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Two-over-two lattice flavor from a single flavon with three messenger chains
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Flavor hierarchies are organized by a single parameter B ~ 5.357 in a single-flavon Froggatt-Nielsen
(FN) framework, in which each effective Yukawa entry arises from the sum of three unit-magnitude
messenger chains. We present benchmark complex O(1) Yukawa matrices that reproduce quark and
charged-lepton masses at M, as powers of ¢ = 1/B. The organizing principle is a two-over-two (2/2)
lattice of quadrilateral mass ratios, which maps directly to a rational lattice of FN exponents. Sequential
dominance preserves the leading-power exponent matrices, while subleading messenger chains generate
entry-dependent complex O(1) coefficients and provide a UV-friendly origin for CP violation. Neutrino

masses are discussed at the level of eigenvalues within the same B” counting.
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I. INTRODUCTION

The fermion generation structure is one of the big
mysteries of the Standard Model (SM). Quark and lepton
masses span many orders of magnitude, and the Cabibbo-
Kobayashi-Maskawa (CKM) and Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrices contain small and
large mixing angles as well as CP-violating phases.
Despite the huge amount of experimental data, we still
lack a simple organizing principle that explains why the
flavor parameters take the values we observe.

One of the most economical ideas is the Froggatt-Nielsen
(FN) mechanism [1-3]. In its simplest form, FN postulates a
horizontal flavor symmetry (often a U(1)gy) that is sponta-
neously broken by the vacuum expectation value (VEV) of a
complex scalar “flavon” field ®. Heavy messenger fields ata
high scale A communicate this breaking to the SM fermions,
so that the effective Yukawa couplings are suppressed by
powers of a single small parameter

(1)
where in this work we take

75
B = —~5.357 2
P sas, )

and write all hierarchies in terms of powers of B (or
equivalently ¢).
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We work in a one-flavon FN framework in which each
Yukawa entry arises from a small number of messenger
chains. At the effective level this means

(V) ~ C{j(;p{j, f=u.d.e.uv, (3)

with le] = O(1) complex coefficients and rational expo-

nents pifj fixed by the underlying FN charges. Our
particular UV interpretation is that each (Y);; is generated
by three messenger chains with unit-magnitude couplings
(some of which carry an overall minus sign) and the
effective O(1) coefficients C{j arise from the coherent
sum of these chains. A schematic version of this messenger
picture is shown in Fig. 1. Related one-flavon implemen-
tations and additional phenomenological details are dis-
cussed in Ref. [4].

Motivation for the two-over-two lattice. A central
empirical observation in this paper is that certain dimen-
sionless combinations of fermion masses built as “two-
over-two” (quadrilateral) ratios

mg,mg

(4)

Rabcd =
mpm,

cluster numerically very close to integer powers of the same
parameter B,

Rabcd o Bllaved (5)
when evaluated with running quark masses at the electro-
weak scale. Examples include ratios such as (m?)/(m,m,,),

(m,m,)/(m.my), (m.m;)/(mgmg), and others. Taken
together, these relations suggest that the quark masses
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FIG. 1. Schematic three-messenger realization of a single

Yukawa entry (Yy),; in the FN framework [1-3]. The external
legs are the left-handed quark doublet Q;, the right-handed singlet
f$ (f =u, d), and the Higgs doublet H. Heavy vectorlike
messenger fermions (doublets and singlets) run in the internal
lines. Each messenger chain carries a certain number of flavon
insertions @, generating a power of ¢ = (®)/A = 1/B. Summing
the three chains yields an effective suppression ¢” ) times an o(1)
complex coefficient lej

populate a lattice in log; m space, with a small set of integer
exponents controlling many different mass combinations.

To visualize this structure, it is convenient to assign
integer coordinates (x,y) to each ratio by

y=9na+nq),  x=9(n, +ne), (6)

so that

- X

y
Naped = T (7)

Each two-over-two relation then appears as a point in the
(x,y) plane, and all ratios with the same power 7., lie on
a straight line y — x = 9n,,,.,. We refer to this picture as the
two-over-two lattice.

