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In this paper, we evaluate the graviton character partition function in the Nariai geometry using the
quasinormal mode spectrum. The character partition function obtained from the quasinormal modes via the
Denef-Hartnoll-Sachdev prescription defines the bulk contribution to the one-loop determinant. The edge-
partition function is then computed by subtracting this bulk contribution from the full one-loop partition
function on the Euclidean continuation of the Nariai geometry, namely, S2 × S2. We find that the resulting
edge-partition function can be interpreted as a path integral over lower-spin fields localized on the
codimension-two surface.
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I. INTRODUCTION

Quantum corrections to black hole spacetimes offer
crucial insights into the microscopic origin of black hole
entropy. In particular, one-loop corrections to the Euclidean
partition function of a black hole give rise to logarithmic
corrections to the Bekenstein-Hawking entropy, providing
a nontrivial precision test of the microscopic origin of black
hole entropy [1,2]. At the semiclassical level, such correc-
tions are encoded in the one-loop partition function of
fields, including the matter fields, gauge fields, gravitons,
and the corresponding ghost modes [1,2], around the black
hole background. In the path integral approach, the one-
loop contribution arises from integrating over these quad-
ratic fluctuations and is formally expressed as the func-
tional determinant of the corresponding kinetic operator.
Although the one-loop partition function plays a central
role in capturing quantum corrections to black hole physics,
its explicit evaluation in black hole backgrounds is often
technically challenging. This difficulty arises primarily
from the complexity of determining the spectrum of the
associated kinetic operator. The heat-kernel method is a
powerful framework to compute the one-loop determinant
in the Euclidean formalism [3]. Alternatively, one can also
express the one-loop determinant in terms of quasinormal
modes, which is known as the Denef-Hartnoll-Sachdev
formula [4]. These modes characterize the spectrum
of quantum fluctuations and capture the inherently
dissipative dynamics of black hole spacetimes. The

Denef-Hartnoll-Sachdev (DHS) formula has been quite
useful in computing one-loop determinants of fields in
black hole backgrounds in de Sitter and anti–de Sitter
spaces [5–7], as well as in extracting quantum corrections
for extremal and near-extremal black holes [8–10]. In
several subsequent works [5–8,11,12], it has been empha-
sized that the Denef-Hartnoll-Sachdev prescription works
very well in computing the one-loop determinant of scalar
fields. For spinning fields, however, the one-loop path
integral naturally factorizes as [11]

Zð1Þ ¼ Zch × Zedge; ð1:1Þ

where Zedge denotes the edge-partition function associated
with a localized path integral on the codimension-two
surface, naturally identified with the bifurcation surface in
Lorentzian geometry.
In this work, we focus on evaluating the one-loop

determinant of gravitons in the Nariai geometry. The Nariai
geometry arises as a special limit of the Schwarzschild–de
Sitter black hole, where the black hole and the cosmologi-
cal horizons coincide [13]. In this limit, the geometry of the
near-horizon region takes the form of a direct product,
dS2 × S2. Interestingly, this structure closely resembles the
near-horizon geometry of extremal black holes in asymp-
totically flat or anti–de Sitter (AdS) spacetimes, where a
decoupled throat region of the form AdS2 × S2 emerges.
However, unlike the extremal limit, the Nariai limit does
not rely on the presence of charge or angular momentum.
Instead, it stems purely from the existence of a positive
cosmological constant and the degeneracy of the black hole
and cosmological horizons.
Using the Denef-Hartnoll-Sachdev prescription, we

evaluate the bulk-partition function of gravitons in Nariai
geometry in D ¼ 4 dimensions, which admits the follow-
ing integral form:
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Z
∞

0

dt
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2ð2lþ 1Þ�e−tðnþ1
2
þiν2;lÞ þ e−tðnþ1

2
−iν2;lÞ�
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∞

0

dt
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1þ e−t

1 − e−t
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l¼2

2ð2lþ 1Þ e
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2
−iν2;lt þ e−

t
2
þiν2;lt

1 − e−t
; ð1:2Þ

where ν2;l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 2Þðl − 1Þ − 1

4

q
. The degeneracy

factor 2ð2lþ 1Þ accounts for the two independent parity
branches or, equivalently, the two physical polarizations of
the graviton, together with the azimuthal degeneracy
−l ≤ m ≤ l. The quasinormal-mode construction naturally
computes the character partition function associated with
the physical propagating graviton modes.
However, the Euclidean one-loop determinant of the

graviton on S2 × S2 captures not only the character parti-
tion function associated with the physical graviton modes,
but it also includes the additional contribution from the
edge modes, which is localized on the codimension-two
surface [7,11,14]. The contribution of the edge modes in
the partition function can be written in the following way
(the details are given in Sec. VI C):

logZedge ¼ log
Ω2

Ω1

þ
Z

∞

0

ds
2s

e−
ϵ2

4sKedgeðsÞ; ð1:3Þ

where

KedgeðsÞ ¼ −2K1;edgeðsÞ − 6K0;edgeðsÞ: ð1:4Þ

Here K1;edgeðsÞ is the heat kernel associated with a trans-
verse spin-one field on S2, while K0;edgeðsÞ is the heat
kernel of a massless scalar field on S2, with the zero mode
removed. The factor Ω2 denotes the contribution from the
negative tensor mode on S2 × S2, whereas Ω1 is the
isometry factor, which in the present case is associated
with volðSOð3ÞÞ × volðSOð3ÞÞ. Therefore, the edge-parti-
tion function naturally admits an interpretation as a
localized path integral on the codimension-two surface,
involving lower-spin edge degrees of freedom: a transverse
spin-one field and massless scalar fields on S2.
The organization of the paper is as follows. In Sec. II, we

briefly review the Denef-Hartnoll-Sachdev prescription for
a minimally coupled scalar field. Using the DHS prescrip-
tion, we write the character partition function from quasi-
normal modes. In Sec. III, we present the quasinormal
modes of gravitational perturbations, and with those, we
derive the quasinormal bulk character in Sec. IV. Finally, in
Sec. VI, we show the bulk-edge split of the one-loop
determinant on S2 × S2 and offer some remarks on the edge
characters.

