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Entanglement entropy of mixed state in thermal CFT,
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Using the subtraction approach, we give the bipartite mixed state entanglement entropy in thermal
conformal field theory,. With these entanglement entropies, we examine in detail the holographic duals of
different entangling configurations unambiguously. In the thermofield double state, we show an horizon-
crossing feature in two-sided entanglement configuration.
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I. INTRODUCTION

In the context of the AdS/CFT correspondence [1-3],
entanglement entropy serves as a fundamental concept to
provide critical insights into the relation between quantum
entanglement and the emergence of spacetime [4-9].
Recent progress reveals how the Einstein equation emerges
from the quantum entanglement in conformal field theory,
(CFT) [8]. ER = EPR has been also realized with some
well-designed setup [9].

For a pure state ¥ = A U B, the total density matrix is
p = |Z)(Z|. The entanglement entropy between the two
complementary subsystems A and B is defined by the von
Neumann entropy,

SvN(PA) = —Trypslogpa, (1)

where the reduced density matrix p, is p4 = Trpp.

However, when dealing with bipartite systems in a mixed
state, such as two disjoint intervals A and B in CFT,, a
straightforward generalization of the definition above
proves to be an inaccurate measure for quantifying quan-
tum entanglement between A and B. To address this issue,
several candidates have been proposed to quantify the
quantum entanglement in mixed states, such as entangle-
ment negativity [10], entanglement of purification [11],
odd entanglement entropy [12], reflected entropy [13],
balanced partial entanglement [14], and the distillable
entanglement [15].
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The entanglement of purification (EoP) [11] is a well-
studied correlation among the proposed quantities. The
basic idea of EoP is to purify the mixed state by enlarging
the Hilbert space of the mixed state with auxiliary systems.
For a mixed state p,p, one introduces auxiliary states A*
and B* to form a pure state p,4-pp under the condition
pap = Trpp-pas-pp-- Define a von Neumann entropy
S\N(AA*:BB*) = —pa4- log psa- with the reduced density
matrix pya = Trpp-pas-pp-- Then the EoP is the optimi-
zation Ep = miny:p-S,N(AA* : BB*) over all A* and B*. In
the holographic context, the bulk dual of EoP is hypoth-
esized to be a minimal surface in anti—de Sitter (AdS),
known as the entanglement wedge cross section (EWCS or
Ew). In AdS;, the EWCS is a geodesic with finite length.
Nevertheless, the optimization over purifications is practi-
cally not workable, though the EWCS in AdS; is easy to
calculate. For this reason, a canonical purification is
proposed. In this purification, the auxiliary state is a
CPT copy of p,p. The measure defined in this way is
the reflected entropy [13]. The holographic dual of the
reflected entropy, in AdS;, is a closed curve glued by two
identical geodesics.

In recent works [16,17], the “subtraction” approach is
introduced to calculate the mixed state entanglement
entropy in CFT successfully. Consider a pure system made
up of nonoverlapping subsystems A, B, C, and D, where A
and B are separated by C and D, as shown in Fig. 1. Then
pap 1S a mixed state since A and B are not complementary.
Instead of adding auxiliary systems to replace C and D for
purifying the mixed state p,p, the subtraction approach
simply removes subsystems C and D conformally. This
operation makes A and B complementary. As a result, a
pure state of y, 5 composed entirely of A and B is obtained.
Then, calculating the entanglement entropy S,n(A:B)
between A and B is straightforward. In [16,17], the zero
temperature infinite system is studied for static and covar-
iant scenarios. It is confirmed S,n(A:B) = Ey(A:B).

In this paper, we apply the subtraction approach to
thermal CFT,, whose holographic dual is the BTZ black
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Left panel: at 7 = 0, two subsystems A and B on the x axis are in a mixed state p,p, separated by segments C and D. Right

panel: after conformally subtracting C and D with two discs, an annulus is obtained, in which two subsystems A and B are now in a pure

entangled state y4p.

hole. The subtraction approach involves no optimization
and thus provides a clear way to distinguish different
configurations. We will identify the holographic duals of
the entanglement entropies more specifically. We also study
in thermofield double (TFD) state, a two-sided mixed
configuration slightly different from that addressed in
[9]. We find that the EWCS could cross the horizon at
specific parameter values.