Goals and scope of this work. The goals of this paper are

(i) to show that a single parameter B ~ 5.357, together
with rational FN exponents p{j on a fine lattice,
provides a good description of the observed quark
and charged-lepton mass hierarchies at Mz;

(ii) to connect these exponent textures to a simple three-
messenger FN picture with unit-magnitude UV
couplings, as sketched in Fig. 1;

(iii) to relate the exponent textures to the two-over-two
lattice in (x,y) space and to a compact set of FN
charges for quarks and leptons; and

(iv) to outline how neutrino mass hierarchies can be
embedded into the same B" counting, leaving a
detailed PMNS analysis to future work.

Notation and conventions. Throughout the paper we use:

(i) B~5.357 and ¢ =1/B as the fundamental hier-
archy parameter;

(i) running quark and charged-lepton masses in the MS
scheme evolved to the scale M, [5,6];

(iii) p{j for FN exponents in the Yukawa matrices Y
(f = u, d, e), with (Y,),, ~ Cl,e"s and Cf, = O(1);

(V) Rupeq = (mgmy)/(mym,) for two-over-two mass

ratios; and

(v) (x,y) for the integer coordinates associated with a

given two-over-two ratio, defined above.

The remainder of the paper is organized as follows. In
Sec. II we present the rational FN exponent textures for the
quark Yukawa matrices and the corresponding FN charge
assignments for quarks and leptons. In Sec. III we analyze
the charged-lepton hierarchy in the same B" language.
Section IV discusses the numerical quality of the quark
mass fit and the structure of the two-over-two lattice in
(x,y) space. Neutrino mass hierarchies within the B”"
framework are introduced in Sec. V. A discrete Zy
interpretation of the rational FN charges is outlined in
Sec. VI. We summarize our main conclusions and comment
on future directions in Sec. VII. Several technical details
and explicit benchmark parameter choices are collected in
Appendix A, and additional two-over-two lattice details are
given in Appendix B.

II. QUARK YUKAWA TEXTURES
AND FN EXPONENTS

We parametrize the effective quark Yukawas as
(Yy)ij~ C?jd);}’
d
(Ya)ij~ C?j(':pij’ (8)

with exponent matrices

83
Pi=1% § 2
T30
T3
ri=1% 3 2 9)
g 30

Equation (9) is motivated by minimality and by the
quark mass spectrum alone. With a single flavon and
Q(H) = 0, FN predicts that Yukawa suppressions factorize
into additive left- and right-handed charges, implying pj; =
0(0Q;) + Q(u$) and P?j = 0(Q;) + 0(dY).

Independently, the observed quark masses satisfy a
set of near-integer “two-over-two” relations (m,mg)/
(mym,) ~ B", showing that the spectrum lies close to a
low-dimensional lattice in logz m. Equation (9) is the
minimal matrix-level completion compatible with these
mass-lattice regularities; CKM phenomenology then
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probes the off-diagonal structure and the size of the
effective O(1) factors and is deferred to separate work.

In the multimessenger representation discussed below,
all UV magnitudes are taken to be unity (some with an
overall sign —1) and the only free parameters at this stage
are relative phases. For ¢ << 1 each entry is dominated by
the smallest exponent in the sum; this is the familiar
sequential-dominance limit [1].

We measure FN exponents in units of 1/9, so that an
integer power n;; of (®/A) corresponds to a rational lattice

exponent p{j = n;;/9 in Eq. (9).

A. Sequential dominance from three messenger chains

Each effective Yukawa element is interpreted as the sum
over a small number of heavy-messenger chains,

Ny
. (a)
(Yp)y = eten” . f=ud — (10)
a=1

with all UV magnitudes set to unity. For concreteness we
take a minimal three-chain ansatz,

YM — €p“ _|_ ei¢u€P't+Az4 _|_ eiV/zzepu+A;4’

Y, = eP! + eitagp’+Ad ei'l/del’dJrA/d, (11)
where A, A’ > 0 are entry-dependent additional suppres-

sion matrices (with the same rational lattice spacing as
p"%). Each element has the form

Y,). = Pl + eitr et + eV N , =u,d, (12
fij
so the effective coefficients
Cl =1 + eitre® + evre®) (13)

are automatically O(1) and can carry nontrivial phases.
This three-chain realization provides a concrete UV-
friendly origin for the emergent O(1) coefficients that
appear in many FN-based flavor analyses [2—4]. Explicit
benchmark shifts and phases are given in Appendix A.

