,
[5, 2, 0] 3.29169 A DB, ®E
[5, 1, 1] 3.29777 AADB DE
[4, 2, 1] 3.31039 A DB, ®E

014505-38



TWO- AND THREE-MESON SCATTERING AMPLITUDES WITH ... PHYS. REV. D 112, 014505 (2025)

TABLE XXI. 7z operators with d%; <5 used in this work. TABLE XXIII. K7 operators with d%; < 3 used in this work.
dos (2. d2%)] Ef*e /M, Operators ds [d%,d%] Ef™/M, Operators
(0, 0, 0) [0, 0] 2.0 A, 0,0,0) [0,0] 477412 Ay,
(1, 1] 3.69237 Al ®E; (1, 11 592691 Ay ®E, &7y,
2, 2] 4.8236 AL ®E ®T;, 2,21 677766 Ay, @ E, @ T1, ® Ty @ T2y
: ‘ [3,3] 7.50144 Ay ®T, ®Ty,
(0,0, 1) (1, 0] 2.38587 At [4,4]  8.14738 E,
2, 1] 3.9651 Al ® B ®E" [5,5] 8.73834 T5,
(4 1] 4.8656 AT 0,0,1) [1,0]  4.83791 A
0, 1, 1) [2, 0] 2.6122 Af [0, 1]  5.40179 A
[1, 1] 2.96931 Al (2,11 6.01507 A ©®B OF
3, 1] 4.17209 Al ® B} [1,2]  6.30433 A ©B OE
[2, 2] 4.29539 Al @ AS 4,11 655135 A,
[3.2] 6.87223 A ®B,®E
(I, 1,1 (3, 0] 2.78135 AT [2,3]  7.06539 A ®B,®E
2, 1] 3.30231 AT ®ET [1,4]  7.17575 A
ooy om0
[4, 0] 291922 At T3 sorsen 1©5 @
[2, 2] 3.69237 Al @ B} ’ ’ ?
(5, 1] 4.48902 AiF ® BT ®E+ ©, 1, 1) [2, 0] 4.8965 A
3. 3] 4.8236 A @ B [1,1]  5.50559 A @ B,
[0,2]  5.78349 A
©, 1, 2) (2, 1] 246748 Af [3,1]  6.09666 A, @ B,
5, 0] 3.03689 Af [2,2] 641248 A ®A ®B ®B,
[4, 1] 3.74706 Af [1,3] 659298 A, ® B,
3, 2] 3.97918 AT @ A (5,11 6.61878 A @B,
(6, 1] 4.61848 AT ® AT [4,2]  6.96045 A @ B,
5, 2] 4.92307 247 ® AS (2, 4] 7.30417 A1 ® By
[1,5] 737235 A @ B,
[6,2]  7.45204 A ®A @B, ®B,
[5,3] 7.6878 A ®A BB DB,
(1,1, 1)  [3,0] 495085 A
2,11  5.60038 A ®E
[1,2]  5.90997 A ®E
[0,3]  6.07387 A,
6,11  6.68255 A ®E
TABLE XXII. #zz operators with 6 < drzef <9 used in this (5, 2] 7.0433 A @A @2E
work. [4,3]  7.27364 A ®E
[3,4]  7.42269 ADE
d.; [d2 .42 ] Efree /M Operators [2,5] 7.51072 ADA DE
(1, 1,2) 3, 1] 2.78797 Af
2, 2] 2.96931 At , o
[6, 0] 3.14028 Ay TABLE XXIV. Kz operators with 4 < drzef <9 used in this
5.1 391593 A7 ® A} work.
4. 2] 4.21062 A} d.; [d%, d2) Efree /M Operators
©,2,2) [2, 2] 2.0 Al 0, 0, 2) [4, 0] 5.00169 A,
[5. 1] 3.2431 AT © By (1, 1] 5.04923 A
[8, 0] 33172 A 2, 2] 6.02521 A®B OE
(3, 3] 3.69237 Af (5, 1] 6.24431 A ®B ®E
[6, 2] 457822 Al @Al @ Bf @ B [0, 4] 6.31333 A,
[4, 4] 4.8236 Af (3, 3] 6.8292 A ®B,®E
(0, 0, 3) 4, 1] 2.09927 Af [1, 51 7:03809 A ® B ®E
9.0} 3 30467 ! [6, 2] 7.12153 A ®B,®E
’ 1 2, 6] 7.6941 A®B,OE
6, 3] 4.9544 Al ®Bf @ E*

(Table continued)
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TABLE XXIV. (Continued)

TABLE XXV. KK operators with d>; < 6 used in this work.

ref =

d.; [d%, &%) Efree /M, Operators d.; [d%(] Ld% ] Ef™ /M Operators
©, 1,2) [5, 0] 5.04955 A, ©, 0, 0) [0, 0] 2.0 A,
(2, 1] 5.15243 A [1, 1] 2.16248 A, ®E,
(1, 2] 5.48735 A 12, 2] 2.31358 A, ®E, ®Ty,
[4, 1] 3.76945 A, 3, 3] 2.4554 Ay, @ T,
{2, ﬂ 2. ;?};17 ﬁl 222 [4, 4] 2.58946 Ay ®E,
) . 1 2
[2, 3] 6.34714 A ®A, 5. 3] 2.71692 Ty
[1, 4] 6.46976 A ©,0, 1) [1, 0] 2.04022 A
[0, 5] 6.51946 A, 2, 1] 2.19993 A ®B QE
5, 2] 6.69263 24, ® A, [4, 1] 2.34012 A
2, 5] 7.18291 24, ® A, 3, 2] 2.34877 A ®B,®E
[1, 6] 7.22087 A @ A, 5, 2] 2.48141 A ®B ®E
[6, 3] 7.45675 A ® A, [6, 3] 2.61489 A ®B®E
(5, 4] 7.63641 A [5, 4] 2.62113 B,
3, 6] 7.82963 Az ©, 1, 1) 2, 0] 2.07692 A
1, 1,2) [6, 0] 5.00484 A (1, 1] 2.08283 A
3, 1] 5.24744 A 3, 1] 2.23451 A @ B,
2, 2] 5.61127 A ® A, 2, 2] 2.23931 A @ A,
[1, 3] 5.81669 A [5, 1] 2.36938 A, ® B,
(5, 1] 5.84591 AL ® A, [4, 2] 2.38155 A, ® B,
(4, 2] 6.23011 A, [6, 2] 250963 A, ®A, @B, @ B,
[2, 4] 6.61191 Ay 1,1, 1) (3, 0] 2.11078 A
[1, 3] 6.68715 AL ® A4, 2, 1] 2.12168 A ®E
[0, 6] 6.70177 A, 1] 3397 e
16, 2] 6.77491 AL ® A 5, 2] 241231 A ©A, @2E
15, 3] 7.03339 AL ® A, [4, 3] 2.41979 ABE
3, 5] 731622 AL ® A, 8, 3] 2.66811 A ®E
2, 6] 7.37445 A @ A, 6. 3] > 68103 A
[6, 4] 7.73389 A © A, . - L |
( s Uy s . 1
©, 2, 2) 2, 2] 5.16426 A 4 0] 143 "
8, 0] 217897 Ay 2, 21 2.16248 A ® B,
[5, 1] 541829 AL ® By 5, 11 229691 A G®B OE
3, 3] 6.08312 AL © B, 3, 3] 231358 A, @ B,
[1. 3] 6.31674 A © B, 6, 21 2.44132 A ®B®E
[6, 2 640957 A, @A, @B, ® B, 5] > s30u6 e
5 1 1
(4, 4] 6.86386 A, ® B, 5 ] 5067 e
[0, 8] 7.01608 A, 66 S leo 5,
2, 6] 704029 A @MOB OB (4 o) > 04043 A
5, 5] 755589 A, @A, ® B, ® B, 5 0] S 1ge i
©, 0, 3) 4, 1] 4.86343 A [4, 1] 2.19085 A
[9, 0] 5.21829 A 3, 2] 2.20009 AL® A,
[1, 4] 5.67664 A, [6, 1] 2.32539 A ® A,
5, 2] 5.92939 A ®B GE 5, 2] 234117 24, ® A,
2, 5] 6.4777 A @B ®E [6, 3] 2.4822 A @A,
[6, 3] 6.78009 A @B, ®E (5, 4] 2.48878 A,
[0, 9] 7.15456 A [6, 5] 2.6212 A @A,
3. 6] 7.18815 AMOBOE 1, 1,2) 3, 1] 2.07767 A
2, 2] 2.08283 A
[6, 0] 2.19969 A
(5, 1] 2.22208 A @A,
[4, 2] 2.23505 A,
[6, 2] 2.37105 A® A,
[5, 3] 2.38196 A ® A,
[6, 4] 2.52024 A ® A,
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TABLE XXVI. KK operators with 8 <d?%: <9 used in this work.

ref =

d. dk, . d%,] Efr /My Operators
0, 2,2) [2, 2] 2.0 Ay
5, 1] 2.14464 A ® B,
[3, 3] 2.16248 Ay
[8, 0] 2.25115 A
[6, 2] 229864 A ®AGB @B,
[4, 4] 2.31358 Ay
5, 51 2.4554 AL @A,
[6, 6] 2.58946 Ay
[8, 8] 2.83865 A,
0, 0, 3) [4, 1] 2.03064 Ay
5, 2] 2.19197 A ®B ®F
[9, 0] 2.27508 A,
[6, 31 234201 A ®B,QE

APPENDIX B: FIT RESULTS FOR TWO MESONS ON E250

In this appendix, we collect some of the tables that display two-meson results. These tables are discussed in Sec. IV.
Specifically, Tables XXVII-XXIX are described in Sec. IVA and Tables XXX-XXXII in Sec. IV C.

