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Studies of nonlinear quantum vacuum signals often model the driving laser fields as paraxial beams. This
in particular holds for analytic approaches. While this allows for reliable predictions in most situations,
there are also notable exceptions. A prominent example is the overestimation of the polarization-flipped
signal photon yield in the collision of two equally focused, parallel polarized laser beams by a factor of
about 6. In the present work, we identify the origin of this deficiency and devise a strategy to obtain
accurate closed-form expressions also in cases challenging the conventional (leading order) paraxial beam
model. We demonstrate the potential of our approach on the example of two linearly polarized laser pulses
colliding at a generic collision angle.
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I. INTRODUCTION

Quantum vacuum fluctuations give rise to effective
nonlinear couplings between macroscopic electromagnetic
fields [1]. So far, these nonlinearities could not be verified
in a controlled laboratory experiment. However, recent
progress in laser technology has brought their experimental
detection in reach; see [2–5] for recent reviews.
All-optical signatures of quantum vacuum nonlinearity

in laser beam collisions can be conveniently analyzed
within the vacuum emission picture [6,7]. This provides
direct access to the directional emission characteristics and
polarization properties of the signal far outside the inter-
action region of the laser fields. To be experimentally
accessible, the signal needs to differ in key parameters,
such as propagation direction, frequency, or polarization,
from the background of the driving laser photons.
In the context of the vacuum emission picture, the most

advanced laser beam model numerically evolves the laser
fields from an input configuration according to the linear
Maxwell equations in vacuum [8]. For approaches aiming
at numerically solving the fluctuation-induced nonlinear
Maxwell equations in a general fashion, see [9–11]. On the

other hand, analytical considerations typically model the
laser beams as paraxial Gaussian beams supplemented with
a temporal pulse envelope [12–15]. It has been shown that
this simplification allows for an accurate prediction of
quantum vacuum signals in various experimentally relevant
scenarios, like vacuum birefringence measurements [16].
However, by unveiling that it significantly overestimates

the yield of polarization-flipped signal photons in the
collision of two equally focused, parallel polarized laser
beams, [8] identified a serious issue. As will be demon-
strated below, exactly the same problem arises for
perpendicular polarized laser beams. The present work
aims to clarify the origin of this deficiency and to put
forward a strategy allowing to overcome it while retaining
the possibility of analytical insights.
For simplicity, here we limit our discussion to two

linearly polarized laser beams colliding at an angle ϑcoll
and only focus on the dominant polarization-flipped signal
component, which originates in a quasielastic scattering
process. This signal is predominantly scattered in the
vicinity of the forward cones of the driving laser beams
for kinematic reasons. Inelastic scattering processes are
typically suppressed relatively to elastic ones [3,4].
Because the effect is strongly suppressed for small ϑcoll,
a sizable quasielastic signal component is only generated
for sufficiently different propagation directions, where the
forward cones of the driving beams are well separated. This
immediately implies that the dominant signal component
generically decomposes into two distinct contributions: a
signal at the frequency of the first (second) beam induced
in the effective interaction with the second (first) one.
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Its polarization-flipped component is polarized perpendi-
cular to the first (second) beam.
Our article is organized as follows: after briefly recalling

the underlying formalism and detailing the employed laser
beam model in Sec. II, we determine the directional
emission characteristics of the polarization-flipped signal
component and the associated integrated signal photon
yield in Sec. III. Here, we derive compact analytical
scalings for both of these quantities and confront them
with numerical results. Finally, in Sec. IV we end with
conclusions and a outlook.
Throughout this work we use the metric convention

gμν ¼ diagð−1; 1; 1; 1Þ and the Heaviside-Lorentz system
with c ¼ ℏ ¼ ε0 ¼ 1. Correspondingly, the fine-structure
constant is given by α ¼ e2=ð4πÞ ≃ 1=137.

II. SETUP

A. Formalism

Vacuum fluctuations give rise to effective nonlinear
couplings of electromagnetic fields beyond classical
Maxwell theory LMW ¼ −FμνFμν=4 [1,17,18]. For fields
which are much weaker than the critical field Ecr ¼ m2=e ≃
1.3 × 1018 V=m and vary on typical spatiotemporal scales
λ much larger than the Compton wavelength ƛC ¼ 1=m ≃
3.9 × 10−7 μm of the electron, the leading effective inter-
action is quartic in the applied electromagnetic field and
reads

L1-loop
HE ≃

1

1440π2
e4

m4

��
FμνFμν

�
2 þ 7

4

�
Fμν

⋆Fμν
�
2

�
: ð1Þ

Corrections to Eq. (1) are parametrically suppressed by
powers of fα; jeFμνj=m2; ƛC=λg ≪ 1. This criterion is
perfectly fulfilled by the high-intensity laser fields currently
available in the laboratory.
Photonic signatures of quantum vacuum nonlinearity

induced by macroscopic electromagnetic fields can be
conveniently analyzed within the vacuum emission picture
[6,7], which is the approach we adopt here. It provides
direct access to the angular emission characteristics of
the signal photons far outside the interaction region
of the driving laser beams. The leading quantum vacuum
signal is encoded in a zero-to-single signal photon emission
process from the vacuum j0i to an out-state hγpðk⃗Þj
containing a single signal photon of wave vector k⃗ ¼
jk⃗jðcosφ sin ϑ; sinφ sinϑ; cos ϑÞ and transverse polariza-
tion vector ϵ⃗pðk⃗Þ; ϑ∈ ½0; π� and φ∈ ½0; 2πÞ are the polar
and azimuthal angle, respectively. The associated transition
amplitude can be concisely expressed as [7]