The remainder of this paper is structured as follows: In
Sec. II, we calculate mixed state entanglement entropy in
thermal CFT, and address the holographic dual. In Sec. III,
we study the thermofield double mixed state and find an
horizon-crossing feature of the EWCS. Section 1V is the
Conclusion.

II. MIXED STATE ENTANGLEMENT ENTROPY
IN THERMAL CFT,

In this section, we first use the subtraction approach to
calculate the entanglement entropies of mixed states in
thermal CFT,. Then, after identifying the holographic duals
of the entanglement entropies, respectively, we elucidate a
delusive phase transition in the literature.

A. Calculation in CFT

We begin with the pure state nth Rényi entropy,
defined as

1
S(A) =~ Tog Trp}, 2)

—-n
where p, = Trycpy 1S the reduced density matrix after
tracing out the complement of subsystem A over the total
density matrix of the system. The nth power of the density
matrix can be seen as the density matrix on an n-fold cover
M,, of the original spacetime. This M,, is constructed by

gluing n copies of the sheet with a cut along A. The trace of
P}t is calculated using the partition function on M,,:

Z
Trapy = e (3)
Zi
where the denominator Z{ acts as a normalization. The von
Neumann entropy can be defined through the analytic
continuation of Rényi entropy,

Sun(A) = 1im S™(A) = —Trypy log ps. (4)

n—1

So, once we find the partition functions of the original
spacetime and the replicated manifold, we get the von
Neumann entropy. This is the standard procedure to
calculate the entanglement entropy for pure states.

The Kruskal extension of the BTZ black hole has two
asymptotic boundaries, each associated with the spacetime
boundary of the black hole. It is the holographic dual of the
thermofield double state.

The thermofield double state |TFD) is a pure entangled
state that describes a thermally excited system,

ITFD) = e |n,) ® |ng). (5)

where f is the inverse temperature, E,, is the energy of the
nth eigenstate, and |n;) and |ng) are the states in the left
and right CFTs, respectively. In this state, the two CFTs are
entangled, with each CFT residing on one of the asymptotic
boundaries of the BTZ black hole. After tracing out one
CFT (either |n;) or |ng)), one gets the density matrix of a
thermal CFT,,

1 _
Pthermal = W;VO <n|e PEs, (6)
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FIG. 2. p =|TFD)(TFD]| is prepared using Euclidean path
integral. Two copies of CFTs reside on two slits, one on each side.

In the Euclidean path integral formulation, the TFD state
can be viewed as residing on an infinitely long cylinder,
where the time direction is compactified and the two
boundaries of the cylinder are connected by infinitely long
slits, one on each side, as shown in Fig. 2. In this sense, the
bulk region forms a solid cylinder.

Consider two subsystems, A = (x, x,) and B = (x3, x4),
separated by segments C and D, atz = 0, as shown in Fig. 3.
pap obviously is a mixed state. We aim to study the
entanglement between A and B. The simplest way is to
map the cylinder onto the complex plane using the following
conformal map:

veon(22) 0

where /3 is the inverse temperature of the thermal CFT, and is
identical to the circumference of the cylinder.

To be self-contained, we follow the procedure introduced
in Refs. [16,17] to derive the entanglement between A and
B. On the w plane, we use the subtraction approach to
remove segments C and D by two discs with conformal
boundary conditions, as shown in Fig. 4. These boundary

—_—
xT

FIG. 3. At =0, two disjoint subsystems, A = (x;, x,) and
B = (x3,x4) are noncomplementary, resulting in a mixed state
pag- After tracing out A and B, pcp is also a mixed state.

