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We present a lattice QCD study of dilepton production in charmonium transitions, specifically focusing
onthe 1™ — 0~" and 1*" — 17~ processes: h, — £ ¢~ and y,., — J/wf ¢, where £ = e, u. The
relevant hadronic matrix elements are computed using gauge field configurations generated by the
Extended Twisted Mass Collaboration with Ny =2 + 1 + 1 dynamical Wilson-Clover twisted-mass
fermions at four lattice spacings. Simulations are performed at physical dynamical u, d, s, and ¢ quark
masses, except for the coarsest lattice, where the lightest sea quark mass corresponds to a slightly heavier
pion mass. A controlled continuum extrapolation is carried out. In the continuum limit for the £, decays, we
obtain I'(h, — n.ete™) = 5.45(19) keV, and ['(h, — n.pupu~) = 0.635(22) keV. For the y.; decays, we
find T(y.; — J/weTe™) =2.869(90) keV and I'(y.; — J/wutu~) =0.1993(72) keV. Our results for
the y., decays show good compatibility with experimental data. However, our prediction for the s, —
n.e"e” decay rate is approximately 3o larger than the BESIII result. We also present predictions for the
differential decay widths as functions of the dilepton invariant mass, g2, and for angular observables
sensitive to longitudinal transition form factors, which are inaccessible in radiative decays with real photon
emission. These results constitute the first fully dynamical lattice QCD predictions for dilepton decay rates
in &, and y.; charmonium transitions, including their differential distributions and angular observables.

2

They provide benchmark predictions for future experimental studies.

DOI: 10.1103/bkbz-5wc3

I. INTRODUCTION

In recent years, electromagnetic transitions in heavy
quarkonia have attracted significant phenomenological and
theoretical interest, as they offer a sensitive probe of the
internal structure and dynamics of heavy quark-antiquark
bound states. Radiative decays such as /i) = 1.)7s
J/w — 5.y, and T — n,y are governed by electric and
magnetic multipole amplitudes and they can be described
using effective field theories of QCD in the nonrelativistic
regime, such as nonrelativistic QCD (NRQCD) and poten-
tial nonrelativistic QCD (pNRQCD) [1-4]. However, these
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approaches rely on an expansion in the heavy-quark
velocity and, in practice, require truncation, which intro-
duces systematic uncertainties that are often difficult to
quantify. By contrast, lattice QCD provides a first-princi-
ples determination of the relevant hadronic matrix elements
directly from the QCD Lagrangian, without relying on a
velocity expansion or model assumptions, and with sys-
tematically improvable uncertainties.

Radiative quarkonium transitions have already been
studied in lattice QCD for several channels [5—14], yielding
in some cases high-precision determinations of the corre-
sponding multipole form factors. Building on these
advances, it is natural to extend this first-principles frame-
work to transitions mediated by an off-shell photon.

Beyond purely radiative channels, electromagnetic
decays involving a virtual photon that subsequently con-
verts into a lepton-antilepton pair provide an additional
probe of quarkonium structure. In these dilepton decays,

Published by the American Physical Society
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also known as Dalitz decays, the invariant mass of the
lepton pair ranges from threshold (2m,) up to the mass
difference between the initial and final quarkonium states.
Because the photon is off shell, the decay amplitude
includes contributions from longitudinal virtual-photon
polarization, which are absent in the on-shell limit
(¢*> = 0). Dilepton decays thus grant access to additional
structures of the hadronic matrix elements.

Experimentally, dilepton decays of charmonium states
have become accessible at modern charm factories. The
branching fractions for the transitions y.; = J/wete™ and
Xe1 — J/wuT ™ have been measured with good precision,
enabling detailed studies of integrated decay rates and
quantitative tests of lepton universality. The BESIII
Collaboration reported [15,1 6]1

Br(ro — J/we"e)

= (10.1 £ 0.3 +£0.5) x 1073,
Br()(c] - J/l//]/) ( )

BESIII
(1)

Br(ye, = J/wpu)
Br()(cl - J/l//€+€_)

=(6.73+£0.51+£0.50) x 10~2.
BESIII
2)

More recently, experimental studies have been extended to
dilepton transitions in other charmonium states with differ-
ent spin configurations. In particular, the BESIII
Collaboration reported the first observation of the electro-
magnetic Dalitz decay h, — n.ete™ [17], measuring2

Br(h. - n.ete)

= (0.59 +0.10 4+ 0.04) x 1072,
Br(h. = n.7) ( )

BESIII
(3)

with a statistical significance exceeding 5 s.d. This result
demonstrates that dilepton transitions involving the &, are
experimentally accessible and provide new input for the
study of electromagnetic transitions in the charmonium
sector.

In addition to the standard electromagnetic contribution,
dilepton decays of quarkonia may, in principle, receive
contributions from nonstandard interactions associated
with new mediators. Precise Standard Model predictions
for decay rates, differential distributions, and angular
observables are therefore essential for interpreting exper-
imental measurements and identifying possible deviations
from Standard Model expectations.

Motivated by this physics potential, Dalitz decays of
heavy quarkonia have recently been investigated within

'"The quantum numbers of y,; and J/y are JPC = 1*+ and
177, respectively.

*The respective quantum numbers of /2, and 7, are J*€ = 17
and 0~ .

phenomenological frameworks that exploit heavy-quark
spin symmetry to relate different transitions and infer the
corresponding form factors from experimental data [18].
While such approaches provide valuable phenomenological
insights, they necessarily rely on symmetry assumptions
and model input, thereby motivating first-principles
lattice QCD determinations of the relevant transition form
factors.

Despite this growing experimental and theoretical inter-
est, a quantitative understanding of these decays directly
from QCD remains incomplete. Radiative transitions such
as h, —» n.y and y. — J/wy have already been inves-
tigated in lattice QCD [5-9], including recent high-pre-
cision determinations of the associated multipole form
factors [10,11]. In contrast, analogous first-principles
studies of dilepton channels remain limited, as their
theoretical description requires the study of the full timelike
g*-dependence of the form factors. Knowledge of this
momentum-transfer dependence is crucial for reliable
predictions of total decay rates and differential spectra in
the dilepton invariant mass.

In this paper, we present the first unquenched lattice
QCD study of the dilepton decays

hc - ’7&%{_’ Xel = J/V/f+f_’ (4)

with £ = e, u. The calculation uses gauge field configu-
rations with Ny =2+ 1+ 1 dynamical Wilson-Clover
twisted-mass (TM) fermions generated by the Extended
Twisted Mass Collaboration (ETMC), at four lattice spac-
ings and with physical dynamical u, d, s, and ¢ quark
masses, except for the coarsest ensemble where the lightest
pion mass is m, ~ 175 MeV. From our lattice determina-
tion of the relevant electromagnetic transition form factors
over the full kinematic range in ¢*, we compute the total
decay rates for final states containing either an electron or a
muon pair. We also present predictions for the differential
decay widths in the dilepton invariant mass and for angular
observables that provide direct sensitivity to longitudinal
transition form factors, which are absent in the limit of real-
photon emission.

We summarize our main results for the total decay rates
as follows:

['(h, > neete 5.45(19) keV,

0.635(22) keV,
2.869(90) keV,
0.

1993(72) keV,  (5)

T(z = J/yete
C(ter = J/wp'n

7)
C(he = neptp”)
7)
7)

which can be compared with the results quoted by the
Particle Data Group (PDG) [19] for y., — J/wf ¢, as
follows:
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[PPG(y | — J/wete™) = 2.91(24) keV,
TS (y oy — Iyt ) = 0.196(26) keV,  (6)

where we have used I'"PS(y,,) = 0.84(4) MeV to convert
the experimental branching fractions into decay widths.
With this choice of the full width T'(y.;), we observe
excellent agreement with the experimental determinations
for both the electron and muon channels. For a more
detailed phenomenological discussion, see Sec. IV. In the
case of h, = n.£*¢~, only the electron channel has been
measured, and the PDG quotes

P0G (h. — ne.ete™) =2.7(1.1) keV, (7)
obtained using Br(h, — n.ete”) = (3.5+0.7) x 1073

and T'PPS(h,) = 0.78 4+ 0.28 MeV. We thus find a differ-
ence of about 2.5¢ with respect to our result (5).

ﬂ )
(J/w(k, &) Jemlxe (p.n) = \/ﬂ(m;%mmg/w’ q%)

The remainder of this paper is organized as follows: in
Sec. II we introduce the form-factor decompositions and
the lattice observables used to extract them. For clarity, the
discussion is organized channel by channel: we first
present the formalism for y,, — J/w#"¢~ and then for
h. = n.£7¢". The corresponding numerical analyses are
presented in the same order in Sec. III. In Sec. IV we
discuss the resulting decay rates, differential distributions,
and angular observables, comparing them with available
experimental results where possible. Finally, in Sec. V, we
summarize our findings and outline prospects for future
improvements and extensions to other decay channels.

II. FORM FACTORS AND LATTICE SETUP

We adopt the following decomposition of the transition
matrix elements describing the decay y. — J/wy*
and h, — ncy*3:

e (p = k), x {2'"5“ [E1(q%) + Ma(g)](n - K)ei(p + k),

m
+2m3, # [E\(¢*) = Ma(g))(" - pIn,(p + k), + Ci(q*)[=A(m5,.m3 . 4* e

Xel

10, =+ @R+ (2, =, = ) P+ 0,1 ®)
0l . 0) = 20 0o, { F1(a7) (==Lt ) + ol )| T =S| o)

where J&, is the electromagnetic current,

Jim(x) = Z J?(x): Z 0rqs(x)r*qs(x),  (10)

f=ud,s,c f=ud,s,c

with the sum running over all quark flavors, g,(x) being the
quark field, and Qy its electric charge in units of
e = \/4na.,. In Eq. (8), p and k are the momenta of
1 and J /yr, respectively, while 7 and ¢ are their respective
polarization vectors. E;(¢?), M,(¢*), and C;(¢?)
are the form factors parametrizing the y. — J/wy*
matrix element, which are functions of ¢> = (p — k),
while A(x,y,z) = x? + y? + 2% — 2xy — 2yz — 2xz is the
Killén function. In Eq. (9), instead, p and k are the
momenta of the /. and 7., respectively, ¢ = p — k, while
€ is the polarization of the 4, meson. The nonperturbative
form factors relevant for the h. — n.£"¢~ decays are
Fi(¢?) and F,(g?), which obey the g*> =0 constraint
F(0) = F,(0). For later convenience, we also introduce
the longitudinal form factor

2 2 FZ(qz)

1 [Almg ,m;,q%) .
m;, —m

Ne

4%e%+ﬁnwﬁ (1)

In terms of the form factors F(q?) and F;(g?*), the decay
rate for h, — n.£1¢~ is simply the sum of two contribu-
tions proportional to |F,(¢*)]> and |F,(g*)*, without
interference terms (see Sec. IV).

In the case of real photon emission considered in
Refs. [10,11], only the form factors E;(0), M,(0), F;(0)
contribute. In this paper we extend these calculations, and

*We take this opportunity to correct a transcription typo in
Eq. (3) of Ref. [10]. Specifically, the factor mfm multiplying the
(Ey +M,) and (E; — M,) terms is missing in that equation. In
addition, compared to Eq. (3) of Ref. [10], we redefine
C1(q%)/\/q* = Ci(qg?). With this definition, C, (¢2) is nonzero
in the limit g> — 0. We also remind the reader that the original
decomposition of the matrix element was first presented in
Ref. [5], where a derivation of this covariant decomposition is
provided in the Appendix.
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TABLE 1. N;=2+1+1 ETMC gauge ensembles used in
this work. a is the lattice spacing, L/a the spatial extent of the
lattice, am,. is the bare charm quark mass, and Zy the vector
current renormalization constant [22]. With the exception
of A48 (which corresponds to a pion mass m, ~ 175 MeV),
all the ensembles have been generated at physical values of the
light, strange, and charm quark masses. At each lattice spacing,
the charm quark mass m, has been tuned to reproduce
mp, = 1968 MeV.

