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We study diffractive photo- and electroproduction of the S-wave heavy quarkonia J=ψ , ψð2SÞ, and
ϒðnSÞ at energies relevant for the Electron Ion Collider (EIC). The production amplitude is evaluated while
retaining the full transverse-momentum (lt) dependence of the hard two-gluon kernel, that is, without
expanding the impact-parameter Bessel kernel as is done in the small-size color-dipole limit. The quarkonia
light-cone wave functions are built from Cornell-potential solutions of the Schrödinger equation,
normalized to the measured leptonic widths, and combined with a modern collinear gluon distribution.
After benchmarking the framework against the full set of HERA charmonium cross-section ratio data, we
provide a consistent set of bottomonium cross-section ratio predictions in EIC kinematics. We find that the
full lt-resolved treatment systematically improves the description of the radially excited states relative to
the leading dipole limit, and we identify the kinematic windows where this difference is largest.
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Introduction. Diffractive photo- and electroproduction of
heavy vector mesons has long been recognized as a clean
probe of small-x gluon dynamics. The large quark mass
provides a hard scale that justifies a perturbative treatment,
while the exclusive final state selects coherent two-gluon
exchange from the target. In the leading logarithmic approxi-
mation, the forward amplitude is proportional to the gluon
momentum density xGðx; μ2Þ, evaluated at a momentum
fraction x and a factorization scale μ2 of order the heavy-
quarkmass squared. This proportionality yields the character-
istic rise of the cross sectionwith the photon-proton center-of-
mass energy W, which was among the clearest signatures of
gluondominanceat smallBjorken-xobservedatHERA[1–4].
The forthcoming Electron Ion Collider (EIC), operating atffiffiffi
s

p
≃ 29 to 140 GeV with high luminosity and excellent

forward instrumentation, will turn these measurements into
precision imaging of gluons in protons and nuclei [5–8]. It
will reach x as low as 10−4 to 10−5 and span Q2 from
quasireal photoproduction to several tens of GeV2, a
regime where the gluon density remains only moderately
constrained and exclusive quarkonium production offers
complementary sensitivity to xGðx; μ2Þ [9,10]. Extending

these studies to nuclear targets will further probe gluon
shadowing, saturation, and nuclear geometry [11,12].
The standard theoretical tool is the color-dipole picture,

in which the qq̄ pair produced by the photon is assumed
compact relative to the scale of the target gluon field
[3,13,14]. This description works well for J=ψ production
[15] and has been applied extensively to coherent and
incoherent production off nuclei [9,16]. For radially excited
states, however, it is more delicate, because the ratio
σðψð2SÞÞ=σðJ=ψÞ and its analogs are governed by node-
induced cancellations in the 2S and 3S wave functions,
which are sensitive to the full distribution of dipole sizes
and gluon virtualities [17–19]. The transverse separation of
the pair, b, and the gluon transverse momentum, lt, enter the
hard kernel through the combination ltb, and the dipole limit
amounts to expanding the kernel for ltb ≪ 1, which discards
precisely the structure to which the excited states are most
sensitive. Dipole and saturation-based (BK) approaches give
complementary predictions for these ratios [19,20]. Here, we
quantify the effects of the full gluon transverse-momentum
dependence beyond the dipole approximation.
A treatment that retains the full lt dependence avoids

this expansion. The impact-parameter formalism of
Refs. [2,3,21] provides a natural setting, in which the
Bessel function J0ðltbÞ is kept exact and the dipole limit
is recovered only upon its small-argument expansion.
A realistic quarkonium wave function with the correct
radial-node structure is the second key ingredient.
Early analyses relied on simple light-cone Ansätze or
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potential-model inputs without a controlled nonrelativistic-
to-light-cone mapping [22,23], whereas more systematic
constructions start from a Cornell potential and perform the
full transformation to light-cone variables [3,21]. We build
on that approach here.
In this Letter, we combine Cornell-potential wave

functions, normalized to the measured leptonic widths
Γee, with a direct numerical evaluation of the full lt-
dependent amplitude. For the gluon distribution we use the
HERAPDF2.0 NLO set (variation series) [24], accessed
through the LHAPDF library [25], with an infrared matching
scale Q2

