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Quasiparton distribution functions (QPDFs) are defined in terms of QCD fields at spacelike separations
evaluated in matrix elements of hadrons moving with velocity v. These objects can be studied in lattice
QCD. In the limit when v approaches the speed of light, QPDFs converge to parton distribution functions.
It is insightful to study QPDFs and their convergence in models. In this work, we first study the QPDFs
in a broad class of quark models characterized by one common feature, namely the absence of gauge
degrees of freedom. We provide general proofs for the convergence and sum rules of the unpolarized quark
and antiquark QPDFs for both choices γ0 and γ3. We choose the covariant parton model as an illustration,
and derive analytical results for the small-xv behavior of QPDFs and the energy-momentum tensor form
factor c̄qðtÞ at zero momentum transfer. These results are of interest as they correspond to a Wandzura-
Wilczek-type approximation.
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I. INTRODUCTION

Parton distribution functions (PDFs) [1] play an impor-
tant role in the description of the internal structure of
hadrons in factorizable deep-inelastic scattering processes
[2]. PDFs are frame-independent functions defined in terms
of nonlocal QCD field operators with lightlike separations,
for instance, in the twist-2 unpolarized quark case one
deals with operators of the type Ψ̄qð0ÞWð0; zÞγþΨqðzÞ
with z2 ¼ 0, where W denotes the Wilson line and
γþ ¼ ðγ0 þ γ3Þ= ffiffiffi

2
p

. It was not known how to compute
the x-dependence of PDFs in Euclidean space-time in
lattice QCD until the concept of quasi-PDFs (QPDFs)
was introduced [3]. QPDFs are frame dependent and
defined in terms of nonlocal QCD operators with space-
like separations, for instance, in the quark case
Ψ̄qð0ÞWð0; zÞΓΨqðzÞ with z2 < 0 where Γ ¼ γ0 or γ3

can be chosen, which are evaluated in matrix elements
of hadrons moving with a velocity v. In the limit when v
approaches the speed of light, one recovers from QPDFs
the frame-independent PDFs [3,4]. Noteworthy is a prior
discussion of the QPDF concept in a model application [5].
The two operations, (i) taking the limit v → 1 (we use

natural units with c ¼ ℏ ¼ 1) and (ii) carrying out the

renormalization of operators, do not commute, which
introduces important differences between PDFs and
QPDFs. For instance, the latter contain higher-twist cor-
rections suppressed by powers of Pz ¼ Mv=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
and

have different renormalization properties which are deter-
mined systematically order by order in perturbative QCD
matching calculations; see, e.g., [6–9]. Lattice QCD cal-
culations of QPDFs were reported in, e.g., Refs. [10–29].
For other methods to study partonic properties of hadrons
on Euclidean lattices see Refs. [30–40] and the reviews
[41–46].
In this work we will present a study of QPDFs in quark

models. Model studies of QPDFs have been carried out in a
variety of frameworks and are of interest for their own sake
[47–61]. While lattice QCD is a reliable first-principle
nonperturbative approach to hadron structure studies, it
also comes with nontrivial limitations. For instance, when
taking the limit of QPDFs for v → 1 or equivalently
Pz → ∞, power corrections appear which are generically
of the type M2=ðx2vð1 − xvÞP2

zÞ [41–46]. The power cor-
rections limit the applicability of lattice calculations to the
region of intermediate xv. In models, some of the power
corrections might be absent or exactly calculable owing to
the simpler model dynamics and depending on the model
approach. This may allow one, for instance, to draw
conclusions about how QPDFs converge toward PDFs
when the limit v → 1 is taken or make other interesting
observations. If a model shares some features of QCD, such
observations can be helpful, e.g., to better understand
lattice studies.
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This work consists of two parts. The first part is devoted
to a general discussion of QPDFs in quark models, i.e.,
approaches with quark and antiquark but without gauge
field degrees of freedom. In this part, we define the
unpolarized QPDFs in quark models in terms of the
Lorentz-invariant amplitudes Aq

i and A
q̄
i which characterize

the Lorentz structure of quark and antiquark correlators and
are functions of P · k and k2, where Pμ and kμ denote,
respectively, the nucleon and quark momenta. We show
how QPDFs converge to PDFs, and give independent
derivations of sum rules for QPDFs. We also discuss the
interesting connection between QPDFs and transverse
momentum dependent PDFs (TMDs). We will see that it
is convenient to formulate QPDFs as functions of hadron
velocity v rather than hadron momentum Pz, although both
formulations are of course equivalent. This part applies to
any quark model framework which satisfies two very
general conditions, namely (i) Lorentz symmetry, and
(ii) the amplitudes Aq

i ðP · k; k2Þ are either finite or, if the
model exhibits any type of divergences, are renormalized or
regularized such that Lorentz invariance is preserved.
In the second part, we choose for definiteness a specific

model for hadron structure, namely the covariant parton
model (CPM). This model is a systematic extension of
Feynman’s parton model concept [62,63] to the description
of the partonic structure of hadrons and has been applied
with success to the description of structure functions, PDFs,
and TMDs [64–79]. A similar approach was pursued in
[80]. Distinguished by its clarity, this model offers a
convenient theoretical laboratory to investigate in a lucid
way the properties of QPDFs. We derive the CPM results
for QPDFs for quarks and antiquarks, demonstrate their
convergence, prove their sum rules, and derive their small-
and large-xv properties which can be studied analytically in
that model. We show numerical results for the QPDFs for
the flavors u, d, ū, d̄, s, s̄ in the CPM and compare their
convergence for the cases Γ ¼ γ0 and γ3 in detail. The CPM
results refer to a high renormalization scale μ2 where the
partonic picture is justified. Remarkably, the CPM results
practically constitute a Wandzura-Wilczek approximation
for the QPDFs and automatically entail the complete target-
mass corrections. The Appendixes contain derivations of
the CPM expressions for the electromagnetic and energy-
momentum tensor form factors at t ¼ 0 required for the
sum rules.

II. QPDFS IN GENERAL QUARK MODELS

In this section, we discuss the definition and represen-
tation of QPDFs and the proofs of their properties in
general quark model frameworks defined as effective
approaches without explicit gauge field degrees of freedom.
The only underlying assumptions are (i) that the models
respect Lorentz symmetry, and (ii) that, if divergences
occur, then they are assumed to be regularized or

renormalized such that relativistic invariance of the model
is manifestly preserved. It is understood that the model
results refer to a scale fixed in a specific way in a given
model which corresponds to the renormalization scale in
QCD. The scale dependence will not be indicated explicitly
in the following.

A. Notation and choice of variables

In this work, we will denote the unpolarized QPDF as
Daðxv;Γ; vÞ with the two choices Γ ¼ γ0 or γ3. In the limit
when the nucleon velocity v → 1, both choices converge to
the unpolarized PDF fa1ðxÞ. Some comments are in order.
First, it is important to distinguish the Lorentz-invariant

variable x of PDFs from the frame-dependent variable xv
of QPDFs, where the index v stands for the nucleon
velocity and indicates the frame dependence. If Pμ denotes
the nucleon four-momentum and kμ the parton four-
momentum, then x and xv are, respectively, defined as

xv ¼
k3

P3
; x ¼ kþ

Pþ ð1Þ

with the light cone coordinates k� ¼ ðk0 � k3Þ= ffiffiffi
2

p
and

k⃗⊥ ¼ ðk1; k2Þ. The light cone is selected by the hard
momentum flow in a process, e.g., the virtual photon
momentum in deep-inelastic electron-nucleon scattering.
We will use the notations kμ ¼ ðk0; k1; k2; k3Þ ¼
ðk0; k⃗⊥; k3Þ ¼ ðkþ; k⃗⊥; k−Þ interchangeably depending on
what is more convenient. Notice that kμ is a dummy
integration variable which will be introduced below in
Sec. II C when expressing PDFs and QPDFs in terms of the
quark correlator, i.e., no reference to the parton model is
required when speaking of the “parton four-momentum”
kμ. By definition, the nucleon momentum Pμ has no
transverse components.
Second, the variable x is Lorentz invariant in the sense of

being boost invariant along the light cone, i.e., we obtain
the same, frame-independent PDF independently of
whether the nucleon is at rest, moves with a velocity
0 < v < 1, or is boosted to the infinite-momentum frame
v → 1. The situation is different for the manifestly frame-
dependent variable xv which can be related to x as follows
(see remark below):

xv ¼
x
v
−
ð1 − vÞ

v
P · k
M2

; ð2Þ

where M is the nucleon mass. The variable P · k appears
naturally in the momentum-space description of the quark
correlator and is of course a Lorentz scalar. Equation (2)
shows that xv is velocity dependent and becomes equal to x
only for v → 1. We remark that Eq. (2) is not a “stand-alone
relation” but is valid only under the integration over d4k
with the understanding that xv ¼ k3=P3 and x ¼ kþ=Pþ
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are “abbreviations.” The literal meaning of xv or x (but not
both at the same time) exists only in the definitions of
QPDFs and PDFs where the quark correlator is integrated
over d4k in conjunction with the appropriate δ-functions
δðxv − k3=P3Þ or δðx − kþ=PþÞ, respectively.
Third, in QCD studies Pz ¼ P3 ¼ Mv=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
is cus-

tomarily used as argument for QPDFs instead of v. The two
variables are equivalent, but for our purposes v is more
convenient for two reasons. (i) The model expressions are
more concise and elegant with v. (ii) Since v ¼ Pz=P0 with
P0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ P2

z

p
, the variable v corresponds effectively to

the resummation of an infinite series in powers of M2=P2
z

(assuming Pz > M) which is evident from v ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þM2=P2

z

p .

B. Definition and general properties

In quark models, the unpolarized PDF and QPDF are
defined as

fq1ðxÞ ¼
Z

dz−

4π
e−ixP

þz−hNvjΨ̄qð0ÞγþΨqðzÞjNvi
���
zþ¼0;z⃗⊥¼0

;

ð3Þ

Dqðxv;Γ; vÞ ¼
Z

dz3

4π
e−ixvP

3z3

× hNvjΨ̄qð0ÞΓΨqðzÞjNvi
���
zμ¼ð0;0;0;z3Þ

; ð4Þ

where jNvi denotes the state of a nucleon moving with the
velocity v and momentum Pμ ¼ Mð1; 0; 0; vÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
along the z-axis. We will often use the notation
Pμ ¼ ðP0; 0; 0; P3Þ ¼ ðP0; 0; 0; PzÞ. The definitions of
the corresponding antiquark distributions follow from the
relations

fq̄1ðxÞ ¼ −fq1ð−xÞ;
Dq̄ðxv;Γ; vÞ ¼ −Dqð−xv;Γ; vÞ: ð5Þ

PDFs are nonzero only in the region −1 < x < 1, while the
QPDFs extend over the whole region −∞ < xv < ∞.
The PDF in Eq. (3) is invariant under boosts along the

z-axis, i.e., independent of the nucleon velocity v. This
allows one to evaluate PDFs in any frame including the
nucleon rest frame, but at the price of lightlike separated
quark fields, which hinders an evaluation in Euclidean
space-time in lattice QCD. In contrast to this, in the QPDF
in Eq. (4), the separation of the quark fields is spacelike,
which makes a computation on a Euclidean lattice possible,
but the QPDF is frame dependent, and the connection to a
PDF requires the limit v → 1.
Except for the Wilson line absent in quark models,

Eq. (4) corresponds to the QCD definition of Ref. [3] where
QPDFs were introduced with applications to lattice QCD in
mind. QPDFs were introduced prior to that in Ref. [5] for a

different purpose, namely to prove that, in the chiral quark-
soliton model, the PDFs obtained from evaluating the
(i) operator definition in Eq. (3) are equivalent to (ii) prob-
abilistic parton densities in infinite-momentum frame. To
the best of our knowledge, this is the only model where this
was explicitly proven [5].
The QPDFs have the following important properties. In

the limit of the nucleon velocity v approaching the speed of
light, the QPDFs and PDFs are connected as follows:

lim
v→1

xv ¼ x; lim
v→1

Dqðxv;Γ;vÞ¼ fq1ðxÞ; Γ¼ γ0;γ3: ð6Þ

Other important properties are the sum rules for the first and
second Mellin moments [55]. For PDFs we haveZ

1

−1
dx fq1ðxÞ ¼ Nq; ð7Þ

Z
1

−1
dxx fq1ðxÞ ¼ Aqð0Þ; ð8Þ

whereNq denotes the number of valence quarks of flavor q,
and AqðtÞ is a form factor of the energy-momentum tensor
with the property that summation over all quark flavors and
gluons yields

P
a A

að0Þ ¼ 1 [81,82]. For the QPDFs, the
corresponding sum rules in the case Γ ¼ γ0 are given byZ

∞

−∞
dxv Dqðxv; γ0; vÞ ¼

Nq

v
; ð9Þ

Z
∞

−∞
dxvxv Dqðxv; γ0; vÞ ¼

Aqð0Þ
v

; ð10Þ

while in the case Γ ¼ γ3 they are given byZ
∞

−∞
dxv Dqðxv; γ3; vÞ ¼ Nq; ð11Þ

Z
∞

−∞
dxv xv Dqðxv; γ3; vÞ ¼ Aqð0Þ − 1 − v2

v2
c̄qð0Þ; ð12Þ

where c̄aðtÞ is the form factor expressing the nonconser-
vation of the individual quark and gluon contributions to
the energy-momentum tensor which vanishes upon the
summation over all constituents

P
a c̄

aðtÞ ¼ 0 [81,82].
In Refs. [34,35] a relation between one of the QPDFs and

the TMD fq1ðx; k⃗2TÞ was derived which, in our convention,
is given by the formula (see Appendix A for conventions)

Dqðxv; γ0; vÞ ¼ P0

Z
1

−1
dx
Z

∞

−∞
dk1 f

q
1ðx; k21 þ ðxv − xÞ2P2

zÞ:

ð13Þ

The TMD entering this formula is defined in QCD with a
straight gauge link and constitutes a field-theoretical object
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which can be computed in lattice QCD but differs from
what is measured in deep-inelastic scattering reactions. In
quark models where gauge links are not present, the
“usual” TMD enters Eq. (13).