ID L/a a fm Zy am,

A48 48 0.0907(5) 0.68700(15) 0.2620
B64 64 0.07948(11) 0.706354(54) 0.23157
C80 80 0.06819(14) 0.725440(33) 0.19840
D96 96 0.056850(90) 0.744132(31) 0.16490
evaluate E,(q?) and M,(q*) and F(g*) over the full

kinematic range allowed, and determine the additional form
factors that contribute to virtual photon emission only,
namely C,(q?) (in the case of the y.; decay) and F,(q?) (in
the case of the &, decay).

For this computation we use the gauge field configura-
tions produced by the ETMC, with Ny =2+1+1
dynamical Wilson-Clover TM fermions which guarantee
the automatic O(a) improvement of physical on-shell
observables [20,21]. Basic information regarding the
four lattice ensembles used in this work is collected in
Table I, and further details can be found in Ref. [22]. To
extract the form factors relevant to the y,., — J/w¢ "¢~ and
h. = n. ¢~ decays, we work in the rest frame of the
decaying meson (either the &, or the y,.), i.e., we setp = 0.

The core nonperturbative input needed to extract the
E (¢%), M5(q?), and C,(q?*) form factors parametrizing the
Ye1 = J/w€t ¢ decay is given by the following Euclidean
three-point Euclidean function:

C”k it K Zelk I 0|OJ/I//(X 0)Jen(y. =1y)
X,y,Z
x O (2.1,)[0). (12)

where (99 . and OF are the interpolating operators of the

Xel
J/w and y.,, respectively, which, following previous

studies, we take to be the Gaussian-smeared ones
defined by

O, (x. ch x. )G (X, ¥)7'q.(y.1).

Ok ( ch(x NG (X, V)Y q.(y. 1), (13)

y

where 7 is an integer,

Gt(Xv Y) = [5x.y +K[—II(X9 y)]v (14)

1 + 6k

Kk is a smearing parameter (see below for more details) and
H,(x,y) is the Gaussian smearing operator,

3
Hi(x,y) = > _[Up (X, )8y ipy + Un' (X = 1. )8x_py]
n=1

(15)

with Uj(x) being the so-called APE-smeared links;
cf. Ref. [7]. The spatial momentum Kk is injected along
the third spatial direction k = (0,0, k), and we compute
the three-point function for the following values of k_, as
follows:

k. =0,+2.4 x 1072,0.175,0.275,0.337,0.3894 GeV.
(16)

This allows us to cover the full kinematic range: from
g* = 0 corresponding to

2 2

m —m
k| = )‘127’“2 389.4 MeV, (17)

Xel

up 0 gaa = (m,  —my,)* ~ (041 GeV)? correspond-
ing to |k| =0. Note however that, as in the case of
semileptonic weak transition between pseudoscalar states,
e.g. D — nfv, the three-point function at |k| = 0 is not
sufficient by itself to extract all the form factors exactly at
G2 For this reason we have additionally evaluated the

three-point function C’{lk at two very tiny values of

k, ~ 41072 GeV, which will allow us to effectively predict
all three form factors at g> ~ g2,. This will be explained in
the following subsection.

In the case of the h, — £ ¢ transition, one needs to
compute

C;jh(th; Iy k) = Zeik(x_w <O|Om (X7 O)Jém()U _tj)

X.y.Z

x O) (z.~1,)[0), (18)

where the interpolators of the 7. and /. mesons are
defined as

*As it will be clear in the next subsection, only the form factor
E, can be evaluated directly at g2, from the only knowledge of
the three-point function at |k| = 0.
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Wick contractions relevant to the correlation function (18). Diagram (a) corresponds to the connected contribution, while

(b)—(e) correspond to the disconnected ones. Diagrams (b), (c), and (e) are Zweig suppressed. For each diagram, we have indicated the flavor
associated to each quark line. Light quark (u, d, s) contributions only appear in diagram (d) and diagram (e) where the photon is emitted by a
sea quark. These two diagrams are suppressed in the SU(3)-limit m,, = m, = m,, while the effect of the ¢ sea quark should be negligible.

0, (x.1) = 34 (x. NG (x. )7 4. (3.1).
y

O;:zc (X’ t) = ZQC(X’ t)G’tl(X’ y)giklgkl‘h(y’ t)' (19)
y

Again, we inject the spatial momentum along the third
direction, k = (0,0,k,). In the case of the h, — 7.
transition, the spatial momenta we considered are

k. =0,%+1.2 x 1076,0.125,0.250,0.375,0.469, 0.5 GeV,
(20)

allowing us to cover the full phase space, from ¢> = 0
corresponding to

2
m
k| = L

2
m

e ~0.50 GeV, (21)
th

up t0 Gy = (my, —m, )* ~(0.54 GeV)?, corresponding
to k = 0. As in the case of the y.; decay, also here only the
form factor F,(q2,) can be extracted directly from
simulations at k = 0.

In analogy with what we did for the y., — J/y decay,
we have computed the three-point functions for two very
tiny values of k, ~ +107° GeV, which then allow us to
obtain (g2, ), as will be discussed in the next subsection.
For all the meson interpolators discussed above, in analogy
with our previous studies [10,11], we used the smearing
parameter k = 0.4, and fixed on each ensemble the number
of steps n in Eq. (13) to have a smearing radius
ro = ay/n/Vxk ' +6~0.15 fm.

The Wick contractions of the three-point functions Cgf}(k

and C;’}l in Eqgs. (12) and (18) give rise to quark-connected

and quark-disconnected contributions, cf. Fig. | where we
sketch Feynman diagrams corresponding to the Wick
contractions of ngh (the case of Cg{k is identical). In the
following, we will refer to these contributions as connected
and disconnected, respectively. Diagram (a) corresponds to
the dominant (connected) contribution, while (b)—(e) cor-
respond to the disconnected ones. The contributions
corresponding to (b), (c), and (e) are expected to be
very small due to the Zweig suppression. Furthermore,
diagrams (d) and (e) respect the SU(3) suppression in
which the contributions of u, d, and s cancel out in the
m, = my; = m, limit. In this work we focus on the
evaluation of the dominant (connected) diagram, leaving
the evaluation of the disconnected contributions for future
works.” Clearly, only the charm quark component J% of the
electromagnetic current J4,, contributes to the connected

part of the correlation functions Cg{k and C;j;r

If only the quark-connected contribution is considered, it
is possible to use partially quenched twisted boundary
conditions to tune the spatial momentum k to the values
given in Eqgs. (16) and (20), which are in general not integer
multiples of 2z/L. This is implemented by twisting the
gauge links U,(x) on which one of the charm quark
propagators is computed [24-26]. More explicitly,6

U,(x) = Ul(x) = e™0/Ly (x),  0,=(0,0), (22)

with the twist angle 0 set to

SA lattice QCD study of Ref. [23] shows that the contributions
arising from disconnected diagrams indeed give a tiny contribu-
tion to the masses of charmonia.

®In Refs. [10,11], the phase in the corresponding formulas for
the twisted gauge link should include an additional factor of z.
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=(0.0.60), 0 =—k, (23)

where L is the spatial extent of the lattice. Note that the
physical timelike kinematic region relevant for the Dalitz
decays cannot be accessed in a sufficiently dense way using
only the standard Fourier lattice momenta. For this reason,
we employ partially twisted boundary conditions, which
allow us to continuously tune the hadron momenta and
thereby map the full timelike g> dependence of the form
factors. This is different from what has been done in
previous works on the subject.

We are now in a position to discuss our specific
regularization of quark bilinears, as adopted for the
calculation of the quark-connected contribution to both

ngfk and C” As discussed in Refs. [10,11], when evalu-
ating the connected diagrams using twisted-mass fermions,
there are multiple options for discretizing the quark
bilinears, differing in the choice of the Wilson parameter
of the quark field. Specifically, the quark-connected con-
tributions to the three-point functions can be derived from a
mixed-action setup, in which—alongside the simulated
twisted-mass u, d, s, and ¢ sea quarks—the following
valence-quark action is introduced:

val_ Z ZQ)‘ 7/4 ﬂ ]

f=c,c " x

—irg? (WU + mg) + mclqp(x).  (24)

where W[U] is the Wilson-Clover term [27], m,, is the
critical mass, m, is the charm-quark mass, and
f—ce o = 1 is the sign of the twisted-Wilson parameter
of the valence quark field g;. The primed fields are thus
replica charm-quark fields differing only in the choice of
the twisted-Wilson parameter, while all other bare param-
eters are kept identical.

In this mixed action lattice setup, the quark-connected
contribution to the three-point functions in Egs. (12) and
(18) can be obtained by representing the quark bilinear

|

meson interpolating operators as follows:

z]cr‘)m qdc = E]c’r)(C,QC’
QCFh[qC - Z]c’FhCQU

écrj/y/qc - QL‘/F.//I[IqL‘”?

QCFI’](QC - QC’FUCQC’U (25)
where g.I'pg,. denotes the interpolating operator of the
meson P. The charm-quark component of the electromag-
netic current, J%, is discretized as J% = Q.g,.y"q.». The full
Euclidean correlation function evaluated with these oper-
ators corresponds to the quark-connected contribution, up
to an overall factor of 2, accounting for the missing charge-
conjugated diagram in which the electromagnetic current is
inserted in the antiquark line.

With twisted-mass fermions, the parameters r,., r, and
r. can be freely chosen as 1. We restrict ourselves to
r. = ro = 1. This still leaves open the choice between
r. = ry and r. = —r.. The first choice corresponds to the
Osterwalder-Seiler (OS) regularization of the meson inter-
polating fields, while the second corresponds to the TM
regularization of the same fields. In Refs. [10,11], we
demonstrated that for the y.; decay (resp. &, decay), the OS
(resp. TM) regularization is preferable, because, due to
H(3), charge conjugation and (only for the TM case) parity
times G-parity symmetries of the valence quark action, it
avoids unwanted mixing of the interpolated meson states
with lighter states of different J”¢ quantum numbers.
For the present calculation, we adopt the same choices
as in Refs. [10,11], using OS regularization for the
Ye1 = J/wft¢~ decay and TM regularization for the
h. = n.£7¢~ decay. Since the electromagnetic current is
discretized in both cases as g,y q.» with r, = r.» = 1, the
current renormalizes with the vector renormalization con-
stant Zy(f3), whose values are collected in Table 1.

