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We suggest a dynamical mechanism which explains why, in the supersymmetric Ishibashi-Kawai-
Kitazawa-Tsuchiya matrix model, the SOð9Þ symmetry of the Lagrangian is spontaneously broken to
SOð3Þ × SOð6Þ, allowing only three large classical spatial dimensions to emerge. The argument relies on
the identification of D-strings as stable excitations of the matrices about the cosmological background and
the absence of forces between parallel D-string excitations. A spatial dimension can only become large if
the D-strings winding in that direction can annihilate. In the absence of forces, this requires the string-world
sheets to intersect, a process which is highly suppressed if more than three dimensions of space are large.
Implications for a recently proposed matrix cosmology scenario are discussed.
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I. INTRODUCTION

Perturbative superstring theory is mathematically con-
sistent only in a 1þ 9-dimensional space-time. In this
context, an urgent question is to explain the fact that we
only see three large spatial dimensions. Traditionally, one
assumes that the six dimensions of space which we do not
detect are compactified, and that there are mechanisms to
prevent the dimensions of the compact space from becom-
ing large. However, this assumption is not very satisfactory
since we would like to understand the reason for the
particular number of dimensions which are compact, and
the origin of the separation of scales.
In [1], a dynamical mechanism was proposed which can

explain both the fact that exactly three dimensions of space
become large, and why the other dimensions remain
compactified at a scale which typically is of the order of
the string scale.1 The proposal of [1] is based on string gas
cosmology (SGC), a toy model for early universe cosmol-
ogy based on considering the effects of new degrees of
freedom and new symmetries which distinguish string
theories from point particle theories (see [5] for reviews
and [6] for some early work).
The idea of SGC is to consider a background space-time

filled with a gas of closed strings in thermal equilibrium. This

is a generalization of the starting point of standard cosmology
with point particles replaced by strings. For simplicity, it was
assumed that all spatial dimensions are toroidal with radiusR.
Strings have degrees of freedom which point particles do not
have: string winding modes and a tower of string oscillatory
modes. A consequence of the presence of the string oscil-
latorymodes is that there is amaximal temperature of a gas of
closed strings in thermal equilibrium, the Hagedorn temper-
ature TH [7]. Because the spectrum of string states contains
winding modes. the theory is invariant under the interchange
of R and 1=R (in string units). Since the energy of string
momentum modes scales as 1=R while that of the string
windingmodes scales asR, themass spectrumof perturbative
string states is invariant under the above symmetry. String
interactions also obey the symmetry, and assuming that the
symmetry extends beyond perturbation theory leads to the
prediction that the theory must contain D-brane states (see,
e.g., [8] for a textbook discussion).
In [1], the evolution of the temperature T of a gas of

closed heterotic strings was studied as a function of R. The
result is sketched in Fig. 1: at large values of R, the energy
is in the momentum modes which are light in this limit. As
R decreases, the energy density rises until the point when
the oscillatory modes can be excited. At that point, the
increase of T levels off at a value slightly lower than TH
(how much lower depends on the total entropy of the
system). Once R decreases below 1, the energy flows into
the winding modes and T decreases. yielding

TðRÞ ¼ Tð1=RÞ: ð1Þ

Based on these thermodynamic considerations, it was
suggested in [1] to consider an initial thermal state of
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strings close to the Hagedorn temperature. Based on Fig. 1,
it is then reasonable to suppose that the universe will loiter
for a substantial amount of time in this Hagedorn phase,
yielding a time evolution of the cosmological scale factor as
depicted in Fig. 2. This is an emergent universe scenario.2

If the spatial sections are toroidal,3 then the gas of strings
in the Hagedorn phase will contain strings winding each
dimension. Free-energy considerations then indicate that
spatial dimensions can only expand if it is possible for the
string-winding modes to decay. As discussed in [1], if there
are no long-range forces between winding strings, then
string-world sheets will have to intersect in order for
winding modes to be able to decay into string loops.
The probability for this to happen vanishes if there are more
than three large (compared to the string length) dimensions
of space. This yields a dynamical mechanism to understand
the fact that we see three spatial dimensions to be macro-
scopic. Numerical evidence for this scenario was presented
in [12], and isotropization of the three large dimensions was
studied in [13].4