0 ¼ 1.001 GeV2. We benchmark the framework
against HERA data for σðψð2SÞÞ=σðJ=ψÞ inQ2,W, and jtj,
and then present bottomonium-ratio predictions in EIC
kinematics. The chosen ranges 0 ≤ Q2 ≤ 40 GeV2,
40 ≤ W ≤ 200 GeV, and 0 ≤ jtj ≤ 1 GeV2 are broadly
compatible with the kinematic reach anticipated for the
EIC. While the Q2 and jtj intervals lie well within the
expected acceptance, the upper end of the W range
approaches that of the highest-energy EIC configurations.
These ranges therefore cover the phase space most relevant
for exclusive heavy-quarkonium production studies [6,26].
Throughout, the full lt-resolved result is compared with the
leading dipole limit obtained from the same framework and
the same inputs, so that the comparison isolates the effect of
the lt expansion alone. Predictions for ϒ ratios in related
approaches have appeared before [18,19,27], and our
results provide an independent, lt-resolved determination
obtained with potential-model wave functions calibrated to
the HERA charmonium data.

Framework. We consider the process γ�ðQ2Þ þ p →
V þ p, shown schematically in Fig. 1, at small
Bjorken x ¼ ðQ2 þ 4m2

qÞ=W2 and for V ¼ J=ψ ; ψð2SÞ;
ϒð1S; 2S; 3SÞ. The z-dependent forward amplitude is
written as .

Aðz;Q2;WÞ ¼
Z

d2bϕγðz;b;Q2ÞMðx;bÞψVðz;bÞ; ð1Þ

where z is the light-cone momentum fraction carried by the
quark, b is the transverse separation of the qq̄ pair, ϕγ and
ψV are the photon and vector meson light-cone (LC) wave
functions, andM is the convolution kernel that encodes the
coupling to the gluon distribution through two-gluon
exchange.

Quarkonium wave functions. We solve the S-wave radial
Schrödinger equation with a Cornell potential,

VCðrÞ ¼ −
CFαs
r

þ σr; ð2Þ

with CF ¼ 4=3, αs ¼ 0.3, and σ ¼ 0.18 GeV2, obtaining
radial wave functions RnSðrÞ for charmonium and

bottomonium. The short-distance normalization is fixed
by the measured leptonic width through ΓeeðV → eþe−Þ ¼
4α2eme2QjRVð0Þj2=M2

V , MV being the vector meson mass.
The nonrelativistic (NR) momentum-space wave functions
are then mapped to LC momentum space using

ψVðz; ktÞ ¼
�

k2t þm2
q

4½zð1 − zÞ�3
�
1=4

ψNR

0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2t þ ð2z − 1Þ2m2

q

4zð1 − zÞ

s 1
A;

ð3Þ

and then transformed to impact-parameter space by a
Hankel transform. This mapping is the standard kinemati-
cal Terentev prescription and does not include the Melosh
spin rotation or the D-wave admixture generated by a
massive photonlike V → QQ̄ vertex, which are known to
affect the ψð2SÞ=J=ψ ratio, in particular its W dependence
at low Q2 [28–30]. The sensitivity of excited to ground-
state ratios to the wave-function model was also noted early
on for ϒ production [31]. The Cornell input mitigates this
model dependence, since it contains both the Coulomb
short-distance and the linear confining behavior, its nor-
malization is fixed by the measured leptonic widths, and
realistic potentials give similar ratios [18]. Since the full
and dipole results are computed with identical wave
functions, the difference between them, which is the focus
of this Letter, is insensitive to this choice. The photon

FIG. 1. Schematic of exclusive diffractive vector-meson pro-
duction γ�ðQ2Þ þ p → V þ p via color-singlet two-gluon ex-
change. The four diagrams correspond to the possible
attachments of the exchanged gluons to the quark–antiquark
dipole generated by the virtual photon. Here z denotes the quark
light-cone momentum fraction, b the transverse separation of the
qq̄ dipole, and lt the transverse momentum of the exchanged
gluons.
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LC wave function is ϕγðz; b;Q2Þ ¼ K0ðbQeffÞ, with
Q2

effðzÞ ¼ zð1 − zÞQ2 þm2
q. This transverse virtuality is

the only hard scale in the process, so it also sets the upper
limit of the gluon evolution below.