In our mixed-action setup, after denoting by SZ (x, y) and

S2%x,y) the charm-quark propagators evaluated with
r = %1 on the background field configurations corresponding
to U,(x) and UY(x), respectively, the quark-connected con-

tribution to C%/ k( i1, k) and C¥ (1,;1,,K) is evaluated as’

Co (ty315,%) =200 (Tr[S (x, w)r*y* ST (w, y)r/SE (v, x)r']),

Xy, W

Cop(tni 1. k) =20,y (Tr[S
X,y.Z
where x = (x,0), y=(y.-t;), w=(w,~t,), and

z = (z,—t;). The trace Tr[...] is taken over color and
Dirac indices, and (...) denotes the average over the SU(3)
gauge field configurations U,(x). The factor of 2 in
Eq. (26) accounts for the contribution of the charge-
conjugated diagram. The sum over x is evaluated stochas-
tically by inverting the Dirac charm-quark operator on N
spatial stochastic sources placed at time ¢ = 0. The number

c(x.2)eMoy ST (2, y)r S (v. x)r%]),

(26)

[
of gauge configurations and stochastic sources used for the
evaluation of the three-point functions differs slightly
between the /. and y., cases and will be detailed in the
corresponding numerical sections. We now proceed to the

"For simplicity, we consider local interpolating operators, i.c.,
k = 0. In practice, we implement Gaussian smearing as discussed
in the text.
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extraction of the relevant form factors from the three-point
functions, beginning with the y.; case.

A. Extraction of the y,; — J/w?¢* ¢~ form factors E;,
M 29 and Cl

We first consider the two-point functions of the inter-
polating fields O Iy and Ofd to extract their masses/
energies and couplings:

ClZJ/u/

CIZCJ(/:I (t)

(t.k) =Y ™00}, (x.1)O7,(0,0)[0),

X

-0

X

0}, (x.1)0;1(0.0)[0), (27)

neglecting the Zweig-suppressed disconnected contribu-
tions. In the limit of large Euclidean time ¢, the two-point
correlation functions behave as

12}, () 1?

By (R pEry (K)(T=0)) 4
3£, (K) (e +e )+

Cl2 J/l/l( k)

cey

k|2

with m, ~and E;,, (k) being the mass and energy of the

corresponding ground states, and

ZIJ/W() 010}, 17 /w (k. &),
)m O(cl( nk)|0)1;J1 0>’ (29)

where the dependence of Z; Jy ON the momentum k arises
from the smearing. For y ., the interpolator (’))’}fl k=1,2,
3) creates a y.; state with polarization #; « &. For J/y, the
interpolator ') sy (0 =1, 2) annihilates a J /y state with
polarization & « &, while for i =3 it annihilates a
longitudinally polarized J/y with &; = (a,0,0, V1 + a?)
and a = |k|/m,,,. The ellipses in Eq. (28) denote con-
tributions that vanish in the large-time limit, 0 <t < T,
and are further suppressed by the smearing [cf. Eq. (14)].
With our choice of kinematics, we have Z} =72 =273
and Z}/W(k) z3,, (k).

= 2l (o7 M e MY 28 sin . we combine the above quantities to
5 (1) 12, (e’ + T=0y ..., (28) Using Eq. (8), bine the above quantiti
o 2my,, construct the following estimators:
|
C213l't,k C312t'l,k
E (l‘ ;t],k) — M4EJ/W(k)€EJ/W(k)z,emm(tx—t,) X |: ( J ) 3 ( 12 ):|’
\/ZQL‘ J/l//(k> Kol ZJ/V/(k)Z)(cl
213 312
M (f ;tjyk) = lZV(ﬁ) 4EF, vl(k)eEf/v(k)’/emm( 1) % l:C (t tj’k) C 2 (t tj’zk):| )
\/—Qc J/y/(k> Kel ZJ/y/(k)Z)m
_ iZ Ci(tst, k) CPN 1510,k
Cl (t)(; t],k) = ! V(ﬂ) 4E-]/V/(k) m}(“ eEJ/V’(k>tJeerl(tl_tJ) X |: 1 (X 12 ) 2 ( J] ):| s (30)
\/EQC |k| ZJ/y/(k)Z)m ZJ/y/(k)Z)m

which, for large Euclidean time separations, yield the desired form factors E, M,, and C,, as follows:

tJ—)OO

_ t —tJ—)OO 5
Eq(t,t), k) ——= Ei(4?),

The relation between |k| and ¢ is given by

P =m + mi/w —2m, /mg/w + k2. (32)

In Cé;k (t,:t;.k), the interpolating field of J/y is placed
at t = 0, the charm-quark component of the electromag-
netic current is inserted at —f; <0, and the time
—t, < —ty, at which the y. is created, corresponds to
the sink of the correlation function. This setup allows us to
monitor the dominance of the y.; state. Since 7, is fixed in
our computational setup, it must be chosen large enough to
isolate the J/y state. Placing the J/y interpolator at the

;>

_ t —IJ—)OO
My (1,35, k) ————= My(q?),

tJ—)OO

_ t,—1t;—> 00
Ciltyity k) =—— Ci(@»). (1)

source of the correlation function is advantageous, as 7; can
be chosen reasonably large: the signal-to-noise ratio (SNR)
of C’gg(k (t,5t) for fixed |t,—1t,| decreases only as
e~ Eip=mi )t ~ e=Actwhere A, ~ 113 MeV is the (exper-
imental) hyperfine splitting. We considered two values of
t; ~1.6,2.4 fm and observed only minor differences in our
results, which we include in the final systematic error.
We introduce two improvements to the estimators for
M,(q?) and C,(q?) that significantly reduce their statistical
uncertainties:
(1) Case of C,(g?): the three-point correlation functions
Cy? and C3)' vanish in the limit k -0 [see
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(@)

Eq. (12)]. However, on a finite statistical sample,
they vanish only within statistical uncertainties. For
small but nonzero Kk, the noise associated with the
correlation function is expected to be similar to that
at k = 0. We therefore use

C%)?l(tx;tj, k) — C%}?l(tl;tj, k)— Cﬁgl(t1~ t7,0),
CY2 (1,1, k) = CYP (1,1, k) = CY2(1,:1,,0),
(33)

since part of the statistical noise cancels in the
correlated differences. This subtraction is applied
to all considered momenta k and is particularly
effective at very small momenta.

At k = 0, the form factor C; cannot be evaluated

directly. However, by performing a correlated
subtraction between the three-point function at
very small momentum |k| ~ 1072 GeV and that at
vanishing momentum, we obtain an estimate of
C1(q* = Grax)-
Case of M,(g?): for vanishing momentum k = 0,
the relation C3)°(,;1,,0) = —C3)*(1,;1,,0) holds,
implying M,(qa) = 0. Since both C3)° and C3)?
are even functions of the spatial momentum, it
follows that for small |Kk|, M,(g? ~ qAa) « |K|*.
We perform a zero-momentum subtraction to reduce
the statistical uncertainty:

Mz(t){;t], k) - MZ(tl;tJvk) - Mz(t){, tJ,O). (34)

This procedure is applied to all momenta k,
except for the smallest momentum
k., = 2.4 x 1072 GeV, for which a further improved
estimator is constructed by exploiting the behavior
M, (g* ~ g2ax) < |K|?. In this case, we use

_ 1 - _
M2<t)(;t.la k) - E[M2<t)(;t‘/7 k) + Mz(t)(’ t]? _k)]

(35)

This subtraction, involving £k together with
k = 0, is more effective than the zero-momentum
subtraction of Eq. (34), as it cancels noise compo-
nents that are either momentum-independent or
linear in k. At very small momentum, this improve-
ment is crucial, as the signal scales as |k|?> and would
otherwise be overwhelmed by statistical noise.

In the limit k — 0, the improved estimator di-
vided by |k|?* directly provides an estimate of the
second derivative of the form factor with respect to

|k|, allowing a clean extraction of the slope
(36)

We emphasize that these improvements are effective
only if the zero-momentum subtraction and the
averaging in Eq. (35) are performed in a fully
correlated manner, using identical gauge configura-
tions and stochastic sources for all terms.
Having described our strategy for determining the form
factors E,(q*), M,(q*), and C,(¢*), we now turn to the
h. = n£7¢ case.

B. Extraction of the h, — 5,£* ¢~ form factors F;(q?)
and F,(q?)

We now discuss the extraction of the two-point functions
for the interpolating fields O, and (’);1 which are
necessary to determine their masses/energies and cou-
plings. We define these two-point functions as

Cy, (1K) = e™(0|0, (x.1)0},(0.0)[0),

X

Ch,, (1) = Y (010}, (x.1)0;/(0.0)[0).

X

(37)

neglecting the Zweig-suppressed disconnected contribu-
tions to C,,, (#,k) and C5, (7).

In the limit of large Euclidean time ¢, the two-point
correlation functions behave as

12, (k)P
Cyr, (1K) = e 2L (o7Ep (k)1 4 p=Ep () (T=1)y 4
2,;1(;( ) 2E,7(‘(k) (6‘ 1 —+ e " )_|_
) Zi 2
lz,hi(t) _ | h(.-| (e_mhct + e—mhc(T—t)) + ..., (38)

¢ 2my,,

where mj, and E, are the mass and energy of the
corresponding mesons, and
Z,, (k) =010, In (k). Z; = (h(0.€)|0}]0). (39)
The dependence of Z, on k is due to the smearing
of the interpolator. With our choice of kinematics,
Z) = Zﬁc =7 =27,.

The ellipses in Eq. (38) denote contributions that vanish
in the large time limit, 0 << t < T. The interpolating field
O;Z in Eq. (19) creates an h, meson with polarization
¢’ o« 8. Given our choice of kinematics, p =0 and

k =(0,0,k,), we use Eq. (9) to define the following
estimators:
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iZy(p) 4E, (k)

Fi(ty;t;.k) =

eEn(» (k)’.l em/q-(th_t.I)C:lﬁll(th; I‘J, k),

ch ( )Zh
5 lZV( ) 4E (k) m -
Rl(th;tj’ k) = 2QC ( )Zh eEne (K)ty oy, (1 tj)Cgﬁ(th; tj,k), (40)
which, for large Euclidean time separations, allow us to extract the form factors F,(¢?) and F,(g?), as follows:
lj - 0
— t - [] (e e]
Fy(ty: 1. k) o Fi(q%),
tj - 0
- tp—1t; > k|? 1 1 -
Rattstn 0 2 (L B0 @) = [ o 4 KPR (@)
q’ (my, —my)  q
For convenience, we define an estimator that converges e~ Enc &)=y )ty o o=Ik[*1;/(2my,) (45)

directly to F,(g?) as follows:

R™ (1,517, K)

Fy(ty;1,K)

5(q%)
R\ (ty; 15, k) = B(*)F\(ty; 1, k)
= (42
5(¢?) (42)
with
k[ B 1 |
Ay =1+ ola)= "k'z[mﬂ-

(43)

We remind the reader that, in our setup, the relation
between |k| and ¢° is given by

q* = mj, +my —2my, \/my + [k|*. (44)

In analogy with the y.; — J/w£ "¢~ transition discussed
in Sec. ITA, we compute C5 (7,:1;,k) by placing the
interpolating field of 5, at t = 0, inserting the charm-quark
component of the electromagnetic current at a fixed time
—t; < 0, while the time —1, < —t,, at which the A, state is
created, corresponds to the sink of the correlation function.
This setup allows us to monitor the onset of the 4. ground-
state dominance.

The insertion time ¢; must be chosen large enough to
isolate the 7, ground state. The advantage of our setup is
that 7; can be taken reasonably large without significant
loss of signal, since the SNR of C3h(th, t;, k) for fixed time
separation |t, — t,| scales as

with [k|>/(2m,_) <40 MeV. The SNR therefore decreases
only slowly as ¢, increases for fixed |f, — #;]. As in the
previous case, we consider two values, ¢; ~ 1.6 and 2.4 fm,
and verify that the results for F,(;)(#;: ;. k) are consistent
within statistical uncertainties.