TABLE XXVII. Results of fits to two-pion levels on ensemble E250, using pion units. The d.o.f. entries list the number of levels fit
minus the number of parameters. s-wave fits are to levels in the A irreps only, while those to s and d waves include levels in nontrivial
irreps. Fit parameters as in the models described in Sec. III C, using the ADLER2 two-pion K matrix.

Ensemble E250

Cutoff 4M, 4.5M, 4M, 4.5M,
Description s waves s waves s, d waves s,d waves
e 26.23 28.21 30.33 36.82
d.o.f. 24 -2 =22 29-2=27 34 -3 =31 43 -4 =40
p 0.24 0.40 0.50 0.61

Bj” —22.0(3.4) —22.2(2.8) -21.7(3.1) —22.9(2.7)
BT* —4.3(1.5) —4.6(1.1) —4.4(1.4) —4.3(1.1)
2, 1 (fixed) 1 (fixed) 1 (fixed) 1 (fixed)
DE" 0 (fixed) 0 (fixed) 0.6(3.4) x 107# 2.1(3.1) x 107#

TABLE XXVIII. Results of fits to two-kaon levels on ensemble E250, using kaon units. The d.o.f. entries list the number of levels fit
minus the number of parameters. s-wave fits are to levels in the A, irreps only, while those to s and d waves include levels in nontrivial
irreps. In the s-wave fits with cutoff E = 2.40, levels 5 and 6 (with counting starting at 0) from frame P? = 5(2z/L)? have been
removed, since they form a degenerate pair that are split only by d-wave interactions. The inelastic threshold lies at
2My + M, = 2.265M . Fit parameters are as in the models described in Sec. III C, using the ERE2 and ERE3 forms for the
two-kaon interaction.

Ensemble E250

Cutoff 2.2TM g 2.40M g 2.27M g 2.40M g 2.40M g
Description s wave s wave s, d waves s, d waves s, d waves
7 45.68 72.18 56.7 100.39 99.48
d.o.f. 28 -2 =26 44 -2 =42 40 -3 =37 76 -3=173 T6—4 =172
P 0.0099 0.0026 0.020 0.018 0.018
b(l)(K —2.641(46) —2.656(34) —2.621(46) —2.621(34) —2.655(53)
b{“{ 0.73(20) 0.73(11) 0.59(20) 0.58(11) 0.92(42)
be 0 (fixed) 0 (fixed) 0 (fixed) 0 (fixed) —0.69(83)
D(’)‘K 0 (fixed) 0 (fixed) —0.059(30) —0.044(13) —0.042(16)
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TABLE XXIX. Results of fits to 7K levels on ensemble E250, using pion units. Fit parameters as in the models described in Sec. III C,
using the ADLER2 and ADLER2z forms for the zK interaction. The inelastic threshold is at 2M, + M. Other notation as in

Table XXVII.

Ensemble E250

Cutoff 2M, + Mg 2M, + Mg 3M, + Mg 3M, + Mg 3M, + Mg
Description s wave s, p waves s wave s, p waves s, p waves
e 25.33 74.7 101.26 89.67
d.o.f. 21-2=19 25-3=22 53-3=50 84 —3 =281 84 -4 =280
p 0.281 0.017 0.063 0.215

BEK -25.5(1.4) —25.6(1.4) -29.0(1.2) —28.8(1.1) —43.3(6.0)
BiK —4.90(75) —4.88(82) —2.82(38) —2.80(36) —-0.7(0.9)
2y 1 (fixed) 1 (fixed) 1 (fixed) 1 (fixed) 0.67(14)
Pk 0 (fixed) 0.0(8.4) x 107 0 (fixed) 2.3(3.2) x 107 1.6(3.1) x 10~

TABLE XXX. Comparison of z*z" scattering parameters from different fits on the E250 ensemble. The fits are those of Tables III, V,
and XXVII, using the same ordering of fits as in those tables. The final row gives the result of fitting the threshold state to the threshold

expansion up to 1/L°.

Fit y*/d.o.f. p value M, af" agrr§” M3az®

zr (s 24) 26.2/22 0.24 0.0454(71) 2.61(20)

zr (s 29) 28.2/27 0.4 0.0450(57) 2.59(15)

an (s +d 34) 30.3/31 0.50 0.0462(66) 2.60(19) —0.6(3.4) x 107*
am (s +d 43) 36.8/40 0.61 0.0436(52) 2.62(14) -2.1(3.1) x 107*
rrr (s, all irreps) 65.6/52 0.098 0.0424(52) 2.66(15)

rrr (s +d, Kg =0) 68.9/61 0.23 0.0430(48) 2.63(15) 0.1(3.0) x 1074
anr (s + d) 68.6/60 0.21 0.0447(53) 2.58(16) 0.3(3.0) x 107
znK (s, Kgp3 = 0) 77.8/64 0.115 0.0431(44) 2.67(13)

zzK (s) 76.7/62 0.099 0.0432(48) 2.68(14)

zzK (s + p) 77.5/63 0.10 0.0457(51) 2.62(14)

nz (thrS) 0.0594(133)

TABLE XXXI. Asin Table XXX, but for K™K scattering parameters. The fits are those of Tables IV, VI, and XX VIII, using the same
ordering of fits as in those tables.

Fit x*/d.o.f. p value Mygak¥ akkrkk M3.akk
KK (s, 28) 45.68/26 0.009 0.379(7) 0.56(14)

KK (s, 44) 72.18/42 0.0026 0.377(5) 0.55(8) e
KK (s + d.40) 56.7/37 0.02 0.382(7) 0.45(16) 0.056(27)
KK (s + d,76, ERE2) 100.39/73 0.018 0.381(5) 0.45(8) 0.042(12)
KK (s + d,76, ERE3) 99.48/72 0.018 0.377(8) 0.69(32) 0.040(15)
KKK (s, symm irreps) 84.79/58 0.012 0.374(6) 0.65(13) e
KKK (s, all irreps) 120.31/77 0.0012 0.375(6) 0.64(12) e
KKK (s + d) 129.6/87 0.002 0.379(6) 0.53(14) 0.033(24)
KKz (s wave) 179.15/93 2% 1077 0.381(6) 0.50(13) e
KKr (s + p waves) 191.79/94 1.1 x 1078 0.381(6) 0.51(13)
KKn (s + p + d waves) 204.42/105 22x 1078 0.385(6) 0.41(14) 0.040(23)
KK (thr5) 0.383(27)
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TABLE XXXII. As in Table XXX, but for z+ K scattering parameters, all expressed in pion units. The fits are those of Tables V, VI,
and XXIX, using the same ordering of fits as in those tables.

Fit y*/d.o.f. p value Myatk atk ik 10*M3aiX
7K (s, 21) 22.96/19 0.239 0.062(3) 0.95(8) e
7K (s + p, 25) 25.3/22 0.28 0.062(3) 0.95(8) 0(8)
7K (s, 53) 74.7/50 0.017 0.054(2) 1.14(3) e
7K (s + p, 84) 101.3/81 0.063 0.055(2) 1.14(3) -2.3(3.2)
zK (s + p, 84z) 89.7/80 0.22 0.061(3) 0.66(12) —1.6(3.1)
znK (s, Kgp3 =0) 77.82/64 0.115 0.060(3) -0.97(6) .
K (s) 76.67/62 0.099 0.060(3) 0.98(6) e
zzK (s + p, 72) 77.53/63 0.103 0.061(3) 0.95(7) 4.2(6.6)
KKr (s) 179.2/93 2% 1077 0.055(3) 1.08(6) e
KKz (s + p) 191.8/94 1x1078 0.057(3) 1.06(7) -5.8(7.1)
KKz (s+p+d) 204.4/105 22x 1078 0.057(3) 1.06(7) -2.0(7.1)
7K (thr5) 0.061(5)

APPENDIX C: REANALYSIS OF
PREVIOUS DATA

The ensembles in Table I with heavier-than-physical
quark masses were analyzed in two previous articles:
Ref. [55] for systems of identical particles and Ref. [62]
for mixed systems of pions and kaons. Our present analysis
of the results on the E250 ensemble differs, however, in
three ways:

(1) In Ref. [55] the y* function used in the fits was
defined using the c.m. energy rather than the lab-
frame energy shift. As argued in Ref. [62], the latter
may lead to slightly reduced uncertainties.

(2) In Refs. [55,62], the cutoff function H (k) in the KK
system remained nonzero down to E, ., = 0. As
discussed in the final paragraph of Sec. III A, this
does not account for the presence of the left-hand cut
due to two-pion exchanges. Here we use Ej i, =

2\/M?% — M2, which avoids this left-hand cut.