C. Expressions in terms of Lorentz-invariant
amplitudes Aq

i ðP · k; k2Þ
For our purposes, it will be convenient to rewrite the

definitions in Eqs. (3), (4) in terms of the unintegrated
quark correlator, which is defined in quark models as
follows [83]:

Φq
ijðk; P; SÞ ¼

Z
d4z
ð2πÞ4 e

ik·z hNvjΨ̄q
j ð0ÞΨq

i ðzÞjNvi: ð14Þ

There is an analog definition for the antiquark correlator
which is related to the quark correlator by the field-
theoretic relation Φq̄

ijðk; P; SÞ ¼ −Φq
ijð−k; P; SÞ [83]. In

quark models the correlator is a function of the quark
momentum kμ, the nucleon momentum Pμ, and nucleon
polarization vector Sμ. In QCD the correlator definitions
include Wilson lines. As a consequence, the correlators in
QCD depend on an additional four-vector nμ which
specifies a direction along which the Wilson lines are
chosen according to the factorization theorem of a specific
process [84]. By making use of the correlator in Eq. (14),
the PDF and QPDF in Eqs. (3), (4) are given by

fq1ðxÞ ¼
1

2Pþ

Z
d4k tr½Φqðk; P; SÞγþ�δ

�
x −

kþ

Pþ

�
; ð15Þ

Dqðxv;Γ; vÞ ¼
1

2P3

Z
d4k tr½Φqðk; P; SÞΓ�δ

�
xv −

k3

P3

�
:

ð16Þ

In QCD the fully unintegrated quark correlator with a
general gauge-link geometry can be decomposed into 32
linearly independent Lorentz structures constructed from
the four-vectors kμ, Pμ, Sμ, and nμ, where nμ specifies an
independent gauge-link direction [84]. In quark models
without explicit gauge-field degrees of freedom, the
Wilson-line-dependent structures are absent, and the cor-
relator is described by only 12 independent amplitudes,
Aq
i ¼ Aq

i ðP · k; k2Þ, which are functions of the Lorentz
scalars P · k and k2 (which we often do not indicate
explicitly for notational simplicity) [83]. The reduced
number of linearly independent Lorentz structures in quark
models implies quark-model relations among leading- and
subleading-twist transverse-momentum-dependent PDFs;
see, for example, Refs. [85,86]. The decomposition of
the quark correlator in quark models (analog for the
antiquark correlator) is as follows [87]:

Φaðk; P; SÞ ¼ MAa
1 þ =PAa

2 þ =kAa
3 þ

i
2M

½=P; =k�Aa
4

þ iðk · SÞγ5Aa
5 þM=Sγ5Aa

6 þ
ðk · SÞ
M

=Pγ5Aa
7

þ ðk · SÞ
M

=kγ5Aa
8 þ

½=P; =S�
2

γ5Aa
9 þ

½=k; =S�
2

γ5Aa
10

þ ðk · SÞ
2M2

½=P; =k�γ5Aa
11 þ

1

M
εμνρσγμPνkρSσAa

12:

ð17Þ

Equation (17) applies generally to all quark models without
explicit gauge-field degrees of freedom. Note that in QCD
and models with gluons, besides the 12 Aq

i ðP · k; k2Þ
amplitudes in Eq. (17), 20 additional Bq

i ðP · k; k2Þ ampli-
tudes appear due to the vector nμ [84].
In our case, we are interested in the projection of the

correlator on the Dirac structure γμ which yields

tr½Φqðk; P; SÞγμ� ¼ 4ðPμAq
2 þ kμAq

3Þ: ð18Þ

In this way, the expressions for the unpolarized PDF and
QPDF are given by

fq1ðxÞ ¼ 2

Z
d4kðAq

2 þ xAq
3Þδ
�
x −

kþ

Pþ

�
; ð19Þ

Dqðxv; γμ; vÞ ¼ 2

Z
d4k

�
Pμ

P3
Aq
2 þ

kμ

P3
Aq
3

�
δ

�
xv −

k3

P3

�
;

μ ¼ 0; 3: ð20Þ

The corresponding expressions for antiquarks follow
from Eq. (5) by exploring Φq̄

ijðk; P; SÞ ¼ −Φq
ijð−k; P; SÞ

[83] which implies for the amplitudes Aq
2ð−P · k; k2Þ ¼

−Aq̄
2ðP · k; k2Þ and Aq

3ð−P · k; k2Þ ¼ Aq̄
3ðP · k; k2Þ [78].

D. Infinite momentum frame limit

In this section we show that the quark model expressions
for QPDFs (20) yield the PDF (19) in the limit v → 1. The
amplitudes Aq

i , their arguments P · k and k2, and d4k are
Lorentz scalars which can be evaluated in any frame. But
for the specific components of Pμ and kμ, we must choose a
specific frame. It is convenient to choose a frame in which
the nucleon and quark momenta are the results of a boost
from the nucleon rest frame, where we have

Pμ¼ðM;0;0;0Þ; kμ¼ðk0;k1;k2;k3Þ ðrestframeÞ; ð21Þ

to a frame where the nucleon moves with velocity v.
The nucleon and quark four-momenta in this frame are
given by
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Pμ ¼
�

Mffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p ; 0; 0;
Mvffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
�
;

kμ ¼
�
k0 þ vk3ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p ; k1; k2;
k3 þ vk0ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
�

ðboost from rest frameÞ: ð22Þ

The evaluation of the model expressions is facilitated by
the fact that the amplitudes Aq

i as well as P · k, k2, and d4k
are Lorentz scalars, which means that the integrations can
be carried out in any frame. We will make use of this
property. For instance, evaluating P · k in the frame (22)
yields P · k ¼ Mk0, which is equivalent to evaluating this
scalar product in the rest frame (21), although the nucleon
of course moves with the velocity v. This illustrates that
(i) P · k can of course be evaluated in any frame including
the nucleon rest frame; (ii) as a Lorentz scalar it must be
velocity independent, as is the case. In the frame (22) the
arguments of amplitudes are given by Aq

i ¼ Aq
i ðMk0; k2Þ,

which has a practical advantage: in this frame the ampli-
tudes are rotationally symmetric and even functions of the
3-momentum components ki. Despite choosing a preferred
reference frame for the d4k-integration, the PDF expres-
sions are nevertheless frame independent, and those for
QPDFs have the correct frame (velocity) dependence.
From Eq. (22) we see that kþ=Pþ ¼ ðk0 þ k3Þ=M is

velocity independent, and hence, so is the PDF, which is
expected. By exploring the δ-function in Eq. (19) to replace
x by kþ=Pþ ¼ ðk0 þ k3Þ=M we obtain for the PDF

fq1ðxÞ¼ 2

Z
d4k

�
Aq
2þ

k0þk3

M
Aq
3

�
δ

�
x−

k0þk3

M

�
; ð23Þ

which will be a helpful reference expression in the
following. For the QPDFs with Γ ¼ γ0; γ3 we obtain

Dqðxv; γ0; vÞ ¼ 2

Z
d4k

�
Aq
2

v
þ k0 þ vk3

vM
Aq
3

�

× δ

�
xv −

k3 þ vk0

vM

�
; ð24Þ

Dqðxv; γ3; vÞ ¼ 2

Z
d4k

�
Aq
2 þ

k3 þ vk0

vM
Aq
3

�

× δ

�
xv −

k3 þ vk0

vM

�
: ð25Þ

In both expressions it is straightforward to take the limit
v → 1, and we recover in both cases the PDF in Eq. (23).

E. Flavor number sum rule

In this section, we show how the flavor number sum
rule is satisfied in quark models. Let us first derive the sum
rule for the PDF. In our reference frame (22) in the

representation of Eq. (23) we obtainZ
dx fq1ðxÞ ¼ 2

Z
d4k

�
Aq
2 þ

k0

M
Aq
3

�
; ð26Þ

where a term proportional to k3Aq
3 dropped out due to

rotational symmetry of the integrand, which emerges after
x-integration when the z-axis is no longer singled out.
Alternatively, after x-integration one may substitute under
the d4k integral k3 → ð−k3Þ to see that this term changes
sign and drops out. Keep in mind that in the frame (22) we
have Aq

i ¼ Aq
i ðMk0; k2Þ, which are even functions of

spatial components ki and invariant under rotations. The
result can be formulated also in a covariant way; see
Appendix B, where we will also show how the expression
on the right-hand side of Eq. (26) is related to the flavor
quantum number Nq in Eq. (26).
We now derive the flavor sum rule for the case Γ ¼ γ0.

Using the frame (22) and exploring the representation in
Eq. (24) and integrating over x we findZ

dxv Dqðxv; γ0; vÞ ¼ 2

v

Z
d4k

�
Aq
2 þ k0

M
Aq
3

�

¼ 1

v

Z
dx fq1ðxÞ; ð27Þ

where again for symmetry reasons a term proportional to k3

dropped out. The remaining integral coincides with that in
Eq. (26) up to a prefactor of 1=v, which is the expected
velocity dependence for this sum rule; see Eq. (9).
We proceed analogously for Γ ¼ γ3. In the frame (22),

we obtain after the x-integration of Eq. (25) the resultZ
dxvDqðxv; γ3; vÞ ¼ 2

Z
d4k

�
Aq
2 þ k0

M
Aq
3

�

¼
Z

dx fq1ðxÞ; ð28Þ

where again a term proportional to k3 dropped out, and the
resulting integral agrees with Eq. (26), which is velocity
independent as expected for this sum rule; see Eq. (11).
The above derivations show that, if in a quark model

the PDF flavor sum rule
R
1
−1 dx fq1ðxÞ ¼ Nq is fulfilled,

then so are the sum rules (9), (11) for the QPDFs. It
remains to be proven that the PDF complies with the
quark flavor sum rule. This is done in Appendix B, where
by evaluating the Dirac form factor Fq

1ðtÞ we show that
2
R
d4kðAq

2 þ k0
M Aq

3Þ ¼ Nq, which coincides with the above-
encountered integral expressions and completes the proof.

F. Momentum sum rule

Next we investigate the second Mellin moment sum rule.
For PDFs it corresponds to the momentum sum rule. For
QPDFs there is no direct correspondence to momentum
carried by partons, but we shall nevertheless loosely refer to
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this sum rule by the same name. In the PDF case, we obtain
from Eq. (24) the resultZ

dx x fq1ðxÞ ¼ 2

Z
d4k

 
k0

M
Aq
2 þ

k20 þ 1
3
k⃗2

M2
Aq
3

!
; ð29Þ

where terms proportional to k3Aq
2 and k0k3Aq

3 dropped out
for symmetry reasons. Moreover we use the fact that under
the spatial part of the d4k integral one can replace ðk3Þ2 →
1
3
k⃗2 for symmetry reasons.
Having derived the result for the PDF, we now con-

sider the QPDF in the case Γ ¼ γ0 in Eq. (24). After the
x-integration, terms proportional to k3Aq

2 and k0k3Aq
3

drop out also in this case, and we obtainZ
dxv xv Dqðxv; γ0; vÞ ¼

2

v

Z
d4k

 
k0

M
Aq
2 þ

k20 þ 1
3
k⃗2

M2
Aq
3

!
;

ð30Þ
which corresponds to the result in Eq. (10) including the
expected velocity dependence. After very similar steps, we
obtain for the case Γ ¼ γ3 the result

Z
dxv xvDqðxv;γ3;vÞ¼ 2

Z
d4k

 
k0

M
Aq
2þ

k20þ 1
3
k⃗2

M2
Aq
3

!