Spðk⃗Þ ≃ hγpðk⃗Þj
Z

d4x
∂L1-loop

HE

∂Fμν ðxÞf̂μνðxÞj0i; ð2Þ

where f̂μνðxÞ denotes the canonically quantized field
strength tensor of the signal photon field. The differential
number of p-polarized signal photons of energy k ¼ jk⃗j
and emission direction k⃗=k then follows from Eq. (2) as

d3Npðk⃗Þ ¼
d3k
ð2πÞ3

���Spðk⃗Þ
���2: ð3Þ

B. Scenario

In the present work, we consider the collision of two
linearly polarized fundamental Gaussian paraxial laser
beams l∈ f1; 2g (wavelengths λl ¼ 2π=ωl) at a generic
collision angle of 0 ≤ ϑcoll ≤ π. The beam waists and
Rayleigh ranges are w0;l and zR;l ¼ πw2

0;l=λl, respectively.
For convenience, we identify the beam axis κ⃗1 ¼ ð0; 0; 1Þ
of laser l ¼ 1 with the positive z axis, and the collision
plane with the xz plane. In turn, the beam axis of laser
l ¼ 2 is directed along κ⃗2 ¼ ðsinϑcoll; 0; cosϑcollÞ. The
directions of the associated transverse vector potentials
A⃗lðxÞ fulfilling κ⃗l · A⃗lðxÞ ¼ 0 can then each be charac-
terized by a single unit vector a⃗l [19–21]. Here, we choose
a⃗1 ¼ ðcos β1; sin β1; 0Þ and a⃗2 ¼ ðcosϑcoll cos β2; sin β2;
− sinϑcoll cos β2Þ and parametrize these by the angles βl.
Up to linear order in the expansion parameter θl ¼
w0;l=zR;l ¼ 2=ðw0;lωlÞ of the paraxial approximation,
the associated real electric and magnetic field vectors beam
can be expressed as (our notations follow [21], but are
adjusted to our conventions)

E⃗l ¼ E0;le
−
�

rl
wl

�
2 w0;l

wl

�
c1;la⃗l þ θl

xl
wl

s2;lκ⃗l

�
;

B⃗l ¼ E0;le
−
�

rl
wl

�
2 w0;l

wl

�
c1;lκ⃗l × a⃗l þ θl

yl
wl

s2;lκ⃗l

�
; ð4Þ

with beam radius wl ¼ w0;l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðzl=zR;lÞ2

q
and short-

hand notations

cn;l ¼ cosðψl − nψG;lÞ;
sn;l ¼ sinðψl − nψG;lÞ: ð5Þ

The phases in Eq. (5) are defined as

ψl ¼ ωlðzl − tÞ þ zl
zR;l

�
rl
wl

�
2

;

ψG;l ¼ arctan

�
zl
zR;l

�
; ð6Þ

with rl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2l þ y2l

q
. To implement a finite pulse duration

τl ≫ 1=ωl, we moreover choose
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E0;l ¼ E0;le
−
�
zl−t
τl=2

�
2

: ð7Þ

The peak field amplitude E0;l is then related to the laser
pulse energy Wl as [22]

E2
0;l ≃ 8

ffiffiffi
2

π

r
Wl

πw2
0;lτl



1þO

�
θ2l
��
: ð8Þ

Both beams reach their peak field in the focus at x⃗ ¼ t ¼ 0.
Finally, the spatial components in Eqs. (4)–(7) are

xl ¼ x⃗ · a⃗l; yl ¼ x⃗ · ðκ⃗l × a⃗lÞ; zl ¼ x⃗ · κ⃗l: ð9Þ

Also note that θl amounts to the radial beam divergence.
In the limit of θl → 0, Eq. (4) reduces to the (zeroth-order)
Gaussian beam approximation that is widely and com-
monly employed in the study of all-optical quantum
vacuum signatures.
Here, we limit ourselves to the signal component that

scales linearly with the electromagnetic field (intensity) of
laser l ¼ 1 on amplitude (probability) level and is polar-
ized perpendicular to the polarization state of this laser
in its focus, i.e., fulfills ϵ⃗pðk⃗Þ · E⃗1

��
x⃗¼0

¼ ϵ⃗pðk⃗Þ · a⃗1 ¼ 0.
We denote the associated polarization vector by

ϵ⃗⊥ðk⃗Þ ¼ e⃗ð1Þ cos β⊥ þ e⃗ð2Þ sin β⊥; ð10Þ

with e⃗ð1Þ ¼ ðcosφ cosϑ; sinφ cosϑ;− sin ϑÞ, e⃗ð1Þ ¼
ð− sinφ; cosφ; 0Þ, and β⊥ ¼ arctanfcotðφ − β1Þ cos ϑg.
Neglecting contributions of Oðθ2lÞ to the fields in
Eq. (4) from the outset, the associated signal emission
amplitude can be consistently determined therefrom only
up to linear order in θl. Linearizing Eq. (2) in the field
components of laser l ¼ 1 and omitting contributions that
scale manifestly quadratic in θ2, we obtain