To further reduce statistical errors, we employ additional
numerical improvements, particularly for F,(g?). This
procedure closely parallels the strategy used for the
M;(g*) form factor. In the limit k — 0, we see from
Eq. (41) that R, = F, and with $(q*) — 1, the estimator
RS*(t,;1,,0) vanishes. However, with finite statistics, this
cancellation is not exact, and the noise of R;(t;;1,,0) is
strongly correlated with that of R;(#,;,,k), at least for
moderately small momenta k. For this reason, the zero-
momentum subtraction,

R™ (117, k) — RY™(1,:1;,0)
5(q*) ’

Fy(ty;t).k) — (46)

leads to a significantly reduced statistical noise.

The zero-momentum subtraction is applied to all values
of k in Eq. (20), except for the very small momentum
k, ~ 107 GeV. In this case, we introduce a further
improvement by subtracting noise components that are
momentum-independent or linear in k, as follows:

_ 1 = _
Fy(tpit). k) — E[Fz(fhﬁj,m + Fy(tys 1y, —k)],  (47)

exploiting the fact that F, is an even function of k. This
correlated subtraction is essential for determining
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TABLEIL. Number, N, of gauge configurations considered for
the calculation of the ., — J/w£ ¢~ form factors, for each of
the Ny = 2 + 1 + 1 ETMC gauge ensembles in Table 1. NV is the
number of (spin and color diluted) stochastic sources adopted in
Ref. [10] for the calculation of the £, and M, form factors at
g*> = 0, while N, is the number of stochastic sources considered
for the present calculation in which the photon is generally off
shell.

D N, NO N,
A48 800 140 140
B64 400 32 32
C80 640 24 8
D96 300 35 8

F5(g2ax), which would otherwise suffer from very large
statistical uncertainties.

III. NUMERICAL RESULTS
A. Lattice results for the y,; — J/w¢€* ¢~ form factors

Having described in Sec. IT A the extraction strategy for
the y., — J/w¢+ ¢~ form factors, we now turn to the
corresponding numerical analysis. In Ref. [10], we deter-
mined the form factors E;(0) and M,(0) through a high-
statistics analysis of the relevant two- and three-point
correlation functions, employing a large number of gauge
field configurations and stochastic sources. The statistics
used in that work are summarized for each ensemble in
Table II, where N? denotes the number of stochastic
sources employed in that calculation.

To extend the analysis to the case of a virtual photon, we
performed additional simulations for all momentum values
listed in Eq. (16), using the same gauge configurations as in
Ref. [10] but with newly generated stochastic
sources, whose number is denoted by N. For the computa-
tionally more demanding C80 and D96 ensembles, a
reduced number of stochastic sources was employed; the
corresponding values are reported in Table II. To
benefit from the high-statistics computation of Ref. [10]
within the present analysis, we implemented the following
improvements:

First, the mass and couplings of the y. are always
determined from the high-statistics dataset, achieving
higher precision. Moreover, for the form factors E;(g?)
and M, (q?), we introduce the following preconditioning of
the estimators E,(z,;1;,k) and M;(1,;1;,k):

_N\' .
E}(t,51,K)
E11V:<t;(;tjv kmax)

=N/,
My (t;(’tl’k)
M;\/y(tx;tjvkmag

_ — A0
E] (t)(’ ZJ, k) - E‘llvvX ([)(’ tJa kmax)

_ _ A0
MZ(t)(; tJ,k) - MIZVY(QH tJ,kmax) ’ (48)

where the superscripts N and N, indicate determinations
obtained with N¥ and N, stochastic sources, respectively.

The rationale behind this strategy is that results obtained
for a generic momentum |k| and at the reference momen-
tum |K,..| ~389.4 MeV are partially correlated, with the
correlation increasing as k approaches k... This allows
the ratio between form factors at ¢> and at ¢g> = 0 to be
determined using a reduced set of stochastic sources
without significant loss of precision. The high-statistics
determinations of E;(0) and M,(0) obtained with N?
stochastic sources can then be used to reconstruct
E;(¢*) and M,(g*) over the full kinematic range.

This preconditioning procedure proves highly effective
in reducing statistical uncertainties and, more generally, can
be advantageous for reducing computational costs when-
ever form factors must be evaluated across the allowed
kinematic region. In particular, when accessing different
kinematic points requires additional inversions of the Dirac
operator, as in calculations employing twisted boundary
conditions, it is convenient to determine the form factors
with high precision at a reference kinematic point (here
g> =0) and then compute ratios with respect to this
reference using a smaller number of stochastic sources.

In Fig. 2, we show, as an illustrative example, the
estimators of the form factors E,(q?), M»(q*)/|k|*, and
Ci(g?) on the finest lattice-spacing ensemble (D96) for a
fixed value of £, ~ 1.6 fm.® We observe that the ¢ depend-
enceof Ey, M,/ |k 2 and C, is smooth, and the quality of the
plateaus remains comparable when moving away from
g* = 0. As g2, is approached, an increase in statistical
noise is observed for E| and M,. This can be traced back to
the reduced efficiency of the preconditioning in Eq. (48),
since the correlation between ¢°> =0 and ¢~ g2
becomes weaker. Note also that the longitudinal form factor,
C,(g?), is new. It was not considered in our study of y,; —
J/wy [10] since it does not contribute in the real-photon
limit. The estimators for C;(g?) are also shown in Fig. 2.

The form factors are extracted from correlated
constant fits to the effective estimators in the plateau
region. For illustration, the vertical dashed lines in
Fig. 2 approximately delimit the fit intervals adopted for
the D96 ensemble, namely re(l.1,1.5] fm for E|,
t€[1.0,1.4] fm for C;, and r€]0.65,1.1] fm for M,.
Similar intervals are used for the other ensembles and
other kinematic points, with variations of at most about
0.2 fm. In the case of C;(g?), the constant fit yields a
statistical precision of approximately 2%.

The dependence of the results on the insertion time of the
electromagnetic current, f;, is found to be very small, in

8Note that for small values of the J /y three-momentum, K, in
the y,; rest frame, M,(q?) « |k|*>. We factorize the leading |k|?
dependence and present results for the dimensionless combina-
tion M,(q?)|Kmax|?/|K|?, where |Kp.| =~ 389.4 MeV, which
exhibits a much weaker dependence on g>.
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FIG. 2. Estimators E;(t,;1;.K), My(t,;1;.K)/|k[*, and C,(z,;1,,k) for a fixed value of 7, ~ 1.6 fm on the finest lattice spacing

ensemble adopted for this study (ensemble D96). In each plot, the
The data points at the different g> have been slightly shifted

different curves correspond to the different simulated values of ¢>.
horizontally for better visualization. The magenta vertical lines

(approximately) delimit the time interval in which we perform a constant fit to extract the form factors.

agreement with our previous study [10]. This investigation
was performed on a single gauge ensemble (the B64
ensemble), for which all three-point correlation functions
were computed using two values of 7;, namely ¢; ~ 1.6 fm
and f; ~2.4 fm.

A comparison between the estimators of the form factors
obtained with these two choices of ¢; is shown in Fig. 3 for
an intermediate value ¢~ (0.293 GeV)?. The behavior
observed in all other cases is qualitatively the same. Within
statistical uncertainties, no significant dependence on ¢; is
observed in the plateau regions, indicating that our smallest
choice, 7; ~ 1.6 fm, is already sufficient to render finite-z,
effects negligible at the present level of precision.

To estimate any residual ¢; dependence, we associate a
systematic uncertainty to the results obtained at
t; ~ 1.6 fm, defined as

AF = ZFerf< ) F = Ei(¢*), My(¢*). C1(¢?).

\/_Uzr
(49)

where oy, denotes the statistical uncertainty on Xy and
erf(x) is the error function. The quantities AE;, AM,, and
AC, therefore represent the observed spreads weighted by
the probability that they do not originate from statistical
fluctuations.

As for the lattice-spacing dependence of the results, we
illustrate in Fig. 4 the form factors as functions of a? for an
intermediate ¢* ~ (0.293 GeV)? and for a value close to
G%ax- The lattice-spacing dependence of the E,(g*) and
M,(q?) form factors closely resembles that observed at
q* = 0, cf. Ref. [10]. While E,(¢?) displays a rather mild
dependence on a?, we again observe a more pronounced
cutoff dependence for M,(q?). As ¢*> — ¢ the statistical
uncertainties increase, particularly for the form fac-
tor M,(q?).

The longitudinal form factor C;(g?), instead, exhibits
sizable cutoff effects of order O(10% — 15%), which are
nevertheless well described by an a” scaling. To extrapolate
our results to the continuum limit, we adopt the same
strategy as in Ref. [10]. Specifically, for each form factor
and each value of g%, we perform two linear fits in a?: the
first using the full dataset and the second excluding the
coarsest lattice spacing. The fits obtained from the full
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correspond to our determination on the B64 ensemble for k, = 275 MeV, which corresponds to g ~ 0.086 GeV>. The colored bands
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FIG. 4.

the results of constant fits to the estimators over the selected time intervals, from which the form factors are determined.

1 : : : -0.03 ‘
o il |
s | =
=R e o~ -0.05
8
09 N 2 -0.06 7]
<
085‘;— # % :* « -0.07
ST
s =0 ¢ = 0.086 GV
' = 009 @ = 0.171 GoV?e
0.75 ! ! ! ! ! ! ! ! \ 01 ! ! ! ! ! ! ! ! !
0 0001 0002 0003 0004 0005 0006 0007 0008 0.009 0 0001 0002 0003 0004 0005 0006 0007 0008 0.009
a? [fm?] a? [fm?]
-5 T T T T T T T T r|
551 =
|

Ci(d)
-
ik

¢® ~ 0.086 GeV2 =

75 ¢ ~0.171 GeVie j
-8 | | | | | | | |

0 0001 0002 0003 0004 0.005 0006 0.007 0.008 0.009
a? [fm?]

Lattice spacing dependence of the form factors E| (¢*), M,(q?), and C,(g?) for two values of the three-momentum transfer k

corresponding to ¢ ~0.086 GeV? and ¢> ~0.171 GeV? ~ g2,,.

054503-12



CHARMONIUM RADIATIVE TRANSITIONS TO DILEPTONS ...

PHYS. REV. D 114, 054503 (2026)

[ I - I I I I I I
sk @ od

m m m
o |

E1(¢?) x 108

m
o —My(g?) x 10°8
a ~Ci(¢®)e |

m
0 1 1 1 1 1 1 1 L B
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16
¢* [GeV?]

FIG. 5. Three form factors E,(q*), M,(q*), and C,(q

%) describing the y,; — J/w* ¢~ decay as a function of ¢” in the range

q* €0, g%, For illustrative purposes, we have rescaled the form factors or reversed their sign to fit them in a single plot. Note that this
time we show directly M,(g?) and not M,(g?) X |Kpax|>/|k|?>. The colored bands correspond to the results of the ¢? fits performed

according to Eq. (50).

dataset are shown in Fig. 4 as colored bands. In all cases,
the fit quality is satisfactory, with reduced y* values of
order O(1).