−
1−v2

v2

Z
d4k

 
−
2

3

k⃗ 2

M2

!
Aq
3: ð31Þ

We recover the expected velocity dependence of the sum
rule for Γ ¼ γ3 in agreement with Eq. (12).
In order to complete the proof, it is necessary to show

that the above integral expressions correspond to the
respective form factors of the energy-momentum tensor
at zero-momentum transfer. This step is shown in
Appendix C, which completes the proof of the sum rules
(8), (10), (12) in quark models.

G. Proof of the Radyushkin formula

It is instructive to review the proof of Eq. (13) as
formulated in Ref. [35] showing that it is a consequence
of Lorentz invariance (the earlier proof [34] is based on a
Nakanishi-type representation). The starting point is the
correlator (14) projected on γμ in coordinate space repre-
sentation. Let this correlator CμðP; zÞ be denoted as

CμðP; zÞ ¼ hNjΨ̄qð0ÞγμΨqðzÞjNi
¼ 2PμMqðν; z2Þ þ 2zμM2J qðν; z2Þ;

ν ¼ −P · z; ð32Þ

with the decomposition dictated by Lorentz invariance: the
Lorentz index of CμðP; zÞ can be carried by the 4-vectors

Pμ and zμ, and the scalar amplitudes Mq and J q can only
be functions of P · z and z2. The variable ν ¼ −P · z is
called Ioffe time. The factor M2 is introduced for conven-
ience, such that Mq and J q have the same dimension.
The PDF is defined by setting the index μ ¼ þ and zμ ¼

ð0; 0⃗⊥; z−Þ implying ν ¼ −Pþz− and z2 ¼ 0. The TMD is
defined for μ ¼ þ and zμ ¼ ð0; z⃗⊥; z−Þ, which implies ν ¼
−Pþz− and z2 ¼ −z⃗2⊥. Dqðxv; γ0; vÞ is defined for zμ ¼
ð0; 0; 0; z3Þ such that ν ¼ P3z3 or z3 ¼ ν=P3 and
z2 ¼ −ν2=P2

3. The definitions are given by [34,35]

Mqðν; 0Þ ¼
Z

1

−1
dx eiνxfq1ðxÞ; ð33aÞ

Mqðν;−z⃗ 2⊥Þ¼
Z

1

−1
dxeiνx

Z
d2k⊥ eik⃗⊥·z⃗⊥fq1ðx; k⃗2

⊥Þ; ð33bÞ

Mq

�
ν;−

ν2

P2
3

�
¼
Z

∞

−∞
dxv eiνxvvDqðxv; γ0; vÞ: ð33cÞ

Notice that the Fourier transforms with respect to x in
Eqs. (33a), (33b) have support only in the region
−1 < x < 1. Inverting the Fourier transforms in
Eqs. (33) yields

fq1ðxÞ ¼
Z

∞

−∞

dν
2π

e−iνxMqðν; 0Þ; ð34aÞ

fq1ðx; k⃗2⊥Þ ¼
Z

∞

−∞

dν
2π

e−iνx
Z

d2z⊥
ð2πÞ2 e

−ik⃗⊥·z⃗⊥Mqðν;−z⃗2⊥Þ;

ð34bÞ

vDqðxv; γ0; vÞ ¼
Z

∞

−∞

dν
2π

e−iνxvMq

�
ν;−

ν2

P2
3

�
: ð34cÞ

The Radyushkin formula (13) can be derived as follows.
ForMqðν;− ν2

P2
3

Þ in Eq. (34c) one chooses the representation

Mq

�
ν;−

ν2

P2
3

�
¼ Mqðν;−z⃗2⊥Þ

����
for z⃗⊥¼ð0; ν

P3
Þ
: ð35Þ

Inserting this representation in Eq. (34c) and carrying out
the integrations over dν and d2z⊥ yields Eq. (13) [35].
Several comments are in order. First, the amplitude

J qðν; z2Þ is higher twist, and “it is better to get rid of
it” [35]. It drops out in PDFs and TMDs automatically by
focusing in Cμðν; z2Þ on the index μ ¼ þwhile zþ ¼ 0. For
QPDFs, J qðν; z2Þ drops out only for Γ ¼ γ0 when choos-
ing μ ¼ 0 while zμ ¼ ð0; 0; 0; z3Þ, but not in the case
Γ ¼ γ3. Second, physically z3 ¼ ν

P3
and z⃗⊥ are along

different spatial directions, but Eq. (13) is mathematically
correct independently of the physical meaning of the
variables. We will check this below by an explicit model
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calculation. Third, the factor of v in front ofDqðxv; γ0; vÞ is
due to different conventions in this work vs [34,35]; see
Appendix A. Fourth, we recall that in QCD the TMD in
(13) is defined with a straight gauge link and corresponds
to a well-defined field theoretic object which can, e.g.,
be computed on the lattice but does not correspond to the
TMDs that enter deep-inelastic processes. In contrast to this
in quark models, where gauge links are absent, a regular
(model) TMD enters in Eq. (13).
In order to prove the Radyushkin formula in our approach,

we first need the expression for fq1ðx; k⃗2⊥Þ in terms of the
Aq
i ¼ Aq

i ðP · k; k2Þ amplitudes, which is given by

fq1ðx; k⃗2
⊥Þ¼ 2

Z Z
dk0dk3ðAq

2þxAq
3Þδ
�
x−

kþ

Pþ

�
; ð36Þ

where the dependence on k⃗2⊥ enters through the argument
k2 ¼ k20 − k⃗2⊥ − k23 of the A

q
i ðP · k; k2Þ amplitudes. Inserting

this expression in Eq. (13) yields

P0

Z
1

−1
dx
Z

∞

−∞
dk1f

q
1ðx;k21þðxv−xÞ2P2

zÞ¼ 2P0

Z
1

−1
dx

×
Z

d4kðAq
2þxAq

3Þδ
�
x−

kþ

Pþ

�
δðk2− ðxv−xÞP3Þ¼ 2

v

×
Z

d4k

�
Aq
2þ

kþ

PþA
q
3

�
δ

�
xv−

kþ

Pþ−
k2

P3

�
; ð37Þ

where we implemented the condition that the trans-
verse component k2 in the TMD was fixed to the value
ðxv − xÞP3 through integration over the δ-function
δðk2 − ðxv − xÞP3Þ ¼ 1

P3 δðxv − kþ
Pþ − k2

P3Þ and used v ¼ P3

P0.
The expression in Eq. (37) is the QPDF Dqðxv; v; γ0; vÞ

albeit not in the representation of Eq. (20) but in an
equivalent representation. To demonstrate this, we follow
some steps of the proof of Ref. [35]. For that we express the
coordinate space correlator CμðP; zÞ in Eq. (32) through
our momentum space amplitudes Aq

i ¼ Aq
i ðP · k; k2Þ. The

former corresponds to the Fourier transform of the momen-
tum space correlator in Eq. (18), such that we have

CμðP; zÞ ¼ 4

Z
d4ke−ik·zðPμAq

2 þ kμAq
3Þ: ð38Þ

Choosing for the Lorentz index μ ¼ þ and zμ ¼ ð0; z⃗⊥; z−Þ
the amplitude J q drops out, see above, and we obtain for
Mqðν;−z⃗2Þ the representation

Mqðν;−z⃗2Þ ¼ 2

Z
d4k eiν

kþ
Pþþik⃗⊥·z⃗⊥

�
Aq
2 þ

kþ

Pþ Aq
3

�
: ð39Þ

Choosing z⃗⊥ ¼ ð0; ν
P3
Þ in Eq. (39) and inserting the so-

obtained representation forMqðν;− ν2

P2
3

Þ in Eq. (34c) yields,
after integrating over dν and d2z⊥, the following equation:

Dqðxv; γ0; vÞ ¼
2

v

Z
d4k

�
Aq
2 þ

kþ

Pþ Aq
3

�
δ

�
xv −

kþ

Pþ −
k2

P3

�
:

ð40Þ

Alternatively, setting μ ¼ þ and zμ ¼ ð0; 0; 0; z3Þ in (38)
and plugging the so-obtained representation ofMqðν;−z23Þ
with z3 ¼ ν

P3 into Eq. (34c) yields the result in Eq. (20),
demonstrating that the two expressions for Dqðxv; γ0; vÞ in
Eqs. (20) and (37) are equivalent, which completes the
proof. While it is not an independent proof but rather an
“adaptation” of the proof [35] to our momentum-space
based approach, this shows that Eq. (13) must hold also in
quark models. This presents an important cross-check for
model computations.
In Ref. [35] it was concluded that Eq. (13) is based on

Lorentz invariance. Since we describe fq1ðx; k2⊥Þ and
Dqðxv; γ0; vÞ in terms of manifestly Lorentz-invariant
amplitudes Aq

i ðP · k; k2Þ, one would think it should be
possible to carry out the last step of our proof, namely the
demonstration of the equivalence of the representations in
Eqs. (20), (37) without the detour through the coordinate
space representation of Ref. [35]. We tried hard but have
not been able to find such a direct proof, which may
indicate that exploring the coordinate space representation
is an essential step.

H. Is the choice Γ = γ0 or γ3 preferable?

Formulations in coordinate and momentum space give
complementary insights. It may therefore be instructive to
investigate the question of which of the two choices is
preferable from the perspectives of the Mqðν; z2Þ and
J qðν; z2Þ amplitudes as well as the Aq

i ðP · k; k2Þ ampli-
tudes. Let us begin with the coordinate space representation.
The expression forDqðxv; γ3; vÞ is obtained by choosing the
index μ ¼ 3 in the correlator CμðP; zÞ in Eq. (32) and
zμ ¼ ð0; 0⃗⊥; z3Þ, where ν ¼ −P · z ¼ P3z3 or z3 ¼ ν

P3. In
analogy to Eq. (33c), the QPDF Dqðxv; γ3; vÞ is defined by

C3ðP; zÞ ¼ 2P3Mqðν;−z23Þ þ 2M2z3J qðν;−z23Þ

¼ 2P3

Z
∞

−∞
dxv eiνxvDqðxv; γ3; vÞ; ð41Þ

which can be inverted and simplified using z3 ¼ ν
P3 as

follows:

vDqðxv; γ0; vÞ ¼
Z

∞

−∞

dν
2π

e−iνxvMqðν;−z23Þ

Dqðxv; γ3; vÞ ¼
Z

∞

−∞

dν
2π

e−iνxv
�
Mqðν;−z23Þ

þM2

P2
3

νJ qðν;−z23Þ
�
; ð42Þ
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where we have included for comparison the result
for Dqðxv; γ0; vÞ discussed already in Sec. II G. Since
Dqðxv; γ3; vÞ contains the term M2

P2
3

νJ q ×

ðν;−z23Þ which is power-suppressed, the choice Γ ¼ γ0

appears preferable because in Dqðxv; γ0; vÞ this power-
suppressed term is absent to begin with [34,35].
To investigate this question from a momentum space

perspective, we need to determine the explicit expressions
for the amplitudes Mqðν; z2Þ and J qðν; z2Þ from Eq. (38).
The amplitude Aq

2ðP · k; k2Þ accompanied by the four-
vector Pμ is readily Fourier transformed, giving a
contribution Mq

1ðν; z2Þ to Mqðν; z2Þ. The amplitude
Aq
3ðP · k; k2Þ is accompanied by the four-vector kμ, which

is the integration variable. Due to Lorentz invariance, the
Fourier transform of this term contributes to Mqðν; z2Þ a
second contribution Mq

2ðν; z2Þ and gives rise to the
amplitude J qðν; z2Þ according to

2

Z
d4ke−ik·zkμAq

3ðP · k; k2Þ ¼ PμMq
2ðν; z2Þ

þ zμM2J qðν; z2Þ;
ν ¼ −P · z: ð43Þ

Contracting the above equation with the four-vectors Pμ

and zμ yields two equations for the two unknowns
Mq

2ðν; z2Þ and J qðν; z2Þ. Solving these equations [and

adding Mq
1ðν; z2Þ, which is just the Fourier transform of

Aq
2] yields

Mqðν; z2Þ ¼ 2

Z
d4ke−ik·z

�
Aq
2 −

ðk · zÞνþ ðP · kÞz2
ν2 þM2z2

Aq
3

�
ð44aÞ

J qðν; z2Þ ¼ 2

Z
d4ke−ik·z

�
−
ðP · kÞν þ ðk · zÞM2

M2ðν2 þM2z2Þ Aq
3

�
;

ð44bÞ

where Aq
i ¼ Aq

i ðP · k; k2Þ. We make a first interesting
observation. The amplitude J qðν; z2Þ receives a contribu-
tion from Aq

3 just as M
qðν; z2Þ does. Both Aq

2 and Aq
3 enter

the description of the twist-2 PDF fq1ðxÞ in QCD and in
models. In the parton model (or Wandzura-Wilczek
approximation) where “interaction dependent” (so-called
tilde) terms are neglected, the amplitude Aq

2ðP · k; k2Þ
vanishes [78]. Thus, from this point of view, J qðν; z2Þ
by itself does not appear to be any lesser thanMqðν; z2Þ. It
merely appears with a power-suppressed prefactor.
Let us now inspect the two choices Dqðxv;Γ; vÞ in

Eq. (42). Setting zμ ¼ ð0; 0; 0; z3Þ in Eq. (44) with z3 ¼ ν
P3

and choosing Γ ¼ γ0 or γ3 yields for ν-integrands of the two
choices the following expressions in terms of Ai-amplitudes:

Γ ¼ γ0∶ Mq

�
ν;−

ν2

P2
3

�
¼ 2

Z
d4k eiν

k3

P3

2
4Aq

2 þ
k3

P3 þ P·k
P2
3

1þ M2

P2
3

Aq
3

3
5 ð45aÞ

Γ ¼ γ3∶ Mq

�
ν;−

ν2

P2
3

�
þM2

P2
3

νJ qðν;−z23Þ ¼ 2

Z
d4keiν

k3

P3

2
4Aq

2 þ
k3

P3 þ P·k
P2
3

1þ M2

P2
3

Aq
3|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

Mqðν;−ν2

P2
3

Þ

þ
k3

P3
M2

P2
3

− P·k
P2
3

1þ M2

P2
3

Aq
3

3
5

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
M2

P2
3

νJ qðν;−ν2

P2
3

Þ

: ð45bÞ

The ratio k3

P3 corresponds to xv, which asymptotically approaches x. The frame-independent factor P · k appears always in a

ratio with respect to P2
3, which makes it a power correction for P3 → ∞. We also encounter power corrections of the type M2

P2
3

.

