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We accurately compute the renormalization group (RG) exponents Yq of large q fields at the Oð2Þ
invariant fixed point in three dimensions. We build on an iterative approach that has been previously
proposed and is implemented by using the worm algorithm. We simulate an improved XY model, that has
next-to-next-to-nearest couplings in addition to nearest ones. In the worm update we incorporate weights,
which allows us to obtain accurate results up to q ¼ 64. For example we get Yq ¼ 1.76370ð12Þ, 0.89167
(23), and −0.11203ð34Þ for q ¼ 2, 3, and 4, respectively. The comparison with the large q effective field
theory gives an excellent agreement down to q ¼ 4 and provides accurate estimates of the parameters of the
effective field theory.
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I. INTRODUCTION

Critical phenomena [1–5] in three dimensions have been
studied by using various theoretical approaches such as
field theoretic methods, series expansions and Monte Carlo
(MC) simulations of lattice models and more recently the
conformal bootstrap (CB) method [6,7]. The theoretical
framework is the renormalization group (RG), which is the
basis of various methods, and provides us with fundamental
notions such as universality. It has been realized that in the
large spin and large charge limit, semiclassical approx-
imations are viable. See for example Refs. [8–12]. For a
review see [13]. Here we are concerned with large charge q
in the simplest case, the XY-universality class in three
dimensions. The dimension Dq of the lowest operator with
global charge q behaves as [11–13]

Dq ¼ c3=2q3=2 þ c1=2q1=2 − 0.0937256þOðq−1=2Þ: ð1Þ

Here we denote the dimension of the operator by Dq, since
later we shall use Δq ¼ Dq −Dq−1. The corresponding RG
exponent is Yq ¼ d −Dq, where here d ¼ 3 is the spatial
dimension of the system. The coefficients c3=2 and c1=2 are
unknown, while the constant is predicted analytically and
should not depend on the universality class. The coeffi-
cients c3=2 and c1=2 are universal, but differ between
different universality classes.

The dimensions Dq for q ≤ 6 have been computed
directly by using various methods, in particular
Monte Carlo simulations of lattice models, field theoretic
methods, and the conformal bootstrap. Irrespective of the
method, the error rapidly increases with increasing q. For a
summary and a discussion of these results see Sec. V.
In Ref. [14] an approach is suggested that allows to reach

larger values of q by using Monte Carlo simulations of
lattice models. The authors simulate the standard XY
model on the simple cubic lattice by using the worm
algorithm [15,16]. They study the two-point function at
criticality:

CqðrÞ ¼ hexpð−iqðθ0 − θrÞÞi ≃ jrj−2Dq; ð2Þ

where r is a site on the finite lattice with the linear extension
L. In order to cancel finite size effects, they consider r ¼
ðL=2; 0; 0Þ throughout. In a direct approach the error ofDq,
for a given numerical effort, would increase rapidly with q.
The way out is to compute ratios

RqðrÞ ¼
CqðrÞ
Cq−1ðrÞ

≃ jrj−2Δq ; ð3Þ

where Δq ¼ Dq −Dq−1. A discussion of the implementa-
tion is given below in Sec. III. The authors report results up
to q ¼ 12, see Table II of Ref. [14]. More recently the idea
was picked up in Ref. [17] who added a new algorithmic
idea and studied three-point functions in addition. The
authors of [17] reach q ¼ 19, albeit with a rather big error
of Δq. The numerical results are in good agreement with
Eq. (1) down to astonishingly small values of q.
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Here we build on Ref. [14] and use the algorithmic idea
of Ref. [17]. However, instead of the standard XYmodel on
the simple cubic lattice, we simulate the improved model
studied in Ref. [18]. Improved means that the amplitude
of the leading correction to scaling vanishes. Major
progress is achieved by using nontrivial weights in the
worm update [19]. This allows us to reach q ¼ 64 at
high numerical precision. Our results show that both
Refs. [14,17] have underestimated systematic errors due
to corrections to scaling. Our errors on Δq are in the
fourth digit. The results are in excellent agreement with
Eq. (1) down to q ≈ 4. The deviation is small even for
q ¼ 1. This certainly calls for a better theoretical
understanding.
The outline of the paper is the following: First, in Sec. II

we define the 3N XY model that we simulate and the
quantities that we measure. Then in Sec. III we explain how
the 3N XYmodel is simulated by using the worm algorithm
and how the ratio of two-point functions is implemented. In
Sec. IV we discuss the simulations and the analysis of the
resulting data. Section IV starts with its own outline.
Finally, we summarize our results and compare with the
literature. In the Appendix we provide some additional
discussion on the worm algorithm.

II. THE MODEL AND THE TWO-POINT
FUNCTION

We consider the XY model on the simple cubic lattice
with nearest neighbor and next-to-next-to-nearest neighbor
(3N) couplings. Below we shall denote the model by 3N
XY model. The reduced Hamiltonian is given by

H½fs⃗g� ¼ −K1

X
hxyi

s⃗x · s⃗y − K3

X
½xy�

s⃗x · s⃗y; ð4Þ

where the spin or field variable s⃗x is a unit vector with
two real components. It can be written as s⃗x ¼
½cosðθxÞ; sinðθxÞ�, where θx ∈ ½0; 2πÞ. x ¼ ðx0; x1; x2Þ
denotes a site on the simple cubic lattice, where
xi ∈ f0; 1;…; Li − 1g. Furthermore, hxyi denotes a pair
of nearest and ½xy� a pair of next-to-next-to-nearest, or third
nearest (3N) neighbors on the lattice. In our simulations,
the linear lattice size L ¼ L0 ¼ L1 ¼ L2 is equal in all
three directions and periodic boundary conditions are
employed. The partition function is given by

Z ¼
Z

D½fs⃗g� expð−H½fs⃗g�Þ: ð5Þ

In Ref. [18] we have set up the FSS study such that we pass
the critical line for a given value of K3 by varying K1.
Hence we get a critical coupling K1;c that depends on K3.
The standard XY model is obtained for K3 ¼ 0.
We find that leading corrections to scaling at criticality

are eliminated at K�
3 ¼ 0.04149ð14Þ. For K3 ¼ 0.0415 we

get K1;c ¼ 0.37069947ð2Þ. Below, we shall simulate at
ðK1; K3Þ ¼ ð0.37069947; 0.0415Þ. Note that in Ref. [18]
we have actually simulated the q-state clock model. For the
values of q that we have simulated, the difference in K1;c

compared with the limit q → ∞ is negligible.
The choice of the improved model is not unique. In the

literature, for example, the two-component ϕ4 model
and the dynamically diluted XY model are studied. In
Refs. [18,20–23] the values of the parameters, where
leading corrections to scaling vanish are accurately
determined.
Here we have selected the 3N XY model, since it is

straight forward to use the worm algorithm as it has been
implemented for the standard XY model in the literature.
Furthermore in Ref. [18] we have determined K1;c and K�

