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Stacking (i.e., averaging) the value of a given astrophysical field around sources allows us to detect new
cosmological signatures, such as the kinematic Sunyaev-Zel’dovich, and gain insight on the astrophysical
properties of galaxies and their environment. Further information may be gained by orienting these stacks
along preferred axes defined by a local directed field, such as the transverse galaxy velocities, galaxy shapes,
or the local tidal forces. Examples of this are searches for the moving lens effect, the detection of dipole
signatures, or the study of cosmic filaments. Here we show that all directional stacking signals may be
reconstructed, without loss of information, in terms of the cross-power spectrum between the quantity of
interest and the E and B modes of the spin field used to define the preferred axes weighted by the local
galaxy density. The power spectrum approach has several practical advantages, in terms of speed, finite-
resolution effects, data visualization, and combination with other cosmological probes. We also argue that, in
some cases, such as stacking using velocities or tidal forces reconstructed from the density field, the
recovered signal may be dominated by information that is already present in the cross-spectrum between the

target field and the galaxy overdensity itself.
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I. INTRODUCTION

The stacking of local patches of cosmological fields
around sources is commonly used to extract signals which
would otherwise be too faint to detect for each individual
object. This technique can significantly boost the signal-to-
noise ratio (SNR) by enhancing a shared signal across N
patches by N, while mitigating uncorrelated sources of noise
—which only scale as v/N. As a result, stacking enables
detections of coherent signals about /N times more
significant than any individual measurement. A typical
example of this stacking measurement is that of the
kinematic Sunyaev-Zeldovich (kSZ) effect, in which cosmic
microwave background (CMB) temperature maps are
stacked at the positions of galaxies, weighted by an estimate
of the local radial velocity field—allowing us to probe
baryonic physics in the outskirts of galaxies [1-6].

One can also look at higher-order multipole patterns in
the fields of interest around sources: this is done by first
aligning the patches with a preferred direction along which
one would expect to find an enhanced signal. This so-called
“oriented” or “directional” stacking is often used to measure
cosmological signatures along directions given by e.g.,

“Contact author: lea.harscouet@physics.ox.ac.uk

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

2470-0010,/2026/114(8)/083516(13)

083516-1

moving sources or density ridges. For instance, [7] detected,
through directional stacking, various dipolar signatures
aligned with the reconstructed transverse velocities of
galaxies, imprinted on the CMB lensing and temperature
fields and the galaxy density field itself. The integrated
Sachs-Wolfe (ISW) effect, as well as its small-scale mani-
festation, the moving lens effect [8—10], could thus be
detected at high significance in the CMB temperature field
by first aligning each temperature subset along the trans-
verse velocity of their respective source galaxy. These
dipole measurements could then be used to constrain the
cosmological parameters governing structure growth.

Directional stacking can also prove useful to detect the
presence of low-density gas along the filamentary structures
of the cosmic web (e.g., via emission lines [11]) or even
potential magnetic fields (via synchrotron radiation and
x-ray emission [12,13]). The kinematic and thermal
Sunyaev-Zeldovich signatures of filaments were also
observed in e.g., [14-18], and the rotational kSZ effect
was detected in [19-21] by stacking CMB temperature
maps oriented along the rotational spin of galaxy clusters.
Recently, [22] have also detected a shear signal produced by
foreground filamentary structures using oriented stacking.
Although most applications of this technique are relevant
for the study of large-scale structures, one of the early
applications of directional stacking was in fact developed
for CMB studies [23] in order to check for small-scale
anisotropies in CMB temperature and polarization fields
around hot spots.
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Real-space stacking—oriented or otherwise—provides
an intuitive visual representation of the signal, as it is
essentially the real-space equivalent of the correlation
function of the fields involved [7,23] and can be interpreted
as the average profile of a given astrophysical field around
cosmological structures. Such parallels can be drawn
between traditional plots of the baryon acoustic oscillation
(BAO) ring, revealed by stacking the reconstructed galaxy
field at the position of sources [24], and its peak in the
corresponding correlation function—or its Fourier space
equivalent, the BAO wiggles seen in the galaxy power
spectrum. Mathematically, any real-space stacking meas-
urement should be mappable to a power spectrum meas-
urement. For instance, this stacking-power spectrum
connection was recently formalized for the traditional
kSZ stacking estimator [25-27], in terms of the cross-power
spectrum between the CMB temperature map and the radial
galaxy momentum field. The power spectrum alternative to
stacking offers several advantages: power spectrum uncer-
tainties are largely uncorrelated, facilitating “y-by-eye”
tests, and can be estimated accurately and analytically.
Power spectra are often more closely related to first-
principles cosmological predictions, and their use also
allows for the adoption of common analysis choices in
multiprobe studies (e.g., consistent model choices and scale
cuts). Finally, power spectrum estimators are typically faster
than real-space correlations, and the advent of catalog-based
estimators [28,29], based on irregular-grid spherical har-
monic transforms [30], allows for measurements on arbi-
trarily small scales avoiding finite-resolution effects.

