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The Standard Model prediction for the rare KL → μþμ− decay depends critically on the long-distance
contribution coming from the exchange of two photons. Such a contribution can be computed using lattice
QCD and an effective three-flavor theory including only the u, d and s quarks, provided terms falling as the
inverse square of the omitted charm quark mass, 1=m2

c, are neglected. Because of the missing Glashow-
Iliopoulos-Maiani cancellation, this three-flavor theory contains additional low-energy constants that
depend on mc. Here we show how these constants can be determined from a practical four-flavor lattice
QCD calculation performed on a small volume with u and d quark masses that are heavier than physical.
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I. INTRODUCTION

The rare KL → μþμ− decay is a strangeness-changing
neutral-current process which cannot occur at tree level in
Standard Model. This process depends on short-distance-
dominated, one-loop effects involving multipleW and/or Z
exchanges and is therefore expected to show increased
sensitively to new phenomena that are not described by the
Standard Model. It is of special interest because the decay
rate has been measured to 1.6% accuracy [1] in the E871
Brookhaven experiment and the short-distance, one-loop
Standard Model prediction has also been computed to next-
to-leading order in QCD perturbation theory [2,3].
A direct comparison between these two results is not yet

possible because of a two-loop electroweak process in
which a two-photon intermediate state joins the weakly
decaying kaon and the two-muon final state. The imaginary
part of this two-loop amplitude is known from the KL → γγ
decay rate and the optical theorem. However, the real part of
this amplitude is expected to be of the same size as the one-
loop Standard Model prediction and must be determined
before this decay can be used for an important test of the
short-distance, one-loop predictions of the Standard Model.
This two-photon exchange process involves long-dis-

tance contributions at the scale of low-energy QCD. It is

inherently nonperturbative but is accessible to a lattice
QCD calculation [4–6] and it is such a calculation that is the
topic of the present paper. This calculation can be per-
formed using a four-Fermi effective weak Hamiltonian [2]
combined with insertion of the four electromagnetic cur-
rents, needed for the emission and absorption of the two
exchanged photons.
A theoretically appealing effective theory to use in this

calculation would be the four-flavor theory which describes
the weak interactions at an energy scale below the bottom
quark mass. When combined with the electromagnetic
interactions, this theory is renormalizable to first order in
four-flavor ΔS ¼ 1 weak interactions and to all orders in
electromagnetism (EM) because of the Glashow-Iliopoulos-
Maiani (GIM) cancellation. This cancellation requires that
we neglect the ratio of Cabibbo-Kobayashi-Maskawa
matrix elements jτj ¼ jV�

tsVtd=ðV�
usVudÞj ¼ 0.00163ð5Þ,

which measures the failure of first- and second-column
orthogonality of the Cabibbo-Kobayashi-Maskawa matrix if
the top quark contribution is neglected [7].
Unfortunately, a four-flavor lattice calculation of a

complicated quantity such as the long-distance, two-photon
KL → μþμ− (LD2γ) decay amplitude is impractical at
present because of the large range of scales between the
charm quark and pion masses. Thus, practical consider-
ations require that we use instead the three-flavor effective
theory of the weak interactions, valid at energies below mc.
When the electromagnetic interactions are combined with
the three-flavor theory the result is not renormalizable and,
for the case of KL → μþμ− decay, additional low-energy
constants, whose number depends on the three-flavor
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regularization scheme, must be added to obtain a physical
result. These constants introduce the charm quark mass
dependence which must be present in the physical result.
As we show below, this strategy solves the problem of the

large range of energy scales present in the four-flavor theory.
Working on a small volume with heavier-than-physical u
and d quark masses we can equate quantities computed
using the three- and four-flavor theories to determine the
needed low-energy constants. The small volume and
unphysical quark masses make the four-flavor theory
calculation practical since the range of scales is reduced.
The low-energy constants appear in the three-flavor theory
multiplied by local operators and their effect is to make the
three- and four-flavor theory agree over the full range of
quark masses and lattice volumes for which the three- and
four-flavor theories should describe the same physics.
In Ref. [6] we presented the first portion of this two-part

calculation. Using a lattice ensemble with a relatively
coarse lattice spacing, the “24ID” RBC/UKQCD physical
quark mass ensemble with 1=a ¼ 1.023 GeV, we did an
essentially complete calculation of the LD2γ decay ampli-
tude. However, no renormalization was performed so that
instead of the necessary low-energy constants, this calcu-
lation had finite but unphysical constants which depended
on the lattice spacing. In the current paper we identify these
constants and describe renormalization conditions that can
be imposed using both the 24ID ensemble and a second
lattice ensemble with a sufficiently small lattice spacing
that a charm quark can be consistently included. These
normalization conditions can be determined in less expen-
sive calculations than those performed in Ref. [6] and will
determine the terms that must be added to the results of that
paper to complete the KL → μþμ− decay calculation.
This paper is organized as follows. In Sec. II, we describe

the counterterms that are required for a consistent three-
flavor theory and the expansion in powers of the strong
coupling constant αs evaluated at the energy scale of the
charm quark mass, identified as αsðmcÞ below, that can be
used to simplify their calculation. In Sec. III, we address the
renormalization of the ΔS ¼ 1 two-quark and one-photon
vertex, subdiagrams which we refer to as class A, and
consider two possible regularization schemes. Here the
dominant subdiagram is referred to as having a type-1
quark contraction topology and the structure of vacuum
polarization graph. In Sec. IV, we discuss class-B, ΔS ¼ 1
subdiagrams which have two quark and two photon external
lines. These appear first in our type-3 quark contraction
topology which contains a triangle graph. This is closely
related to the historical perturbative calculation of the
anomalous axial Ward identity. Section V discusses class-
C subdiagrams which is the case where the entire diagram is
divergent and a ΔS ¼ 1, two-quark–two-muon counterterm
is needed. Concluding remarks are made in Sec. VI.
Further technical details which are useful for the lattice

calculation of these low-energy constants are given in the

Appendixes. In Appendix A we derive a more convenient
analytic expression for the dispersive leptonic kernel. In
Appendix B we provide the necessary formulae to recon-
struct a 5D propagator from a 4D, physically projected
point-source (Möbius) domain-wall fermion [(M)DWF]
propagator.

II. NEW DIVERGENT SUBDIAGRAMS
APPEARING IN THE THREE-FLAVOR THEORY

In this section we briefly review the relation between the
four- and three-flavor effective theories of the weak
interaction including the addition of EM. We then discuss
the individual divergent subdiagrams that require renorm-
alization in the three-flavor theory when EM is added and
their relation to the usual classification of diagrams by the
topology of the quark operator contractions that is standard
when describing a lattice QCD calculation.

A. Three- and four-flavor weak interactions

As explained in detail in Sec. VI of the review of
Buchalla et al. [2], the structure of the low-energy effective
theory of the nonleptonic weak interactions is determined
by the small size of the t and b quark couplings to the u, d,
c and s quarks, parametrized by τ. We will call the neglect
of τ the approximation of Cabibbo unitarity. In this
approximation the effective ΔS ¼ 1 weak interactions
which arise from W� exchange are described by the four
current-current operators:

Qq
1 ¼ s̄iγμð1 − γ5Þqjq̄jγμð1 − γ5Þdi; ð1Þ

Qq
2 ¼ s̄iγμð1 − γ5Þqiq̄jγμð1 − γ5Þdj; ð2Þ

where q equals u or c while i and j are color indices. These
four operators then appear in the ΔS ¼ 1 weak effective
Hamiltonian in the combination

HΔS¼1ðμÞ¼GFffiffiffi
2

p cos θc sin θc½z1ðQu
1 −Qc

1Þþ z2ðQu
2 −Qc

2Þ�;

mc < μ≪MW: ð3Þ
Here z1 and z2 depend on the renormalization scale μ used
to define the four operatorsQq

i and θc is the Cabibbo angle.
Equation (3) is valid for mc < μ < MW. Because of their
u − c structure these operators do not mix with the four
gluonic penguin operators whose contribution is sup-
pressed by a factor of τ.
For μ < mc the GIM cancellation no longer applies and

the four gluonic penguin operators

Q3 ¼ s̄iγμð1 − γ5Þdi
X

q¼u;d;s

q̄jγμð1 − γ5Þqj; ð4Þ

Q4 ¼ s̄iγμð1 − γ5Þdj
X

q¼u;d;s

q̄jγμð1 − γ5Þqi; ð5Þ
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Q5 ¼ s̄iγμð1 − γ5Þdi
X

q¼u;d;s

q̄jγμð1þ γ5Þqj; ð6Þ

Q6 ¼ s̄iγμð1 − γ5Þdj
X

q¼u;d;s

q̄jγμð1þ γ5Þqi ð7Þ

will appear in HΔS¼1ðμÞ at order αsðmcÞ. The largest
Wilson coefficient is that of Q4 which in Ref. [8] is found
to be 2.3% of the coefficient of Q2. Therefore, in this
calculation we consider only the matrix elements of the two
operators Q1 and Q2 and use the three-flavor effective
Hamiltonian

