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We present a follow-up study to the method recently proposed by Namikawa and Sherwin (2023) to
probe gravitational waves using cross-correlations between two cosmic microwave background (CMB)
B-modes and a large-scale structure tracer. We first improve on the previous forecast by including the
impact of CMB component separation and find that, if the tensor-to-scalar ratio is r ¼ 0, we can achieve
σr ≃ 3.6 × 10−3 by combining upcoming experiments, i.e., LiteBIRD, CMB-S4 and the Advanced Simons
Observatory. With a more futuristic experiment, we can achieve even tighter constraints on r if improved
delensing can be realized. Using a simulated analysis pipeline, we also explore possible biases from
higher-order terms in the lensing potential, which were previously not examined in detail. We find that
these bias terms are negligible compared to a detectable signal from inflationary gravitational waves. Our
simulated results confirm that this new method is capable of obtaining powerful constraints on r. The
method is immune to Gaussian Galactic foregrounds and has a different response to non-Gaussian
Galactic foregrounds than the B-mode power spectrum, offering an independent cross-check of r
constraints from the standard power spectrum analysis.
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I. INTRODUCTION

Measurements of the cosmic microwave background
(CMB) anisotropies have played a key role in developing
our standard cosmological model. In upcoming decades,
measuring the polarization of the CMB will be at the
forefront of observational cosmology. In particular,
detecting or constraining the odd-parity (B-mode) com-
ponent of CMB polarization will be crucial, as it provides
a unique probe of inflationary gravitational waves (IGWs)
and offers new insights into the early Universe [1,2].
To date, no observations have confirmed the presence

of IGWs; only upper limits on their amplitude have
been established. The Background Imaging of Cosmic
Extragalactic Polarization (BICEP)/Keck Array collabo-
rations recently constrained the tensor-to-scalar ratio, r, at
a pivot scale of 0.05 Mpc−1, finding r < 0.036 (2σ) for a
fixed cosmology [3,4]. Meanwhile, Ref. [5], which com-
bines BICEP/Keck Array data with Planck Public Release

4 and baryon acoustic oscillations, reports a slightly tighter
bound of r < 0.032 (2σ) by simultaneously constraining
cosmological parameters. Several ongoing and upcoming
CMB experiments aim to detect IGW B-modes within the
next decade, including the BICEPArray [6], Simons Array
[7], Simons Observatory (SO) [8], LiteBIRD [9], and
CMB-S4 [10].
High-precisionmeasurements of large-scaleB-modes can

place tight constraints on r [11]. However, this precision is
fundamentally limited by other sources of B-modes, pri-
marily Galactic foregrounds [12]. At large scales, polarized
Galactic emission dominates the signal and must be
accurately mitigated. Although various methods have been
developed to address this challenge [13–18], the develop-
ment of new methods for constraining IGWs with different
or lower sensitivity to foregrounds is well motivated.
Reference [19] (hereafter NS23) recently proposed a

novel method to measure IGWs using the gravitational
lensing of IGW B-modes. This approach utilizes the fact
that lensing distorts IGW B-modes, inducing correlations
between the IGW B-modes at different angular scales.
These correlations reflect the strength of the lensing effect
along each line of sight and trace anisotropies in the CMB
lensing potential. The resulting nonzero three-point corre-
lation between two lensed IGW B-modes and an estimate

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

PHYSICAL REVIEW D 112, 023536 (2025)

2470-0010=2025=112(2)=023536(12) 023536-1 Published by the American Physical Society

https://orcid.org/0000-0003-3070-9240
https://orcid.org/0000-0003-3230-4589
https://ror.org/02chw6z69
https://ror.org/013meh722
https://crossmark.crossref.org/dialog/?doi=10.1103/bwdp-kf8l&domain=pdf&date_stamp=2025-07-18
https://doi.org/10.1103/bwdp-kf8l
https://doi.org/10.1103/bwdp-kf8l
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


of the CMB lensing potential, obtained from CMB lensing
reconstruction and/or a correlated large-scale structure
tracer, offers a new avenue for constraining r. Unlike
traditional power spectrum analyses, this approach is
expected to be largely immune to Galactic foregrounds,
provided the lensing mass map remains almost uncon-
taminated by foregrounds. Even if foregrounds contribute
significantly to our observable due to their non-
Gaussianity, we expect that the foregrounds’ impact on
our observable will differ significantly from their effect on
the B-mode power spectrum, although an investigation of
the impact of the foreground non-Gaussianity is necessary
to test this expectation in detail. Thus, the NS23 method
has the potential to serve as a valuable cross-check for
other constraints on r, with entirely different systematic
errors.
This paper is one of the follow-up papers which study in

further detail the potential of the approach proposed in
NS23. In this paper, we improve on NS23 in two ways:
first, we update previous forecasts by including a noise
spectrum that incorporates component separation; second,
we perform a full simulated validation of the method,
quantifying possible biases arising from higher-order terms
in the lensing potential as discussed in NS23.
Throughout this paper, we compute the CMB power

spectra with CAMB [20].

II. METHOD

A. Lensed CMB polarization

We begin with a brief introduction to the properties of
lensed CMB polarization anisotropies. CMB observations
obtain the Stokes Q and U parameters on the unit sphere
at each line-of-sight direction n̂. We then define the E- and
B-modes of the CMB polarization from the Stokes
parameters as [21]

Elm � iBlm ¼ −
Z

d2n̂ðY�2
lmðn̂ÞÞ�½Q� iU�ðn̂Þ; ð1Þ

where Y2
lmðn̂Þ is the spin-2 spherical harmonics.