If regular stacking finds a mathematical equivalent in a
power spectrum measurement, the directional stacking
approach similarly must have a harmonic-domain counter-
part. This paper focuses on providing a framework for
expressing most directional stacking estimators as a power
spectrum measurement. Specifically, we show that the
information encoded in directional stacking is equivalent
to taking the E-mode power spectrum of a spin-s field
(which carries information about the preferred direction)
and the background field (which carries the physical
imprint). Interestingly, the spin of the field is indicated
by the type of anisotropy observed in real-space stacking:
s =1 for a dipolar signature, s =2 for a quadrupolar
signature, and so on. A similar framework is also proposed
in the work of [10].

In Sec. II, we lay out the formalism and provide an
expression for directional stacking in which all the cosmo-
logically relevant information comes from a power
spectrum. In Sec. III, we demonstrate this equivalence
numerically using mock data. We also showcase the
application of the harmonic-space formalism to real data.
First, we reproduce the dipole measurements from [7],
where the spin field of interest is the galaxy transverse
velocity field (s = 1). Second, we measure the quadrupole
signature of the thermal SZ effect around filaments as

investigated in e.g., [17,18], where the spin field is informed
by the reconstructed tidal tensor (s = 2). We also discuss
the usefulness of directional stacking when the directing
field is reconstructed from the galaxy overdensity itself. We
summarize our main results and conclude in Sec. IV.

II. DIRECTIONAL STACKING
AND POWER SPECTRA

In this section we derive the connection between direc-
tional stacking and angular power spectra of spin fields.
Some of the mathematical formalism used here to
define and treat rotations on the sphere can be found in
Appendix A.

A. Directional stacking

Let X() be an external continuous field defined on the
sphere that we wish to stack (e.g., a CMB temperature or
lensing convergence map), and let f; be the angular
coordinates of a set of sources on which we will stack.
Furthermore, let v; = (v;;, v, ;) be a spin-s field measured
at the positions of each source, with two components v,
and v,. This field determines a preferred direction, para-
metrized by the angle ¢,, defined in terms of the complex
phase of the spin field: » = v, + iv, = ve™?», where
v=+/v] + v3. @, is the angle this preferred direction
makes with respect to the locally defined x axis. Here we
adopt the usual CMB convention, in which the local x and
y axes are aligned with the directions of increasing
colatitude € and azimuth ¢, respectively (i.e., with the
unit vectors €, and €,—see Fig. 1).

To obtain a more intuitive picture of this setup, let us
consider the most common example of directional stacking,
in which v = v/ is the transverse peculiar velocity of the
source. In this case v; and v, are the components of this
vector along €, and €,, and @, =v- €y/v.

With this setup, the stacking estimator can be described
by the following steps:

(1) Rotation step. For each galaxy position ii;, we rotate

the X map such that f; is at the North Pole and that
?; is aligned with the x axis (see Fig. 1). Math-
ematically, we can write that

X;(h) = X(R7'h), (1)

where R; represents the rotation by angles
(=@,, —0;, —¢;) successively, and R;! is the corre-
sponding inverse rotation, (¢;,0;, p,).

(2) Dipole weighting and radial profile step. To extract
the dipole signal aligned with the local transverse
velocity, we weight the rotated X field by the cosine
of the azimuthal angle and then perform a binning
operation W along the @ direction to obtain a radial
profile,
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FIG. 1. Rotation steps. The original galaxy is placed at fi; =
(6, @) (1) and is moved to (2) after a —¢ rotation about the z axis.
In (3) is the position of the galaxy after a second rotation of —0
about the y axis, and in (4) its position after a further —¢,, rotation
about the z axis. This angle ¢, is defined as the angle spanned by
the preferred direction (here, v ) and the locally defined x axis
(here, €,). These successive rotations can be written as
D(-¢,,—0,—@) in the 7z — y — z convention.

X,(0,) = / AW (O10,) cos /X, (R, (2)

where W(6'|0,) is a window function defining the
binning in 4, with 6, indicating the chosen angular
scale. Here we will assume simple top-hat bins, with
0, the central angle, but other binning operators
are used in other contexts (e.g., the compensated
aperture photometry filter commonly used in kSZ
stacking [2]).

(3) Stacking step. The final stacking estimator is a
velocity-weighted average of X; over all galaxies
in the sample,

X(o) == )

where w; are statistical weights associated with each
galaxy.

Searching for a dipolar modulation makes sense in the
specific case of a spin-1 directional field, such as the
transverse velocity, but one may also search for higher
multipoles. For example, in the case of “arrowless” spin-2
quantities, such as the local transverse tidal field [31], one
may search for a quadrupolar pattern. We can thus
generalize the dipole estimator to a general s-polar com-
plex pattern as

X(0) = [ W@ )X @) @)

Dipolar stacking then corresponds to the real part of the
above in the case s = 1, while the standard (nonoriented)
stacking estimator corresponds to the case s = 0.