HΔS¼1
Nf¼3 ¼

GFffiffiffi
2

p cos θc sin θc½z1Q1 þ z2Q2�: ð8Þ

Without GIM cancellation the effective theory defined
by adding HΔS¼1

Nf¼3 to QCDþ QED is not renormalizable

and counterterms must be included in HΔS¼1
Nf¼3 if it is to

correctly describe the weak interactions to first order in the
Fermi constant GF. Specifically, there must be a separate
counterterm for each subdiagram appearing in the KL →
μþμ− calculation with a non-negative degree of divergence,
including as necessary the entire diagram.

B. Divergent subdiagrams in the three-flavor theory

As shown in Fig. 1, there are three types of subdiagrams
that require new counterterms to be included in HΔS¼1

Nf¼3.

They are determined by the following requirements. First,
any subdiagram that requires counterterms must contain the
weak vertex corresponding toHΔS¼1

Nf¼3. Second, sinceH
ΔS¼1
Nf¼3

changes strangeness, such a subdiagram must have at least
two external quark lines. Third, the usual renormalization of
the three-flavor Q1 and Q2 operators is already a standard
part of the KL → μþμ− calculation. Therefore, the only
subdiagrams requiring new counterterms will be those with
one or two additional insertions of the electromagnetic
current.

Subdiagrams with two external quark lines, one internal
HΔS¼1

Nf¼3 vertex and only one external current vertex will have

a degree of divergence þ2 and will be labeled class-A
subdiagrams. For such subdiagrams, there are many ways
to add external lines or factors of external momenta or
masses which will leave the resulting subdiagram with a
non-negative degree of divergence which implies that
without some simplifying step many counterterms may
be required. To reduce this complexity, we will consider
two regularization schemes. In the first scheme we will
couple the external photon line to a conserved EM current
so that an explicit factor of the external photon momentum
must be extracted, reducing the degree of divergence toþ1:
As worked out below, in that case three distinct counter-
terms may be required.
The second scheme uses the simpler, local EM current—

often considered in lattice QCD—which is not conserved.
In this scheme the degree of divergence of a class-A
subdiagram is reduced by introducing an unphysical charm
quark c̃ as a Pauli-Villars-type regulator in the three-flavor
theory. The weak interactions of c̃ are identical to those of a
physical charm quark to precisely enable a GIM-like (gGIM)
mechanism. The restrictions on its mass mc̃ that must be
obeyed if a simple counterterm can be used to correct for
the difference between mc̃ and mc is discussed in Sec. III B
below. For a theory with chiral quarks, this gGIM subtraction
will reduce the degree of divergence by two units so only a
single counterterm is needed to make the calculation finite.
A subdiagram with two external quark lines, two

external EM current vertices and an internal HΔS¼1
Nf¼3 vertex

will have a degree of divergence þ1 and is identified as
class B. Adding a further external gluon line will reduce the
degree of divergence to −1 because of QCD gauge
invariance, so that no counterterm will be needed for a
new class of subdiagram with an extra gluon line. For a
chiral theory, the apparent divergence for large momentum
will cancel between positive and negative values of an
integrand that is necessarily odd in the integration

FIG. 1. The three classes of subdiagram with non-negative degree of divergence which will appear in a three-flavor calculation of
KL → μþμ− decay. The doubled cross indicates that a weak-interaction vertex is included in the subdiagram.
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momentum. There is an ambiguity associated with the
choice of integration origin needed to calculate such a
linearly divergent integral [9]. As will be discussed at
length in Sec. IV, such class-B subdiagrams will require a
single correction term. Note that, in contrast to the case of
the class-A diagrams where we have recognized scheme
with different regularization for the EM currents, in this
discussion we assume that in the lattice formulation of the
calculation, a local, nonconserved electromagnetic current
will be used so that adding an external photon line will
reduce the degree of divergence by only one unit.
The third subgraph topology, referred to as class C, that

will require a new counterterm is that involving the entire
KL → μþμ− decay amplitude. In this case of an improper
subdiagram corresponding to the entire graph, there are
four external fermion lines, two quarks and two muons, and
a degree of divergence zero. Here a single counterterm of
the form ðs̄γμγ5dÞðμ̄γμγ5μÞ is needed to make these subdia-
grams physical.

C. Quark contraction topologies
and divergent subdiagrams

In a lattice QCD calculation, the quark propagators are
introduced and combined according to the usual Feynman
rules while the gluon degrees of freedom, on which the
quark propagators depend, are stochastically sampled using
Markov chain Monte Carlo integration. Consequently a
lattice calculation of KL → μþμ− decay is typically
described by enumerating the different topologies of quark
contractions needed to construct the decay amplitude.
Figure 2 shows the five different quark-line topologies

that appear in the lattice calculation of KL → μþμ− decay
undertaken in Ref. [6].
The relation between the three subdiagrams shown in

Fig. 1 and the five quark-line topologies shown in Fig. 2 is
somewhat subtle since the perturbative identification of the
subdiagrams shown in Fig. 1 is highly dependent on the
arrangement of gluon lines which does not appear in the
nonperturbative diagrams shown in Fig. 2. The relation
between these two descriptions of the KL → μþμ− decay is
summarized in Table I. In that table we show the number of
gluon lines which must be added to the quark propagators
shown for each type of quark-line contraction appearing in
Fig. 2 to create a perturbative QCD graph which includes
the subdiagram corresponding to that column. Since the
counterterms corresponding to a particular subdiagram are
introduced to remove the unphysical, large-momentum
contribution coming from that subdiagram, each of these

FIG. 2. The five types of Wick-contraction topology analyzed in this paper. From left to right, top to bottom: type 1, type 2, type 3,
type 4 and type 5. The vertical dashed line represents the Coulomb-gauge-fixed kaon interpolating operator, the pair of circled crosses
the four-quark weak operator and the vertices labeled u and v the two EM currents.

TABLE I. For each of type of quark-line topology we identify
which of the possible subdiagram classes with non-negative
degree of divergence can appear. The integer shows the lowest
order in αsðmcÞ at which that subdiagram will appear. An “X”
indicates a subdiagram class which does not appear for that
particular quark-line topology at any order in αsðmcÞ.
Contraction Subdiag A Subdiag B Subdiag C

Type 1 0 1 0
Type 2 1 2 1
Type 3 X 0 0
Type 4 1 1 1
Type 5 X 2 2
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added gluon lines will introduce a factor of αsðmcÞ
evaluated at the energy scale of the lattice cutoff which
will typically be on the order of the charm quark mass.
We now explain the contents of Table I by briefly

considering each type of quark-line topology shown in
Fig. 2 in turn.

1. Type 1

In Fig. 3 we identify the two classes of subdiagram which
can be found in diagramswith the type-1 quark-line topology.
The rectangle in diagram on the left contains a subdiagram of
class Awith degree of divergenceþ2. No gluon lines need to
be added to this diagram to allow this interpretation so Table I
shows that a subdiagram of class A appears at zeroth order of
αsðmcÞ. As shown in the diagram on the right side of that
figure, a subdiagram of class B can also appear in a type-1
diagram if a singlegluon line is introduced.This implies that if
wework to first order in αsðmcÞ, then diagrams of type 1 will
also require counterterms of class B. Since the entire type-1
diagramhas degree of divergence 0 and contributes directly to

the KL → μþμ− decay without additional gluon lines, this
quark-line topology includes a subdiagram of class C at
zeroth order in αsðmcÞ.

