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Within an inherently classical perspective, there is always an unavoidable energy cost associated with the
information deletion and this common lore is at the heart of the Landauer conjecture that does not impose,
per se, any relevant limit on the information acquisition. Although such a mindset should generally apply to
systems of any size, its quantum mechanical implications are particularly intriguing and, for this reason, we
examine here a minimal physical structure where the system and the environment are described,
respectively, by a pair of quantum oscillators coupled by an appropriate Hermitian interaction able to
amplify the entropy of the initial state. Since at the onset of the dynamical evolution the system is originally
in a pure state, its entropy variation is always positive semidefinite and the Landauer conjecture should not
impose any constraint. Nonetheless, provided the quantum amplification is effective, it turns out that the
entropy variation of the system always undershoots the heat transferred to the environment. When the
initial thermal state of the environment is characterized by a chemical potential, the entropy growth is
bounded both by the particles and by the heat flowing to the environment. The limits deduced in the
quantum thermodynamical framework are also scrutinized from a field theory standpoint where species of
different spins are copiously produced (especially in a cosmological context) thanks to the rapid variation
of the space-time curvature.

DOI: 10.1103/bpzp-kzwh

I. INTRODUCTION

According to the current wisdom, a fundamental energy
(or heat) cost must always be associated with the informa-
tion erasure and this perspective supports the view that
information is unavoidably linked to an empirical repre-
sentation [1]. There also exist complementary viewpoints
suggesting that mathematical and geometrical structures
should not depend upon the specific devices employed for
their computational assessment [2]. Between these two
interesting perspectives the former is more common than
the latter when applying thermodynamics to information
theory, or vice versa. In particular, the so-called Landauer
conjecture [3–7] would suggest that the irreversible
deletion of one bit of information demands an energy cost
larger than (or equal to) κB Te ln 2 where κB is the
Boltzmann constant and Te is the temperature of the
environment. This formulation implicitly propounds that
there should not be any restriction connected to the
acquisition of information; in other words the energy cost

associated with the information erasure is unavoidable but
the information acquisition is not constrained, at least
within the purely classical perspective where, among other
things, the Landauer conjecture provides a possible set of
solutions to the Maxwell paradox [3,4] (see also [8] for a
review). In more quantitative terms, if ΔQe ≥ 0 is the
amount of heat flowing to the environment and ΔSs is the
variation of the entropy of the system the Landauer
conjecture stipulates that

ΔQe ≥ −κB TeΔSs: ð1:1Þ

When information is erased from the system this means that
ΔSs < 0 and Eq. (1.1) demands a specific energy cost; for
instance, to erase one bit of information ΔSs ¼ − ln 2 and
Eq. (1.1) would imply that the heat flowing to the
environment should be, at least, comparable with κBTe ln 2.
The bound of Eq. (1.1) holds in spite of the size of the

underlying physical structures and it should then apply, in
particular, to any quantum system. Furthermore, Eq. (1.1) is
effectively constraining only when ΔSs < 0 but it should
not imply any limit when ΔSs > 0: in this case Eq. (1.1) is
obviously verified since a positive semidefinite increment
must always exceed a negative contribution. In this paper,
following a recent suggestion [9], we feel that it is both
necessary and interesting to discuss at length one of the
simplest quantum mechanical playgrounds where the
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potential bounds on the entropy growth could be quanti-
tatively scrutinized. The system is initially in a pure state
given by a quantum oscillator in the vacuum while the
environment is instead constituted by a further oscillator in
a mixed state whose density operator is characterized by
Bose-Einstein weights. The Hermitian interactions between
the system and the environment follow from the require-
ment that the von Neumann entropy of the initial state is
amplified and this may occur, as we shall demonstrate, in
the quantum mechanical description of parametric ampli-
fication [10–12] (see also [13,14]). After revisiting the
standard tenets of parametric amplification within a quan-
tum thermodynamical perspective, it will be shown that
the variation of the entropy of the system is always positive
(i.e. ΔSs ≥ 0) but it is nonetheless constrained by the heat
transfer according to the following bound:

κB Te ΔSs ≤ ΔQe: ð1:2Þ

From the quantum mechanical viewpoint both Eqs. (1.1)
and (1.2) hold under the assumption that the environment is
initially in a thermal state with temperature Te while the
system is in a pure state (e.g. the vacuum). We shall
additionally argue that Eq. (1.2) can be generalized to the
field theoretical situation where particles are produced
because of the variation of the space-time curvature
[15,16] in the cases of curvature phonons [17,18] and of
gravitons [19–22] (see also [23–27]).
Before plunging into the details of the discussion we

stress that, although in Eqs. (1.1) and (1.2) the Boltzmann
constant κB has been included, we are going to adopt
hereunder the natural system of units where ℏ ¼ c ¼
κB ¼ 1. In this system Newton’s constant G, the Planck
length lP and the Planck mass MP are then related as
lP ¼ ffiffiffiffiffiffi

8π
p

=MP ¼ 8πG. In the remaining three subsections
of this Introduction we shall present, step by step, the
classical viewpoint leading to Eq. (1.1), the basic tenets of
the quantum thermodynamical approach and the overall
logic of this investigation.

A. The classical perspective

In classical information theory the Shannon entropy
measures the lack of specific knowledge one has about a
given system [28–30]. If we suppose the system is given
by a particle that can be in two different energy levels (e.g.

þ and −) with equal probability [i.e. pðinÞ
þ ¼ pðinÞ

− ¼ 1=2]
the Shannon entropy associated with this initial situation is

SðinÞs ¼ −pðinÞ
þ lnpðinÞ

þ − pðinÞ
− lnpðinÞ

− ¼ ln 2: ð1:3Þ

Let us now imagine that the final state of the system always
excludes the presence of the particle in the lower state

so that SðfinÞs ¼ 0 since pðfinÞ
þ ¼ 1 and pðfinÞ

− ¼ 0. In this
process the information of the initial state has been erased

since any potential knowledge about the initial state of the
particle is forever obliterated. Moreover, as expected, the
variation of the Shannon entropy is negative

ΔSs ¼ SðfinÞs − SðinÞs ¼ − ln 2 < 0; ð1:4Þ

and the Landauer conjecture of Eq. (1.1) would then
demand that for the deletion of this one bit of information
the minimal energy cost is given by1 ΔQe ≥ T ln 2.
Generally speaking, if a certain state pn has probability 1
this means that the “surprise” tends to zero where the
surprise, in classical information theory, is simply the
natural logarithm of 1=pn [30], i.e. − lnpn. This also
means that, after erasing the information, the surprise and
the entropy decrease since the Shannon entropy is, in
practice, the average surprise of a given state. Conversely,
more surprise implies instead an increase of the information
and of the entropy. Since the removal of information
requires a decrease of the entropy of the system, when
ΔSs > 0 the condition imposed by Eq. (1.1) does not seem
restrictive: a physical quantity which is positive semi-
definite (i.e. ΔQe ≥ 0) always exceeds a negative contri-
bution (i.e. −TΔSe). Once more the deletion of information
costs energy whereas its acquisition remains unconstrained,
at least within the classical perspective. Even if the potential
saturation of the bound given by Eq. (1.1) is under debate
[31], the classical logic behind the Landauer conjecture has
been experimentally verified in a number of different
frameworks [32,33] and will not be questioned hereunder.

B. The quantum mechanical perspective

Since Eq. (1.1) applies in spite of the physical dimen-
sions of the underlying structures, it should be particularly
relevant for any quantum system [8] where the Landauer
conjecture is customarily formulated by introducing the
Hilbert spaces of the system and of the environment [34].
Both the “system” and the “environment” are described by
the corresponding Hamiltonian operators that we shall
denote, respectively, by Ĥs and Ĥe. The interaction
Hamiltonian (denoted by Ĥse) is usually expected to be
Hermitian so that the final and the initial density matrices
are in fact related by the unitary operator Û ðtin; tfinÞ
accounting for the global time evolution of the system
and of the environment,

ρ̂ðtfinÞ ¼ Û ðtin; tfinÞρ̂ðtinÞÛ †ðtin; tfinÞ; ð1:5Þ

where ρ̂ðtÞ denotes the total density matrix encompassing
the system and the environment. Occasionally ρ̂ðtÞ is called

1To simplify the notation and to avoid the proliferation of
indices we shall always denote by T the temperature of the
environment (i.e. Te ¼ T); since there is no other temperature
appearing in the discussion this notation is unambiguous.
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the proper density operator [35] as opposed to the improper
one (obtained by tracing the total density matrix either over
the degrees of freedom of the system or over the ones of the
environment). Bearing in mind this standard terminology,
the quantum mechanical formulation of the Landauer
conjecture stipulates that the system and the environment
are (i) initially uncorrelated and that (ii) the environment is
in a thermal state [34]. The absence of correlations at tin
demands that ρ̂ðtinÞ ¼ ρ̂sðtinÞ ⊗ ρ̂eðtinÞ; thus Eq. (1.5) can
also be written as

ρ̂ðtfinÞ ¼ Û ðtin; tfinÞρ̂sðtinÞ ⊗ ρ̂eðtinÞÛ †ðtin; tfinÞ: ð1:6Þ

The lack of initial correlations between the system and
the environment does not imply that the two shall remain
uncorrelated later on. On the contrary we are specifically
interested in the situation where the entropy of the system
increases between the initial and the final stages of the
dynamical evolution. At any generic time t the reduced
(or improper) density matrices are obtained by tracing
ρ̂ðtÞ with respect to the degrees of freedom either of the
system or of the environment. This means, in particular,
that at tfin

ρ̂sðtfinÞ ¼ Tre½ρ̂ðtfinÞ�; ρ̂eðtfinÞ ¼ Trs½ρ̂ðtfinÞ�; ð1:7Þ

where Tre and Trs indicate, respectively, the traces over
the degrees of freedom of the environment and of the
system.
The corresponding von Neumann entropies and the

associated heat transfer follow from the reduced density
matrices of Eq. (1.7); for instance the von Neumann
entropy of the system is given by

SsðtfinÞ ¼ −Tr½ρ̂sðtfinÞ ln ρ̂sðtfinÞ�; ð1:8Þ

where the trace is now performed directly over the
dynamical degrees of freedom of the system. Similarly
the expectation value of the heat transferred to the envi-
ronment will be

QeðtfinÞ ¼ Tr½ĤeðtfinÞρ̂eðtfinÞ�: ð1:9Þ

In terms of Eqs. (1.8) and (1.9) the variation of the von
Neumann entropy of the system and the heat flowing to the
environment are given, respectively, by

ΔSs ¼ Ss½ρ̂sðtfinÞ� − Ss½ρ̂sðtinÞ�; ð1:10Þ

ΔQe ¼ Qe½ρ̂eðtfinÞ� −Qe½ρ̂eðtinÞ�: ð1:11Þ

The heat transferred to the environment following from
Eq. (1.11) must coincide with the expectation values of
the Hamiltonian of the environment (evaluated in the

Schrödinger description) between the final and the initial
states of the evolution,

ΔQe ¼ hfinjĤeðtinÞjfini − hinjĤeðtinÞjini; ð1:12Þ

where now the Hamiltonian is evaluated at tin. It can finally
happen, in the present context, that the initial state allows
for the presence of a chemical potential. In this situation we
may expect that also the particles flow to the environment
and the corresponding increment, in analogy with
Eq. (1.12), is

ΔNe ¼ hfinjN̂eðtinÞjfini − hinjN̂eðtinÞjini; ð1:13Þ

where N̂e is now the averaged multiplicity of the envi-
ronment. The inclusion of ΔNe is not usually considered
in the quantum formulation of the Landauer conjecture
but it might be relevant in our present discussion, as we
are going to argue when discussing the nature of the
entropy bounds.