(3) In Ref. [62], fits to the KK + Kz + KKx spectra
included only s waves in the identical particle

subchannels. Here we also include fits with d waves

added to these channels (the s + p + d fits in the

tables above).
To allow our new results to be combined with those from
the other ensembles, we must use a consistent method of
analysis across all ensembles. This is important particularly
for chiral extrapolations. Thus we have reanalyzed the
2K + 3K and 2K + Kz + KKr spectra using the same
methods and fits as used here for the E250 ensemble,
resolving all three differences described above. The results
are collected in Tables XXXIII-XXXV.

Using these new fits, we have determined the values for
two-particle scattering lengths for the KK and zK systems,
with results collected in Tables XXXVI and XXXVII. We
have used these results to obtain the averages for 7K and
KK quantities given in Tables VII and VIII.

The analysis of 2z + 37 spectra in Ref. [55] differs only
by the first of the differences listed above. In this case,
however, we have not redone all the fits. Reference [62]
found that, in test cases, the changes in fit parameters were
small—central values were little changed, while there was a

TABLE XXXIII. Results of fits to two-kaon levels on ensembles D200, N200, and N203, using ERE3 and ERE4 forms for the s-wave
KK phase shift, and a cutoff function avoiding the left-hand cut due to two-pion exchange. All results are in units such that My = 1.
Ensemble D200 D200 N200 N200 N203 N203
Cutoffs 2.53 2.53 2.75 2.75 2.9 2.9
Waves s+d s+d s+d s+d s+d s+d
7 54.6 51.0 494 45.3 41.6 36.8
d.of. 40-3 =137 40 -4 =136 28 —4 28 -5 33-4=29 33-5=28
P 0.031 0.050 0.0017 0.0037 0.061 0.124
B&K —2.70(4) -2.75(5) —2.959(43) —2.999(48) —3.28(5) -3.31(5)
BEK 0.44(8) 0.90(27) 1.53(17) 2.14(35) 1.73(16) 2.18(29)
BXK 0 (fixed) —0.75(40) —1.24(17) —3.13(96) —1.16(14) —2.47(68)
BXK 0 (fixed) 0 (fixed) 0 (fixed) 1.50(75) 0 (fixed) 0.95(48)
DEK —0.040(4) —0.040(4) —0.027(2) —0.027(2) —0.0188(10) —0.0187(10)
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TABLE XXXIV. Results of fits to two- and three-kaon levels on ensembles D200, N200, and N203, using ERE2, ERE3, and ERE4
forms for the s-wave KK phase shift, and a cutoff function avoiding the left-hand cut due to two-pion exchange. All results are in units
such that Mg = 1.

Ensemble D200 D200 N200 N200 N203 N203
Cutoffs 2.53/3.53 2.53/3.53 2.75/3.75 2.75/3.75 2.9/3.9 2.9/3.9
Waves s+d s+d s+d s+d s+d s+d
e 95.0 92.3 74.1 70.1 120.1 107.9
d.o.f. 77-6=171 77-7=170 28 +23 -7 =44 28 +23—-8=143 62—-7=255 62 -8 =54
p 0.030 0.038 0.003 0.0056 1 x10°° 2x 1073
BEK —2.70(3) —2.74(4) —2.938(38) —2.972(43) -3.21(4) —3.26(4)
BKK 0.45(8) 0.79(22) 1.33(15) 1.81(28) 1.58(12) —2.16(23)
BXK 0 (fixed) —0.54(34) —1.03(15) —2.47(75) —1.08(11) —2.66(51)
BXK 0 (fixed) 0 (fixed) 0 (fixed) 1.14(57) 0 (fixed) 1.13(8)
DKk —0.041(3) —0.040(3) —0.0271(15) —0.0270(15) —0.018(1) —0.018(1)
ICi,?,’g(,)( —3400(800) —2700(900) —900(350) —300(400) —920(200) —480(240)
]Cllg‘l’(}( —9400(4300) —10200(4300) —5900(1200) —7200(1400) —3200(670) —4500(800)
KBk —57000(22000) —50000(22000) —4000(6000) —4000(6000) —5500(2400) —7300(2400)

TABLE XXXV. Results of fits to KK + Kz + KK levels on ensembles D200 and N203, using ERE3 and ERE4 forms for the s-wave
KK phase shift, the ADLER?2 form for the Kzs-wave phase shift, and a cutoff function avoiding the left-hand cuts due to two-pion
exchange. All results are in units such that M = 1.

Ensemble D200 D200 D200 N203 N203
Cutoffs 2.53/1.95/2.832 2.53/1.95/2.832 2.53/1.95/2.832 2.9/2.66/3.521 2.9/2.66/3.521
Waves s+ p s+p+d s+p+d s+p+d s+p+d
e 161.8 151.3 116.9 101.7 99.0
d.of. 284+16429-10=63 40+16+29-7=78 40+164+29—-11=74 33+4+37+4+35-8=79 33+37+35-12=175
p 1.2 x 10710 1.3 x 1076 0.0011 0.044 0.033
BXK -2.87(4) —2.80(4) =2.77(4) -3.37(5) -3.37(5)
BK 1.41(25) 1.26(23) 0.93(24) 2.48(25) 2.53(26)
BXK —1.26(38) —1.24(35) —0.72(36) —2.98(59) —3.13(60)
BXK 0 (fixed) 0 (fixed) 0 (fixed) 1.22(41) 1.32(42)
DKk 0 (fixed) —-0.039(3) —0.040(3) —0.019(1) —0.019(1)
B&® —2.42(7) —2.40(7) —2.28(6) —3.24(7) —3.22(7)
Bk~ —2.27(32) —1.88(29) —2.42(29) —2.08(17) —2.15(17)
pk= 0.027(8) 0.0057(77) 0.0067(82) 0.008(8) 0.004(9)
ICiI?}g?, 130(280) 0 (fixed) 90(270) 0 (fixed) 140(300)
]C'Iz(}(:[ —8300(1800) 0 (fixed) —8900(1800) 0 (fixed) —600(2200)
KE . 3700(1300) 0 (fixed) 4000(1200) 0 (fixed) 500(1800)
KE,. —8600(4100) 0 (fixed) —7600(4000) 0 (fixed) 2400(2500)

reduction of uncertainties by around 10% when using the
lab-frame shifts in the y? function. We have double-checked
this by repeating some fits on all the heavier mass ensembles,
reaching the same conclusion. Thus we are confident that the
results of these fits from Ref. [55] remain valid, with conser-

vative errors. We have used them to obtain the averages for
zz quantities given in Tables VII and VIIL

Finally, for completeness, we also show the chiral
dependence of the three-body K matrix for zzK and
Krr in Figs. 28 and 29 and for 3K in Fig. 30.
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TABLE XXXVI.

Comparison of KK scattering parameters from different ERE lab-shift fits on the D200, N200, and N203 ensembles,

using kaon units. Results are from the fits in Tables XXXIII-XXXYV, keeping only those with reasonable p values. For comparison, we
show the results (denoted “thr””) from Ref. [62] of fitting the energy of the threshold KK and KKK states to the 1/L expansion keeping
up to 1/L° terms.

Ensemble Fit y*/d.o.f. p value Mygak® akK KK DEK
D200 KK (s +d, ERE2) 54.6/37 0.031 0.3703(51) 0.32(6) —0.040(4)
D200 KK (s +d, ERE3) 51.0/36 0.050 0.3635(63) 0.66(19) —0.040(4)
D200 KKK (s + d, ERE2) 95.0/71 0.030 0.3707(46) 0.33(5) —0.041(3)
D200 KKK (s + d, ERE3) 92.3/70 0.038 0.3656(56) 0.58(16) —0.040(3)
D200 KKz (s+p+d) 116.9/74 0.0011 0.3611(54) 0.67(16) —0.040(3)
D200 KK (thr) [62] e e 0.3531(83) e e
D200 KKK (thr) [62] 0.3541(83)

N200 KK (s +d, ERE3) 49.9/24 0.0017 0.3380(49) 1.03(10) —-0.027(2)
N200 KK (s + d, ERE4) 45.3/23 0.0037 0.3335(53) 1.42(22) —-0.027(2)
N200 KKK (s + d, ERE3) 74.1/44 0.003 0.3404(44) 0.91(9) —-0.0271(15)
N200 KKK (s + d, ERE4) 70.1/43 0.0056 0.3365(49) 1.22(18) —-0.0270(15)
N200 KK (thr) e e 0.3285(62) e e
N200 KKK (thr) 0.3301(61)

N203 KK (s + d, ERE3) 41.6/29 0.06 0.3052(45) 1.05(8) —0.019(1)
N203 KK (s + d, ERE4) 36.8/28 0.12 0.3022(48) 1.32(16) —-0.019(1)
N203 KKK (s + d, ERE4) 107.9/54 0.00002 0.3067(42) 1.32(13) —0.018(1)
N203 KKz (s + p +d, ERE4, Ky 5 = 0) 101.7/79 0.044 0.2970(43) 1.47(14) —0.019(1)
N203 KK (s + p + d, ERE4) 99.0/75 0.033 0.2970(44) 1.50(14) —0.019(1)
N203 KK (thr) [62] e e 0.3022(54)
N203 KKK (thr) [62] 0.3060(51)

TABLE XXXVII. Comparison of 7K scattering parameters from different Adler2 s 4 p fits on the D200 and N203 ensembles using

pion units. The KKz results are those from Table XXXYV; all others are from Ref. [62]. The “thr5” rows give the results of fitting the
threshold 7K state to the threshold expansion up to 1/L°.