2. Type 2

In contrast with those of type 1, diagrams with the quark-
line topology of type 2 contain no subdiagram with non-
negative degree of divergence if no gluon lines are added. If
a gluon line is added as in the left-hand diagram in Fig. 4,
then the resulting subdiagram contained in the dashed
rectangle is class A with degree of divergence þ2. If a
second gluon line is added as in the right portion of that
figure, then a subdiagram of class B, enclosed in the dashed
rectangle in that diagram, is created with a þ1 degree of
divergence. If no gluon line is added, then the entire graph
does not contribute because the weak operator reduces to a
total divergence which has no effect on the KL → μþμ−
decay amplitude (cf. Sec. III B 2 of Ref. [6]). This implies
that the entire graph will have degree of divergence 0 only
at order αsðmcÞ.

FIG. 3. The dashed rectangles contain subdiagrams with a non-negative degree of divergence. The left topology has degree of
divergence þ2while the right has þ1. The subdiagram of class A identified on the left requires no added gluon lines and enters at order
αsðmcÞ0. The subdiagram on the right is of class B but only after an order αsðmcÞ gluon line has been added.

FIG. 4. The two classes of subdiagram with non-negative degree of divergence which can appear in graphs of the type-2 quark-line
topology to lowest order in αsðmcÞ. The left subdiagram has degree of divergenceþ2 and appears at order αsðmcÞ while that at the right
has degree of divergence þ1 and is of order αsðmcÞ2.
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3. Type 3

As shown in Fig. 5 the type-3 quark-line topology
contains a class-B subgraph with a degree of divergence
þ1 without the addition of any gluon lines. Thus, type-3
diagrams will require a counterterm at zeroth order in
αsðmcÞ. When the two photon and one muon internal lines
are added and we consider the entire graph, this diagram
will have degree of divergence zero and require a class-C
counterterm, also at zeroth order in αsðmcÞ.

4. Type 4

In Fig. 6 we enclose in dashed rectangles two subdia-
grams with a non-negative degree of divergence for the
quark-line topology of type 4. The subdiagram identified
on the left is of class Awith degree of divergence þ2 while
a class-B subdiagram with degree of divergence þ1 is
identified on the right. Since each requires the addition of a
single gluon line, each is of order αsðmcÞ. Without a gluon
line the entire graph does not contribute so the required
entire-graph counterterm will also enter at order αsðmcÞ.

5. Type 5

Diagrams with type-5 topology require no additional
counterterms even at order αsðmcÞ. Subdiagrams which do
not include the quark loop joining the two EM currents are
those of QCD + HΔS¼1

Nf¼3 which have already been properly

renormalized by the standard treatment of the operators Q1

and Q2. If a high-energy subgraph includes the quark loop
with the two EM currents, then a minimum of two gluons
must join the two parts of the graph and introduce a factor
of αsðmcÞ2. Figure 7 shows the class-B subdiagram in this
case of two-gluon exchange with its þ1 degree of diver-
gence. Likewise, the entire graph will also have a degree of
divergence of 0 beginning at order αsðmcÞ2.
We conclude that this three-flavor calculation of KK →

μþμ− decay requires the introduction of counterterms to
compensate for three classes of subdiagram with degrees of
divergence of þ2, þ1 and 0. In the next three sections we
will discuss each of these three classes of subdiagram in
turn and the methods that can be used to renormalize them.

III. CLASS-A SUBDIAGRAMS

In this section we discuss the counterterms that need to
be added to renormalize the class-A subdiagrams and how
the low-energy constants corresponding to each can be
determined. This section is divided into two main parts. In
the first we discuss a calculation that introduces a con-
served EM current which reduces the degree of divergence
of the class-A subdiagrams to þ1. In the second part we
discuss an alternative strategy in which a local, non-
conserved EM current is used and an unphysical light
charmlike quark is introduced.

A. Conserved EM current

1. Class-A counterterms (conserved EM current)

Figure 8 shows three examples of class-A subgraphs that
appear at zeroth and first order in αsðmcÞ. The leftmost two

FIG. 5. The large dashed rectangle encloses a subdiagram of
class B contained in diagrams of type 3. No additional gluon lines
are required. Likewise the entire graph, without additional gluon
lines, has degree of divergence 0.

FIG. 6. The two types of subdiagram enclosed by dashed rectangles have non-negative degree of divergence and appear in type-4
quark-line topologies. The subdiagram on the left is of class A and has degree of divergence þ2 while the subdiagram on the right is
class B and has degree of divergence þ1.
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diagrams appear in type-1 quark contractions and the
rightmost in type-2. Because HΔS¼1

Nf¼3 has dimension six,

these three diagrams have a naive degree of divergenceþ2.
If the regulator used to make these diagrams well defined is
consistent with the conservation of the EM current, then an
additional external photon momentum must be extracted
from each amplitude reducing their degree of divergence
to þ1.
Since the implementation of the conserved current in a

lattice theory of chiral fermions is significantly nonlocal
and requires additional contact terms, one might be con-
cerned because the term in left-hand diagram of type 2
shown in Fig. 4 shows one of two distinct subdiagrams of
class A whose presence requires both currents to be
conserved. However, we can argue that the potentially
troublesome contact terms that are needed to maintain
current conservation when the two EM currents overlap
will result in a divergence only of class B, a divergent
subdiagram whose renormalization does not require the
currents to be conserved (see Sec. IV), so that these added
contact terms can be safely omitted.
The counterterms needed to renormalize the class-A

subdiagrams must be Hermitian, conserve parity and
charge conjugation, respect chiral symmetry and be sym-
metrical under the exchange of d and s quarks. These

requirements imply that only three counterterms are pos-
sible:

QA
1 ¼ ðs̄γνdþ d̄γνsÞ∂μFμν; ð9Þ

QA
2 ¼

1

2
fs̄γνγ5ðD⃖μ− D⃗μÞdþ d̄γνγ5ðD⃖μ− D⃗μÞsgF̃μν; ð10Þ

QA
3 ¼ ðmd þmsÞðs̄σμνdþ d̄σμνsÞFμν; ð11Þ

where F̃μν is the dual of Fμν. The operator QA
1 will take the

form of an electroweak penguin operator if the equations of
motion are used to replace the rightmost factor, ∂μFμν, in
Eq. (9) by the electromagnetic current resulting from the
quark degrees of freedom [10]. In the present context, we
keep only the electromagnetic current of the muon that also
appears when ∂

μFμν is evaluated.
The subdiagrams of class A can then be made consistent

with a physical four-flavor theory by including the combi-
nation

X3
i¼1

CA
i O

A
i ð12Þ

to the unrenormalized operator HΔS¼1
Nf¼3;lat with an appro-

priate choice of the three coefficients CA
i . Here we have

added the label “lat” to HΔS¼1
Nf¼3;lat to emphasize that without

these three counterterms, HΔS¼1
Nf¼3;lat is a partially unrenor-

malized quantity whose matrix elements will depend
logarithmically on the lattice spacing a.

2. Class-A renormalization coefficients
(conserved EM current)

Since to a good approximation the four-flavor theory of
KL → μþμ− is well defined without additional renormal-
ization constants (beyond those needed to renormalize the
four-quark operators which appear in HΔS¼1

Nf¼4), we can

determine the coefficients CA
i by comparison with these

well-defined, four-flavor predictions. As discussed above,
we can determine the three coefficients CA

i from a four-
flavor calculation performed under unphysical conditions
on a comparison lattice ensemble, ENf¼4. This ensemble
must have a sufficiently small lattice spacing to allow the
accurate treatment of a charm quark with physical mass.

FIG. 7. The dashed rectangle encloses the class-B subdiagram
with degree of divergence þ1 that appears in the type-5 quark-
line topology when two gluon lines are added to the diagram.
These are also required if the entire graph is to have non-negative
degree of divergence so the counterterms needed for the type-5
topology will all be of order αsðmcÞ2.