Full amplitude and dipole limit. The central lt-dependent
overlap is

Aðlt;z;Q2Þ¼ 1

l2
t

Z
∞

0

dbb½1−J0ðltbÞ�ϕγðz;b;Q2ÞψVðz;bÞ;

ð4Þ

where ½1 − J0ðltbÞ�=l2
t → b2=4 as lt → 0. The full

z-dependent amplitude then reads

Afullðz;Q2;WÞ¼4παs

�
xGðx;Q2

0ÞA0ðz;Q2Þ

þ
Z

Q2
effðzÞ

Q2
0

dμ2
∂xGðx;μ2Þ

∂μ2
A

� ffiffiffiffiffi
μ2

q
;z;Q2

��
;

ð5Þ
where A0ðz;Q2Þ ¼ 1

4

R
∞
0 dbb3ϕγψV is the dipole-limit over-

lap and Q2
0 is an infrared separation scale below which

Aðlt; z;Q2Þ ≈ A0ðz;Q2Þ. The boundary term proportional
to xGðx;Q2

0Þ resums the infrared region l2
t < Q2

0, while the
integral builds up the lt-resolved contribution through the
scale derivative ∂xG=∂μ2. The leading dipole approxima-
tion follows by replacing Aðlt; z;Q2Þ → A0ðz;Q2Þ
throughout Eq. (5), which collapses the amplitude to

Adipoleðz;Q2;WÞ ¼ 4παsxGðx;Q2
effÞA0ðz;Q2Þ: ð6Þ

The convergence of the small-ltb expansion underlying
Eq. (6) is examined quantitatively in Supplemental Material
[32], where we show that it fails for the radially excited
states.

From the amplitude to the cross section. Finally, perform-
ing the z integration requires classifying the longitudinal
and transverse projections of the amplitude,

IL ¼
Z

1

0

dzzð1− zÞAðzÞ; IT ¼
Z

1

0

dz
AðzÞ

zð1− zÞ ; ð7Þ

which reflect the LC structure of the γ� → qq̄ vertex, with
longitudinal photons weighting the amplitude near z ≃ 1=2
and transverse photons receiving enhanced contributions
from the endpoints z → 0, 1. The forward differential cross
section at t ¼ 0 for polarization λ ¼ L, T is then

dσλ
dt

				
t¼0

¼ N 2

16π
ð1þ ρ2ÞI2λðQ2;WÞ; ð8Þ

where ρ is the ratio of the real to imaginary parts of the
amplitude, estimated from the standard logarithmic deriva-
tive, and N 2 ∝ α2se2Q=MV collects the overall normaliza-
tion, including the skewness correction [9]. Assuming the
standard exponential t dependence of diffractive vector-
meson production at small jtj,

dσ
dt

¼ dσ
dt

				
t¼0

e−BVðWÞjtj; ð9Þ

integration over t gives

σλðW;Q2Þ ¼ B−1
V ðWÞdσλ

dt

				
t¼0

; ð10Þ

and the measured electroproduction cross section is
σ ¼ σT þ ϵσL, with ϵ the virtual-photon polarization
parameter. The diffractive slope follows the Regge para-
metrization

BVðWÞ ¼ B0 þ 4α0 lnðW=W0Þ; ð11Þ

with W0 ¼ 90 GeV and soft-Pomeron slope α0 ¼
0.135 GeV−2 from the H1 elastic J=ψ analysis [33]. The
intercepts B0 are taken from the corresponding HERA
measurements, where available, and extrapolated by trans-
verse-size scaling for the higher bottomonium states, with
the values used and a test of their impact given in
Supplemental Material [32]. In the cross-section ratios
studied below, the normalization N , the skewness factor,
and the slope BV largely cancel, leaving the observables
sensitive mainly to the interplay of the wave function and
the gluon density.

Gluon input. A central feature of this work is the use of a
modern collinear gluon PDF. The gluon momentum density
xGðx; μ2Þ is read directly from the HERAPDF2.0 NLO

variation set [24] through the LHAPDF6 interface [25],
without any external reparametrization. Because xG enters
both the boundary term and the evolution integral in
Eq. (5), the scale derivative ∂xG=∂μ2 controls how the
different lt modes contribute to the amplitude, and its
shape directly affects the predicted Q2 dependence of the
ratios. The numerical procedure, the choice of Q2

0, and the
stability of the results against its variation are detailed in
Supplemental Material [32].
The scale structure of Eq. (5) parallels the Next to

Leading Order collinear treatment of Refs. [10,36], where a
Sudakov factor suppresses gluon emissions with transverse
momenta above a hard cutoff scale. At leading order their
amplitude is proportional to the gluon density at a single
effective scale, which corresponds to the dipole limit of
Eq. (5), while the Sudakov factor restores sensitivity to the
gluon transverse-momentum distribution, in analogy with
the explicit ∂xG=∂μ2 integral retained here. The two
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treatments are therefore complementary probes of the same
scale physics.