S⊥ðk⃗Þ ≃
i
π

m2

45

ffiffiffiffiffiffi
α

π

k
2

r �
e
m2

�
3

×
n
cos β⊥



e⃗ð1Þ · U⃗ðk⃗Þ − e⃗ð2Þ · V⃗ðk⃗Þ

�
þ sin β⊥



e⃗ð1Þ · V⃗ðk⃗Þ þ e⃗ð2Þ · U⃗ðk⃗Þ�o: ð11Þ

Here, we use the following convention for the on-shell
Fourier transform from position to momentum space,

U⃗ðk⃗Þ ¼
Z

d4x e−iðk⃗·x⃗−ktÞU⃗ðxÞ; ð12Þ

with the vectors in position space given by

U⃗ðxÞ ¼ 4F 12E⃗2 − 7G12B⃗2;

V⃗ðxÞ ¼ 4F 12B⃗2 þ 7G12E⃗2; ð13Þ

where we introduced the shorthand notations

F 12 ¼
1

2

�
B⃗1B⃗2 − E⃗1E⃗2

�
and

G12 ¼ −
1

2

�
B⃗1E⃗2 þ E⃗1B⃗2

�
: ð14Þ

The signal arising from Eq. (11) can be interpreted in terms
of l ¼ 1 laser photons that are quasielastically scattered
into a ⊥-polarized mode via the effective interaction with
laser l ¼ 2. For kinematic reasons these are predominantly
scattered in the direction of κ⃗1 which amounts to signal
photon wave vectors with ϑ ≪ 1. The analogous signal
polarized perpendicular to laser l ¼ 2 can be effectively
inferred therefrom by appropriately relabeling the beam
parameters and mapping the electromagnetic fields with
l ¼ 1 on those with l ¼ 2 and vice versa. We emphasize
that the only remaining nontrivial task in evaluating the
signal photon amplitude (11) is to perform the Fourier
integrals.

C. Simplifying assumptions

Equations (4)–(9) imply that a laser l can reach a
substantial fraction of its peak field only within a cylinder
Vl of radius w0;l and length set by zR;l about its focus at
x⃗ ¼ 0. Away from the focus, the beam radius wl increases
with the longitudinal beam coordinate z and, correspond-
ingly, the field strength drops. For τl ≳ 2zR;l the field may
be strong within the whole cylinder at a given time, while
for τl ≲ 2zR;l the strong field is limited to a segment that
travels along z with time. Currently available tightly
focused near-infrared high-intensity lasers relevant for
the study of quantum vacuum signals typically fulfill
τl ≳ 2zR;l. Recall that w0;l is the 1=e2 focus radius on
intensity level, and zR;l measures the distance from focus
over which the on-axis intensity drops by a factor of 1=2.
To put both scales on the same footing, we therefore
introduce the cylinder’s half-length as ll ¼ zR;l

ffiffiffiffiffiffiffiffiffiffiffiffi
e2 − 1

p

and define Vl ¼ 2llðπw2
0;lÞ. For state-of-the-art laser para-

meters, sizable quantum vacuum signals are only induced
in the interaction region of the colliding laser fields, which
amounts to the intersection of V1 and V2 in the present
scenario.
Accounting for the fact that for θl ≪ 1 we have

w0;l ≪ ll, the above considerations imply that typically
there exists a range of collision angles for which the
interaction region V1 ∩ V2 becomes independent of the
length scales ll, and thus the Rayleigh ranges zR;l [23]. See
Fig. 1 for an illustration. The range of collision angles for
which this is the case can be inferred from elementary
geometric considerations. Considering the projection of V1

and V2 on the collision plane, one can easily establish that,
without loss of generality presuming l1 ≥ l2 > w0;1, this
holds true for
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sinϑcoll ≳
w0;1

l2
þ w0;2

l2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�w0;1

l2

�
2 þ �w0;2

l2

�
2

q
1þ �w0;2

l2

�
2

: ð15Þ

For w0;1 ¼ w0;2 ¼ w0 this expression simplifies to

sin ϑcoll ≳
2 w0

l2

1þ �w0

l2

�
2

⟶
w0≪l2

2
w0

l2
: ð16Þ

Hence, specifically for two lasers of the same wavelength
λ ¼ 800 nm focused to w0 ¼ 2λ as considered in Sec. III,
the above criterion is fulfilled for collision angles in the
range 7.2°≲ ϑcoll ≲ 172.8°.
It has been argued that, in the parameter regime where

the interaction region becomes independent of the Rayleigh
ranges of the colliding beams, it amounts to a good
approximation to formally send zR;l → ∞ while keeping
w0;l and λl fixed when determining the quantum vacuum
signal [15,24]. This approximation is often referred to as
infinite Rayleigh range/length approximation. Previous
studies limited themselves to Eq. (4) at zeroth order in
the paraxial approximation, i.e., only kept contributions
of Oðθ0lÞ. In the present work, we emphasize that, whereas
taking the above limit for the field amplitude profiles
indeed yields a good approximation, this is not necessarily
the case for the directional properties of the fields. In order
to reproduce the correct behavior of the polarization-
flipped signal for the case of parallel or perpendicular
polarized lasers, one is required to also keep the expansion
parameter θl in Eq. (4) finite; see the explicit examples
given below. Hence, we advocate amending the definition
of the infinite Rayleigh range/length approximation as
follows: take the formal limit of zR;l → ∞ in the field

amplitude profiles and keep w0;l, λl, and θl (at the relevant
order of the paraxial expansion; see below) finite.
Implementing this approximation for Eqs. (4)–(6), we
obtain