II. DENEF-HARTNOLL-SACHDEV
PRESCRIPTION

In this section, we briefly review the DHS prescription
[4] to evaluate the one-loop determinant of a scalar field
from an infinite product of quasinormal modes. In the DHS
framework, one can think of the one-loop determinant as a
meromorphic function of the mass parameter m2. 1 To
understand this more explicitly, let us consider a complex
scalar field in the black hole background. The one-loop
determinant can be written as

Zð1Þ ¼
Z

Dϕe−
R ffiffi

g
p

ϕ�ð−∇2þm2Þϕ∼
1

detð−∇2þm2Þ: ð2:1Þ

We analytically continue Zð1Þðm2Þ in a complex m2 plane.
The one-loop partition function Zð1Þðm2Þ can be com-
pletely characterized in terms of its poles, zeros, and its
value at asymptotic infinity. In particular, we encounter a
pole when the determinant is zero. This occurs when m2 is
tuned in such a way that there exists a zero mode of the
scalar field ϕ. Let us denote the zero modes by ϕ�;k. The
Euclidean zero modes ϕ�;k correspond to solutions of the
Klein-Gordon equation that are regular and periodic in
Euclidean time. The index k labels the Matsubara (thermal)
modes associated with the compact Euclidean time circle,
while � represents all additional quantum numbers char-
acterizing the spatial and internal structure of the mode.
The DHS prescription relies on the connection between

the Euclidean zero modes and the Lorentzian quasinormal
modes (related via Wick rotation). As it is well known, the
quasinormal modes are defined as the solutions of the
equation of motion that satisfy the ingoing boundary
condition at the horizon. We denote their frequencies by
ω�ðm2Þ, which depend parametrically on the mass squared
m2. When m2 is adjusted so that ω�ðm2Þ coincides with a
Matsubara frequency ωk ¼ 2πikT, the corresponding
Lorentzian mode ϕ�;ω analytically continues to the
Euclidean zero mode ϕk;�. This matching of mode spectra
underlies the spectral representation of the one-loop deter-
minant in terms of quasinormal frequencies. From the
location of poles at ω�ðm2Þ ¼ ωk, the one loop can be

1In AdS/dS black hole backgrounds, the mass parameter can
often be traded for the conformal dimension Δ of the corre-
sponding boundary operator; for a generic black hole back-
ground, we keep m2 as the analytic parameter.
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written as [4–6]

Zch ¼
Y
k;�

ðωk − ω�ðm2ÞÞ−1; ð2:2Þ

where Zch denotes the one-loop partition function com-
puted from the infinite product over quasinormal modes,
which we refer to as the quasinormal character partition
function.2

A. Character partition function
from quasinormal modes

We study the infinite product over quasinormal modes to
evaluate the free energy. While this approach captures
many important aspects—such as the ultraviolet structure
of the one-loop determinant—it may not fully account for
certain features of the theory, including the gauge group
volume and the dependence on coupling constants.
Keeping these limitations in mind, we now turn to the
character partition function of a real minimally coupled free
scalar, which is constructed from the infinite product over
(anti)quasinormal modes.

Zch ¼
Y
ω�;ω̄�

Y∞
k¼−∞

�
jkj þ iω�

2πT

�
−1
4

�
jkj − iω̄�

2πT

�
−1
4

; ð2:3Þ

Following the discussion in [11,12], we note that when the
theory is PT symmetric, the antiquasinormal frequencies
are not independent of the quasinormal frequencies. In
particular, ω̄� can be related to ω�, i.e., ω̄� ¼ −ω�. This
follows from the Lorentzian equation of motion, which is
invariant under time reversal t → −t. Thus, for every
quasinormal mode with frequency ω�, there is a corre-
sponding antiquasinormal mode with frequency −ω�.
Consequently, one may either write the product only over
the quasinormal modes with exponent − 1

2
or keep both the

quasinormal and antiquasinormal products, in which case
each factor should be assigned exponent − 1

4
.

While taking the product over the quasinormal modes,
we also have to take into account the degeneracy of other
quantum numbers present in the quasinormal modes. To
evaluate the free energy from the product over quasinormal
modes, we take the logarithm of the product and use the
following integral representation of the logarithm3:

− log x ¼
Z

∞

0

dt
t
e−tx: ð2:4Þ

We evaluate the character free energy, or the logarithm of
the character partition function, in the following way:

logZch ¼
Z

∞

0

dt
4t

X
ω�

X
ω�

X∞
k¼−∞

�
e−ðjkjþ

iω�
2πTÞt þ e−ðjkj−

iω�
2πTÞt

�

ð2:5Þ

¼
Z

∞

0

dt
4t

1þ e−t

1 − e−t
X
ω�

X
ω�

�
e−ð

iω�
2πTÞt þ eðþ

iω�
2πTÞt

�

¼
Z

∞

0

dt
2t

1þ e−t

1 − e−t
χQNM: ð2:6Þ

Here χQNM ¼ P
ω� e

−iω�
2πTt denotes the quasinormal charac-

ter. In the final line, we have used the PT relation
ω̄� ¼ −ω�. In the second line, we have performed the
sum over Matsubara modes. Thus, the character partition
function admits a simple integral representation in terms of
quasinormal modes [7,8]. This particular form of the
integral is very useful for obtaining the bulk-edge decom-
position of the one-loop partition function of spinning
fields. As we have already mentioned after Eq. (2.2), this
character partition function does not capture information
about the coupling constant or the volume of the gauge
group; one must include them separately to write the
complete path integral. In the following sections, we
compare the quasinormal character partition function with
the complete one-loop partition function on S2 × S2 and
identify the bulk and edge contributions of the full
determinant.

III. NARIAI GEOMETRY

The Nariai geometry emerges as a special limit of the
Schwarzschild–de Sitter spacetime when the black hole and
cosmological horizons approach each other [13].
The Schwarzschild–de Sitter metric in four dimensions

is given by

ds2 ¼ −fðrÞdt2 þ dr2

fðrÞ þ r2dΩ2
2; ð3:1Þ

where

fðrÞ ¼ 1 −
2M
r

−
Λ
3
r2; ð3:2Þ

and dΩ2
2 ¼ dθ2 þ sin2 θdϕ2 is the metric on the round unit

two-sphere.
For 0 < 9M2Λ < 1, the equation fðrÞ ¼ 0 has two

positive roots. We denote the smaller root by rb, corre-
sponding to the black hole horizon, and the larger root

2Generically, the DHS expression also contains a holomorphic
factor ePolðm2Þ, where Polðm2Þ is a polynomial in m2. This factor
is associated with the UV-divergent part of the determinant,
including the logarithmic divergence when the spacetime
dimension is even. This function is determined by comparing
the m2 → ∞ asymptotics of the DHS product with the corre-
sponding heat-kernel expansion. Since this factor does not affect
the quasinormal-mode character Zch, we will formally drop it in
the present discussion.