All these power corrections are evident in Eq. (45).
Now we make the second remarkable observation. The case Γ ¼ γ0 in Eq. (45a) stays as it is, while in the Γ ¼ γ3 case in

Eq. (45b) all the power corrections mutually compensate, and we obtain

Γ ¼ γ3∶ Mq

�
ν;−

ν2

P2
3

�
þM2

P2
3

νJ qðν;−z23Þ ¼ 2

Z
d4keiν

k3

P3

�
Aq
2 þ

k3

P3
Aq
3

�
; ð45cÞ

which is rather remarkable. Inserting the results from Eq. (45) in Eq. (42) and taking the ν-integrals, we obtain

Dqðxv; γ0; vÞ ¼ 2

Z
d4kδ

�
xv −

k3

P3

�"
Aq
2 þ

xv þ P·k
P2
3

1þ M2

P2
3

Aq
3

# ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þM2

P2
3

s
ð46aÞ
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Dqðxv; γ3; vÞ ¼ 2

Z
d4kδ

�
xv −

k3

P3

�
½Aq

2 þ xvA
q
3�: ð46bÞ

The expressions in Eq. (46) coincide with those in
Eq. (20) as one can immediately see for Dqðxv; γ3; vÞ
and, after some algebra, also for Dqðxv; γ0; vÞ.
Several remarks are in order. The square-root factor

in Eq. (46a) is 1
v, cf. the end of Sec. II A, and can be

avoided by using the conventions of Refs. [34,35] (see
Appendix A) or by computing vDqðxv; γ0; vÞ. The other
power corrections cannot be avoided. Since the practical
goal is to study the QPDFs at very large P3 ≫ M where
the power corrections become small and QPDFs
approach the PDF limit, there is a lot of practical
interest to start with a representation of QPDFs which is
more likely to exhibit faster convergence toward PDFs.
Based on the coordinate space representation in
Eqs. (42), the choice Γ ¼ γ0 appears more favorable
because it avoids from the very beginning a power-
correction term proportional to Jqðν;−z23Þ. However,
revisiting the situation in momentum space in terms
of the Aq

i ðP · k; k2Þ amplitudes reveals that the inclusion
of the power-correction term proportional to J qðν;−z23Þ
in the case of Γ ¼ γ3 has actually a positive side effect:
it cancels out power corrections present in the term
proportional to Mqðν;−z23Þ which remain uncompen-
sated in Dqðxv; γ0; vÞ; see Eqs. (46). This in turn
suggests that Dqðxv; γ3; vÞ might be a better candidate
for faster convergence toward PDFs.
The power corrections which enter in Dqðxv; γ0; vÞ in

Eq. (46a) and are absent in Dqðxv; γ3; vÞ in Eq. (46b)
are of the type P·k

P2
3

or M2

P2
3

and can be referred to as a type

of kinematical or target-mass corrections. In addition to
this, there are of course other, dynamical power cor-
rections due to higher twist contributions which are not
apparent in our approach. For instance, it is evident
from the momentum sum rules, see Sec. II F, that
Dqðxv; γ3; vÞ contains a higher-twist contamination
manifest through the energy-momentum tensor form
factor c̄qð0Þ which is twist-4 while the momentum
sum rule of Dqðxv; γ0; vÞ exhibits no such contamina-
tion. Nevertheless, as far as the simpler quark models
are concerned, one may expect faster convergence for
Γ ¼ γ3 than γ0, although this remains to be asserted by
explicit model calculations. For lattice fermion discre-
tizations that break chiral symmetry, the γ3 operator
can mix with the scalar operator, whereas the γ0

operator avoids this mixing and is therefore sometimes
preferred in lattice-QCD calculations; see, e.g.,
Refs. [14,15,43,88–90].
The results and considerations presented thus far are

valid for any quark model which respects Lorentz sym-
metry. In the next section we shall choose a specific model
to illustrate and test the conclusions drawn in this section.

III. QPDFS IN THE COVARIANT PARTONMODEL

To present practical results we choose in this work the
covariant parton model based on a systematic extension of
Feynman’s parton model concept [62,63] to the description
of the partonic structure of hadrons [64–79].

A. Quark correlator, amplitudes, and PDFs in the CPM

Let us first briefly review the main results on the CPM
[64–79] following the field-theoretic formulation of
[77,78]. In the CPM, the partons are on shell, and the
amplitudes Aq

i for i ¼ 2, 3 needed for the unpolarized case
are given by

Aq
2ðP · k; k2Þ ¼ 0;

Aq
3ðP · k; k2Þ ¼ Mδðk2 −m2

qÞΘkinðP · kÞGqðP · kÞ;
ΘkinðP · kÞ ¼ ΘðþÞ

kin ðP · kÞ þ Θð−Þ
kin ðP · kÞ;

Θð�Þ
kin ðP · kÞ ¼ Θð�P · kÞΘððP ∓ kÞ2Þ; ð47Þ

where the Θ-functions ensure correct analytical properties
[70,77] and the δ-function contains the on-shell condition.
The vanishing of the amplitude Aq

2 is a prediction of the
parton model, although the samewas observed also in some
models with interactions [91]. The amplitude Aq

3 is
described in terms of the covariant function GqðP · kÞ
which for P · k > 0 describes unpolarized quarks. For P ·
k < 0 it describes antiquarks via the relation Gq̄ðP · kÞ ¼
Gqð−P · kÞ [78]. The covariant functions GaðP · kÞ deter-
mine the unpolarized PDFs fa1ðxÞ for a ¼ q; q̄. In the
nucleon rest frame and neglecting current quark mass
effects, the unpolarized PDFs are given by

fa1ðxÞ ¼ 2πxM2

Z 1
2
M

1
2
jxjM

dkGaðMkÞ: ð48Þ

This one-to-one correspondence between GaðP · kÞ and
fa1ðxÞ can be inverted to determine the covariant functions
from a chosen input PDF parametrization according to

GaðP · kÞ ¼ −
1

πM3

�
d
dx

fa1ðxÞ
x

�����
x¼2P·k

M2

; a ¼ q; q̄: ð49Þ

For massless partons, the variable P · k is constrained as
0 < P · k < 1

2
M2 due to the Θ-functions in Eq. (47). The

choice of the renormalization scale μ of the input PDF in
Eq. (49) is part of the modeling. The scale μmust be chosen
to be several GeV, high enough for the parton model
concept to be applicable. In an analogous way, it is possible
to describe polarized PDFs and extend the approach to
TMDs as well as subleading twist [64–79]. Notice that
fa1ðxÞ=x is monotonically decreasing for all flavors in all
parametrizations, which implies that GaðP · kÞ is positive.
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B. Quasi-PDFs in the CPM

It is convenient to derive first the CPM expression for the
QPDF with Γ ¼ γ3, which is a simpler case than Γ ¼ γ0.
For that we insert the model results for the amplitudes (47)
into Eq. (25), carry out the integration over dk0 exploring
δðk2 −m2

qÞ, and neglect mq, which is appropriate for
current masses of light quarks. This yields the results

Dq
�ðxv; γ3; vÞ ¼ 2xvM

Z
d3k

2jk⃗j
ΘðM − 2jk⃗jÞGqð�Mjk⃗jÞ

× δ

�
�xv −

k3 þ vjk⃗j
vM

�
; ð50Þ

where the Dq
�ðxv; γ3; vÞ denote the contributions due to,

respectively,Θð�Þ
kin ðP · kÞ in Eq. (47) which need to be added

up to the total QPDF, but for now it is convenient to
distinguish them for pedagogical purposes. In Eq. (50) for
Dq

�ðxv; γ3; vÞ we substituted k3 → ð−k3Þ under the d3k

integral. Setting k3 ¼ jk⃗j cosϑ and k ¼ jk⃗j and integrating
in spherical coordinates over the angular variables
dφd cos ϑ, we obtain

Dq
�ðxv; γ3; vÞ ¼ 2πvxvM2

Z
1
2
M

L�ðvÞ
dkGqð�MkÞ;

L�ðvÞ ¼
vjxvjM

1� vsignðxvÞ
: ð51Þ

In the case Γ ¼ γ0 we obtain in the same way the results

Dq
�ðxv; γ0; vÞ ¼ 2πM

Z
1
2
M

L�ðvÞ
dkGqð�MkÞðxvMv2

� ð1 − v2ÞkÞ: ð52Þ

The lower integration limits L�ðvÞ in Eqs. (51), (52)
arise from integrating the δ-function in Eq. (50) over
d cosϑ. The upper limit 1

2
M can be traced back to the

step functions in Eq. (47). The latter also ensure that
L�ðvÞ < 1

2
M and determine the support properties of

QPDFs, which we will discuss in the next section. The
final model results for the QPDF are given by

Dqðxv;Γ; vÞ ¼ Dq
þðxv;Γ; vÞ þDq

−ðxv;Γ; vÞ: ð53Þ

In the limit v → 1 when xv → x, the QPDFs approach

lim
v→1

Dqðxv; γ0; vÞ ¼ lim
v→1

Dqðxv; γ3; vÞ

¼ 2πxM2

Z 1
2
M

1
2
jxjM

dk

× GqðsignðxÞMkÞ ¼ fq1ðxÞ: ð54Þ

Considering the relation Gqð−P · kÞ ¼ Gq̄ðP · kÞ [78], we
see that at negative x, Eq. (54) describes antiquark PDFs
according to Eq. (5). The result in Eq. (54) agrees with the
CPM expression for the unpolarized PDFs [73]. Hence, the
CPM results for QPDFs have the correct limit (6).