As realized in [18], thermal fluctuations in the Hagedorn
phase yield scale-invariant spectra of curvature fluctuations
and gravitational waves. The spectrum of curvature fluc-
tuations has a slight red tilt while that of gravitational waves
has a characteristic blue tilt [19]. Hence, SGC has the
potential to provide an alternative to inflationary cosmol-
ogy for explaining the origin of cosmological structure
(see, e.g., [20] for an extensive discussion of this point)

with a prediction (the blue tilt of the gravitational wave
spectrum) with which the scenario can be distinguished
from canonical inflation models (inflation in the context of
general relativity coupled to matter obeying the weak
energy condition). Note that the resulting cosmology obeys
the trans-Planckian censorship criterion (TCC) [21], unlike
standard effective field theory models of inflation.
While the mechanism for the origin of three large spatial

dimensions from string gas cosmology is suggestive, the
problem is that the dynamics for the Hagedorn phase was
put in by hand. In the context of Einstein gravity, a thermal
high-density state could not be quasi-static, and adding a
dilaton does not dramatically change the conclusions. Pre-
big-bang cosmology [22] and double-field theory [23] are
approaches to consider the cosmology which results when
taking into account all of the perturbative massless modes
of string theory, but no Einstein frame-emergent scenario
was obtained [24]. However, in the same way that at high
densities point particle theories need to be described by
their nonperturbative formulation, namely quantum field
theory, we should expect that to describe a stringy early
universe we need to start from a nonperturbative definition
of superstring theory.
In the late 1990s, a number of proposals for a non-

perturbative formulation of superstring theory were made.
In particular, the Banks-Fischler-Shenker-Susskind (BFSS)
matrix model [25] was proposed as a nonperturbative
definition of M-theory, and the Ishibashi-Kawai-
Kitazawa-Tsuchiya (IKKT matrix model [26] was pro-
posed as a definition of type IIB superstring theory. The
two matrix models can be related by dualities in the same
way that M-theory and type IIB string theory can be related
by dualities in the low energy limit (see, e.g., [27,28] for
reviews of these matrix models, [29] for the study of a
lower-dimensional model, and [30] for a recent textbook
focusing on the IKKT matrix model). These matrix models

FIG. 2. Sketch of the evolution of the cosmological scale factor
of the three large spatial dimensions in string gas cosmology. The
time tR is when the winding modes about these three dimensions
annihilate.

FIG. 1. Temperature T (vertical axis) of a box of closed
heterotic strings as a function of the box radius R (horizontal
axis). TH is the Hagedorn temperature. Note that the range of
values of R over which the temperature loiters close to TH
increases as the entropy of the system increases (figure from [9]).

2Note that the same term has been introduced in a different
context in [10].

3Generalizations of the spatial topology were considered in [11].
4In [14], the stabilization of the moduli associated with the

extra dimensions through the interaction of string winding and
momentum modes was studied. Assuming the mechanism of
gaugino condensation [15] it has also been shown that the dilaton
can be stabilized [16], while leading to supersymmetry breaking
at the string scale [17].
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involve nine “spatial” N × N Hermitean matrices Xi and a
temporal matrix X0, also a Hermitean N × N matrix, plus
their supersymmetric partners.The action has a SOð9Þ
symmetry under rotations of the spatial matrices.
A nonperturbative formulation of superstring theory

should yield an emergent space-time with important impli-
cations for cosmology. In [31,32], a proposal was made to
obtain an emergent space-time starting from the BFSS
matrix model in a high-temperature state, as will be
reviewed below. At high temperatures, the Matsubara zero
modes of the bosonic matrices dominate the action. The
action of the Matsubara zero modes of the BFSS matrix
model is identical to the action of the bosonic sector of the
IKKT matrix model. Over the past 20 years, there have
been many numerical studies of the IKKT matrix model
(see, e.g., [33] for reviews). The eigenvalues of the
temporal matrix X0 can be viewed as emergent time, while
the matrices Xi yield the nine spatial dimensions of type IIB
superstring theory. There is evidence [34] of a SOð9Þ →
SOð3Þ × SOð6Þ phase transition after which the extent of
space parameters in exactly three dimensions become large
while the others remain small. The evidence comes from
numerical simulations and is supported in part by Gaussian
expansion computations of the free energy. Numerical
studies, however, require the introduction of cutoffs, and
the numerical results are to date not robust against changes
of the numerical techniques. It is hence desirable to obtain a
physical understanding of the origin of the phase transition.
The goal of this paper is to discuss a possible mechanism