B. FN charge assignments

Assuming a single flavon and a Higgs neutral under the

flavor symmetry (Q(H) = 0), the FN exponents factorize
as [1-3]
Pl =0(Q) + 0(u5),  pf=0(0)+0(d;). (14)
up to an overall shift of the charge origin. A convenient
convention is Q(Q3) = Q(u§) = Q(d5) =0, consistent
with p% = p4; = 0. Then

TABLE 1. One-flavon FN charges for quarks and leptons.
Quark charges are extracted from the exponent matrices in
Eq. (9) using Q(Q3) = Q(u§) = O(d5) =0 and Q(H) = 0.
Lepton-doublet charges follow from the Weinberg-operator ex-
ponents in Eq. (31) via Eq. (16) with Q(L;) = 0, and charged-
lepton singlet charges are fixed from the diagonal charged-lepton
scaling (Sec. III) assuming diagonal dominance of Y,. The
rightmost column lists charges in integer units of 1/18.

Field o) 180(+)
Quarks
0, 3 54
10} 2 36
0; 0 0
us 37/9 74
u$ 4/3 24
u§ 0 0
df 10/9 20
ds 1/3 6
ds 0 0
Leptons (Weinberg operator)
L, 1 18
L, 1/2 9
Ly 0 0
ef 23/6 69
es 7/6 21
e 0 0

0(0) =ph=rh O =py, 05 =ps,.

(15)

For leptons we commit here to the Weinberg-operator
description of light neutrino masses [7], so that

P = QL) + (L)), (16)

with p?; specified below in Eq. (31) and Q(L;) = 0.
Charged-lepton charges then follow from pf; = Q(L;) +
Q(ef) and the diagonal mass scaling.

The resulting one-flavon FN charges are summarized
in Table 1.

III. CHARGED LEPTONS: B-POWER RELATIONS

Using the MS running masses from Table II, the charged-
lepton hierarchy is well captured by

2 2
m
B32< ”), ”2. (17)
mem‘[ me

Writing m,, « B"« and fixing n, = 0 gives
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TABLE II. Charged-lepton MS

running masses at M, are

taken from Huang and Zhou [5]. Pole masses are from the

PDG review [6].

Observable Pole [MeV] mE(MZ) [MeV]
m, 0.51099895 0.48307
my, 105.6583755 101.766
m, 1776.93 1728.56
3 =4n, -2n,, (18)
8 =n, —2n,. (19)
Solving,
29 5
e == == n,=0. (20)
Equivalently, in FN form m « e¢” with p = —n,
my: my,im, o« €2/6:e5/3:1, (21)

consistent with the lepton charges quoted earlier.

IV. TWO-OVER-TWO LATTICE
AND QUARK MASSES

Representative two-over-two relations are listed in
Table III.
We introduce B-exponents n; for each quark flavor f by
m; =mg'B",  n, =0, (22)
and take as a reference the golden ratio for the b-mass to
7-mass ratio

TABLEIII. Two-over-two quark mass ratios and corresponding
integer B-powers. Here u,d,s,c,b,t denote running quark
masses in the MS scheme at M,. When multiple ratios share
the same n, they are displayed as equalities.

B" Representative ratio(s) R,

B (s5)/(ub)

B (ur)/(cs) = (st)/(cb)

B (dc)/(su)

B3 (dt)/(bu)

B (bb)/(cd) = (sc)/(dd)

B (u)/(dd)

B’ (bb)/(su) = (sb)/(uu) = (cc)/(ud)
B (ct)/(ds)

B’ (11)/(db)

TABLE IV. Running quark masses at M, used for the numeri-
cal examples. Central values follow recent electroweak-scale
determinations and PDG compilations [5,6]; the “Model” column
gives the adopted benchmark values.