E⃗l ¼ E0;le
−
�

rl
w0;l

�
2
�
c1;la⃗l þ θl

xl
w0;l

s2;lκ⃗l

�
;

B⃗l ¼ E0;le
−
�

rl
w0;l

�
2
�
c1;lκ⃗l × a⃗l þ θl

yl
w0;l

s2;lκ⃗l

�
; ð17Þ

with

cn;l ¼ cos
�
ωlðzl − tÞ�;

sn;l ¼ sin
�
ωlðzl − tÞ�: ð18Þ

From these expressions it is obvious that, adopting the
simplifying assumptions just detailed, all the Fourier
integrations in Eqs. (11)–(14) that need to be performed
when determining the signal photon amplitude up to OðθÞ,
with θ ∼ θ1 ∼ θ2, are reduced to elementary Gaussian
integrals that can be readily carried out analytically. As
obvious from Eq. (12), any powers of x, y, and z
multiplying the exponential function can be dealt with
by parameter differentiations for kx, ky, and kz, respec-
tively. We also remark that it is clear that the present
approach can be readily generalized to higher orders in
the paraxial expansion. Actually performing the fourfold
integral is somewhat tedious and results in a rather
unhandy expression for the signal photon amplitude. For
this reason we do not reproduce it here. However, note that
the corresponding expression for the contribution at Oðθ0Þ
can be found in [23]. In order to isolate the most relevant
physical parameter dependencies and scalings, and also
with regard to the subsequent determination of the asso-
ciated signal photons via (3), additional simplifications are
therefore highly desirable.
To achieve this, we employ the approximation strategy

devised in [23,25], which makes use of the fact that the
dominant signal arises from the quasielastic scattering
of laser l ¼ 1 photons and thus is characterized by an
energy of k ≃ ω1. Correspondingly, δk̂¼ðk−ω1Þ=ω1≪1
amounts to a small parameter. For kinematic reasons, the
associated signal photons are then emitted in directions
close to the forward beam axis of laser l ¼ 1 and fulfill
ϑ ≪ 1, constituting a second small parameter. For simplic-
ity, we moreover limit our explicit considerations to laser
pulses of the same pulse duration τ ¼ τ1 ¼ τ2.
Upon performing the Fourier integration (12) over the

position-space vectors introduced in Eq. (13), Eq. (11)
decomposes into a sum of terms. An explicit restriction to
the quasielastic scattering signal is equivalent to keeping
only those contributions that do not depend on the
oscillation frequency ω2 of laser l ¼ 2 [4]. This ω2

FIG. 1. Projection of the strong field volumes V1 (blue solid)
and V2 (red dashed) onto the collision plane. The intersection
V1 ∩ V2 of these volumes becomes independent of l2 ≤ l1 once
the top left corner of V2 reaches the right edge of V1.
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independence of the signal implicates that in the evaluation
of Eq. (11) the quadratic dependencies on the electromag-
netic fields (17) of laser l ¼ 2 are effectively replaced by
their cycle averages. Upon recasting factors of x, y, and z
multiplying the exponential functions by parameter dif-
ferentiations for the associated momentum components, all
Fourier integrals (12) to be performed are over Gaussian
functions in coordinate space. As the Fourier transform of a
Gaussian yields again a Gaussian, we have thus established
that the signal photon amplitude is quadratic in all momen-
tum components. Besides, it is easy to establish that the
resulting expression for Eq. (11) is characterized by an
overall factor of

S⊥ðk⃗Þ ∼ e−
1
3

�
τω1
4

�
2
δk̂2 : ð19Þ

This dependency manifestly ensures that for τω1 ≫ 1, as
considered throughout this work, nonvanishing contribu-
tions to the signal are indeed limited to δk̂ ≪ 1; the typical
decay width is set by the dimensionless parameter 1=ðτω1Þ.
One can easily verify that the other dependencies on δk̂
in the exponential of S⊥ðk⃗Þ scale as ϑ2δk̂ and ðϑδk̂Þ2 for
ϑ2 ≪ 1. Given that w0 ∼ w0;1 ∼ w0;2, the decay of the signal
with ϑ is governed by a divergence proportional to
θ ∼ 1=ðw0ω1Þ. Hence, one can safely neglect these addi-
tional dependencies as long as τ ≫ w0, which is precisely
the parameter regime considered here. Moreover, all
contributions ∼ðδk̂Þn with n∈N in the prefactor of the
exponential are then subleading in comparison to the term
∼ðδk̂Þ0 and thus can also be neglected. In summary, this
approximation amounts to identifying k ¼ ω1 everywhere
in S⊥ðk⃗Þ aside from the factor in (19). Plugging the
resulting approximation for S⊥ðk⃗Þ into Eq. (3), the inte-
gration over signal photon energy can be performed by
identifying k2dk → ω2

1dk and formally extending the inte-
gration domain to −∞ ≤ k ≤ ∞. One can easily check
that in the considered parameter regime this is perfectly
justified. The other approximation to be invoked is an
explicit restriction to the leading contributions to S⊥ðk⃗Þ for
ϑ ≪ 1. Here, we keep the leading contribution ∼ϑ2 in the
argument of the exponential function, and similarly expand
the terms in its prefactor up to quadratic order in ϑ. When
integrating the modulus square of the signal emission
amplitude over the polar angle ϑ in a later step, we
moreover approximate