which can explain the SOð9Þ → SOð3Þ × SOð6Þ phase
transition. Our starting point is the realization that the
dynamics of the phase transition is very similar to what is
seen in SGC. In SGC, only three dimensions of space can
become large since in higher dimensions string-world
sheets have measure zero probability of intersecting, and
such intersections are required in order to get rid of string
winding modes. While string winding modes are present,
the corresponding spatial sections cannot expand since this
would require energy. We postulate that it is the same
mechanism which is at work in the IKKTmatrix model. We
identify D-strings as solitonic excitations of the IKKT
matrix model, as already proposed in [26] (see also
[35,36]). In the absence of a nontrivial background, it
can be shown [26], as will be reviewed in Sec. III, that as a
consequence of supersymmetry there is no long-range force
between parallel D-strings. Free-energy considerations tell
us that in the presence of D-strings winding a particular
spatial dimension, this dimension cannot expand. Hence, as
in SGC, the winding modes can only decay in at most three
spatial dimensions, providing an explanation for the nature
of the symmetry-breaking phase transition. In this paper,
we will provide indications that this argument can be
generalized to our cosmological background.
In the following section, we review the IKKT matrix

model and its connection with the emergent metric space-

time construction of [31,32] (see [37] for a short review).
The bulk of the analysis is in Sec. III. We first review how in
the absence of a nontrivial background, a set of two parallel
D-strings can be embedded in the matrix model. We then
propose a generalization of this construction in the case of a
nontrivial background (specifically with the background of
[31,32] in mind). We compute the one-loop effective action
about this matrix configuration and show that, as a conse-
quence of supersymmetry of the matrix model action, the
result is independent of the distance between the D-strings.5

This demonstrates that, at least to leading order, the force
between parallel D-strings vanishes. In Sec. IV, we show
how the results of Sec. III lead to the SOð9Þ → SOð3Þ ×
SOð6Þ symmetry breaking and to a dynamical decompacti-
fication of a three-dimensional space.
Note that we are always working with the Minkowski

signature model.

II. REVIEW OF THE IKKT MATRIX MODEL

The IKKT model [26] is a pure supersymmetric matrix
theory given by the action

SIKKT ¼−
1

g2
Tr

�
1

4
½Aa;Ab�½Aa;Ab�þ

i
2
ψ̄αðCΓaÞαβ½Aa;ψβ�

�
;

ð2Þ

where Aa (a ¼ 0;…; 9) are N × N Hermitean bosonic
matrices, ψβ (β ¼ 1;…; 16) are Hermitean fermionic
matrices, the Γa are the gamma matrices for D ¼ 10,
and C is the charge conjugation matrix. The vector matrix
indices are raised and lowered with the Minkowski symbol
ημν, and g is a coupling constant. As was argued in [26], in
the limit N → ∞ and with λ≡ g2N held fixed, this model
yields a nonperturbative definition of type IIB superstring
theory. From the point of view of matrix theory, the choice
of dimension D ¼ 10 is distinguished in that it is only
in this dimension that a normalizable zero energy state
exists [38].6 Note that the action of this model has SOð9Þ
symmetry.
The partition function Z of the Lorentzian IKKT model

is given by the functional integral

Z ¼
Z

DADψeiSIKKT ; ð3Þ

where the integration measures are the standard ones.
Based on this partition function, expectation values of
matrix operators can be studied. Since the matrices are
Hermitean, it is possible to choose a gauge in which one of

5Note that the background is not supersymmetric.
6It would be interesting to explore the connection between this

fact about supersymmetric matrix models and anomaly cancel-
lation in superstring theory which leads to the number of space-
time dimensions in perturbative string theory.
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them is diagonal. Following [39], we pick the gauge in
which A0 is diagonal. The diagonal elements can be
identified as instances of an emergent time, and we can
label the eigenvalues in ascending order of magnitude. Key
features of these eigenvalues are that they are symmetric
about 0, that the maximal eigenvalue scales as

ffiffiffiffi
N

p
when

N → ∞ [39], and that hence the separation between
eigenvalues scales as

ffiffiffiffi
N

p −1. Hence, in the N → ∞ limit,
a continuous time emerges which runs from −∞ to þ∞.
The spatial matrices Ai (i ¼ 1;…; 9) are not diagonal.