Observable PDG - M, Model
m, [MeV] 1.11 £0.20 1.11
my [MeV] 2.82 £0.20 2.82
mg [MeV] 557+£13 55.7
m. [GeV] 0.629 +0.012 0.629
my, [GeV] 2.794 £0.034 2.794
m; [GeV] 169 £ 1.1 169
S 1++/5
mit=emS(Mz),  p=—F—.  (23)
A convenient independent set of constraints from
Table III is
0=2n,—n,, 1 =n,+n,—ng
2=ny+n.—n,—n,, 5 =—-n,—ny,
9 =2n; —ny. (24)
Solving,
37 7
nd——j, ng =—-, n, =0,
14 8 22
I’luz—?, ncz—g, I’l[:?. (25)

The running quark masses used for numerical bench-
marks are summarized in Table IV.
To visualize the lattice, write

Rapea =, 20 (26)
0ggRipca = (ng +na) = (np + ne) = ngpea- (27)
Define integer coordinates
y=9(n, + ng), x=9(n;, +n,), (28)
so that
Naped = . ; . (29)

Representative coordinates are listed in Table V and
plotted in Fig. 2; further lattice details are given in
Appendix B.

A. Quark flavor points in the (x’,y’) plane

For individual quark flavors it is useful to plot the integer
FN charges (in units of 1/9) as a two-dimensional point.
Using the conventions of Sec. II, we define

053003-4



TWO-OVER-TWO LATTICE FLAVOR FROM A SINGLE FLAVON ...

PHYS. REV. D 113, 053003 (2026)

TABLE V. Representative two-over-two ratios R ., and their
integer (x,y) coordinates, computed from the exponents in
Eq. (25). The B-power is ng;.q = (y — x)/9 [Eq. (29)].

Ratio Rabcd Napcd X y
(ss)/(ub) 0 —42 —42
(ut)/(cs) 1 -29 =20
(st)/(cb) 1 -8 1
(dc)/(su) 2 —63 —45
(dt)/ (bu) 3 —42 15
(bb)/(cd) 5 —45 0
(sc)/(dd) 5 ~74 -29
(ut)/(dd) 6 —74 ~20
(bb)/(su) 7 —63 0
(sb)/(uu) 7 -84 =21
(cc)/(ud) 7 =79 -16
(ct)/(ds) 8 58 14
(t1)/(db) 9 =37 44
YW =9[0(0) - 0(05)). ¥ =9[0(f)) - 0(f9)];
(30)

where f§ = uj for f = u, ¢, tand f§ = dj for f =d, s, .
In the diagonal dominant limit, p% = (y) + x/(4))/9

and pé = (y/(@) + x'(@)) /9.
60
40
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=

<

To0
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=9 (ny + ne)

FIG. 2. Two-over-two relations as points in the integer (x,y)
plane. Each ratio R, lies on a line of constant n,;,., given by
Eq. (29). The straight lines (from bottom to top at fixed X)
correspond to n =0,1,2,3,5,6,7, 8, 9. All lattice points are
plotted; the (x, y) coordinates are listed in Table V. The horizontal
axis is x =9(n;, + n.) and the vertical axis is y = 9(n, + ny).
The axes are linear in the integers (x, y) (i.e., not log—scaled), but
they encode logarithmic ratio information: if R ;.4 ~ B™" with

Nabea = (y - x)/9, then ngpcq = —logg Rypea-

- 30 T T T

<> Ad mu
&

| 20+ o
g As mc
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2D =9[Q(fF) - Q(F)]
FIG. 3. Quark flavor points in the (x’,y’) plane constructed

from the FN charges in Table I via Eq. (30). Up-type quarks are
shown as squares and down-type quarks as triangles. The origin is
chosen so that the third generation (7, b) sits at (0,0), which is
invariant under uniform shifts of all charges.

Figure 3 shows the resulting quark points, constructed
from the charges in Table I.

V. NEUTRINO MASSES IN THE B" FRAMEWORK

We treat neutrino masses at the level of eigen-
values, postponing PMNS mixing and CP phases to a
companion paper.

We parametrize the effective light-neutrino Majorana
mass matrix as

(mu)ij ~ mOCli/jep?j,

2

—_—

3
2
1

pij = ; (31)

—_ W

STl
S W=

with C}; = O(1). This corresponds,
lepton-doublet charges Q(L;) = (1,1,0) in a one-flavon
Weinberg-operator realization [7].

For normal ordering, neutrino-oscillation data determine
two independent mass-squared splittings; representative
global-fit values are [8,9]

for example, to

Am3; =74 x 107 eV2,  Am3; ~2.5x 1073 eV2.