R
1
−1 d cos ϑ →

R
∞
0 dϑ ϑ consistent

with the expansion for ϑ ≪ 1 just outlined.
Finally, we highlight the following, somewhat subtle but

very important point: The Gaussian nature of S⊥ðk⃗Þ prior to
implementing the parameter differentiations noted above
Eq. (19) implies that in the most general situation the
parameter differentiation for a given momentum compo-
nent may result in terms linear in this as well as all other

momentum components. Accounting for the fact that for
ϑ ≪ 1 we have kx ∼ ky ∼ ω1ϑ and kz ∼ ω1, and that the
leading ϑ dependent contribution in the argument of the
exponential function scales quadratic with ϑ, we can
immediately exclude the existence of terms scaling as
kxkz ∼ kykz ∼ kxk ∼ kyk ∼ ϑ in the argument of the expo-
nential; these receive a parametric suppression with addi-
tional powers of ϑ. From this, we know that factors of x
and y in the integrand of S⊥ðk⃗Þ translate into factors scaling
as ∂kx ∼ ∂ky ∼ kx ∼ ky ∼ ω1ϑ in momentum space. At the
same time, the fact that with the above approximations
the leading dependence on k2z ∼ kzk ∼ k2 is encoded in the
overall exponential factor in Eq. (19) implies that factors
of z translate into factors ∼∂kz ∼ δk̂ to be set identically to
zero within the approximation strategy devised above.
These considerations allow us to infer that a given

contribution to the signal emission amplitude at nth order
in the paraxial approximation is generically suppressed by
an overall factor of θn if its prefactor does not involve
factors of x, y, and z. On the other hand, if a contribution at
OðθnÞ comes with a finite power j of x ∼ y, it scales at most
as θnðω1ϑÞj. Because of ϑ≲ θ ∼ 1=ω1 this again translates
into a factor of θn. A term multiplied by powers of z can
be neglected from the outset. Hence, we have explicitly
shown that higher-order contributions in the paraxial
approximation indeed receive a parametric suppression
with powers of θ also on the level of the signal emission
amplitude. As different orders n, n0 in the paraxial
approximation may in addition receive parametric suppres-
sions with distinct powers of ϑ ≪ 1, terms with n ≠ n0
may in effect still exhibit the same scaling with θ. For
instance, a contribution to the signal emission amplitude
proportional to θ0ϑ effectively contributes at the same order
as the one ∼θðω1ϑÞ. Both of these effectively scale linear
with θ.

III. RESULTS

Here, we adopt the simplifying assumptions and approx-
imations detailed in Sec. II C, and use the shorthand
notation

bðxÞ ¼ 4xð1 − cos ϑcollÞ2 þ
�

τ

w̄0

�
2

sin2ϑcoll;

with w̄2
0 ¼

2w2
0;1 þ w2

0;2

3
: ð20Þ

Inserting the modulus square of the appropriately simpli-
fied signal emission amplitude (11) accurate up to
linear order in θ into (3), we arrive at the following result
for the directional emission characteristics of the signal
photons:
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d2N⊥
dφ d cos ϑ

≈
8
ffiffiffi
3

p
α4

2025π3
W1W2

2ω
3
1

m8w2
0;1

�
w0;1

w̄0

�
4

×
ð1 − cosϑcollÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

bð1Þbð3Þp �
nð0Þ⊥ þ nð1Þ⊥ ϑþ nð2Þ⊥ ϑ2




× exp

�
−
1

3

�
w0;1

w̄0

ω1ϑ

�
2

×

�
w2
0;1

bð0Þ
bð3Þ cos

2φþ w2
0;2

2

��
; ð21Þ

where

nð0Þ⊥ ¼ ð1 − cosϑcollÞ2sin2½2ðβ1 þ β2Þ�: ð22Þ

The explicit expressions for the coefficients nðnÞ⊥ of the
contributions ∼ϑn with n∈ f1; 2g multiplying the expo-
nential in Eq. (21) are given in Appendix A. We emphasize
that, in order to make transparent which terms originate
from contributions at zeroth and linear order in the paraxial
expansion of the laser fields, throughout this work we do
not express any other parameters, like the product w0;lωl,
in terms of θl. This allows, for instance, to recover the
result at zeroth order in the paraxial expansion by simply
setting θl ¼ 0. Noteworthy, Eq. (11) does not give rise to
contributions linear in θ2, such that Eq. (21) depends only
on θ1. Also note that, upon integrating Eq. (21) over the full
azimuthal angle φ, contributions odd in ϑ vanish. In the
remainder of this work, we refer to all results determined
using Eq. (21) with θ1 ¼ 0 (θ1 ≠ 0) as (next-to-)leading
order or (N)LO in the paraxial approximation.
Some clarifications are in order here: As we neglected

terms of Oðθ2Þ to the signal emission amplitude, for

nð0Þ⊥ ≠ 0 only contributions to Eq. (21) up to linear order
in θ can be considered as consistent. Hence, when employ-
ing Eq. (21) for this case we set the term scaling quadratic

with θ1 in nð2Þ⊥ to zero. Higher-order corrections are
relatively suppressed by factors of θ ≪ 1. Note that for
all physically relevant scenarios fulfilling ϑcoll ≠ 0 the

condition nð0Þ⊥ ≠ 0 holds true for all laser polarization
choices except from β̃ ¼ 2ðβ1 þ β2Þ ¼ jπ with j∈Z.