Following [40], we can define submatrices Ãiðni; tÞ by
considering ni × ni matrices with centers a distance t along
the diagonal (see Fig. 3).
There has been a lot of interest in the time evolution of

the extent of space parameters

Riðt; niÞ2 ≡
�
1

ni
TrðAiÞðni; tÞ2

�
; ð4Þ

where the pointed angles indicate quantum expectation
values. There are numerical indications [34] (see, e.g., [33]
for reviews) that there is a SOð9Þ → SOð3Þ × SOð6Þ
spontaneous symmetry breaking which takes place: pre-
cisely three of the extent of space parameters Ri grow in
time while the other six remain time independent.7 This

result is supported by computations using the Gaussian
expansion method, where it can be shown [42] that the state
with SOð3Þ × SOð6Þ symmetry has a lower free energy
than the state with SOð9Þ symmetry. Fermions play an
important role in deriving this result. In the absence of
fermions, the symmetric state would be preferred.8

In [32], the ni were identified with comoving spatial
coordinates, and the extent of space parameter associated
with ni was interpreted as the length of a curve along the ith
coordinate axis from coordinate value 0 to ni. Given this
interpretation, we can define the spatial metric components
giiðtÞ [and, using the remaining SOð3Þ symmetry, the full
spatial metric tensor gijðtÞ]. It was found that for
ni ≤ nc ∼

ffiffiffiffi
N

p
, the emergent metric is spatially flat.

In the following section we will represent the expectation
value of the matrices Aμ by a classical matrix Aq

μ defined by

ðAq
μÞ2 ≡ hðAμÞ2i: ð5Þ

In the classical limit (e.g., when the extent of space
parameters are large), these matrices are a good represen-
tation of the quantum state.

III. D-STRINGS IN THE BACKGROUND
SPACE-TIME

Classical solutions of the IKKT matrix model equations
which represent an infinitely long D-string about a
vacuum were constructed in [26]. The ansatz for a string
in the 1-direction is

A0 ¼
Tffiffiffiffiffiffiffiffi
2πn

p q;

A1 ¼
Lffiffiffiffiffiffiffiffi
2πn

p p;

Ai ¼ 0ði ¼ 2;…; 9Þ; ð6Þ

where q and p are n × n Hermitean matrices which satisfy
the commutation relations

½q; p� ¼ i; ð7Þ

and have the eigenvalue distribution

0 ≤ q ≤
ffiffiffiffiffiffiffiffi
2πn

p
;

0 ≤ p ≤
ffiffiffiffiffiffiffiffi
2πn

p
: ð8Þ

Note that T and L can be viewed as compactification radii
in the temporal and spatial directions, respectively. This
D-string can be viewed as being made up of a string of

FIG. 3. Temporal matrix A≡ A0 (top) and spatial matrices Ai
(bottom) in the basis in which the temporal matrix is diagonal.
The spatial matrices Ai (bottom) have “block-diagonal form” and
can be used to define the sizes of the spatial dimensions at time t
via submatrices Aiðni; tÞ of Ai centered a “distance” t along the
diagonal of Ai. The size of the ni × ni (in the figure, the subscript
i on ni is omitted) submatrices can vary between 1 and

ffiffiffiffi
N

p
. This

figure is taken from [28] with permission.

7The numerical analysis is very involved. For the Euclidean
matrix model, it is necessary to introduce cutoffs to make render
the path integral well defined, and for the Lorentzian theory, one
is faced with rapidly oscillating exponents which are not easy to
deal with. Hence, there is not yet universal agreement on the
results (see, e.g., [41] for recent discussions).