C. Quantum parametric amplification

From the quantum mechanical viewpoint the Landauer
conjecture becomes then a restriction on the mutual relation
between the energy increment of the environment and
the variation of the von Neumann entropy of the system.
The explicit form of this restriction is exactly given by
Eq. (1.1) where however ΔQe and ΔSs are now computed
from the expectation values of the Hamiltonian and
from the von Neumann entropy given, respectively, by
Eqs. (1.10) and (1.11).
We point out in this investigation that quantum mechan-

ics does not necessarily dictate that the growth of the
entropy of the system (i.e. ΔSs > 0) must remain com-
pletely unconstrained. On the contrary the purpose of this
analysis is to show that the variation of the entropy of the
system may well be bounded by the heat transfer as
suggested by Eq. (1.2). For the actual derivation of the
bound expressed by Eq. (1.2) we shall be examining here
the minimal situation where the system and the environ-
ment correspond, respectively, to a pair of quantum
oscillators with frequencies ωs and ωe

Ĥs ¼ ωsðŝ†ŝþ 1=2Þ ¼ ωsðN̂s þ 1=2Þ; ð1:14Þ

Ĥe ¼ ωeðê†êþ 1=2Þ ¼ ωeðN̂e þ 1=2Þ; ð1:15Þ

where ½ŝ; ê� ¼ 0 and similarly for the associated number
operators N̂s and N̂e, i.e. ½N̂s; N̂e� ¼ 0. The presence of
the zero-point energy in the Hamiltonians is not
essential but we shall anyway stick to the expressions of
Eqs. (1.14) and (1.15).
To avoid spurious effects that might influence the

conclusions, the interplay between the system and the
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environment should satisfy the following three plausible
requirements: (i) the mutual interactions must be Hermitian
to avoid violations of the unitary evolution; (ii) they must
lead to a positive heat transfer to the environment (i.e.
ΔQe ≥ 0); and (iii) they must also yield a positive entropy
variation of the system (i.e. ΔSs ≥ 0). In case these three
conditions are verified it remains to be understood if ΔSs is
limited [as suggested by Eq. (1.2)] or if it is unbounded, as
implied by the classical situation and by the conventional
form of the Landauer conjecture. As we shall see, the
conditions spelled out above are potentially verified in
the context of the quantum theory of parametric amplifi-
cation [10–14]. However, although the creation and the
annihilation operators of Eqs. (1.14) and (1.15) may be
connected to the signal and idler modes, the quantum
thermodynamical analysis pursued here suggests a different
interpretation that is dictated by the correlation properties
of the initial density operators.
After these general premises the layout of this inves-

tigation is, in short, the following. In Sec. II, the coupled
quantum evolutions of system and of the environment are
discussed in the Heisenberg description when the free
Hamiltonians are represented by Eqs. (1.14) and (1.15) and
with particular attention to the symmetries of the problem.
In Sec. III, we focus on the specific form of the reduced
density operators and connect their properties with the
irreducible representations of the SUð1; 1Þ group. The heat
flow and the entropy are directly computed and analyzed in
Sec. IV, while Sec. V is devoted to the scrutiny of the
physical bounds connecting the variation of the entropy
with the heat flow. At the end of Sec. V, we also comment
on the possible presence of a chemical potential. In Sec. VI,
motivated by the cosmological evolution, we examine the
quantummechanical considerations leading to the bound of
Eq. (1.2) from the standpoint of field theory, with particular
attention to the production of spin 0 and spin 2 particles in
curved background geometries. Section VII contains our
concluding remarks.

II. THE SYSTEM AND THE ENVIRONMENT

A. The interaction Hamiltonian

The requirements formulated at the end of Sec. I imply
that the interaction Hamiltonian must be Hermitian to avoid
nonunitary effects coming from the coupled evolution
of the system and of the environment; moreover the
explicit quantum mechanical forms of ΔSs and ΔQe [see
Eqs. (1.10)–(1.12)] is positive semidefinite provided Ĥse
does not commute with the sum of the number operators of
the system and of the environment. A general form of Ĥse
satisfying these three independent physical conditions turns
out to be [10–12] (see also [13,14])

Ĥse ¼ gðtÞŝ†ê†e−iωt þ g�ðtÞê ŝ eiωt; ð2:1Þ

where gðtÞ ¼ qðtÞeiθin and ω ¼ ωs þ ωe. The evolution of
ŝ and ê follows from the total Hamiltonian obtained from
the sum of Eqs. (1.14), (1.15), and (2.1), i.e.

Ĥ ¼ Ĥs þ Ĥe þ Ĥse: ð2:2Þ

In the Heisenberg description the evolution of the operators
is given by

dŝ
dt

¼ i½Ĥ; ŝ� ¼ −iωsŝ − ige−iωtê†; ð2:3Þ

dê
dt

¼ i½Ĥ; ê� ¼ −iωeê − ige−iωtŝ†: ð2:4Þ

The solution of Eqs. (2.3) and (2.4) can be expressed in
terms of four complex functions, namely,

ŝðtÞ ¼ usðtÞŝ − vsðtÞℯ̂†; ð2:5Þ

êðtÞ ¼ ueðtÞℯ̂ − veðtÞŝ†; ð2:6Þ

where, to avoid possible confusions, the following nota-
tions have been adopted:

ŝ ¼ ŝðtinÞ; ℯ̂ ¼ êðtinÞ; ð2:7Þ

and will be enforced throughout the whole discussion; the
calligraphic operators ŝ and ℯ̂ actually appear in the
Schrödinger description that plays a relevant role in
the determination of the asymptotic states (see, in this
respect, Sec. III). We should also stress that, because of the
unitarity of the evolution, the functions ½ueðtÞ; veðtÞ� and
½usðtÞ; vsðtÞ� must satisfy, at any stage of the dynamical
evolution, the conditions jusðtÞj2 − jvsðtÞj2 ¼ 1 and
jueðtÞj2 − jveðtÞj2 ¼ 1.

B. Solutions of the coupled evolution

After inserting Eqs. (2.5) and (2.6) into Eqs. (2.3) and
(2.4) the evolution of the four unknown functions becomes2

dus
dt

¼ −iωsus þ igðtÞe−iωtv�e;
dvs
dt

¼ −iωsvs þ igðtÞe−iωtu�e; ð2:8Þ

2In principle the four complex functions subjected to the
conditions jusðtÞj2 − jvsðtÞj2 ¼ 1 and jueðtÞj2 − jveðtÞj2 ¼ 1
should be equivalent to six real functions. However as a result
of the dynamical evolution the system (2.8) and (2.9) depends on
one real function and five real phases that can be reduced to 3 by
fixing two of them.
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due
dt

¼ −iωeue þ igðtÞe−iωtv�s ;
dve
dt

¼ −iωeve þ igðtÞe−iωtu�s ; ð2:9Þ

and the solutions of Eqs. (2.8) and (2.9) are

usðtÞ ¼ eiðϑs−ωstÞ cosh r; vsðtÞ ¼ eiðϑ̄s−ωstÞ sinh r;

ueðtÞ ¼ eiðϑe−ωetÞ cosh r; veðtÞ ¼ eiðϑ̄e−ωetÞ sinh r;

where dr=dt ¼ qðtÞ while

ϑ̄e ¼ θ − ϑs; ϑ̄s ¼ θ − ϑe: ð2:10Þ

In Eq. (2.10) we introduced the new variable θ ¼ ðθin þ
π=2Þ which is going to control the phases of the final
solution; indeed, without loss of generality, we can always
set ϑs ¼ ϑe ¼ 0 so that the evolution of the operators ŝðtÞ
and êðtÞ can be ultimately expressed as

ŝðtÞ ¼ e−iωst½cosh rŝ − sinh reiθℯ̂†�; ð2:11Þ

êðtÞ ¼ e−iωet½cosh rℯ̂ − sinh reiθŝ†�: ð2:12Þ

When ϑs ≠ 0 and ϑe ≠ 0 the further contributions can
always be absorbed in a redefinition of the overall phases
appearing outside the square brackets in Eqs. (2.11) and
(2.12). It is now convenient to introduce a pair of unitary

operators [36–38] denoted hereunder by R̂ðδÞ and Σ̂ðzÞ:

R̂ðδÞ ¼ e−iδsŝ
†ŝ−iδeℯ̂†ℯ̂; ð2:13Þ

Σ̂ðzÞ ¼ ez
�ŝ ℯ̂−zŝ†ℯ̂†

; ð2:14Þ

where z ¼ rðtÞeiθ while δe ¼ ωet and δs ¼ ωst. In terms of
Eqs. (2.13) and (2.14) the results of Eqs. (2.11) and (2.12)
can be written as

ŝðtÞ ¼ Σ̂†ðzÞR̂†ðδÞŝ R̂ðδÞΣ̂ðzÞ; ð2:15Þ

êðtÞ ¼ Σ̂†ðzÞR̂†ðδÞℯ̂ R̂ðδÞΣ̂ðzÞ: ð2:16Þ

The late-time density operator can then be expressed in
terms of R̂ðδÞ and Σ̂ðzÞ,

ρ̂ðt; tinÞ ¼ R̂ðδÞΣ̂ðzÞρ̂seðtinÞΣ̂†ðzÞR̂†ðδÞ: ð2:17Þ

C. Symmetries of the Hamiltonian

As anticipated at the beginning of this discussion, the
total Hamiltonian of Eq. (2.2) commutes with the

difference between the number operators of the system
and of the environment

Q̂ ¼ N̂e − N̂s; ½Ĥ; Q̂� ¼ 0; ð2:18Þ

but not with their sum, since

½Ĥ; N̂e þ N̂s� ¼ 2Ĥse ≠ 0: ð2:19Þ

This observation implies that both the Hamiltonian and the
Q̂ operators admit the same orthonormal and complete set
of eigenfunctions so that they can be simultaneously
diagonalized; as we shall see in Sec. III this is not the
only basis to discuss the irreducible representations (see, in
particular, [39]) but it is in fact close to the standard one
where the role of the Hamiltonian is played by the Casimir
operator of the underlying group. The second remark is that
Eq. (2.18) justifies the terminology we shall be using in the
forthcoming discussions since the parametric amplification
(even in a purely quantum mechanical framework) is in fact
equivalent to the production of quanta. This will also be
true, a fortiori, in the second quantized perspective that will
be further scrutinized in Sec. VI.