3In principle, one should keep a regulator ϵ in the lower limit of
the integral to keep track of the UV divergence.
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by rc, corresponding to the cosmological horizon, i.e.,
0 < rb < rc. Explicitly, they are given by4

rb ¼
2ffiffiffiffi
Λ

p cos

�
1

3
cos−1

�
−3M

ffiffiffiffi
Λ

p �
−
2π

3

�
;

rc ¼
2ffiffiffiffi
Λ

p cos

�
1

3
cos−1

�
−3M

ffiffiffiffi
Λ

p ��
: ð3:3Þ

The static Lorentzian region is rb < r < rc. Outside this
region, fðrÞ < 0, so t becomes spacelike and r becomes
timelike.
When the black hole and cosmological horizons

coincide, rb → rc, we approach the Nariai limit. In this
limit, fðrÞ develops a double zero. We denote the degen-
erate horizon by r ¼ rN and, the condition f0ðrNÞ ¼ 0
gives

M ¼ Λr3N
3

: ð3:4Þ

Plugging (3.4) into fðrNÞ ¼ 0, we find

rN ¼ 1ffiffiffiffi
Λ

p ; M ¼ 1

3
ffiffiffiffi
Λ

p : ð3:5Þ

Combining these relations, we find that the Nariai limit
corresponds to

9M2Λ ¼ 1: ð3:6Þ

The near-horizon geometry obtained in this limit is
dS2 × S2, with

lN ¼ 1ffiffiffiffi
Λ

p ; R ¼ 1ffiffiffiffi
Λ

p : ð3:7Þ

Focusing in on the near-horizon region, this geometry takes
a direct product form: dS2 × S2 [13]. In this region, it is
useful to introduce new coordinates ðτ; ρÞ for the dS2 factor.
In these coordinates the Nariai metric takes the direct
product form

ds2 ¼ −fNðρÞdτ2 þ
dρ2

fNðρÞ
þR2dΩ2

2; fNðρÞ ¼ 1−
ρ2

l2
N
:

ð3:8Þ

Here lN is the de Sitter length of dS2 and R is the radius
of the sphere S2 and the Hawking temperature TN ¼ 1

2πlN
.

The Nariai solution is notable for being an exact solution to
the four-dimensional Einstein equations with a positive
cosmological constant.
Moreover, the Nariai geometry bears a striking resem-

blance to the near-horizon geometry of extremal black
holes in asymptotically flat or anti–de Sitter spacetimes,
which typically exhibit an AdS2 × S2 throat. In contrast, the
Nariai limit does not require electric/magnetic charge or
angular momentum. The existence of this near-horizon
geometry follows solely from the presence of a positive
cosmological constant and the degeneracy of black hole
and cosmological horizons.

A. Quasinormal modes in Nariai geometry

Quasinormal modes in Nariai geometry can be studied
analytically. Since geometry is a direct product of dS2 × S2,
wave equations take a simple form in this background. The
spectrum of scalar-, vector-, and tensor-type perturbations
on the angular part (S2) are exactly known [15], which
simplifies the computation by a large amount. Essentially,
the wave equation becomes a radial equation on dS2 with
the additional mass coming from the modes on S2. The
master equation in the tortoise coordinate takes a simple
form,

½∂2r� þ ω2 − Vsðr�Þ�ψ sðrÞ ¼ 0; ð3:9Þ

where r� is the tortoise coordinate and is defined by the
following equation:

r� ¼
Z

r dr̃
fðr̃Þ ¼ lN tanh−1

�
r
lN

�
: ð3:10Þ

This equation maps r ¼ �lN to r� → �∞.
The form of the potential is different for different types

of perturbations. We present the solution of the wave
equation with the appropriate boundary conditions in
Appendix A. The quasinormal modes for the massless
spin-s (s ≤ 2) perturbation in the Nariai background can
also be computed analytically [16,17]. Here we just present
the quasinormal modes, the details of the derivations are
presented in Appendix A. For a minimally coupled free
massless scalar on the Nariai geometry, the quasinormal
modes are given by [16,17]

ω�
2πTN

¼ −i
�
nþ 1

2

�
þ ν0;l; ð3:11Þ

where ν0;l is given by ν0;l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ − 1

4

q
.

In [16,17], it was shown that gravitational perturbations
in the Nariai geometry decompose into two independent
parity branches, namely, even and odd modes, correspond-
ing to the two polarizations of gravitons with identical
quasinormal spectrum. which is given by [16,17]

4The trigonometric form of the roots, which can easily be
obtained by substituting r ¼ 2ffiffiffi

Λ
p cos θ, after which the cubic

equation reduces to cos 3θ þ 3M
ffiffiffiffi
Λ

p ¼ 0.
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ω�
2πTN

¼ −i
�
nþ 1

2

�
þ ν2;l; ð3:12Þ

where ν2;l is given by

ν2;l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 2Þðl − 1Þ − 1

4

r
: ð3:13Þ

Therefore, both branches must be included in computing
the determinant from the quasinormal modes.

IV. QUASINORMAL BULK-PARTITION
FUNCTION

The DHS prescription is quite useful in computing the
one-loop partition function of scalar fields. However, in
subsequent works [5–7,11,12], it has been shown that the
naive DHS formula does not capture the complete
one-loop partition function for spinning quantum fields.
In general, the one-loop partition function takes the

following product form:

Zð1Þ ¼ Zch × Zedge; ð4:1Þ

where Zch corresponds to the character partition function
obtained from the quasinormal modes, and Zedge corre-
sponds to the edge-partition function, often interpreted as the
localized path integral over the codimension-two surface.
In this section, we study the one-loop character partition

function of gravitons in the Nariai geometry. For notational
simplicity, we work in units lN ¼ R ¼ 1. Equivalently, all
mode frequency eigenvalues are measured in units of the
Nariai scale. We will restore lN in the UV-divergent
section, through the redefinition of the integral variable.
From the quasinormal modes given in (3.12), we can

derive the character partition function associated physical
graviton modes, accounting for both even and odd parity
branches [16,17]. Plugging these quasinormal modes into
the formula (2.6), we obtain

logZgrav
ch ¼

Z
∞

0

dt
2t

1þ e−t

1 − e−t
X∞

n¼0;l¼2

2ð2lþ 1Þ�e−tðnþ1
2
þiν2;lÞ þ e−tðnþ1

2
−iν2;lÞ�

¼
Z

∞

0

dt
2t

1þ e−t

1 − e−t
X∞
l¼2

2ð2lþ 1Þ e
−t
2
−iν2;lt þ e−

t
2
þiν2;lt

1 − e−t
: ð4:2Þ

The degeneracy factor 2ð2lþ 1Þ accounts for the two
independent parity branches or, equivalently, the two physi-
cal polarizations of the graviton, together with the azimuthal
degeneracy −l ≤ m ≤ l. The quasinormal-mode construc-
tion naturally computes the character partition function
associated with the physical propagating graviton modes.
For propagating modes of the graviton in the bulk

geometry, we consider the transverse traceless degrees of
freedom. In the following Sec. VI, we compute the corre-
sponding character partition function from the Euclidean
perspective using the eigenspectrum of the Laplacian.