3

very accurately and corrections due to the violation of the
rotational invariance are reduced compared with the stan-
dard XY model.
There are different ways to extract the dimensions of

fields in Monte Carlo simulations of lattice models. Here
we follow the straight forward approach that has been used
in Refs. [14,17]. At criticality the two-point function,
Eq. (2), behaves as CqðrÞ ≃ jrj−2Dq , where Dq is the
dimension of the field. For a finite lattice this behavior
is observed only for jrj ≪ L, where L is the linear lattice
size. In practice, this requirement impedes precision esti-
mates ofDq. Therefore, following Ref. [14], we chose jrj ¼
cL to cancel finite size effects. This means, for a given
linear lattice size L, only one distance is considered. In the
case of Ref. [14] r ¼ ðL=2; 0; 0Þ. Here we decided ad hoc
to use the maximal distance on the torus

r ¼ ðL=2; L=2; L=2Þ: ð6Þ

We did not carefully compare these two choices. Likely, the
difference in statistical errors and systematic errors due to
corrections to scaling is rather small. The two-point
function can be determined by using the worm algorithm
as we outline below.

III. THE WORM ALGORITHM FOR THE XY
MODEL WITH 3N COUPLINGS

Here we follow previous work on the standard XY
model, for example Refs. [14,24,25]. Taking care of the
additional 3N coupling is straight forward. In order to
discuss the worm algorithm, the partition function has to be
rewritten. A new field fkg that lives on the edges of the
lattice is introduced, which allows to integrate out the
original field fs⃗g that lives on the sites. In the case of our
model we have to add variables for the 3N neighbor pairs.
First we express the reduced Hamiltonian in terms of angles

HðfθgÞ¼−K1

X
hxyi

cosðθx−θyÞ−K3

X
½xy�

cosðθx−θyÞ; ð7Þ
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where we change variables as s⃗x ¼ ½cosðθxÞ; sinðθxÞ� with θx ∈ ½0; 2πÞ. It holds

expðK cosðθÞÞ ¼
X∞
k¼−∞

IkðKÞ expðikθÞ; ð8Þ

where IkðKÞ is the modified Bessel function of the first kind. Hence the partition function becomes

Z ¼
Z

D½θ�
�Y
hxyi

expðK1 cosðθx − θyÞÞ
��Y

½xy�
expðK3 cosðθx − θyÞÞ

�

¼
Z

D½θ�
X
fkg

�Y
hxyi

Ikhxyi ðK1Þ expðikhxyi½θx − θy�Þ
��Y

½xy�
Ik½xy� ðK3Þ expðik½xy�½θx − θy�Þ

�

¼
X
fkg

�Y
hxyi

Ikhxyi ðK1Þ
Z

D½θ� expðikhxyi½θx − θy�Þ
��Y

½xy�
Ik½xy� ðK3Þ

Z
D½θ� expðik½xy�½θx − θy�Þ

�
; ð9Þ

where fkg is a configuration of the k variables. We need a
convention, for the orientation of the edges hxyi and ½xy�.
Depending on the relative orientation, going from x to y,
−1 or 1 is multiplied on khxyi or k½xy�. Hence khxyi ¼ −khyxi
and k½xy� ¼ −k½yx�. In the case of hxyi we assign the positive
orientation to the upward link. In the case of ½xy�, the
positive orientation goes to x0 up and the negative one to x0
down. Of course, equivalently we could take x1 or x2 to this
end. Performing the integral over θ, we arrive at the
constraint

X
y:nn:x

khxyi þ
X
y:3n:x

k½xy� ¼ 0 ð10Þ

for all x. Here y:nn:xmeans that y is a nearest neighbor of x
and y:3n:x that y is a third nearest neighbor of x. The
constraint is solved by packing closed oriented loops on the
lattice. For our model, the loop might run through the edges
hxyi as for the standard XY model with K3 ¼ 0, but now in
addition through the diagonal edges ½xy�. A loop that runs
through hxyi or ½xy� from x to y contributes 1 to khxyi or k½xy�
and hence −1 to khyxi or k½yx�.
In the worm algorithm, the ensemble is enlarged. In

addition to the partition function as given above, there are
unnormalized two-point functions:

Zu;v ¼
Z

D½fs⃗g� expð−H½fs⃗g�Þs⃗u · s⃗v; ð11Þ

where s⃗u · s⃗v ¼ Re expð−i½θu − θv�Þ. In the following, u is
the tail and v the head of the worm. We note that Zu;u ¼ Z,
since s⃗u · s⃗u ¼ 1. We can proceed as for the partition
function above. The only difference is that the constraint,
Eq. (10), is modified for the sites u and v, with u ≠ v

X
y:nn:u

khuyi þ
X
y:3n:u

k½uy� ¼ 1 ð12Þ

and
X
y:nn:v

khvyi þ
X
y:3n:v

k½vy� ¼ −1: ð13Þ

In addition to the closed loops, there is now an oriented
line, the worm, with the two ends u and v.
The enlarged ensemble is given by

ZP ¼
X
u;v

wðu; vÞZu;v; ð14Þ

where we have introduced the weights wðu; vÞ > 0 follow-
ing Ref. [19]. Below we shall demonstrate that a suitable
wðu; vÞ allows to obtain precision results even for large
values of q. Let us write ZP as a sum over configurations

ZP ¼
X
u;v

wðu; vÞ
X
fkg0

�Y
hxyi

Ikhxyi ðK1Þ
��Y

½xy�
Ik½xy� ðK3Þ

�
: ð15Þ

A configuration consists of the location of u and v and a
choice fkg0 of fkg that satisfies the constraints are
Eqs. (10), (12), (13). Let us recall the two steps, following
Ref. [19], of the worm update:

(i) Pick one of the neighbors of vwith equal probability
for each of the neighbors as proposal v0 for the new
head site. For our model, there are 14 possible
choices. Along with that k0<v;v0> ¼ k<v;v0> þ 1 or
k0½v;v0� ¼ k½v;v0� þ 1 is taken.