III. THE REDUCED DENSITY OPERATORS

A. The complete density operator

The late-time density matrices follow directly from
Eq. (2.17) by requiring, as repeatedly stressed, that the
density operators of the system and of the environment are
initially uncorrelated, as explained prior to Eq. (1.6).
Therefore the initial density matrix of Eq. (2.17) shall be
expressed in the following manner:

ρ̂seðtinÞ ¼ ρ̂sðtinÞ ⊗ ρ̂eðtinÞ: ð3:1Þ

At the onset of the evolution the system is in the vacuum
[i.e. ρ̂sðtinÞ ¼ j0ih0j] while the density matrix of the
environment is a mixture of states with statistical weights
provided by the Bose-Einstein (geometric) distribution,

ρ̂eðtinÞ ¼
X∞
m¼0

p̄mðn̄Þjmihmj; ð3:2Þ

where n̄ is the averaged multiplicity of the initial state and
p̄mðn̄Þ corresponds to the Bose-Einstein distribution3

p̄mðn̄Þ ¼
n̄m

ðn̄þ 1Þmþ1
;

X∞
m¼0

p̄mðn̄Þ ¼ 1: ð3:3Þ

3Since throughout the discussion various statistical weights
will progressively appear, the probability distributions associated
with the initial density operator of the environment will be
supplemented by an overline (e.g. p̄m).
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In case the environment is in local thermal equilibrium
the simplest possibility is that n̄ ¼ ðeωe=Te − 1Þ−1. In the
presence of a chemical potential the form of p̄m remains the
same in terms of the averaged multiplicity but n̄ gets
modified as n̄ ¼ ðeðωe−μeÞ=Te − 1Þ−1. This is why, inciden-
tally, it is preferable to express the statistical weights as in
Eq. (3.3); this form is also practical for further general-
izations (see e.g. [40] and discussions therein). The
complete expression of the total density matrix encompass-
ing the system and the environment can then be written as

ρ̂ðt;tinÞ¼
X∞
m¼0

X∞
l¼0

X∞
l0¼0

A mll0 jl;lþmihmþl0;l0j; ð3:4Þ

where A m;l;l0 is given by

A mll0 ¼ Pmll0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
mþ l
m

��
mþ l0

m

�s
; ð3:5Þ

and, besides the two binomial coefficients, Pmll0 is

Pmll0 ¼ p̄mðn̄Þ
eiαðl−l0Þ

ðn̄ðqÞ þ 1Þmþ1

�
n̄ðqÞ

n̄ðqÞ þ 1

�ðlþl0Þ=2
; ð3:6Þ

with α ¼ ðθ þ π − δe − δsÞ. Equation (3.6) gives the com-
plete form of the total density operator sometimes referred
to as the “proper” density operator [35] to distinguish it
from the “improper” ones possibly obtainable after tracing
over some of the degrees of freedom belonging either to the
system or to the environment. It is straightforward but
rather lengthy to show from Eq. (3.4) that

Tr½ρ̂ðt; tinÞ� ¼ 1; Tr½ρ̂2ðt; tinÞ� ≠ 1; ð3:7Þ

as it must happen in the case of a mixed state. In particular it
can be shown, after simple algebra, that Tr½ρ̂2ðt; tinÞ� is
given by

½n̄ðqÞ þ 1�2
½1þ ð2þ n̄Þn̄ðqÞ�½1þ 2n̄ðqÞ þ n̄ð2þ 3n̄ðqÞÞ� ; ð3:8Þ

implying that, in the limit n̄ðqÞ → 0 (no parametric
amplification) Tr½ρ̂2ðt; tinÞ� ¼ 1=ð2n̄þ 1Þ as it is expected
in the case where the statistical weights of the density
matrix appear in the Bose-Einstein form. Since the
present analysis involves a number of reduced density
operators it is wise to check their properties, step by step,
after each reduction, as we shall be consistently doing in
what follows.

B. The reduced density operators

From the proper density operator of Eq. (3.4) the reduced
density matrices are obtained by tracing ρ̂ðt; tinÞ either over

the degrees of freedom of the system or of the environment
(see, e.g. [35]),

ρ̂sðt; tinÞ ¼ Tre½ρ̂ðt; tinÞ�; ð3:9Þ

ρ̂eðt; tinÞ ¼ Trs½ρ̂ðt; tinÞ�; ð3:10Þ

where, as already stressed, Tre and Trs denote, respectively,
the traces over the degrees of freedom of the environment
and of the system. The explicit forms of Eqs. (3.9) and
(3.10) are

ρ̂eðt; tinÞ ¼
X∞
l¼0

X∞
m¼0

pðeÞ
mljlþmihmþ lj; ð3:11Þ

ρ̂sðt; tinÞ ¼
X∞
l¼0

pðsÞ
l jlihlj: ð3:12Þ

In Eqs. (3.11) and (3.12) the statistical weights connected
to the environment and to the system are indicated,

respectively, by pðeÞ
ml and by pðsÞ

l and they depend upon t
and tin. It is convenient to characterize the final state in
terms of the averaged multiplicities of the produced quanta
since, for the explicit evaluation ΔSs and ΔQe, this is what
ultimately counts. In the quantum thermodynamical
approach followed here the statistical weights only depend
on the averaged multiplicities of the initial state (i.e. n̄) and
of the produced species [i.e. n̄ðqÞ]. In particular the
statistical weight associated with the system is

pðsÞ
l ¼ n̄ðqÞlð1þ n̄Þl

½1þ n̄ðqÞðn̄þ 1Þ�lþ1
: ð3:13Þ

It can be immediately checked from Eq. (3.13) that the
traces of the reduced density operator are, as expected,

X∞
l¼0

pðsÞ
l ¼ 1; Trρ̂s ¼ 1; Trρ̂2s ≠ 1: ð3:14Þ

The statistical weights of the environment are instead
given by

pðeÞ
lm ¼

�
mþ l
m

�
n̄mn̄ðqÞl

ðn̄þ 1Þmþ1½n̄ðqÞ þ 1�mþlþ1
; ð3:15Þ

and again we can verify from Eq. (3.15) that

X∞
l¼0

X∞
m¼0

pðeÞ
lm ¼ 1; Trρ̂e ¼ 1; Trρ̂2e ≠ 1: ð3:16Þ
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From Eq. (3.15) we can easily compute the probability
generating function PðeÞðs; wÞ for the bivariate (discrete)

distribution pðeÞ
lm,

PðeÞðs; wÞ ¼
X∞
l¼0

X∞
m¼0

smwlpðeÞ
lm

¼ 1

½1þ ð1 − sÞn̄þ ð1 − wÞN� : ð3:17Þ

From Eq. (3.17) we can immediately appreciate that in the
limit w → 1 we recover the probability generating function
of the Bose-Einstein distribution of the initial state (with
averaged multiplicity n̄). In the limit s → 1 the distribution
is still of Bose-Einstein type but with averaged multiplicity
N ¼ ð1þ n̄Þn̄ðqÞ. This explains why the variable N appears
to be very convenient in the physical discussion.

C. Symmetries of the states

The results obtained above in this section can be swiftly
deduced through a judicious use of the symmetries of the
underlying quantum states employed in the explicit deri-
vation of the density operators. To clarify this suggestion
we first note that the free and the interacting Hamiltonians
evaluated at the onset of the dynamical evolution can be in
fact expressed through three operators that shall be conven-
tionally denoted hereunder by K̂� and K̂0,

K̂þ ¼ ŝ†ℯ̂†; K̂− ¼ ŝ ℯ̂;

K̂0 ¼ ðŝ†ŝþ ℯ̂ℯ̂†Þ=2: ð3:18Þ

The operators of Eq. (3.18) are quadratic in the creation and
annihilation operators defined in Eq. (2.7) and satisfy the
commutation relations of the SUð1; 1Þ Lie algebra (see, for
instance, [38] and references therein),

½K̂0; K̂�� ¼ �K̂�; ½K̂þ; K̂−� ¼ −2K̂0: ð3:19Þ

Furthermore, in terms of K̂� and K̂0 the Casimir operator
becomes

Ĉ ¼ K̂2
0 − ðK̂þK̂− þ K̂−K̂þÞ=2: ð3:20Þ

Thanks to the commutation relations of Eq. (3.19) the
expression of Ĉ can also be written as

Ĉ ¼ K̂0ðK̂0 − 1Þ − K̂þK̂−: ð3:21Þ

Since, by definition, the Casimir operator commutes with
all the generators of the group, a possible basis for the
irreducible representations of SUð1; 1Þ corresponds to the
Bargmann choice [39] where Ĉ and K̂0 are simultaneously
diagonalized. In the context of the present problem a more

convenient basis for the irreducible representation of
SUð1; 1Þ is4

jms;mei ¼
ðs†Þmsffiffiffiffiffiffiffi
ms!

p ðℯ†Þmeffiffiffiffiffiffiffiffi
me!

p j0s; 0ei: ð3:22Þ

The density matrix encompassing the system and the
environment at tfin can be ultimately related to the state

jδzi ¼ R̂ðδÞΣ̂þðzÞΣ̂0ðzÞΣ̂−ðzÞjms;mei; ð3:23Þ

defined in the Schrödinger description. For an explicit
expressions of jδzi we can use the Baker-Campbell-
Hausdorff decomposition for the SUð1; 1Þ group [41]
(see also [42–44]) implying that the operator Σ̂ðzÞ is
factorized as the product of the exponentials of the group
generators, i.e.

Σ̂ðzÞ ¼ Σ̂þðzÞΣ̂0ðzÞΣ̂−ðzÞ; ð3:24Þ

where Σ̂�ðzÞ and Σ̂0ðzÞ are

Σ̂�ðzÞ ¼ exp ½∓ e�iϑ tanh rK̂��;
Σ̂0ðzÞ ¼ exp ½−2 ln ðcosh rÞK̂0�: ð3:25Þ

Thanks to Eqs. (3.24) and (3.25) we can then obtain from
Eq. (3.23),

jδzi ¼
Xjmax

j¼0

X∞
l¼0

eiγðj;lÞðcosh rÞ2jðtanh rÞjþl

ðcosh rÞmsþmeþ1

×M ðj;lÞjms − lþ j; me − lþ ji; ð3:26Þ

where jmax ¼ Min½ms;me� while γðj;lÞ ¼ ½ðδs þ δe − θÞ
ðj − lÞ þ πl − ðδsms þ δemeÞ�. The explicit expression of
M ðj;lÞ is finally given by

M ðj;lÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ms!me!

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðms − jþ lÞ!ðme − jþ lÞ!p
j!l!ðms − jÞ!ðme − jÞ! :

ð3:27Þ

Thanks to Eqs. (3.26) and (3.27) the relevant initial states of
the system and of the environment can be constructed and
evolved in time. As repeatedly stressed in the present and in
the previous sections, we are chiefly interested in the case
where the system is in the vacuum while the environment is
in a mixed state. In the language of Eqs. (3.26) and (3.27)
the system is initially in the vacuum provided ms ¼ 0; this

4The connection between the Bargmann basis and the one
of Eq. (3.22) is given by me þms ¼ ð2m̄ − 1Þ and me −ms ¼ð2k − 1Þ. In the literature m̄ is often denoted bym; the notation m̄
is preferred here to avoid potential confusions with various
summation indices that may appear throughout the discussions.