Ensemble Fit y2/d.o.f. p value M af¥ M2afK ik Pk

D200 7K (s + p, 16) [62] 15/13 031 0.107(4) 1.22(6) 0.0012(7)
D200 7K (s + p, 26) [62] 31/23 0.12 0.107(4) 1.23(5) 0.0013(6)
D200 zrK (s + p, 59) [62] 112/50 0.0000012 0.110(3) 1.15(5) 0.0007(6)
D200 KKz (s+ p+d, 85) 117/74 0.0011 0.109(3) 1.22(5) 0.0005(6)
D200 K (thr5) [62] e e 0.106(5) e e

N203 7K (s +p, 19) [62] 21.1/16 0.17 0.207(6) 1.63(9) 0.004(4)
N203 nK (s +p, 36) [62] 36.1/33 0.33 0.206(6) 1.65(8) 0.002(3)
N203 zzK (s +p, 82) [62] 119/73 0.0005 0.208(4) 1.69(7) 0.006(4)
N203 KKz (s + p +d, Kg3 = 0, 87) 101.7/79  0.044 0.212(5) 1.61(8) 0.004(4)
N203 KKz (s+p+d, 87) 99.0/75 0.033 0.213(5) 1.58(8) 0.002(4)
N203 7K (thrS) [62] e e 0.213(7) e e
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FIG. 28.

K;. The LO ChPT prediction is shown as solid lines.

Isotropic terms in the expansion of g 5 for the zzK (b) and KK (a) systems. Black circles indicate K, while red squares
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FIG.29. Additional terms in the expansion of /Cy 5 for the zzK (b) and KK (a) systems. Black circles indicate the /Cp term, while red

squares the K term.
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FIG. 30. Results for the terms in the expansion of three-kaon ICy; 5 for the different ensembles. For visibility, some terms have been
rescaled.
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APPENDIX D: FURTHER DETAILS ON
INTEGRAL EQUATIONS

This appendix provides further details on the relativistic
three-body integral equations described in outline in
Sec. IIIB. In particular, we discuss their partial-wave
projection, the reconstruction of the full amplitude, and
the numerical methods implemented in their solution. It is
largely based on Refs. [6,34,52,89-91,119,120], with
necessary generalizations.

1. Three-body kinematics

In this work, two types of three-body infinite-volume
reactions are reconstructed from finite-volume spectra
obtained using LQCD. The first is a 3 — 3 scattering
process in which three identical scalar particles of initial
momenta k = {ky,k,,k;} collide and emerge with final
momenta p = {p;,p,,p3}. These are either three pions or
three kaons. The second type is that of a 2 +1 — 241
process in which two of the incoming or outgoing particles
are indistinguishable while the third is different. As dis-
cussed in the main text, in this case we denote the sets of
initial momenta as k = {k,ky, k,} and the final momenta
asp = {p,,py.p,}. These describe either the zzK or KKz
systems.

The objects entering the integral equations are unsym-
metrized 3 — 3 amplitudes, in which the particles are
separated into a spectator and a pair. These are denoted

/\/lg”’") for identical particles and (as already noted in the

main text) Mgf‘;]‘.’) for nonidentical particles. Here the

indices i, j€{1,2} in the latter case are needed because
two different choices of spectator flavor can be made in
the zzK and KKnr states. The precise definition of the
unsymmetrized amplitudes has been discussed for 2 + 1
systems in the main text; the definition for identical
particles is given in Ref. [5]. The 2 + 1 formalism requires
a convention for which is the “primary” member of the pair
in the case that the members differ. Our convention,
following Ref. [60], is that the primary member has the
same flavor as the spectator. For example, for the zzK
system, if a pion is the spectator, then the primary member
of the 7K pair is also a pion. If the spectator is the kaon, the
pair is composed of two identical pions and no choice of
primary is necessary.

The unsymmetrized amplitudes, like M3, are invariant
under Poincaré transformations and involve on-shell exter-
nal particles. They depend on eight kinematical variables,
which we choose as follows. There are three energylike
variables: the total c.m. energy, denoted E (we drop the
index since we work entirely in the c.m. frame when
discussing integral equations), and the magnitudes of
momenta of two external spectators, p and k. The remain-
ing five variables are angles fixing orientations of (some of)
the external momenta. For the first, we choose the angle
between the incoming and outgoing spectator momenta in

the total c.m. frame and call it ®. The next two variables are
the angles defining the orientation of the relative momen-
tum g of the primary particle in the final pair, Q} =
(9%, ¢y). It is defined in the pair c.m. frame (indicated by
the % symbol) with respect to the direction given by total
momentum of the pair in the overall c.m. frame, —p. The
subscripts here indicate the momentum of the correspond-
ing spectator. The last two variables are the analogous
angles for the initial-state pair.

Since the three-particle amplitudes can depend on many
variables, it is difficult to meaningfully present the physical
information they contain on a single two-dimensional
graph. Many choices can be made for which variables
to keep free and which to keep fixed. For instance, a
Dalitz-like plot of the purely s-wave partial-wave-projected
amplitude requires choosing values for three variables
(e.g., two invariant masses of incoming pairs and the total
invariant mass) while probing the dependence on two other
variables (e.g., two invariant masses of final pairs). This is
the choice made, for instance, in Ref. [52].

To simplify this problem, we find it natural to consider
certain symmetric, physical configurations of the incoming
and outgoing momenta that effectively reduce the number
of kinematical variables the amplitude depends on. For
concreteness, in this work we consider two such special
kinematic configurations.

We discuss the kinematical configurations using a 2 + 1
outgoing state as a general example. Systems of indistin-
guishable particles are described by the following equa-
tions in the limit M|, M/, M, — M, where M is the mass
of identical mesons. Additionally, following the notation
explained above, one should replace particle labels accord-
ingtol -» 1,1’ > 2, and 2 - 3.

For the momenta of the outgoing state we assume that

P> = p2(0,0,-1), (D1)
p1 = pis(sina/2,0,cosa/2), (D2)
Py = pis(—sina/2,0,cosa/2). (D3)

These momenta form bisectors of an isosceles triangle, with
an angle a between p; and p /. Assuming total energy E and
vanishing total momentum, energy-momentum conserva-
tion yields

1
Pie= 52 (€ DE> = 343 = 3)
a

1/2

2B\ (B2 — 4siM3) + 23] ()

while

P2 = 2Capis’ (DS)

014505-47



SEBASTIAN M. DAWID et al. PHYS. REV. D 112, 014505 (2025)

where ¢, = cos(a/2) and s, = sin(a/2). The orientation P2 ko
., . P R
of the pair’s relative momentum g7, is given by the angle X:-. A
* v N ’ N
95, where \ ./ .
\ PN
' ’ ~ A
PisY @p, k \ REVE
cos 9% = - (cosa+—"—).  (D6) VX O
q E—-—w vy 29 N
P1 P " AN
v/ [N
7 1 \\ \\\
A R
Lorentz factors S S S
SN o by
1 P ,'/ \ /,’, N
yl’] = ) ﬂpl = ’ (D7) 4 \ el 3
/1 — % E-w, *\\ vt
l k1 Vv ky

define the boost from the total c.m. frame to the final pair’s
c.m. frame and

q% :ll/z(ap]’M%’M%)
P 2 Up]

(D8)

where o, is the invariant mass squared of the pair
composed of particles 1’ and 2. The quantity cos 19*1, is
given by the analogous equations, while cos 87, = 0.

For simplicity, we assume that the planes spanned
by the final and initial momenta coincide. Although this
assumption does not affect the / = 0 amplitudes, it greatly
simplifies symmetrization formulas presented in the next
section for J = 1, 2. The initial state kinematic is described
by Egs. (D1)—-(D4) with three modifications. First, outgoing
momenta p are replaced by incoming momenta k. Second,
the initial-state z axis (aligned with the momentum —k,) is
different than the final-state z axis. We choose the angle
between p, and k, to be 0,,, as shown in Fig. 31. Third, for
the initial kinematics, we choose @ = 27/3.

It is relatively straightforward to check that limits o —
2z/3 and M, M, M, — M applied to the above formulas
give the expected results. For instance, when a = 27/3,

_7171/}171
243,

cosdy = (D9)

(wpll - wpz)’

which reduces to the expected cosd; =0 when masses
become identical. In the same scenario, momenta of particles
reduce to the anticipated p;, = p, = /E*/9 — M?.

In the following, we will refer to the kinematical
configuration with @ =2z/3 in the final state as the
“equilateral configuration.” In this case all momenta
have equal magnitudes which we call p., (final) and k.
(initial). When the final angle « # 27/3 we use “isosceles
configuration” instead. Results for the amplitudes for

these two configurations are presented in the main
text, Sec. VL

p1

FIG. 31. Kinematical configuration of incoming (red) and
outgoing (black) momenta in the 2 + 1 system in the three-body
c.m. frame. In the initial state, we consider momenta forming
bisectors of an equilateral triangle. In the final state, the momenta
form bisectors of an isosceles triangle characterized by the angle

a. Two triangles are coplanar but rotated with respect to each
other by the angle 6,,.