B. The power spectrum equivalence
We can manipulate Eq. (3) to recover the harmonic-space
equivalent of stacking. We start by performing a neutral
operation, introducing an integral over the sphere where the
integrand contains a Dirac delta function 67 at the position
of each source,

%(60,) =53 [ dB%(6—5)o(3)X50,). (9

where X;(0,) is defined the same way as X;(6,) in Eq. (4)
at an arbitrary point A,

Xa(0,) = / WRW(O0,)e Xa(@).  (6)

This allows us to define the modulus of the transverse
momentum field as

where 7 is the number density of sources. This simplifies
the stacking estimator to

n

> Wi

X(0,) = o [ A (@)X (60) (8)

Substituting Eq. (4) into the above and expanding X (i)
in terms of its spherical harmonic coefficients X,

%(0,) = an / dh 7(f) / AW (E)0,) e

ZXmefm(RElﬁ,)] . (9)
‘m

X

Note that we added an h subscript to the rotation to
highlight the fact that this rotation depends on the sky
position, as well as the orientation of v at that point. Next
we use the properties of the spherical harmonics under
rotations to write the rotated Y, in terms of the unrotated
function and the Wigner D matrices of the rotation angles
[see Eq. (A2) in Appendix A). The estimator becomes
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ZXfm/dn” )ZDf* ((/),9 QDL)

’ Wi ‘m m'
X / di'W(0'|0,4)e™?'Y 4, (). (10)

Now let us focus on the integral over i’. The spherical
harmonics are separable according to

Y (0,9) = cppnP(cosQ)e™?, (11)

with P} the associated Legendre polynomials, and c,, a
normalization constant given by

204 1(6—m)!
4z (£ +m)!

Com = (_l)m

(12)
The integral over fi’ is then given by
[ WO 106 Y () = Ty (03, . (13)

where 5’72/’_
we have defined

s is the Kronecker delta, enforcing m’ = —s, and

Frm(0,) =27 / dé sinfc,,, P (cos O)W(0|0,). (14)

Substituting this result, and using the separability of the
D-matrix in its dependence on ¢, [see Eq. (A5)], we can
write

X(0,) =

ZXfmf ¢~s(0a)

i lfm

X / di z(f)e D (9,0,0).  (15)

The D matrices may be expressed in terms of spin-
weighted spherical harmonics [Eq. (A7)], which allows
us to write

X(0,

E Xfm s”fm

l l{m

25 + lff—s(gd)

where we have defined the harmonic coefficients of the
complex spin-s momentum field (z(f) = z(fi)e™?,

Ty = —/dﬁ;z(ﬁ)e”’/’st}m(ﬁ)
lz - .
= - W,-U,-SY;m(n,-). (16)
n -

We can simplify things further by using Egs. (12) and (A4),
to obtain

X(ed) = ZXfm sﬂmef(ed) (17)

lwl m

where we have defined the
W5 (04),

“spin-s window function”

W5(6,) EZﬂ/dG sindW (0]0,)d’(0),  (18)
with dflm (0) the Wigner small-d matrices [see Eq. (A4)].
Finally, for a survey covering a sky fraction fgy, the
number density is 72 =), w;/(4nfyy), allowing us to
obtain our final expression,

- 20 +1
X, = - Ws,(0,)CX, 19
(6) = =3 =4~ W00 (19)
where C’;X is the pseudo-C, of the X and ,z fields corrected
for foy»
1
X = > X sih, = Ci —iCy™. (20)

(Zf + l)fsky m

Here, we have decomposed 7z into its E- and B-mode
components (see e.g., [32-34])
s”fm = ﬂgm + iﬂgm' (21)

Having introduced the complex e*? factor instead of the
real cos s@ needed for extracting s-pole signals, the final
estimator in Eq. (19) is more general than the estimators
presented in [7,14,17]. We can see that the latter can be
recovered from the real part of our estimator and is solely
sourced by the E-mode of the spin-s momentum field,
whereas the imaginary part (corresponding to sine-
weighted stacking) is sourced by the parity-odd B-modes.
This generalizes the result presented in [25] for nonoriented
stacks.

We thus see that multipolar directional stacks may be
recovered, without loss of information, from the cross-
spectrum between the target field X and a momentum field
s constructed by weighting each source by the value of the
spin-s field # defining the preferred direction. This field, and
its power spectra, may be constructed using catalog-level
techniques that exploit spherical harmonic transforms on
irregular grids [28-30], avoiding finite-resolution effects.

In some stacking analyses it is common to simply orient
the external map along the preferred direction, without
weighting the result by the value of the field defining this
direction. In our formalism this can be achieved by simply
replacing the spin-s field ¥ = ve'*?» by its phase ¢/*#. This
is obvious in the case s =1 (e.g., for velocity-oriented
dipoles), but the result is fully general, and Appendix B
shows this for s = 2.
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III. VALIDATION AND APPLICATIONS

In this section we validate the connection between
directional stacking and power spectra numerically, and
showcase the application of our harmonic-space estimator
to real datasets previously studied in the literature in the
context of directional stacking.

For a given power spectrum measurement, we compute

its SNR as
SNR = 1/dC1d" — Ny (22)

where d represents the data vector (i.e., the measured power
spectrum), and N, ;. is the number of degrees of freedom
(here, the length of the data vector). C is the covariance
matrix of the data vector, estimated using the usual
improved Narrow Kernel Approximation of [35] for power
spectrum covariances. In the case of real-space stacking, we
use bootstrap covariances computed from 1000 samples
with replacement of the individual profiles.