ENTROPY BOUNDS FROM QUANTUM THERMODYNAMICS PHYS. REV. D 111, 123548 (2025)

123548-7



means that, by definition, also jmax → 0 and the sum
appearing in Eq. (3.26) reduces to a single contribution,
i.e. j ¼ 0. In practice the final state will be given by
Eqs. (3.26) and (3.27) evaluated for ms ¼ j ¼ 0 and the
result becomes

jΨme
ðt; tinÞi ¼

X∞
l¼0

ðtanh rÞleiðαl−δmeÞ

ðcosh rÞmeþ1

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðme þ lÞ!
me!l!

s
jl; me þ li: ð3:28Þ

If Eq. (3.24) is directly applied to the initial state
j0smei ¼ j0sijmei we obtain

jΨme
ðt; tinÞi ¼ R̂ðδÞΣ̂þðzÞΣ̂0ðzÞj0smei; ð3:29Þ

which coincides with the result of Eq. (3.28) deduced from
Eq. (3.27) in the limit ms → 0 and j → 0. According to
the previous considerations [see, in particular, Eqs. (1.6)
and (3.3)] from the initial thermal state for the environment
the proper density operator becomes

ρ̂ðt; tinÞ ¼
X∞
m¼0

p̄mjΨmðt; tinÞihΨmðt; tinÞj; ð3:30Þ

where, as before, p̄m ¼ pðinÞ
m is the Bose-Einstein

(geometric) distribution associated with the initial density
matrix of the thermal environment; note that, for simplicity,
we redefined the eigenvalue as me → m. It also follows
from Eqs. (3.28)–(3.30) that the total density matrix
coincides with the result of Eq. (3.4).
As we close this section, it is appropriate to comment on

the representations of SUð1; 1Þ by means of operators
bilinear in the boson creation and annihilation operators
â† and â satisfying canonical commutation relations
½â; â†� ¼ 1. This realization is possible because the
SUð1; 1Þ and the Spð2; RÞ groups are isomorphic5 [38].
This observation is at the heart of the first applications of
two-photon coherent states in quantum optics [45–47].
There are however various physical differences between the
problem analyzed here and the analog application possibly
based on two-photon optics. The two-mode structure is
actually essential to analyze the interaction between the
system and the environment from a quantum thermody-
namical viewpoint.

IV. THE HEAT FLOW AND THE ENTROPY

A. The heat transferred to the environment

The heat transferred to the environment and the incre-
ment of the entropy of the system shall now be carefully
evaluated since both results are essential for the derivation
of the entropy bounds that are quantitatively examined in
Sec. V. Recalling Eqs. (1.10) and (1.11) the heat flowing
to the environment is deduced from the variation of the
Hamiltonian between the final and the initial states. In the
Heisenberg description ΔQe is

ΔQe ¼ hthjĤeðtfinÞjthi − hthjĤeðtinÞjthi; ð4:1Þ

where jthi indicates the initial thermal state of the
environment characterized by the averaged thermal multi-
plicity n̄. The results obtained from Eq. (4.1) must also
follow from the density matrix ρ̂e of Eq. (3.10) coming
from the trace over the degrees of freedom of the system
[see also Eq. (1.11)] and discussion therein,

ΔQe ¼ TrfĤe½ρ̂eðtfinÞ − ρ̂eðtinÞ�g; ð4:2Þ

where now Ĥe ¼ ĤeðtinÞ is evaluated in the Schrödinger
description. For the consistency of the whole approach it is
interesting to check both derivations; in particular, if we
start from Eq. (4.1), we obtain

ΔQe ¼ ωehthjN̂eðtfinÞjthi − ωehthjN̂eðtinÞjthi: ð4:3Þ

Since the explicit form of N̂eðtfinÞ ¼ ê†ðtfinÞêðtfinÞ can be
computed with the help of Eqs. (2.12), (4.3) becomes

ΔQe ¼ ωeðn̄ cosh2 rþ sinh2 r − n̄Þ
¼ ωen̄ðqÞðn̄þ 1Þ: ð4:4Þ

Equation (4.4) confirms the strategy already adopted in
Eqs. (3.11) and (3.12) [see also Eq. (3.17)] for the
quantitative discussion of the forthcoming results. Indeed
the averaged multiplicity of the created quanta [i.e. n̄ðqÞ ¼
sinh2 r] together with the thermal multiplicity n̄ can be
used, in their various combinations, as the pivotal variables
of the problem. We also point out that from now on
r indicates, for the sake of simplicity, the value of qðtÞ
integrated between tin and tfin,

r ¼ rðtfin; tinÞ ¼
Z

tfin

tin

qðtÞdt: ð4:5Þ

Equations (4.4) and (4.5) clarify once more why, in
Eqs. (3.13) and (3.15), we found useful to express the
statistical weights directly in terms of n̄ and n̄ðqÞ: n̄ defines
the onset of the evolution whereas n̄ðqÞ characterizes the
final asymptotic stages of the dynamics. Equation (4.4)

5The operators Lþ¼ â†2=2, L−¼ â2=2 and L0¼ðâ†âþ ââ†Þ=4
actually close the SUð1; 1Þ algebra. In this case the eigenvalues of
the Casimir operator correspond either to k ¼ 1=4 or to k ¼ 3=4.
The basis of the unitary representation is, in this case, jni ¼
ðn!Þ−1=2ðâ†Þnj0i; for n even the unitary representation corre-
sponds to k ¼ 1=4 while for n odd the unitary representation
corresponds to 3=4.
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coincides with the results obtained from the reduced
density matrix; more specifically along this perspective
we have6

Tr½Ĥeρ̂eðtinÞ� ¼ ωe½n̄þ 1=2�; ð4:6Þ

Tr½Ĥeρ̂eðtfinÞ� ¼ ωe½1=2þ n̄þ n̄ðqÞðn̄þ 1Þ�; ð4:7Þ

where Eq. (4.6) is immediately obvious while Eq. (4.7) is a
direct consequence of Eqs. (3.11) and (3.15). If we now
subtract Eq. (4.6) from Eq. (4.7) we obtain, again, the result
of Eq. (4.4). This is because, in any case, the contribution of
the ground state cancels when deriving ΔQe; the factor 1=2
appearing in Eqs. (1.14) and (1.15) is therefore not essential
for the result of Eq. (4.4) so that we could have defined the
original free Hamiltonians by renormalizing, as occasion-
ally done, the zero-point energy.

B. The variation of the entropy of the system

From Eq. (1.10) we can now compute the variation of the
entropy of the system, namely

ΔSs ¼ S½ρ̂sðtfinÞ� − S½ρ̂sðtinÞ�; ð4:8Þ

where, as usual, S½ρ̂� ¼ −Tr½ρ̂ ln ρ̂� is the von Neumann
entropy which is the one customarily employed in the
quantum mechanical derivation of the Landauer bound.

From Eq. (4.8) we can immediately note that S½ρ̂ðinÞs � ¼ 0
since the initial (pure) state of the system coincides with the
vacuum. It also follows from Eqs. (3.12) and (3.13) that
Eq. (4.8) can be rewritten as

ΔSs ¼ −
X∞
l¼0

pðsÞ
l lnpðsÞ

l

¼ ðN þ 1Þ ln ðN þ 1Þ − N lnN; ð4:9Þ

where pðsÞ
l has been deduced in Eq. (3.13). It is convenient

to express Eq. (4.9) directly in terms of the global variable

N ¼ nðqÞðnþ 1Þ ¼ ðnþ 1Þsinh2r: ð4:10Þ

In the limit r → 0 we have N → 0 and ΔSs → 0 so that the
entropy of the system does not change in this case since the
averaged multiplicity of the produced quanta vanishes
(i.e. nðqÞ → 0); recalling Eq. (4.5) this happens, in practice,

when tfin → tin and the system remains in its initial stage of
evolution without appreciable interaction with the environ-
ment. Therefore the notation of Eq. (4.10) is physically
meaningful since N ultimately accounts for the total
averaged multiplicity of the produced quanta.

V. THE PHYSICAL BOUNDS

A. The entropy variation and the heat flow

To clarify the nature of the bounds derived in this
investigation the first useful step is to compute the ratio
between the increment of the entropy of the system (i.e.
TΔSs) and the heat transferred to the environment (i.e.
ΔQe). After constructing the ratio TΔSs=ΔQe we shall
eventually discuss if it is generically smaller than 1, as
suggested in Eq. (1.2). Bearing in mind the stenographic
notation spelled out in Eq. (4.10), the wanted expression is
immediately obtained from Eqs. (4.4) and (4.9); the final
result solely depends upon N and upon ðT=ωeÞ,

T
ΔSs
ΔQe

¼
�
T
ωe

��
lnN

N
þ
�
1þ 1

N

�
ln

�
1þ 1

N

��
: ð5:1Þ

A simple algebraic inspection of Eq. (5.1) suggests that
TΔSs < ΔQe provided the conditions of the parametric
amplification are met and this means, in particular, that
N > 1. The shaded areas in Fig. 1 and in the forthcoming
plots correspond to the regions where TΔSs ≤ ΔQe.
According to the results of Fig. 1 the entropy growth
connected toΔSs ≥ 0 is indeed bounded byΔQe, as long as
the quantum parametric amplification is operational
(i.e. N > 1).
A complementary perspective might however suggest

that since N ¼ n̄ðqÞðn̄þ 1Þ the condition N > 1 is realized
when n̄ðqÞ > 1 while the averaged thermal multiplicity n̄
could be both larger and smaller than 1. Therefore, to avoid
confusions and to clarify the matter even further we are
going illustrate the right-hand side of Eq. (5.1) not only in
the plane ðN;ωe=TÞ (as already done in Fig. 1) but also in
terms of the other variables that already appeared in the
previous considerations of Secs. III and IV. The second
point we wish to examine is what happens when N < 1.
In this regime the bounds derived here are likely to be
violated simply because the system did not evolve from the
initial vacuum state. In the following two subsections we
shall separately examine the regimes N > 1 and N < 1.

B. The regime N > 1

When N > 1 the right-hand side of Eq. (5.1) can be
expanded in powers of 1=N and if only the leading terms of
the expansion in ð1=NÞ are kept, Eq. (5.1) becomes

T
ΔSs
ΔQe

¼ 1þ lnN

N ln ð1þ 1=n̄Þ ; ð5:2Þ

6The result of Eq. (4.6) simply expresses the general truism
that quantum fluctuations are relevant at low temperatures since
the expectation value of the Hamiltonian Ĥe over a thermal state
characterized by a Bose-Einstein probability distribution is
exactly hthjĤejthi ¼ ωeðn̄þ 1=2Þ. Furthermore, given that
n̄ ¼ ðeωe=T − 1Þ−1, hthjĤejthi goes as T for ωe ≪ T while,
in the opposite limit (i.e. ωe ≫ T), hthjĤejthi coincides in
practice with the ground state energy.
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where T=ωe has been traded for the averaged thermal
multiplicity n̄. As long as n̄ ≫ 1 the logarithm in the
denominator can be further expanded in the limit
ð1=n̄Þ < 1. Moreover, in the same limit (i.e. n̄ ≫ 1)
Eq. (4.10) implies that N ¼ n̄ðqÞn̄. Putting together the
two previous observations, the following expression is
finally deduced from Eq. (5.2):

T
ΔSs
ΔQe

¼ 1þ ln ðn̄ðqÞn̄Þ
n̄ðqÞ

: ð5:3Þ

The result of Eq. (5.3) implies that TΔSs <ΔQe provided n̄
and n̄ðqÞ satisfy the approximate inequality n̄<en̄

ðqÞ−1=n̄ðqÞ.
Given that the amplification is operational only when
the quanta are effectively produced [i.e. n̄ðqÞ > 1], the
obtained condition gets even simpler, i.e. n̄n̄ðqÞ < en̄

ðqÞ
.