2. Partial-wave projection

A significant simplification of the three-body integral
equations presented in Sec. III B can be achieved by partial-
wave projection of the pair-spectator amplitudes [34,90].
Here we follow the presentation of Ref. [89]. The projec-
tion is done in several steps. First, we decompose the

amplitude X = Mg“’") or M g"U") into waves corresponding

to definite spins and helicities of external pairs:

X({p}.Ak}) = 4xY Yo (a3) X gron(p K E; ©)Y 3, (4F).

sA

(D10)

Here, the resulting amplitude Xy, depends on magni-
tudes of momenta p, k of external spectators, total energy
E, and the scattering angle 0." It is labeled by the angular
momentum (spin) of the initial pair, denoted s, and its
component in the —k direction (helicity), denoted 1. The
spin and helicity of the final pair are s’ and A, respectively.

Secondly, we partial-wave decompose the amplitude
Xy ., into waves corresponding to definite total angular
momentum J. This is given by

'%One must also specify a phase convention corresponding to a
choice of where the angles ¢ and ¢; vanish. A consistent set
of choices is described in Appendix A of Ref. [89], and we use
these choices in the results below.
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dC@

X!’/l’;s/l(p’ k; E) = dj - (G))Xs’ﬂ’;sﬂ(p’ k; E; G))’

(D11)

where cg = cos® and dfn ' 18 the Wigner d function.

In the final step we transform the resulting amplitude to
the JZs (orbital) basis, where we recall that £ is the angular
momentum of the pair relative to the spectator. This yields

_ J J J
- Zuf’s’l’ Xs’/l’;slufsl ’
A

XJ

7 (D12)

where the recoupling matrix is given in terms of Clebsch-
Gordan coefficients [121]:

) 20+ 1

= —AZ,0;s, -4
27) 2] <J | S, >

(D13)

Following the sequence of steps described above, the
integral equations provided in Sec. III B are partial-wave
projected onto definite J and (¢’s’; £s) quantum numbers.
The equations in Sec. III B, specifically Egs. (24), (26) and
(30), retain their form but now involve matrices with fixed
overall J and with indices ¢, s"; £, s and involve integrals
only over the magnitudes of spectator momenta. A com-
plete description is given in Ref. [89] for the 2 + 1 system;
for identical particles the flavor indices are absent and the
form is as given in Refs. [34,91].

The main challenge in performing the decomposition
into partial waves arises from the complicated forms of the
one-particle exchange amplitude G and the three-body K
matrix. In Appendixes D5 and D 6 below, we provide
partial-wave-decomposed versions of these objects for the
cases that are needed for the results presented in the
main text.

3. Symmetrization

The solutions of the one-dimensional integral equations
are combined according to Egs. (32) and (33) to obtain the
full three-body amplitude. The Z function is

MDD}, k) =3[ MG s ke Vs

u,u)J=0 \/§
o [Méo;O())J (Piss keq) —
5 u,u)J=0
+ 4 (1 -3c? )Mzz 22 (Pis’ kcq) s

with ¢ = cos 19};

u,u)J=0
- TMéO;z)z (P3. keq) —

Z An(2] +1)> U Y or (@)

F7
X df,y,_,l(‘giﬂyi,l(@};)ués»

sy fs(ell’ q; ’qlt)
(D14)

In the case of identical particles, Eq. (33) has no depend-
ence on the flavors of the spectators, and summations over
momentum permutations include in total nine possible
configurations of external momenta. Moreover, the sym-
metry factors X;; are absent (all equal to 1) in this case.

In the following, we present the explicit expressions for
symmetrization that result from Eqgs. (33) and (D14) for the
kinematics discussed above, namely the simple equilateral
and isosceles triangle configurations. We recall that the
unsymmetrized amplitudes for identical particles have
indices and arguments

MUY (p. ki E), (D15)
while those for the 2 4 1 systems are given by
Mgul;,)s, s (p .k E), (D16)

where 7 and j label the flavor of the spectator, with the label 1
corresponding to the spectator being one of the identical pair,
while label 2 indicates that the spectator is the nonidentical
member of the triplet. Here we display the full set of
arguments; in the following we drop E for the sake of
brevity. In the expressions below, and all calculations, we
neglect contributions from #',Z > 2 and s/, s > 2.
Although Egs. (32), (33), and (D14) provide a complete
definition of the symmetrized amplitudes, we provide
explicit expressions for the cases we use in the plots in
the main text, so as to allow checking by the intrepid reader.

a. The isosceles and equilateral triangle
configuration for J*=0"

For identical particles, the partial waves that contribute
e (£,s) = (0,0) and (2,2). The result is

/3

u,u)J=0 (u,u)J=0
5 M22180 (P3. eq)+ Mzzzz (P3 keq)

V5

u,u)J=0 u,u)J=0
TM(()O;2>2 (Pis: keq) + N (3¢* - 1)/\4%2;02) (Pis» Keq)

(D17)

.- Note that this result is independent of the relative orientation of the initial and final reaction planes.

For the 2 + 1 case, for spectator flavor i = 1 the contributing waves are (0,0) and (1,1) (since we do not allow s = 2 for
nondegenerate pairs), while for i = 2 the waves are (0,0) and (2,2). We find the following result:
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M= ({p}; {k})
(u,u)J=0 (u,u)J=0 (u,u)J=0 (u,u)J=0
=4 {M3 100; 100(Pis» eq) \/_CMz 100; 111 (Piss eq) \/_C/M3 111; 100(Pis» keq) + 3¢ CM3 111; 111(Pw keq)]

V= 0 )=0 )J=0 / )J=0
+2\/7[ Sul?)o :200 Plsv eq \/7M3u130 1222 Pls’ eq ) \/_ /M;AIL;I 200(1715’]% ) IM3H1I;1 222(1715,/% )]

ouO (u,u)J=0 (u,u)J=0 ouO
+2\/_[ 3200100 (P2 keq) \/iM3222100 (P2 keq) — \/_CM3200111 (P2s keq) \/ M3222111 P2, eq>]

)J=0 )J=0 )J=0 )J=0
+2/\4;’2?)0 200(172, eq) \/_Msuzgo 222(192, eq> \/_M3u2;2 zoo(Pzakeq) +3 Mzuzgz 222(P25keq) (D18)

with ¢ = cos 19,’;] and ¢’ = cos 7 . Again, the result does not depend on the relative orientations of the reaction planes.

b. The isosceles and equilateral triangle configuration for J* =1+

We find that the J© = 17 amplitude for identical particles vanishes. This is a consequence of choosing the highly
symmetrical configuration of momenta in the initial state. For 2 + 1 systems, however, the result is nonzero. For J© = 1+
the contributing waves for i = 1 are (£, s) = (0, 1), (1,0), and (2,1), while for i = 2 they are (1,0) and (1,2). The result is
given by

_ u,u 1 u,u)J=1
MIZ({p}i{k}) =3 COS(“/Z){ZCOS 922-/\/13 1101110(191;’ keq) +2cos(0p — 95 + S;I)Mg,lo)lj;l()l(pis’ keq)

u,u)J=1 u,u)J=1
+2cos(t — 9 )M3 110;101 (Piss keq) +2c0s(0y; + 95 )Ms 101; 110(Piss keq)
+ [~V/8cos 0, cos 9+ V2 5in 6y, sin 95 | Mg"{{gﬂ;l (Piss keq)
+ [~V/8cos 6, cos 8 pe + V2sin 0y sin 9% | Mgf’ig)lfﬁf)(pis, keq)

1 u,u
\/;[C05(922 + 95, — 9% ) +3cos(6y, + 95, + 95 )]M% 10)1]1211 (Pis» keq)

1 u,u)J=1
- \/%[005(922 + 95, —9%) +3cos(0r — 95, — '91’:1)]-/\4&,12)1;110(1715’ keg)

+ [25in 0y sin(97, — 95 ) + 4 c0s 0, cos 95 cos 7+ cos O sin I sin 8;1}Mg"1';ljl 2 (Diss eq)}

3 u,u

- %005(0/2) {COS 02> [4/\/13 110: 210(1715, keg) + \/_M3 110J2112,(p187 keq)]
u, u J 1 u, u J 1

+ 005(922 + '9;1) [4M3 101; 210(1715, eq) + \/_M3 101; 212<pls7 keq)}

. . 1 1
— 20805, cos 97, + sin Oy sin 97 | [\/_M3u1gljzlo(l9m keq) + 2M3u1‘§1J212(Pm keq)} }

3 ou | (u.)J=1
_%{cosezz{‘LM%zmno(Pz, eq)+fM32]2110(p2,k )}

+ 005(922 - ) [4M3M2Lllojloll (sz eq) + \/_Mzuzbfzjloll (Pz, keq):|

— [3c0s 0, cos 95+ sin 6y, sin I | [\/_M3"270J1211 (P2 keq) + M3“212]1211 (pa. keq)] }