The site v0 along with the k0 is accepted with the
probability

Pacc ¼ min½1; wðu; v0ÞIk0 ðKiÞ=ðwðu; vÞIkðKiÞÞ�;
ð16Þ
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where i ¼ 1 or 3 for v0 nearest or next-to-next-to-
nearest neighbor.

(ii) If u ¼ v, chose a new tail that is equal to the head
according to some rule that makes this step stable,
where stable means that it conserves the correct
distribution of the Zu;u.

The first step fulfils detailed balance. In the second step we
jump from u ¼ v to a new starting point of the worm. The
simplest choice is to chose the new site with an equal
probability for each site of the lattice. Below, our meas-
urement requires that u ¼ ð0; 0; 0Þ. Hence we should insert
tail and head at u ¼ ð0; 0; 0Þ much more frequently than at
other sites of the lattice. This can be formally encoded by
using the weight wðu; uÞ. It is much larger for u ¼ ð0; 0; 0Þ
than for other sites.
The most simple quantity to determine in the worm

algorithm is the two-point function

hs⃗x · s⃗yi ¼
Zx;y

Zx;x
¼ wðx; xÞhδðx;yÞ;ðu;vÞi

wðx; yÞhδðx;xÞ;ðu;vÞi
: ð17Þ

Next let us discuss the algorithmic idea discussed in the
Appendix A of Ref. [17]. The elementary step of the worm
update is equivalently reorganized. The authors denote their
version of the worm algorithm as continuous time (CT)
update.
If we are at v ≠ u, eventually we are moving to a new

head v0. For each of the nearest and 3N nearest neighbors v0
there is a probability

pðv0; vÞ ¼ 1

14
min½1; wðv0ÞIk0 ðKiÞ=ðwðvÞIkðKiÞÞ� ð18Þ

to be the successor of v. In our case 1=14 is the probability
to be selected as proposal and then follows the acceptance
probability.
The probability to get a new head of the worm in one step

is

Pmove ¼
X
v0:nn:v

pðv0; vÞ þ
X
v0:3n:v

pðv0; vÞ ≤ 1: ð19Þ

If no new head v0 is accepted, one tries again and so on. On
average one stays at the site v for the time

tv ¼
X∞
i¼1

iPmoveð1 − PmoveÞi−1 ¼ 1=Pmove: ð20Þ

Note that

X∞
i¼1

Pmoveð1 − PmoveÞi−1 ¼ 1 ð21Þ

meaning that we will move on at some time for sure.

In the algorithm, we go ahead straight away, taking into
account tv, when computing observables. The new head is
chosen among the 14 candidates in the following way: First
we label the candidates by α ¼ 1; 2;…; 14 and define p̃0 ¼
0 and

p̃α ¼
Xα
γ¼1

pðvγ; vÞ=Pmove ð22Þ

Note that p̃14 ¼ 1. Now α is selected in the following way:
We draw a random number r that is uniformly distributed in
[0, 1). Then α is given by

p̃α−1 ≤ r < p̃α: ð23Þ

We have to evaluate pðvγ; vÞ for all 14 neighbors.
However, only one pseudorandom number is needed. On
the other hand, for the original version of the update, we
need on average tv times two random numbers along with
the evaluation of pðv0; vÞ.
How these two choices compare, depends on the CPU

times that are needed for the generation of a random
number, the evaluation of pðv0; vÞ and the values of
pðv0; vÞ. In our case we find a speed up by factor slightly
smaller than two by using the version of Ref. [17].
The question is how to deal with the insertions of the tail

site. Here in our simulations, we left the update step in its
original form, when the worm is newly inserted, and only
used the CT version for v ≠ u. This way, for updating the
fkg, we can chose a new site for the tail. The authors of
Ref. [17] just keep the tail at u ¼ 0 and let the head run
forever. This is a viable choice.

A. Ratios RqðrÞ=CqðrÞ=Cq − 1ðrÞ
In principle the two-point functions CqðrÞ can be

computed directly using the worm algorithm, by using
heads and tails with the corresponding charges. However,
the authors of [14] observed that the estimator of CqðrÞ
becomes increasingly noisy with increasing q. The way out
proposed by them is a divide and conquer strategy: Instead
of computingCqðrÞ directly, ratios RqðrÞ ¼ CqðrÞ=Cq−1ðrÞ
are computed. To this end one simulates

ZP ¼
X
v

Z0 exp½−iðq − 1Þðθ0 − θrÞ� exp½−iðθ0 − θvÞ�:

ð24Þ

using the worm algorithm.
The simulation is started by preparing a fkg configura-

tion with charge −qþ 1 at x ¼ 0 and q − 1 at r. In the case
of r ¼ ðL=2; 0; 0Þ we could for example set

khxyi ¼ q − 1 ð25Þ
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for all x ¼ ðx0; 0; 0Þ, y ¼ ðx0 þ 1; 0; 0Þ, where
x0 ∈ f0; 1; 2;…; L=2 − 1g. For all other hxyi we set
khxyi ¼ 0. Obviously other more complicated paths could
be taken or the charge could be distributed over many
different paths between 0 and r. In the case of the 3N
model we could also use diagonal edges to this end.
Here, for r ¼ ðL=2; L=2; L=2Þ we used hðx0; x0; x0Þ;
ðx0 þ 1; x0; x0Þi, hðx0 þ 1; x0; x0Þ; ðx0 þ 1; x0 þ 1; x0Þi,
and hðx0 þ 1; x0 þ 1; x0Þ; ðx0 þ 1; x0 þ 1; x0 þ 1Þi with
x0 ∈ f0; 1; 2;…; L=2 − 1g.
The updates of the system are done in the same way as

for q ¼ 0. However, for measuring RqðrÞ we have to set the
tail of the worm to the site (0, 0, 0). The ratio we are looking
for is obtained by