On the other hand, for β̃ ¼ jπ both nð0Þ⊥ and nð1Þ⊥ vanish
identically, which implies that the leading signal is para-
metrically suppressed by a factor of ϑ2 ≪ 1 relative to the

nð0Þ⊥ ≠ 0 case. The contributions to the signal emission

amplitude then scale as S⊥ðk⃗Þ ∼ ϑðc0θ0 þ c1θω1Þ, with
coefficients c0 and c1. Because of θω1 ∼ θ0 and the fact that
the omitted Oðθ2Þ terms to S⊥ðk⃗Þ clearly cannot contribute
to the differential signal photon number at Oðθ2Þ, in this
case all terms in Eq. (21) are to be accounted for; see also
the last paragraph of Sec. II C. The neglected subleading

corrections are parametrically suppressed by at least a
factor of θ ≪ 1.
Integrating Eq. (21) over the angles φ and ϑ, we obtain

N⊥ ≈
16α4

675π2
W1W2

2ω1

m8w̄3
0w0;2

ð1 − cosϑcollÞ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bð1Þb

��w0;2

w̄0

�
2

r

×

"
nð0Þ⊥ þ

�
1

w0;1ω1

w̄0

w0;2

�
2 bð3Þ
b
��w0;2

w̄0

�
2

Nð2Þ

⊥

#
; ð23Þ

with the expression for Nð2Þ
⊥ given in Appendix B.

Subsequently, we compare and benchmark our analytic
result (23) with the outcome of fully numerical calculations
modeling the laser beams as solutions of the linear Maxwell
equations in vacuum. To be specific, in the numerical
vacuum emission solver [8] we initialize the colliding laser
fields by the complex analogs of the real-valued electric
fields in Eq. (4) at t ¼ 0 and θl ¼ 0, i.e., at zeroth order
in the paraxial approximation. In addition, we numerically
evaluate Eq. (11) for the fields in Eq. (4) with θl ¼ 0 and
determine the associated signal photon number at leading
order, i.e., LO numerical, via Eq. (3).
In our explicit examples, we assume the strong laser

fields to be provided by two identical state-of-the-art
petawatt-class lasers delivering pulses of energy Wl ¼
25 J and duration τ ¼ 25 fs at a central wavelength of
λl ¼ 800 nm. For the waist sizes we choose the exper-
imentally feasible value of w0;l ¼ 2λl ¼ 1.6 μm. This
fixes all parameters aside from ϑcoll and βl in Eqs. (21)
and (23); note that in this case we have w̄0 ¼ w0;1 ¼ w0;2.
Figure 2 shows results for N⊥ as a function of ϑcoll for

β1 ¼ 2β2 ¼ π=2. This choice, enforcing a relative polari-
zation angle of π=4 between the two laser fields colliding in
the focus, is known to maximize the ⊥-polarized signal
component for generic ϑcoll [23]. Here, we plot the curves
obtained by evaluating Eq. (23) at LO and NLO together
with the outcomes of LO and fully numerical calculations.
In line with Eq. (16), constraining the range of applicability
of our analytical approximations, for ϑcoll ≲ 170° the four
curves displayed agree reasonably well. The small devia-
tion between the analytical and numerical results in this
collision angle regime can be traced back to the employed
approximation schemes underlying the analytical calcula-
tions detailed in Sec. II C. As is well known, for this choice
of the beam polarizations the maximal signal is obtained in
a counterpropagating geometry [26,27].
Figure 3 displays similar results as those in Fig. 2, but

for a different orientation of the polarization vectors of
the colliding laser beams. Now the laser fields fulfill
β1 ¼ β2 ¼ π=2 and thus are parallel polarized in the focus.
Interestingly, for this choice of the polarization vectors the
leading order paraxial results for N⊥, obtained by evalu-
ating Eq. (23) at LO and determined from an LO numerical
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calculation, differ significantly from those going beyond,
namely Eq. (23) at NLO and the outcome of a fully
numerical calculation. The former considerably overesti-
mate the physical value of N⊥ following from the latter in a
wide range of collision angles. This pronounced discrep-
ancy was first noticed in [8] for the collision of two laser
beams focused to waist sizes equal to the laser wavelength.
By simply dividing the results for N⊥ inferred from
Eq. (23) at LO and NLO, we can now even infer an
analytic estimate for the discrepancy between the LO and
NLO results depicted in Fig. 3. The resulting expression for

general beam waists is independent of ϑcoll and reads

N⊥
N⊥jθ1¼0

¼ 1 −
7

6

�
w0;2

w̄0

�
2
�
1 −

7

24

�
w0;2

w̄0

�
2
�
: ð24Þ

Equation (24) depends only on the ratio w0;2=w̄0.
Accounting for 0 ≤ ðw0;2=w̄0Þ2 ≤ 3, it is then easy to show
that N⊥ ≤ N⊥jθ1¼0. For the specific example of w̄0 ¼
w0;1 ¼ w0;2 considered here, Eq. (24) yieldsN⊥=N⊥jθ1¼0 ¼
25=144 ≈ 1=6. All curves displayed in Fig. 3 exhibit a
distinct maximum N⊥jmax located at 0° < ϑcolljmax < 180°.
Equation (23) predicts the maximum value at both LO and
NLO to be achieved for