FIG. 8. Three examples of class-A subgraphs with degree of divergenceþ2 that must be renormalized by adding counterterms whose
coefficients are chosen so that the renormalized operator HΔS¼1

Nf¼3 will describe the physical three-flavor theory.
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However, the ensemble ENf¼4 can involve heavier-than-
physical light quarks and a correspondingly smaller physi-
cal volume.
We therefore should work with two ensembles, one with

three flavors, ENf¼3, and one with four ENf¼4. These need
not have identical lattice spacings but both lattice spacings
should be sufficiently small that the effects of nonzero
lattice spacing can be ignored. Since the three- and four-
flavor discretization errors will be different, if these errors
are important, then two sequences of ensembles will be
required and the three- to four-flavor matching done by
comparing the three- and four-flavor continuum limits.
Since the three-flavor counterterms Clat

i Q
A;lat
i define an

effective three-flavor theory which agrees with the four-flavor
theory at low energy, this agreement will hold for all variants
of the three- and four-flavor theories with matching low-
energy properties. Thus, a comparison between identical
three- and four-flavor low-energy theories with unphysical
light quark masses (but masses which agree between the two
theories when expressed in physical units) can be used to
determine the Clat

i . Since these three counterterms are
introduced to renormalize the two-quark and one EM current,
class-A subdiagrams such as those shown in Fig. 8, their
coefficients can be determined by matching general ampli-
tudes with these three external lines. In the following we will
drop the label “lat” for notational simplicity.
Given the presence of external quark lines, this com-

parison can be done by working with Green’s functions
constructed using regularization-independent momentum
subtraction (RI/MOM) [11] renormalized quark operators

and the conserved EM current and evaluating three- and
four-flavor Landau-gauge-fixed Green’s functions of the
form

Λ̄Nf

βα;μðp1; p2Þ ¼
Z Z Z

d4xd4yd4ze−ip1yeip2z

×
D
sαðyÞHΔS¼1

Nf
ðxÞJμð0Þd̄βðzÞ

E
amp

; ð13Þ

where the RI/MOM quark operators d̄ and s have been
multiplicatively renormalized so that the corresponding off-
shell s and d quark propagators take a specified value at the
renormalization scale. The current Jμ must be the nonlocal,
conserved EM current as required by our renormalization
strategy. The superscript “amp” indicates that the usual
amputation of the two external quark propagators has been
performed. The angle brackets in Eq. (13) indicate an
amplitude evaluated to all orders in QCD.
In four flavors, Eq. (13) is a finite quantity thanks to the

GIM mechanism, which allows us to define the physical
target Green’s function

ΛNf¼4
βα;μ ðp1; p2Þ≡ Λ̄Nf¼4

βα;μ ðp1; p2Þ: ð14Þ

On the contrary, additional counterterms Eqs. (9)–(11) are
needed to eliminate the short-distance divergence and
restore the correct physical contribution in the three-flavor
case, with the renormalized Green’s function being
defined as

ΛNf¼3

βα;μ ðp1; p2Þ≡ Λ̄Nf¼3

βα;μ ðp1; p2Þ þ
X3
i¼1

CA
i

Z Z Z
d4xd4yd4ze−ip1yeip2zeixðp1−p2ÞhsαðyÞQA

i ð0Þd̄βðzÞAμðxÞiamp; ð15Þ

where the Green’s function in the last line has the two
external quark and photon legs amputated.
In a three-flavor calculation accurate to arbitrary order in

αðmcÞ we must evaluate the Green’s function given in
Eq. (13) using all quark-line topologies which include a
class-A subdiagram. We would evaluate this Green’s
function with unphysically large light quark masses on
the three- and four-flavor ensembles ENf¼3 and ENf¼4 and
require equality for three independent spin and momentum
combinations to determine the three Clat

i coefficients.
If we intend to work only to zeroth order in αsðmcÞ, our

task is less complicated. First, since only the type-1 quark-
line topology contains subdiagrams with a non-negative
degree of divergence at order αsðmcÞ0, only that topology
needs to be evaluated as shown, for example, on the left-
hand side of Fig. 3. Second, of the three counterterms
shown in Eqs. (9)–(11), those in Eqs. (10) and (11) contain
external momenta or masses that can appear in a divergent
loop only if a high-momentum gluon line attaches to an

external quark propagator which introduces at least one
power of αsðmcÞ. We can then determine the only relevant
coefficient Clat

1 by imposing a single condition connecting
the three- and four-flavor theories such as

ðγμÞαβΛNf¼3
αβμ ðp2; p1Þ ¼ ðγμÞαβΛNf¼4

αβμ ðp2; p1Þ: ð16Þ

The left-hand, three-flavor side of Eq. (16) contains the sum
of HΔS¼1

Nf¼3;lat and the single counterterm with the coefficient

C1. This constant is then determined by the four-flavor,
right-hand side which contains no unknowns. Both sides of
Eq. (16) must be evaluated at the same, well-defined low-
energy point. The momenta pi on the right and left must be
the same in physical units. The space-time volumes must be
the same or sufficiently large that finite volume effects can
be neglected. The heavier-than-physical light quark masses
must be the same in physical units, etc. Of course, the
lattice spacing used on the left and right need not be the
same if discretization errors can be ignored.
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In practice, some of these requirements will be ignored,
introducing systematic errors that must be estimated. When
completing the calculation of Ref. [6] the left-hand side of
Eq. (16) would naturally be evaluated using the same 24ID
domain-wall fermion ensemble as used in that paper. We
plan to evaluate the right-hand side using the RBC/
UKQCD 32IF ensemble [12] which has an inverse lattice
spacing of 1=a ¼ 3.148 GeV and a light quark mass that
results in a pion mass of 371 MeV. This lattice spacing is
sufficiently small to support a physical domain-wall quark
with the charm quark mass. While we will use a light quark
mass when computing the left-hand side of Eq. (16) that
also results in a 371 MeV pion, there will be errors in our
application of that equation. The sea light quark mass for
the 24ID ensemble corresponds to a physical mass pion so
our calculation of the left-hand side will be partially
quenched with the wrong light sea quark mass. For the
right-hand side the calculation will be unitary in the sense
that the sea and valence light quark masses will be the
same. However, the effects of the charm quark determinant
will be absent since this too is a three-flavor ensemble.
Since the possibility of working to a fixed order in

αsðmcÞ is being explored, we should also consider using
QCD perturbation theory to evaluate the renormalization
constants CA

i . This is particularly accessible for the case of
an OðαsðmcÞ0Þ calculation. Without additional gluon lines,
the type-1 counterterm could be computed from the one-
loop diagram shown on the left-hand side of Fig. 8: a
simple vacuum polarization diagram.
Of course, this should be done using regularization-

independent (RI) methods to avoid the poor convergence
[13] of lattice perturbation theory. Employing an RI scheme
to determine the coefficient CA

1 requires that CA
1 be

computed as two separate terms:

CA
1 ¼ CA;NP

1 þ CA;P
1 : ð17Þ

The first, nonperturbative coefficient is determined by
requiring that when the counterterm CA;NP

1 QA
1 is added to

the three-flavor weak Hamiltonian in Eq. (16), the resulting

amplitude ΛNf¼3

αβ;μ ðp1; p2Þ defined in Eq. (13) obeys the
condition

ðγμÞαβΛNf¼3
αβμ ðp2; p1Þ ¼ 0 ð18Þ

for specific values of the four-momenta p1 and p2. (Here
the choice that this renormalized amplitude vanish is
arbitrary but convenient.) With this counterterm, we now
have a three-flavor theory which obeys the RI renormal-
ization condition given in Eq. (18). This is a well-defined
theory for which one could evaluate a continuum limit but
one with an incorrect value of the CA

1 low-energy constant.
We can then carry out a continuum, one-loop, four-flavor

perturbation theory calculation of the well-defined

four-flavor quantity ðγμÞαβΛNf¼4
αβμ ðp2; p1Þ to determine what

value the correct three-flavor theory should give for this
quantity. The second, perturbative coefficient CA;P

1 would
then be chosen so that when HΔS¼1

Nf¼3 is replaced by the

counterterm CA;P
1 QA

1 in Eq. (16), one obtains the correct,
perturbative four-flavor value, thus determining the value
that should be used for CA;P

1 in the three-flavor theory. Of
course, for this perturbative QCD calculation of CA;P

1 the
four-momenta p1 and p2 must sufficiently large that a
perturbative calculation of the QCD amplitude
Λðp1; p2ÞNf¼4 is accurate. However, they must also lie
sufficiently far below the charm quark mass that the
effective three-flavor calculation is consistent and suffi-
ciently far below the Nf ¼ 3 inverse lattice spacing that
large discretization errors are avoided.
A similar perturbative determination of the needed

counterterms is possible for all of the cases considered
below except those associated with class-B diagrams. We
view the case just discussed as a sufficiently complete
example that this discussion need not be repeated for these
other situations for which a perturbation theory calculation
is possible.

B. Local EM current with unphysical light
charm quark c̃

We now discuss the second strategy to reduce the degree
of divergence of class-A subdiagrams: using a lighter-than-
physical charm quark c̃ and the simpler local EM current.