8It can also be shown that the state with SOð9Þ symmetry is not
the one which minimizes the free energy [43]. The presence of
fermions is again crucial to obtain this result.
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instantons whose space-time positions are given by the
eigenvalues of q and p [44]. Note that the fermionic
matrices vanish.
Based on the abovementioned interpretation of the

D-string as an ensemble of constituent instantons,
the ansatz for a pair of parallel D-strings separated in the
2-direction by a distance b is given by combining two
blocks corresponding to individual D-strings into a larger
matrix, with vanishing off-diagonal matrix entries between
the blocks:

A0 ¼
" Tffiffiffiffiffiffi

2πn
p q 0

0 Tffiffiffiffiffiffi
2πn

p q0

#
; ð9Þ

A1 ¼
" Lffiffiffiffiffiffi

2πn
p p 0

0 Lffiffiffiffiffiffi
2πn

p p0

#
; ð10Þ

A2 ¼
�
b=2 0

0 −b=2

�
; ð11Þ

with the other Ai vanishing. For two identical branes we
have q0 ¼ q and p0 ¼ p. For two antiparallel branes we
would have p0 ¼ −p.
The force between parallel D-strings can then be

determined [26] by computing the one-loop effective action
obtained by expanding the full supersymmetric matrix
action about this background. This computation is done
by inserting the ansatz

Aa ¼ Ab
a þ δAa;

ψβ ¼ δψβ; ð12Þ

(where Ab
a represents the D-string background we are

considering, and δAa and δψ are fluctuations) into the
IKKT action and performing a one-loop functional integral
calculation to compute the effects of the matrix fluctuations
(the fermionic matrices have trivial background) on the
background. It is found that in the supersymmetric matrix
model there is no force between two parallel D-strings [26].
In this paper, we are interested in D-string excitations not

about the vacuum, but about the state of the matrix model
given by the quantum mechanical partition function, the
state which is seen to experience spontaneous breaking of
the SOð9Þ symmetry. This state is given by matrix
ensembles Aa ≡ Aq

a (where the superscript q stands for
quantum background). We propose the following ansatz for
a pair of parallel D-strings on top of the quantum back-
ground state Aq

μ,
9

Ab
μ ¼ Aq

μ þ AD1
μ ; ð13Þ

where AD1
μ are the matrices corresponding to the two

parallel D-strings given above in (9), (10), (11), written
in the basis in which the temporal matrix q is diagonal.
In the following, we will determine the one-loop effec-

tive potential between the two branes. Our starting point is
the expression derived in the appendix of [26] for the one-
loop effective action W about a particular background
configuration pμ of the matrices Aμ, i.e.,

Aμ ¼ pμ þ aμ; ð14Þ

where aμ are the fluctuations. The one-loop action is

W ¼ 1

2
T̃r logðP2

λδμν − 2iFμνÞ

−
1

4
T̃r log

��
P2
λ þ

i
2
FμνΓμν

��
1þ Γ11

2

��
− Tr logðP2

λÞ ð15Þ

where T̃r is a trace over both the vector/spinor indices and a
matrix trace, and Tr denotes the simple matrix model trace.
In the above, we have used the notation

½pμ; X�≡ PμX ð16Þ

and

½fμν; X� ¼ FμνX ð17Þ

with

fμν ¼ i½pμ; pν�: ð18Þ

The first line in (15) represents the effect of bosonic matrix
fluctuations, the second line the effects of fermionic
fluctuations, and the final line is the effect of the ghosts
which are introduced because of gauge fixing. Note that
ð1þ Γ11Þ=2 is the analog of the four-dimensional projec-
tion matrix ð1þ Γ5Þ=2Þ, and the Γμν is the symmetric
matrix constructed from the two-dimensional Dirac matri-
ces in the standard way (see, e.g., [45]).
In [26], it was shown that the one-loop effective action

between two parallel D strings of the form given in (9)
vanishes. Supersymmetry is key to obtaining this results
since it is only with supersymmetry that the contributions
of the bosonic and fermionic degrees of freedom to the one-
loop effective potential cancel. In fact, each of the three
lines in the expression (15) becomes a certain coefficient
multiplying TrP2