+ 3cos 0y, [2M3Lt2‘f01211()(172» keq) + \/'M%uzlltojzllz(sz keq) + fM%Ll272]211)(P2, keq)

+ Msuztfzjzllz(l’z’ keq)] (D19)

Note that this result that depends on 6,,, a dependence that is expected in general for nonzero angular momentum.
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c. The isosceles and equilateral triangle configuration for J*=2-
For identical particles we consider the (¢,s) = (2,0), (0,2), and (2,2) partial waves. We find

= 150 w,u)J=2
M ({p}: (k) = = M55 (P keo)

15 uu)J=2 u,u)J=2 uu)J=2 u,u)J=2
+Z [Mg,zo?zo (Psv keq) + Mg.zo?oz (P37 keq) + Mg,oz?oz (P3, keq) + Mg,oz?zz (P3, keq)}

5 u,u)J=2 u,u)J=2 w,u)J=2 wa)J=2
+ 15\/;[/\/1:(3,20?22 (p31 keq) + Mg,02320 (p3, keq) —|— Mé,22?20 (p3’ keq> + Mg.zzgoz (p3, keq)j|
L0
4

5 uu)J=2 wu)J=2
+30 \/ Q[Mg,zo?zz (Pis» keq) + Mg,oz?zz (Pis» keq)}

15 5 - u,u)J=2 w,u)J=2
+ Z ﬁ(l — 30) [./\/lg_n?zo (pisv keq) + M522>02 (pisv keq)}

75 — uu)J=2
+ El (1- 3C)M§A22;)22 (Pis- keq) (D20)

uu)J=2 u,u)J=2 u,u)J=2 u,u)J=2
[Mgzo?zo (Piss keg) + Mg,zo?oz (Piss keq) + M;,oz?zo (Piss keg) + Mg,oz?oz (Pis» keq)}

where ¢ = cos(297 ). Note that it does not depend on the angle 6,,.
For nonidentical particles, we consider (¢,s) = (2,0) and (1,1) partial waves for i = 1 and (¢, s) = (2,0), (0,2) and
(2,2) partial waves for i = 2. The corresponding result for 2 + 1 systems is

u,u)J=2

b 15
M= ({p}i{k}) = {5 —2COSGCOS(2922)} Mg,120;120(pis’keq)

+ [6cos I cos Iy — 9cosacos(20,, — I + I, )]Mgulzf)llelzl (Piss keq)

15 u,u)J=
— /§[3 cos(a + 20y — 95 ) —4cos 95 + 3cos(a — 20 + I )}M;’izz){l 2 (pis- keq)

15 u,u)J=
— (/g Beos(a =20, = 95) — 4 cos 95, +3cos(a+ 205 + 85, )M 0 (Pis. keo)

5 uu)J= 5 uu)J=
+ 7 [1 + 3 cos acos(20,)] M550 Pis- keq) + NG [1 = 3.cos @ cos(202:)] M 350 (Pis: keq)
500 u,u)J=2 6 u,u)J=2
7 Mg,ug);zzz(l’is, keq) + 10\/;005 8;|Mg.11)1;222(Pis, keq)
V15 wat)J=
5~ [Beos(a— 20 — 85,) + 2cos 85, + 3cos(a+ 205 + 85 )M o0 (Pis. keo)
V15 uu)J=
-5 [3cos(a— 2605, — 85 ) —2cos I} + 3cos(a+ 20y + 95, )]Mg‘il)lj;zozz(pis, keq)
5 u,u)J=2 5 W) J=2
7 2-3 005(2‘922)]/\4(3.222);120(1727 keq) + 8 2+3 005(2‘922)]/\4%_20)2;120(192, keq)

500 w.u)J=2 600 u,u)J=2

. 7 Mg-22)2;120(p2’ keq) + \/ 7 €8 ‘921Mg.22)2;111(1727 keq)
15 * (u,u)J=2

+ Z[z cos 9 — 3¢08(205; — 9, )] M 500,111 (P2 Keq)

15 w)J=
+ \/Z[2 cos 97 + 3cos(20, — 9 )]Mg_zo)zflﬁ(pz, keq)
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5 u,u
+ 5 [1 +3cos(26,)] [M% 220122%)(172, keq) + M

5 u,u
+ 5 [1 —3cos(20)] {Mz 22012022(192, keg) + M

500

0)J=2 =2 =2
+ —[Mguzlzg) 222(1’2’ keq) + M3u2;2 220(172, kcq) + Ms 202; 222(1’2’ keq) + M;’;;z 202(172, eq)} :

14

4. Numerical solution

We solve the integral equations numerically, following
similar methodology to that of Refs. [52,89,90,120],
employing the standard Nystrom method [122,123] with
Gauss-Legendre quadratures. Specifically, we discretize
the momentum variables and reformulate the problem as

algebraic equations for the amplitudes D% and Md';gt
rewritten as momentum-space matrices. The momentum-
space matrices have an additional block structure with
blocks corresponding to pair-spectator reactions of distinct
angular momentum and spectator flavor [89]. Finally, we
interpolate the matrix solutions to continuous external
momenta by applying the integral equation to the discrete
amplitudes, as explained in Refs. [90,120]. This is done
twice: once to interpolate the final momentum to the
desired value and once to interpolate the initial momentum.

=2
3%2 202(p27keq):| +

100 u,u)J=2
T Mg.zz)z;zzz (P2 keg)

u,u)J=2
3,202; 220(1’27 keq)}

(u,u)J=2

(D21)

The numerical solution for physical kinematics is
hindered by the appearance of the one-particle exchange
cuts in the kernel of the integral equation [88,115,120].
These cuts originate from the Legendre functions of the
second kind, Q,(z;;), contained in the partial-wave
projections of the exchanged particle propagator, and lie
in the range z;; € [~1,+1]. Here, the argument z;; is a
function of the kinematical variables (external spectator
momenta, total three-body energy) and also depends
on the external spectator indices (i,j) (which are sup-
pressed in the case of identical particles). The explicit form
of z;; and the partial-wave projections is discussed in the
next subsection. These cuts can lie within the momentum
integration region, as illustrated in Fig. 32. Explicitly, cuts
of the partial-wave projection of G;,(p;,q,) [appearing
in the kernel of Eq. (24)] in the g, = |q,| variable are
placed at

5.0
95 - — ReQo(211) =— ReQu(z12) = Re Qo221) |
J
S 25!
—5.0L4 . |
0.0 0.5 1.0
1.0+ :
= | | — Int. interval  +==» OPE cut |
g 059 5202 g () =(21)
S (0] emmmgun i S ),
= | KK * Km
—0.54 | |
0.0 0.5 1.0
e(q/mg)

FIG. 32. Example of singularities appearing in the integral equation kernel in the KKz system in the equilateral configuration for
E =2myg + 2.5m, on the E250 ensemble. g = ¢,, is the magnitude of the integration variable, while the final spectator momentum
Di = Peq for energy E = 2myg + 2.5m,. The top panel shows real parts of the Legendre function 0, which leads to the singularities in
the OPE kernel, for the three choices of external flavors. (Higher-order Legendre functions have singularities at the same positions as

Qp.) The OPE amplitude vanishes for (i, j) =

(2,2). Branch-point singularities are placed at points where the function diverges. The

bottom panel compares the positions of the corresponding cuts (dashed lines) with the two integration intervals (solid black lines)
corresponding to two possible choices of intermediate pairs. All lines are separated vertically to improve clarity. In applications, the OPE
cuts are shifted away from the real axis by a distance ie. The integration intervals are divided into smaller parts determined by the
positions of the branch points, as highlighted by small vertical ticks.
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1 :
G (po B ) = 557 (prc(y = M3 = M3,)

= B (B + M2 = 2,7 — 40

(D22)

where i = (E —w,, )* — x*p?, x€[-1,1], and M,, is the
mass of the exchanged particle.

In this work, we do not avoid these singularities via the
contour deformation, as suggested in Refs. [120,124,125],
but rather use the real integration contour while shifting the
singularities away from the real integration interval by an
imaginary distance ie. This approach is required in the
present formalism because the smooth real cutoff function
H does not possess an analytic continuation in the complex
momentum plane. Note that for the scattering kinematics
described in this paper, cuts with more complicated
shapes, such as circular cuts, do not appear in the integ-
ration kernel.

Since Gauss-Legendre quadratures are not suitable for
approximating discontinuous functions, to improve the
stability and the convergence of the solutions as the
momentum-matrix sizes are taken to infinity, we divide
the integration intervals into smaller pieces determined
from positions of the relevant branch points, as highlighted
in Fig. 32 by vertical ticks on the integration intervals. The
Gauss-Legendre points are introduced only in the smaller
subintervals. The number of these intervals varies depend-
ing on the exact set of the considered kinematical variables.
For instance, in the case of identical particles in the
equilateral configuration, we use three subintervals, since
only one OPE cut appears in the integration kernel in all
angular momentum channels. In the case of nonidentical
particles in the equilateral configuration, since two inte-
gration intervals are used for different choices of the
intermediate spectator and three different cuts may appear
on top of these intervals, we divide each interval into six or
seven pieces. The number of required intervals grows in the
isosceles configuration case, since more possible external
momenta enter Eq. (D22) determining positions of the
branch points. Finally, the solution of the integral equations
is obtained by taking the ordered limits N — oo followed
by e — 0. In practice, a better than subpercent level of
convergence is achieved already at matrix sizes N ~ 100
[90,120] and € ~ 107*.