A. Validation

We begin by validating the results presented in the
previous section using synthetic data. We use CoLoRe' [36]
to generate a mock galaxy sample covering the redshift
range z < 0.8 with a redshift-dependent number density

n(2) a% [1 - erf()%j(z*)ﬂ, (23)

where y(z) is the comoving radial distance to redshift z,
2, =0.7, and Ay =430 Mpc. The catalog contains
approximately 107 objects distributed across the full
celestial sphere, and we assume a linear bias b = 1 for
simplicity. Additionally we generate maps of the lensing
convergence and the ISW effect for a source plane at
redshift z, = 1.

We reconstruct the transverse peculiar velocity field
from the simulated galaxy catalog using PYRECON’
[37,38]. The local transverse tidal field is reconstructed
using the method of [31], described in Appendix B, using a
Gaussian smoothing of the galaxy density field with a
smoothing scale of 0.3°. We use these fields to define the
preferred stacking direction and to construct the associated
momentum fields in the harmonic-space picture. They
allow us to validate our results in the case of dipoles
(transverse velocities, s = 1) and quadrupoles (transverse
tidal field, s = 2).

To calculate the harmonic-space cross-spectra C; we

use NaMaster,” taking advantage of the catalog-based formal-
ism described in [29]. Specifically, we construct the

TE/B
9

'https://github.com/damonge/CoLoRe.
2https ://github.com/cosmodesi/pyrecon.
*https:/github.com/LSSTDESC/NaMaster.

momentum fields as NmtCatalogMomentum objects, using
the discrete source positions and the values of the directional
fields sampled at them. We then compute the cross-
spectrum between this field and the simulated lensing
convergence and ISW maps (xk and Ay, respectively),
as well as a map of the projected galaxy overdensity itself,
0,- The E-mode power spectrum measurements are shown
in the left panels of Fig. 2 for spin-1 and spin-2 stacking (top
and bottom panels, respectively). The cross-correlations
with the E-mode component of the transverse momentum
field are detected at high significance in all cases, whereas
the B-mode component is strongly suppressed. This is as
expected, given that the reconstructed velocities and tidal
field are both related to transverse derivatives of scalar
quantities and hence are dominated by E-modes.

We compute the real-space dipole and quadrupole direc-
tional stacks of the same maps (k, Agw and 6,) using the
reconstructed velocities and tidal field, applying the real-
space estimator in Eq. (4) for s = 1 and 2, respectively. The
right panels of Fig. 2 show the resulting measurements,
together with their values constructed from the power
spectrum measurements, shown in the left panels, using
Eq. (19). The real-space stacks are accurately reproduced
from the power spectra, demonstrating the equivalence of
both approaches at the estimator level derived in the
previous section.

B. Example 1: Velocity-oriented dipoles

In this first example, we mirror the analysis of [7], where
the dipolar signature of various large-scale structure (LSS)
tracers around galaxies was measured, using the recon-
structed transverse galaxy velocities as a directing field. For
this, we use the CMASS galaxy sample of the Baryon
Oscillation Spectroscopic Survey (BOSS) 12th data release
[39], as well as maps of the CMB primary temperature
anisotropies and the lensing convergence from the Planck
PR3 release [40,41]. We only consider galaxies in the north
BOSS patch. The galaxy velocities are recovered by
performing velocity reconstruction using the multigrid
algorithm implemented in the PYRECON package. The
resulting velocity catalog is different from the one used
in the original work of [7], but we verified in private
communication with the authors of this work, who kindly
shared their reconstructed velocity catalog, that we obtain
compatible measurements. As shown in [7], the most likely
cosmological contribution to a dipole signature in the
CMB temperature map is the ISW effect, which traces
the gravitational potential field driving the peculiar motion
of the CMASS galaxies. We note, however, that we expect
any ISW signature to be significantly fainter than that
studied in the simulations of Sec. III A, due to the
contribution from uncorrelated primary anisotropies and
instrumental noise. In addition to the s = 1 signature in the
CMB temperature and convergence maps, we also study the
cross-correlation with the galaxy overdensity map itself.
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FIG. 2. Top: dipole (s = 1) measurement of the correlation between the simulated galaxy overdensity (5,), lensing convergence (k)
and ISW maps and the transverse galaxy momentum 7 constructed using reconstructed velocities. The left panel shows the result of our
harmonic-space estimator. All cross-spectra with the E-mode of ;7 are detected at high significance, while the B-mode spectra (not
shown) are negligibly small. The right panel shows the real-space dipole stacks using the reconstructed transverse velocity, together with
their values reconstructed from the harmonic-space measurements using Eq. (19). Bottom: quadrupole (s = 2) measurements using the
transverse tidal field reconstructed from the galaxy overdensity to define the local preferred direction. As in the s = 1 case, all E-mode
spectra are detected at high significance and can be used to reconstruct the real-space stacks accurately. Note that measurements shown
in the right column were rescaled by arbitrary factors in order to display them on the same dynamic range (5, profile left unchanged, x

profile x10, ISW profile x5 x 10%) and their errors enhanced by a x15 factor to improve readability.