1. Class-A counterterms (unphysical light charm quark)

Here we reduce the computational complexity of class-A
subdiagrams by using the local, nonconserved EM current.
Theþ2 degree of divergence of these diagrams is reduced by
introducing an unphysical light charm quark c̃ with weak
interaction couplings identical to those of the physical charm
quark but whose mass mc̃ is sufficiently small that the c̃
quark can be accurately treated on the three-flavor ENf¼3

ensemble. We must also require thatmc̃ is large compared to
the scale of the KL → μþμ− decay so that, like the charm
quark, its effects can be viewed as short-distance and
represented by local counterterms in the three-flavor theory.
To determine the physical KL → μþμ− amplitude using

this approach we must remove lattice artifacts in the three-
flavor theory introduced by the use of a nonconserved
current and we must determine a correction term to
compensate for our use of a c̃ instead of a c quark. To
do this we will separate a general class-A subdiagram into
two disjoint subdiagrams joined by two c or c̃ propagators.
This division is shown in Fig. 9 for a particular example.
The subdiagram on the left is required to be two-particle
irreducible with respect to the charm quark lines: the left
rectangle is drawn so that the diagram it contains cannot be
divided into two disjoint pieced by cutting two c
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propagators. The rest of the diagram is contained in the
rectangle on the right. The two charm quark lines joining
these two subdiagrams are uniquely determined and the
momentum of the quark moving to the right is labeled k.
The right subdiagram contains all of the graphs making up
the electromagnetic current vertex.
We use the variable k to divide the momentum integration

in the class-A subdiagram into two regions. In region I the
magnitude of k lies in the range 0 ≤ k ≤ κ=a, while in
region II this magnitude obeys κ=a ≤ k ≤ 4=a. Here the
upper bound 4=a is chosen to represent the largest allowed
lattice momentum with components: kμ ¼ 2 sinðπ=2Þ=a.
The variable κ is a small number which bounds the
discretization errors in region I which will be ðkaÞ2 ≤ κ2.
These two momentum integration regions will be repre-
sented by different counterterms.
For region I, the electromagnetic current vertex has

bounded external momenta and will differ from the con-
served current by terms of order ðkaÞ2. We will choose κ
sufficiently small that these can be neglected. Thus, the
contribution of class-A subdiagrams evaluated in region I
will have the same properties as those same diagrams in the
case of a conserved EM current and can be accurately
represented at long distances, up to terms of order κ2 by
sum of the three local operators fOig1≤i≤3 given in
Eqs. (9)–(11).

Region II must be treated differently since at momenta
larger than κ=a, the EM current vertex appearing in the
right rectangle of Fig. 9 will no longer be conserved.
However, we will assume that mc̃ obeys the strong inequal-
ity mc̃ ≪ κ=a, so that in region II we can expand in
ðmu=kÞ2n and ðmc̃=kÞ2n. Because of the gGIM subtraction,
the leading, constant term in this expansion in ðmc̃=kÞ2n
cancels and a factor of m2

u −m2
c̃ remains.

After this factor of m2
u −m2

c̃ is extracted the remaining
amplitude has degree of divergence 0 but need not depend
on the EM field in a gauge-invariant way. These conditions
are fulfilled by the single local operator:

O4 ¼ ðs̄γμdÞAμ: ð19Þ
Note, we can also conclude directly, at least in a chiral
theory, that in the case of a GIM-like subtraction a counter-
term of the form given in Eq. (19) must have a coefficient
that is linear in the squares of the quark masses. Two
derivatives with respect to a squared quark mass would
make the amplitude convergent which would imply that
such a gauge-noninvariant term must have been removed.
This use of the simpler nonconserved current and an

unphysical light charm quark in the three-flavor calculation
of KL → μþμ− decay then requires two corrections. The
first involves the three operators fOig1≤i≤3 which can be
interpreted as describing the long-distance effects of
replacing the unphysical c̃ quark in gGIM subtraction with
the correct, c quark. Second we must correct for the high-
momentum portion of the u − c̃ loop arising from our use
of a nonconserved EM current—an effect which is sup-
pressed by the ðm2

u −m2
c̃Þ difference.

2. Class-A renormalization coefficients (unphysical light
charm quark)

The finite coefficient CA
4 of the counterterm shown in

Eq. (19) which should be added to each class-A subdiagram
which appears in the three-flavor calculation is straightfor-
ward to determine. We need only adjust CA

4 so that after that
counterterm has been added, the EM current is conserved
when the class-A subdiagram being computed is evaluated
at energies well below the lattice scale.

Following Eq. (13) we can define a new Landau gauge-fixed amplitude:

Λq
βα;μðp1; p2Þ ¼

Z Z Z
d4xd4yd4ze−ip1yeip2zhsαðyÞHΔS¼1

q ðxÞJμð0Þd̄βðzÞiamp; ð20Þ

where HΔS¼1
q ðxÞ is the weak Hamiltonian in which the single up-type quark q is included and, in the class-A amplitude

described by the right-hand side of this equation, that quark q is contracted with itself. Thus, this first renormalization of the
class-A amplitude being computed on the three-flavor ensemble ENf¼3 would take the form

Λ̃Nf¼3

βα;μ ðp1; p2Þ ¼ Λu
βα;μðp1; p2Þ − Λc̃

βα;μðp1; p2Þ þ CA
4m

2
c̃

Z Z
d4yd4ze−ip1yeip2zhsαðyÞðs̄γμdÞð0Þd̄βðzÞiamp: ð21Þ

FIG. 9. Identification of the two components of a general class-A
subdiagram. While a particular graph is shown, the two dashed
rectangles identify two parts of a general class-A subdiagram. The
rectangle on the left is required to be two-particle irreducible while
that on the right simply encloses the remainder of the diagram.
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The coefficient CA
4 should be adjusted so that

ðp1 − p2ÞμΛ̃Nf¼3

βα;μ ðp1; p2Þ ¼ 0; ð22Þ

where the index μ is summed. This equation should hold for
all values of the spinor indices α and β if CA

4 is chosen to
make it true for one pair of values, provided p1 and p2 lie
well below 1=a.
Next, we can correct for the use of the unphysical charm

quark mass in the three-flavor calculation by including a set
of three counterterms that can be nonperturbatively deter-
mined on the four-quark ensemble ENf¼4. If we wish to
correct a subset of class-A subdiagrams, we would compute
those subdiagrams on the ensemble ENf¼4 but use a GIM-
subtracted combination of c̃ and the physical charm quark c
in the closed quark loop appearing in those diagrams. Thus,
on ensemble ENf¼4 we would compute

Λ̃Nf¼4

βα;μ ðp1; p2Þ ¼ Λc̃
βα;μðp1; p2Þ − Λc

βα;μðp1; p2Þ:

As discussed in the previous section this GIM-subtracted
combination should be well represented by a local operator
which must have the form

X3
i¼1

CA
4þiQ

A
i : ð23Þ

To determine the values of the three coefficients fCig5≤i≤7
needed to make the counterterm in Eq. (23) reproduce the
effects of the c̃-c subtracted weak Hamiltonian at low
energies (much smaller than mc̃ < mc) we need to equate
the matrix element of the operator given in Eq. (23) with the
difference of class-A subdiagrams which it is supposed to
represent:

Λ̃Nf¼4

βα;μ ðp1; p2Þ ¼
X3
i¼1

CA
4þim

2
c̃

Z Z Z
d4xd4yd4ze−ip1yeip2zeixðp1−p2Þ × hsαðyÞðQiÞð0Þd̄βðzÞAμðxÞiamp; ð24Þ

where here the label “amp” indicates amputating both the
two external quark propagators and the photon propagator.
This equation will determine the three coefficients
fCig5≤i≤7 if its left- and right-hand sides are evaluated
for three independent choices of the spinor indices and
external momenta and then the resulting three equations
solved for the Ci.
As in the previous section the operators fQig1≤i≤3 should

be normalized in an RI/MOM scheme so they have a
physical meaning. When multiplied by the coefficients
fCig5≤i≤7 determined from the above equation these become
well-defined physical operators whose matrix elements
express the difference between performing a GIM subtrac-
tion using the heavy quark c̃ and the heavier physical charm
quark c. These physical operators can then be included as
correction terms in the three-flavor calculation provided the
operators QA

i are normalized in the same way on the three-
flavor ensemble and the same coefficients CA

i are used that
were determined on the four-flavor ensemble.
If we choose to use a conserved EM current in the four-

flavor theory when determining the fCig5≤i≤7, the above
discussion is complete. However, if desired, we can instead
use a nonconserved current and the method just described
will work as well. However, before imposing Eq. (24) it will
be necessary to make the same correction described in
Eq. (21). We must introduce a single counterterm to correct
for the nonconservation of that EM current at the lattice scale.
The use of a nonconserved EM current, that this

unphysical ˜GIM subtraction allows, has important

computational advantages since the RBC/UKQCD
Collaboration now stores precomputed propagators in a
sparsened format in which the propagator values at only a
fraction of the possible sink sites are stored. Such propa-
gators can be readily used to evaluate contractions with a
local current where only propagator values at a single
lattice site are needed. For a nonlocal, conserved current the
propagator values will typically not be stored at the
nonlocal collection of nearby points that are needed.
However, the requirement that an unphysical charm quark
mass mc̃ can be found that is both smaller than the inverse
lattice spacing at which the three-flavor calculation is
performed and yet sufficiently massive that its interactions
appear local on the scale of the KL → μþμ− decay may be
difficult to meet.