L,

FIG. 4. The subtraction approach is applied on the w plane.
Generally, segments A = (wy, w,) and B = (w3, wy) have differ-
ent lengths. Two discs are used to remove segments C = (w,, w3)
and D = (—oo0,w) U (wy, o0). The annulus with slits at A and B
is clearly the density matrix of a pure state.

conditions encode the information from C and D.
Generally, the resulting annulus is asymmetric. Since every
asymmetric annulus is conformally equivalent to a sym-
metric one through a global conformal transformation,
without loss of generality, we focus on the symmetric case
and return to the asymmetric configuration at the end. The
annulus with slits along A and B is clearly the density
matrix of a pure state. Thus, we can directly compute the
entanglement between A and B.

The partition function on a symmetric annulus is [18-20]

Zy = 12y (alk)(k|b)e Y, (8)
k

where the conformal width W is defined as W =
log(R,/R;), with the inner radius R; and outer radius
R,. Here, c represents the central charge. k indexes all
allowed scalar operators within the annulus, each having
a conformal dimension &. |a) and |b) are boundary
states. They encode the information from the removed
segments C and D.

Next, we glue n copies of the original annulus along A to
get M, as shown in Fig. 5. This construction yields a
manifold with a Z,, symmetry. Interestingly, the replicated
manifold is conformally equivalent to the original annulus.
Specifically, we can map M, onto a cylinder via the
coordinate transformation:

y = nlogw. 9)

The Hamiltonian of M, can be expressed using the
translation generator on the cylinder:

046025-3
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Glue

FIG. 5. The cut-and-glue procedure in the replica trick. Each
annulus is cut along the segment A and is glued with others

cyclically. Red lines represent gluing operations. Note that the
resulted manifold is also an annulus.

H:/j”"%(T@)M(y)) :%<LO+EO—%). (10)

We observe that the anomaly term we are interested in
receives a contribution from the replica parameter in the
denominator. This is equivalent to stating that the con-
formal width is rescaled to W/n. Therefore, the partition
function of M, is given by

Z, = eV " (alk) (k|b)e=20W/n (11)
k

Since we are concerned with the vacuum entanglement, the
contribution of excited states is irrelevant. We thus have

Z, = e“"1*(al0)(0]b),
Z, = e"/121(a|0)(0|b). (12)

Substituting Eq. (12) into Egs. (2) and (3) yields the Rényi
entropy,

S(A) = % (1 + ’11) W + log({al0){(0|b)). (13)

The second term is the Affleck-Ludwig boundary entropy
[21], representing the information from the subtracted
regions. This boundary entropy is model dependent and
are totally irrelevant to the entanglement between A and B.
Therefore, the entanglement entropy of A and B is

Suv(A:B) = lim S"(A) — log((a|0)(0]b)) = gW- (14)

An easy way to get the entanglement entropy of the
asymmetric configuration is to write the symmetric result in

a conformal invariant manner. To this end, we rewrite W =
: : — (wr—wi)(wa—ws)
log R,/R; in terms of the cross ratios { = (e (wamw )’

Note that

%:1+2§+2 SE+1). (15)
1

Therefore, the static bipartite mixed state entanglement
entropy in thermal CFT, is

S,y(A:B) = glog (1 F20+ 2+ 1)), (16)

where

_ (w2 —wy)(wy —ws)
(w3 =wa)(wy —wy)

_ sinh(z(x, — x,)/p) sinh(z (x4 — x3)/5)
sinh(7(x3 — x,)/p) sinh(z(xy — x)/f)

(17)

Similarly, we can calculate the entanglement between
C = (xp,x3) and D = (—00,x1) U (x4, 0). The simplest
way is to make the substitutions: x; — x; | to get

C_)(:/:(Wa—wz)(wl—wﬁzl‘ (18)

(wy —w3)(w; —wy) ¢

Therefore, the entanglement entropy for C and D is
given by

SUN(C:D):glog<l+§+2 %(%—H)) (19)

The pure state entanglement entropy can be recovered by
taking the limit

. c p . nl
1 S,n(C:D)==1 —sinh| — | ], (20
Jim Suv(c:D) = S1og (L sim() ). 20)

where ¢ is the UV regulator, and £ = x3 — x, is the length
of the interval.