(32)
Motivated by the B-tower structure, we adopt
Caimy C1myg
= N = . = N 33
ms = my my B my B2 (33)

with C1y2 = O(l)
For ¢; = ¢, = 1, the atmospheric splitting fixes

Am?
mo—\/1_§14:50x10 eV, (34)
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so that
(m3,my,my) =~ (5.0,0.93,0.17) x 1072 eV. (35)
The implied solar splitting is
Am3; = mi —m3 ~8 x 107° eV?, (36)

already close to the empirical value within O(1) factors.
The sum of masses is

1 1
P l+—+—|~61x102eV, (37
> m( +B+Bz) <1072 eV, (37)
compatible with current cosmological bounds.

VI. DISCRETE Zy INTERPRETATION

The rational charges in Table I can be converted to
integers by multiplying by a common denominator (here
18) and working modulo N

q;,=18Q(f) (mod) N. (38)
Yukawa suppressions then depend only on these discrete
charges and the number of flavon insertions required to
form an invariant operator. A convenient choice is N = 18,
which accommodates the 1/18 lattice while allowing a
nontrivial discrete symmetry.

For a discrete gauge symmetry, consistency requires that
the mixed gauge-Z, anomalies satisfy the discrete
anomaly cancellation conditions, e.g., the Ibafiez-Ross
constraints [10-12]. We do not specify a UV completion
here; the Z, viewpoint is used as a bookkeeping device and
a guide to possible anomaly-free completions.

VII. SUMMARY AND OUTLOOK

We have presented a one-flavon FN framework in which
the dominant hierarchies of quark and lepton Yukawa
couplings (and the light-neutrino Majorana mass matrix
via the Weinberg operator) are controlled by powers of a
single parameter ¢ = 1/B, with a small rational lattice of
exponents capturing the remaining structure.

Empirically, many quadrilateral mass ratios of the form
(mgamy)/(mym,) cluster near integer powers of B, and this
two-over-two lattice structure lifts naturally to matrix-level
FN exponent textures and compact charge assignments. A
minimal three-messenger construction with unit-magnitude
UV couplings realizes the required hierarchy while leaving
only O(1) complex factors in the low-energy Yukawa
couplings.

The structure of the lattice is visualized in the (x, y) plane
in Fig. 2 and in the (x’, ') plane in Fig. 3, and the underlying
charge and mass inputs are summarized in Tables I, [II-V. A
companion paper will present the detailed CKM and PMNS

phenomenology (including Dirac CP phases) in this three-
messenger, two-over-two lattice framework.
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APPENDIX A: BENCHMARK
THREE-MESSENGER INPUT

We use

1
€=—,

B =5.357
5.357, 3

(A1)

and the exponent matrices p* and p“ in Eq. (9).
For each sector f = u, d we take factorized nonnegative
shifts

A =d +p.  Al=d +p{. (A2
with
1 1
OJM:§(O,2,1), ﬂu26(073’3)’
1 1
o :§(2,1,0), B :5(0,1,0),
1 1
al =5(5.0,5).  p'=5(0.3.4),
1 1
a/d:§(2,1,0), /}/d:§(0’1,0)_ (A3)

These benchmark shifts are chosen so that, with unit-
modulus messenger-chain coefficients and the phases in
Eq. (A4), the singular values of Y, and Y, (after overall
normalization to m, and m,;) reproduce the quark masses
in Table IV.

The effective O(1) factors are C{j =1+ eitre +

; " . . . .
e"re™i. A benchmark choice of phases (in radians) is

¢, ~0, w,~0, ¢;~2.8596, w,;=~3.540. (A4)
With these shifts and phases, diagonalizing
(Yy)i; = e” {1 +eitredh 4 ei"’feAﬂ (A5)

and fixing m, = 169 GeV and m,;, = 2.794 GeV at M,
yields quark masses close to the “Model” column of
Table IV.
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APPENDIX B: TWO-OVER-TWO LATTICE DETAILS

The two-over-two relations of Table III can be visualized as an integer lattice in (x, y) space as described in Sec. IV. Lines
of constant B-power satisfy y —x = 9n and appear as diagonals separated by A(y — x) = 9.

For individual quark flavors, the integer coordinates (x'), y'(/)) defined in Eq. (30) provide a compact map of the charge
assignments. The resulting quark flavor points are shown in Fig. 3.
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