CMB photons are influenced by the gravitational poten-
tial of the large-scale structure along their path. Lensing
distortion of the CMB map is well approximated as a
remapping of the primary CMBmap with a deflection angle
dðn̂Þ (see Ref. [22] for a review). The lensing distortion then
mixes the E- and B-modes at different angular scales [23].
Introducing the lensing potential ϕ, with d ¼ ∇ϕ, the
B-modes are modified as follows [24,25]:

Ẽlm ¼ Elm þ
X

LMl0m0
ð−1Þm

 
l L l0

−m M m0

!

× ϕLMðEl0m0Wþ
lLl0 þ iBl0m0W−

lLl0 Þ; ð2Þ

B̃lm ¼ Blm þ
X

LMl0m0
ð−1Þm

 
l L l0

−m M m0

!

× ϕLMð−iEl0m0W−
lLl0 þ Bl0m0Wþ

lLl0 Þ; ð3Þ

where ϕLM are the spherical harmonic coefficients of the
lensing potential, and we ignore the higher-order terms of ϕ.
We have defined

W�
lLl0 ≡ −q�lLl0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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l L l0

−2 1 1

��
; ð4Þ

with q�lLl0 ≡ ½1� ð−1ÞlþLþl0 �=2.

B. Method of NS23

Next, we review the new approach proposed in NS23 for
detecting IGWs. Using a quadratic estimator, we recon-
struct the lensing potential scaled by the tensor-to-scalar
ratio, ψ ≡ rϕ, solely from lensed B-modes. We then cross-
correlate ψ with a CMB lensing map or a large-scale
structure tracer, x, that is strongly correlated with CMB
lensing. We also discuss the relation to the bispectrum
estimator in Sec. II C. We comment on the large-scale
B-mode reconstruction using small-scale CMB anisotro-
pies and a lensing mass tracer in the Appendix.
For a full-sky idealistic case, the estimator to reconstruct

ψ from the lensed B-modes is given by [NS23]

ψ̂�
LM ¼ 1

2
Aψψ
L

X
ll0mm0

�
l l0 L

m m0 M

�
fψlLl0

B̂lm

ĈBB
l

B̂l0m0

ĈBB
l0

; ð5Þ

where B̂lm is an observed B-mode multipoles, ĈBB
l is the

best estimate of the observed, noisy B-mode power
spectrum and we introduce

fψlLl0 ≡Wþ
lLl0C

BB;r¼1
l0 þ plLl0Wþ

l0LlC
BB;r¼1
l ; ð6Þ

with plLl0 ≡ ð−1ÞlþLþl0 . Here,CBB;r¼1
l is the IGWB-mode

power spectrum with r ¼ 1. Aψψ
L is the estimator normali-

zation and is given in the full-sky idealistic case by

ðAψψ
L Þ−1 ¼ 1

2Lþ 1

X
ll0

ðfψlLl0 Þ2
2ĈBB

l ĈBB
l0

: ð7Þ

The cross-power spectrum between the reconstructed ψ
field and a lensing-mass tracer is proportional to r. Thus, we
can constrain r by measuring the amplitude of the cross-
power spectrum, Cψx

L . The expected 1σ uncertainties of r
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from the cross-correlations between ψ and x is [NS23]

σ−2r ≃
X
L

ð2Lþ 1Þfsky
ρ2LC

ϕϕ
L

Aψψ
L

; ð8Þ

where fsky is the sky fraction of a CMB polarization

observation, ρL ≡ Cϕx
L =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cϕϕ
L Ĉxx

L

q
is the correlation coef-

ficient between the true CMB lensing potential and the
observed mass tracer, and Ĉxx

L is the observed lensing-mass
power spectrum.

C. Relation to the bispectrum estimator

The above method is equivalent to measuring the cross
bispectrum between two CMB B-modes and a lensing-
mass tracer (i.e., a large-scale structure tracer that is
correlated with lensing), x.1 To see this, we here consider
the bispectrum, hB̃ B̃ xi. Ignoring the higher-order terms of
ϕ, using Eq. (3), the bispectrum is given by

Bll0L
mm0M ≡ hB̃lmB̃l0m0xLMi

¼
X

L0M0l00m00
ð−1Þm

�
l0 L0 l00

−m0 M0 m00

�

× hBlmðϕL0M0Bl00m00Wþ
l0L0l00 ÞxLMi þ ðl ↔ l0Þ

¼
�

l0 L l

−m0 −M −m

�
CBB
l Cϕx

L Wþ
l0Ll þ ðl ↔ l0Þ

¼ r

�
l l0 L

m m0 M

�
Cϕx
L fψlLl0 : ð9Þ

Thus, measuring the amplitude of the bispectrum places a
constraint on r.
We can estimate r using the same approach that is used to

constrain primordial non-Gaussianity from the bispectrum
[27–30]. The optimal estimator for the amplitude of the
bispectrum is given in an idealistic full-sky case by2

r̂ ¼ N
X

ll0Lmm0M

Bll0L
mm0Mjr¼1

2ĈBB
l ĈBB

l0 Ĉ
xx
L

B̂lmB̂l0m0 x̂LM; ð10Þ

where we include 1=2 instead of 1=6 in the denominator for
optimality [31,32]. The estimator normalization in the full-
sky idealistic case is given by

1

N
¼

X
ll0Lmm0M

ðBll0L
mm0Mjr¼1Þ2

2ĈBB
l ĈBB

l0 Ĉ
xx
L

¼
X
ll0L

ðfψlLl0Cϕx
L Þ2

2ĈBB
l ĈBB

l0 Ĉ
xx
L

: ð11Þ

The expected constraint on r̂ is then given by [24]