λ , and in the case of supersymmetry the
coefficients add up to zero (see below).
What we will show in the following is that the one-loop

effective action W for the ansatz (19) representing parallel

9Note that in the absence of the cosmological background we
obtain the flat space-time background Ab

a ¼ 0 and the ansatz
reduces to the one studied in [26].
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strings on the cosmological background factorizes into a
term which depends on the background and a second term
which has the same form as in the case of parallel D-strings
in the absence of a background, and hence does not depend
on the distance b between the strings. Thus, the conclusion
that the force between parallel strings vanishes carries over.
To see this, we start with our ansatz

pμ ¼ Aq
μ þ AD1

μ ; ð19Þ

and in the following we will consider the individual terms
which arise in the effective action.
Let us first consider Fμν. We insert the expansion (19) of

the matrices into the definition of Fμν. Note that Fμν is a
sum of a term which depends only on Aq

μ and gives the
background value Fq

μν, terms linear in AD1
μ , and a term

which is quadratic in AD1
μ . The final term vanishes as it did

in the analysis of [26] since the commutator of two AD1
μ

matrices are multiples of the identity matrix, and hence the
corresponding operator vanishes. The terms linear in AD1

μ

are antisymmetric in μ, ν and hence vanish when taking the
trace [as in the first line of (15)] or when contracting with
the symmetric matrix Γμν [as in the second line of (15)].
Thus, effectively

Fμν ¼ Fq
μν: ð20Þ

The vanishing of the linear terms is in this context the
nontrivial realization.
To see this point explicitly, it follows from Eqs. (17)

and (18) that

fμν ¼ i½pq
μ; p

q
ν � þ i½pq

μ; pD1
ν � þ i½pD1

μ ; pq
ν � þ i½pD1

μ ; pD1
ν �

¼ fqμν þ i½pq
μ; pD1

ν � þ i½pD1
μ ; pq

ν �: ð21Þ

Summing over the indices μ, ν we obtain

½pq
μ; pD1

ν � þ ½pD1
μ ; pq

ν � ¼ 0: ð22Þ

Hence, fμν ¼ fqμν and Fμν ¼ Fq
μν.

Next, consider the operator P2
λ. Inserting the ansatz (19)

there are terms independent of AD1
μ , terms linear in AD1

μ , and
quadratic terms (which are independent of Aq). Due to the
cyclicity of the trace, it can be seen that after taking the
trace, the linear terms in AD1

μ cancel (see the Appendix).
Thus,

P2
λ ¼ ðPq

λÞ2 þ ðPD1
λ Þ2; ð23Þ

where PD1
λ is the P operator constructed from the AD1

μ

matrices.

Combining the results (20) and (23), it follows that

W ¼ Wq þ 1

2
T̃r logðPD1

λ Þ2δμν

−
1

4
T̃r log

�
ððPD1

λ Þ2Þ
�
1þ Γ11

2

��
− Tr logððPD1

λ Þ2Þ
¼ Wq ð24Þ

since the terms in the second and third line are the
corresponding terms for the IKKT ansatz [26] for two
parallel D-strings, and they add up to zero [see below in
(35)]. Hence, we see that the one-loop effective action is
independent of the string separation b, and that hence the
force between parallel D-strings on our cosmological
background vanishes (at least computed to leading order).
We could also consider another ansatz for a set of two

parallel D-strings on our cosmological background,
namely10

A0 ¼

2
664
Aq
0 0 0

0 Tffiffiffiffiffiffi
2πn

p q 0

0 0 Tffiffiffiffiffiffi
2πn

p q0

3
775; ð25Þ

A1 ¼

2
664
Aq
1 0 0

0 Lffiffiffiffiffiffi
2πn

p p 0

0 0 Lffiffiffiffiffiffi
2πn

p p0

3
775; ð26Þ

A2 ¼

2
64
Aq
2 0 0

0 b=2 0

0 0 −b=2

3
75; ð27Þ

Aa ¼

2
64
Aq
a 0 0

0 0 0

0 0 0

3
75; ð28Þ

for a ¼ 3;…; 9. Here, the Aq
a are Hermitean ðN − 2nÞ ×

ðN − 2nÞ matrices, rendering the total matrices to have
dimension N. We consider the limit N → ∞; n → ∞
with n ≪ N.
For notational simplicity, we will combine the 2n × 2n

blocks representing the two parallel branes by single blocks
A1;2
a . With this notation, the above matrices become

10In the absence of the cosmological background, this ansatz
also reduces to the one studied in [26] since the upper zero blocks
do not contribute to the force calculation.
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Aa ¼
�
Aq
a 0