Consequently, when n̄ðqÞ ≫ 1 the condition on n̄ is always
verified, in practice, due to the largeness of the exponential
factor. Once more, from Fig. 2 we can appreciate that
the white region for n̄ > 1 corresponds to the values of
n̄ðqÞ that remain sufficiently small in agreement with the
condition n̄n̄ðqÞ < en̄

ðqÞ
.

Always under the hypothesis that N > 1, we finally
examine the case where n̄ ≪ 1. This means that, in practice,
the total averaged multiplicity is entirely generated quan-
tum mechanically, i.e. N ≃ n̄ðqÞ. When n̄ ≪ 1 we also have
that T=ωe ≪ 1 and Eq. (5.2) becomes

T
ΔSs
ΔQe

¼ 1þ lnN

N

�
T
ωe

�
: ð5:4Þ

We see from Eq. (5.4) that TΔSs < ΔQe since the con-
dition N ≥ 1þ lnN is always verified and T=ωe ≪ 1. For
the sake of completeness in Fig. 3 we then illustrate the
bound in the plane ðωe=T; n̄ðqÞÞ; as in the previous plots the
labels appearing in the contours indicate the common
logarithm of TΔSs=ΔQe. It is also clear from Fig. 3 that
the bound is even verified in the regime n̄ðqÞ ≪ 1 pro-
vided ωe=T ≫ 1.

C. The regime N < 1

Recalling the explicit expression of Eq. (4.10), when
N < 1 the quantum amplification is effectively absent. This
means, in practice, that the entropy of the system does not
decrease but does not increase either. Therefore in this
regime we expect that the bounds are violated simply

FIG. 2. As in Fig. 1 the labels appearing on the various contours
correspond to the common logarithms of TΔSs=ΔQe. The bound
TΔSs < ΔQe is here scrutinized in the plane defined by the
averaged multiplicities of the initial thermal state (i.e. n̄) and of
the produced quanta [i.e. n̄ðqÞ]. The bound is always verified, in
practice, when n̄ðqÞ > 1 and in spite of the value of n̄ except for
the region of small multiplicities where the limits derived from
Eq. (5.3) are effective [i.e. n̄n̄ðqÞ < en̄

ðqÞ
].

FIG. 1. In this and in the following plots of this section the
shaded areas illustrate the regions where TΔSs < ΔQe. Common
logarithms are employed on both axes. The labels are constant
along each contour and correspond to the common logarithms of
TΔSs=ΔQe computed from the right-hand side of Eq. (5.1).
In this plot the bounds stemming from Eq. (5.1) are studied in
the plane ðN̄;ωe=TÞ. The white areas where the bound is not
satisfied correspond to the region of large thermal multiplicities
and comparatively negligible quantum amplification [i.e. n̄ðqÞ ¼
Oð1Þ or smaller].
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because the system and the environment remain close to
their initial states where the corresponding density matrices
are uncorrelated. Let us then go back to Eq. (5.1) and note
that, without approximations, the general expression can be
rephrased as

T
ΔSs
ΔQe

¼ ðN þ 1Þ ln ðN þ 1Þ − N lnN

N ln ð1þ 1=n̄Þ : ð5:5Þ

If the numerator at the right-hand side of Eq. (5.5) is
expanded in the limit N < 1 the resulting expression
becomes

T
ΔSs
ΔQe

¼ 1 − lnN
ln ð1þ 1=n̄Þ ; N < 1: ð5:6Þ

Again, because of Eq. (4.10) the condition N < 1 must
correspond to n̄ðqÞ < 1. To investigate this portion of the
parameter space, it is very convenient to recall that the
averaged multiplicity of the produced quanta is, by defi-
nition, n̄ðqÞ ¼ sinh2 r [see Eqs. (4.4) and (4.10) and dis-
cussions thereafter]. When n̄ðqÞ < 1 the parameter r can be
both negative and positive provided jrj ≤ 0.88. In this
regime the quanta are not produced but a certain class of
operators (the so-called quadrature operators [13,14]) may
fluctuate either above or below the quantum noise. What
matters, for the present ends, is however that even in the

regime jrj → 0 the entropy variation is bounded by the heat
transfer except for a tiny slice centered around jrj → 0.
As usual the shaded area in Fig. 4 corresponds to TΔSs ≤
ΔQe in the plane ðn̄; rÞ. However, for n̄ ≫ 1 and n̄ðqÞ < 1
both the system and the environment remain in their
(uncorrelated) initial state as in the absence of any
dynamical evolution. If we go back to Eq. (5.6) we can
first consider the case n̄ < 1 so that our expression
ultimately becomes7

T
ΔSs
ΔQe

¼ 1 − ln n̄ðqÞ

ln ð1=n̄Þ ; n̄ < 1: ð5:7Þ

Equation (5.7) implies that TΔSs < ΔQe as long as
ln ðn̄ðqÞ=n̄Þ > 1 which also means en̄ < n̄ðqÞ < 1. We
may finally consider the opposite case, i.e. n̄ ≫ 1. Now
the total final multiplicity becomes N ¼ n̄ðqÞðn̄þ 1Þ ≃
n̄ðqÞn̄ and the minuteness of n̄ðqÞ should counterbalance
the largeness of n̄ so that, overall, N ¼ n̄ðqÞn̄ < 1. From
Eq. (5.5) we have that the analog of Eq. (5.7) is

T
ΔSs
ΔQe

¼ n̄½1 − ln ðn̄ðqÞn̄Þ�; n̄ > 1: ð5:8Þ

FIG. 3. We illustrate the contours of constant TΔSs=ΔQe in the
plane ðωe=T; nðqÞÞ. As usual, the labels on the various contours
indicate the common logarithm of TΔSs=ΔQe. From this plot it is
particularly clear that in the region ωe=T ≫ 1 (i.e. n̄ ≪ 1) and
n̄ðqÞ > 1 the condition TΔSs < ΔQe is always verified, as
expected from Eq. (5.4).

FIG. 4. We illustrate the contours of constant TΔSs=ΔQe in the
plane ðn̄; rÞ. We recall that since n̄ðqÞ ¼ sinh2 r, the values of
r can be both positive and negative. The r-parametrization is
particularly suitable for the analysis of the region n̄ðqÞ < 1.
As usual the labels on the various contours indicate the common
logarithm of TΔSs=ΔQe.

7To derive Eq. (5.7) we noted, as usual, that from Eq. (4.10)
N ¼ n̄ðqÞðn̄þ 1Þ ≃ n̄ðqÞ, while 1=n̄ > 1.
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According to Eq. (5.8) ln ðn̄ðqÞn̄Þ > 1 − 1=n̄ which also
implies, for n̄ ≫ 1, that n̄ðqÞn̄ > e. The latter condition is
incompatible with the hypothesis n̄ðqÞn̄ < 1 that has been
assumed in Eq. (5.8). The result (5.8) is expected since,
in the limit r → 0 and n̄ ≫ 1, the environment and the
system remain, in practice, in their (uncorrelated) initial
states and entropy is not produced.
In Fig. 5 we illustrate, for completeness, the bound on

the entropy variation in the plane ðωe=T; rÞ. By looking
together at Figs. 4 and 5 we see that, as anticipated, the
bound TΔSs < ΔQe is always except for a slice corre-
sponding to jrj → 0 and n̄ ≫ 1. In this region we have
that, in practice, Ĥse → 0 since the coupling vanishes
asymptotically.

D. The issue of the chemical potential

The quantum mechanical formulation of the Landauer’s
conjecture does not involve the presence of a chemical
potential and this choice determines the density matrix of
the initial state where the system is in the vacuum whereas
the environment is in a thermal state characterized by a
temperature Te [see Eqs. (3.1) and (3.2) and discussions
thereafter]. If the environment contains a chemical potential
the statistical weights of Eq. (3.3) are formally the same
[i.e. p̄n ¼ n̄n=ðn̄þ 1Þnþ1] but the averaged multiplicity
depends both on Te and μe, i.e.

n̄ ¼ 1

eðωe−μeÞ=Te − 1
: ð5:9Þ

The presence of a chemical potential is plausible as long as
the flow of energy associated with ΔQe is complemented
by a flow of quanta measured by ΔNe. We remind the
reader, in this respect, that the total Hamiltonian of our
system commutes with the difference N̂e − N̂s, but does not
commute with N̂ ¼ N̂s þ N̂e,

½Ĥ; N̂� ≠ 0; ½Ĥ; N̂e − N̂s� ¼ 0; ð5:10Þ

see also Eq. (2.18) and discussions thereafter. If a chemical
potential is present the bound on the entropy variation of
the system can be phrased as

TΔSs ≤ ΔQe − μeΔNe; ð5:11Þ

where, consistent with the previous notations, we set
T ¼ Te. As in the case μe → 0 the bound of Eq. (5.11)
is always verified under the same conditions already
deduced above this section. To reach this conclusion
the simplest route is to observe that the ratio between
TΔSs and ðΔQe − μeΔNeÞ is still given by

�
T

ωe − μe

� ðN þ 1Þ ln ðN þ 1Þ − N lnN

N
: ð5:12Þ

But from Eq. (5.9) we can always trade T=ðωe − μeÞ for
1= ln ð1þ 1=n̄Þ and this means that the bound (5.11) is
satisfied provided

ðN þ 1Þ ln ðN þ 1Þ − N lnN

N ln ð1þ 1=n̄Þ < 1: ð5:13Þ

The condition (5.13) can be studied in the plane ðn̄; n̄ðqÞÞ
and the result of this analysis coincides exactly with Fig. 2.
The reason is that the condition TΔSs ≤ ΔQe deduced
from Eq. (5.1) in the plane ðn̄ðqÞ; n̄Þ takes the same form
of Eq. (5.13). This is because the addition of the chemical
potential in the bound is always compensated by the
modified form of the averaged thermal multiplicity of
Eq. (5.9). In Fig. 6 the conditions (5.11)–(5.13) are
illustrated in the plane ðn̄; n̄ðqÞÞ.