σ−2r ≃
fsky
N

¼ fsky
X
L

ρ2LC
ϕϕ
L

X
ll0

ðfψlLl0 Þ2
2ĈBB

l ĈBB
l0

: ð12Þ

We ignore the non-Gaussian variance of the bispectrum.
The same Eq. (12) is also obtained by substituting Eq. (7)
into Eq. (8).
We note that the full-sky idealistic bispectrum estimator,

Eq. (10), can be rewritten as

r̂ ¼ N
X
LM

Cϕx
L
x̂LM
Ĉxx
L

X
ll0mm0

�
l l0 L

m m0 M

�
fψlLl0

B̂lmB̂l0m0

2ĈBB
l ĈBB

l0

≡ N
X
L

ð2Lþ 1ÞðCϕx
L Þ2

Aψψ
L Ĉxx

L

1

Cϕx
L

1

2Lþ 1

X
M

x̂LMψ̂�
LM: ð13Þ

The above equation means that, to estimate r via the
bispectrum, we first compute ψ̂LM, cross-correlate it with
x̂LM, estimate r at each L with Cψx

L , and combine these r
estimates over L optimally by multiplying by the inverse
variance. The NS23 method utilizes the bispectrum of the
two B-modes and a lensing map, but NS23 does not show
whether the estimator proposed in NS23 is an optimal
bispectrum estimator. The above shows explicitly that the
optimal BBx bispectrum measurement is equivalent to the
method of NS23.

D. Comparison with the B-mode power spectrum case

We compare the uncertainty, σr, obtained from our
method with that from the standard B-mode power spec-
trum approach. In the Fisher matrix formalism, σr in the
case of the B-mode power spectrum is given by

σ−2r ≃
X
l

2lþ 1

2
fsky

�
CBB;r¼1
l

ĈBB
l

�2

: ð14Þ

Both Eqs. (12) and (14) scale inversely with the square
of the observed B-mode power spectrum. This indicates
that the constraints on r from both methods similarly
improve as the noise in the observed B-modes decreases,
and as the level of residual lensing B-modes after delensing
is reduced. However, our method utilizes a different
multipole range of the observed B-modes, and the multi-
poles that most effectively constrain r differ between the
two approaches.

1A similar approach was used in Ref. [26] to constrain cosmic
birefringence, where they analyzed the (odd-parity) bispectrum
hB̃ B̃ xi induced by parity violation.

2The realization-dependent term, usually referred to as
the linear term in the context of bispectrum estimation [29],
that contains hBlmBl0m0 ixLMþhBlmxLMiBl0m0 þhBl0m0xLMiBlm,
becomes zero in an idealistic full-sky case with no monopole
components. The inclusion of this term, however, would be
important if the covariance of the B-modes is not diagonal.
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III. IMPROVED FORECASTS

In this section, we refine the forecast results of NS23 by
incorporating component separation into the calculation.
We also explore how much the results can be improved by
optimizing the instrument to constrain r. We apply the
harmonic internal-linear-combination (HILC) method (e.g.,
Refs. [33–36]) for component separation, assuming no bias
to Cψx

L from residual foregrounds, as these residuals are not
expected to contribute to the correlations.

A. Expected constraints from upcoming experiments

To measure ψ , we need to observe B-modes at large
angular scales, which will be achievable with LiteBIRD
and CMB-S4. Additionally, we consider incorporating
data from SO–like and Advanced Simons Observatory
(ASO)–like experiments, as SO-SAT (Large Aperature
Telescope) and ASO-SAT data will be available alongside
LiteBIRD and CMB-S4 (although we do not expect large
improvements beyond CMB-S4).
This section considers three experimental setups for

measuring ψ :
(i) SOþ ASO,3

(ii) LiteBIRD, and
(iii) the S4 Ultra-Deep Survey SAT (S4D-SAT). The

frequency coverage, noise level, and beam size
for the above experiments are summarized in
Tables I–III, respectively. Additional experimental
specifications are provided in Table IV. For
SOþ ASO, we assume that SO and ASO observe
the same 10% sky region and the combined σP isffiffiffiffiffiffiffiffi
2=3

p
of those shown in Table I.

Our forecast includes the component separation process
for Galactic foregrounds in the ψ reconstruction. We model
the dust spectral energy distribution (SED) as a modified
black-body spectrum and the synchrotron SED as a power-
law spectrum (see, e.g., Ref. [38]). The power spectra of
these foregrounds are modeled as power laws with

amplitudes Ad and As and spectral tilts αd and αs for dust
and synchrotron, respectively.

(i) For (A)SO, we use the best-fit values from Ref. [39],
based on realistic simulations within the SO foot-
print, which covers 10% of the sky.

(ii) For LiteBIRD, we adopt the best-fit dust power
spectrum parameters from Planck4 in regions where

TABLE I. Specific experimental setup for ASO-SAT, which
scales the SO-SAT noise level by 1=

ffiffiffi
2

p
. Here, σP is the white

noise level in the polarization map and θ is the full width at half
maximum of the beam size. The experimental configuration of
the SO-SAT is given here.

Frequency [GHz] σP [μK-arcmin] θ [arcmin]

27 11 91
39 7.6 63
93 1.4 30
145 1.6 17
225 4.2 11
280 10 9

TABLE II. Same as Table I but for LiteBIRD. We mimic the
experimental specification of Ref. [9].

Frequency [GHz] σP [μK-arcmin] θ [arcmin] # detectors

40 37.42 70.5 48
50 33.46 58.5 24
60 21.31 51.1 48
68 16.87 45.0 168
78 12.07 40.0 192
89 11.30 37.0 168
100 6.56 34.0 510
119 4.58 30.0 632
140 4.79 27.0 510
166 5.57 28.9 488
195 5.85 28.6 620
235 10.79 24.7 254
280 13.80 22.5 254
337 21.95 20.9 254
402 47.45 17.9 338

TABLE III. Same as Table I but for S4D-SAT [37]. The number
of detectors are taken from Ref. [11].