V. ONE-LOOP DETERMINANT OF A SCALAR
ON S2 × S2

As a warm-up, we begin by evaluating the one-loop
determinant of a scalar field on S2 × S2 using the heat-kernel
approach. We will follow closely [11] to obtain an integral
representation of the kernel. Finally, we will match the one-
loop determinant of a massless scalar with the quasinormal
bulk-partition function, presented in Appendix B.
The one-loop partition function of a minimally coupled

free massless scalar field on S2 × S2 is given by

logZ ¼ −
1

2
log det 0Δ0: ð5:1Þ

Here, Δ0 ¼ −∇2 is the scalar Laplacian on S2 × S2

and the prime is used to denote the operator without the
zero mode. This mode requires a separate treatment,
which we do not carry out here. Since the scalar compu-
tation is only used as a warm-up comparison with the
quasinormal character, we keep the determinant primed and
leave the zero-mode contribution outside the present
analysis.
The eigenspectrum of the scalar Laplacian on S2 × S2 is

given by [18]

λð0Þn;l ¼ nðnþ 1Þ þ lðlþ 1Þ; n; l ≥ 0;

dð0Þn;l ¼ ð2nþ 1Þð2lþ 1Þ: ð5:2Þ
The scalar Laplacian has a genuine zero mode at
ðn; lÞ ¼ ð0; 0Þ. In computing the determinant, we will
perform the sum over all modes and then subtract the
contribution from the zero mode.
The heat kernel corresponding to the scalar eigenspec-

trum can be evaluated as

−
1

2
log det 0Δ0¼

Z
∞

0

ds
2s

e−
ϵ2

4s

X
n;l≥0ðn;lÞ≠ð0;0Þ

dð0Þn;l e
−λð0Þn;l s: ð5:3Þ

In general, the sum over n or l is difficult to
perform because the eigenvalues are quadratic in n and
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l. Following [11], we use the Hubbard-Stratonovich trick to
linearize the sum

X∞
n¼0

ð2nþ 1Þe−sðnþ1
2
Þ2 ¼

Z
C

duffiffiffiffiffiffiffiffi
4πs

p e−
u2
4sfðuÞ: ð5:4Þ

The contour C runs from −∞ to ∞, slightly above the
real axis by a small positive imaginary constant. The
function fðuÞ is given by

fðuÞ ¼
X∞
n¼0

ð2nþ 1Þeiuðnþ1
2
Þ ¼ e

iu
2 ð1þ eiuÞ

ð−1þ eiuÞ2 : ð5:5Þ

We plug fðuÞ into (5.3) and perform the integral over s,

−
1

2
log det 0Δ0 ¼

X∞
l¼0

ð2lþ 1Þ
Z
C

du

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ ϵ2

p

×
	
e−ν0;l

ffiffiffiffiffiffiffiffiffi
u2þϵ2

p
fðuÞ



−
Z

∞

0

ds
2s

e−
ϵ2

4s;

ð5:6Þ

where

ν0;l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ − 1

4

r
: ð5:7Þ

The second term of (5.6), comes from the subtraction of the
zero-mode contribution in the determinant. Note that the
above integral in (5.6) has a branch cut from u ¼ iϵ along
the imaginary axis. We deform the contour C to C0, which
runs on both sides of the branch cut on the imaginary axis,
and substitute u ¼ it. We take ϵ → 0 at the end to obtain

−
1

2
log det 0Δ0 ¼

X∞
l¼0

ð2lþ 1Þ
Z

∞

0

dt
2t

1þ e−t

1 − e−t

×
e−

t
2
þiν0;lt þ e−

t
2
−iν0;lt

1 − e−t

−
Z

∞

0

ds
2s

e−
ϵ2

4s: ð5:8Þ

The first term in (5.8) agrees with the scalar quasinormal
character in (B2). The last term in (5.8) is the explicit
subtraction of the constant scalar zero mode, which is not
captured by the quasinormal-mode character.5

VI. ONE-LOOP DETERMINANT OF GRAVITON
ON S2 × S2

The gauge fixed one-loop path integral of the graviton on
S2 × S2 is given by [18]

Z1−loop
grav ¼ Ω2

Ω1

detðΔð1ÞÞ12
detðΔð2ÞÞ12

; ð6:1Þ

where Δ2 is the operator for the transverse traceless tensor
fluctuation,

Δ2hμν ¼ −∇2hμν − 2Rμναβhαβ: ð6:2Þ

The vector operator acts on the coexact vector ξμ,

Δ1 ≔ −∇μ∇μ − 1: ð6:3Þ

Here,Ω2 is the contribution from a negative tensor mode on
S2 × S2. Ω1 is the isometry factor, which in this case would
be volðSOð3ÞÞ × volðSOð3ÞÞ. The details of the gauge
fixing procedure along with the counting zero modes
and determining path integral measure has been shown
in [18]. The complete bulk-edge-partition function includes
the character partition function along with the isometry
factor Ω1. In the following section, we will focus on
evaluating the heat kernels of the determinants isolating
the bulk and the edge parts of the character partition
function.

A. Eigenspectrum of Laplacians

From (6.1), the spectrum of the operator ðΔð2ÞÞ acting on
the transverse traceless graviton on S2 × S2 is given
by [18]:
Tensor spectrum

λð2aÞn;l ¼ nðnþ 1Þ þ lðlþ 1Þ − 2; n ≥ 2; l ≥ 2

dn;l ¼ 5ð2nþ 1Þð2lþ 1Þ: ð6:4Þ

In addition to this, we have

λð2bÞn ¼ nðnþ 1Þ; n ≥ 2;

dn ¼ 18ð2nþ 1Þ: ð6:5Þ

And finally, we have another set of the eigenvalues’
spectrum,

λð2cÞn ¼ nðnþ 1Þ − 2; n ≥ 2;

dn ¼ 2ð2nþ 1Þ: ð6:6Þ

In addition to the three different sets of eigenspectra of
the tensor Laplacian, we have nine tensor eigenmodes with
eigenvalue 2 and a single tensor mode with a negative
eigenvalue −2.
Vector spectrum: Let us also write down the eigenspec-

trum of the operator ðΔð1ÞÞ and the operator [18],5Shown in Appendix B.
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λð1aÞn;l ¼ ðnðnþ 1Þ − 1Þ þ ðlðlþ 1Þ − 1Þ; n ≥ 1; l ≥ 1;

dn;l ¼ 3ð2nþ 1Þð2lþ 1Þ: ð6:7Þ

In addition to this spectrum, we also have

λð1bÞn ¼ ðnðnþ 1Þ − 2Þ; n ≥ 2;

dn ¼ 2ð2nþ 1Þ: ð6:8Þ

It is important to note that the tensor spectrum λð2;cÞn is the

same as the vector spectrum λð1bÞn , that is, λð2;cÞn ¼ λð1bÞn .
Because of this isospectral condition, we get a cancelation
between these terms in the heat kernel.