cosϑcolljmax ¼
2þ � τ

w0

�
2 − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2

�
τ
w0

�
2

q
4 −

�
τ
w0

�
2

; ð25Þ

i.e., to be fully determined by the pulse durations and the
waist sizes of the colliding laser fields. See Table I for the
specific values. The four calculations performed predict
the maximum to be reached for ϑcoll ≈ 124°…126°. We
emphasize that the analytical predictions of Eq. (24) based
on several simplifying assumptions and approximations
(recall Sec. II C) are in reasonably good agreement with
the corresponding numerical calculations. Especially with
regard to the NLO prediction of Eq. (24), we recall that
here it is compared with a fully numerical calculation
solving the linear Maxwell equations; the relative devia-
tion is ≲10%. The latter thus effectively accounts for
arbitrarily high orders of the paraxial approximation. In the
explicit example considered here, the expansion parameter
governing the paraxial approximation is θ1 ¼ θ2 ¼
1=ð2πÞ ≈ 0.16. This value both hints at the consistency
of our findings and suggests that in order to achieve a
relative deviation below theOð10Þ% level for the full range
of collision angles ϑcoll in Eq. (16) and all possible laser
polarizations βl higher-order corrections in the paraxial
and ϑ expansions need to be included in our analytical
approximation. For completeness, we also note that we
have explicitly checked that the value of N⊥ ¼ 0 obtained
from Eq. (23) for this choice of the laser beam polarizations
and ϑcoll ¼ 180°, which is outside the regime of appli-
cability of our analytical approximation constrained by

FIG. 3. Results for N⊥ as a function of ϑcoll for β1 ¼ β2 ¼ π=2.
The values of ϑcoll outside the regime of validity of our analytic
approximation (16) are shaded in blue. The green crossed data
points are obtained from a fully numerical calculation modeling
the laser beams as solutions of the linear Maxwell equations. The
blue crossed data points are for the collision of two pulsed
Gaussian beams at zeroth order in the paraxial approximation.
The red dashed and black solid lines are plots of Eq. (23) at LO
and NLO.

TABLE I. Maximum values of N⊥ and associated collision
angles in Fig. 3. N⊥jmax is significantly reduced when increasing
the order of the paraxial approximation from LO to NLO.

N⊥jmax ϑcolljmax

Equation (23), LO 1.82 126.0°
LO numerical 1.73 124.6°
Equation (23), NLO 0.32 126.0°
Fully numerical 0.29 123.9°

FIG. 2. Results for N⊥ as a function of ϑcoll for
β1 ¼ 2β2 ¼ π=2. The values of ϑcoll outside the regime of validity
of our analytic approximation (16) are shaded in blue. The green
crossed data points are obtained from a fully numerical calcu-
lation modeling the laser beams as solutions of the linear
Maxwell equations. The blue crossed data points are for the
collision of two pulsed Gaussian beams at zeroth order in the
paraxial approximation. The red dashed and black solid lines are
plots of Eq. (23) at LO and NLO.
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Eq. (16), is promoted to a nonzero value at higher orders in
the ϑ expansion.
In the next step, we provide a set of simple physical

arguments hinting at why the LO paraxial approxima-
tion fails in the quantitatively accurate prediction of the
⊥-polarized signal for the cases where β̃ ¼ jπ with j∈Z,
such as considered in Fig. 3. To this end, we first recall that,
for probe photons propagating in constant-crossed and
plane-wave backgrounds, the criterion β̃ ¼ jπ is met by the
polarization eigenmodes, and thus no ⊥-polarized signals
are induced; cf., e.g., [26,27]. Also note that in these cases
momentum conservation requires that the wave vector
of the probe is not changed for the quasielastic signal
component, which is therefore emitted exactly in forward
direction at ϑ ¼ 0. At zeroth order in the paraxial approxi-
mation, the laser fields in Eq. (4) are characterized by the
same vector structure as plane waves: at each space-time
point the electric and magnetic fields have the same
strength and are perpendicular to each other as well as
to the beam axis. An important difference is the space-time
dependent envelope localizing the laser fields in all co-
ordinates, which translates into finite energy and momen-
tum bandwidths. These in turn facilitate quasielastic signal
components emitted at nonzero values of ϑ. For slowly
varying fields with fw0; τg ≫ ƛC as considered throughout
this work, these bandwidths scale with fƛC=w0; ƛC=τg ≪ 1
and, hence, are quite small. Because of their different
propagation direction, the signal photons with ϑ ≠ 0 and
β̃ ¼ jπ are naturally no longer confined to a specific
polarization eigenmode, and a⊥-polarized signal can arise.
The combination of these facts clarifies both the emergence
and the smallness of a nonvanishing ⊥-polarized signal for
β̃ ¼ jπ at LO in the paraxial approximation: The above
polarization restrictions forbid a ⊥ signal in the kinemat-
ically favored forward direction ϑ ¼ 0. While such a signal
becomes possible for ϑ ≠ 0, it receives an effective sup-
pression with ϑ ≪ 1 in comparison to situations where
β̃ ≠ jπ. At the same time, the additional longitudinal field
components in Eq. (4) at NLO in the paraxial approxima-
tion that are parametrically suppressed by θl ≪ 1 immedi-
ately facilitate ⊥-polarized signal components for ϑ ≠ 0