From Sec. IIIA we expect the signal to be most
significant on large scales (7 < 500), so we construct
low-resolution maps (N4, = 256) of the 5, k, and Ty
fields and measure the power spectra in 23 logarithmically
spaced bins between £ = 2 and £, = 3Nq.- As before,
the transverse momentum field was constructed from the
galaxy positions and reconstructed velocities, using the
NmtFieldCatalogMomentum object in NaMaster. Power spec-
trum uncertainties were calculated using the analytical
Gaussian approximation of [35]. The resulting power
spectrum measurements are shown in Fig. 3. The s =1
signature in the galaxy overdensity and lensing convergence
fields are detected at high significance (SNR ~ 35 and 6,
respectively), and we do not detect a significant cross-
correlation against Tcyp (SNR ~ 1), although this was

detected in the real-space analysis of [7]. The absence of
signal might be due to differences in the reconstructed
velocities used here or in the estimated measurement
uncertainties (we use an analytical Gaussian covariance,
compared with the simulation-based estimate in [7]). It is
worth noting that the real-space stacking measurements we
recover with our data (and which we can also reproduce
from our power spectrum measurements) seem qualitatively
similar to the measurements presented in [7].

C. Example 2: Filament-oriented quadrupoles

In this second example, we aim to measure the quad-
rupolar signature imprinted by the filamentary structures of
the cosmic web on the thermal Sunyaev-Zel’dovich (tSZ)
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FIG. 3. Dipole (s = 1) measurement. The 7 x §,, 7= x k, and

7 X Temp E-mode power spectra measured on BOSS and Planck
data, with the transverse momentum 7z constructed from the
reconstructed galaxy velocity field. The SNRs are ~35 and ~6 for
0, and «, respectively, while the cross-correlation with Ty

remains undetected. The B-mode power spectra are consistent
with 0.

effect, in a similar spirit to the detection of the directional
tSZ signal reported in [18].

The formalism needed to measure this signal follows the
same structure described in Sec. [I—with a few additional
considerations: first, the preferred direction is now informed
by the direction of the local tidal field (an arrowless spin-2
vector field), and second, the stacked measurement pre-
sented in [18] is not weighted by the value of the tidal field,
but only oriented along its direction. As discussed at the end
of Sec. II B, this means that the directing field is not the
projected tidal tensor itself, but only its phase (i.e., with unit
modulus).* Further information regarding the definition and
spin nature of the projected tidal field is provided in
Appendix B.

We use the same galaxy sample (CMASS north)
employed in Sec. III C, and the 2015 Planck Compton-y
(tSZ) map from [42]. Specifically, we use the map
constructed using the modified internal linear combination
algorithm component separation method. Note that both
datasets are different from the data used in [18]—in which
they used a combination of ACT and Planck data as their
Compton-y map [43], the DES year 3 redMaPPer cluster
catalog [44] to use as stacking positions, and the DES
MagLim sample [45] for their tidal reconstruction—and
therefore we are not attempting to reproduce their results.
The transverse tidal field was reconstructed from the
galaxy overdensity using the method of [31], described

‘As a side note, another filament-aligned detection was
presented in [14] for the kSZ effect. The spin-2 field of interest
in this case is a composite field, with modulus given by the
amplitude of the radial velocity field and direction given by the
tidal field.

107 4
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T 10712 5 ‘
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10714 4 f

10—15 i I

1016 ]

T T T I
10! 10? 10
14

FIG. 4. Quadrupole (s = 2) measurement. The z x tSZ E-mode
power spectrum measured on BOSS and Planck data. Here 7 was
constructed from the reconstructed tidal tensor with a smoothing
scale of ~0.3°. The signal is detected at SNR ~ 10. The B-mode
spectrum is consistent with 0.

in Appendix B. The overdensity field was initially
smoothed using a ¢ = 0.3° Gaussian kernel (correspond-
ing to a comoving scale of about 12 Mpc at the mean
redshift of the CMASS sample). For this measurement we
use higher-resolution maps with N4, = 1024, as much of
the tSZ signal is present on relatively small scales. We
measure the C}’ power spectrum in 23 logarithmically
spaced bins between £ = 2 and £,,,x = 3Nqe,» Which we
show in Fig. 4. The power spectrum is detected with a
SNR ~ 10, consistent with previously reported detection
levels in [18]. We only report this measurement here and
leave its interpretation for future work. This would require
a more thorough study of the dependence on analysis
choices (e.g., tidal reconstruction method), foreground
contamination, etc.

D. Information content in galaxy-based
directional stacking

In arguably the most common form of directional
stacking, using the reconstructed transverse velocities at
the positions of galaxies, the spin-s field used is derived
from the overdensity of the same galaxies on which the
external field is stacked.’ This thus bears the question: is
significant information contained in the resulting stacking
measurements beyond that which could be obtained from
the direct correlation of the external field with the galaxies
themselves?

Schematically, the transverse momentum field is

7. () = / dz p(2)Fy s D)1 +5,(r(DR)],  (24)

5Schematically, the
v(k) « iké(k)/kz.

reconstructed galaxy velocity is
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where p(z) is the redshift distribution of the galaxies under
study, &, is the galaxy overdensity, and ?,, is the
reconstructed velocity field (where we have added the
subscript g to remind ourselves that this is estimated from
d,). We can therefore split z; into two components,

r, =n) + 72'15, where

7 () = / dz p(2)F,. (), (25)

' (h) = / dz p(2)0,(x (2)8) Ty L (x(2)R).  (26)

The cross-spectrum between 7| and the external field X
then receives two additive contributions: C2* ~ (z X) and
C%X ~ (z9"X). The first contribution is sensitive to the
0, x X power spectrum, while the second one is sensitive to
the 6, x 6, x X bispectrum. In principle, on perturbative
scales the second contribution should be subdominant over
the first one, since it involves a higher-order correlator. In
the case of the radial momentum field (i.e., that constructed
using the radial velocity), used in measurements of the kSZ
effect [25], the first contribution is heavily suppressed, as it
is a purely longitudinal mode that cancels out when
integrated along the line of sight [46—48]. Thus, kSZ
measurements are in fact primarily sensitive to the bispec-
trum contribution. However, as we show in Appendix C,
this is not the case for transverse velocities, and both terms
survive.