B. One-loop determinant on S2 × S2

Let us examine the one-loop determinant from the tensor
eigenspectrum in (6.4). The heat kernel corresponding to
the tensor eigenmodes is given by

Z
∞

0

ds
2s

e−
ϵ2

4sKð2aÞðsÞ ¼
Z

∞

0

ds
2s

e−
ϵ2

4s

X∞
n¼2;l¼2

dn;le
−λð2aÞn;l s

¼
Z

∞

0

ds
2s

e−
ϵ2

4s

X∞
l¼2

5ð2lþ 1Þ
X∞
n¼2

ð2nþ 1Þe−sððnþ1
2
Þ2þν2

2;lÞ

¼
Z

∞

0

ds
2s

e−
ϵ2

4s

X∞
l¼2

5ð2lþ 1Þ
�X∞

n¼0

ð2nþ 1Þe−sððnþ1
2
Þ2þν2

2;lÞ −
X1
n¼0

ð2nþ 1Þe−sððnþ1
2
Þ2þν2

2;lÞ
�

¼
Z

∞

0

ds
2s

e−
ϵ2

4s

�X∞
l¼2

5ð2lþ 1ÞðK̂ð2aÞðs; lÞ − Kð2aÞ
low ðs; lÞÞ

�
; ð6:9Þ

where ν2;l is defined in (3.13). K̂ð2aÞðs; lÞ and Klowðs; lÞ are
defined by

K̂ð2aÞðs; lÞ ¼
X∞
n¼0

ð2nþ 1Þe−sððnþ1
2
Þ2þν2

2;lÞ;

Kð2aÞ
low ðs; lÞ ¼

X1
n¼0

ð2nþ 1Þe−sððnþ1
2
Þ2þν2

2;lÞ: ð6:10Þ

In the third line, we added the modes with n ¼ 0 and n ¼ 1
and subsequently subtracted them from the original kernel.
We denote this low-mode contribution by Klowðs; lÞ. Note

that Klowðs; lÞ still carries l dependence and therefore must
be summed over l together with the degeneracy factor
5ð2lþ 1Þ. Now we would like to pay special attention to
the first term (with all modes from n ¼ 0 to ∞).
In general, it is difficult to perform the sum over n, since

it is quadratic in the exponential. However, using the
Hubbard-Stratonovich trick, one can linearize the expo-
nential and perform the sum. The linearized sum over n is
evaluated in (5.5). Following the same trick as shown for
the scalar, we plug the fðuÞ into (6.9) and perform the
integral over s to obtain

Z
∞

0

ds
2s

e−
ϵ2

4sKð2aÞðsÞ ¼
X∞
l¼2

5ð2lþ 1Þ
�Z

C

du

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ ϵ2

p
	
e−ν2;l

ffiffiffiffiffiffiffiffiffi
u2þϵ2

p
fðuÞ



−
Z

∞

0

dt
2t

X1
n¼0

ð2nþ 1Þe−tððnþ1
2
Þ2þν2

2;lÞ
�
: ð6:11Þ

In the second line, we performed the integral over s. Let us also deform the contour from C to C0 and collect the contribution
through the branch cut (with the branch cut point u ¼ iϵ) and substitute u ¼ it. Finally, we take the ϵ → 0 limit to obtain

Z
∞

0

ds
2s

e−
ϵ2

4sKð2aÞðsÞ ¼
X∞
l¼2

5ð2lþ 1Þ
�Z

∞

0

dt
2t

1þ e−t

1 − e−t
e−

t
2
þiν2;lt þ e−

t
2
−iν2;lt

1 − e−t
−
Z

∞

0

dt
2t

X1
n¼0

ð2nþ 1Þe−tððnþ1
2
Þ2þν2

2;lÞ
�
: ð6:12Þ

We can write (6.12) in a compact form by performing a single sum over n ¼ 2 to ∞, which is given by

Z
∞

0

ds
2s

e−
ϵ2

4sKð2aÞðsÞ ¼
Z

∞

0

dt
2t

X∞
l¼2

5ð2lþ 1Þðe−iν2;lt þ eiν2;ltÞ e
−3t

2 ð5et − 3Þ
ðet − 1Þ2 : ð6:13Þ
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The complete integral representation of the heat kernel from the eigenspectrum of the tensor modes in (6.13) agrees with
Eq. (C.7) of [19]. However, we wish to separate the terms with modes n ¼ 0 and n ¼ 1, which will enter into the edge-
partition function.
Similarly, we can evaluate the heat-kernel formula for the transverse-vector spectrum in (6.7). Performing similar steps as

given for the tensor modes, we find

Z
∞

0

ds
2s

e−
ϵ2

4sKð1aÞðsÞ ¼
X∞
l¼1

3ð2lþ 1Þ
�Z

∞

0

dt
2t

1þ e−t

1 − e−t
e−

t
2
þiν1;lt þ e−

t
2
−iν1;lt

1 − e−t
−
Z

∞

0

dt
2t

e−tðð
1
2
Þ2þν2

1;lÞ
�
: ð6:14Þ

Here ν1;l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ − 9

4

q
and, again, we added the n ¼ 0

mode in the kernel and subtracted it off.
We also note that

ν2;l¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ2Þðl−1Þ−1

4

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ1Þ−9

4

r
¼ν1;l: ð6:15Þ

Since the tensor and vector determinants come with
opposite signs in the free energy (or in logZ), we can
combine the first term of (6.12) and the first terms of (6.14)
restricted to l ≥ 2 and find

Z
∞

0

ds
2s

e−
ϵ2

4s

�X∞
l¼2

5ð2lþ1ÞK̂ð2aÞðs;lÞ−Kð1aÞðl≥2Þ
�

¼
Z

∞

0

dt
2t
1þe−t

1−e−t
X∞

n¼0;l¼2

ð5ð2lþ1Þ−3ð2lþ1ÞÞ

×
�
e−tðnþ1

2
þiν2;lÞ þe−tðnþ1

2
−iν2;lÞ�

¼
Z

∞

0

dt
2t
1þe−t

1−e−t
X∞
l¼2

2ð2lþ1Þe
−t
2
−iν2;ltþe−

t
2
þiν2;lt

1−e−t
: ð6:16Þ

In the first line, Kð1aÞðl ≥ 2Þ denotes the vector kernel but
restricted to l ≥ 2 modes. The physical graviton character
obtained independently in (4.2) is reproduced by the
overlapping l ≥ 2 sector of the Euclidean tensor and vector
sectors given in (6.14).
As we have already mentioned, the isospectral condition

of the tensor and vector modes λð2cÞn ¼ λð1bÞn simplifies the
rest of the computation of the heat kernel. It is clear from
the eigenmodes and the degeneracy, in (6.5) and (6.8), that
we get a cancelation of the heat kernels of the tensor and
vector eigenmodes mentioned above in the heat kernel,
i.e., Kð2cÞ − Kð1bÞ ¼ 0.
We are now left with the eigenspectra in (6.5). The heat

kernel corresponding to this eigenspectrum is given by

Z
∞

0

ds
2s

e−
ϵ2

4sKð2bÞðsÞ ¼
Z

∞

0

ds
2s

e−
ϵ2

4s

X∞
n¼2

18ð2nþ 1Þe−λð2bÞn s:

ð6:17Þ

Using the Hubbard-Stratonovich trick, we can perform the
sum over n modes,

Z
∞

0

ds
2s

e−
ϵ2

4sKð2bÞðsÞ ¼
Z

∞

0

dt
2t

18e−
3t
2 ð5et − 3Þ

ðet − 1Þ2 ðe−it2 þ ei
t
2Þ:

ð6:18Þ

In addition to these kernels, we have nine constant
eigenmodes of 2 and one negative eigenmode −2.