Our final results are obtained by averaging the two fits
using the Bayesian Akaike Information Criterion (BAIC).9
The resulting continuum-extrapolated form factors E; (¢°),
M,(q?), and C,(q?) are displayed in Fig. 5, and the values
are given in Table III

We observe that the g dependence of E(q?),
M;>(q%) X |kmax)?/|k|?, and C;(g?) is smooth, and we fit
them to

ka2
F(¢?) = Cyl1 + Dy, Fe{El,M2| a',cl},

K2
(50)

where Cr and Dy are the fit parameters. The resulting fit
curves are shown in Fig. 5 as colored bands, while the
values of F(0) and D, together with their correlations, can
be found in Table IV for each form factor. We note that the
g* dependence is very mild, with |D;¢?| < 1 over the full
physical range, which is densely covered by our lattice
data. Alternative smooth parametrizations, such as pole or
dipole forms, would therefore lead to numerically very
similar interpolations.

Note that only in the case of the longitudinal form factor
C,(g%) do we observe a nonzero slope in g>. The form
factor M,(q?) is, to a very good approximation, propor-
tional to |k|?>, and no statistically significant slope is

See Egs. (21) and (22) of Ref. [11] for details.

observed when fitting the ratio M,(¢*)/|k|*. In Sec. 1V,
we use the linear ¢ parametrization of the form factors to
determine the decay rates and differential observables for
X = J/wete” and yop — J/ypum.

We now turn to the numerical results for the form factors
F1(¢?) and F,(g?) relevant for the h, — n,£*¢~ decay.

B. Lattice results for the h, — n,£* ¢~ form factors

We now present the numerical analysis of the
h. — n.£"¢" transition, following the extraction strategy
described in Sec. II B. For the calculation of the two- and

TABLE III. Continuum extrapolated values of the form factors
E(¢?), M»(¢?) x |k , and C,(g?) for all values of ¢?
considered.

¢’ [GeV’]  E(¢*)  My(q) x [k */K> Ci(q?)
0 0.879(12) —0.0584(21) —6.90(18)
0.043 0.869(20) —0.0593(24 —6.98(18)
0.086 0.863(19) —0.0605(34) —7.05(18)
0.137 0.855(18) —0.0631(57) =7.15(17)
0.171 0.849(24) —0.0591(91) —7.20(17)

TABLEIV. Values of the fit parameters C and D for the three
form factors describing the y.; — J/w& ¢~ decay.

Parameter E, My X |Knal?/ | K|? C,

Cr 0.879(14)  —0.0584(20)  —6.90(19)
Dy[GeV~) ~0.20(10) 0.3935) 0.258(61)
Cort(F(0),Dp) 031 ~0.42 ~0.49
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TABLE V. Number of gauge configurations (N ;) and stochastic
sources (N;) used for the calculation of the i, — 5.£+#¢~ form
factors, for each of the Ny =2 + 1+ 1 ETMC gauge ensembles
in Table L.

D N, N,
A48 300 32
B64 203 8
C80 609 4
D96 150 8

three-point correlation functions required to determine the
form factors F(¢?) and F,(q?) of the h, — 5, ¢~ decay,
we employed the same number of gauge configurations and
stochastic sources for each of the Ny =2 + 1+ 1 gauge
ensembles listed in Table I as in our previous study [11].
This information is summarized in Table V. Note that the
number of stochastic sources used for this calculation is
significantly smaller than that used for the y., — J/w& ¢~
transition. Given the relatively lower computational cost,
we did not implement the preconditioning described in the
previous subsection [Eq. (48)], but instead computed the
two- and three-point correlation functions using the same
number of gauge configurations and sources for all kin-
ematic points, corresponding to both ¢g> = 0 and ¢> # 0.

Unlike in Ref. [11], where the form factor F', (0) relevant
to the h, — 5.y decay was computed including the E112
ensemble (a ~ 0.049 fm), we did not perform simulations
on this ensemble in the present calculation, as cutoff effects
in this channel were found to be very small. Nevertheless,
some of the results obtained in Ref. [11] at g*> = 0 can still
be reused in the present analysis, as discussed below.

We recall that the two form factors F(g?) and F,(q?)
are extracted from the estimators defined in Egs. (40)—(42),
after applying the improvements described in Eqgs. (46) and
(47). In Fig. 6, we show the improved estimators of the

0.9 T T T : ‘ ‘ ‘ ‘
08l P=08 ¢>~0.219 G2
. ?~0.035 GoV2 % g2~ 0274 GeV?2 =
4
507 P 0127 GeVZm 2~ 0203 GeVZ o
'S v
\LT: 061 **gggy
! ﬁ'g’!v
EpF3yeye . 3 33 &
os B EEFFILESET HM&”‘#";’*##*#
0.4 | | | | | 1 1 |

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
(th — tJ) [fm]

FIG. 6. Estimators F(t,;t,,k) and F,(t;;t,, k) for a fixed value of ; ~

form factors F (¢?) and F,(g?) on the finest lattice-spacing
ensemble used in this study (the D96 ensemble), for a fixed
value of the electromagnetic-current insertion time
t;~ 1.6 fm. The figure shows clear and stable plateaus
for both form factors at all kinematic points.

The ¢* dependence of the form factors F,(g?) and
F,(g?) is very mild, varying by about 5% between ¢> = 0
and ¢*> = g2, ~0.293 GeV2. We also investigated
finite-¢; effects by performing simulations at two values,
t;~1.6 fm and ¢; ~ 2.4 fm, on a single ensemble (B64).
The comparison, shown in Fig. 7 for an intermediate
g*> ~0.219 GeV?, reveals excellent agreement between
the two choices. This indicates that #; ~ 1.6 fm is already
sufficient to suppress finite-7, effects for both the F; and F,
form factors at the current level of precision.

For all ensembles other than B64, the three-point corre-
lation functions are computed at a single value #; ~ 1.6 fm,
as done for the y.; — J/w£ "¢~ analysis. The estimators F,
and F, are fitted to a constant in the interval
t, —t; €1, 1.4] fm, where a clear plateau is observed, in
order to extract the form factors F(g?) and F,(q?).

For the extrapolation to the continuum limit, we proceed
slightly differently compared to the previous subsection. To
exploit the ¢*> = 0 simulations performed in Ref. [11],
which included an ultrafine lattice-spacing ensemble with
a ~0.049 fm (the E112 ensemble), we first extrapolate to
the continuum limit the ratios

(51)

which are, by definition, equal to unity at g*> = 0 [recall that
in the on-shell photon limit, one has F,(0) = F,(0)]. The
continuum extrapolation of these ratios is performed using
the four gauge ensembles A48, B64, C80, and D96. We
then combine the extrapolated ratios with our determination

0.9 x x x L x x x
=08 ¢>~0219 GeV2
08k P ~0.035 GeV2 % 2~ 0274 CGeVEm
= P ~0.127 GeVZ m 2 ~0.203 GeV?2 ¢
< 0.7 -
%
< oo Wiy
| *;"vv *
0.5 B LLELEP: #
0.4 | | | | | | | |

02 04 06 08 1 12 14 16
(tp, —t) [fm]

1.6 fm on the finest lattice spacing ensemble (D96) In each

plot, the different curves correspond to the different simulated values of ¢*. The data points corresponding to the different ¢> values have

been slightly shifted horizontally for better visualization.
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FIG.7. Estimators F(t;,;;,k) and F,(t;,; 7, k) for two values of ¢; ~ 1.6, 2.4 fm. The results correspond to our determination on the
B64 ensemble for k = 250 MeV, which corresponds to g> =~ 0.219 GeV?. The colored bands indicate the results of constant fits to the
estimators over the selected time intervals, from which the form factors are determined.

107 I I I I I I I I T
1.06 |
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& 1.04 - |
=
= 103 4
1.0 — o o A
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| | | | | | | | |
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FIG. 8. Lattice spacing dependence of the ratios R;(¢g?) and R,(g?) for two values of the momentum transfer corresponding to

q* ~0.127 GeV? and ¢* ~ g2, ~0.293 GeV>.

F;(0) = =0.522(10) from Ref. [11], obtained from a
continuum extrapolation including five lattice spacings
(i.e., including the E112 ensemble), in order to reconstruct
both Fy(¢?) and F,(q?).

In Fig. 8, we illustrate the ratios R,(¢?) and R,(g?) as
functions of the squared lattice spacing a” for an inter-
mediate ¢> = 0.127 GeV? and for a value close to
G%ax = 0.293 GeV?. The lattice spacing dependence is
very mild, and for the extrapolation of R;(¢*) and
R,(¢?) to the continuum limit, we follow the same
procedure as in the y,.; — J/w& ¢~ case, i.e., we perform
two linear fits in a?: one using the full dataset and a second
excluding the coarsest lattice spacing. The results of both
fits are shown in Fig. 8, where the lighter colored bands
correspond to fits excluding the coarsest lattice spacing.

For all fits, the reduced y> values do not exceed
y*/d.of. = 1.1. Our results for R,(g?) and R,(q*) are
obtained by averaging the two fits using the BAIC. Our
final results for F(¢?) and F,(g?) are shown in Fig. 9,
where, as mentioned above, we use F,(0) = F,(0) =
—0.522(10) from Ref. [11] to determine F,(g*) and
F,(¢?) from the knowledge of the ratios R,(g>) and
R,(g?). The continuum-extrapolated values of the ratios
R,(q*) and R,(g?) are collected in Table VI.

As in the case of the y., — J/w£+¢~ form factors,
having determined F; (¢*) and F,(g?) at discrete ¢> values
over the full kinematic range, we fit them using a simple
polynomial in g?>. We again use a linear ansatz in ¢ to
describe the form factor F,(g?) and F,(g?). We perform a
joint fit given by

|
0.1 0.15 0.2 0.25
2 ¢! VQ
- [GeV]

ST
=
=
S

FIG. 9. Two form factors F,(g?) and F,(q*) describing the
h, = n.7¢~ decay as a function of ¢> in the range
qze[O, qﬁm}, where ¢2,, ~0.293 GeV2. The colored bands

correspond to the results of the g fits performed according to
Eq. (52).
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TABLE VI. Continuum extrapolated values of the ratios R, (¢?)
and R, (q?), defined in Eq. (51), for all values of ¢ considered in
this work.

¢ [GeV?] Ri(4) Ry(q*)

0.035 1.00635(41) 0.994(15)
0.127 1.0235(15) 1.021(16)
0.219 1.0404(27) 1.049(18)
0.274 1.0504(38) 1.063(24)
0.293 1.0532(45) 1.076(16)
TABLE VII. Values of the fit parameters entering Eq. (52) and

associated correlation matrix.

Correlation matrix

Parameter Value C Dy, Dy,
-C 0.520 £ 0.010 1 —0.13 0.10
Dp, [GeV~?] 0.202 +0.022 -0.13 1 -0.63
Dp, [GeV~?] 0.252 £ 0.058 0.10 —0.63 1
Fl(qz):CX[1+Dqu2:|,
Fy(q*) = Cx [1 + Dp,q’], (52)

where C, D Fro and D F, are free fit parameters. The result of
the global fit is given by the colored bands in Fig. 9, while
in Table VII we provide the values of the fit parameters,
including their correlations, which can be easily imple-
mented in phenomenological analyses. As in the case of the
Y1 = J/wtT ¢~ form factors, the ¢ dependence is very
mild, with [Df g*| < 1 over the full physical range.

The results for the longitudinal form factor F(g?),
introduced in Eq. (11), are shown in Fig. 10.

42F =

38| -
30 + B bo#
=34 -
& 32k |

28 |

26 | |

0 0.05 0.1 0.15 0.2
¢ [GeVQ]

FIG. 10. Form factor F; (g?), obtained from our data for F; (¢?)
and F,(g?) through Eq. (11).