As shown in Ref. [17], the covariant entanglement
entropy, which includes time dependence, can be obtained
by simply replacing x; with z; = x; + 7;."

It is worth noting that the competition between the two
entanglement entropies, S,y(A:B) and S,y (C: D), leads to
a phase transition at { = 1. This is guaranteed by the
properties of hyperbolic geometry. We will see this more
clearly in the holographic picture later.

'Note in [17], the cross ratio used is 7 = % = C%

046025-4



ENTANGLEMENT ENTROPY OF MIXED STATE IN THERMAL ...

PHYS. REV. D 112, 046025 (2025)

B. Holographic computation

In Ref. [11], it was proposed that the holographic dual of
mixed state entanglement entropy is the EWCS. This has
been verified in Refs. [16,17] for zero temperature CFT.
Now we verify it for thermal CFT;.

The EWCS is a codimension-two extremal surface
within the entanglement wedge that connects two boundary
subregions. In the case of AdS;/CFT,, the EWCS is simply
a geodesic. We work in the planar BTZ black hole, which is
the holographic dual of the thermal CFT,. The metric is
given by

R2
as? =5 (~(1=22/2)de + (12 /3) 7 de? 4 )

(21)

where zy = f/2n denotes the horizon of the black hole,
and the coordinate range is ¢, x € R. The BTZ black hole
can be understood as a quotient space of pure AdS; via the
following coordinate transformation:

X = /1 —2%/z% cosh(t/zy)e"?,
T = \/1—2%/z% sinh(t/zy)e" ™,

Z =" e/, (22)
iH
The new coordinates {X,T,Z} correspond to a patch of
Poincaré coordinates since the conditions X > |T| and Z <
e*/7n are always satisfied. The region it covers in Poincaré
patch is called the Rindler wedge.

Consider the configuration in Fig. 6. The EWCS dual to
S,n(A:B) shown in red is the minimal cross section in the
entanglement wedge.

The length of the red line can be computed using the fact
that the BTZ geometry is a quotient spacetime of pure
AdS;. In pure AdS;, the geodesic length for a EWCS is’

Ew(A:B) = glog (1 +20+ 2V + 1)), (23)

where the Brown-Henneaux formula 3R q5/2G?®) [22] is

_ (XX (X=X
used, and § = f=e iy

pure AdS; parameters.

Using the coordinate transformation (22), Ew(A:B) in
BTZ is still given by Eq. (23) but with cross ratio in terms
of the BTZ parameters,

_ sinh(z(x; — x1)/p) sinh(z(x4 — x3)/p)
sinh(z(x3 — x,) /) sinh(z(x4 — x1)/B) "

is the cross ratio in terms of the

(24)

*There are two methods to calculate Ey, (A :B). The simplest
way is to use the ultraparallel theorem which asserts that
Ew(A:B) is a unique geodesic. The second approach is to
perform optimization as demonstrated in the Appendix.

D " T oo W p TP
FIG. 6. BTZ black hole in planar coordinates. The boundary is
at z = 0 and consists of A = (x1,x,), B = (x3,x4), C = (x,,x3),
and D = (—o0,x;) U (x4,00). The red line is the EWCS for
S,n(A:B). The four RT surfaces, printed in blue, form an ideal
quadrilateral within the entanglement wedge.

Thus, comparing with Eq. (16), we see
S,v(A:B) = Ew(A:B). (25)
Again, by setting { — 1/, we confirm

Ew(C:D)=S,y(C:D) :glog <1+§+2 %(%—H))

(26)

C. The phase transition

In pure AdS;, it is easy to distinguish the EWCS
associated with different segments. However, it might be
tricky in other asymptotic AdS geometries, such as BTZ. To
identify the EWCS dual to a specific segment, the typical
process is to find all possible surfaces and then pick the
minimal one. This is in line with the optimization procedure
in the EoP definition. Nevertheless, the subtraction approach
in CFT involves no optimization and has no ambiguity. The
entanglement entropy obtained in CFT this way is unique.
So, it is a more accurate approach for making distinctions.