0 A1;2
a

�
ð29Þ

for a ¼ 0;…; 9.
Note that the commutators retain the block-diagonal

form of the matrices. We make use of the fact that Fμν ¼ 0
for the block representing the two D-strings. In this case,
the first term in (15) (which we call W1) becomes

W1¼1

2
T̃r

"
logððPq

λÞ2δμν−2iFq
μνÞ 0

0 logðP1;2
λ Þ2δμν

#
: ð30Þ

Since the trace is additive, we get

W1 ¼ 1

2
T̃r logððPq

λÞ2δμν − 2iFq
μνÞ

þ 1

2
T̃r logðP1;2

λ Þ2δμν: ð31Þ

The first term is independent of the separation between the
two D-strings, and the second term is identical to the
corresponding one in the case of the effective potential of
two parallel strings in the absence of the background.
Similarly, the second term of the effective action (denoted
by W2) separates

W2 ¼ −
1

4
T̃r log

��
ðPq

λÞ2 þ
i
2
Fq
μν

�
Γμν

�
1þ Γ11

2

��

−
1

4
T̃r log

�
ðP1;2

λ Þ2
�
1þ Γ11

2

��
: ð32Þ

Again, the first line depends only on the background, and
the second line is the same result as the fermionic
contribution in the case of two parallel D-strings in the
absence of the background. Finally, the third term in (15)
(called W3) is

W3 ¼ −Tr logðPq
λÞ2 − Tr logðP1;2

λ Þ2; ð33Þ

where the first term only depends on the background, and
the second one is the same as in the case of two parallel
strings with no background.
Thus, we find for the one-loop effective action

W ¼ Wq þW1;2 ð34Þ

where Wq depends only on the background, the entire
dependence on the separation between the two strings is
contained in W1;2, and this quantity is the same as in the
case studied in [26]. Specifically, performing the vector and
spinor traces yields

W1;2 ¼
�
10

2
−
16

4
− 1

�
Tr logðP1;2

λ Þ2 ¼ 0: ð35Þ

We thus reach the same conclusion that in our cosmological
background, there is no force between two parallel
D-strings. Note that supersymmetry of the action is impor-
tant to obtain this result, but supersymmetry of the back-
ground is not (our background breaks supersymmetry).

IV. DYNAMICAL DECOMPACTIFICATION
SCENARIO

We now argue that the results of the previous section
provide a physical understanding of the SOð9Þ → SOð3Þ ×
SOð6Þ symmetry breaking which allows precisely three of
the nine extent of space parameters to become large (and
hence classical). We propose a realization of the sugges-
tions of [1] in the context of the matrix model.
The nontrivial state of the IKKT matrix model which we

are considering results from a thermal state of the BFSS
model, as explained in [31,32]. In the same way that a
thermal state in a particle physics model contains all
particle excitations which the model admits, distributed
thermally and with vanishing total charges, our state of the
BFSS model contains excitations of all string and brane
degrees of freedom with vanishing total charge. In par-
ticular, it contains excitations of D-strings oriented in all
directions. These strings have infinite length in comoving
coordinates in the limit N → ∞. Since the energy of a
D-string grows as the physical length increases, a condition
of the emergence of large spatial dimensions is that the
D-strings extending along those directions must disappear.
Since the winding number of a single D-string is a
topological invariant, the only way for the winding strings
to disappear is for two strings with opposite winding to
collide and annihilate.
Since in our supersymmetric matrix model there are no

long-range forces between parallel D-strings, the annihi-
lation of the strings cannot happen in more than three large
spatial dimensions since the probability of two string-world
sheets intersecting vanishes in more than four space-time
dimensions. This argument provides a physical under-
standing of the observed SOð9Þ → SOð3Þ × SOð6Þ sym-
metry breaking.
The absence of long range forces between D-strings is a

key ingredient in the above argument. Hence, our physical
argument implies that in the absence of supersymmetry,
there will be no symmetry breaking and there are no
obstacles to all spatial dimensions becoming large. This
result agrees with numerical studies of IKKT type matrix
models [33], and with Gaussian expansion calculations [42]
which indicate that in a purely bosonic matrix model, the
state with SOð9Þ symmetry has lower free energy than
states with the symmetry broken to SOðpÞ × SOð9 − pÞ
(p ¼ 1; � � � 4), a result which was also seen in the BFSS
matrix model [43].
The nontrivial state of the matrix model contains other

excitations beyond the D-strings, e.g., D3 branes. Such
excitations can annihilate in more than three spatial
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dimensions, thus leaving the D-strings as the last ones to
persist, and those which determine the number of spatial
dimensions which are finally allowed to grow large (see,
e.g., [46]).