IV. COMPARISON WITH EXPERIMENTAL DATA

In this section, we compare our predictions for decay
rates and differential distributions with the available exper-
imental data and discuss observables with varying sensi-
tivity to the underlying form factors. The existing
measurements include extensive studies by the BESIII
Collaboration of the y, — J/wete™ and y. —
J/wuTp~ decays [15,16], as well as the recent observation
of the h. — n.ete™ transition [17].

A. o1 = J/w€t €™ decay

The decay rate for y,; — J/w¢ ¢, after summing over
the J/y polarizations and averaging over the y., polar-
izations, can be expressed as

%1‘&)( 1
C(ye —>J/1//f+f‘):/q dqz/ dcosOI)’ (g*,cosb),
4m§, -1
(53)

where @ is the angle between £ and y ., in the dilepton rest
frame, gy = (m,, —my, )%, and the doubly differential
decay rate is given by

2 o2 Por/Am  m3, . q%)
I (g% cos6) = Fem D - 7 a4 [A(¢?) + B(q?) cos? 0]

cl

487

=17 4(q%) + T g(g*) cos?6,

q*m

Xel

(54)

where A(x, y, z) is the Kéllén function, f, = /1 —4m2/q*, m, is the lepton mass, and the functions A(g*) and B(g?) are

defined as

4m?>
A@) = P16 + 2, (1425 (B ()P + ()P

B(¢*) = —R2?|Ci (g — m2,

(IE1(a*)] + [M2(¢?) )]

(55)
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FIG. 11.  Our results for the A(g?) and B(g?) contributions to

IV (g%, cos ) of the y. — J/wete decay, as defined in
Eq. (54). We also show the behavior of T , ,(¢?), defined

in Eq. (57), which is primarily sensitive to the longitudinal form
factor C,(q?).

The g’-differential decay rate is then given by

1
I, (¢") = [ deosor (¢?.cos0)

B aeszﬁf ( )(cl’mJ/l//’q )
© 48% q*m3
x [ZA(qz) +§B(q2)]. (56)

In Fig. 11, we show our determination of the A(g?) and
B(q*) contributions to I}’ (g% cos6) for the electron
(Z = e) mode, as defined in Eq. (54).

In Fig. 11, we also show the result for the following
angular observable:

0y ap(@) =T 4(@?) - T p(d?).  (57)
which, in the massless limit, is only sensitive to the
longitudinal form factor C,(g?), since

A(q*) = B(¢*) = 2¢%C1(¢*)]> + O(m?).  (58)

Since both A(g?) and B(g?) can, in principle, be
extracted experimentally from the angular analysis of the
decay products, measuring the quantity in Eq. (57) for
final-state electrons allows for a direct measurement of the
longitudinal form factor C;(g?), which does not contribute
in the case of real photon emission.

In Fig. 12, we show our determination of the g*-differ-
ential decay rate in Eq. (56) for both the electron (£ = e)
and muon (7 = u) modes. All the differential rates, as
expected, peak at ¢> = 4m2 and decrease rapidly as ¢?
approaches ¢2,,. After integrating the differential rates
over g2, we obtain the following values for the total decay
rates:

1 T T
0.1
0.01

1

0.001 4

) = | 3
— le-05 ' -
‘ E

E

-

I

G vl

ek (
3 | \ E
le0s £ I L I I I I I -
0 002 004 006 008 01 012 014 016 0.8
¢ [Gev?]

FIG. 12. Our results for the ¢*-differential decay rates I’} (¢%)
for both the electron mode (blue band) and muon mode
(red band).

Ty = J/wete™) =2.869(90) keV,

T(y. = J/wyutu) =0.1993(72) keV, (59)
achieving a precision of about 3.1% and 3.6% for the
electron and muon modes, respectively.

To compare with experiment, we convert the PDG results
for the branching fractions [19]

Br*PS(yo = J/wete™) =
BrfPG (o) = J fyptp) =
to decay widths using I'(y.;) = 0.84(4) MeV [19].

Our results are in excellent agreement with, and signifi-
cantly more precise than, the experimental results in both

channels, as shown in Fig. 13. A similar comparison with
the direct experimental results quoted by BESIII [15,16],

BIPES (1) — Jfyete)
B8 (7 — J fypt )

(3.46 £ 0.24) x 1073,
(233£0.29) x 104, (60)

= (3.73£0.09 £ 0.25) x 1072,
= (2.51£0.18 £0.20) x 1074,
(61)

leads to results that are still compatible with our Standard
Model predictions within 1 s.d. (see Fig. 13).

Alternatively, after dividing our lattice predictions for the
partial decay widths in Eq. (59) by the experimentally
measured branching fractions, we extract the total decay
width of the y,.;. We obtain

F()(d)
F()(cl)

where the values in square brackets are obtained using the
PDG branching fractions [Eq. (60)], while the others are
obtained using the BESIII results [Eq. (61)].

A more direct comparison with the BESIII measure-
ments, which avoids relying on the PDG value of the total
decay width of y,.;, can be made by comparing our results
for

= 0.77(6) MeV[0.83(6) MeV],
=0.79(9) MeV[0.86(11) MeV],  (62)
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Comparison between our lattice QCD predictions for the decay rates I'(y.; — J/weTe™) (left) and I'(y. — J/wutu™)

(right) and the results quoted by the PDG [19] and by BESIII [15,16].

Br(yei = J/wpu)

= 6.95(10 10_2, 63
Br(ra = Jjwere) 000X (63)

Br(ye = J/wete)
Br(xcl - J/l/”/)

=8.78(2) x 1073, (64)

While the lepton-flavor-universality ratio is in excellent
agreement with the experimental result given in Eq. (2), our
result in Eq. (64) is smaller by about 2.3¢ than the BESIII
determination in Eq. (1).

A more detailed comparison between our predictions and
the experimental data can be made for the g’-differential
decay rate. BESIII provided such results for the electron
channel in Ref. [15], where the number of events was

measured from threshold up to \/q_2 ~(.3675 GeV using
short bins of width 5 MeV.

We first integrate our differential decay rate over the
same bins, divide our results by the total decay width in
Eq. (§9), and then multiply the resulting values by the total
number of events recorded by BESIII (Nyenis = 1980). The
comparison is shown in Fig. 14, where the orange data
points correspond to the BESIII measurements and the blue
ones to our theoretical predictions.

An important aspect of this comparison is that the bin-
by-bin event yields reported in Ref. [15] are obtained after
applying selection criteria. Therefore, a meaningful com-
parison requires efficiency corrections. The authors of
Ref. [15] kindly provided us with the corresponding
correction factors for each bin. The efficiency-corrected
event yields are shown in Fig. 14 as magenta data points.

As illustrated in the figure, the efficiency correction is
essential to achieve agreement in the small-g> region,
where a large discrepancy between lattice QCD predictions
and experimental data would otherwise be observed. After

applying the efficiency corrections, the BESIII data are
found to be in reasonably good agreement with our lattice
QCD results, although some differences remain in indi-
vidual bins.

In Fig. 15, we display the bin-by-bin relative
difference between the BESIII measurements and our
lattice QCD predictions in the small-g*> region, where
the event statistics are higher and the uncertainties are
more reliable. In practice, we restrict the comparison to bins

containing more than 20 events. The pull A(y/q?) is

defined as
|NCB\FSHI( V qZ) - !E\QCD( V q2)| (65)

A/ q) = ,
v V@SR + (o))

where NBESHI(/g?) denotes the efficiency-corrected

1000 T T T T T T T E
< B L ]
%3 [= Xel — J/'l/1€ € BESIII efficiency-corrected e
© 100 B |
hﬁ E BESIIT E
e . This worke .
= E bityeny E
=3 F l lilj o'l (3 1
- 1 L | | l l oll | I? | "
= f | il 3
o r 3]
= L ]
~ 0.1 | | | | | || |

1
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

V@ [GeV]

FIG. 14. Number of bin-per-bin events measured by BESIII in
Ref. [15] before (orange data points) and after (magenta data
points) efficiency corrections. Our corresponding theoretical
predictions are shown by the blue data points. Each bin has a
size of 5 MeV.

fe=
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FIG. 15. Relative difference A(1/¢?) in Eq. (65) in the low-¢>

region up to \/q*> ~0.075 GeV.

number of events measured by BESIII in a given 1/ ¢? bin,
and NIgVQCD(\/q2) the corresponding lattice QCD predic-

tion. The quantities oBES"(1\/4?) and QP (\/4%) re-
present the associated uncertainties.

As the figure shows, there is overall agreement between
our lattice QCD predictions and the experimental results,
with the exception of the bins f ~ 17,37, and 47 MeV.
In these bins, we observe a tension of about 2.2¢ at 17 and
37 MeV, and approximately 3.2¢ at 47 MeV. Although no
statistically significant deviation from the Standard Model
is observed, the excess in the 17 MeV bin is qualitatively
compatible with previously reported hints from the
Atomki [28] and Padme [29] experiments, which should
be further experimentally scrutinized. A similar compari-
son cannot be performed using the more recent BESIII
data reported in Ref. [30], which provide a precise
measurement of the y,; — J/weTe™ decay width in the
small-g” region. The published event yields correspond to
data after the selection criteria have been applied, but the
corresponding efficiency corrections were not available
to us.

B. h, - n, 0+ €~ decay
Similarly to the case of the y. — J/wf*¢~ decay
discussed in the previous section, the decay rate for

h. — n £7¢~, after averaging over the h,. polarizations,
can be written as

2
Gmax

(b~ ) = |
42

I

dq? /1 dcos HFZf(qZ, cos @),
(66)

where g2, = (my,_—m, )*, and 6 is the angle between ¢

and the decaying 4, in the dilepton rest frame. The doubly
differential decay rate is given by

Q2 /)7/ (mh %C’ q2)
1271 q’m;
x [A(q*) + B(q*) cos* 0]

=T} A(q?) + T p(g%) cos? 0. (67)

F’f(qz, cosf) =

where A(g?) and B(q?) are defined similarly to Eq. (55),
but with the replacements

2 E(@) P+ Mo ()P = |Fi ().

(68)

ICi(q))> = |FL(q?)

The g’-differential decay rate is then given by

1
F;i(q )= /1 d cos QFZf(qz,cos 0)

2 2
_ aeszﬁf (mh ’ 27(.7 q )

127 q mzc

240 +3 5@,
(69)

We define the following angular observable, analogous
to the y.; — J/wf ¢~ case, as follows:

FZiA—B(qZ) = FZiA(qz) - FZiB(‘f% (70)

which, in the massless limit, is only sensitive to the
longitudinal form factor F;, since

A(q*) = B(¢*) =2¢*|FL(¢*)* + O(m2).  (71)

In Fig. 16, we show our determination of I‘}f (@),
Ty 5(4%), andijA 5(g?) for the electron mode. In Fig. 17,

we show the g*-differential decay rate I ”Z (g%) for both the
electron and muon channels (£ = e, p).

PRTY f RATITY Y, AYTTY ARWATTIY IWETITY RET

LALLL BRERLL BRRRLL (AL N

FIG. 16. Our results for the A(g

%) and B(q
l“Zf (g%, cos 0) in Eq. (67), as well as the results for the angular

2) contributions to

observable F;l’i 4_p(q*) in Eq. (70), which is primarily sensitive to
the longitudinal form factor F;.
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FIG. 17.  Our results for the ¢*-differential decay rates Iy (¢*)
for both the electron (red band) and muon modes (blue band).