RqðrÞ ¼
wð0; 0Þ
wð0; rÞ hδv;riq−1: ð26Þ

This means, we just have to count, how often the head of
the worm visits the site r. In the case of the continuous time
version we have to add tr, when the site r is visited.
As nontrivial choice of the weight we used

wð0; xÞ ≈ R−1
q ðxÞ ¼ hs⃗0 · s⃗xi−1q−1: ð27Þ

The idea is that the head of the worm visits the sites of the
lattice with equal probability for each of the sites. We did
not use an analytic expression for the two-point function,
but used preliminary numerical estimates instead. For small
values of q, we run the worm algorithm using wð0; xÞ ¼ 1
to this end. For large qwe iterate this procedure. As starting
point we use the results for smaller values of q that were
obtained before. For the estimate of RqðxÞ that is used in the
production runs we performed simulations that take order
one day on a single CPU core for L ¼ 128. This are about
2000000 single worm updates. We did not systematically
study the question, how many updates are optimal here. We
just performed as many updates as can be done in a
reasonable time. Test runs for smaller lattice sizes, varying
the number of measurements, suggest that we are close to
optimal this way.
Sampling and storing the result, we make use of the

symmetries of the lattice, taking into account the insertions
of the charges at x ¼ 0 and x ¼ r. In the program we
exploit

Rqðx0; x1; x2Þ ¼ Rqð�x0;�x1;�x2Þ; ð28Þ

where the arguments are understood modulo L and
permutations of the components x0, x1 and x2.
In our production runs, we first performed a certain

number nup of worm updates for using wðu; xÞ ¼ const
with u ≠ ð0; 0; 0Þ for each measurement worm with u ¼
ð0; 0; 0Þ and the nontrivial weight wð0; xÞ. Later, in
particular for large q, we skipped the worm updates with

u ≠ ð0; 0; 0Þ, since this way, we still can generate all
possible loop configurations. For lack of time, we did
not carefully benchmark the performance of these different
options.

B. Gain by using nontrivial weights

Here we jump ahead of the discussion of our simulations
and already report the gain that is achieved by using
wð0; xÞ ≈ R−1

q ðxÞ. We define the efficiency of the update as

Ealgoðq; LÞ ¼ 1=ð½CPU time needed� × ½stat error�2Þ: ð29Þ

We have benchmarked both versions of the update,
wð0; xÞ ¼ 1 and the nontrivial wð0; xÞ ¼ R−1

q ðxÞ on the
same PC at ðK1; K3Þ ¼ ð0.37069947; 0.0415Þ. To
compare the two choices, we compute the ratios
reff ¼ Ewð0;xÞ¼nontrivialðq; LÞ=Ewð0;xÞ¼1ðq; LÞ, which should
not depend much on the precise version of the CPU. To this
end we take the programs used in the simulation, which are
reasonably well tuned. We have computed reff for a small
selection of q and L: For q ¼ 2 we get reff ¼ 1.64 and 2.3
for L ¼ 32 and 96, respectively. For q ¼ 4 we get
reff ¼ 6.1, 8.0, and 10.2 for L ¼ 32, 64, and 96, respec-
tively. In the case of q ¼ 8 we performed simulations using
wðx; 0Þ ¼ 1 only for small lattice sizes. For example, we
get reff ¼ 11.7 and 16.8 for L ¼ 16 and 32, respectively.
For given q, the gain by using a nontrivial weight wð0; xÞ

grows slowly with increasing lattice size L. For given L
there is a rapid increase with q. We abstain from computing
the gain for larger values of q. But there can be little doubt
that it further increases.

IV. NUMERICAL RESULTS

In Sec. IVAwe discuss how we estimate the derivative of
RqðL;K1Þ with respect to K1. This derivative is needed to
estimate the error in our estimates of Δq due to the error in
K1;c. Next in Sec. IV B we discuss leading corrections, and
how the error due to residual leading corrections to scaling
at K3 ¼ 0.0415 is estimated. In Sec. IV C we summarize
the Ansätze that are used to fit the data for RqðLÞ obtained
in our simulations. In Sec. IV D we discuss our simulations
of the standard XY model. These are performed mainly to
estimate the effect of leading corrections on RqðLÞ. The
results of this Sec. are needed to estimate the error due to
residual leading corrections at K3 ¼ 0.0415. Then, in
Sec. IV E we discuss the simulations of the improved
3N XY model and the analysis of the RqðLÞ data which
results in accurate estimates of Δq. Finally in Sec. IV F, we
fit our estimates of Δq to Ansätze based on Eq. (1) to
obtain estimates of the coefficients c3=2 and c1=2. Next,
for q ≤ 8, we compute Dq by summing up our
estimates of Δq. Using these estimates, we compute
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Δq − c3=2q3=2 − c1=2q1=2, which is compared with the
constant part of Eq. (1).

A. Derivative with respect to K1

The derivative of RqðL;K1Þ with respect to K1 is needed
to estimate the error of Δq due to the uncertainty of K1;c. To
this end, no high precision estimate is needed.
The derivative is estimated by using the finite difference

SRq
ðL;K1;cÞ ¼

∂RqðL;K1Þ
∂K1

����
K1¼0.37069947

≈
RqðL;K1;aÞ − RqðL;K1;bÞ

K1;a − K1;b
; ð30Þ

where K1;a > K1;c and K1;b < K1;c are close to the critical
coupling. The derivative behaves as

SR;qðL;K1;cÞ
RqðL;K1;cÞ

¼ aqLyt ; ð31Þ

Having determined an estimate of aq, we obtain rough
estimates of RqðL;K1Þ in the neighborhood of RqðL;K1;cÞ
by using

RqðL;K1 þ ΔK1Þ ¼ RqðL;K1Þð1þ ΔK1aqLytÞ: ð32Þ

Throughout, for all values of q, we simulated at K1 ¼
0.3700 and 0.3714 for the linear lattice size L ¼ 16. In the
case of q ¼ 4, as check, we varied the lattice size and the
values of K1. We get consistent results.
The error induced on Δq is estimated by redoing fits

using the data for Rq multiplied by 1þ ΔK1aqLyt, where
ΔK1 is the error of K1;c now.