E. A complementary comment

As we close this discussion we wish to comment on the
possible direct verifications of the bounds suggested here.
Although it is difficult to endorse specific experimental
platforms, we find it nonetheless useful to remind the
reader of a few possibilities that have been repeatedly
explored in the last forty years, namely the backward [48]
and the forward [49] four-wave mixing as well as the
parametric down-conversion [50]. In spite of the obvious
differences, the quantum thermodynamical considerations
discussed here are closely related to the formation of
squeezed states of light (see e.g. [13,14]) that have been

FIG. 5. We illustrate the same region discussed in Fig. 4 but in
the plane ðωe=T; rÞ. As usual the shaded area corresponds to the
region where the variation of the entropy of the system is bounded
by the heat transferred to the environment.
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originally scrutinized, within complementary frame-
works, forty years ago [48–50]. The two modes asso-
ciated with the system and the environment can therefore
be empirically identified with two appropriate modes of
the electromagnetic field in a cavity or in an optical fiber.
Although in the last forty years an enormous technical
progress has been made in the generation of squeezed
light (see e.g. [51] for a relatively recent review), the
experimental platforms of nonlinear crystals, optical
fibers and atomic ensembles exploited in Refs. [48–50]
essentially coincide with the ones used today for gen-
erating strongly squeezed light. It seems therefore plau-
sible that similar platforms might be effectively used for
the empirical analysis of the entropic bounds derived in
this investigation. Of course we are only expressing here a
theoretical viewpoint (based on the similarities between
the symmetries of the underlying problems) rather than a
concrete empirical suggestion.

VI. THE PERSPECTIVE OF FIELD THEORY

The field theoretical perspective rests on the same
physical premises of the quantum parametric amplification
and the final forms of the entropy bounds are in fact very
similar with the crucial difference that the averaged
multiplicities, the final states and the density operators
exhibit an explicit momentum dependence. For the sake
of concreteness we start by examining the following

parametrization of the action of a single scalar degree of
freedom ψðx⃗; τÞ in four space-time dimensions:

S ¼ 1

2

Z
d3x

Z
dτ v2ðτÞ

h
∂τψ∂τψ − ∂lψ∂

lψ
i
; ð6:1Þ

where τ denotes the conformal time coordinate which is
widely employed in curved backgrounds and in cosmo-
logical applications [52]; in the case of a conformally flat
background metric of Friedmann-Robertson-Walker type
we have that aðτÞdτ ¼ dt. The time dependence is encoded
in the function vðτÞ that ultimately determines the specific
form of the pump fields entering the effective Hamiltonian.
Since different time parametrizations could be employed
[15,16] (see also [17,18]), the introduction of τ is not
strictly essential but it is convenient also in the light of
potential applications. In Eq. (6.1) ∂l denotes, as usual, the
spatial gradients and the related indices are Euclidean. The
action (6.1) can be reduced to its canonical form after
redefining the fields as μðx⃗; τÞ ¼ vðτÞψðx⃗; τÞ so that,
eventually, the Lagrangian density becomes

L ðx⃗; τÞ ¼ 1

2

h
ð∂τμÞ2 þFμ2 − 2Fμ∂τμ − ð∇!μÞ2

i
; ð6:2Þ

where F ¼ v0=v and the prime indicates hereunder
a derivation with respect to the conformal time coordinate
τ. The canonical momentum deduced from Eq. (6.2) is
given by π ¼ ð∂τμ −FμÞ and from Eq. (6.1) the
Hamiltonian becomes

HðτÞ ¼ 1

2

Z
d3x
h
π2 þ 2Fμπ þ ð∇!μÞ2

i
; ð6:3Þ

where ∇! denotes, as usual, the gradient in three spatial
dimensions. Depending on the actual meaning of vðτÞ,
F and ψ both the action (6.1) and the Hamiltonian (6.3)
may correspond to diverse physical situations potentially
involving the production of particles in curved back-
grounds. For instance, if ψðx⃗; τÞ coincides with a minimally
coupled scalar field in a (conformally flat) Friedmann-
Robertson-Walker background, vðτÞ equals the scale factor
aðτÞ expressed in the conformal time parametrization. In
the case of the evolution of curvature inhomogeneities
ψðx⃗; τÞ ¼ Rðx⃗; τÞ where Rðx⃗; τÞ indicates the curvature
inhomogeneity on comoving orthogonal hypersurfaces. In
this second situation vðτÞ ¼ aðτÞφ0=H where H ¼ a0=a
and φ is the inflaton field [52]. Last but not least, as we
shall see, Eq. (6.3) may also describe the evolution of a
single tensor polarization in a Friedmann-Robertson-
Walker background [9] (see also Refs. [26,27] and [53]).

A. The quantum description of the problem

Following the standard approach the classical fields of
Eq. (6.3) are now promoted to the status of quantum

FIG. 6. We illustrate the conditions (5.12) and (5.13). The
shaded area corresponds to the region where TΔSs ≤
ΔQe − μeΔNe. This plot coincides with Fig. 2; this is because,
in the presence of the chemical potential, T=ðωe − μeÞ ¼
ln ð1þ 1=n̄Þ so that, ultimately, the condition (5.13) corresponds
exactly to the one already deduced, for instance, in Eq. (5.5).
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(Hermitian) operators obeying canonical commutation
relations at equal times. This means that μ → μ̂, π → π̂ and

½μ̂ðx⃗; τÞ; π̂ðy⃗; τÞ� ¼ iδð3Þðx⃗ − y⃗Þ ð6:4Þ

where μ̂† ¼ μ̂ and π̂† ¼ π̂. The Hamiltonian operator
deduced from Eq. (6.3) becomes

ĤðτÞ ¼ 1

2

Z
d3x
h
π̂2 þFðμ̂ π̂þπ̂ μ̂Þ þ ð∇! μ̂Þ2

i
: ð6:5Þ

Both the field operators and the Hamiltonian can be
represented in Fourier space; in particular we can write

μ̂k⃗ðτÞ ¼
1

ð2πÞ3=2
Z

eik⃗·x⃗μ̂ðx⃗; τÞd3k ¼ μ̂†
−k⃗
ðτÞ: ð6:6Þ

By simply replacing in Eq. (6.6) μ̂ðx⃗; τÞ and μ̂k⃗ with
π̂ðx⃗; τÞ and π̂k⃗ we obtain the Fourier decomposition for
the canonical momenta which are also Hermitian
(i.e. π̂k⃗ ¼ π̂†

−k⃗
). From Eq. (6.4) the commutation relations

in Fourier space become ½μ̂k⃗ðτÞ; π̂p⃗ðτÞ� ¼ iδð3Þðk⃗þ p⃗Þ. The
creation and the annihilation operators connected to the
canonical field operators are introduced, as usual, from

μ̂k⃗ ¼ ðâk⃗ þ â†
−k⃗
Þ=

ffiffiffiffiffi
2k

p
;

π̂k⃗ ¼ −i
ffiffiffiffiffiffiffiffi
k=2

p
ðâk⃗ − â†

−k⃗
Þ; ð6:7Þ

where, for continuous k⃗-modes, ½âk⃗; âp⃗� ¼ δð3Þðk⃗ − p⃗Þ. The
explicit form of the Hamiltonian operator can then be
expressed either in terms of μ̂k⃗ and π̂k⃗ or by means of the
creation and annihilation operators. Between these two
options the latter is more relevant than the former if we
want to clarify the analogy with the quantum theory of
parametric amplification. Thanks to Eqs. (6.6) and (6.7),
the Hamiltonian of Eq. (6.5) becomes

ĤðτÞ ¼ 1

2

Z
d3k k½â†

k⃗
âk⃗ þ â−k⃗â

†
−k⃗
�

þ 1

2

Z
d3k½σðτÞâ†

k⃗
â†
−k⃗

þ σ�ðτÞâk⃗â−k⃗�; ð6:8Þ

where σ ¼ iF . Since Eq. (6.8) exhibits the two-mode
structure discussed in the previous sections, the idea is now
to associate half of the spectrum of the modes with the
system (for instance the modes with momentum k⃗) while
the remaining modes (the ones with momentum −k⃗) will
belong to the environment.

B. The two-mode Hamiltonian and its symmetries

From a practical viewpoint the discussion of Eq. (6.8) is
more concise if the field operators have a discrete spectrum

as it happens in a box of volume V; in this way the
explicit expressions of the quantum states are more concise,
as it is well known in the context of quantum optical
applications [13,14] (see also [40]). As it is well known the
integrals over the wave numbers appearing in Eq. (6.8) are
replaced sums and, more precisely, when the volume of the
box becomes very large the connection between the two is

X
k⃗

→ V
Z

d3k=ð2πÞ3; μk⃗ →
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2πÞ3=V

q
μk⃗:

Similar changes apply to the creation and annihilation
operators and to their commutation relations that now
become ½âk⃗; â†k⃗� ¼ δk⃗;p⃗ where now δk⃗;p⃗ indicates the

Kronecker symbol replacing the Dirac delta distribution
of the continuous mode representation. Equation (6.8) can
be rewritten as ĤðτÞ ¼Pk⃗ Ĥk⃗ðτÞ where the two-mode
Hamiltonian Ĥk⃗ is now given by

Ĥk⃗ðτÞ ¼ ωkðŝ†k⃗ŝk⃗ þ êk⃗ê
†
k⃗
Þ þ gŝ†

k⃗
ê†
k⃗
þ g�ŝk⃗êk⃗: ð6:9Þ

We note that, for consistency with the previous notations,
we introduced ω2

k ¼ k=2 and g ¼ σ=2; furthermore, as
previously suggested, Eq. (6.9) follows from Eq. (6.8) by
identifying the âk⃗ with the oscillators of the system (i.e.
âk⃗ → ŝk⃗) and â−k⃗ with the ones of the environment (i.e.
â−k⃗ → êk⃗) [9]. All the results obtained in the previous
sections can be generalized to the field theory context since,
besides the momentum dependence, Eqs. (1.14), (1.15),
and (2.1) are analogous to Eq. (6.9). So, for instance, the
evolution of the field operators follows from the total
Hamiltonian Ĥ ¼Pk⃗ Ĥk⃗,

∂τŝp⃗ ¼ i½Ĥ; ŝp⃗�; ∂τêp⃗ ¼ i½Ĥ; êp⃗�: ð6:10Þ

Recalling the explicit form of the commutation relations
(i.e. ½ŝk⃗; ŝ†p⃗� ¼ ½êk⃗; ê†p⃗� ¼ δk⃗;p⃗ and ½ŝk⃗; êk⃗� ¼ 0) the follow-
ing pair of equations can be deduced from Eq. (6.10):

ŝ0p⃗ ¼ −iωpŝp⃗ − igê†p⃗; ê0p⃗ ¼ −iωpêp⃗ − igŝ†p⃗: ð6:11Þ

Although the time dependence of gðτÞ affects Eq. (6.11)
(and ultimately determines the k dependence of the
averaged multiplicities) what matters for the present ends
is the general form of the density operators of the system
and of the environment as a function of the final multi-
plicities, as already described in the quantum mechanical
case. We can therefore express the solution of Eq. (6.11) as

ŝk⃗ðτÞ ¼ ukðτ; τinÞŝk⃗ − vkðτ; τinÞℯ̂†
k⃗
;

ê†
k⃗
ðτÞ ¼ u�kðτ; τinÞℯ̂†

k⃗
− v�kðτ; τinÞŝk⃗; ð6:12Þ
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where, as in Eq. (2.7), we adopted the shorthand notations
ŝk⃗ ¼ ŝk⃗ðτinÞ and ℯ̂k⃗ ¼ êk⃗ðτinÞ.
The evolution of ukðτ; τinÞ and vkðτ; τinÞ mirrors the one

already analyzed in Eqs. (2.8) and (2.9),

u0k ¼ −iωkuk þ igv�k;

v0k ¼ −iωkvk þ igu�k: ð6:13Þ

For a continuous and differentiable pump field the two
(complex) functions ukðτ; τinÞ and vkðτ; τinÞ are anyway
subjected to the condition jukðτ; τinÞj2 − jvkðτ; τinÞj2 ¼ 1;
this means that ukðτ; τinÞ and vkðτ; τinÞ can be parametrized
in terms of three real functions conventionally denoted by
δkðτÞ, θkðτÞ, and rkðτÞ in full analogy with the quantum
mechanical situation discussed before,

ukðτ; τinÞ ¼ e−iδk cosh rk;

vkðτ; τinÞ ¼ e−iðδk−θkÞ sinh rk: ð6:14Þ

The evolution of δkðτÞ, θkðτÞ, and rkðτÞ can be deduced
from Eq. (6.13) once the expression of gðτÞ is fixed.8 It is
however not essential, for the present purposes, to
analyze these equations since the density matrices of
the final state depend on the parametrization of Eq. (6.14)
but not on the specific functional form of the solution,
exactly as in the quantum mechanical example discussed
in the previous sections.