IV. CLASS-B SUBDIAGRAMS

This second class of divergent subdiagrams, shown on
the right-hand side of the top line of Fig. 1, has external
strange and down quark lines and two EM currents
coupling to external photons. Such class-B subdiagrams
have degree of divergence þ1. The simplest example of
such a subdiagram is the diagram formed from the type-3
quark-line topology shown in Fig. 5 with no additional
gluon lines. Since the initial KL state and final μþμ− states
are charge conjugation even and parity odd, the term in the
weak interaction vertex that will contribute in this simplest
case of no additional gluon lines is the product of two axial
currents:
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GFffiffiffi
2

p ðs̄γνγ5dÞðūγνγ5uÞ: ð25Þ

In this case, the leftmost vertex in the up quark loop shown
in Fig. 5 is the axial vector current and this simplest, one-
loop class-B subgraph is the anomalous triangle diagram
analyzed by Adler [9] and by Bell and Jackiw [14]
multiplied by an extra s̄γμγ5d vertex. In the four-flavor
theory, the anomalous behavior of this triangle diagram
(and that of other higher-order graphs that appear when
gluons lines are added) is eliminated by the usual GIM
cancellation.
This class of subdiagram would also offer no special

problem were we to use the conserved, nonlocal EM
current in our lattice calculation. In that case two additional
powers of the external photon momenta would need to be
extracted from the integrand to construct two factors of the
EM field strength tensor Fμν. This would reduce the degree
of divergences of class-B subdiagrams to −1 and no further
discussion would be needed. However, the conserved
vector current for domain-wall fermions is nonlocal and
involves additional contact terms [15] that have not been
worked out when the product of two such currents is to be
computed. As a result for all of the quark-line topologies
except type 1, we work with the nonconserved local current
and must deal with a lattice regulator scheme which
violates current conservation. While not actually divergent,
for a three-flavor theory without current conservation, these
class-B subdiagrams will typically require the addition of a
local correction term if a physical result is to be obtained.
We discuss this correction term in Sec. IVA and a method
that can be used to determine it in Sec. IV B.

A. Adler ambiguity

The potential linear divergence in a class-B subdiagram
can be eliminated by adopting a symmetric integration
scheme in which the contributions from integration regions
with large positive and large negative values of the loop
momenta cancel. However, this choice of a symmetric
integration scheme may introduce ambiguity. Thus, the
class-B subdiagrams evaluated in a lattice calculation may
contain an unphysical component that depends upon the
structure of the lattice action at short distances and how the
operators in question are discretized.
Since subdiagrams of class B become well defined when

differentiated twice with respect to the components of the
external momenta or the quark masses, or both, the
unphysical component that will require special treatment
must be a local function of the s and d quark fields and two
EM vector potentials AμðxÞ and AνðxÞ and a first-order
polynomial in the external momenta and quark masses.
There is only one such term which we will refer to as the
“Adler ambiguity”:

ζðs̄γσγ5dÞϵμνσρfð∂ρAμÞAν − Aμð∂ρAνÞg ð26Þ

since this term was explicitly identified in Eq. (A1) of
Adler’s remarkably complete discussion of the properties of
the triangle graph and its axial anomaly [9]. The require-
ment that this ambiguous amplitude must vanish if differ-
entiated twice with respect to the external momenta or
quark masses implies that the coefficient ζ must be a
constant.
The operator shown in Eq. (26) is the unique dimension-

6 operator which has the required Bose symmetry between
the two emitted photons and a nonvanishing matrix element
between a KL state and vacuum. As can be seen from its
structure, this operator would be forbidden in a lattice
formulation with a conserved EM current. However, it will
appear in our KL → μþμ− calculation which uses the local,
nonconserved current and it will generate an unphysical
contribution to the resulting KL → μþμ− amplitude unless
the operator in Eq. (26) with a properly chosen coefficient ζ
is added as a correction term to remove it.
The discussion above has focused on the simplest, one-

loop class-B subdiagram. If wework to order αsðmcÞ0, this is
the only diagram that would require such a correction term.
However, as we add more gluon propagators the linear
divergence and its associated ambiguity remain. Were we
explicitly discussing the axial anomaly, we could invoke a
variety of nonrenormalization theorems to argue that it is
only the simplest, one-loop diagram that actually contrib-
utes, such as for the case of QED [16] or QCD [17].
However, we are not discussing the axial anomaly in the case
of a conserved EM current with Feynman or dimensional
regularization but a potential ambiguity that may appear in a
lattice regularization which violates current conservation.
This failure of conservation is visible only at the cutoff scale,
a scale at which the effects of the regularization are
substantial. We are not discussing the topological charge
which is invariant under the small fluctuations that underlie a
perturbative expansion. Thus, in the absence of a deeper
understanding of the Adler ambiguity, if we choose to work
beyond OðαsðmcÞ0Þ, we will not assume that it is only the
simple triangle graph without gluon corrections that con-
tributes to this ambiguity and instead treat all class-B
subdiagrams as requiring a correction term of the form
given in Eq. (26). Fortunately, this correction term is not
difficult to determine nonperturbatively.

B. Resolving the three-flavor Adler ambiguity

The correction term given in Eq. (26) is present because
at short distances the lattice EM current we are using is not
conserved. The correction term given in that equation also
introduces a contribution to the EM current which is not
conserved. Thus, the natural criterion to apply to determine
the unknown constant ζ is that each of the two EM currents,
after the correction term has been added, is conserved.
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We define the corrected hadronic matrix element as

Rμνðk1; k2; PK; xÞ ¼
Z

d4ud4ve−iðk1uþk2vÞh0jTfJμðuÞJνðvÞHΔS¼1ðxÞgjKLðP⃗KÞi

þ ζe−iðk1þk2Þxϵμνσρðk1 − k2Þρh0jðs̄γσγ5dÞðxÞjKLðP⃗KÞi; ð27Þ

where for clarity we have evaluated both the weak
Hamiltonian and the correction term at the nonzero position
x. The term on the right-hand side of the first line of
Eq. (27) is the usual hadronic matrix element that we must
evaluate when computing KL → μþμ− decay where our
usual nonleptonic kernel Kμνðu; vÞ has been replaced by
two plane waves. The amplitude in the second line is the
hadronic matrix element of the correction term which is
proportional to the axial current matrix element determined
by fK. We can then obtain a value for ζ by solving the linear
equation

ðk1ÞμRμνðk1; k2; PK; xÞ ¼ 0 ð28Þ

for any choice of the open index ν.
Since the difficulty that the correction term is introduced

to resolve is a short-distance ambiguity, a single choice of ζ
will result in Eq. (28) being obeyed for all long-distance
kinematics. Thus, if a choice of ζ implies that Eq. (28) is
true for one value of the free index ν, it must be true for all
values. Similarly with this choice of ζ Eq. (28) should be
true for all choices of the four-momenta k1 and k2 provided
their components are small compared to the inverse lattice
spacing.
As both of the operators appearing in Eq. (27) are

exponentially localized around the position x, in the spirit
of our QED∞ formalism we can treat the components of the
two four-momenta k1 and k2 as continuous variables that
need not obey a finite-volume quantization condition
provided the position x is chosen near the center of the
periodic volume in which the lattice QCD calculation is
performed. All of these statements can be verified numeri-
cally and their lack of accuracy will provide an estimate of
systematic error.
An important kinematic property of the condition given

in Eq. (28) is the requirement that a nonzero momentum
q ¼ k1 þ k2 − PK must flow into the operator densities
HΔS¼1ðxÞ and s̄γσγ5dðxÞ. Since the matrix element of the
axial current between the KL and vacuum states is propor-
tional to the kaon momentumPK, the term proportional to ζ
in Eq. (27) contains the factor