V. DISCUSSION

In this paper, we have proposed a physical understanding
of the origin of the SOð9Þ → SOð3Þ × SOð6Þ symmetry
breaking which is observed in the IKKT matrix model and
shows the emergence of a three-dimensional large classical
space from a starting point which looks more like a fuzzy
9-sphere. Our proposal is based on embedding the argu-
ment of [1] in string gas cosmology into the matrix model.
Starting from a nontrivial state of the matrix model

which emerges from a high-temperature thermal state of the
BFSS matrix model, we have argued that extent of space
parameters can only become large if the D-strings which
are initially present in the state can annihilate. Since in a
supersymmetric matrix model there is no long-range force
between parallel D-strings, as we have argued here, no
more than three spatial dimensions can become large since
in a larger number of spatial dimensions the string-world
sheets have vanishing intersection probability, thus pre-
venting annihilation.
There are lots of open issues. Most importantly, we need

a better justification for why the ansatz for a configuration
of two parallel D-strings on top of our nontrivial back-
ground is the right one. It is also important to demonstrate
that the D-strings in the matrix model are stable and in
particular cannot break.
Another issue which we are currently investigating is

whether the conclusions obtained here for the IKKT matrix
model can also explain the origin of symmetry breaking in the
BFSS matrix model (which we have used to obtain an
emergent metric space-time in [31,32]). In that proposal,
the emergent space-time was given by the Matsubara zero
modesof the bosonicmatrices,whose action is the same as the
bosonic part of the IKKTaction. Since we are starting with a
thermal state of the BFSS matrix model, it is reasonable to
expect that there will be D-string excitations in the IKKT
picture (thesewould be the duals of theM-theoryM2branes).
The BFSS matrix model is supersymmetric, and this should
also be reflected on the IKKT side.
In closing, we would also like to draw the attention of the

reader to the work of [47], which proposes an embedding of
string gas cosmology into a model of topological gravity,
and to the approach of [48], in which the cosmology of the
IKKT model compactified onto a brane is considered.
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APPENDIX

In this appendix, we show that the terms linear in AD1
μ

cancel in the evaluation of the operator P2
λ in (23).

The background configuration from Eq. (14) can be
written in accordance with Eq. (19) as

pμ ¼ pq
μ þ pD1

μ : ðA1Þ

Using the notation from Eq. (16)

PμX ¼ ½pμ; X�; ðA2Þ

the operators Pλ and P2
λ acting on a matrix X give

PμX ¼ ½pq
μ; X� þ ½pD1

μ ; X�
¼ Pq

μX þ PD1
μ X;

P2
μX ¼ PμðPμXÞ

¼ ½pq
μ þ pD1

μ ; ½pq
μ; X� þ ½pD1

μ ; X��
¼ ðPq

μ þ PD1
μ ÞðPq

μ þ PD1
μ ÞX

¼ ðPq
μÞ2X þ ðPD1

μ ÞPq
μX þ Pq

μðPD1
μ ÞX þ ðPD1

μ Þ2X:
ðA3Þ

We now show that the terms linear in PD1
μ cancel when

taking the trace. We write

Pq
μPD1

μ X ¼ ½pq
μ; ½pD1

μ ; X��
¼ pq

μpD1
μ X − pq

μXpD1
μ − pD1

μ Xpq
μ þ XpD1

μ pq
μ;

PD1
μ Pq

μX ¼ ½pD1
μ ; ½pq

μ; X��
¼ pD1

μ pq
μX − pD1

μ Xpq
μ − pq

μXpD1
μ þ Xpq

μpD1
μ ;

ðA4Þ

where the pμ are the matrices associated with the operators
Pμ. Using the cyclicity of the trace, we find that adding the
two lines of (A4), the terms cancel pairwise. For example,
the first term in the first expression cancels against the
second term in the second expression. Thus, we have
established the result (23).
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