C. Edge-partition function

Let us now recombine the complete heat kernel in the
following way:

K1-loopðsÞ ¼ Kð2aÞðsÞ − Kð1aÞðsÞ þ Kð2bÞðsÞ þ KfiniteðsÞ;
ð6:19Þ

where the finite kernel KfiniteðsÞ consists of nine constant
eigenmodes of 2 and one negative eigenmode −2 and
isolated tensor modes discussed around (6.9).
As we have already noted in (6.16), the first term of (6.9)

and the first term of (6.14), but only restricted to the
overlapping l ≥ 2 sector, gives the quasinormal bulk
graviton character as presented in (4.2). Precisely, we
can write it as

Kgrav
ch ðsÞ ¼

X∞
l¼2

2ð2lþ 1Þ
X∞
n¼0

�ð2nþ 1Þe−sððnþ1
2
Þ2þν2

2;lÞ
�
:

ð6:20Þ

We define the rest as the edge kernel in the following
way:

KedgeðsÞ ¼ K1-loopðsÞ − Kgrav
ch ðsÞ

¼ −Kð2aÞ
low ðsÞ þ Kð1aÞ

low ðsÞjl≥2 − Kð1aÞðsÞjl¼1

þ Kð2bÞðsÞ þ KfiniteðsÞ: ð6:21Þ

Here Kð2aÞ
low ðsÞ denotes the kernel for the remaining n ¼

ð0; 1Þ low modes in the tensor kernel presented in (6.9).

Kð1aÞ
low ðsÞjl≥2 denotes the second term in (6.14), but restricted

to the l ≥ 2 sector. Note that the relative sign in these two
kernels comes from the fact that, in the full determinant, the
tensor and the vector ghost modes come with opposite
signs,
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Kð2aÞ
low ðsÞ ¼

X∞
l¼2

5ð2lþ 1Þ
X1
n¼0

ð2nþ 1Þe−sððnþ1
2
Þ2þν2

2;lÞ;

ð6:22Þ

Kð1aÞ
low ðsÞjl≥2 ¼

X∞
l¼2

3ð2lþ 1Þe−sð14þν2
1;lÞ: ð6:23Þ

Using the fact ν1;l ¼ ν2;l as given in (6.15), the n ¼ 0

part of Kð2aÞ
low ðsÞ combines with Kð1aÞ

low ðsÞjl≥2 to give

−Kð2aÞ
low ðsÞjn¼0 þ Kð1aÞ

low ðsÞjl≥2 ¼ −2
X∞
l¼2

ð2lþ 1Þe−sðlðlþ1Þ−2Þ

¼ −2K1;edgeðsÞ: ð6:24Þ

Note that this term of the kernel is nothing but a transverse-
vector edge kernel on S2 and, therefore, we denote this
as K1;edgeðsÞ.
We now have the remaining n ¼ 1-term of Kð2aÞ

low ðsÞ,
which contributes to

Kð2aÞ
low ðsÞjn¼1 ¼ 15

X∞
l¼2

ð2lþ 1Þe−slðlþ1Þ ð6:25Þ

and l ¼ 1-vector ghost tower, which contributes to

−Kð1aÞðsÞjl¼1 ¼ −9
X∞
n¼1

ð2nþ 1Þe−snðnþ1Þ

¼ −9
X∞
l¼1

ð2lþ 1Þe−slðlþ1Þ; ð6:26Þ

and Kð2bÞðsÞ which is also given by

Kð2bÞðsÞ ¼ þ18
X∞
l¼2

ð2lþ 1Þe−slðlþ1Þ: ð6:27Þ

The remaining scalar-type terms are

− Kð2aÞ
low ðsÞjn¼1 − Kð1aÞðsÞjl¼1 þ Kð2bÞðsÞ þ 9e−2s

¼ −15
X∞
l¼2

ð2lþ 1Þe−slðlþ1Þ − 9
X∞
l¼1

ð2lþ 1Þe−slðlþ1Þ

þ 18
X∞
l¼2

ð2lþ 1Þe−slðlþ1Þ þ 9e−2s

¼ −6
X∞
l¼1

ð2lþ 1Þe−slðlþ1Þ ¼ −6K0;edgeðsÞ: ð6:28Þ

The 9e−2s-term comes from the nine tensor modes with
eigenvalue þ2. Note that this kernel is precisely the

massless scalar kernel on S2, but the (l ¼ 0) zero mode
is removed.
From (6.21), (6.24), and (6.28), we find the total edge

kernel

KedgeðsÞ ¼ −2K1;edgeðsÞ − 6K0;edgeðsÞ: ð6:29Þ

Note that the complete path integral in (6.1) also includes
the isometry factor Ω1 and the contribution from the
negative mode, which has not yet been included in
(6.29). Including these, we find the complete edge partition
function

logZedge ¼ log
Ω2

Ω1

þ
Z

∞

0

ds
2s

e−
ϵ2

4sKedgeðsÞ; ð6:30Þ

where KedgeðsÞ is given in (6.29).
It is important to note that the edge partition function

in (6.30) admits a natural interpretation as a localized path
integral over lower-spin fields, namely, a transverse spin-
one field and a massless scalar field on S2, with the scalar
zero mode removed.

1. Consistency check with [20]

Here, we discuss the consistency check with [20]. In
Eq. (4.26) of [20], it is shown that

KðτÞ ¼ KbulkðτÞ þ KedgeðτÞ

KedgeðτÞ ¼ −2
�X∞0

l¼−1
Dd

l;1e
−λð1Þ

0;l τ þD3
1;0

X∞
l¼1

Dd
l;0e

−λð0Þ
1;l τ

�
:

ð6:31Þ

For d ¼ 3, D3
l;1 ¼ 2lþ 1, D3

1;0 ¼ 3, and D3
l;0 ¼ 2lþ 1.