C. Support properties of QPDFs and
illustration with toy model input

It is interesting to investigate the support properties of
QPDFs in the CPM in detail. As mentioned in Sec. III B,
the step functions in Eq. (47) ensure that the lower and
upper integration limits in Eqs. (51), (52) satisfy
L�ðvÞ < 1

2
M. This condition determines the support prop-

erties of QPDFs. The total QPDF, Eq. (53), has nonzero
support in a symmetric xv interval, while the individual
contributions Dq

�ðxv;Γ; vÞ have support in asymmetric
intervals as follows:

Dqðxv;Γ;vÞ≠ 0 if −
1þv
2v

≤ xv ≤
1þv
2v

⟶
v→1

−1<x< 1;

ð55aÞ

Dq
þðxv;Γ;vÞ≠ 0 if −

1−v
2v

≤ xv ≤
1þv
2v

⟶
v→1

0<x< 1;

ð55bÞ

Dq
−ðxv;Γ;vÞ≠ 0 if −

1þv
2v

≤ xv ≤
1−v
2v

⟶
v→1 −1<x< 0;

ð55cÞ
where we indicate the limits v → 1 when QPDFs become
PDFs. These support properties imply that the one-to-one
correspondence between PDFs fa1ðxÞ and covariant distri-
butions GaðP · kÞ for a ¼ q; q̄, cf. Eqs. (48), (49) no longer
holds for QPDFs. Instead, we find an interesting “leaking”
phenomenon in the following sense.
For v < 1 the covariant distribution GqðP · kÞ determines

Dq
þðxv;Γ; vÞ, while Gq̄ðP · kÞ determines Dq

−ðxv;Γ; vÞ. But
the Dq

�ðxv;Γ; vÞ contribute to both quark and antiquark
QPDFs. As a consequence, the effects of the covariant
quark distribution GqðP · kÞ (which for v → 1 is solely
responsible for the quark PDF) spill over into the antiquark
region for v < 1 and vice versa; the effects of Gq̄ðP · kÞ
(which for v → 1 is solely responsible for the antiquark
PDF) leak into the antiquark region.
This leaking reflects the fact that a probabilistic parton

density interpretation, and hence, distinction of quarks and
antiquark degrees of freedom, requires the infinite momen-
tum frame. In frames with v < 1 the distinction between
quarks and antiquarks is lost. (In light cone quantization
[92] a probabilistic interpretation can be given for any v.)
When a nucleon moves with a velocity less than the speed
of light (needed for a rigorous partonic interpretation in the
infinite momentum frame), there are quark configurations
inside the nucleon state which move in the opposite
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direction and “mimic” antiquarks [5]. This corresponds in
the CPM to the leaking of Dq

þðxv;Γ; vÞ into negative xv.
Similarly, antiquark configurations exist for v < 1 in the
nucleon state which move in the opposite direction to
the nucleon, mimicking quarks [5]. This corresponds in the
CPM to the leaking of Dq

−ðxv;Γ; vÞ into positive xv.
In Fig. 1 we illustrate the leaking phenomenon using toy

model PDFs as input, which behave like fa1ðxÞ ∝ 1=x at
small x. This has the advantage that Daðxv;Γ; vÞ ∝ 1=xv at
small xv such that there is no singularity at xv ¼ 0 when
plotting xvDaðxv;Γ; vÞ over the entire xv interval. The toy
model PDFs are used only in this section to demonstrate
generic features. The small-xv behavior of QPDFs in the
CPM for any input PDFs will be discussed in Sec. III F, and
numerical results from realistic parametrizations will be
shown in Sec. IV.
For pedagogical purposes, we focus on u-flavor and

determine the CPM covariant functions GaðP · kÞ in
Eq. (49) from analytical toy model PDFs defined as
fa1ðxÞ ¼ Aax−Bað1þ Cax1=2 þDaxÞð1 − xÞEa with the
parameters A ¼ Au ¼ Aū ¼ 0.3, B ¼ Bu ¼ Bū ¼ 1.0,
Cu ¼ 3.0, Cū ¼ −1.6, Du ¼ 10.0, Dū ¼ 1.25, Eu ¼ 3.0,
Eū ¼ 5.0. This toy model is not unrealistic and is chosen
such that for 0.01≲ x≲ 0.7 it approximates the NLO
LHAPDF parametrization from [93] at the scale μ2 ¼
4 GeV2 within a few percent accuracy and accurately
reproduces the first two Mellin moments. Notice that the
parameters A ¼ Aa and B ¼ Ba < 2 must be the same for
a ¼ q; q̄ for the sum rules to be convergent (as is the case
also for realistic PDFs). For x≲ 10−2 we deliberately
choose to deviate from realistic PDFs for pedagogical
reasons, and the large-x region is of no relevance for the
purposes of this section.

For the relatively low nucleon velocity v ¼ 0.2 chosen in
Fig. 1, which corresponds to Pz ¼ 0.19 GeV, the support
of Dq

þðxv;Γ; vÞ is the region −2 ≤ xv ≤ 3, while that of
Dq

−ðxv;Γ; vÞ is the region −3 ≤ xv ≤ 2. It is a general
feature of the CPM that for lower v, the QPDFs spread
further beyond the PDF support region jxj < 1; see
Eqs. (55a)–(55b). (Another general feature worth mention-
ing in passing is that QPDFs diverge in the opposite
limit, v → 0.)
In Fig. 1(a) we see that for low velocities, Dq

þðxv; γ3; vÞ
[which would provide the sole contribution to fq1ðxÞ for
v → 1] leaks so significantly into the negative xv that
Dq

þðxv; γ3; vÞ is the dominant contribution in this region.
The effect is mutual, and Dq

−ðxv; γ3; vÞ (responsible for the
sole contribution to the antiquark PDF for v → 1) leaks into
positive xv but has there a much smaller effect and
constitutes a modest correction to the total QPDF. The
contributions of xvD

q
�ðxv; γ3; vÞ to the total QPDF in all xv-

regions are always positive and add up.
In Fig. 1(b) in the case Γ ¼ γ0 we also observe a

significant leaking of xvD
q
þðxv; γ0; vÞ into the negative

xv-region and less pronounced leaking of xvDq
−ðxv; γ0; vÞ

into positive xv. But the leaking pattern is fundamentally
different in the two cases: for Γ ¼ γ0 the respective
“leaking-in” contributions have opposite signs and lead
to cancellations; see Fig. 1(b). In our case (which is realistic
for that matter) at lower velocities the cancellation in the
negative xv-region is so strong that it reverses the sign of
the QPDF. Whether or not, in the case of Γ ¼ γ0, the
leaking of xvD

q
þðxv; γ0; vÞ into the negative xv-region is

strong enough for xvD
q
þðxv; γ0; vÞ to dominate over

xvDq
−ðxv; γ0; vÞ and reverse the sign of the total QPDF,

FIG. 1. The QPDFs for (a) the case Γ ¼ γ3 and (b) the case Γ ¼ γ0 as functions of xv for v ¼ 0.2 in the CPM based on toy model input
for pedagogical purposes as described in the text. For v ¼ 1 the covariant functions GqðP · kÞ and Gq̄ðP · kÞ describe, respectively, the
quark PDF and antiquark PDFs. For v < 1 the effects of quarks described in terms of GqðP · kÞ “leak” into the antiquark region, and the
effects of antiquarks described by Gq̄ðP · kÞ leak into the quark region.
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depends on the input PDFs. This is generally the case for
PDFs where xfq1ðxÞ has a pronounced maximum in the
valence x-region as is the case with more or less realistic
u- and d-flavor PDFs as input.1 As v increases, the
magnitude of the sign-reversing leaking-in contribution
to the antiquark QPDF decreases.

D. Sum rules for QPDFs in the CPM

In order to prove that the sum rules in the CPM, we first
derive the model expressions for the form factors Fq

1ð0Þ,
Aqð0Þ, c̄qð0Þ. Evaluating the general quark model expres-
sions for these form factors derived in Appendixes B and C,
we obtain the results

Fq
1ð0Þ ¼ 2

Z
d4k

Eq

M
Aq
3; Eq ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗2 þm2

q

q
; ð56Þ

Aqð0Þ ¼ 2

Z
d4k

�
4

3

k⃗2

M2
þ m2

q

M2

�
Aq
3; ð57Þ

c̄qð0Þ ¼ 2

Z
d4k

�
−
1

3

k⃗2

M2

�
Aq
3; ð58Þ

where Eq is the energy of the on-shell partons, and we keep
track of current quark mass effects.
Interestingly, in the CPM the form factors Aqð0Þ and

c̄qð0Þ are related modulo current quark mass effects. By
exploring the δ-function δðk2 −m2

qÞ inherent in Aq
3 in

Eq. (47), we obtain from Eqs. (57), (58)

Aqð0Þ ¼ −4c̄qð0Þ þ 2m2
q

M2

Z
d4kAq

3: ð59Þ

For light quarks m2
q ≪ M2, the CPM practically predicts

the relation

c̄qð0Þ ¼ −
1

4
Aqð0Þ ðCPMÞ: ð60Þ

This is a benchmark result in the sense that Eq. (60) is based
purely on Lorentz symmetry and free field theory. The
CPM has been argued [94] to be practically equivalent to
the Wandzura-Wilczek (WW) approximation in QCD
where quark-gluon correlators are systematically neglected
with respect to quark correlators; see, e.g., [95]. Hence, our

result, Eq. (60), can be more broadly viewed as a prediction
of the WW approximation.
When interactions are present, one can in general expect

deviations from (60), and it is instructive to compare to
results from other approaches. Remarkably, the relation
(60) holds exactly in the bag model like in the CPM
(providedmq ¼ 0 is set in both cases), albeit the bag model
result refers to a low hadronic scale [96–98]. Interestingly,
in the bag model there is a “gluon” contribution (mimicked
by the bag) given by c̄gðtÞ ¼ −

P
q c̄

qðtÞwith c̄gð0Þ ¼ 1
4
for

mq ¼ 0 [97]. The reason why (60) holds in the bag model
may presumably be due to the quarks inside the bag
obeying the free Dirac equation, as they do in the CPM,
but this point may deserve more model studies. The chiral
quark soliton model offers a different scenario where the
quarks obey a Dirac equation coupled to a strong mean
(“soliton”) field. This leads to a very different prediction,
namely c̄uþdð0Þ ¼ 0 [99] in distinction to (60). Notice that
the separate u- and d-flavor results are nonzero with
c̄uð0Þ ¼ −c̄dð0Þ ¼ 0.04 at a low scale μ2 ∼ 0.4 GeV2

[100]. The instanton vacuum model predicts c̄uþdð0Þ ¼
0.014 also at μ2 ∼ 0.4 GeV2 [101]. We note these results
refer to low scales while the CPM is defined at higher
scales, so the above comparison is qualitative.
For a more quantitative comparison, we resort to results

from the literature referring to higher scales [102,103]
where, respectively, the value

P
q c̄

qð0Þ ¼ −0.11 was
obtained phenomenologically [102] and the value −0.12
from the lattice QCD calculation [103]. These results refer
to summation over the light flavors q ¼ u, d, s and the
renormalization scale μ2 ¼ 4 GeV2. Choosing as input for
the CPM the NLO LHAPDFA parametrization [93] at
μ2 ¼ 4 GeV2, where Auð0Þ ¼ 0.347, Adð0Þ ¼ 0.195,
Asð0Þ ¼ 0.032, we obtain the estimate

P
q c̄

qð0Þ ¼
−0.14, which agrees within 20% with [102,103]; i.e., for
this property and at this scale the WWapproximation works
reasonably well. This is indeed within the accuracy of the
WW approximation in QCD as inferred phenomeno-
logically for the twist-3 PDF gaTðxÞ [104].
At first glance, one might hope to observe a better

agreement at higher scales where the parton model picture
is better justified (we recall that the choice of scale is part of
modeling in the CPM; see Sec. III A). Interestingly, this is
not the case. In Ref. [105] the QCD evolution properties of
c̄qð0Þ were studied, and the asymptotic limit was derived
[the notation is c̄qðt; μ2Þ, but throughout we omit the scale
dependence for brevity, and the result below refers to
t ¼ 0]:

lim
μ2→∞

X
q

c̄qð0Þ ¼ −
1

4
lim
μ2→∞

X
q

Aqð0Þ − Nf

6β0
; ð61Þ

where limμ2→∞
P

q A
qð0Þ ¼ Nf=ðNf þ 4CFÞ with CF ¼

ðN2
c − 1Þ=ð2NcÞ. Here, Nc is the number of colors in QCD,

1In a less realistic toy model fatoyðxÞ ¼ Ax−1ð1 − xÞBa with
Bq ¼ 4 and Bq̄ ¼ 8 with A fixed by the flavor number sum rule,
the resulting leaking of xvD

q
þðx; γ0; vÞ does not overwhelm

xvDq
−ðx; γ0; vÞ for xv < 0, and the total xvDqðx; γ0; vÞ is positive

throughout. The reason why in this case the leaking pattern is
unlike in Fig. 1(b) is because, in this toy model, xfqtoyðxÞ has no
maximum. The reversal of the sign of xvDqðx; γ0; vÞ at xv < 0 for
low and moderate velocities requires a pronounced valence
behavior of xfq1ðxÞ.
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and β0 ¼ 11
3
CA − 2

3
Nf is the leading coefficient of the QCD

β-function and CA ¼ Nc. For Nf ¼ 3 flavors the asymp-
totic QCD formula (61) yields limμ2→∞

P
q c̄

qð0Þ ¼ −0.15
while the CPM yields −0.09. The discrepancy is due to the
piece −Nf=ð6β0Þ in Eq. (61). which arises from the trace
anomaly in QCD. It is not surprising to miss out on effects
of quantum anomalies in a parton model framework where
one neglects (quantum) interactions in the first place. Still,
the asymptotic CPM and QCD results agree within 40%.
Combining with what we learned in the previous paragraph
from the comparison to Refs. [102,103], we conclude that
the CPM prediction for c̄qð0Þ works within ð20–40Þ%.
Incidentally, this is an “accuracy” one often observes in
model studies. The numerical values of Aqð0Þ and c̄qð0Þ are
of importance for the decomposition of hadron masses in
QCD [106–109].