B. Residual leading corrections to scaling

The value of K�
3 is only approximately known. Therefore

there might be a small amplitude of the leading correction
at K3 ¼ 0.0415.
In Ref. [18] we have determined K�

3 ¼ 0.04149ð14Þ by
analyzing dimensionless quantities. Let us briefly recall the
logic behind using improved models in a simplified setting:
Let us take the Binder cumulant and its slope as example.
We assume for simplicity that the critical temperature is
exactly known. Then in general

U4ðL;K1;c; K3Þ ¼ U�
4 þ bðK3ÞL−ω þ c½bðK3ÞL−ω�2

þ � � � þ dðK3ÞL−ϵ þ � � � : ð33Þ

To further simplify the argument, we focus on the leading
correction. In the fit we are using the Ansatz

U4ðL;K1;c; K3Þ ¼ U�
4 þ bðK3ÞL−ω: ð34Þ

Furthermore, we assume that we know ω from other
sources. Hence, for a given value of K3, the parameters
of the fit are U�

4 and bðK3Þ. Say in our study we are aiming
at the RG exponent yt. In finite size scaling, we extract it
from the slope of dimensionless quantities. Here we take
the Binder cumulant as example

SU4
ðL;K1;c;K3Þ¼

∂U4ðL;K1;K3Þ
∂K1

����
K1¼K1;c

¼aðK3ÞLytð1þpbðK3ÞL−ωþ���Þ: ð35Þ

Say we simulate only the XY model, K3 ¼ 0. Then we
have three free parameters in the fit: að0Þ, yt, and pbð0Þ.
One has to keep in mind that the more free parameters there
are in the Ansatz, the larger is the statistical error of the
parameters in the fit. Hence, by fitting U4 we get bðK3Þ
more accurately than pbðK3Þ by fitting SU4

.
Simulating at K3 ≈ K�

3, we know that pbðK�
3Þ is small.

However, simply ignoring the correction term in the Ansatz
results in a systematic error in our estimate of yt, which is
likely small. However, we would like to know how small.
Here information from the simulation of a model with a
reasonably large leading correction amplitude, say the XY
model, helps. Fitting the estimates of U4 and its slope for
the XY model, we get estimates of bðK3Þ and pbðK3Þ and
hence p ¼ ½pbðK3Þ�=bðK3Þ.
Analyzing the Binder cumulant U4 for the XY and the

3N XY model at K3 ¼ 0.0415 and 0.046, using the data of
Refs. [18,23] we translate the error in K�

3 ¼ 0.04149ð14Þ to
the bound jbð0.0415Þ=bð0Þj ⪅ 1=250. Hence the amplitude
of the leading correction in SU4

atK3 ¼ 0.0415 at criticality
is bounded by

jpbð0.0415Þj ⪅ jpbð0Þj=250: ð36Þ

Now we estimate the possible error of yt due to leading
corrections as follows. First we fit our data forK3 ¼ 0.0415
with the Ansätze

SðLÞ ¼ aLyt ð37Þ

and for example

SðLÞ ¼ aLytð1þ cL−ϵÞ; ð38Þ

where ϵ ≈ 2 corresponding to subleading corrections. Here
we take our data for SðLÞ obtained in the simulations. Next
we repeat these fits, replacing the data for SðLÞ by the
data multiplied by 1þ ðjpbð0Þj=250ÞL−ω. The difference
between these two sets of fits provides us with an estimate
of the error due to residual leading corrections at
K3 ¼ 0.0415. Below, analyzing RqðLÞ, we proceed in an
analogous way.
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C. Fit Ansätze

In the case of the 3N XY model, we performed fits by
using the Ansätze

RqðLÞ ¼ aðqÞL−2Δq ; ð39Þ

RqðLÞ ¼ aðqÞL−2Δq ½1þ cðqÞL−2� ð40Þ
and

RqðLÞ ¼ aðqÞL−2Δq ½1þ cðqÞL−2 þ dðqÞL−4�: ð41Þ

The correction ∝ L−2 is due to second derivatives of the
field with respect to the location. See, for example,
Appendix C of Ref. [26]. There should be corrections
due to the violation of the rotational invariance by the
lattice. The corresponding correction exponent is ωNR ¼
2.02548ð41Þ [27,28]. In the 3N XY model at K3 ¼ 0.0415
the amplitude of this correction is suppressed by approx-
imately a factor of 9 compared with the standard XY model
[18]. In the fits we expect that this correction is effectively
taken into account by the term ∝ L−2. The correction
∝ L−4 is taken ad hoc. It is mainly justified by the fact
that it nicely fits the data. Comparing the results obtained
by using the different Ansätze provides us with an
estimate of the systematic error caused by higher order
corrections to scaling. It turns out that the amplitudes of
corrections to scaling increase with increasing q.
Therefore the Ansatz (41) is useful in particular for
larger values of q.
In the case of the standard XY model we used as above

Eq. (39) and in addition

RqðLÞ ¼ aðqÞL−2Δq ½1þ bðqÞL−ω� ð42Þ

and

RqðLÞ ¼ aðqÞL−2Δq ½1þ bðqÞL−ω þ cðqÞL−2� ð43Þ

to take leading corrections to scaling into account.

D. The standard XY model

Since the leading correction is not exactly eliminated in
the 3N XY model, we need simulations of the standard XY
to estimate the residual amplitude of the leading correction
in the 3N XY model. We simulated the standard XY
model at K ¼ K1 ¼ 0.45416475. Note that K1;c ¼
1=2.2018441ð5Þ ≈ 0.45416476ð10Þ given in Ref. [25]
and K1;c ¼ 0.45416474ð10Þ½7� [23]. Here we simulated
for q ¼ 2, 3, 4, 6, 8, 16 and 32.
As an example let us discuss the analysis of our data for

q ¼ 4 in detail. We simulated the linear lattice sizes L ¼ 6,
8, …, 20, 24, …, 32, 48, 64, and 96. We had started with
simulations with wð0; xÞ ¼ 1 and had reached a statistics
that we regarded as final. Later, having realized the gain

that could be achieved by the proper choice of wð0; xÞ, we
have redone the simulations, now achieving a better
accuracy. Using wð0; xÞ ≈ R−1

q ðxÞ, we performed for exam-
ple 1010 measurements for L ¼ 16. This number decreases
to 7.3 × 108 for L ¼ 96. The simulations took about the
equivalent of 1.1 years of CPU time on a single core of an
Intel(R) Xeon(R) CPU E3-1225 v3 running at 3.20 GHz for
wð0; xÞ ≈ R−1

q ðxÞ in total. We checked that the results
obtained in these two sets of simulations are consistent.
We merged the data before fitting. In Fig. 1 we plot the
estimates of Δq obtained by using the Ansätze (39), (42),
and (43). Note that we get fits with χ2=DOF ≈ 1 for the
Ansatz (43) starting from Lmin ¼ 6. In the case of the
Ansatz (42), we get χ2=DOF ¼ 1.73 for Lmin ¼ 20 but it
does not further drop. For the pure power law, Eq. (39), we
get χ2=DOF ¼ 9.87 for Lmin ¼ 18 but χ2=DOF does not
further decrease toward clearly smaller values, when
increasing Lmin. In our fits all linear lattice sizes L ≥
Lmin are taken into account. Fitting with the Ansatz (43)
gives a stable result starting from the smallest lattice sizes
considered here. Here we are not quoting a final estimate.
To this end, we should take into account that there are
corrections proportional to L−2ω, which are not included
into the Ansatz. Also the error due to the uncertainty of the
correction exponent ω should be taken into account in the
estimate of the systematic error. But let us keep in mind that
for example for Lmin ¼ 12, using the Ansatz (43), we get
Δ4 ¼ 1.0032ð3Þ just to see how it compares with the
estimate obtained from the improved model. In the follow-
ing, we need an estimate of bð4Þ, Eqs. (42) and (43), to
estimate the error due to residual leading corrections in the
case of the 3N XY model. Based on the Ansatz (43) we get
bð4Þ ¼ 0.27ð7Þ. For the other values of qwe proceeded in a