The question then is whether the bispectrum contribution
is sufficiently large to change the information content of
C’;X significantly from that contained in C ;'X , which could
be estimated from the power spectrum between X and a
suitably weighted version of the galaxy overdensity (since
v ~ 6,/k) without resorting to any directional stacking.

We can address this question quantitatively using the
data used to measure the lensing convergence dipole in
Sec. III B. Here, we can isolate the contribution from C%*
by constructing a transverse momentum field from the
velocities reconstructed from the galaxy data, but evaluated
at the positions of a random catalog, and correlating it with
the x map. We can then compare this with the cross-
spectrum between x and the standard transverse momentum
field (i.e., with the velocities evaluated at the real galaxy
positions). Any differences between both would then be due
to the bispectrum contribution C;”’X . We show the result of
this exercise in Fig. 5, with the cross-spectra estimated using
random positions and real galaxy positions shown in red and
blue, respectively. We do not observe any significant
difference between both measurements, demonstrating that
the signal is indeed dominated by C}’;’X and thus sensitive
mostly to the galaxy-x power spectrum. A similar result
applies to the case of quadrupole stacking based on the local
tidal field when the latter is reconstructed from the galaxy

oy 1 {  Data positions
10 f + Random positions
103 41! | I F ¥
+s
X T
S% 1074 4 | t
O f t t
1075 4 :
1076 !
10! 102
4
FIG. 5. Cross-spectrum between the Planck CMB lensing

convergence map x and the spin-1 transverse momentum field
constructed from the velocities reconstructed using the BOSS
CMASS sample, from which the lensing velocity dipole can be
derived. The dark brown points show the measurements made
when evaluating these velocities at the positions of the CMASS
galaxies, i.e., the standard momentum field (this measurement is
also shown in Fig. 3), while the lighter points show the result of
evaluating these velocities at the positions of a random catalog.
The latter measurement is only sensitive to the cross-correlation
between «k and the galaxy overdensity (the latter of the two via the
reconstructed velocity field). We find that the galaxy-x power
spectrum dominates the signal and information content, with the
bispectrumlike contribution described in the main text remaining
subdominant.

overdensity, and indeed hints of this conclusion were also
seen in [49]. The authors of this work investigate the
cosmological sensitivity of filament-aligned tSZ profiles
(s =2 and higher-order multipoles) with respect to the
monopole (s = 0, i.e., the nonaligned power spectrum) in
simulations. They do not find compelling evidence that the
s > 0 measurements contain additional cosmological infor-
mation compared to the monopole, although they find these
higher-order multipoles respond differently to the input
baryonic physics, making them a potentially useful tool in
constraining such physics.

Analyses using more sensitive datasets may be able to
detect the bispectrum term, which does contain additional
information. To isolate this contribution, one may proceed
as above, subtracting the signal measured using random
positions, and this is indeed the procedure followed in [10]
to detect the moving lens effect. Finally, directional stacks
using spin-s fields that are not derived from the galaxy
distribution will contain information complementary to the
cross-correlation with galaxies, and the harmonic-space
approach advocated here may be used to carry out such
analyses cleanly and efficiently.

IV. CONCLUSIONS

Directional stacking has become a useful tool to study
interesting astrophysical signatures. By orienting the map
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of interest around preferred directions, aligned with key
properties of the local environment, we gain access to
morphological aspects of the sources under study (e.g., the
distribution of gas density or other thermodynamic proper-
ties along filaments or along preferred galaxy axes), as well
as dynamical properties of the LSS (e.g., the cosmic
velocity field, or gravitational lensing caused by extended
structures) relevant for cosmology [7,9-11,14,18,22,49].
Over the last few years, it has become clear in LSS analyses
that combining data from multiple probes is key to breaking
key parameter degeneracies and to pinning down astro-
physical uncertainties (e.g., to constrain clustering proper-
ties of galaxies, their intrinsic alignments, and the impact of
baryonic feedback in the matter power spectrum). Since
directional probes carry complementary information on
both cosmology and astrophysics, folding them into such
combined analyses will become increasingly important, as
their sensitivity improves with the higher-quality data of
ongoing and future experiments.