ϵμνρσðk1 − k2ÞρPσ
K: ð29Þ

In the case that PK ¼ k1 þ k2 the quantity in Eq. (29)
becomes

2ϵμνρσkρ1k
σ
2; ð30Þ

which vanishes when contracted with kμ1 or kμ2, implying
that for these kinematics the condition Eq. (28) will be
automatically obeyed and cannot be used to determine ζ.
Injecting nonzero momentum into the four-quark oper-

ators appearing in HΔS¼1 represents a well-defined exten-
sion of the effective three-flavor theory with one exception.
When the u and ū fields appearing in Q1 and Q2 are
contracted a quadratic divergence is introduced whose
renormalization required the introduction of lower-dimen-
sional counterterms of the form s̄d and s̄γ5d. These counter-
terms are conventionally ignored because they are total
divergences of the ΔS ¼ 1 vector or axial vector currents
and in lattice QCD calculations of decay rates the initial and
final four momenta are the same so such total divergences
will vanish. This is no longer the case for the amplitudes we
are introducing to determine ζ. We observe that this is not a
source of difficulty here because, were they introduced in
place of HΔS¼1, such dimension-four counterterms would
not contribute to class-B subdiagrams with degree of
divergence þ1 and would not enter a determination of ζ.
We point out that Eq. (28) can be used consistently in an

expansion in αsðmcÞ. If we are working to order αsðmcÞ0,
then only the lattice QCD amplitude from the quark-line
topology of type 3 needs to be evaluated when calculating
the two-current matrix element appearing in Rμν and ζ will
correctly include the αsðmcÞ0 term required for a physical
result. Since the calculation is nonperturbative, ζ will also
include higher powers in αsðmcÞ which can be neglected at
order αsðmcÞ0. If we wish to work to order αsðmcÞ1, then,
referring to Table I, we recognize that the quark-line
topologies of type 1 and type 4 must also be included
when evaluating Rμν and determining ζ. A calculation
accurate to all orders in αsðmcÞ, which should be possible,
requires including all five quark-line topologies when
evaluating Rμν.
We conclude that the ambiguity introduced by the class-

B subdiagrams can be resolved while working within the
three-flavor theory by simply imposing current conserva-
tion to determine a single correction term, proportional to
fK that must be added to the KL → μþμ− calculation.

V. CLASS-C SUBDIAGRAMS

The third class of subdiagram that requires renormaliza-
tion in our three-flavor calculation is the improper subdia-
gram which corresponds to the entire graph shown in the
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second row of Fig. 1. In a four-flavor theory with the
approximation of Cabibbo unitarity the entire graph would
be convergent and no counterterm would be required.
However, in our three-flavor lattice calculation, the entire
graph is divergent and we need to determine a counterterm
of the form

CC
1 ðs̄γμγ5dÞðμ̄γμγ5μÞ ð31Þ

with the coefficient CC
1 chosen to remove the lattice-

spacing-dependent result from the three-flavor calculation
and to replace it by the physical dependence on the charm
quark mass.
The coefficient CC

1 can be determined nonperturbatively
by comparing the evaluation of the KL → μþμ− decay
amplitude for the quark-line topologies of interest between
three and four flavors, including the counterterm in Eq. (31)
in the three-flavor calculation and adjusting CC

1 to make the
two results agree.
As in the case of the class-A renormalization we can

make the needed three- and four-flavor comparison for the
contribution of specific quark-line topologies to the KL →
μþμ− decay amplitude using unphysical kinematics. By
choosing to use heavier-than-physical masses for the light
quarks, we can suppress finite volume corrections on the
relatively small volume of the 32IF ensemble, ENf¼4, that
would be used for the four-flavor calculation. The diffi-
culties caused by intermediate states that are lighter than the
kaon can also be eliminated if the u or d is given a mass
heavier than the strange quark. (These problems could also
be avoided by working with a fixed maximum separation
between the weak operator and the EM current closest to it.)
Except for these unphysical quark masses and the intro-
duction of a charm quark in the four-flavor calculation,
both the three- and four-flavor calculations can mirror the
original KL → μþμ− calculation with an initial kaon
created by a wall source and our standard nonhadronic
kernel Kμν. However, with heavier-than-physical light
quark masses an accurate result would require substantially
less calculation. The final step would be a comparison of
the unphysical results between the three- and four-flavor
calculations allowing a value of CC

1 to be determined that
makes the two results agree.
As in the case of the class-A and class-B subdiagrams,

we can organize the calculation of the counterterms
required by these class-C diagrams as a power series in
αsðmcÞ. As indicated in Table I, if we choose to work only
to OðαsðmcÞ0Þ, then we would need to follow the steps
above only for diagrams with type-1 and type-3 quark-line
topologies. Working to OðαsðmcÞ1Þ would require that
type-2 and type-4 topologies are included while type-5
topologies would enter at OðαsðmcÞ2Þ.

VI. CONCLUSION

A lattice QCD calculation of the two-photon exchange
contribution to KL → μþμ− decay is most accessible in a
three-flavor theory since the inclusion of a charm quark
requires the use of a small lattice spacing while the need to
accurately treat the pion requires a large physical volume.
In this paper we have shown how to resolve the additional
complications that arise in such a three-flavor theory from
the absence of GIM cancellation. A series of counterterms
depending on low-energy constants is required for the
three-flavor theory to be an effective theory that accurately
represents the better-defined four-flavor theory at low
energies below the charm quark mass.
The three-flavor lattice calculation is conventionally

organized according to the various topologies of quark
contractions that correspond to the products of quark
propagators that must be evaluated by Monte Carlo aver-
ages. In contrast, the identification of the necessary
counterterms is based on the degree of divergence of
subdiagrams with specific numbers of quark and gluon
external lines. Here we have organized the relation between
these two descriptions using a power series expansion in
the strong coupling αs evaluated at the charm quark mass
mc since in the three-flavor calculation undertaken in
Ref. [6] the lattice scale is close to mc.
In contrast with the typical weak interaction effective

theory where the low-energy constants must be determined
from physics at the scale of theW and Z bosons and rely on
QCD perturbation theory, the low-energy constants appear-
ing in the three-flavor theory can be determined non-
perturbatively from the four-flavor effective theory.
Because these three-flavor counterterms correct the
short-distance properties of the three-flavor theory they
are independent of the masses of the u, d and s quarks. This
allows the three- to four-flavor comparisons which deter-
mine those constants to carried out economically, even if
done nonperturbatively, by using larger-than-physical
quark masses and consequently smaller-than-usual physical
volumes. Thus, if desired, one can work to all orders
in αsðmcÞ.
The next step in determining the two-photon exchange

contribution to KL → μþμ− decay is to use the methods
developed in this paper to renormalize the three-flavor
calculation reported in Ref. [6], obtaining a complete result
for a single lattice spacing.
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APPENDIX A: ANALYTIC PROPERTIES OF THE
LEPTONIC KERNEL

In this appendix, we provide an alternative derivation of
the coordinate-space leptonic kernel that enters the

calculation of the dispersive LD2γ amplitude. At the
end, a more compact expression than that obtained in
Ref. [5] is given, which makes it easier to study the analytic
properties of the kernel. Unless otherwise stated, we work
in Minkowski space with mostly negative metric conven-
tion and with spacelike separations. An analytic continu-
ation ðr0; r⃗Þ → ð−ir0; r⃗Þ is eventually needed for lattice
applications.
The central quantity that we need for the dispersive

LD2γ leptonic kernel is the tensor

Kμν;αβðr; kþÞ≡
�
γν

�
1

2
=P − i=∂þmμ

�
γμ

�
αβ

DispLðr; kþ; k−Þ; ðA1Þ

with DispLðr; kþÞ being the dispersive (real) part of

Lðr; kþ; k−Þ ¼ i
Z

d4q
ð2πÞ4

e−iq·r

ðP
2
− kþ − qÞ2 −m2

μ þ iε
1

ðP
2
þ qÞ2 þ iε

1

ðP
2
− qÞ2 þ iε

; ðA2Þ

where α and β are the spinor indices, mμ is the mass of the muon, k� are generic (i.e. not required to be on shell) four-
momenta for μ� and P≡ kþ þ k−.
Denote