Frequency [GHz] σP [μK-arcmin] θ [arcmin] # detectors

30 3.53 72.8 260
40 4.46 72.8 470
85 0.88 25.5 17000
95 0.78 22.7 21000
145 1.23 25.5 18000
155 1.34 22.7 21000
220 3.48 13.0 34000
270 5.97 13.0 54000

TABLE IV. Other experimental specifications for the ψ
observation.

Experiment fsky lmin lmax Lmin Lmax ϕ

(A)SO-SAT 0.1 30 500 10 500 S4W-LAT
LiteBIRD 0.7 2 500 2 500 S4W-LAT
S4D-SAT 0.03 50 500 10 500 S4D-LAT

3In this paper, (A)SO denotes an A(SO)–like experiment
whose experimental specifications are defined in Tables I and IV.

4Planck (https://www.esa.int/Planck) is a European Space
Agency (ESA) science mission with contributions from ESA
member states, NASA, and Canada. The mask used in this work
was accessed from the Planck Legacy Archive at https://
pla.esac.esa.int.
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the 50% Planck Galactic mask is applied [40]. For
synchrotron, we follow Ref. [41] and use the Python

Sky Model [42] “s1” model to obtain synchrotron
power spectra within the same region.

(iii) For CMB-S4, we use the same foreground power
spectra as SO but scaled by a factor of 0.1 to
approximate the foreground levels observed in the
BICEP patch.

Our results remain robust even if the foreground power
spectrum is increased by a factor of 2, indicating that the
analysis is not highly sensitive to the foreground level. We
use the noise components of the B-mode power spectrum
after the component separation in B-modes by adopting the
HILC method:

NBB;HILC
l ¼ wt

lCov
N
lwl

ð1twlÞ2
; ð15Þ

where CovNl is the instrumental noise covariance matrix
and wl is the optimal weight for the HILC:

wl ¼ Cov−1l 1: ð16Þ
Here, 1 ¼ ð1; 1;…; 1ÞT and the covariance matrix, Covl,
contains CMB signals from lensing, CBB

l , instrumental
noise, NBB

l;ν, and Galactic foreground spectra, CFG
l;νμ. The

instrumental noise is computed as a white noise with a
Gaussian beam deconvolution. The covariance matrix of
the B-modes is then given by

fCovlgνμ ¼ ðCBB
l þ NBB

l;νÞδνμ þ CFG
l;νμ: ð17Þ

We use the noise spectra after the HILC process, NBB;HILC,
for computing the reconstruction noise of ψ . The HILC
method is generally not sufficient for IGW constraints from
B-mode power spectrum, but acceptable for methods that
should be less susceptible to foregrounds.
After component separation, we assume that lensing

B-modes are further removed from the large-scale observed
B-modes for the ψ measurement using the template dele-
nsing method. In this approach, lensing B-modes are
reconstructed as a convolution of observed lensed E-modes
and the lensing potential. The E-modes are estimated by
combining both large- and small-scale experiments, while
the lensing potential is measured by the small-scale
experiment. For measuring ϕ, we consider S4W-LAT
(Large Aperature Telescope) for SOþ ASO and
LiteBIRD, and S4D-LAT for S4D-SAT. The experimental
setup for these high-resolution observations, S4W-LAT
and S4D-LAT, is summarized in Table V. The residual
lensing B-mode power spectrum is computed analytically
following Ref. [43]. The delensing efficiency depends on
the minimum multipole of the available E-modes. We
assume that the E-modes are signal-dominated and com-
bine data from both the small-scale experiment and
LiteBIRD for 2 ≤ l, where LiteBIRD noise is modeled

as 2.6 μK-arcmin white noise with a 30-arcmin Gaussian
beam. Additionally, for the small-scale experiment, we
remove E-modes at l < 100 and B-modes at l < 500
since large-scale polarization measurements are challeng-
ing for high-resolution telescopes due to atmospheric
1=f noise.
The observed B-mode power spectrum in Eq. (7) is

taken as the sum of the residual lensing B-mode power
spectrum and the HILC noise power spectrum. The
expected constraint on r is then computed using
Eq. (8). The reconstructed ϕ is used for x. Table VI
summarizes the expected 1σ constraints on r, σr, assuming
a fiducial value of r ¼ 0 and shows the level of residual
lensing B-mode power spectrum after delensing at
l ¼ 100. We also summarize the case without delensing
to see the importance of delensing for individual cases,
although this case is not realistic, especially for the
ground-based experiments with a small observing patch
that is optimized for delensing. We also consider the
scenario where all datasets are combined. Assuming that
the sky regions of SOþ ASO, LiteBIRD, and S4D-SAT do
not overlap, we rescale σr from LiteBIRD by

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0.7=0.6

p
,

leading to a combined constraint of σr ¼ 0.0047.

B. Sky coverage vs noise level

The sky coverage and noise level can be adjusted for a
fixed observing time. Here, we simply assume that if the

TABLE V. Experimental specifications for the ϕ observations.
S4W-LAT mimics the S4 Wide-Deep Survey from Chile [10].
S4D-LAT mimics the Ultra-Deep Survey described in Ref. [37].
lX
min is the minimum multipole used for the lensing

reconstruction.