and β̃ ¼ jπ as well. As the would-be dominant LO
component ∼ϑ0 to the ⊥-polarized signal photon number
in forward direction vanishes identically for the special
polarization choice of β̃ ¼ jπ, in this case there is no
a priori reason why the contributions arising from Eq. (4) at
linear order in the paraxial approximation ∼θl should be
subleading with respect to those at zeroth order.
Finally, we aim at briefly highlighting and quantifying

the impact of higher order contributions of the paraxial
approximation on N⊥ beyond the exceptional cases where
β̃ ¼ jπ with j∈Z. To this end, we study the dependence of
the relative deviation Nrel ¼ jN⊥;NLO − N⊥;LOj=N⊥;NLO of
the ⊥-polarized signals at LO and NLO in the paraxial

approximation determined from Eq. (23) as a function of
the parameter β̃, or equivalently the sum of polarization
angles β1 þ β2 ¼ β̃=2 of the colliding beams. Symmetry
allows to map all cases with β̃=2 > 90° onto the domain
0° ≤ β̃=2 ≤ 90°. The case of parallel polarized laser fields
with β1 ¼ β2 ¼ π=2 studied in Fig. 3 then corresponds to
β̃=2 ¼ 0° and the one with β1 ¼ 2β2 ¼ π=2 in Fig. 2 is
mapped onto β̃=2 ¼ 45°. Aside from β̃, the perpendicular
polarized signal (23) also features an explicit dependence
on β1 via Eqs. (A4) and (B2) in the Appendixes. For
our example parameters this dependence is very mild.

FIG. 4. Relative deviation Nrel ¼ jN⊥;NLO − N⊥;LOj=N⊥;NLO of
the ⊥-polarized signals at LO and NLO in the paraxial approxi-
mation determined from Eq. (23) as a function of the sum of the
polarization angles βl of the colliding beams β̃=2 for τ ¼ 25 fs,
w0;l ¼ 2λl ¼ 1.6 μm, and ϑcoll ¼ ϑcolljmax ¼ 126°. The mild
explicit dependence on β1 is encoded in the width of the
displayed line. It is essentially only visible in the inset zooming
into the range 30° ≤ β̃=2 ≤ 60°.

FIG. 5. Relative deviation Nrel ¼ jN⊥;NLO − N⊥;LOj=N⊥;NLO of
the ⊥-polarized signals at LO and NLO in the paraxial approxi-
mation determined from Eq. (23) as a function of the sum of the
polarization angles βl of the colliding beams β̃=2 for τ ¼ 25 fs,
w0;l ¼ 2λl ¼ 1.6 μm, and β1 ¼ π=2. The displayed curves are
for different collision angles ϑcoll ≥ 90° yielding sizable signals.
The thick red curve is also highlighted in Fig. 4, and the
lowermost one is for the largest collision angle compatible with
our analytic approximation (16).
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See Fig. 4, which especially highlights the dependence on
this parameter. Figure 5 studies the relative deviation Nrel
for several different choices of collision angles ϑcoll ≥ 90°
relevant for experiment. We note that the relative deviation
tends to further increase towards smaller values of ϑcoll.
This is in line with expectations: the LO paraxial approx-
imations, in particular, cannot reproduce the phenomenon
of signal photon self-emission from a single beam [8]
which becomes increasingly relevant towards ϑcoll → 0°.
In all considered cases, the Nrel reaches its minimum for
β̃=2 ¼ 45°. Figures 4 and 5 clearly demonstrate that, aside
from the special cases fulfilling β̃=2 ¼ jπ=2 with j∈Z
where the NLO contribution inevitably needs to be
accounted for to reliably predict the ⊥-polarized signal,
higher-order contributions to the paraxial approximation
become relevant even for the case of β̃=2 ¼ 45° if a certain
precision goal is to be met.

IV. CONCLUSIONS AND OUTLOOK

In the present work we focused on the ⊥-polarized
quasielastic quantum vacuum signal induced in the colli-
sion of two linearly polarized high-intensity laser beams
colliding at a generic collision angle. Using this scenario
as an illustrative example, we highlighted that, while the
conventional leading order paraxial beam model allows for
quantitatively accurate predictions in most cases, it
may also fail and significantly overestimate the yield of
polarization-flipped signal photons. This happens for the

special cases where the colliding laser beams are polarized
either parallel or perpendicular to each other. Here, we
clarified the origin of this deficiency and devised a strategy
to overcome it. This allowed us to obtain quantitatively
accurate closed-form expressions valid for all possible
(linear) laser beam polarizations. Our approach can be
readily and systematically extended to higher orders in the
paraxial approximation, and be generalized to the collision
of more than two laser beams.We are convinced that a well-
controlled analytical approach as put forward here will be
essential for understanding and unveiling the physical
processes underlying the quantum vacuum signatures
predicted by first-principles numerical approaches.
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APPENDIX A: COEFFICIENTS DETERMINING
THE DIRECTIONAL EMISSION

CHARACTERISTICS OF THE SIGNAL

The coefficients introduced in Eq. (21) are given by

nð1Þ⊥ ¼ mð1;0Þ
⊥ þmð1;1Þ

⊥ θ1ω1w0;1;

nð2Þ⊥ ¼ mð2;0Þ
⊥ þ sin2ϑcoll

bð1Þ
�
mð2;1Þ

⊥ θ1ω1w0;1 þmð2;2Þ
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�
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APPENDIX B: COEFFICIENTS DETERMINING THE INTEGRATED NUMBER OF SIGNAL PHOTONS

In Eq. (23) we introduced
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