Here,
P∞0

l¼−1 denotes the omission of l ¼ 1 for
which λ10;l¼1 ¼ 0. Therefore, the edge kernel of [20] can
be written as

KedgeðτÞ ¼ −2
�X∞0

l¼−1
Dd

l;1e
−λð1Þ

0;l τ þD3
1;0

X∞
l¼1

Dd
l;0e

−λð0Þ
1;l τ

�

¼ −2
�X∞

l¼2

ð2lþ 1Þe−λð1Þ0;l τ þ 3
X∞
l¼1

ð2lþ 1Þe−λð0Þ1;l τ

�

þ 2: ð6:32Þ

In the second line, we have explicitly expanded the sum
from l ¼ 2 to ∞ for the first term and isolated the
contribution of the l ¼ −1-term for which D3

l¼−1;1 ¼ −1
and λð1Þ0;l¼−1 ¼ 0.
We note that the terms in the bracket of (6.32), without

the analytically continued l ¼ −1 contribution, agree pre-
cisely with our edge kernel in (6.29). The additional þ2
term in (6.32) arises from the l ¼ −1 analytic continuation
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of the vector edge sector in [20]. This term is not an
ordinary vector harmonic, but it has been used to package
the negative tensor-mode sector. In our path integral
organization, we have kept it separated through the
negative-mode factor Ω2, as in (6.30).
Let us now focus on the edge-partition function, which

includes the isometry factor logΩ1 ¼ log ½volðSOð3ÞÞ×
volðSOð3ÞÞ�. Therefore, with this isometry factor, together
with (6.29) and the negative tensor sector, we find our edge-
partition function to be the same as that given in Eq. (4.34)
of [20] for d ¼ 3.
Similarly, the bulk-partition function in d ¼ 3, given in

Eqs. (4.32) and (4.33) of [20], agrees with ours (4.2) with

the substitution of ν0;l ¼ ν1;l ¼ ν2;l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 2Þðl − 1Þ − 1

4

q
and lN ¼ 1. Note that, in this case, I ¼ 2 vanishes on S2

for [20], indicating the presence of the two parity branches.

D. UV divergences

The one-loop determinants, or the partition functions,
are, in general, UV divergent and require regularization to
obtain finite results. In this section, we study the
UV-divergent structure, in particular the logarithmic-diver-
gent terms of (4.2) and (6.30). In addition to the logarithmic
divergence, there are power law divergences as well, which
typically need a counterterm to remove it. It can be
understood in the following way: if the kernel KðsÞ admits
the following expansion in the s → 0 limit,

KðsÞ ¼ a−2
s2

þ a−1
s

þ a0 þOðsÞ þ � � � ; ð6:33Þ

the logarithm of the partition function can be written as

logZ ¼
Z

∞

0

ds
2s

e−
ϵ2

4sKðsÞ

¼ c4
l4
N

ϵ4
þ c2

l2
N

ϵ2
þ α log

lN

ϵ
þ � � � : ð6:34Þ

Here, in the second line, we redefined s ¼ l2
Nσ, and by

looking at the integral, one can easily derive the scaling
form of the partition function. The leading and subleading
divergent terms can be removed by using counterterms,
and, in general, the finite term depends on the regulariza-
tion scheme; however, the logarithmic-divergent term is
independent of the choice of the regularization scheme.
Let us now compute the logarithmic-divergent term for

the bulk-partition function in (4.2). Following Appendix C
of [11], we can write the bulk-partition function in an
expansion around t ¼ 0,

logZgrav
ch ¼

Z
∞

0

dt
2t
1þe−t

1−e−t
X∞
l¼2

2ð2lþ1Þe
−t
2
−iν2;ltþe−

t
2
þiν2;lt

1−e−t
;

¼
Z

∞

0

dt
2t
Fgrav
ch ðtÞ: ð6:35Þ

Here Fgrav
ch ðtÞ ¼ e−

t
2ð1þe−tÞ
ð1−e−tÞ2

P∞
l¼2 4ð2l þ 1Þ cosðν2;ltÞ.

Following, Eqs. (C.5)–(C.13) of [11]6 and expanding
the integrand around t ¼ 0, we find the constant
term of Fgrav

ch ðtÞjconst ¼ 44
45
. Therefore, the log-divergent

piece of the bulk-partition function is given by
logZgrav

ch jlog div ¼ 22
45
log lN

ϵ .
In the edge-partition function, there are potentially two

sources of the log divergences: (1) from the character
partition function (including the negative tensor mode inΩ2

and (2) the isometry factor Ω1. Following the same
principle of bulk character, the logarithmically divergent
piece of the character partition function of the edge mode is
given by logZch

edgejlog div ¼ ð22
3
þ 2Þ log lN

ϵ ¼ 28
3
log lN

ϵ .
The logarithmic divergence of the isometry factor can be

understood from the path integral normalization of the zero
modes following [11]. Note that the regulated determinant
is evaluated through the heat-kernel representation

logZ ¼
Z

∞

0

dτ
2τ

e
−ϵ2
4τ

X
i

e−τλi : ð6:36Þ

So, for a single eigenvalue λi, the contribution to the path
integral is given by

logZi ¼
Z

∞

0

dτ
2τ

e
−ϵ2
4τ e−τλi ¼ logM −

1

2
log λi þOðϵÞ;

ð6:37Þ

where M ¼ 2 e−γ
ϵ and γ is the Euler-Mascheroni constant.

The path integral measure for a canonically normalized
scalar field is given by7

ds2ϕ ¼ M2

2π

Z
ðδϕÞ2: ð6:38Þ

For the gravitational path integral, the relation between
the canonical and the path integral measures, and similarly
between the canonical and the path integral group volumes,
was established in [11],

ds2PI ¼
Ad−1

4GNdðdþ 2Þ
M4

2π
ds2c; ð6:39Þ

6Or, equivalently, one can perform the l sum using Euler-
Maclaurin method, near t ¼ 0.

7In particular, the path integral measure would be
Dϕ ¼ Q

i
Mffiffiffiffi
2π

p dϕi.
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volðGÞPI
volðGÞc

¼
�

Ad−1

4GNdðdþ 2Þ
M4

2π

�1
2
dimG

: ð6:40Þ

In our case, dim G ¼ dimðSOð3ÞÞ þ dimðSOð3ÞÞ ¼ 6,
therefore, the volðGÞPI ∼ ðMlNÞ12. So, logΩ1 ∼ 12 logðlNϵ Þ.
From the above analysis, we find the logarithmic-

divergent term of the edge-partition function is

logZedgejlog div ¼ logZch
edgejlog div − logΩ1jlog div

¼
�
28

3
− 12

�
log

lN

ϵ
¼ −

8

3
log

lN

ϵ
:

ð6:41Þ

VII. DISCUSSION

In this paper, we evaluate the bulk character partition
function of scalars, vectors, and gravitons from their quasi-
normal-mode spectra using the DHS prescription. For min-
imally coupled scalar fields, we demonstrate that the
quasinormal-mode character partition function agrees pre-
cisely with the nonzero-mode part of the one-loop determi-
nant computed via the heat-kernel method on the S2 × S2

background. In contrast, for gravitons, the full one-loop
determinant obtained from the heat-kernel approach does
not coincide with the quasinormal-mode character partition
function. We isolate the edge-character partition function
from the heat-kernel expression to account for this difference.
We find that the edge-partition function admits a natural
interpretation as a localized path integral over lower-spin
fields, namely, a transverse spin-one field and a massless
scalar field on S2, with the scalar zero mode removed.
In AdS spacetime, the DHS prescription [6] requires

modification for fields with spin s > 0, as certain higher-
spin modes become singular at the horizon. Specifically, it
has been shown that, for a spin-s field, the modes with the
Matsubara frequency number jkj < s are singular and must
be excluded from the DHS product formula. This suggests
that the boundary conditions for higher-spin fields should
be treated with greater care near the horizon. It would be
interesting to understand the origin of the edge character
partition function from the perspective of quasinormal
modes in de Sitter black holes.
We aim to interpret the edge character partition function

of gravitons in terms of a putative entropy associated with
gravitational edge modes [14,21–23]. In four dimensions
(D ¼ 4), it has been demonstrated that the entanglement
entropy of the gravitational edge modes [14] matches the
edge character partition function computed on S4 [11].
However, for the case at hand, no analogous independent
computation is currently available. We hope to pursue this
direction in the near future, which may offer deeper insight
into the physical interpretation of the edge character
partition function.