Experiment σP [μK-arcmin] θ [arcmin] lE
min lB

min

S4W-LAT 1.41 1 100 500
S4D-LAT 0.40 1 100 500

TABLE VI. 1σ expected constraints on r. For the combined
case, we use fsky ¼ 0.5 for LiteBIRD to avoid overlap between
LiteBIRD and SOþ ASO. The parentheses denote the values of
σr when we optimize the survey region and noise level of S4D.
Al¼100
lens is the value of the residual fraction of lensing B-mode

power spectrum left over after delensing at l ¼ 100. For a
reference, we also show σr without delensing in the last row.

ψ experiments σr Al¼100
lens σAlens¼1

r

SO-SATþ ASO-SAT 0.012 0.21 0.045
LiteBIRD 0.0077 0.21 0.018
S4D-SAT 0.0064 0.053 0.086

(0.0041) (0.015)
Combined 0.0047 …

(0.0035) …
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noise level is scaled by a factor s, the observing time per
pixel changes uniformly by a factor of s2. Consequently, the
sky coverage can be increased or decreased accordingly,
also scaling as s2, due to the change in observation time per
pixel. We compute σr as a function of s for the S4D-SAT
case, scaling the noise level of both S4D-SATand S4D-LAT
by s and the overlapping sky region by s2. The foreground
noise spectra remain unchanged across all-sky coverage
cases, as their impact on the final σr is negligible.
Figure 1 presents the constraint on r as a function of fsky.

Tighter constraints can be achieved by observing a smaller
region of the sky. We optimize this trade-off until fsky ≃
0.003 (corresponding to ∼100 deg2), where we obtain
σr ¼ 0.0041. Although further improvements in σr are
possible by reducing the observed sky area even more,
achieving a delensing efficiency of Alens ≲ 0.01 in such a
configuration remains uncertain. Therefore, we do not
explore this scenario further. When combining all experi-
ments, we achieve a final constraint of σr ¼ 0.0035.

C. Frequency bands

Since our method is potentially less sensitive to fore-
ground bias, we can operate with fewer observing frequen-
cies than the standard analysis. Here, we investigate how
much we can improve σr by redistributing the number of
detectors across frequency channels. In practice, reallocat-
ing detectors between frequency bands is not straightfor-
ward and the trade-offs are not strictly one-to-one.
However, for simplicity, we assume that detectors can
be freely reassigned between frequency bands. Keeping
the total number of detectors fixed (a constraint adopted
for simplicity rather than accuracy), and assuming that we
adopt the HILC for the component separation, we deter-
mine the optimal detector distribution by minimizing the
sum of the residual foreground B-mode power spectrum
over multipoles,

P
l N

BB;HILC
l where we recompute the

HILC weight for each case. We assume no bias to ψϕ from
residual foregrounds during the optimization.
After the optimization, we find that we need only

40 GHz, 140 GHz, 337 GHz, and 402 GHz frequency
bands for LiteBIRD, and 30 GHz, 85 GHz, and 270 GHz
frequency bands for S4D. Under this optimization, the noise
power spectrum is reduced to approximately half of that in
the fiducial detector distribution for LiteBIRD, yielding
σr ¼ 0.0056. For the S4D case, we obtain σr ¼ 0.0054,
which can be further improved to σr ¼ 0.0039 by optimiz-
ing sky coverage. When combining all experiments, we
achieve a final constraint of σr ¼ 0.0032.

D. Dependence on CMB multipole range

The constraints on r also depend on the multipole range
of the CMB anisotropies and the reconstructed ψ and ϕ
fields. Figure 2 shows σr as a function of the minimum
multipole for B-modes in the ψ reconstruction, lL

min, while
keeping the maximum multipole fixed at 500. We present
two cases for the noise level of large-scale B-modes:
2.6 μK-arcmin (solid line) and 0.5 μK-arcmin (dashed
line), assuming a Gaussian beam with a FWHM of
30 arcmin. The correlation coefficients between the large-
scale structure (LSS) tracer and the CMB lensing potential
are set to unity, and we set the lowest multipole of the LSS
tracer to lL

min. We assume that low-lB-modes are delensed
using a lensing map and consider two cases for the residual
lensing B-modes; Alens ¼ 0.2 and Alens ¼ 0. The results
indicate that B-mode multipoles at l≲ 30 do not contribute

FIG. 1. 1σ constraint on r from the S4D-SAT case as a function
of fsky, where we scale the noise level and sky coverage as σP;ν ¼
sσfidP;ν and fsky ¼ 0.03 × s2, assuming a fixed observation time.

FIG. 2. 1σ constraint on r as a function of the minimum
multipole of B-modes, lL

min, obtained from the LiteBIRD-like
low-l experiment. We show two cases for the polarization noise
level of the low-l experiment, 2.6 μK-arcmin (solid) and
0.5 μK-arcmin (dashed). The tracer used for cross-correlation
is assumed to be an idealistic ϕ without the reconstruction noise.
We set the lowest multipole of the lensing map to lL

min. We
show two cases of delensing efficiency; Alens ¼ 0.2 and 0.0. The
B-mode multipoles at l≲ 30 do not contribute to constraining r.
For comparison, the dot-dashed lines show the constraints from
the standard B-mode power spectrum approach with the same
setup as that adopted in the solid line case.
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significantly to constraining r. Additionally, we verify that
multipoles of the LSS tracer below l ∼ 30 have a negligible
impact on the constraint. This suggests that even a partial-
sky observation from a ground-based experiment could
potentially probe IGWs using our method. For comparison,
the dot-dashed lines show the constraints from the standard
B-mode power spectrum approach with the same setup as
that adopted in the solid line case. The large-scale multi-
poles, l ≤ 10, are important to constrain r for the B-mode
power spectrum approach.
Figure 3 presents a similar analysis but now varies the

maximum multipole of the large-scale B-modes for ψ
reconstruction, lL

max, while fixing the minimum multipole
at l ¼ 2. We find that multipoles up to l ∼ 200 are
sufficient for near-optimal constraints on r from ψ
reconstruction.