C. The total density operator of the final state

For each k⃗-mode the basis for the irreducible represen-
tations of the SUð1; 1Þ group is analogous to the one
previously introduced in the quantum mechanical analysis
of the problem with the difference that the dependence on
the k⃗-mode must be consistently included,

jfmðsÞgfmðℯÞgi ¼
Y
k⃗

���mðsÞ
k⃗
mðℯÞ

k⃗

E
: ð6:15Þ

The states jmðsÞ
k⃗
mðℯÞ

k⃗
i appearing in Eq. (6.15) are now

defined by

jmðsÞ
k⃗
mðℯÞ

k⃗
i ¼ ðŝ†Þm

ðsÞ
k⃗ffiffiffiffiffiffiffiffiffiffi

mðsÞ
k⃗
!

q ðℯ̂†Þm
ðℯÞ
k⃗ffiffiffiffiffiffiffiffiffiffiffi

mðℯÞ
k⃗

!
q ���0ðsÞ

k⃗
0
ðℯÞ
k⃗

E
: ð6:16Þ

The states jmðsÞ
k⃗
mðℯÞ

k⃗
i form a convenient basis for the

irreducible representations of SUk⃗ð1; 1Þ whose generators
are now expressed as

K̂ðþÞ
k⃗

¼ ŝ†
k⃗
ℯ̂†
k⃗
; K̂ð−Þ

k⃗
¼ ŝk⃗ℯ̂k⃗;

K̂ð0Þ
k⃗

¼
�
ŝ†
k⃗
ŝk⃗ þ ℯ̂k⃗ℯ̂

†
k⃗

	
=2: ð6:17Þ

The commutation relations of the generators generalize the
ones already discussed in Eqs. (3.18) and (3.19),

h
K̂ðþÞ

k⃗
; K̂ð−Þ

p⃗

i
¼ −2K̂ð0Þ

k⃗
δk⃗;p⃗;h

K̂ð0Þ
k⃗
; K̂ð�Þ

p⃗

i
¼ �K̂ð�Þ

k⃗
δk⃗;p⃗: ð6:18Þ

In terms of the generators of Eq. (6.17) the operator
Σ̂k⃗ðzkÞ ¼ exp ðz�ksk⃗ℯk⃗ − zks

†
k⃗
ℯ†
k⃗
Þ can be written in terms of

the Baker-Campbell-Hausdorff decomposition

Σ̂k⃗ðzkÞ ¼ Σ̂ðk⃗Þ
þ ðzkÞΣ̂ðk⃗Þ

0 ðzkÞΣ̂ðk⃗Þ
− ðzkÞ; ð6:19Þ

where Σ̂ðk⃗Þ
� ðzk⃗Þ and Σ̂ðk⃗Þ

0 ðzk⃗Þ are defined as

Σ̂ðk⃗Þ
− ðzk⃗Þ ¼ exp

h
e−iθk tanh rrK̂

ð−Þ
k⃗

i
;

¼ exp
h
ðv�k=u�kÞK̂ð−Þ

k⃗

i
Σ̂ðk⃗Þ
0 ðzk⃗Þ ¼ exp

h
−2 ln cosh rkK̂

ð0Þ
k⃗

i
;

¼ exp
h
−2 ln jukjK̂ð0Þ

k⃗

i
Σ̂ðk⃗Þ
þ ðzk⃗Þ ¼ exp

h
−e−iθk tanh rrK̂

ð−Þ
k⃗

i
¼ exp

h
−ðvk=ukÞK̂ð−Þ

k⃗

i
: ð6:20Þ

In Eq. (6.20) the Baker-Campbell-Hausdorff decomposi-
tion has been expressed both in terms of ðrk; θkÞ and
in terms of ðuk; vkÞ to clarify the absence of the
δk dependence.
The analog of jδzi introduced in Eq. (3.23) is constructed

in analogy with the multiparticle Fock states of Eq. (6.15),

jfδzgi ¼
Y
k⃗

jδk⃗zk⃗i; ð6:21Þ

where jδk⃗zk⃗i is now

jδk⃗zk⃗i ¼ R̂k⃗ðδk⃗ÞΣ̂k⃗ðzk⃗Þ
���0ðsÞ

k⃗
0
ðℯÞ
k⃗

E
: ð6:22Þ

8So for instance in the case of a minimally coupled scalar field
gðτÞ ¼ iH =2 and Eq. (6.14), once inserted into Eq. (6.13),
implies a set of evolution equations for δkðτÞ, θkðτÞ and rkðτÞ.
Within the present notations these equations read
r0k ¼ H cos ð2δk − θkÞ, δ0k ¼ ωk −H tanh rk sin ð2δk − θkÞ and
θ0k ¼ H sin ð2δk − θkÞ=ðcosh rk sinh rkÞ. Their explicit solution
is however not required to generalize the entropy bounds to the
field theory setup.
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Within the same formalism leading to Eqs. (6.15), (6.16),
(6.18), and (6.21) the initial state density matrix is

ρ̂ðτinÞ ¼
Y
k⃗

ρ̂k⃗ðτinÞ

¼
Y
k⃗

ρ̂ðsÞ
k⃗
ðτinÞ ⊗ ρ̂ðeÞ

k⃗
ðτinÞ: ð6:23Þ

As in the quantum mechanical case [see Eq. (3.1) and
discussions therein] the initial density operator of the

system is in the multiparticle vacuum [i.e. ρ̂ðsÞ
k⃗
ðτinÞ ¼

j0ðsÞ
k⃗
ih0ðsÞ

k⃗
j] whereas ρ̂ðeÞ

k⃗
ðτinÞ is a thermal density matrix

ρ̂ðeÞ
k⃗
ðτinÞ ¼

X∞
mðℯÞ

k⃗
¼0

p̄
mðℯÞ

k⃗

���mðℯÞ
k⃗

ED
mðℯÞ

k⃗

���; ð6:24Þ

characterized by a Bose-Einstein probability distribution
for each of the k⃗-modes of the environment

p̄
mðℯÞ

k⃗

¼ n̄
mðℯÞ

k⃗
k

ðn̄k þ 1Þm
ðℯÞ
k⃗

þ1
; ð6:25Þ

where, as before, n̄k indicates the averaged thermal multi-
plicity defined as

n̄k ¼
1

eðωk−μeÞ=T − 1
: ð6:26Þ

While in the quantum mechanical situation the average
multiplicity did only depend on the single frequency ωe,
Eq. (6.26) involves all the k⃗-modes associated with
the environment. Putting together the results of
Eqs. (6.18)–(6.21) and of Eqs. (6.23)–(6.26) the density
matrix of the final state can then be obtained from the
initial state as

ρ̂ðτfin; τinÞ ¼ Û ðfδzgÞρ̂ðτinÞΣ̂†ðfzgÞÛ †ðfδzgÞ; ð6:27Þ

where Û ðfδzgÞ ¼ R̂ðfδgÞΣ̂ðfzgÞ. The proper density
operator encompassing the system and the environment
can also be written as

ρ̂ðτfin; τinÞ ¼
Y
k⃗

ρ̂k⃗ðτfin; τinÞ: ð6:28Þ

The explicit form of ρ̂k⃗ðτfin; τinÞ becomes

ρ̂k⃗ðτfin; τinÞ ¼ Û k⃗ðδk; zkÞρ̂k⃗ðτinÞÛ †
k⃗
ðδk; zkÞ ð6:29Þ

¼
X∞

mðℯÞ
k⃗

¼0

X∞
lk⃗¼0

X∞
l0
k⃗
¼0

A
mðℯÞ

k⃗
lk⃗l

0
k⃗

×
���lk⃗;lk⃗ þmðℯÞ

k⃗

ED
mðℯÞ

k⃗
þ l0

k⃗
;l0

k⃗

���: ð6:30Þ

The term A
mðℯÞ

k⃗
lk⃗l

0
k⃗

has been included for convenience also

with the purpose of exhibiting the analogy with the
quantum mechanical situation of Eq. (3.4)

A
mðℯÞ

k⃗
lk⃗l

0
k⃗

¼P
mðℯÞ

k⃗
lk⃗l

0
k⃗

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 
mðℯÞ

k⃗
þlk⃗

mðℯÞ
k⃗

! 
mðℯÞ

k⃗
þl0

k⃗

mðℯÞ
k⃗

!vuut ; ð6:31Þ

where P
mðℯÞ

k⃗
lk⃗l

0
k⃗

is

P
mðℯÞ

k⃗
lk⃗l

0
k⃗

¼
eiαk⃗ðlk⃗−l

0
k⃗
Þp̄

mðℯÞ
k⃗

ðcosh rkÞ2ðm
ðℯÞ
k⃗

þ1Þ
ðtanh rkÞðlk⃗þl0

k⃗
Þ; ð6:32Þ

and αk⃗ ¼ ðθk⃗ þ π − 2δk⃗Þ.

D. Extensions of the entropy bound

From the total density matrix of Eqs. (6.30)–(6.32)
we now derive the reduced density matrices of the system
and of the environment

ρ̂ðeÞ
k⃗
ðτ; τinÞ ¼ Trs½ρ̂k⃗ðτ; τinÞ�; ð6:33Þ

ρ̂ðsÞ
k⃗
ðτ; τinÞ ¼ Tre½ρ̂k⃗ðτ; τinÞ�: ð6:34Þ

The explicit form of ρ̂ðsÞ
k⃗
ðτ; τinÞ is

ρ̂ðsÞ
k⃗
ðτ; τinÞ ¼

X∞
nðeÞ
k⃗
¼0

hnðeÞ
k⃗
jρ̂k⃗ðτ; τinÞjn

ðeÞ
k⃗
i: ð6:35Þ

Taking now into account the explicit results of
Eqs. (6.30)–(6.32) the reduced density matrix of the system
becomes

ρ̂ðsÞ
k⃗
ðτ; τinÞ ¼

X∞
lk⃗¼0

N
lk⃗
k

ðNk þ 1Þlk⃗þ1
jlk⃗ihlk⃗j; ð6:36Þ

where Nk is now defined as

Nk ¼ n̄ðqÞk ðn̄k þ 1Þ ¼ ðn̄k þ 1Þ sinh2 rk: ð6:37Þ

The expression of Nk is fully analogous to the one already
mentioned in Eq. (4.10) with the difference that now all
the multiplicities include an essential k dependence.
In particular Eq. (6.37) also implies that Nk → 0 as
rk → 0: in this limit the system remains in the vacuum
and the obtained entropy variation must vanish.
To verify this important point we go back to Eqs. (6.34)

and (6.35) and note that from the reduced density matrix
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ρ̂s ¼
Q

k⃗ ρ̂
ðsÞ
k⃗

the associated entropy follows from the von

Neumann expression,

Ss ¼ −Tr½ρ̂s ln ρ̂s�; ð6:38Þ

where, according to the established notations, Ss ¼ S½ρ̂s�.
But since ρ̂s ¼

Q
k⃗ ρ̂

ðsÞ
k⃗

and Tr½ρ̂ðsÞ
k⃗
� ¼ 1 the total entropy

can be computed mode by mode, i.e.