After integrating I'Y (¢*), we obtain

T(h, - n.ete”) = 5.45(19) keV,

[(he = neputp~) = 0.635(22) keV, (72)
achieving a precision similar to that obtained in the case of
Ye1 = J/w€T ¢, namely about 3.1% for the electron mode
and about 3.5% for the muon mode.
To compare our result for the electron channel with the
experimentally measured branching fraction [19],
BrfPS(h. — neete™) = (3.5+£0.7) x 1073, (73)
we use the total width of the &, quoted by PDG, I'(h,.) =
0.78(28) MeV [19], and obtain
IPPG(h, — pete™) =2.7(1.1) keV, (74)
which is in tension with our result in Eq. (72) by about
2.5 s.d.

We arrive at a similar tension by directly comoparing our
result with the BESIII result for the ratio [17]1

Br(h, - n.ete)
Br(h. = n.y)

= (0.59 £ 0.10 4+ 0.04) x 1072
BESIII

(75)
Indeed, using

20¢

F(h(, - r]Cy) = 3 aem

we obtain

Note that the experimental result quoted in Ref. [17], also
given in Eq. (75), is a weighted average of two different modes to
produce /.. In the first it comes from ¥(2S) — h.z° and the ratio
is measured 0.46(12)(5)%, while in the second #.. is produced by
ete” — hoata~, and the ratio is 0.89(18)(9) x 1072

Br(hc - nCe+e—)
Br(h. = n.7)

= 0.9341(14)%, (77)

which is higher than the BESIII result by 3.2 s.d. In the
future, it will be important to improve the experimental
determination to monitor whether this difference persists or
disappears. Unfortunately, in the case of A, — n.u*pu~, no
experimental information is currently available.

V. CONCLUSIONS

In this work, we have presented the first fully dynamical
lattice QCD determination of the electromagnetic transition
form factors governing the decays h. — 5.£7¢~ and
Xe1 = J/wlt e, where £ = e, u, thereby providing new
information on the nonperturbative dynamics of charmo-
nium systems. The calculation was performed using
N;=2+1+1 dynamical Wilson-Clover twisted-mass
fermions at four lattice spacings, allowing for a controlled
continuum extrapolation at (near-)physical quark masses.
The relevant matrix elements were computed including
only quark-connected contributions.

We have determined all relevant form factors as func-
tions of the momentum transfer ¢> over the full kinematic
range. In the case of y, — J/wZT¢~, this includes the
multipole form factors E,|(¢?), M,(q?), and the longi-
tudinal form factor C, (¢?), which does not contribute in the
real-photon limit. Similarly, for i, — 5.£"¢~, we have
computed both F,(¢?) and F,(g?), the latter being acces-
sible only for off-shell photons. The g>-dependence of all
form factors is smooth, and the continuum extrapolations
are well described by an a? scaling behavior. The statistical
precision after continuum-limit extrapolation is at the few-
percent level, increasing slightly as ¢ approaches g2,,,.

Using the continuum-extrapolated form factors, we have
computed the partial decay widths reported in Eq. (59) for
the y.; channel. These results are in very good agreement
with the experimental determinations obtained from the
PDG branching fractions in Eq. (60) or from the BESIII
branching fractions in Eq. (61).

In addition to the comparison of absolute decay widths,
we have considered ratios of branching fractions, which
provide a direct comparison with experiment without
relying on external input for the total width of the y.;.
In particular, we have compared our lattice determination of
the ratio between the Dalitz decay and the corresponding
radiative decay,

Br()(cl - J/l;/€+€_)
Br()(cl - J/l//]/)

given in Eq. (64), with the experimental result quoted in
Eq. (2). We find a difference of about 26. The lepton-flavor
universality ratio reported in Eq. (63) is, instead, in
agreement with experiment.

(78)
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We have also compared our predictions for the ¢>-
differential distribution in the y,; — J/we e~ decay with
the corresponding BESIII measurements. After applying
the efficiency corrections, we find overall agreement
between lattice QCD and experimental data. However, a
few bins in the low-g? region exhibit tensions at the level of
approximately 2 — 36. More precise experimental measure-
ments in this kinematic region would therefore be highly
valuable to assess the significance of these differences.

Turning to the 1, — n,.e™ e~ decay, our prediction for the
total decay width, reported in Eq. (72), exceeds the
experimental determination quoted in Eq. (75) by approx-
imately 2.5 —30. Given the current experimental uncer-
tainties on both the branching fraction and the total width of
the h., improved measurements of this channel would be
particularly important to clarify whether this difference
persists with increased precision.

The availability of form factors over the full kinematic range
enables a variety of phenomenological analyses. In particular,
our results provide the nonperturbative QCD input required for
refined studies of possible contributions from light new
mediators in charmonium Dalitz decays. In analogy with
the recent analysis performed by the BESIII Collaboration
in Ref. [30], where bounds on dark-photon couplings were
extracted fromy,.; — J/we™ e~ data, our lattice determination
of the transition form factors allows for a fully first-principles
treatment of the hadronic matrix elements entering such
searches. This will make it possible to reassess and potentially
sharpen constraints on dark-sector scenarios from charmonium
decays. A dedicated phenomenological study along these lines
will be presented elsewhere.

A natural extension of the present work is the study of
the transition ¥(2S) — y.y together with its Dalitz
counterpart in which the virtual photon converts into a
lepton pair. The abundant production of ¥(2S) at BESIII
would allow for precise experimental measurements of
these processes. From the lattice QCD perspective, the
W(2S) state presents additional challenges, as it is not the
ground state in the corresponding spin and flavor channel.
However, established techniques, such as the generalized
eigenvalue method [31], can be employed to face the
problem. This extension will be investigated in future work.

The open-source packages tmLQCD [32—-35], Lemon [36],
DD-aAMG [37-40], QPhiX [41,42], and QUDA [43-45] have
been used in the ensemble generation.

ACKNOWLEDGMENTS

We thank Gaofeng Fan for useful discussions and Zhang
Jielei for kindly providing the efficiency correction factors

applied to the BESIII data of Ref. [15] in our bin-by-bin
comparison. We thank the ETMC for the most enjoyable
collaboration. V.L., G.G., R.F.,, and N.T. have been
supported by the Italian Ministry of University and
Research (MUR) and the European Union (EU)-Next
Generation EU, Mission 4, Component 1, PRIN 2022,
CUP F53D23001480006. F.S. is supported by ICSC-
Centro Nazionale di Ricerca in High Performance
Computing, Big Data and Quantum Computing, funded
by the European Union—Next Generation EU and by Italian
Ministry of University and Research (MUR) Project
No. FIS_00001556. We acknowledge support from the
LQCDI123, ENP, and SPIF Scientific Initiatives of the
Italian Nuclear Physics Institute (INFN). This project has
received support from the IN2P3 (CNRS) Master Project
HighPTflavor. We gratefully acknowledge the ICSC-
Centro Nazionale di Ricerca in High Performance
Computing for providing computing time under the allo-
cations RAC 1916318. We gratefully acknowledge
CINECA for the provision of GPU time on Leonardo
supercomputing facilities under the specific initiative
INFN-LQCD123, and under Projects No. IscrB VITO-
QCD, No. IscrB SemBD, No. IscrB ADSL?2, and No. IscrB
Hcee. We gratefully acknowledge EuroHPC Joint
Undertaking for awarding us access to MareNostrum5
through Project No. EHPC-EXT-2024E01-031. The
authors gratefully acknowledge the Gauss Centre for
Supercomputing e.V. [46] for funding this project by
providing computing time on the GCS Supercomputers
SuperMUC-NG at Leibniz Supercomputing Centre.
The authors acknowledge the Texas Advanced
Computing Center (TACC) at the University of Texas at
Austin  for providing HPC resources (Project ID
PHY21001). We acknowledge EuroHPC Joint
Undertaking for awarding the Project ID EHPC-EXT-
2023E02-052 access to MareNostrumS hosted by
at the Barcelona Supercomputing Center, Spain.
We also thank the GENCLfr for granting us access to
the Jean Zay computers of the computing center IDRIS
in Orsay.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available upon publication because it is not
technically feasible and/or the cost of preparing, depositing,
and hosting the data would be prohibitive within the terms
of this research project. The data are available from the
authors upon reasonable request.

054503-21



DAMIR BECIREVIC et al.

PHYS. REV. D 114, 054503 (2026)

[1] G.T. Bodwin, E. Braaten, and G. P. Lepage, Rigorous QCD
analysis of inclusive annihilation and production of heavy
quarkonium, Phys. Rev. D 51, 1125 (1995).

[2] N. Brambilla, A. Pineda, J. Soto, and A. Vairo, Potential
NRQCD: An effective theory for heavy quarkonium, Nucl.
Phys. B566, 275 (2000).

[3] S. Fleming, I.Z. Rothstein, and A.K. Leibovich, Power
counting and effective field theory for charmonium, Phys.
Rev. D 64, 036002 (2001).

[4] N. Brambilla, A. Pineda, J. Soto, and A. Vairo, Effective
field theories for heavy quarkonium, Rev. Mod. Phys. 77,
1423 (2005).

[5] J.J. Dudek, R. G. Edwards, and D. G. Richards, Radiative
transitions in charmonium from lattice QCD, Phys. Rev. D
73, 074507 (2006).

[6] J.J. Dudek, R. Edwards, and C.E. Thomas, Exotic and
excited-state radiative transitions in charmonium from
lattice QCD, Phys. Rev. D 79, 094504 (2009).

[7] D. Becirevic and F. Sanfilippo, Lattice QCD study of the
radiative decays J/w — 5.y and h. — n.y, J. High Energy
Phys. 01 (2013) 028.

[8] Y. Chen et al., Radiative transitions in charmonium from
N = 2 twisted mass lattice QCD, Phys. Rev. D 84, 034503
(2011).

[9]1 N. Li, H. Su, and Y.-J. Wu, y., — J/yy decay width on
N, = 2 twisted mass lattice QCD, Eur. Phys. J. A 58, 122
(2022).

[10] D. Becirevi¢, R. Di Palma, R. Frezzotti, G. Gagliardi, V.
Lubicz, F. Sanfilippo, and N. Tantalo, Lattice QCD study of
the ., — J/wy decay, Phys. Lett. B 868, 139811 (2025).

[11] D. Becirevi¢, R. Di Palma, R. Frezzotti, G. Gagliardi, V.
Lubicz, F. Sanfilippo, and N. Tantalo, Lattice QCD deter-
mination of the radiative decay rates h, — 7.y and
hy, — n,y, Phys. Rev. D 112, 034505 (2025).

[12] Hadron Spectrum Collaboration, Radiative transitions in
charmonium from lattice QCD, J. High Energy Phys. 05
(2024) 230.

[13] HPQCD Collaboration, Precision tests of the j/y from full
lattice QCD: Mass, leptonic width, and radiative decay rate
to 7., Phys. Rev. D 86, 094501 (2012).

[14] HPQCD Collaboration, Precise determination of decay rates
for . = vy, j/w — yn., and j/y — n.eTe” from lattice
QCD, Phys. Rev. D 108, 014513 (2023).

[15] BESIII Collaboration, Observation of y(3686) — eT e~y .,
and y.; — eTe”J/y, Phys. Rev. Lett. 118, 221802 (2017).

[16] BESIII Collaboration, Study of electromagnetic Dalitz
decays y.; — ptu~J/y, Phys. Rev. D 99, 051101 (2019).

[17] BESII Collaboration, Observation of the electromagnetic
Dalitz transition 4. — e e~ 7., Phys. Rev. D 110, L111101
(2024).