E. Cosmic variance from nonzero r

So far, we have neglected cosmic variance from tensor
perturbations, assuming r ¼ 0 in our error computation to
assess the significance of rejecting the null hypothesis.
Here, we compute σr with the cosmic variance from tensor
perturbations, assuming a nonzero true value of r.
Figure 4 shows the expected SNR of the IGW signal for a

given r as a function of the polarization noise level after
component separation, assuming a white noise power
spectrum. We compare results from our method and the
standard power spectrum analysis. For the standard
approach, we use Eq. (14). In both cases, the constraints
are affected by the cosmic variance of r, with a more
pronounced impact on the B-mode power spectrum than on
Cψϕ
L . This is because the reionization bump in the B-mode

power spectrum is particularly sensitive to the cosmic
variance of r. Note that, unlike the forecasts presented in
the previous subsections, the calculations here use the full

multipole range for simplicity. In actual ground-based
observations, however, atmospheric 1=f noise can limit
the accessible minimum multipole. This poses a challenge
for the standard approach, which relies on measuring the
reionization bump—an additional source of information on
r—at very low multipoles. In contrast, our method remains
only marginally affected by this limitation, as the sensitivity
to r is preserved as long as the minimum multipole is
lmin ≲ 30, as shown in the previous subsection.

IV. RECONSTRUCTION BIAS FROM
HIGHER-ORDER LENSING POTENTIAL

A. Higher-order biases from lensing

A possible concern for our method is whether higher-
order terms in ϕ, especially ones that enter via the delensing
procedure, might bias our measurements. Schematically,
we may write modified versions of Eqs. (2) and (3) as

Ẽ¼EþEϕþBϕþðnEþEϕ2þBϕ2þEϕ3þ�� �Þ; ð18Þ

B̃¼BþBϕþEϕþðnBþEϕ2þBϕ2þEϕ3þ�� �Þ; ð19Þ

where the term in brackets now includes noise and higher-
order terms. Note that it may be necessary to include higher
orders in ϕ than typical lensing analyses since we are
seeking to constrain very small values for r ∼ 10−3 (an
additional small parameter in the problem).
We can construct a lensing B-mode template Bt by

applying the leading-order lensing operation (indicated
with ⋆) to the observed Wiener-filtered lensed E-mode

FIG. 3. As in Fig. 2, but now varying the maximum multipole
of B-modes, lL

max, for the ψ-reconstruction. The B-mode multi-
poles at l≳ 200 do not contribute to constraining r. The
constraint from the B-mode power spectrum does not change
by varying lL

max and is not shown.

FIG. 4. Forecast for the SNR of the IGW signal in full-sky as a
function of the post-component-separated white noise level in
polarization, σP, with our method (solid) and the standard
analysis (dashed). We include the cosmic variance from the
nonzero r. We assume an idealistic experiment that measures the
polarization between l ¼ 2 and 4096. The lensing map is
reconstructed internally between L ¼ 2 and L ¼ 4096. We
assume θ ¼ 1 arcmin.
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map; now working to higher order in ϕ, we obtain

Bt≡ Ẽ⋆ϕ¼EϕþnEϕþEϕ2þBϕ2þðEϕ3þ� � �Þ: ð20Þ

We may then delens by subtracting B̃ − Bt ¼ Bþ Bϕþ
ðEϕ − EϕÞ þ � � �; as indicated previously, if the LSS tracer
ϕ that is used to construct the delensing template is
perfectly correlated with the true lensing, then all lead-
ing-order E-mode lensing signal is removed from the
B-mode map.
Only three higher-order terms may not be negligible

when constructing the quadratic estimator ψ̂�
LM ∼ BlmBl0m0

and correlating it with a LSS tracer ϕ.
(1) A term ∼CEE

l A1=2
lensϕ

4, which arises from the residual
lensing that has not been removed by delensing (due
to an imperfect LSS tracer), correlating with the
lensed E-mode term at Oðϕ2Þ and the LSS tracer;

(2) a term ∼NEϕ3, arising from the effect of E-mode
noise in producing the delensing template; and

(3) a term ∼CEE
l Alensϕ

3 again arising from residual
lensing.

The second and third terms resemble the so-called N3=2

biases arising in lensing power spectrum measurements
[44,45]. The second, E-mode noise term is suppressed by
the Wiener filter and is easily nullified by using different
data splits with independent noise in constructing the
delensing templates (if necessary, a very large number of
splits can be used to recover all the signal to noise). The first
and third terms are expected to be small, at least when
delensing is efficient and Alens is small. (We also note that
the lensing bispectrum is much harder to detect than the
lensing power spectrum [46–48]; indeed, it has not yet been
detected.) We will test this expectation in the following
section. Even if these terms are not entirely negligible, it

would be straightforward to model and subtract any bias
they produce.