The error bands of the integral equation solutions
presented in Sec. VI are produced using stochastic propa-
gation from the two- and three-body fit parameters given in
Sec. IVA. For this purpose, 1000 random samples of the
scattering parameters are generated, incorporating the full
covariance matrix to respect the correlations between
parameters. The integral equations are then solved for each
parameter set in the sample, allowing an estimate of the
mean and the 1-sigma (68.27%) quantiles at each value of

the kinematic parameters, which are used to define the
error bands.

5. Partial-wave projections of G

In this section, we collect the results for the partial-wave-
projected form of the OPE amplitude G;;(p;. k;) [appearing
in Eq. (24)] that are needed for the integral equations solved
in the main text. The calculations needed to obtain these
forms are explained in Refs. [34,89], and we quote only the
results. Some results are available in the literature, and we
do not repeat those here but rather point to the appropriate
references.

For 2 + 1 systems, the results take the form

ij)J
Gz(f’Js)’;fs<pi’ kj; E) s

= @) @) Zn: 20n(zi;),  (D23)

J

where Q;(z) are Legendre functions of the second kind and

1
- 2pik;

Zij [(E —Wp, — a’k,-)z -pi- k? - M%j]’ (D24)

with M;; is the mass of the exchanged particle (i.e. the
particle that is neither the initial nor the final spectator). We
are using an abbreviated notation in which the dependence
on the masses of the spectator particles is implicit. For
example, for the zzK system, if the final-state flavor is

i = 1, corresponding to the pion, then w, = +/ P>+ M.
H;(p) and H;(k) are smooth cutoff functions, whose
explicit form is given in [89]. The coefficients @, depend
oni, j,J, ¢, s ¢, s, but we keep this dependence implicit.
The sum over n involves only a finite number of nonzero
terms, starting at n = 0.

The form for identical particles is essentially the same,
except that the indices i, j are dropped. Our implicit
notation for kinematic dependence means that the coef-
ficients a, have the same form for identical-particle and
2 4+ 1 systems.

To simplify the results, we use the following abbrevia-
tions:

(D25)

Analogous formulas define f;, yx, and g;,. We describe
the projections using standard spectroscopic notation:
(J,¢,s) =% £;. Projections for J = 17 can be found
in Appendix B of Ref. [89] and are not repeated here.
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a. JP=0"

The 'Sy, — 1S, 'Sy <> 3Py, and 3P, — 3P, results are given in Appendix B of Ref. [89]. The remaining results that we
need are as follows.
(i) The 'Sy — °D, amplitude G35.:

Vak., V5k V5k
_ VR 1y 32 VK ERLLIC- NN D26
ap 6p [(yp )+ gpk] a p gkap ay 6p ( Y[) + ) ( )
The °Dy — 'S, amplitude G}, 022 is obtained by interchanging p and k.
(i) The "Dy — D, amplitude G359,

pk
ay = e (2000 9piviarp + 595k = 1) + 598, (ry = V) + 1568, 90 —vi =1y + 3r3rp +2. (D27)
6 P P PIp
a) = pk [3ykyp(gkpyp + gpk}/k) + Sgkpgpk(gpk}/k + gkap) — (gkap + gkpyk)]v (D28)
a, = e Sgkpgpkykypg?;ky% + 29%[,}’% + gﬁp + gf,k - ?( - 127/kyp + y% +4)], (D29)
as = pk[ge,re(2r% + 1) + gy, (27 + 1], (D30)
pk
ay :7(2}'i+ (272 +1). (D31)

(iii) The 3Py — D, amplitude G379,

S5k

ap = \/;2 [gkp(}’ 1) + 39kp9?7k + ngkypyk]7 (D32)
3k

a; = \@ 5 [1090,9p17p + 74375 = 1) + 5g3,74] (D33)
5k

a, = \/;5 [gkp(ZY% +1) + 4gpk}/p7k:|’ (D34)
3k

a3 = \ﬁz(%’ + Dk (D35)

The D, — P, amplitude G173, is obtained by interchanging p and k.

b. JF=2-

Here we display only the results involving even values of s, since these are the only cases considered above. We find the
nonzero coefficients to be as follows:
(i) The 'D, - 'D, amplitude G353:

1
=—. D36
a 2kp ( )
(ii) The *P, — P, amplitude G{71;:
1 3
ag = — (2r¢ +3)(2r, +3). ar = = (9, (2re + 3) + 91 (27, +3)), (D37)

50 25

1 9
ar = — (42gxpgpi + 671 + 22747, + 6y, — 27), a3 =5z (Gprre = 1) + gip(r, = 1)), (D38)

70
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@ =2 (= 1), ~ 1), (D39)

(iii) The *P, — 'D, amplitude GJ57,:

3 2y +3) 3 p 33— 1)
p— e — —— p— T e— R —— D4
a =0 @ 0 sk 00* Wk B 10 5k (D40)

The 'D, — *P, amplitude G{73 2 is obtained by interchanging p and k.
(iv) The 3P, — 35, amplitude G{31;:

%=5f4wmﬁmmﬁw+%mmﬁw+m (D41)
k 3

4 =—33 (7gpk(2yk +3) + 140,927, + 3) + 34y + 3)r5 + 3(675 + 1)y, + Syi — 12), (D42)

a =~ r (901221, +6) + 61, = 27) + g1y (21 + (1, = D(117, +17))). (D43)

k

az = _ﬁ (99371((7/1( = 1) + 189, 9pk(rp = 1) + (v, = )(Svic + (Tyi = Dy — 8)) (D44)
6k |6

as = 35 g(Vp - 1)(29pk(7/k - 1) +gkp(?’p - 1)) (D45)
2k /2

as = 7 B(?’k - 1)(71; - 1>2- (D46)

The 3S, — 3P, amplitude G{73 o is obtained by interchanging p and k.
(v) The *P, — °D, amplitude G337

k
ap = 10val (gpk(ZYk +3)(4rp +3) + 201 (r, = )20, + 5)>’ (D47)
k /3
a == 5(1495,,((2“ +3) + 149,947, +3) = 14y, + 6(4y, + 3)r;, + 3(67x + 1)717)’ (D48)
k
ay = 4ol (9pk(7k(447p +6) +3(4y,-9)) + ngp(ZIQ?)k +7,(1y, +3) + 7>)’ (D49)
k ’ 2
“ T 0va1 (lggpk(Yk = 1) + 18919 (2rp = 1) +2(Tric = Dy = (2ri + 7y + 6”)’ (D30)
12k /3
as = 35\/;(91%(7% — D)2y = 1)+ 9 (rp — 1)717)’ (D51)
4k
ds 7@(?’1{ )(yp )yp ( )

The °D, — 3P, amplitude G11 5, 18 obtained by interchanging p and k.
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(vi) The 35S, —

ap =

a) =

a) =

az =

as =

ae =

>S, amplitude G535,

kp

210{ 16 + 671y, + 127375 + (=247, + 572 + 183y, + k < p)

+ 12691, 9pk + 5691y gpiri¥ p + 7[07, (7T + 67, + 213) + 1201, 9071 + k <> p] }
kp
5 {gkp[ 1245y, + 3y, + 18y7, + 975 + 12175 + 791,93+ 27,)] + k < p},

o [8 6yirp +97irp + (61irp — 12 Tk < D) = 549, 9pk + 44747 pGip i + 2198,03

+ (67,95, = 1798, + 117308, + 12749kp9pk + k < p)},

kp
15

+ 9k = Doy Goi + 9rp(8 = Trp = v = Sri = 21,5 + 77%71()} :

2kp
385 [33( — 125, +33(rk = D?gp + 132(rc = 1)(rp = 1) 9ip i

+2(rk = 1)(y, = 1)(=16 + 5y, + 57 + 17yp7k)],

[(}’k = 1) (=8 457, =7 + Trpri) i + 9(rp = 1) G5y 9k

ay =

%(n =Dy, =Dy = Darp + (rx = Dyl

A

(vii) The °D, — D, amplitude GJ53,:

kp
9= 504 {112 + 31y + 247375 + (18137, — 1477 + k © p) + 6391,k + 1120490747 p

703, (=10 + 67, + 473) + 12g0,0,m + k < pl}.

kp
ay = 14 |:gkp (6gkpgpk + Sgkpgpkyk - 47/k —7p + 8},1{7/17 + 4717 + 471{}/1)) +k< pj|

Skp

2= 504

{32317, + 187373 + (61, - 2) + k < ]

+ gz, (14 + 67, +2273) + 1264, 917 p + k < Pl + Gupgpi (=27 + 88y17, + 429kpgpk)}v

kp
@ = [gkp(lm Trp = 4157y = 215 + 287473 = 1801,9pk + 36G1,9,17 ) + k < p}’