To make the discussion concrete, let us consider the
configuration shown in Fig. 7. Solely from the bulk EWCS
investigation, it appears that there are two candidates for
Ew(C:D), the combination of the two green straight lines
or the red line. However, we are going to show that the lhs
(rhs) green line should be understood as the EWCS for
subsystems (—o0, x;) and (x,, 00) [(—00,x3) and (x4, )],
rather than part of Ey (C:D).

The length of the green line on the left is

2 dz 7(xy — x1)
Lgreen = / — = 10g <C0th (7 ,
¢ v /1 =22/ 2p

(27)
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D

D Z1 A T2 C T3 B T4 D

FIG. 7. The red line is Ey(C:D). The lhs green line is
Ew((=00, x1): (x5, o)). The rhs green line is Ey((—o0, x3):
(x4, 00)).

where the turning point is given by z* = z tanh(Z/2zy)
for a subsystem of size £. On the other hand, referring to
Egs. (16) and (17) and Fig. 6, under the limits x; — —
x4 — oo, the entanglement entropy S,y(A:B) is

lim 2S,,(A:B) = log (coth( 7(x3 T x2))). (28)

X —>—00 C
X4—>+00

So, the lhs (rhs) green line in Fig. 7 really is the EWCS for
(—o00,x;) and (x,,00) [(—o0, x3) and (x4, 00)].

III. TWO-SIDED ENTANGLEMENT
CONFIGURATION

In the last section, we primarily focused on the entangle-
ment within the same side, as shown in Fig. 8. This one-sided
entanglement configuration is the usual one considered in
thermal CFT. However, examining entanglement across
different sides is quite insightful. For example, A € |n;)
while B € |ng). One such well-designed configuration has
been studied in [9] to realize ER = EPR successfully.

We thus turn to a configuration shown in Fig. 9. In this
setup, the entanglement entropy can be directly read off
from Egs. (16) and (19):

S,y(A:B) = —log( TR N )

S,v(C:D) :glog (1 +§+2 %(%JF 1)) (29)

where

—x1)/p) sinh(z(x4 — x3)/P)
—x1)/P) sinh(z(x3 — x;)/p)

is the modified cross ratio.

cosh(z(x,
cosh(z(x4

(=

D

Horizon

D A c B D

FIG. 8. A slice of the solid cylinder. Last section discussion is a
one-sided entanglement. In this configuration, the ideal quadri-
lateral in entanglement wedge, depicted in blue, will not touch the
horizon. The EWCSs for S,y (A:B) and S,5(C: D) are shown in
green and red, respectively.

In contrast to the one-sided entanglement, two-sided
entanglement has a distinct feature: the dual EWCS could
pass through the horizon, as shown in Fig. 9. An easy way
to determine the horizon-crossing point is to map the BTZ
geometry onto pure AdS; by using the coordinate trans-
formation (22). With this transformation, the horizon is
mapped to the vertical line passing through the origin.
Therefore, once the horizontal coordinate of the endpoint of
the EWCS equals zero, the EWCS crosses the horizon.

In pure AdS;, with the results derived in the Appendix,
the endpoints of Ey (C:D) are given by3

X, — Wy (W3 = wi ) (wy —wy) +wi (w3 —wy)(ws —w,)
t (w3 =wy)(wy —wy) 4+ (w3 —=wy)(wg—wy)
7 :(Wz—Wl)\/(Wa—Wz)(W3—W1)(W4—W2)(W4—Wl)
t (w3 =wp)(wg —wi) + (w3 —wy) (wg —wy)

El

~ wa(wy—wy)(wy —wy) +Hwy(wz —wy)(ws —w)
R iy m ) (=) (3 =) (v =)
Zp= (wg —w3) v/ (w3 —wa) (w3 —wy) (wy —w;) (wy —wl),

(Wa=wy) (wy —wy) + (w3 =wy) (w3 —wy)

(31)

where (X;,Z;) and (X, Zy) represent the coordinates of
the left and right endpoints of Ey, (C: D), respectively. To
align with our previous discussion, we use w to denote the
coordinates on the flat boundary of Poincaré half plane.
The relation between w and x is given by

W= exp (2’?) (32)

*We have slightly adjusted the notation compared to the Appen-
dix. Here, the capital letters represent the Poincaré coordinates in the
bulk, while w; represent the coordinates on the boundary.