B. Testing our method with simulations

Here, we verify, using Monte Carlo simulations, that any
bias arising from non-IGW contributions (such as higher-
order effects) is much smaller than the targeted signal.
We prepare simulations for the no-IGW case (r ¼ 0) and

nonzero values of r. We first generate random Gaussian
fields for the scalar and tensor CMB anisotropies, noise, and
ϕ. We then remap the CMB anisotropies by ϕ with the
LensPix package [49] for both the scalar and tensor con-
tributions. We assume two experiments for the noise
spectrum; an ideal experiment with 0.5 μK-arcmin white
noise in polarization and 1 arcmin Gaussian beam, and the
LiteBIRD case as described above. For the LiteBIRD case,
we use the post-component-separated noise spectrum com-
puted in the previous section. We obtain the observed CMB
map as the sum of the lensed scalar-induced CMB, tensor-
induced CMB, and noise. For the reconstructed ϕ, we add
random Gaussian noise to the input full-sky ϕ instead of
directly adopting the maximum-likelihood method [50–52]
We assume the use of CMB multipoles between 50 and
4096, but the delensing bias does not appear as we generate
the reconstruction noise independently [53,54]. We then
construct a lensing B-mode template by convolving the
observed lensed E-modes and lensing potential [55,56], and
subtract it from the lensing B-modes. We input the delensed
B-modes to reconstruct ψ .
As we described above the reconstructed ϕ has a

Gaussian random noise whose power spectrum is expected
from the iterative/optimal lensing estimator. For the optimal
lensing estimate, we expect that any higher-order bias
would not be significant and would not significantly

FIG. 5. Left: cross-angular power spectrum between the reconstructed ψ and input lensing potential, Cψϕ
L , obtained from an ideal full-

sky simulation with r ¼ 0.005 (blue points), compared with the theoretical expectation (black dashed). The orange line denotes the bias
arising from the higher-order lensing potential that is ignored in constructing the ψ estimator. The bias and error bars are estimated from
the r ¼ 0 simulation. We add a Gaussian white noise of 0.5 μK-arcmin with a 1 arcmin Gaussian beam. Right: significance of rejecting
the null hypothesis, r ¼ 0, with the same experimental setup in the left panel. robs is obtained by fitting the blue points in the left panel to
the theory spectrum and the vertical dashed lines are the 2σ bounds.
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increase the bias we showed in our paper. This is because
the iterative estimator minimizes the difference between the
best estimate and true ϕ, reducing the residual lensing
potential contributions in the reconstruction noise [57]. We
will perform a more thorough investigation in future work.
Figure 5 shows the cross-power spectrum between the

reconstructed ψ fields and input lensing potential in full
sky for the idealistic noise case. The error bars represent
the 1σ error for a single full-sky measurement. We obtain
the bias term arising from non-IGW contributions from an
average over the simulations without IGWs. The blue data
points are obtained from the difference between the no-
IGW and r ¼ 0.005 cases, which removes the bias terms.
Note that, in the C−1 filtering for B-modes in the estimator
(5) and its normalization (7), we ignore the contribution
from any nonzero r to the observed B-mode power
spectrum. In total, we use 1000 realizations. We remove
multipoles below l ≤ 6 where the scatter becomes sig-
nificant and divide the multipole range from l ¼ 7 to 500
into 10 equally spaced bins. Note that the results are not
sensitive to the choice of multipole bins. We find that the
bias is not significant compared to the signal power
spectrum. Figure 5 also shows the constraint on r from
the r ¼ 0 simulation to see the significance of rejecting the
null hypothesis. We estimate r by

r̂ ¼ 1P
b ab

X
b

ab
Ĉψϕ
b

Cϕϕ
b

; ð21Þ

where b denotes the index of the multipole bin, Ĉψϕ
b is the

binned cross-power spectrum between the reconstructed ψ

and the input ϕ, and Cϕϕ
b is the fiducial lensing power

spectrum. The coefficients ab are determined from simu-
lation to optimize the estimate r (e.g., Ref. [58]):

ab ≡
X
b0
Cov−1bb0 ; ð22Þ

where Cov is the covariance matrix for Ĉψϕ
b =Cϕϕ

b . We
find that the 1σ error obtained from the simulation,
σr ¼ 0.00114, is close to that obtained in the analytic
estimate, σr ¼ 0.00109, and these values agree within
∼4% which is close to the Monte Carlo simulation error.
We also check the covariance matrix of the binned Cψϕ

L and
find that the covariance matrix is close to diagonal.
Figure 6 shows the LiteBIRD case for r ¼ 0.01. We find

that the bias increases compared to the idealistic case as the
noise increases and the delensing becomes inefficient. In
contrast, the scatter of the simulation average of the power
spectrum is reduced. This is because the idealistic case has
relatively significant contributions from the cosmic vari-
ance arising from nonzero r.
In practice, we can also include the contributions from

nonzero r in the C−1 filtering for B-modes. Figure 7 shows
our results when we include contributions from nonzero r
in the C−1 filtering. We here assume the LiteBIRD case.
Compared with the left panel of Fig. 6, the statistical errors
in Cψϕ

L are almost unchanged whether or not we include the
nonzero r contributions to the C−1 filtering. We also show
the errors estimated from the r ¼ 0.01 simulation, i.e., that
includes the cosmic variance from r. The cosmic variance
slightly increases the error bars. We also checked the case
for the idealistic simulation, finding that the cosmic
variance from r roughly increases the errors by 50% to
a factor of 2.
Next, we show how the bias depends on the lensing

potential. To see this, we change the overall amplitude of

the input lensing potential by ϕ →
ffiffiffiffiffiffiffiffi
Aϕϕ

p
ϕ. We remap the

primary CMB fluctuations with the amplified lensing
potential and obtain modified lensed E and B modes. To
make the lensing reconstruction map, we add the same

Gaussian reconstruction noise to
ffiffiffiffiffiffiffiffi
Aϕϕ

p
ϕ. We then con-

struct the lensing B-mode template from the modified
lensed E-modes and lensing potential but with the same
fiducial Wiener filtering and perform delensing to the
modified B-modes. Using these delensed B-modes, we

FIG. 6. Same as Fig. 5 but for the LiteBIRD case with r ¼ 0.01.
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perform the ψ -reconstruction with the fiducial filtering
function and normalization. We finally correlated the
reconstructed ψ map with the input ϕ map.
The left panel of Fig. 8 shows the results of the ψϕ power

spectrum with the simulations modified in this way. We
find that the bias scales approximately with the square of
Aϕϕ, i.e., the fourth power of ϕ. This indicates that the
dominant term comes from CEE

l A1=2
lensϕ

4 as expected.
We additionally check to what extent non-Gaussian

contributions to ϕ produce a bias in the cross-power
spectrum. We use 100 realizations of the full-sky raytracing
simulation produced by Ref. [59]. We replace the input
Gaussian lensing map with the non-Gaussian lensing map
[59] and perform the same procedure for obtaining Cψϕ

L .
The right panel of Fig. 8 shows the results of the cross-

power spectrum now including the nonlinearity in the ϕ

map. The results show that the non-Gaussianity of ϕ
has negligible impact. Thus, the terms, ∼NEϕ3 and
∼CEE

l Alensϕ
3, are negligible in the bias.