E. Further general properties of QPDFs in the CPM

In this section, we discuss several general properties of
QPDFs in the CPM. One interesting general feature in the
CPM is that Dqðxv; γ3; vÞ and Dq̄ðxv; γ3; vÞ are always
positive for all velocities 0 < v ≤ 1; i.e., the CPM predicts

Daðxv; γ3; vÞ ≥ 0; a ¼ q; q̄; 0 < v ≤ 1: ð62Þ

This is true in the CPM for any input PDF; i.e., it is not
specific to using toy model or realistic PDFs as input. The
result in Eq. (62) follows from the positivity of the
covariant functions GaðP · kÞ for a ¼ q; q̄, which follows
from the positivity of fa1ðxÞ via Eq. (49). Notice that the
positivity of fa1ðxÞ is obvious in the parton model frame-
work or at tree level in QCD, but cannot be proven in
general in QCD [110]. Within the simpler framework of the
CPM, the positivity ofDaðxv; γ3; vÞ in Eq. (62) is a rigorous
result.
Another interesting generic property in the CPM is that

the contributions Dq
�ðxv;Γ; vÞ to the two representations

for Γ ¼ γ0 and Γ ¼ γ3 are related to each other, according
to Eqs. (51), (52), as

Dq
�ðxv;γ0;vÞ¼ vDq

�ðxv;γ3;vÞþΔDq
�ðxv;vÞ

ΔDq
�ðxv;vÞ¼�ð1−v2Þ2πM

Z
1
2
M

L�ðvÞ
dkkGqð�MkÞ; ð63Þ

and the corresponding total QPDFs are related analogously,
according to Eq. (53). This relation is very interesting. It
shows that Dqðxv; γ0; vÞ contains the expression for
Dqðxv; γ3; vÞ “diluted” by an additional power of nucleon
velocity and “contaminated” by the extra term ΔDq

�ðxv; vÞ
proportional to ð1 − v2Þ. Based on the model expressions
alone, it is not possible to tell which choice, Γ ¼ γ0 or γ3,
may converge faster, and we have to postpone this question
until the numerical study.

The “extra term”ΔDq
�ðxv; vÞ in Eq. (63) is interesting for

several reasons. First, this term is the reason why there is no
positivity property for Dq

�ðxv; γ0; vÞ at v < 1 unlike for
Dq

�ðxv; γ3; vÞ in Eq. (62). Second, it causes a different
leaking behavior in the cases Γ ¼ γ0 and Γ ¼ γ3 as we
observed in Sec. III C. If we read Eq. (63) the other way
round as vDq

�ðxv; γ3; vÞ ¼ Dq
�ðxv; γ0; vÞ − ΔDq

�ðxv; vÞ,
then we recognize a third feature, namely ΔDq

�ðxv; vÞ is
responsible for the contribution of c̄qðtÞ in the sum rule in
Eq. (12), which is genuinely twist-4. In fact, this term comes
with the prefactor ð1 − v2Þ ¼ M2=ðM2 þ P2

3Þ, which cor-
responds for P3 ≫ M to a power suppression of OðM2

P2
3

Þ.
Notice that “reading Eq. (63) in another way” above was

necessary to reconcile with the general sum rule (12). But in
the model this “twist-4” piece actually explicitly appears as
an additional term inDq

�ðxv; γ0; vÞ and not inDq
�ðxv; γ3; vÞ,

which is another interesting observation. Where the power
corrections appear may depend on the point of view; see the
discussion of power corrections in coordinate vs momen-
tum space in Sec. II H. It would be very interesting to
investigate this point further in other models.
In lattice QCD calculations, the mixing with twist-4

contributions makes the studies of Dqðxv; γ3; vÞ more
involved compared to Dqðxv; γ0; vÞ. In the CPM, all twists
are described on equal footing (within the WW-type
approximation), and there is a priori no preference to
favor Γ ¼ γ0 or Γ ¼ γ3.

F. Small-xv behavior of QPDFs in the CPM

The small-x behavior of PDFs determines the small-xv
behavior of QPDFs. The connection can be derived
analytically in the CPM as follows. Let a PDF have the
small-x behavior

fa1ðxÞ ¼ Ax−B þ… for x → 0; a ¼ q; q̄; ð64Þ

where the dots denote subleading terms. The constants
A and B are positive and scale and flavor dependent, which
we do not indicate for notational brevity. Based on Eq. (49)
the covariant function exhibits the behavior

GaðP · kÞ ¼ AðBþ 1Þ
πM3

�
2P · k
M2

�
−B−2

þ… for P · k → 0;

ð65Þ

i.e., the covariant functions diverge strongly for P · k → 0.
These properties imply for the QPDFs the small-xv
behavior

Daðxv;Γ; vÞ ¼ CðΓ; vÞAx−Bv þ… for xv ≪
1 − v
2v

; ð66Þ

with the velocity dependent coefficients (for 0 < v ≤ 1 and
B ≠ 0, for realistic parametrizations 1 < B < 2)
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Cðγ3; vÞ ¼ v

��
1þ v
2v

�
Bþ1

þ
�
1 − v
2v

�
Bþ1
�
;

Cðγ0; vÞ ¼ vCðγ3; vÞ þ ð1 − v2ÞBþ 1

2B

×

��
1þ v
2v

�
B
−
�
1 − v
2v

�
B
�
: ð67Þ

Both coefficients have the property limv→1 CðΓ; vÞ ¼ 1,
and we recover the correct small-x behavior (64) of the
PDF for v → 1. The results (66), (67) can be viewed as
predictions of the WW-type approximation.

G. Large-xv behavior of QPDFs in the CPM

Also the large-xv behavior of QPDFs can be derived
analytically in the CPM. Let us recall, cf. Eq. (55), that in
the CPM the QPDFs vanish for xv ≥ xv;max with the
definition

xv;max ¼
1þ v
2v

; ð68Þ

which is larger than unity for 0 < v < 1 and
limv→1 xv;max ¼ 1. This is notably different from QCD
and the models we are aware of where the support of
QPDFs extends to infinity. For xv → xv;max the behavior of
the QPDFs in the CPM can be derived analytically
analogously to Sec. III F. Let the large-x behavior of a
PDF be given by

fa1ðxÞ ¼ cLð1 − xÞN þ… for x → 1; ð69Þ

where the dots denote subleading terms. The constants cL
and N differ for each parton species a ¼ u; ū; d; d̄;… and
are scale dependent and positive. The covariant functions
GaðP · kÞ vanish (for massless partons) for 2P · k ≥ M2

based on the constraints encoded in the Θ-functions in
Eq. (47), and the large-x behavior of the PDFs implies that

GaðP · kÞ ¼ cLN
πM3

�
1 −

2P · k
M2

�
N−1

þ… for 2P · k → M2:

ð70Þ

This in turn implies for QPDFs the large-xv behavior [note
that vxv below approaches 1

2
ð1þ vÞ þ � � � for xv → xv;max]

Daðxv;Γ; vÞ ¼ cLvxv

�
1 −

xv
xv;max

�
N
þ…; Γ ¼ γ0; γ3:

ð71Þ

Interestingly, both choices Γ ¼ γ0; γ3 exhibit the same
large-xv behavior and are larger than the PDF at large
xv. The same behavior was observed in prior model
studies [53–56].

IV. NUMERICAL RESULTS FOR QPDFS IN CPM

We determine the covariant functions GaðP · kÞ in
Eq. (49) using the NLO LHAPDF parametrization [93]
at μ2 ¼ 4 GeV2 for a ¼ u; d; ū; d̄; s and compute the CPM
results for Daðxv;Γ; vÞ based on Eqs. (51)–(53). Since
fs1ðxÞ ¼ fs̄1ðxÞ in the parametrization [93], also the pertinent
QPDFs coincide, and we show results for only one of them.
In order to demonstrate the convergence of the QPDFs

we choose the velocities v ¼ 0.5, 0.7, 0.9, which corre-
spond to nucleon momenta Pz as shown in Table I. For
these velocities, in the CPM the QPDFs have nonzero
support for 0 < xv < xv;max with xv;max as shown in Table I.
Unlike in Fig. 1, the antiquark PDFs will be displayed for
positive xv [recall that Eq. (5) allows one to switch back and
forth between these equivalent displays].

A. CPM results for xvDaðxv;Γ;vÞ
In Fig. 2 we show results for xvDaðxv; γ0; vÞ from the

CPM obtained in the above described way. It is of
advantage to show xvDaðxv;Γ; vÞ rather than the
QPDFs themselves to suppress their strong rise at small
xv, and the curves are plotted for positive xv ≥ 10−2. The
region of smaller xv (omitted in Fig. 2) will be discussed
in detail in Sec. IV C. Notice that for the quark flavors u
and d in the upper panel of Fig. 2, we use a different scale
than for the sea quarks ū, d̄, s ¼ s̄ in the lower panel
of Fig. 2.
For the selected velocities, the convergence of the

QPDFs toward the corresponding PDFs is relatively uni-
form. The only exception is xvDūðxv; γ0; vÞ at the velocity
v ¼ 0.5, which shows a “wiggle” for xv ≲ 0.3. This is a
“remnant” of the opposite-sign leaking phenomenon mani-
fest for xvDaðxv; γ0; vÞ at still lower velocities v≲ 0.3,
which was shown in Fig. 1(b) and discussed in detail in
Sec. III C. In particular, it is worth noticing that for v ¼ 0.9
the QPDFs agree with the PDFs for 10−2 ≲ xv ≲ 0.8
already within about 5% accuracy. In QCD and other
quark models a slower convergence is observed. This
indicates the impact of off-shellness effects for the con-
vergence of QPDFs.
In Fig. 3 we show the analogous CPM results for

xvDaðxv; γ3; vÞ displaying also in this case only the region
of xv ≥ 10−2 and postponing the discussion of the region of
smaller xv for Sec. III F. Notice that also in this figure we

TABLE I. Nucleon velocities v and momenta Pz chosen for
displaying numerical results along with the QPDF support 0 ≤
xv ≤ xv;max in the CPM (v ¼ 0.2 is used only in Fig. 1 and for
pedagogical purposes).

Nucleon velocity v 0.2 0.5 0.7 0.9 1
Nucleon momentum Pz [GeV] 0.19 0.54 0.92 1.94 ∞
Range of QPDF support xv;max 3 1.5 1.21 1.06 1
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use different scales for the quark QPDFs in the upper panel
and the antiquark QPDFs in the lower panel. We use the
same velocities as in the case Γ ¼ γ0 in Fig. 2, namely
v ¼ 0.5, 0.7, 0.9 and observe an even more uniform
convergence toward the PDFs compared to the Γ ¼ γ0 case.
One interesting observation is that as the limit v → 1 is

approached, in the region 10−2 ≤ xv ≲ 0.2, the quark
QPDFs xvDqðxv; γ3; vÞ for q ¼ u, d converge faster toward
the corresponding PDFs than the xvDqðxv; γ0; vÞ. Hereby
we also notice an interesting flavor dependence with
xvDuðxv; γ3; vÞ converging toward xfu1ðxÞ faster than
xvDdðxv; γ3; vÞ converging toward xfd1ðxÞ; cf. Figs. 3(a)
and 3(b). The latter observation can be explained by the
leaking phenomenon discussed in Sec. III C. In the case
Γ ¼ γ3 the leaking occurs with the same sign, but it is
important to recall the sea quark flavor asymmetry
fd̄1ðxÞ > fū1ðxÞ, while for quarks we have the opposite
situation with fu1ðxÞ > fd1ðxÞ. Therefore, the leaking effect
of the larger d̄-antiquark contribution on the smaller

d-quark QPDF is more pronounced than in the u-flavor
case, which causes a slower convergence. It will be
interesting to see if this trend can also be seen in other
quark models and lattice QCD studies.
It is also noteworthy that we do not observe any

wiggles in xvDaðxv; γ3; vÞ which converge uniformly
toward the corresponding PDFs as v approaches unity
(to be contrasted with the case for Γ ¼ γ0 as evident for ū
at xv ¼ 0.5). It is instructive to compare the two cases
Γ ¼ γ0 and γ3 more quantitatively, which we do in
Sec. IV B.