046025-6



ENTANGLEMENT ENTROPY OF MIXED STATE IN THERMAL ...

PHYS. REV. D 112, 046025 (2025)

The horizon-crossing occurs at X; = 0. This leads to

2mxy [ 2733 2mx) 273y 2mxy
eﬂ(elf +e/f)(eﬂ +eﬂ) e’

2mx| 27x3 2axy 2mxy 2mxy
(eﬁ—eﬁ)(e/i—eﬂ)
=0 (33)

(e/} +eﬁ)(eﬂ +€ﬁ> (

which can be further simplified to

cosh(z(x3 — x,)/p) cosh(z(xs — x1)/ )

sinh(z(xs — x2)/) sinh(x(xs 1) /)

K=

(34)

Thus, the behavior of Ey, (C: D) in the extended BTZ black
hole depends on «:
(i) If k> 1, Ey(C:D) does not cross the horizon.
(i) If k < 1, Ey(C:D) crosses the horizon.
At the horizon-crossing point, the cross ratio simplifies to

ﬂi) 5

. cosh(z(x3 — x1)
a (smh( (5 —2)
(smh(r:( )

)P

cosh(z(x4 — x;

Xq4 — X

(35)

The same analysis can be applied to S, (A: B), depicted
in green in Fig. 9. By setting the horizontal coordinate of
the endpoint of Ey,(A:B) equal to zero, we obtain

cosh(z(x, — x1)/p) cosh(z(x3 — x1)/)

sinh(z(x4 — x)/p) sinh(z (x4 — x3)/ ) =t

K=

(36)

Thus, the behavior of Ey, (A B) in the extended BTZ black
hole depends on «:

(i) If c > 1, Eyw(A:B) does not cross the horizon.

(i) If k <1, Ey(A:B) crosses the horizon.

Horizon

A ¢ W BT D

FIG. 9. A two-sided entanglement configuration. The ideal
quadrilateral within the entanglement wedge is printed in blue.
The EWCS in red color corresponding to S,y (C: D) could cross
the horizon.

27x3 2ax) 27xy 27xy
e’ —e/’)(e/’ —e/f)

IV. CONCLUSION

In this paper, we employed the subtraction approach to
study the bipartite mixed state entanglement entropy of
thermal CFT,. In planar BTZ black hole, our analysis
provided a clear way to identify the holographic duals
of different entanglement entropies unambiguously. Addi-
tionally, we investigated bipartite mixed state entanglement
in the TFD state. We demonstrated that, at certain param-
eter values, the EWCS can extend across the horizon.
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APPENDIX: ENDPOINTS OF EWCS
IN PURE AdS;

We work in pure AdS;, where the metric in Poincaré
coordinates is given by

—df?* + dx? + dz?
2 . (A1)

ds? =

The EWCS is defined as the minimal cross sectional area of
the entanglement wedge. It is uniquely determined once the
boundary points are specified. In this appendix, our goal is
to derive the explicit formulae for the lengths and endpoints
of the EWCSs in terms of the boundary coordinates.

We restrict our discussion to the t = 0 slice. Consider
the bipartite entanglement between two subsystems, C =
(x2,x3) and D = (—00, x1) U (x4, o) located on the boun-
dary as illustrated in Fig. 10. We can calculate its length and
endpoints by the optimization procedure.
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\ 3

D A c s B

FIG. 10. EWCS in Poincaré coordinate. The endpoints, (x;, z;)
and (xg, zg), can move freely along the RT surfaces of A and B,
respectively. The endpoints of the EWCS are determined through
an optimization procedure, where the distance between (x;,z; )
and (xg, zg) is extremized.