R≡ P
2
− kþ; Q≡ P

2
: ðA3Þ

We can rewrite Eq. (A2) as

−iLðr; kþÞ ¼ 2

Z
d4q
ð2πÞ4

Z
D½a; b� e−iðqþμÞr

½q2 − μ2 þ aðR2 −m2
μÞ þ ð1 − aÞQ2 þ iε�3

¼ 2

Z
d4q
ð2πÞ4

Z
D½a; b�e−iμr

�
e−iqr

ðq2 − σ þ iεÞ3
�
; ðA4Þ

where

μ≡ aR − ð1 − a − 2bÞQ;
Z

D½a; b�≡
Z

1

0

da
Z

1

0

dbΘð1 − a − bÞ; ðA5Þ

σ ≡ −að1 − aÞR2 þ ½ð1 − a − 2bÞ2 − ð1 − aÞ�Q2 − 2að1 − a − 2bÞR ·Qþ am2
μ: ðA6Þ

As the dispersive part comes from the contribution of the Hadamard finite part of the quantity in the square bracket, the
quantity is well regulated and we can swap the order between the integrals over a, b and q while computing the dispersive
part kernel. Using the expression for the Feynman propagator with a spacelike separation r,

GFðτ;mÞ ¼ i
Z

d4p
ð2πÞ4

e−ip·r

p2 −m2 þ iε
¼ m

4π2τ
K1ðmτÞ; τ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−r2 − iε

p
; ðA7Þ

we have

DispLðr; kþ; k−Þ ¼
Z

D½a; b�e−iμrRe
�
∂
2

∂σ2
GFðτ;

ffiffiffiffiffiffiffiffiffiffiffiffi
σ − iε

p
Þ
�

ðA8Þ

with

RENORMALIZING A THREE-FLAVOR LATTICE CALCULATION … PHYS. REV. D 114, 074512 (2026)

074512-15



Re
∂
2

∂σ2
GFðr;

ffiffiffiffiffiffiffiffiffiffiffi
σ− iε

p
Þ

¼
� 1

64π2σ3=2r
½−2 ffiffiffi

σ
p

rK0ð
ffiffiffi
σ

p
rÞþ ð−4þ 3σr2ÞK1ð

ffiffiffi
σ

p
rÞ− 2

ffiffiffi
σ

p
rK2ð

ffiffiffi
σ

p
rÞþ σr2K3ð

ffiffiffi
σ

p
rÞ�; for σ > 0;

− 1
128πð−σÞ3=2r ½2

ffiffiffiffiffiffi
−σ

p
rY0ð

ffiffiffiffiffiffi
−σ

p
rÞþ ð−4þ 3σr2ÞY1ð

ffiffiffiffiffiffi
−σ

p
rÞ− 2

ffiffiffiffiffiffi
−σ

p
rY2ð

ffiffiffiffiffiffi
−σ

p
rÞ− σr2Y3ð

ffiffiffiffiffiffi
−σ

p
rÞ�; for σ ≤ 0:

ðA9Þ

Here Yi and Ki are Bessel functions and modified Bessel
functions of the second kind respectively.

1. The small-r behavior of the dispersive LD2γ kernel

We can study the r → 0 behavior of the dispersive LD2γ
leptonic kernel using the above expressions by projecting to
the on-shell muon-antimuon state. Placing the system in the
lab frame, we arrive at a more compact expression for the
real part of the leptonic kernel given in Eq. (20) of Ref. [5],
up to the sign convention that is not kept track of:

ReLμνðrÞ ¼ 2mμe4ε0μνκ
rκ

jr⃗j
∂

∂jr⃗j L̄ðr; k
þ; k−Þ; ðA10Þ

where

L̄ðrÞ≡
Z

dΩ̂k⃗þDispLðr; kþ; k−Þ ðA11Þ

is averaged over the solid angle of k⃗þ to project to the 1S0
μþμ− state.
We remark that the equal-time limit r0 → 0 can be taken

safely and we get, for jr⃗j → 0,

ReLμνðrÞ ¼
mle4

16π2
ϵ0μνκrκ ln jr⃗j þ Oðjr⃗jÞ: ðA12Þ

Thus, the dispersive kernel is smooth as r2 → 0 but its first
derivative diverges logarithmically.

APPENDIX B: RECONSTRUCTION OF A
FIVE-DIMENSIONAL SURFACE-TO-BULK

PROPAGATOR FROM A FOUR-DIMENSIONAL
PHYSICAL PROPAGATOR IN THE DOMAIN-

WALL FERMION FORMALISM

The five-dimensional surface-to-bulk MDWF propaga-
tor can be reconstructed from its four-dimension-projected
physical propagator [18]. In this appendix, we describe
how to build the correlation functions with conserved
currents given in Sec. III from a four-dimensional point-
source DWF propagator.
We begin by reviewing the MDWF action and fermion

field with the notations of Ref. [12]:

S5 ¼ ψ̄ðxÞ½D5
GDWðmÞ�ðx; yÞψðyÞ; ðB1Þ

QsðxÞ ¼ ½P−1ψ �sðxÞ; ðB2Þ

qðxÞ≡Q1ðxÞ; ðB3Þ

where ½D5
GDWðmÞ�ðx; yÞ is the five-dimensional MDWF

Dirac operator with quark mass m, P is a five-dimensional
matrix projecting onto left- or right-handed component of
fermion field on neighboring fifth dimension slices, QsðxÞ
denotes the fermion field at fifth dimension slice s and four-
dimensional coordinate x, and its first component corre-
sponds to the four-dimensional physical fermion field qðxÞ.
With this notation, the surface-to-surface propagator

reads

hqðxÞq̄ðyÞi¼D̃−1
ov ðx;yÞ

¼ 1

1−m
½D−1

ov −1�ðx;yÞ

¼ 1

1−m
½P−1D5

GDWðmÞ−1D5
GDWð1ÞP−1�11ðx;yÞ;

ðB4Þ

where D̃ovðx; yÞ and Dovðx; yÞ represent the four-dimen-
sional renormalized and bare overlap operators, respec-
tively, related by

D−1
ov ¼ ð1 −mÞD̃−1

ov þ 1: ðB5Þ

The subscript denotes the corresponding component of the
five-dimensional matrix. Henceforth, the four-dimensional
coordinates will be suppressed for simplicity.
On the other hand, the five-dimensional surface-to-bulk

propagator is given by [18]

hQsq̄i ¼
1

1 −m
½P−1D5

GDWðmÞ−1D5
GDWð1ÞP − 1�s1 ðB6Þ

¼

0
BBBBB@

D̃−1
ov

ΔR
2D

−1
ov − 1

1−m

..

.

ΔR
Ls
D−1

ov − 1
1−m

1
CCCCCA; ðB7Þ

ΔR
sþ1 ¼

T−ðLs−sÞ

1þ T−Ls
: ðB8Þ
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where Ls is the extent of fifth dimension and T−1 is the
transfer matrix along the fifth dimension.
Let η be a point-source vector living on the four-

dimensional surface and D̃−1
ov η be the corresponding renor-

malized physically projected point-source propagator. The
surface-to-bulk propagator associated with the same source
vector hQsq̄iη can be reconstructed from the available D̃−1

ov η
data with the mere cost of one inversion of the Pauli-Villars
term, D5

GDWðm ¼ 1Þ, thanks to Eq. (B5) and the relation-
ships

ϕ≡ hQsq̄iη ¼
1

1 −m

0
BBBBB@

ð1 −mÞD̃−1
ov η

ψ2 − η

..

.

ψLs
− η

1
CCCCCA; ðB9Þ

where ψ i denotes the ith component of the five-dimen-
sional vector ψ defined via

ψ ¼ P−1D5
GDWð1Þ−1D5

GDWðmÞPξ; ðB10Þ

ξ ¼

0
BBBBB@

−D−1
ov η

0

..

.

0

1
CCCCCA: ðB11Þ

The same technique is exploited by the Möbius accel-
erated domain-wall fermion algorithm, which obtains the
five-dimensional surface-to-bulk DWF propagator by solv-
ing an approximate bare overlap propagator constructed
from MDWF with smaller Ls [19].
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