2kp

44 =339 {44 Orkrp + 687’k7’p + (2277 - 24}’%}’p +k < p) + 669,95k + 26477 ,9kp Ik
+ [669%17717(717 -1)- 132y19kpgpi + k < P]}
20kp

40kp
s = =357 Ve = Dyplr, = 1).
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(viii) The 532 N 1D2 amplitude Gé&%zr

P P V4
ag :ﬁ[7+27k(3+7k)}’ a :5_k(3+27k)gkp’ a :m[—17+?k(6+ Lyy) +21g3,),
p 6p
as = 53(—1 + V1) Gkp-» as = ﬁ(—l +70)%

The 'D, — S, amplitude G{33, is obtained by interchanging p and k.
(ix) The °S, — D, amplitude G173,:

k
ag = p {—28 +3yir, + 12v3r5 — 12y, — Tri + 575 + iy, + 181175

2170

+ 795, (=54 37, + 273) + Gp9pk (9 + 674 + 127, + 874r,,) + 90 (7 + 67 + 27%)]}’

a, = 14y, + 3y, + 1877, + 1872 + 247,72) + gpu (=12 + 3y, + 972 + 10y,

kp
—W {Qkp(

+ 36747, +24777) + 793,953+ 47,) + 149,07, (3 + 274 }

kp |5

T ﬁ{S — 72 = 3vk¥p + 3737, — 75 + 6v07p + 9735 + 93, (T + 3y, + 1173)

+ GipGpr(=27 + 6y, + 12y, +44y,y,,) + g (=17 + 6y + 1177) + 21g§pg§k},

kp
% =355 {gkp [=6yi + Ty + 2117y + 215 — 147175 + 9919k (1 — 27,)]

+ g[8+ Tyx + v + 10y, + 4yiy, — 1477y, + 1804,9, (1 = 71)] }

2kp |2
as = 7 g{—ll + 11}/% + 21y, = rp — 12}/%}/1, - 107/3, — 24}/,(7/%, + 347/%}/%,
+3308,7,(rp = 1) + 6691, g (1 = 1i) (1 = 27,) + 3397, (1 = Yk)z}’
2kp /10
as = EETH 7{29@(7/1( - 1)(7;7 - 1)}’,7 +9pk(}’k - 1)2(27,; - 1)}
4kp 10
g === 7<J’k - 1)%7,(r, = 1).

The D, — S, amplitude G{33, is obtained by interchanging p and k.
(x) The 'D, — °D, amplitude G333

k k
ag = ——— —-1)2y, +5), ag=——"»4y,+3 ,
0 3mp (yp )( yp ) 1 mp( 7[7 )gpk

k 5 3k 6k |2
LY 112 + 218 = (1-2 =2y, - 1).
as 21p 14[7 + 37}7 + yp + gpk]a as \/%p ( YP)gpk’ ay 7p 35}/]7(7/[) )

The °D, — 'D, amplitude G253, is obtained by interchanging p and k.

014505-57

(D68)

(D69)

(D70)

(D71)

(D72)

(D73)

(D74)

(D75)

(D76)

(D77)

(D78)



SEBASTIAN M. DAWID et al. PHYS. REV. D 112, 014505 (2025)

6. Partial-wave projections of /Cy; 3
In this section, we collect the results needed for the partial-wave-projected form of Xy ;. These are obtained using
Egs. (D11) and (D12) applied to the forms for /Cy 5 given in Egs. (44) and (45) for identical particles and Eqs. (47) and (48)
for 2 + 1 systems. Further details on the methodology can be found in Appendix A of Ref. [89].
We use the kinematic notation of Appendix D 5 and Egs. (45) and (46), augmented by the definition
€, =0,+3p* +2M* = E* - 2Ew, + 3w, (D79)
and similarly for e, where M = M, (M) for the 3z (3K) system. We also introduce the abbreviation

o = Gy + KA + K% (D80)

As discussed in Ref. [89], we simplify the solution of the integral equation for M((jbflg ) by rewriting the partial-wave-
projected Ky 5 in separable form. For identical particles this is

Mz]Cdf3f’s’ (P k ZIC f” ( )- (D81)

The number of terms in the sum depends on J, as seen explicitly below. The corresponding form for 2 4 1 systems is
discussed below.

a. Identical particles: J© =0"
(i) The 'S, — 'S, amplitude is

KL = K 4 K {-M N 16g%* 16q;* 2(Ew,—3E})* 2(Ew,—3ER)* 843 E*p> 8q}? E2k2}

Eg, E?h Eg, E?h 3th Op 3Ey ok
, 4 1 2.2 4q,, 2 2
+ K =A% =~ (A + 1) + — [, + 3k7p°] + 4[}/,,ﬂ e+ (2+73)k?
9 Eyg, 3 Ey
4q*? qyar* 16
+ 3 iBies + QD))+ S 2+ )@+ 1) + 3B |- (D82)
th th
(i) The 'Sy — D, amplitude is
Kfay = K ST L e ‘152{[ e 0= DL+ (a1 P+ R0 - ) +3lrde?]
ap_ ap_ ¢ _ _ ’
32200 A3\/§E?h o, 83\/§th Vp k 9 Tk YoV kP pPk

(D83)

with the Dy — 'S, amplitude IC3 200:22 obtained by the interchange k <> p.
(iii) The D, — °D, amplitude is

7=0 64 ‘1;2‘1:2 2 2 2
]C3;22;22 =Kp5z 135 E?h [(1 - Vk)(l - }’p) + 3(7’p7kﬁpﬁk) ]

The above results can be written in the separable form Eq. (D81) where the sum over a contains seven terms. For
¢ = s =0 these are

1/2
Ky = Kt = <IC — K,A2 —icg[ (2A+1)+A2D , (D84)
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) ) 8 q*Z E2k2
Kim=Kar Kiaolk) =35~ (D8S)
2722
) 84y E’p )
ICL;OO( ) = 3 Eth o, ’ Kroo = Ka. (D86)
1643* + 2(Ew, — 3E3 )?
4 q 4
IC;;())O( ) E4 L ’ ICE?;%)O = ’CA’ (D87)
th
(5) (5) 16q7g4 + 2(Ea)k - 3Et2h)2
ICL;OO = Ka. ]CR;OO(k) = 4 J (D88)
E,
6 V3K 4 6 V3K 4
Kifoo(p) = =5 [pz +5a522 yp)} Kol = =52 R +oq+3) | (D89)
th th
VK 4 VK 4
Kioo(p) = 2" (€ +3a5°783 ). Kinlk) =5 (e + 347787 ). (D90)
L, Ly, 3
while for £ = s = 2 the only nonzero terms are
16 q*2 E2k2
KDa(p) =0,  Kih(k) = : D91
L,22(P) R,22( ) = 3\/— E o ( )
16 q*Z E2p2 3
K®,(p) = . K¥ (k) =0, (D92)
122 35 SEL o, R:22
6 K 6 K
KiEh(p) = 295, o 1-R). K - . i (17, (D93)
K Kgq
KD (p) =248 n 2 el gy = O BB Dk g (D94)
L;22 3 5 Ech Yp R;22 3 5 Etzh YiPk

b. Identical particles: J*=1*

For J¥ = 17, the only contribution is from the Kz term in Eq. (44) and involves only the (#,s) = (1,0) and (1,2)
components. We quote the result directly in its separable form, which here requires only a single component:

| /2/c 3p(E = 3w,) +4q5*B,73 ! 2K 3k(E — 3wy) + 4qBirs
}C(L;)lo(p) _ 273 1}52 p Fp p ng;)lo(k) _ 273 1}52 k Pk k’ (D95)
th th

64K 4%
675

64K g

1
IC(L;)12 (p) 675

£ G 3+ 2,) K = 7 G (3 + 21, (D96)

Note that the relative signs between K; and K components are necessary to produce the correct form of Ky 3.
c. Identical particles: J¥ =2-

For J¥ = 27, again only K contributes, with the (7, s) values now being (0,2), (2,0), and (2,2). We again only quote the
separable form of the result, which requires a single component:

1 32K | 32K
Kha(p) = | oz 05 o2 Kb = PRua 7+ 6+ 212, (D97)
th th
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2K 4q ) +9p?
135 th ’

64K a7
4725 th

ﬁ

-1) 5+2yp)

[2Kp4q: (ri = 1) + 9K
- D
64K g7
K (k) = =\/ F7e E’; (i -1)(5+27).  (D99)

Note that in this case there are no relative signs between K; and [z components.

d. 2+1 systems

We recall that Ky 5 for 2 + 1 systems is given by Eq. (47) and contains, at the order we work, four dimensionless constants,
Ko, K1, Kp, and K. Following Ref. [89], it can be written in separable form using a slight generalization of Eq. (D81):

247J _
Ml,Cdf,3;if’s’;jfs(p’ k) =

S ek (p) Kl (ke

(D100)

where we recall that i and j label the final and initial spectator flavors and M is the mass of the particle that appears twice. The

quantities e; = 1 and e, = 1/ V2 are symmetry factors.
Results for K, and Ky for angular momenta J* =

0~ and J¥ = 17 are given for 2 + 1 systems in Appendix C of

Ref. [89]. To the order we work, there are no contributions for higher angular momenta and, in particular, for JP=2".
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