The RT surfaces of A and B can be parametrized as

X1 +X2 Xy — X1
xp(u) = 5 S
2 (u) = % 1—u?,
X3 +X4 Xq4 — X3
xg(v) = > 5
2x(v) :% () (A2)

where we have used the fact that each geodesic in the
Poincaré coordinate is a segment of a semicircle. Here, u =
cos 8, and v = cos 05 both take values in the interval (0, 1).

The distance between two given points, (x;,z;) and
(xg,2g), is given by

dH(xL,ZL,xR,ZR)

(xp —x2)* + (2r — ZL)2>
ZZLZR '

= arccosh<1 + (A3)

We then apply the saddle condition, which involves
setting the derivatives of the distance with respect to u
and v to zero:

ddy(u,v) 0 and ddy(u, v)

=0. A4
du v 0 (A4)

After simplification, we arrive at two quadratic equations:

(g = x3) (x4 + x5 = x5 = xp)uw = ((x3 = x1)* + (x4 = x2)°
+ (o2 = 1) (g — x3) Ju = (xa = x1) (x4 — x3)v
+ (0 = xp) (x4 +x3 =% —x;) =0
(2 = x1) (xg + x3 =25 = xJuv = ((x3 = x1)* + (x4 — x3)°
+ (g = x1) (xg = x3))v = (0 — x1) (x4 = x3)u

+ (xy —x3) (x4 +x3 =2, —x;) = 0. (A5)

Solving these quadratic equations yields,

(Rt
= (et

(A6)

Another solution has been dropped out since u € (0, 1) and
v e (0, 1). Substituting these values into (A2), we arrive at
the final result for the endpoints of Ey (C: D),

(g = xp) (g = xp) +x (= x0) (x4 — x2)
( )

e (3 = xp) (x4 = 1) + (03 = x2) (x4 —x5)
z :(xz—xl)\/(xs—xz)(xs—xl)(x4—x2)(x4—x1)
t (3 = x1) (x4 = x1) + (33 = 2x2) (x4 — x2) ’
. :X3(x4—x2)<x4—x1)+x4(x3—X2)<x3—xl)
* (x4 = 2x0) (x4 = x1) + (33 = x2) (%3 = x7)
R = (x4 —x3)\/(x3 —xp) (3 = x1) (x4 = 2x5) (x4 — x1)

(x4 = x2) (204 = x1) + (x3 = x2) (23 — x1)
(A7)

One can verify the expression of the length of Ey(C:D)
given by dy(x;, x5, x3,x4) can be simplified into a very
concise form:

Ew(C:D) = garccosh<1 +2 EX3 — x2§Ex4 — xl;). (A8)
Xy —x1) (x4 — x3

Alternatively, in terms of the cross ratio { = %,

the expression becomes

2
Ew(C:D) = garccosh(l + C)

c 2 1/1
—Slog[1+242/2 (=41 A
6og< +C+ C<C+ >> (A9)

which matches the CFT calculation.
The similar analysis can be applied to the EWCS for
S,n(A:B). The results are given by

N :x4(x2—x1)(x3—x1)+x1(x4—x2)(x4—x3)
v (X0 —x1) (x5 —x1) + (x4 = x2) (x4 — x3)
2y = (x4 = 2x1) /(2 = x1) (33 = x1) (g — 22) (x4 —x3),
(%3 = x1) (203 = x1) + (x4 — x2) (x4 — x3)
_xz(x4—x3)(x3—xl)+x3(x2—x1)(x4—x2)
v (x4 —x3) (x5 —x1) + (2 —x1) (x4 = x2)
2p = (x3 —xz)\/(x3 = x4) (03 = x1) (X2 — x1) (%2 —X4),

(x4 = x3) (23 = x1) + (%2 = 2x1) (x4 — x2)
(A10)
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where the subscripts, U and D, represent “up” and “down,” respectively. The distance between (x, zy) and (xp, zp) is

given by

Ey(A:B) = glog (1 F20+ 2T+ 1)).
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