Results. Figure 2 shows the Cornell potential and the
resulting radial wave functions. The ground states are
nodeless and spatially compact, with bottomonium more
localized than charmonium because of the heavier quark
mass. The excited states display the expected radial nodes
and larger transverse sizes; a quantitative convergence test
of the dipole expansion, and three-dimensional visualiza-
tions of the key intermediate quantities are provided in
Supplemental Material [32].
Figure 3 shows the ratio R ¼ σðψð2SÞÞ=σðJ=ψÞ as a

function of Q2, W, and jtj. The full calculation (solid
curves) reproduces the mild Q2 dependence and the overall
normalization of the HERA data from H1 and ZEUS
[15,37–40], whereas the dipole limit (dashed curves) lies
systematically lower and exhibits a different Q2 shape.
Since many systematic effects cancel in the ratio, this
difference reflects the physics of the lt expansion rather

than a normalization choice. The same pattern holds for the
W dependence at Q2 ¼ 0 in Fig. 3(b), where the full result
tracks the data across the HERA energy range, and for the
jtj dependence in Fig. 3(c), where the dipole result shows a
systematically harder slope.
The physical origin of this difference is the radial node of

the ψð2SÞ wave function, which sits near the typical trans-
verse separation of the pair and produces a partial cancella-
tion between the inner and outer lobes of the overlap with the
photon. The size of that cancellation depends on the
distribution of gluon virtualities probed, which the dipole
limit fixes to a single effective scale while the full calculation
retains in its entirety. This retained spread of scales is
precisely what the ratio is sensitive to, and it accounts for
the cleaner description of the data in the full treatment.
Figure 4 presents the bottomonium ratios σðϒðnSÞÞ=

σðϒð1SÞÞ for n ¼ 2, 3, for which we are not aware of any
existing experimental data. The heavier b mass reduces
typical dipole sizes, so the node-induced cancellations are
milder than for charmonium, yet the full and dipole results

FIG. 2. (a) Cornell potential of Eq. (2) for αs ¼ 0.30 and σ ¼ 0.18 GeV2. (b) Radial wave functions RnSðrÞ for the charmonium states
J=ψ and ψð2SÞ, and the bottomonium states ϒð1SÞ, ϒð2SÞ, and ϒð3SÞ, obtained by solving the nonrelativistic Schrödinger equation
with the Cornell potential.

FIG. 3. Ratio R ¼ σðψð2SÞÞ=σðJ=ψÞ in exclusive photo- and electroproduction: (a) versus Q2 at W ¼ 90 GeV, (b) versus W at
Q2 ¼ 0, and (c) versus jtj atW ¼ 90 GeV,Q2 ¼ 0. Solid (dashed) curves are the full (dipole) results within the present framework. Data
are from ZEUS [37,38] and H1 [15,39,40].
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still differ appreciably over a broad Q2 range, as seen in
Fig. 4(a). The full result is smoother and more monotonic,
while the dipole limit shows a stronger Q2 variation and a
shifted normalization. The W dependence in Fig. 4(b) is
nearly flat at Q2 ¼ 0, with the ϒð3SÞ=ϒð1SÞ ratio lying
belowϒð2SÞ=ϒð1SÞ as a consequence of the stronger node
suppression of the 3S state, and the jtj dependence in
Fig. 4(c) shows a mild rise in the full calculation against the
flatter dipole prediction. A precision EIC measurement of
these ratios would therefore provide a clean and direct test
of the lt-resolved framework.

Conclusions. We have computed diffractive heavy-quarko-
nium production amplitudes while retaining the full lt
dependence of the hard kernel, using Cornell-potential LC
wave functions normalized to leptonic widths, together
with a modern collinear gluon distribution. Three conclu-
sions emerge. First, the full lt-resolved amplitude mark-
edly improves the description of Rψð2SÞ across Q2, W, and
jtj relative to the leading dipole limit evaluated with
identical inputs, where the node-induced cancellations in
the ψð2SÞ wave function are essential. Second, even for
bottomonium, where the dipole picture is expected to be
more reliable, nontrivial differences between the full and
dipole treatments persist and are accessible at the EIC.
Third, the framework naturally interpolates between the
dipole and kT-factorization descriptions and can be
extended to nuclear targets, offering a unified lt-resolved
description of exclusive quarkonium production in the
EIC era.

The γð�Þ þ p → V þ p amplitudes computed here are
also the direct theoretical input for exclusive quarkonium
production in ultraperipheral collisions at the LHC, where
the ψð2SÞ=J=ψ ratio has recently been measured as a
function of rapidity by LHCb [41] and ALICE [42]. An
extension of the present framework to ultraperipheral
kinematics is, therefore, a natural next step.
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