FIG. 1. Data for R4ðLÞ for the standard XY model at K ¼
0.45416475 are analyzed. Estimates of Δ4 are plotted versus the
minimal linear lattice Lmin that is taken into account in the fit. The
estimates are obtained by using the Ansätze (39), (42), and (43).
In the caption we denote the fits by fit 1, fit 2, and fit 3,
respectively. Details are discussed in the text.
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similar fashion. We find b ¼ 0.00ð6Þ, 0.18(10), 0.55(9),
0.74(6), 1.56(6), 3.3(1), for q ¼ 2, 3, 6, 8, 16, and 32,
respectively. We note that the amplitude of corrections
vanishes within error bars for q ¼ 2. Roughly it increases
linearly with increasing q. Below in Sec. IV E we shall use
estimates based on a linear fit bðqÞ ¼ −0.165þ 0.1087q
for the values of q that we did not simulate for the standard
XY model.

E. 3N XY model

As discussed in Sec. II, we simulated the 3N XY model
at ðK1; K3Þ ¼ ð0.37069947; 0.0415Þ. For the 3N XY
model, we performed simulations for q ¼ 2, 3, …, 8,
16, 24, 32, 48 and 64. For q ¼ 2 and 3, we simulated the
linear lattice sizes L ¼ 6, 8, 10, 12, 14, 16, 18, 20, 24, 28,

32, 48, 64, 96, and 128. For q ¼ 4, 5, …, 8 we omit
L ¼ 128. For q ¼ 16, 24 and 32 we start from L ¼ 12 and
simulate up to L ¼ 128, while for q ¼ 48 and 64 we start
from L ¼ 16 and simulate up to L ¼ 128. The lattice sizes
in between are chosen as above for q ¼ 2 and 3. For small
q, we have generated data using wð0; xÞ ¼ 1 before
switching to nontrivial wð0; xÞ. We checked that the results
obtained in these two sets of simulations are consistent. We
merged the data before fitting.
For q ¼ 2 and the nontrivial wð0; xÞ, we performed

about 4 × 1010 measurements for L ¼ 16. This number
decreases to 1.7 × 109 for L ¼ 128. For example for L ¼
128 we get R2ð128Þ ¼ 0.00048747ð10Þ. For larger q the
statistics is lower. The simulations for q ¼ 2 and 3 took the
equivalent of about 3.3 and 2.5 years of CPU time on a
single core of an Intel(R) Xeon(R) CPU E3-1225 v3
running at 3.20 GHz for wð0; xÞ ≈ R−1

q ðxÞ in total, respec-
tively. For q ≥ 4, we used slightly more than one year of
CPU time for each value of q.
In Figs. 2–7 we plot our results for Δq obtained by fitting

RqðLÞ with the Ansätze (39), (40), and (41) for q ¼ 2, 4, 8,

FIG. 2. Data for the 3N XY model at K1 ¼ 0.37069947 and
K3 ¼ 0.0415 are analyzed. Estimates of Δ2 obtained by fitting
R2ðLÞ using the Ansätze (39), (40), and (41) are plotted versus the
minimal linear lattice size Lmin that is taken into account. In the
caption we denote the fits by fit 1, fit 2, and fit 3, respectively. The
solid line indicates our final estimate, while the dashed lines give
the error. The values of Lmin are slightly shifted to avoid overlap
of the symbols. Details are discussed in the text.

FIG. 3. Same as Fig. 2 but for q ¼ 4 instead of q ¼ 2.

FIG. 4. Same as Fig. 2 but for q ¼ 8 instead of q ¼ 2.

FIG. 5. Same as Fig. 2 but for q ¼ 16 instead of q ¼ 2.
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16, 32, and 64, respectively, versus Lmin. Note that in these
fits all linear lattice sizes with L ≥ Lmin are taken into
account. Typically in such fits χ2=DOF has a large value for
small Lmin and decreases rapidly with increasing Lmin

reaching χ2=DOF ≈ 1. In Table I we give the Lmin, where
this point is reached depending on q and the Ansatz that is
used. Let us denote this minimal lattice size by Lmin;min. Let
us denote fits with Lmin ≥ Lmin;min as acceptable fits. Note
that this says little on systematic errors on the parameters of
the fit due to corrections that are not taken into account in
the Ansatz. In order to get some handle on systematic
errors, we require that our final estimate is consistent with
fits using different Ansätze. The final estimate is chosen
such that it covers for each of the Ansätze (39), (40), and
(41) at least the estimate obtained by one acceptable fit. By
q� Δq covers p� Δp we mean that qþ Δq ≥ pþ Δp
and q − Δq ≤ p − Δp hold, where Δp is the error of the
parameter p. In the figures our final result is shown as solid
line and the error is indicated by dashed lines. Our final
estimates are summarized in Table II.

We note that Lmin;min increases with increasing q for all
Ansätze that we use. The only exception is the Ansatz (39),
where we have a minimum at q ¼ 4. Going to large values
of q, the amplitudes of corrections increase rapidly. This
can also be seen directly by looking at the results obtained
by using the Ansätze (40), (41).
Estimating the systematic errors that are due to the

uncertainty in K1;c and K�
3, we follow the discussions of

Secs. IVA and IV B. The corresponding errors are given in
Table II. We note that the error due to the uncertainty in
K1;c is roughly the same for all values of q, while the error
due to the uncertainty in K�

3 increases with increasing q.

F. Fitting by the large q-expansion

Starting from Eq. (1) we fitted our data for Δq by using
the Ansätze

Δq¼c3=2½q3=2−ðq−1Þ3=2�þc1=2½q1=2−ðq−1Þ1=2� ð44Þ

FIG. 6. Same as Fig. 2 but for q ¼ 32 instead of q ¼ 2.