In this paper we have contributed toward this effort,
putting forward a harmonic-space equivalent of directional
stacking that offers a number of advantages over the real-
space approach. We have shown that all the information
present in directional stacks may be recovered from the
cross-correlation between the target map and the “transverse
momentum” field constructed by weighting each source by
the value of the spin quantity used to define the preferred
local direction. Typical choices for this directing field are
the spin-1 reconstructed transverse velocities or the spin-2
tidal tensor. The E- and B-mode contributions to this cross-
correlation can then be related to the parity-even and -odd
components of the stacked signal without loss of informa-
tion. This approach carries the same advantages of other
power spectrum approaches: measurements on different
harmonic scales are largely uncorrelated, allowing for an
easier separation between different angular scales and for
fast assessments of detection significance and goodness of
fit. Power spectrum estimators are typically much faster
than real-space correlations, and their statistical uncertain-
ties may be estimated quickly and accurately using existing
analytical methods [35,50]. The resulting power spectrum
measurements can thus be easily folded into a joint-probes
analysis seamlessly and self-consistently.

We have demonstrated the equivalence between the
harmonic-space estimator and directional stacking in terms
of information content, both mathematically and numeri-
cally. We have also shown its applicability to real data,
measuring the dipolar signature of the galaxy overdensity
and the CMB lensing convergence aligned with the recon-
structed transverse velocities of galaxies, as well as the
quadrupolar signature of the SZ effect around filaments
aligned with the transverse tidal forces. We have also argued
that, in directional stacking analyses where the directing
field is reconstructed from the galaxy overdensity, the
dominant contribution to the measurement is driven simply

by the power spectrum between the target map and the
galaxy overdensity itself, although additional information
may be extracted if the additional bispectrum contribution
discussed in Sec. III D can be isolated (e.g., by subtracting
the correlation with the directing field sampled at random
positions).

Further information may be gained by employing
directing spin fields that are independent from the galaxy
overdensity. Examples of these could be the measured
galaxy shapes, the strength and direction of jets in radio
galaxies, their polarized intensity, the spins of galaxies,
groups, or clusters, or even measurements of the true
transverse velocities in proper motion surveys [51]. The
estimator presented here, and implemented in the public
code NaMaster, may be used to measure these signatures and
to seamlessly combine them with standard LSS probes in
joint analyses.

Note added. Recently, we learned of the work of [10],
where a framework similar to that described here is
proposed.
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APPENDIX A: ROTATIONS AND
WIGNER D MATRICES

In this Appendix, we collect all properties of the Wigner
D matrices that are relevant for the derivations of Sec. II.
Further details may be found in e.g., [52,53].

Any rotation on the sphere can be described by three
successive rotations along predefined axes. The effect of
successive rotations by angles y, f, and «a around the z, y,
and z axes, respectively (z —y — z convention), can be
represented by the rotation operator D(a, 8, y)—note how
the first rotation by angle y is written last in this notation.
Also note the correspondence with spherical coordinates
(see Fig. 1 for easier visualization): the azimuthal angle ¢
can define a rotation about the z axis, while the colatitude @
is a rotation about the projection of 1 in the x — y plane (if fi
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is aligned with the x axis, it is effectively defining a rotation
about the y axis). The inverse rotation D~' can be obtained
by swapping the first and last rotations and taking the
negative of the original angles,
D™ (a.p.y) = D(~y.~p. ~a). (A1)

From Fig. 1, it is evident that going from (4) to (1) can be
achieved via the successive rotations of first +¢,,, then 46
and +¢ about z, y, and z, respectively—or in our
notation, D(¢p, 6, p,).

The effect of this rotation operator D on the spherical
harmonics (SHs) can then be written in a matrix form, often
called the Wigner D-matrix D’

Yom (ﬁ/) = Z[Dzm’(av ﬂ’ }’)}*Yfm’ (ﬁ)

m

(A2)

That is, the rotated SHs are a linear combination of original
SHs of the same order . Here, the two coordinates fi and i’
are related by a rotation: hi = Dii’.
The Wigner D-matrix can be decomposed into different
angular components,
¢ _ —ima gt —im'y
Dmm,(a,ﬂ, y)=e meds (B)e”"™. (A3)
Here we have introduced the small-d matrix df;l > Which
contains the f-dependent part of the Wigner D-matrix. For
m' = 0, this small-d matrix has a very simple expression,

) = [ cosp) = [ cosp),
(A0

where P} is an associated Legendre polynomial.
From Eq. (A3), we can derive a simple property which
will prove useful in Sec. II,

Diml(a,ﬁ, y) = Dim,(a,ﬁ, O)E_im'y = Dim’(()’ﬂ’ y)e—ima'
(A5)

In the flat-sky limit, i.e., when £ > m, m’ for a small-d
matrix d,i ' the small-d matrix can be related to the Bessel
functions of degree m, J,,, as

dim’ (ﬂ) - (fﬂ) . (A6)

As mentioned above, one can liken some of the angles a,

p, v in the 7 — y — z convention to the spherical coordinate

angles 6, ¢. Specifically, we can express the D-matrix using
spin-weighted spherical harmonics [54],

4z

—sYt’m(ﬁ)’

Dfms((pve’ 0) = (_l)m 2l+ 1

(A7)
where i = (sin 6 cos ¢, sin @ sin ¢, cos 6).