[18] P. Colangelo, F. De Fazio, and R. Pinto, Two-lepton tales:
Dalitz decays of heavy quarkonia, Phys. Rev. D 113,
073007 (2026).

[19] Particle Data Group, Review of particle physics, Phys. Rev.
D 110, 030001 (2024).

[20] R. Frezzotti and G. C. Rossi, Chirally improving Wilson
fermions. 1. O(a) improvement, J. High Energy Phys. 08
(2004) 007.

[21] R. Frezzotti and G. C. Rossi, Chirally improving Wilson
fermions. II. Four-quark operators, J. High Energy Phys. 10
(2004) 070.

[22] Extended Twisted Mass Collaboration (ETMC) Collabora-
tion, Strange and charm quark contributions to the muon
anomalous magnetic moment in lattice QCD with twisted-
mass fermions, Phys. Rev. D 111, 054502 (2025).

[23] HPQCD Collaboration, Charmonium properties from lattice
QCD + QED: Hyperfine splitting, J/w leptonic width,
charm quark mass, and aj, Phys. Rev. D 102, 054511
(2020).

[24] G. M. de Divitiis, R. Petronzio, and N. Tantalo, On the
discretization of physical momenta in lattice QCD, Phys.
Lett. B 595, 408 (2004).

[25] P.F. Bedaque, Aharonov-Bohm effect and nucleon nucleon
phase shifts on the lattice, Phys. Lett. B 593, 82 (2004).

[26] C.T. Sachrajda and G. Villadoro, Twisted boundary con-
ditions in lattice simulations, Phys. Lett. B 609, 73 (2005).

[27] B. Sheikholeslami and R. Wohlert, Improved continuum
limit lattice action for QCD with Wilson fermions, Nucl.
Phys. B259, 572 (1985).

[28] A.J. Krasznahorkay et al., Observation of anomalous
internal pair creation in *Be: A possible indication of a
light, neutral boson, Phys. Rev. Lett. 116, 042501 (2016).

[29] PADME Collaboration, Search for a new 17 MeV resonance
via e e~ annihilation with the PADME experiment, J. High
Energy Phys. 11 (2025) 007.

[30] BESIII Collaboration, Search for a hypothetical gauge
boson and dark photons in charmonium transitions, Phys.
Rev. D 113, 032009 (2026).

[31] M. Luscher and U. Wolff, How to calculate the elastic
scattering matrix in two-dimensional quantum field
theories by numerical simulation, Nucl. Phys. B339, 222
(1990).

[32] K. Jansen and C. Urbach, tmLQCD: A program suite to
simulate Wilson twisted mass lattice QCD, Comput. Phys.
Commun. 180, 2717 (2009).

[33] A. Abdel-Rehim, F. Burger, A. Deuzeman, K. Jansen, B.
Kostrzewa, L. Scorzato et al., Recent developments in the
tmLQCD software suite, Proc. Sci. LATTICE2013 (2014)
414 [arXiv:1311.5495].

[34] A. Deuzeman, K. Jansen, B. Kostrzewa, and C. Urbach,
Experiences with OpenMP in tmLQCD, Proc. Sci. LAT-
TICE2013 (2014) 416 [arXiv:1311.4521].

[35] ETM Collaboration, Twisted mass ensemble generation on
GPU machines, Proc. Sci. LATTICE2022 (2023) 340
[arXiv:2212.06635].

[36] ETM Collaboration, Lemon: An MPI parallel I/O library for
data encapsulation using LIME, Comput. Phys. Commun.
183, 1321 (2012).

[37] A.Frommer, K. Kahl, S. Krieg, B. Leder, and M. Rottmann,
Adaptive  aggregation-based domain  decomposition
multigrid for the lattice Wilson—Dirac operator, SIAM 1J.
Sci. Comput. 36, A1581 (2014).

[38] C. Alexandrou, S. Bacchio, J. Finkenrath, A. Frommer, K.
Kahl, and M. Rottmann, Adaptive aggregation-based do-
main decomposition multigrid for twisted mass fermions,
Phys. Rev. D 94, 114509 (2016).

054503-22


https://doi.org/10.1103/PhysRevD.51.1125
https://doi.org/10.1016/S0550-3213(99)00693-8
https://doi.org/10.1016/S0550-3213(99)00693-8
https://doi.org/10.1103/PhysRevD.64.036002
https://doi.org/10.1103/PhysRevD.64.036002
https://doi.org/10.1103/RevModPhys.77.1423
https://doi.org/10.1103/RevModPhys.77.1423
https://doi.org/10.1103/PhysRevD.73.074507
https://doi.org/10.1103/PhysRevD.73.074507
https://doi.org/10.1103/PhysRevD.79.094504
https://doi.org/10.1007/JHEP01(2013)028
https://doi.org/10.1007/JHEP01(2013)028
https://doi.org/10.1103/PhysRevD.84.034503
https://doi.org/10.1103/PhysRevD.84.034503
https://doi.org/10.1140/epja/s10050-022-00768-w
https://doi.org/10.1140/epja/s10050-022-00768-w
https://doi.org/10.1016/j.physletb.2025.139811
https://doi.org/10.1103/ysxn-sxj7
https://doi.org/10.1007/JHEP05(2024)230
https://doi.org/10.1007/JHEP05(2024)230
https://doi.org/10.1103/PhysRevD.86.094501
https://doi.org/10.1103/PhysRevD.108.014513
https://doi.org/10.1103/PhysRevLett.118.221802
https://doi.org/10.1103/PhysRevD.99.051101
https://doi.org/10.1103/PhysRevD.110.L111101
https://doi.org/10.1103/PhysRevD.110.L111101
https://doi.org/10.1103/6wdr-tr4f
https://doi.org/10.1103/6wdr-tr4f
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1088/1126-6708/2004/08/007
https://doi.org/10.1088/1126-6708/2004/08/007
https://doi.org/10.1088/1126-6708/2004/10/070
https://doi.org/10.1088/1126-6708/2004/10/070
https://doi.org/10.1103/PhysRevD.111.054502
https://doi.org/10.1103/PhysRevD.102.054511
https://doi.org/10.1103/PhysRevD.102.054511
https://doi.org/10.1016/j.physletb.2004.06.035
https://doi.org/10.1016/j.physletb.2004.06.035
https://doi.org/10.1016/j.physletb.2004.04.045
https://doi.org/10.1016/j.physletb.2005.01.033
https://doi.org/10.1016/0550-3213(85)90002-1
https://doi.org/10.1016/0550-3213(85)90002-1
https://doi.org/10.1103/PhysRevLett.116.042501
https://doi.org/10.1007/JHEP11(2025)007
https://doi.org/10.1007/JHEP11(2025)007
https://doi.org/10.1103/76js-7s9f
https://doi.org/10.1103/76js-7s9f
https://doi.org/10.1016/0550-3213(90)90540-T
https://doi.org/10.1016/0550-3213(90)90540-T
https://doi.org/10.1016/j.cpc.2009.05.016
https://doi.org/10.1016/j.cpc.2009.05.016
https://doi.org/10.22323/1.187.0414
https://doi.org/10.22323/1.187.0414
https://arXiv.org/abs/1311.5495
https://doi.org/10.22323/1.187.0416
https://doi.org/10.22323/1.187.0416
https://arXiv.org/abs/1311.4521
https://doi.org/10.22323/1.430.0340
https://arXiv.org/abs/2212.06635
https://doi.org/10.1016/j.cpc.2012.01.016
https://doi.org/10.1016/j.cpc.2012.01.016
https://doi.org/10.1137/130919507
https://doi.org/10.1137/130919507
https://doi.org/10.1103/PhysRevD.94.114509

CHARMONIUM RADIATIVE TRANSITIONS TO DILEPTONS ...

PHYS. REV. D 114, 054503 (2026)

[39] S. Bacchio, C. Alexandrou, and J. Finkerath, Multigrid
accelerated simulations for twisted mass fermions, Eur.
Phys. J. Web Conf. 175, 02002 (2018).

[40] C. Alexandrou, S. Bacchio, and J. Finkenrath, Multigrid
approach in shifted linear systems for the non-degenerated
twisted mass operator, Comput. Phys. Commun. 236, 51
(2019).

[41] B. Jod, D.D. Kalamkar, T. Kurth, K. Vaidyanathan, and A.
Walden, Optimizing Wilson-Dirac operator and linear solvers
for Intel® KNL, in High Performance Computing: ISC High
Performance 2016 International Workshops, ExaComm, E-
MuCoCoS, HPC-IODC, IXPUG, IWOPH, P"3 MA, VHPC,
WOPSSS, Frankfurt, Germany, 2016, Revised Selected Pa-
pers 31 (Springer, Cham, New York, 2016), pp. 415-427.

[42] M. Schrock, S. Simula, and A. Strelchenko, Accelerating
twisted mass LQCD with QphiX, Proc. Sci. LATTICE2015
(2016) 030 [arXiv:1510.08879].

[43] M. A. Clark, R. Babich, K. Barros, R. C. Brower, and C.
Rebbi, Solving lattice QCD systems of equations using
mixed precision solvers on GPUs, Comput. Phys. Commun.
181, 1517 (2010).

[44] R. Babich, M. A. Clark, B. Joo, G. Shi, R. C. Brower, and S.
Gottlieb, Scaling lattice QCD beyond 100 GPUs, in SCI1
International Conference for High Performance Comput-
ing, Networking, Storage and Analysis Seattle, Washington
(2011), arXiv:1109.2935.

[45] M. A. Clark, B. Jo6, A. Strelchenko, M. Cheng, A.
Gambhir, and R.C. Brower, Accelerating lattice QCD
multigrid on GPUs using fine-grained parallelization, in
SC ’16: Proceedings of the International Conference for
High Performance Computing, Networking, Storage and
Analysis (2016), pp. 795-806, arXiv:1612.07873.

[46] www.gauss-centre.eu.

054503-23


https://doi.org/10.1051/epjconf/201817502002
https://doi.org/10.1051/epjconf/201817502002
https://doi.org/10.1016/j.cpc.2018.10.013
https://doi.org/10.1016/j.cpc.2018.10.013
https://doi.org/10.22323/1.251.0030
https://doi.org/10.22323/1.251.0030
https://arXiv.org/abs/1510.08879
https://doi.org/10.1016/j.cpc.2010.05.002
https://doi.org/10.1016/j.cpc.2010.05.002
https://arXiv.org/abs/1109.2935
https://arXiv.org/abs/1612.07873
https://www.gauss-centre.eu
https://www.gauss-centre.eu
https://www.gauss-centre.eu

	Charmonium radiative transitions to dileptons from lattice QCD: The case of hc&rarr;nc&ell;+&ell;- and &chi;c1&rarr;J/&psi;&ell;+&ell;-
	I. INTRODUCTION
	II. FORM FACTORS AND LATTICE SETUP
	A. Extraction of the &chi;c1&rarr;J/&psi;&ell;+&ell;- form factors E1, M2, and C1
	B. Extraction of the hc&rarr;nc&ell;+&ell;- form factors F1(q2) and F&tilde;2(q2)

	III. NUMERICAL RESULTS
	A. Lattice results for the &chi;c1&rarr;J/&psi;&ell;+&ell;- form factors
	B. Lattice results for the hc&rarr;nc&ell;+&ell;- form factors

	IV. COMPARISON WITH EXPERIMENTAL DATA
	A. &chi;c1&rarr;J/&psi;&ell;+&ell;- decay
	B. hc&rarr;nc&ell;+&ell;- decay

	V. CONCLUSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	References