FIG. 7. Same as Fig. 2 but for q ¼ 64 instead of q ¼ 2.

TABLE I. We give Lmin;min as a function of q and the Ansatz.
For the definition of Lmin;min see the text. The values of q
correspond to the Figs. 2–7. Note that for q ¼ 2, 4, and 16 the
lattice sizes L ¼ 6, 6 and 12 are the smallest that we have
simulated. For a discussion see the text.

q\Ansatz (39) (40) (41)

2 24 8 6
4 12 10 6
8 24 14 8
16 48 20 12
32 64 28 16
64 — 48 24

TABLE II. Our final estimate of Δq for all values of q we
simulated at. In () we give the error assuming that we are exactly
at the critical coupling and that the amplitude of leading
corrections is exactly vanishing. δK1;c is the possible error due
to the uncertainty of our estimate of K1;c and δK�

3 the possible
error due to the uncertainty of our estimate of K�

3. For a
discussion see the text.

q Δq δK1;c δK�
3

2 0.71722(10) 0.000008 0.000005
3 0.87203(8) 0.000008 0.00002
4 1.00370(8) 0.000006 0.00003
5 1.11992(9) 0.000006 0.00003
6 1.22519(10) 0.000006 0.00005
7 1.32220(10) 0.000006 0.00005
8 1.41268(13) 0.000006 0.00006
16 1.99345(15) 0.000009 0.00008
24 2.4399(3) 0.000009 0.00012
32 2.8166(4) 0.000009 0.00015
48 3.4482(5) 0.000008 0.00024
64 3.9810(8) 0.000008 0.00032
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and

Δq ¼ c3=2½q3=2 − ðq − 1Þ3=2� þ c1=2½q1=2 − ðq − 1Þ1=2�
þ c−1=2½q−1=2 − ðq − 1Þ−1=2�: ð45Þ

Since the error is partially systematic and furthermore the
systematic error might point in the same direction for all
values of q, χ2=DOF has to be taken with caution. The
same holds for the errors of the parameters of the fit. In the
fit we only used the error, assuming that we are exactly at
the critical temperature and that leading corrections to
scaling vanish exactly.
In Table III we have summarized results of fits by using

the Ansatz (45), where all Δq with q ≥ qmin are taken into
account. We see that χ2=DOF makes a jump going from
qmin ¼ 3 to 4: χ2=DOF for qmin ¼ 4 is very small. Likely
this is due to the fact that the systematic error in our
estimates of Δq points in the same direction for different
values of q. We also note that the values of c3=2, c1=2 change
only little going from qmin ¼ 4 to 5. It is very remarkable
that the estimates of c−1=2 are very small and that they are
decreasing with increasing qmin. For qmin ¼ 5 the estimate
of c−1=2 is compatible with zero. It seems plausible that
c−1=2 is very tiny or even exactly zero and deviations from
Eq. (44) are due to higher powers or even decay exponen-
tially in q.

Hence we performed fits by using the Ansatz (44). The
results are summarized on the lower half of Table III. Here
χ2=DOF is still large for qmin ¼ 3. However, very small
already for qmin ¼ 5. We take our final estimates of c3=2 and
c1=2 from this fit. Going to larger qmin the statistical error
increases, likely without gaining much on systematic
errors.

c3=2 ¼ 0.33163ð9Þ ð46Þ

c1=2 ¼ 0.2765ð8Þ ð47Þ

The error is due to different sources. First we take the error
given in Table III. Then, assuming that the error is purely
systematic and points in the same direction for all values of
q, we have redone the fit using Δq þ ϵ, where ϵ is the error
that is quoted in Table II in (). The error is then the
difference between fitting Δq þ ϵ and Δq. Analogously, we
proceeded for Δq þ δK1;c and Δq þ δK�

3. For c3=2 these
errors are 0.000023, 0.000042, 0.000002, and 0.000019,
respectively. In the case of c1=2 we get 0.00049, 0.00024,
0.000008, and 0.00011, respectively. To get the errors in
Eqs. (46) and (47), we just added up these four numbers.
We regard these error estimates as cautious.
Next, we add up the estimates ofΔq, where we start from

D1 ¼ 0.51908ð1Þ [18]. We just sum up the errors, assum-
ing that they are systematic. The results are given in
Table IV. To compare with the constant −0.0937256 in
Eq. (1) we compute Dq − c3=2q3=2 − c1=2q1=2. The differ-
ence seems to converge rapidly with increasing q. For
q ¼ 5, 6, and 7 it takes the value −0.0940 which is very
close to the constant that is predicted analytically. The
small difference can be explained by the error on Dq and
the coefficients c3=2 and c1=2. It is remarkable that the
difference even for q ¼ 1 is just about 0.005.

V. SUMMARY AND OUTLOOK

We have determined the RG exponents Yq ¼ 3 −Dq of a
Zq invariant perturbation at the Oð2Þ invariant fixed
point in three dimensions by using Monte Carlo

TABLE III. We fit our data for Δq by using the Ansätze (44), (45). c3=2, c1=2, and c−1=2 are the coefficients of
Eq. (1).

qmin Ansatz c3=2 c1=2 c−1=2 χ2=DOF

2 (45) 0.331553(22) 0.2815(5) 0.0191(9) 0.62
3 (45) 0.331566(27) 0.2809(9) 0.0173(22) 0.60
4 (45) 0.331598(31) 0.2787(14) 0.0095(45) 0.12
5 (45) 0.331602(37) 0.2784(22) 0.0081(89) 0.13

3 (44) 0.331725(18) 0.27389(27) — 7.75
4 (44) 0.331648(21) 0.27587(37) — 0.66
5 (44) 0.331628(23) 0.27648(49) — 0.23
6 (44) 0.331623(25) 0.27670(62) — 0.21

TABLE IV. Estimates of Dq obtained by summing up Δq. The
starting point is D1 ¼ 0.51908ð1Þ [18]. To compare with the
constant in Eq. (1) we compute Dq − c3=2q3=2 − c1=2q1=2.