B. Comparison of the Γ = γ0 vs γ3 cases

In Fig. 4 we present a direct comparison of the cases
Γ ¼ γ0 and γ3 at the selected velocities v ¼ 0.5, 0.7, 0.9,
including the respective PDFs for comparison. Hereby we
limit ourselves to the u-quark QPDFs in Figs. 4(a)–4(c) and
omit the d-quark QPDFs, which look qualitatively very
similar. We also limit ourselves to showing the ū-antiquark

FIG. 2. The QPDFs xvDaðxv; γ0; vÞ in the CPM as functions of xv ≥ 10−2 at the scale μ2 ¼ 4 GeV2 for the quark flavors a ¼ u, d
[upper panel (a) and (b)] and sea quarks ū; d̄; s [lower panel (c)–(e)] based on the NLO PDF parametrization [93]. We show QPDFs for
the velocities v ¼ 0.5, 0.7, 0.9 and include the PDFs for comparison.
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QPDFs in Figs. 4(d)–4(f) representatively for other sea
quark QPDFs, which exhibit similar patterns.
Let us discuss first the quark case. It is an interesting

observation that in the region of larger xv the two choices
Γ ¼ γ0 and γ3 give basically the same result. What larger xv
means depends, hereby, on the velocity. On the scale of
Figs. 4(a)–4(c), for v ¼ 0.5 the two curves for Γ ¼ γ0 and
γ3 can hardly be distinguished for xv ≳ 0.9. When v ¼ 0.7,
this happens for xv ≳ 0.65, and for v ¼ 0.9, the two curves
become hardly distinguishable in the region of xv ≳ 0.45.
Remarkably, while the curves for Γ ¼ γ0 and γ3 agree
between them at larger xv, even at v ¼ 0.9 they system-
atically disagree with the PDF.
Another remarkable observation is that the convergence

of xvDuðxv; γ0; vÞ is relatively uniform over the entire xv
region; see the upper panel of Fig. 4. However, for
xvDuðxv; γ3; vÞ the situation is distinctly different, espe-
cially in the smaller-xv region, which is weakly velocity
dependent. For the velocities 0.5 ≤ v ≤ 0.9 the QPDF
xvDuðxv; γ3; vÞ approaches xfu1ðxÞ in the region

xv ≲ ð0.2–0.3) rather rapidly. In fact, on the scale of the
upper panel of Fig. 4, the curves for xvDuðxv; γ3; vÞ and
xfu1ðxÞ cannot be distinguished for v ≥ 0.7; see Figs. 4(b)
and 4(c). In particular, the convergence of xvDuðxv; γ3; vÞ
in the smaller-xv region is significantly faster than that of
xvDuðxv; γ0; vÞ. This observation is rather remarkable. For
the d-flavor the situation is very similar.
Next we discuss the Γ ¼ γ0 vs γ3 comparison for sea

quarks. Some features are similar to the quark case, but the
convergence pattern is overall distinctly different for sea
quarks. Let us begin with the similarity. At the low v ¼ 0.5,
the xvDūðxv; γ0; vÞ and xvDūðxv; γ3; vÞ basically agree with
each other for larger xv (as in the quark case), although the
onset of this regime with xv ≳ 0.4 appears at smaller xv
compared to the quark case at the same velocity. For
xv ≲ 0.4 the antiquark QPDFs differ from each other more
significantly than in the quark case. The reason for this is
the opposite-sign leaking phenomenon in the γ0 case
compared to the same-sign leaking in the γ3 case. The
leaking happens for quarks and antiquarks. But in the quark

FIG. 3. The QPDFs xvDaðxv; γ3; vÞ in the CPM as functions of xv ≥ 10−2 at the scale μ2 ¼ 4 GeV2 for the quark flavors a ¼ u, d
[upper panel (a) and (b)] and sea quarks ū; d̄; s [lower panel (c)–(e)] based on the NLO PDF parametrization [93]. We show QPDFs for
the velocities v ¼ 0.5, 0.7, 0.9 and include the PDFs for comparison.
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case (small q̄-effects leak into the large q) the effect is much
smaller than in the antiquark case (where large q-effects
leak into the small q̄). Recall that for still smaller velocities
the leaking can even overturn the sign of xvDūðxv;Γ; vÞ;
cf. the discussion in Sec. III C.
As v increases, the region of larger xv extends where the

γ0 and γ3 QPDFs are numerically close. A remarkable
difference between quarks and antiquarks is that the growth
of this region with increasing v proceeds much faster for
antiquarks, such that xvDūðxv; γ0; vÞ and xvDūðxv; γ3; vÞ
practically agree with each other (but not with the PDF)
already at v ≥ 0.7. For still higher velocities the QPDFs (of
either choice for Γ) agree with the PDF already within a few
percent. Thus, the convergence is overall faster for anti-
quark QPDFs than for quark QPDFs in the CPM. The case
of the d̄-flavor is very similar. For the strangeness QPDF,
however, the situation is somewhat different because here,
the leaking effects discriminate far less between the γ0

and γ3 cases, and there are no sign turnovers or wiggles at
lower velocities; cf. the discussion in footnote 1.

C. CPM results in the small-xv region

In the CPM, no restrictions arise on the xv-range where
QPDFs can be computed, unlike in other models [56] or
lattice QCD; see Sec. IV E. We can therefore apply the
model, for instance, to the regime of asymptotically small
xv. In Fig. 5 we show representatively the results for
Duðx;Γ; vÞ. Other flavors, including antiquarks, look very
similar in the small-xv region. Also, fu1ðxÞ is shown in
Fig. 5. The pertinent asymptotics from, respectively,
Eqs. (64), (66), (67) are included for comparison. In the
small-xv region, Duðx; γ0; vÞ is larger than Duðx; γ3; vÞ for
velocities v ≳ 0.5. For lower velocities it is vice versa.
The asymptotics of Duðx; γ0; vÞ set in at low xv ≲ 10−3,

that of the PDF at x≲ 3 × 10−3, while for Duðx; γ3; vÞ this
happens at xv ≲ 10−2. The curves for Duðx; γ0; vÞ and

FIG. 4. The QPDFs xvDaðxv;Γ; vÞ for Γ ¼ γ0 and γ3 from the CPM at different velocities with the PDFs included for comparison.
Upper panel: u-quark for v ¼ 0.5 (a), 0.7 (b), and 0.9 (c). Lower panel: ū-antiquark for v ¼ 0.5 (d), 0.7 (e), and 0.9 (f). Not shown are
the d-quark QPDF, which looks qualitatively similarly to the u-quark case, and other sea quark QPDFs, which exhibit similar patterns to
the ū-antiquark case.
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Duðx; γ3; vÞ at v ¼ 0.5 are closer to each other than to the
PDF. The trend that Duðx; γ3; vÞ converges faster than
Duðx; γ0; vÞ toward the PDF in the region 10−2 < xv ≲ 0.2
observed in Fig. 4(a) (and clearly visible also in Fig. 5 for
xv > 10−2) does not continue into the region of very small
xv. The results for the ū QPDFs have exactly the same
asymptotics, as otherwise the flavor number sum rule
would diverge, but the asymptotics set in significantly
earlier due to the absence of a valence-xv region. For d and
d̄ the results are very similar with somewhat different
numerical values for the constants A and B in Eqs. (64),
(66), (67). The s and s̄ results are analogous to the other sea
quark results.

D. Test of Radyushkin formula in Eq. (13)

The relation (13) provides an important cross-check for
the numerics and serves as a theoretical consistency test of
the model. The model expression for the unpolarized quark
TMD is given by [69]

fq1ðx;k⃗ 2
⊥Þ¼xM2Θðxð1−xÞM2− k⃗ 2

⊥ÞGq

�
xM2

2
þ k⃗ 2

⊥
2x

�
; ð72Þ

where the argument of Gq is P · k ¼ Mk0 with

k0 ¼ xM
2
ð1þ k⃗2⊥

x2M2Þ.
Computing a QPDF via the Radyushkin relation is

numerically more involved, since for every xv-value one
needs to determine the TMD at all values of x and k⃗2⊥ and
then carry out integrations over dx and d2k⊥. Even in
simple models, this takes up significantly more computing
time than the direct calculation. We therefore content
ourselves with computing the QPDF at only selected xv,

shown as bullets in Fig. 6. The Radyushkin formula is valid
in the CPM within numerical accuracy.
Note that in Sec. II G we have analytically proven that

this relation holds in any quark model including the CPM.

E. Comparison to lattice QCD results

Finally, it is instructive to present a comparison to
a lattice QCD calculation. In Fig. 7(a) we show the
model result for the unpolarized isovector QPDF
ðDu −DdÞðxv; γ0; vÞ at a scale of μ2 ¼ 4 GeV2 in com-
parison to the lattice QCD study [24] at the largest available
value of nucleon momentum in [24], Pz ¼ 1.38 GeV,
corresponding to a nucleon velocity of v ¼ 0.827c. This
lattice calculation was performed on a 483 × 96 lattice with
a lattice spacing a ¼ 0.094 fm, a lattice size of L ¼ 4.5 fm,
and a practically physical pion mass of 130 MeV.
Our simple model cannot be expected to agree exactly

with lattice QCD. However, the model QPDFs converge by
default into the physical PDFs, and the lattice QCD results
are ultimately expected to do the same. Our covariant
model correctly describes the relativistic “kinematics,” but
it misses the “dynamics” owing to the on-shell assumption.
It is therefore instructive to investigate the difference
between the lattice and model results in the hope to learn
something about the size of off-shellness effects. We do this
in Fig. 7(b), where we plot

Du−d
diff ðxv; γ0; vÞ ¼ ðDu −DdÞðxv; γ0; vÞjlattice

− ðDu −DdÞðxv; γ0; vÞjCPM ð73Þ

with an uncertainty band due to the lattice data [24]. The
light-shaded region in the interval jxvj < 0.3 indicates the
region where the lattice calculation is likely not reliable,

FIG. 6. xvDuðxv; γ0; vÞ at v ¼ 0.7 in the CPM computed
directly (solid line) and via Eq. (13) (discrete points).

FIG. 5. Duðxv;Γ; vÞ and fq1ðxÞ at v ¼ 0.5 in the small-xv
region. The asymptotics in Eqs. (64)–(67) set in between 10−3 <
xv < 10−2 depending on the function; see text.
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as explained below, and we removed this part, interpolat-
ing with cubic splines to guide the eye. With this
reservation in mind, Fig. 7(b) seems to suggest that we
may see a superposition of two effects, one being
undoubtedly due to the model assumption of free partons
and another possibly due to systematic effects in [24].
Despite great efforts to control such effects, lattice
calculations of QPDFs are still at a pioneering stage,
and the presence of uncontrolled systematic uncertainties
cannot be excluded. The truncation of the Fourier trans-
form is among the most challenging systematic effects
[24], as discussed below.
The QPDF was computed in [24] by evaluating the

matrix element hqðν; γ0; PzÞ ¼ 1
2
hNvjΨ̄qð0ÞWγ0ΨqðzÞjNvi

for zμ ¼ ð0; 0; 0; z3Þwith ν ¼ P3z3, which yields the QPDF
via

Dqðxv;Γ; vÞ ¼
Z

dν
2π

e−iνxvhqðν;Γ; PzÞ: ð74Þ

This corresponds to the quark model expression in Eq. (4)
except for the appearance of the Wilson line W. More
precisely, in lattice calculations the Fourier transform is
evaluated as a discrete series rather than a continuous
integral. More importantly, due to the finite lattice size, the
integration (or discrete summation) goes over a finite
interval −νmax < ν < νmax, with νmax ¼ Pzzmax ¼ 6.5 for
Pz ¼ 10 π

L¼ 1.38 GeV and zmax ¼ 10a in Ref. [24]. Since
large jνj are correlated with small jxvj, the truncation at a
finite νmax implies limitations to reach the small-xv region
of QPDFs on a finite lattice.2 Two methods were used in
[24] to evaluate the Fourier transform, the “standard” and

“derivative”method of Ref. [17]. The QPDFs obtained with
the two methods agree for jxvj ≳ 0.3, see Fig. 30 in [24],
which we used for our rough estimate of the “less reliable
region,” the light-shaded jxvj region in our Fig. 7(b). The
result from [24] shown in our Fig. 7(b) was obtained using
the standard method of Ref. [17].
The oscillatory behavior in Fig. 7(b) might be related to

truncating the Fourier transform. Other methods to address
this issue can be pursued, such as the Backus-Gilbert
method or neural-network based methods; see [112] and
references therein for the latest developments. Further
dedicated studies and inclusion of higher Pz values may
be needed to shed light on whether the oscillatory behavior
in Fig. 7(b) is due to QCD off-shellness effects or whether
also systematic Fourier transform truncation effects may
contribute. The unambiguous determination of QCD off-
shellness effects would provide valuable guidance for how
to relax the on-shell condition in the CPM and potentially
obtain a more realistic model.

V. CONCLUSIONS

We presented a study of QPDFs in quark models, defined
as models without explicit gauge degrees of freedom. We
assumed that the models (i) are Lorentz invariant, and
(ii) the model expressions for the AiðP · k; k2Þ amplitudes
describing the quark correlator are either finite or made
finite by means of appropriate regularization or renormal-
ization such that Lorentz invariance is preserved. Otherwise
we made no assumptions whatsoever about the model
dynamics. We have shown that in all such models the
unpolarized QPDFs are consistently described, yield PDFs
when the nucleon velocity v → 1 is taken, satisfy quark
flavor and momentum sum rules (if the PDFs do so in a
given model), and obey the Radyushkin relation. One
interesting observation is that the QPDFs in such models
are elegantly and efficiently described using the nucleon
velocity v rather than the nucleon momentum Pz as a

(a) (b)

FIG. 7. (a) Unpolarized isovector QPDF ðDu −DdÞðxv; γ0; vÞ at a scale of μ2 ¼ 4 GeV2 as function of xv for Pz ¼ 1.38 GeV, which
corresponds v ¼ 0.827c from the lattice QCD study of Ref. [24] in comparison to the CPM results obtained in this work. (b) Difference
of lattice result minus model result. The light-shaded region jxj < 0.3 is filled in to guide the eye; see text.