V. SUMMARY AND DISCUSSION

In the paper, we first updated the forecast presented in
NS23 by 1) using the noise spectrum from the HILC
component separation and 2) varying the experimental
setup. We found that, combining upcoming experiments
(LiteBIRD, ASO, and CMB-S4), we achieve σr ≃ 0.0035.
We then investigated our method with simulations and
demonstrated that the higher-order biases are smaller than
the signal if r ≳ 0.005 for future CMB experiments; we
conclude that they can be easily modeled and subtracted.
We also showed that the higher-order biases are well
understood, with the dominant term in the higher-order
biases arising from CEE

l A1=2
lensϕ

4, and with non-Gaussianity
in the lensing potential negligible. Overall, our conclusion
based on extensive simulated tests is that the method is
viable.
Although our method yields a constraint on r that is

approximately an order of magnitude weaker than that
obtained from the standard B-mode power spectrum
approach, it remains valuable for several reasons. If a
nonzero r is detected by SO in the near future, our method
is also expected to detect it in forthcoming CMB experi-
ments such as LiteBIRD and CMB-S4, thereby providing an
independent confirmation of the detection of IGWs. But
even in the absence of a detection by SO, our approach will
be useful in future experiments to assess whether a potential
nonzero r originates from IGWs or from residual fore-
ground contamination. The complexity of foregrounds and
the efficacy of current cleaning techniques remain uncertain.
Given that our method responds differently to foregrounds,

FIG. 7. Same as Fig. 6, but with the C−1 filtering including the
contributions from the primordial B-mode power spectrum
with r ¼ 0.01. The error bars of the blue and orange data points
are estimated from simulations with r ¼ 0 and r ¼ 0.01,
respectively.

FIG. 8. Left: residual bias terms divided by ðAϕϕÞ2 where Aϕϕ is the overall amplitude of the lensing potential power spectrum
compared to the baseline power spectrum. We assume the same experimental configuration as in Fig. 5. We compare the bias terms for
simulations with different amplitudes of the input lensing potential, Aϕϕ ¼ 1 and 2. The black dashed line is the theory signal spectrum
with r ¼ 0.005. The orange dashed line is the same as the orange solid line but without the division by ðAϕϕÞ2. The points are plotted
with the simulation error bars of 400 realizations. Right: residual bias terms obtained from 100 realizations of the full-sky non-Gaussian
simulation of Ref. [59] compared with the Gaussian simulation of ϕ. The error bars denote the 1σ MC simulation error.
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it can serve as a valuable cross-check, particularly if
foreground mitigation proves challenging and significantly
degrades the sensitivity of the standard B-mode power
spectrum analysis.
We have ignored a possible bias from the non-

Gaussianity of the Galactic foregrounds. The cross-power
spectrum, Cψϕ

L , is a four-point correlation function if ϕ is
the reconstructed lensing potential from CMB data. Any
non-Gaussian sources would yield a bias in the measure-
ment. We will present the impact of the non-Gaussian
Galactic foreground in the cross-power spectrum measure-
ment in our future work.
We have assumed a full-sky idealistic experiment for our

simulations. In more realistic data that contain, e.g., a
survey mask, non-Gaussian foregrounds, and inhomo-
geneous noise, the measurement of Cψϕ

L can be biased,
and the statistical errors could be increased. We also ignore
extragalactic foregrounds, which are the possible sources of
biases (e.g., Refs. [60–63]).
While a detailed investigation of the aforementioned

caveats is necessary, we have shown that this observable
has the potential to be a useful probe of IGWs, which, due to
different sensitivity to many potential sources of systematic
errors—in particular foregrounds—can be complementary
to standard methods for constraining r.
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APPENDIX: RELATION TO THE LARGE-SCALE
POLARIZATION RECONSTRUCTION

Here, we show that our method is similar to the large-
scale B-mode reconstruction using small-scale CMB
anisotropies and a lensing mass tracer. The large-scale
E-mode reconstruction was proposed by Ref. [64]; in this
method, one uses the reconstructed primary E-modes to
constrain the optical depth. We can also construct the
estimator of the primary B-modes as follows:

B̂rec
lm¼NBB

l

X
l0m0LM

�
l0 L l

m0 M m

�
Wþ

l0Ll
B̂�
l0m0

ĈBB
l0

Cϕx
L x̂�LM
Ĉxx
L

; ðA1Þ

where the normalization is defined as

½NBB
l �−1 ¼ 1

2lþ 1

X
l0L

ðWþ
l0LlÞ2

1

ĈBB
l0

ρ2LC
ϕϕ
L : ðA2Þ

We can then compute the cross-correlation between the
observed B modes and reconstructed B-modes on large
angular scales to constrain r. This method is, however, not
optimal for constraining r because the cross-correlation does
not optimally extract the following term: B̂B̂rec ∼ ðBϕÞB̂rec.
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