q Dq Dq − c3=2q3=2 − c1=2q1=2

1 0.51908(1) –0.0890
2 1.23630(12) –0.0927
3 2.10833(23) –0.0937
4 3.11203(34) –0.0939
5 4.23195(47) –0.0940
6 5.45714(62) –0.0940
7 6.77934(78) –0.0940
8 8.19202(97) –0.0939
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simulations of an improved model. In particular, we studied
the XY model with next-to-next-to-nearest neighbor cou-
plings in addition to nearest neighbor couplings at the
point, where leading corrections to scaling approximately
vanish [18]. We simulate the model by using the worm
algorithm [15,16]. The worm algorithm has been used to
simulate the XY model in several previous works. See, for
example, [24,25]. It is straight forward to apply the
algorithm to the model studied here.
We build on previous work [14,17] on this problem. The

dimensions Dq are obtained in an iterative approach.
Considerable improvement is achieved by using site
weights [19] in the worm simulation. The gain obtained
by using this modification is increasing with increasing q.
In particular, this allows us to reach q ¼ 64 at high
precision. The authors of [14,17] simulated the standard
XYmodel. By simulating an improved model, we get better
control on systematic errors caused by corrections to
scaling. Comparing the central results c3=2 ¼ 0.3371ð28Þ
and c1=2 ¼ 0.266ð35Þ, Ref. [14], and c3=2 ¼ 0.340ð1Þ and
c1=2 ¼ 0.23ð2Þ, Ref. [17], with our c3=2 ¼ 0.33163ð9Þ,
Eq. (46), and c1=2 ¼ 0.2765ð8Þ, Eq. (46), shows that in
particular in Ref. [17], systematic errors are underesti-
mated. The same holds for the estimates of Dq as can be
seen in Table V.
In Table V we compare our results with estimates of Yq

that were obtained directly for the given value of q, by
using various methods. We see that in general the error
increases rapidly with increasing q. For q ≤ 3 our results
nicely agree with those obtained in Ref. [31] by using the
conformal bootstrap method. The deviation for q ¼ 4
between our estimate and that of Ref. [27] is about three
times the sum of the errors that are quoted. On the other
hand, we confirm the estimate of Ref. [34]. The estimates
obtained by using the 5-loop ϵ-expansion and the 6-loop

expansion in three dimensions fixed are consistent with our
result, but the error is clearly larger than ours. The same
holds for Ref. [30], where the functional renormalization
group (FRG) is employed. In the case of the Monte Carlo
study of a lattice model [33], the estimate for q ¼ 4 is
consistent with ours, but too small for q ¼ 5 and 6.
It had been noted before that Eq. (1) fits Dq down to

surprisingly small values of q. This observation is further
strengthened by our accurate estimates of Dq. It is
remarkable that in our fits we can do without Oðq−1=2Þ
for q⪆4.
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APPENDIX: RATIO OF PARTITION FUNCTIONS

The ratio of partition functions Za=Zp has been a
cornerstone in our finite size scaling analysis since
Ref. [35]. Here, Za is the partition function of a system
with antiperiodic boundary conditions in one of the three
directions and the partition function Zp of a system with
periodic boundary conditions in all directions. Antiperiodic
boundary conditions in 0-direction are obtained by

TABLE V. Estimates for the RG exponent Yq ¼ 3 −Dq obtained directly for the given q ≤ 6. For q < 4, there is an abundance of
results in the literature that we do not report here. We focus on recent results obtained by using the CB method and Monte Carlo (MC)
simulations of lattice models. Note that the asterisk in the case of Ref. [27] indicates that the error estimate is no rigorous bound. For
comparison, we give results obtained by using the iterative method in Refs. [14,17] and here.

Ref. Method\q 1 2 3 4 5 6

[29] ϵ-exp. −0.114ð4Þ
[29] 3D exp. −0.103ð8Þ
[30] FRG −0.111ð12Þ
[31] CB 2.480912(22) 1.76371(11) 0.8914ð3�Þ
[27] CB −0.11535ð73�Þ
[32] MC 1.7639(11) 0.8915(20) −0.108ð6Þ
[33] MC −0.114ð2Þ −1.27ð1Þ −2.55ð6Þ
[34] MC −0.1118ð10Þ
[23] MC 2.48095(4) −2.43ð6Þ
[18] MC 2.48092(1)

[14] MC 2.484(3) 1.762(5) 0.884(6) −0.128ð6Þ −1.265ð6Þ −2.509ð7Þ
[17] MC 2.4801(98) 1.761(1) 0.884(2) −0.124ð2Þ −1.254ð3Þ −2.486ð4Þ
this work MC 1.76370(12) 0.89167(23) −0.11203ð34Þ −1.23195ð47Þ −2.45714ð62Þ
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changing the sign of the term s⃗x · s⃗y of the Hamiltonian for
nearest neighbor pairs, and here third nearest neighbor
pairs, where x0 ¼ L − 1 and y0 ¼ 0. It turns out that it is
straight forward to determine Za=Zp using the worm
simulation. First we note that

IkðKÞ ¼ ð−1ÞkIkð−KÞ: ðA1Þ

Let us define

KL−1;0 ¼
X

hxyi;x0¼L−1;y0¼0

khxyi þ
X

½xy�;x0¼L−1;y0¼0

k½xy�: ðA2Þ

For a given configuration fkg, switching from periodic to
antiperiodic boundary conditions, the product

WðfkgÞ ¼
�Y
hxyi

Ikhxyi ðK1Þ
��Y

½xy�
Ik½xy� ðK3Þ

�
ðA3Þ

changes sign if KL−1;0 is odd. We can write the partition
functions, without insertion of head and tail, as

Zp ¼
X
fkg0

WðfkgÞ; Za ¼
X
fkg0

WðfkgÞð−1ÞKL−1;0 ; ðA4Þ

where fkg0 are configurations that satisfy the constraint
Eq. (10). Hence

Za

Zp
¼

P
fkg0WðfkgÞð−1ÞKL−1;0P

fkg0WðfkgÞ ¼ hð−1ÞKL−1;0ip: ðA5Þ

This means that the ratio of partition functions is just the
expectation value of ð−1ÞKL−1;0 for periodic boundary
conditions. One should note that only loops with non-
vanishing winding number contribute to KL−1;0.
Furthermore, KL−1;0 ¼ K0;1 ¼ K1;2;…. It is straight for-
ward to compute derivatives of Za=Zp with respect to K1

and K3. We have implemented the first and second
derivative of Za=Zp with respect to K1 in our program.
Furthermore we have implemented the internal energy and
the magnetic susceptibility. Using wðx; yÞ ¼ 1, without
inserting charge, we performed high statistics simulations
for smaller lattice sizes. The results are consistent with
those of Ref. [18], which were obtained by using the cluster
algorithm [36,37]. Benchmarked on the statistical error of
Za=Zp for example, the performance of the worm and
cluster algorithm are similar.
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