Note added. Recently, the preprint [20] appeared on arXiv,
showing the bulk-edge split of one-loop partition function
of the graviton in the Nariai geometry in arbitrary
dimension.
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APPENDIX A: QUASINORMAL MODES IN
NARIAI GEOMETRY

The metric of the Nariai space is given in (3.8). In this
appendix, we denote the Nariai static-patch coordinates ðτ; ρÞ
by ðt; rÞ; these should always be understood as coordinates of
the dS2 factor in the Nariai geometry, not as the original
Schwarzschild–de Sitter coordinates appearing in (3.1).
Let us consider a minimally coupled massless scalar in

this background. The wave equation obeyed by the min-
imally coupled scalar is given by

1ffiffiffiffiffiffi−gp ∂μð
ffiffiffiffiffiffi
−g

p
gμν∂νÞΦ ¼ 0: ðA1Þ

The wave equation takes a simple Schrödinger-like form in
the tortoise coordinate,�

1

fðrÞ ð∂
2
r� − ∂

2
t Þ þ∇2

Ω

�
Φ ¼ 0; ðA2Þ

where ∇2
Ω is the scalar Laplacian on S2. For simplicity, we

will consider R ¼ 1. To solve the wave equation, we can
take the following mode ansatz:

Φðt; r;ΩÞ ¼ ψðrÞe−iωtYl;mðΩÞ; ðA3Þ

where Yl;mðΩÞ is the scalar spherical harmonics on S2. The
wave equation (A2) can be written in a simple equation of
the radial coordinate,

½∂2r� þ ω2 − V0ðr�Þ�ψðrÞ ¼ 0: ðA4Þ
The scalar potential V0ðr�Þ is given by

V0ðr�Þ ¼
lðlþ 1Þ
cosh2

� r�
lN

� : ðA5Þ

The above potential admits a well-known Pöschl-Teller
potential [16,17]. The standard technique to solve Eq. (A4)
is the following:
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We first define ξ,

ξ ¼ 1

2
þ 1

2
tanh

�
r�
lN

�
: ðA6Þ

The asymptotic boundary r� → ∞ corresponds to ξ → 1.
Let us also define the following parameters:

a ¼ 1

2
þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ − 1

4

r
; ðA7Þ

b ¼ 1

2
− i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ − 1

4

r
; ðA8Þ

c ¼ iωlN þ 1: ðA9Þ

With the parameters defined in (A9), the wave equation
takes a simple hypergeometric form in the ξ variable under
the following redefinition of ψðr�Þ:

ψðr�Þ ¼ ξðc−1Þ=2ð1 − ξÞ12ðaþb−cÞRðξÞ: ðA10Þ

The equation in RðξÞ is given by

ξð1−ξÞd
2RðξÞ
dξ2

þ½c−ξðaþbþ1Þ�dRðξÞ
dξ

−ab RðξÞ¼0:

ðA11Þ

The solution of the above equation is given by

RðξÞ ¼ AFða; b; c; ξÞ
þ Bξ1−cFð1þ a − c; 1þ b − c; 2 − c; ξÞ; ðA12Þ

where Fða; b; c; ξÞ is the usual hypergeometric function.
We should impose appropriate boundary conditions to
obtain the quasinormal modes. Let us investigate the
behavior of the mode functions at r� → �∞. We impose
the following boundary conditions: at r� → −∞, the modes
should behave like ∼e−iωðtþr�Þ and at r� → ∞, the modes
should go like e−iωðt−r�Þ. These set of boundary conditions
imply the outgoing waves at the asymptotic infinity and the
ingoing waves at the horizon [24],

ψðr�Þjr�→þ∞ → B
Γðc − a − bÞΓð2 − cÞ
Γð1 − aÞΓð1 − bÞ e−iωðt−r�Þ

þ B
Γðaþ b − cÞΓð2 − cÞ

Γða − cþ 1ÞΓðb − cþ 1Þ e
−iωðtþr�Þ:

ðA13Þ

Therefore, we should reduce the coefficient of e−iωðtþr�Þ
which can be done by setting a − cþ 1 ¼ −n or
b − cþ 1 ¼ −n, where n is a non-negative integer. This
boundary condition is analogous to the boundary condition

in the horizon. Choosing the former condition with the
definitions in (A9), we find

iω�
2πTN

¼ nþ 1

2
þ iν0;l; ðA14Þ

where ν0;l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ − 1

4

q
. This set of quasinormal-mode

frequencies has been computed in [16,17].
For gravitational perturbation, the form of the Pöschl-

Teller potential type changes, which is mainly due to the
different eigenspectra of vector and tensor modes on S2.
The form of the potential is given by

V2ðr�Þ ¼
ðlþ 2Þðl − 1Þ
cosh2

	
r�
lN


 : ðA15Þ

Following the same procedure as for the scalar, we can
compute the quasinormal modes of the gravitational per-
turbations. The quasinormal-mode frequencies for gravita-
tional perturbations take the following form:

iω�
2πTN

¼ nþ 1

2
þ iν2;l; n ≥ 0; ðA16Þ

where ν2;l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 2Þðl − 1Þ − 1

4

q
. Here, the quantum num-

ber l runs from 2 to ∞.

APPENDIX B: SCALAR QUASINORMAL
CHARACTER

For completeness, let us also present the quasinormal
character partition function of a minimally coupled mass-
less scalar in Nariai geometry. For a minimally coupled free
massless scalar on the Nariai geometry, the quasinormal
modes are given by [16,17]

ω�
2πTN

¼ −i
�
nþ 1

2

�
þ ν0;l; ðB1Þ

where ν0;l is given by ν0;l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ − 1

4

q
.

Using the quasinormal modes of scalars, we plug this
expression into (2.6) to find

logZscalar
ch ¼

Z
∞

0

dt
2t
1þe−t

1−e−t
X∞
l¼0

ð2lþ1Þe
−t
2
þiν0;ltþe−

t
2
−iν0;lt

1−e−t
:

ðB2Þ

We note that the scalar quasinormal character agrees with
the first term in (5.8). The full primed determinant contains,
in addition, the explicit subtraction of the constant scalar
zero mode, which we do not analyze in this paper.
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