Ss ¼
X
k⃗

SðsÞ
k⃗
; SðsÞ

k⃗
¼ −Tr

h
ρ̂ðsÞ
k⃗

ln ρ̂ðsÞ
k⃗

i
: ð6:39Þ

From these expressions, recalling Eq. (6.36), we can
immediately compute the total variation of the entropy
of the system,

ΔSðsÞ
k⃗

¼ SðsÞ
k⃗
ðτfinÞ − SðsÞ

k⃗
ðτinÞ

¼ ðNk þ 1Þ ln ðNk þ 1Þ − Nk lnNk: ð6:40Þ

Recalling the comment mentioned after Eq. (6.37) we see

from Eq. (6.40) that ΔSðsÞ
k⃗

→ 0 for rk → 0: this limit

corresponds to the absence of parametric amplification

[since n̄ðqÞk → 0] since under the condition rk → 0 the
system remains, in practice, in the vacuum.
As in the quantum mechanical case the total variation of

the heat transferred to the environment can be computed
either from the reduced density matrix ρ̂e [see Eq. (4.2)
and discussion therein] or directly from the evolution of
the multiplicities, as suggested in Eq. (4.3). The same
twofold possibility arises in the present context and the
final result is

ΔQðeÞ
k⃗

¼ hthjĤðeÞ
k⃗
ðτfinÞjthi − hthjĤðeÞ

k⃗
ðτinÞjthi

¼ ωkΔN
ðeÞ
k⃗
; ð6:41Þ

where jthi is the multiparticle state computed from the
thermal density matrix where each mode of the field is
characterized by a k-dependent Bose-Einstein probability

distribution. Moreover in Eq. (6.41) ΔNðeÞ
k⃗

indicates the

flow of particles to the environment and it is given

by ΔNðeÞ
k⃗

¼ Nk ¼ n̄ðqÞk ðn̄k þ 1Þ.
We can now verify, as anticipated, the generalized form

of the bound already discussed at length in Sec. V,

TΔSðsÞ
k⃗

≤ ΔQðeÞ
k⃗

− μeΔN
ðeÞ
k⃗
: ð6:42Þ

If we now recall the explicit expressions of Eqs. (6.40)

and (6.41) for ΔSðsÞ
k⃗
, ΔQðeÞ

k⃗
, and ΔNðeÞ

k⃗
we obtain that the

bound of Eq. (6.42) corresponds to

ðNk þ 1Þ ln ðNk þ 1Þ − Nk lnNk

ln ð1þ 1=n̄kÞ
≤ 1: ð6:43Þ

The condition (6.43) generalizes the quantum mechanical
result to the field theoretical situation and it can be analyzed
in the same manner. The interesting aspect of Eq. (6.43) is

that n̄ðqÞk and n̄k are now different for the various k-modes.
This also shows that the entropy bounds may also depend
on the underlying cosmological evolution [9].

E. The case of relic gravitons

The evolution of the tensor modes of the geometry
(corresponding to a massless field of spin 2 evolving in
curved space-times) shares various analogies with the class
of problems analyzed in this investigation, as recently
pointed out [9]. The potential existence of stochastic
backgrounds of relic gravitational radiation has been
suggested even before the formulation of inflationary
scenarios [19–21] as a genuine general relativistic effect
in curved space-times. Since the evolution of the tensor
modes of the geometry is not Weyl invariant [19], the
associated classical and quantum fluctuations can be
amplified not only in anisotropic metric but also in
conformally flat background geometries [21] (see also
[22]). For this reason backgrounds of relic gravitons are
expected, with rather different properties, in a variety of
cosmological scenarios and, in particular, during an iso-
tropic phase of quasi–de Sitter expansion [23–25]. The
second-order tensor fluctuation of the Einstein-Hilbert
action in a spatially flat Friedmann-Robertson-Walker
background is given by [26,27]

Sg ¼
1

8l2
P

Z
d4x a2ðτÞημν∂μhij∂ν hi j; ð6:44Þ

where h i
i ¼ ∂ihij ¼ 0 describes the tensor modes of the

geometry while ημν denotes the Minkowski metric with
signature ðþ;−;−;−Þ; as before aðτÞ is the scale factor,
written as a function of the conformal time coordinate τ.
The rescaled canonical amplitudes and the comoving
momenta analog to the ones introduced in the scalar case
are now given by

μij ¼ hijaðτÞ; πij ¼ ð∂τμij −H μijÞ=ð8l2
PÞ; ð6:45Þ

where, as previously mentioned, H ¼ a0=a indicates the
relative variation of the scale factor in terms of the
conformal time coordinate. During an inflationary stage
of expansion the classical inhomogeneities are quickly
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ironed; the quantum fluctuations are described by the
Hermitian operators μ̂ijðx⃗; τÞ and π̂ijðx⃗; τÞ,

μ̂ijðx⃗; τÞ ¼
ffiffiffi
2

p
lP

Z
d3k

ð2πÞ3=2
X
α

eðαÞij μ̂k⃗;αe
−ik⃗·x⃗;

π̂ijðx⃗; τÞ ¼
1

4
ffiffiffi
2

p
lP

Z
d3k

ð2πÞ3=2
X
α

eðαÞij π̂k⃗;αe
−ik⃗·x⃗;

where the sums run over the two tensor polarizations
α ¼⊕;⊗, i.e.

eð⊕Þ
ij ðk̂Þ ¼ ðm̂im̂j þ n̂in̂jÞ; eð⊗Þ

ij ðk̂Þ ¼ ðm̂in̂j − m̂jn̂iÞ:
ð6:46Þ

Note that, in Eq. (6.46), m̂, n̂ and k̂ are just a triplet of
mutually orthogonal unit vectors obeying m̂ × n̂ ¼ k̂.
In terms of the creation and annihilation operators we have

μ̂k⃗;α ¼
�
âk⃗;α þ â†

−k⃗;α

	. ffiffiffiffiffi
2k

p
;

π̂k⃗;α ¼ −i
�
âk⃗;α − â†

−k⃗;α

	 ffiffiffiffiffiffiffiffi
k=2

p
: ð6:47Þ

Equation (6.47) generalizes the result of Eq. (6.7) to the
case of the action (6.44). Ultimately the Hamiltonian
operator deduced from the action (6.44) takes then the
same form of Eq. (6.8),

ĤgðτÞ ¼
1

2

Z
d3k
X
α

k
h
â†
k⃗;α
âk⃗;α þ â−k⃗;αâ

†
−k⃗;α

i

þ 1

2

Z
d3k
X
α

h
σâ†

k⃗;α
â†
−k⃗;α

þ σ�âk⃗;αâ−k⃗;α
i
; ð6:48Þ

where σ ¼ iH . The previous quantum mechanical
analysis is now easily extended to the case of the relic
gravitons by bearing in mind that the modes of the field
with opposite three-momenta now operate in two different
Hilbert subspaces [9].

VII. CONCLUDING REMARKS

In a classical perspective the information erasure always
requires an energy cost and, according to the current lore,
this general conclusion should hold in spite of the actual
size of the underlying physical structure. If a certain system
s interacts with a thermal environment e at a temperature T
the heat flowing to the environment ΔQe should always
exceed −TΔSs where ΔSs is the change of the entropy of
the system between the final and the initial state. To erase
one bit of information the entropy must then decrease as
ΔSs ¼ − ln 2 and the Landauer conjecture would then
imply that ΔQe ≥ T ln 2. The Landauer bound quantifies
the minimum heat cost for obliterating information but the
conditionΔQe ≥ −TΔSs is only restrictive if the entropy of

the system decreases (i.e. ΔSs < 0) whereas in the oppo-
site physical situation (i.e. ΔSs ≥ 0) the increment of
Ss remains unconstrained. Since both conclusions should
hold true for all physical structures (i.e. regardless of their
respective sizes) we found appropriate to analyze them
from a quantum mechanical viewpoint.
As the quantum regime is approached, the heat transfer

and the entropy variations must be computed from a set of
appropriately reduced density matrices. While in statistical
mechanics we typically deal with collections of many
particles (of the order of the Avogadro number) in quantum
thermodynamics we may even focus on a countable
number of elementary oscillators. We then considered a
minimal framework where both the system and the envi-
ronment are described by two quantum oscillators with the
difference that, while the system is initially in a pure state,
the environment is described by a mixed density operator
with Bose-Einstein (geometric) weights. We then demon-
strated that the lack of restrictions on the acquisition of
the information disappears: if ΔSs ≥ 0 the growth of the
entropy of the system is bounded by the heat transferred to
the environment according to the bound

ΔSs ≤ ΔQe=T;

where ΔSs is the entropy variation of the system, ΔQe is
the heat flowing to the environment and T is the
corresponding temperature. The Hermitian interaction
between the system and the environment guarantees that
the entropy of the system increases and if we put together
the condition obtained here with the Landauer bound we
can then argue that

−ΔQe=T ≤ ΔSs ≤ ΔQe=T:

The inequality ΔSs ≤ ΔQe=T expresses the bound dis-
cussed here while −ΔQe=T ≤ ΔSs is just the standard
form of the Landauer conjecture of Eq. (1.1). These two
conditions could also be summarized by the requirement
T2ðΔSsÞ2 ≤ ðΔQeÞ2. The bound deduced here can also
include a particle flow to the environment (i.e. ΔNe ≥ 0)
associated with a chemical potential μe ≠ 0,

ΔSs ≤ ½ΔQe=T − ðμe=TÞΔNe�:

.When ΔSs ≥ 0 the growth of the entropy of the system is
bounded as TΔSs ≤ ðΔQe − μeΔNeÞ. There is finally
a natural field-theoretical extension of the quantum
mechanical considerations and it is related to the produc-
tion of particles with spin 0 or 2. As we showed this
generalization is also relevant for the relic gravitons in
cosmological backgrounds.
Although from the classical viewpoint the acquisition

of information and the related growth of the entropy of the
system are never constrained, the quantum mechanical
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perspective pursued here demonstrates instead the opposite:
the increase of the entropy of the system is always limited
by the heat transferred to the environment. Since the basic
features of our findings depend on the Hermitian nature of
the interaction that should also amplify the entropy of the
system, it would be interesting to characterize the general
classes of physical structures for which an increase of
the entropy of the system is always limited by the heat
(and, possibly, by the particles) flowing to the environment.
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