2This is independent of the limitation when determining PDFs
from QPDFs in the limit v → 1 or Pz → ∞ in a matching
procedure in which power corrections of the type M2=ðx2ð1 −
xÞP2

zÞ emerge, which are particularly large for x → 0 and x → 1
[41–46], see also [111].
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variable. Another interesting observation is that the QPDF
with Γ ¼ γ3 contains fewer explicit power corrections than
that with Γ ¼ γ0.
We have then chosen the covariant parton model as an

illustration, which takes PDFs (from parametrizations) as
input and allows one to compute QPDFs of quarks and
antiquarks under the assumption that they are noninter-
acting partons, i.e., in a Wandzura-Wilczek-type approxi-
mation. Benefiting from the simplicity and lucidity of this
model, we have made a number of interesting observa-
tions. For instance, while the quark and antiquark effects
are clearly separated in PDFs, they contaminate each
other in the case of QPDFs. We presented numerical
results for the QPDFs of u, d, ū, d̄, s, s̄ flavors and
investigated their convergence. In the region of larger
xv ≳ 0.3, the two choices Γ ¼ γ0 or Γ ¼ γ3 are very
similar. In the region xv ≲ 0.3, the QPDF with Γ ¼ γ3

converges toward the PDF significantly faster. We also
studied the small-xv behavior, which can be done ana-
lytically in this model but is out of reach in lattice QCD.
As an interesting by-product, we have shown that the
energy-momentum tensor form factor c̄qðtÞ satisfies
c̄qð0Þ ¼ − 1

4
Aqð0Þ in the CPM, and hence, also in the

Wandzura-Wilczek approximation. The CPM results
entail the complete target-mass corrections.
We also presented a comparison to a lattice QCD

calculation. Since the model results for QPDFs converge
to the correct PDFs as do the lattice results, we investigated
the difference in lattice and model results in the hope to
obtain insight on the size of off-shellness effects in QPDFs.
At the present stage, it is unclear whether the observed
difference is due to off-shellness effects or might include
also systematic effects, which are not yet under full control
in pioneering lattice studies like, e.g., effects due to the
truncation of the Fourier transform. Insights on off-shell-
ness effects would be very interesting, as they could guide
novel developments to relax the on-shell restriction in the
CPM and construct more realistic models.
The advantage of the CPM model framework is its

fully field-theoretical description of the unintegrated
quark correlator, which allows one to describe QPDFs
and TMDs in terms of PDFs, which serve as input for
this model. The next steps will include applications to
polarized QPDFs and subleading twist. The results might
give helpful insights for the extrapolation of QPDFs in
lattice QCD.
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APPENDIX A: CONVENTIONS
OF QPDFS IN THE LITERATURE

Different conventions have been used in the literature.
For clarity and to reduce confusion, we provide some
comments and comparisons here. In the velocity formu-
lation of QPDFs, the different conventions can be simply
stated as

Dqðxv;Γ; vÞ
���
this work

¼ Dqðxv;Γ; vÞ
���
Ref: ½3�

¼ 1

v
Dqðxv;Γ; vÞ

���
Ref: ½5;56�

: ðA1Þ

In Refs. [34,35] only the QPDF for the case Γ ¼ γ0 was
discussed. The connection to our notation is as follows:

Dqðxv; γ0; vÞ
���
this work

¼ 1

v
Dqðxv; γ0; vÞ

���
Ref: ½34;35�

: ðA2Þ

One convenient way to quickly verify the underlying
conventions is to compare the sum rulesR
dxkvDqðxv;Γ; vÞ for k ¼ 0, 1 in Eqs. (9), (11), (10),

(12) in our work vs the sum rules in Eqs. (21), (25) of
[56] or Eqs. (2.25), (2.28) of [34], which differ by factors of
v according to Eqs. (A1), (A2).
As a consequence of different conventions, the for-

mula (13) relating QPDFs and TMDs is formulated in
our convention with the prefactor P0, while in [34] it was
originally derived with the prefactor of Pz ¼ vP0.

APPENDIX B: DIRAC FORM FACTOR Fq
1ð0Þ

In the appendixes, the four-momenta Pμ and kμ are
understood in a general reference frame unless we explic-
itly specify otherwise. In this appendix we derive the
expression for the Dirac form factor in the forward limit.
The contribution of the quark flavor q to the electro-

magnetic current operator is given by JμqðyÞ ¼
Ψ̄qðyÞγμΨqðyÞ. The nucleon matrix elements of this oper-
ator are described in terms of the electromagnetic form
factors as follows:

hN0jJμqðyÞjNi ¼ ūN0

�
γμFq

1ðtÞ þ
iσμνΔν

2M
Fq
2ðtÞ
�
uNeiΔ·y;

ðB1Þ

where Δμ ¼ P0μ − Pμ and t ¼ Δ2, and jNi ¼ jP; Si denotes
the nucleon state. The nucleon spinors uN ¼ uðP; SÞ
are normalized as ūNuN ¼ 2M. Using the identity
ūNγμuN ¼ 2Pμ we obtain in the forward limit the expression
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hNjJμqðyÞjNi ¼ 2PμFq
1ð0Þ; ðB2Þ

which we wish to evaluate in quark models in terms of the
Aq
i ðP · k; k2Þ amplitudes. Notice that translation invariance

allowsus toarbitrarilyshift thepositionyof theoperator,which
introduces an overall phase in the off-forward case (B1) and
literallyhasnoeffect in theforwardcase(B2). It isconvenient to
choose y ¼ 0.
In order to derive the expressions for hNjJμqðyÞjNi in

quark models in terms of amplitudes Aq
i , we proceed as

follows. Based on Eq. (14), we obtainZ
d4z
ð2πÞ4 e

ik·zhNjΨ̄qð0ÞγμΨqðzÞjNi ¼ tr½Φqðk; P; SÞγμ�:

ðB3Þ
The Fourier transform of this expression yields

hNjΨ̄qð0ÞγμΨqðzÞjNi ¼
Z

d4k e−ik·z tr½Φqðk; P; SÞγμ�:

ðB4Þ
Being interested in the local operator Jμqð0Þ ¼
Ψ̄qð0ÞγμΨqð0Þ, we set z ¼ 0 in Eq. (B4) and obtain

hNjJμqð0ÞjNi ¼ 2Pμ Fq
1ð0Þ ¼

Z
d4k tr½Φqðk; P; SÞγμ�

¼ 4

Z
d4kðPμAq

2 þ kμAq
3Þ; ðB5Þ

where in the last step we made use of Eq. (18). We now
choose to evaluate Eq. (B5) in the nucleon rest frame
specified by Eq. (21). This yields

Fq
1ð0Þ ¼ 2

Z
d4k

�
Aq
2 þ

k0

M
Aq
3

�
: ðB6Þ

Notice that the expression in Eq. (B5) contains under the
d4k integral terms proportional to kiAq

3 , which are odd
functions and drop out after integration. Only the expect-
ation value of the J0qð0Þ component yields a nonzero result,
which corresponds to the electric charge. It is customary to
define

Fq
1ð0Þ ¼ Nq ðB7Þ

with Nu ¼ 2 and Nd ¼ 1 for proton (vice versa for
neutron). The convention is that the nucleon Dirac form
factor is given by F1ðtÞ ¼

P
q eqF

q
1ðtÞ, where eu ¼ 2

3
, etc.

are the quark fractional charges. At t ¼ 0 one recovers the
electric charge of the particle in units of the elementary unit
of charge, i.e., the value F1ð0Þ ¼ 1 for proton (zero for
neutron).
We notice that that the expression for Fq

1ð0Þ ¼ Nq was
encountered in the sum rules in Eqs. (26)–(28), which

completes the proof of the quark flavor sum rules in
Eqs. (7), (9), (11).

APPENDIX C: ENERGY-MOMENTUM TENSOR
FORM FACTORS Aqð0Þ AND c̄qð0Þ

With the notation introduced in the previous section and
the definition P̄μ ¼ 1

2
ðP0μ þ PμÞ, the nucleon form factors

of the quark contribution to the energy-momentum tensor
(for a review see, e.g., [81,82]) can be defined as

hN0jT̂μν
q ð0ÞjNi ¼ ūN0

�
AqðtÞ P̄μP̄ν

M

þ JqðtÞ iðP̄μσνρ þ P̄νσμρÞΔρ

2M

þDqðtÞΔμΔν − gμνΔ2

4M
þ c̄qðtÞMgμν

�
uN:

ðC1Þ

We are interested in the forward limit of this expression,
which is given by

hNjT̂μν
q ð0ÞjNi ¼ 2PμPνAqð0Þ þ 2M2gμνc̄qð0Þ: ðC2Þ

Notice that the zero on the left-hand side is the position of
the operator Tμν

q ðyÞ, which, based on translational invari-
ance, can be conveniently chosen y ¼ 0, while the zero on
the right-hand side is the momentum transfer square t ¼ 0.
While the total energy-momentum tensor operator

depends on the details and degrees of freedom in a model,
the expression for the quark part of this operator is given in
all quark models by

Tμν
q ð0Þ ¼ 1

4
Ψ̄qð0Þð−i∂⃖μγν − i∂⃖νγμ þ i∂⃗μγν þ i∂⃗νγμÞΨqð0Þ;

ðC3Þ

where the arrows indicate whether Ψ̄qð0Þ orΨqð0Þ are to be
differentiated. In order to evaluate the matrix elements of
this operator we carry out the following steps:Z

d4z
ð2πÞ4 e

ik·zhNjΨ̄qð0Þγμði⃗∂νΨqðzÞÞjNi

¼ tr½Φqðk; P; SÞγμkν�; ðC4ÞZ
d4z
ð2πÞ4 e

−ik·zhNjð−Ψ̄qðzÞi∂⃖νÞγμΨqð0ÞjNi

¼ tr½Φqðk; P; SÞγμkν�: ðC5Þ

In Eq. (C4) on the left-hand side we perform an integration
by parts and use the definition of the correlator (14). In
Eq. (C5) we perform an integration by parts, use translation
invariance to shift the positions of the operator as
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hNjΨ̄qðzÞγμΨqð0ÞjNi ¼ hNjΨ̄qð0ÞγμΨqð−zÞjNi, and sub-
stitute zμ → ð−zμÞ before using the correlator definition.
Inverting the Fourier transforms in Eqs. (C4), (C5),
repeating the steps with exchanged indices μ ↔ ν, adding
up all pieces, and taking finally the limit zμ → 0 to recover
the local operator Tμν

q ð0Þ, we obtain from Eq. (C2)

hNjT̂μν
q ð0ÞjNi ¼ 2PμPνAqð0Þ þ 2M2gμνc̄qð0Þ

¼ 4

Z
d4k

�
Pμkν þ Pνkμ

2
Aq
2 þ kμkνAq

3

�
:

ðC6Þ

In order to derive the expressions for the form factors Aqð0Þ
and c̄qð0Þ we contract Eq. (C6) with, respectively, gμν and
PμPν, which yields two equations for two unknowns:

Aqð0Þ þ 4c̄qð0Þ ¼ 2

Z
d4k

�
P · k
M2

Aq
2 þ

k2

M2
Aq
3

�
;

Aqð0Þ þ c̄qð0Þ ¼ 2

Z
d4k

�
P · k
M2

Aq
2 þ

ðP · kÞ2
M4

Aq
3

�
: ðC7Þ

Solving this simple system of linear equations yields

Aqð0Þ¼ 2

3

Z
d4k

�
2ðP ·kÞ2

M4
þ k2

M2

�
Aq
3þ2

Z
d4k

P ·k
M2

Aq
2;

c̄qð0Þ¼ 2

3

Z
d4k

�
−
ðP ·kÞ2
M4

þ k2

M2

�
Aq
3: ðC8Þ

So far the expressions are manifestly Lorentz invariant.
Now we choose to evaluate them in the nucleon rest frame
(21) [or in the frame (22), which yields the same result].
We obtain

Aqð0Þ ¼
Z

d4k

�
2
k20
M2

þ 2

3

k⃗2

M2

�
Aq
3 þ 2

Z
d4k

k0

M
Aq
2;

c̄qð0Þ ¼
Z

d4k

�
−
2

3

k⃗2

M2

�
Aq
3: ðC9Þ

The above expression for Aqð0Þ was encountered in the
momentum sum rules in Eqs. (29)–(31). We also recognize
that the expression for c̄qð0Þ appears in the momentum sum
rule for the QPDFDqðxv; γ3; vÞ in Eq. (31). This completes
the proof of the momentum sum rules Eqs. (7), (9), (11).
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