APPENDIX B: RECONSTRUCTING THE
PROJECTED TIDAL FIELD

To recover the direction of density ridges in the cosmic
web, we apply the method presented in [31] and previously
used in directional stacking works [14,17]. The method is
based on estimating the projected tidal tensor, which
determines how tidal forces deform extended objects.
The eigenvalues and eigenvectors of the tensor can then
be used to find the directions of maximum compression or
stretching, which align with the local direction of filaments
in the projected cosmic web. The 2D tidal tensor field 7, is
defined as the covariant Hessian of the 2D potential ¢,

tag, = Happ,  where
dy(d,/ sin6)

62
» | . (B
0p(0,/ sin@) 03 /sin*0 + cot 60,

H

The potential ¢ is simply extracted from the projected
density field ¢ inverting the Poisson equation on the sphere
V2¢ = 5 [or, in harmonic space, 8s,, = —£(€ + 1)z

t,» Mmay be written in terms of the spin-raising operator 9
acting on ¢ (see [31,32]) as

‘ 1(6+11 75 ) 1]I5—|—1A
= — = — —’L"
2 (%) 5—7,'1 2 2

5= dd¢, 71 + ity = 00¢, (B2)
where I is the 2 x 2 identity. The overdensity field § is
evidently a scalar under rotations, given by the trace of t,
whereas the traceless component of t, 7, is determined by
the spin-2 field 7 = 7y + ir,. Since 7 is a second derivative
of a scalar (¢), it is a pure E-mode field (7% = 0), with

s __Jer  fesne-n,
Tom = — (f_2)| ‘m — f(lxﬂ+]) ‘m — Y¢m>
(B3)

where the last approximate equality holds in the large-
£ limit.

The tidal tensor may be used to define the preferred
directions of the local cosmic web. Specifically, its princi-
pal eigenvector (i.e., that related to its largest eigenvalue)
defines the direction along which tidal forces produce the
largest compression (i.e. perpendicular to the direction of
filaments) [14,17,31]. The eigenvectors of t are the same as
those of its spin-2 traceless component 7, and their
eigenvalues are related by 1, = A, + §/2. We can therefore
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restrict ourselves to using only the traceless 7 to define
the local tidal direction. The eigenvalues of 7 are
Ay = £+/73 + 73. Let e, = (cos ¢;, sin ¢,) be the normal-
ized eigenvector corresponding to 4, defined by the angle
cos ¢, with respect to the local x axis [the other eigenvector
is then e_ = (—sin¢,, cos ¢,)]. The traceless tensor is then
given by

t=21,e.el +ie_el =1 (e.e’ —e_el)
h (cos 2¢, sin2q, )
B sin2p, —cos2p,)’
Thus, the complex spin-2 field may be written as 7 = 7; +
ity = /77 + 73>, That is, in the case of tidal-field
reconstruction, the angle ¢, defined in Sec. Il A corre-
sponds to the angle defining the local direction of the

cosmic web (i.e., that defining the principal eigenvector
of 1).

(B4)

APPENDIX C: THE PROJECTED
TRANSVERSE MOMENTUM

We follow a formalism similar to that of [46,48] to
describe the structure of the projected galaxy momentum
field used in directional stacking analyses. Let us define the
three-dimensional momentum field

q(x) = (14 5,(x))v(x). (c1)
where v, is the reconstructed galaxy velocity field. We can
separate q into its “gradient” and “curl” contributions® in
Fourier space, i.e., those parallel and perpendicular to the
wave vector K,

a(k) = gy(k)k + q, (k), (€2)
where g = k-q(k), and q, = (I-kk")q(k), with
k=k /k. Most velocity reconstruction algorithms rely

°In [48] the more common nomenclature of “longitudinal” and
“transverse” modes was used. We avoid this here to prevent
confusion with the use of the term “transverse” referring to
vectors perpendicular to the line of sight f.

on inverting the linear continuity equation, in which case
the velocity is calculated as a pure gradient of the form
v,(k) « ik§,(k)/k*. Thus, only the second-order term
04V, in Eq. (CI) contributes to the transverse momentum
q, . Hence, q is, in principle, subdominant to g, which is
sourced by v, at first order.

We may now define the projected radial and transverse
momentum fields 7 () and 7, (fi) in terms of q as

m|(h) = / dyH(z)p(z)fTq(yi),

m ()= [ PO a0R). (€
where H(z) is the expansion rate and p(z) is the redshift
distribution of the galaxies. The operator I — Af' in 7|
projects q on the plane perpendicular to the line of sight,
while the dot product with h in 7 selects the radial
component of q. Separating q into its gradient and curl
components

3

71'||(ﬁ)Z/d)(H(Z)p(Z)/(§”§3eik)(x(xq”<k)—‘,—ﬁ*qj_(k)),

(C4)
3
w (f) = /d;(H(z)p(z)/(jﬂ];3 el’k)(x(RqH(k)
—fixg (k) + [[ - Aflq, (k)), (C5)

where x = i - k.

For most scales and distances of interest, the product
ky > 1, and thus the factor e, oscillates fast, leading to
cancellations except when x~0 (i.e., when the Fourier
mode is close to transverse to the line of sight). The terms
proportional to x above are therefore heavily suppressed.
As shown in [47,48], this makes the contribution from the
gradient mode g negligible in the case of x| and is the
reason why measurements of the kSZ effect are only
sensitive to the curl component of q (i.e., the second-order
term o 6,V,). In turn, the gradient term ﬁqn (k) survives in
the transverse momentum 7t; and, as we show in Sec. III D,
it dominates over the second-order curl component.
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