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Hadronization, a nonperturbative process, cannot be calculated from first principles. It can be
investigated either by using phenomenological models or by examining the behavior of produced hadrons
or through fragmentation functions. These fragmentation functions are nonperturbative quantities whose
determination relies entirely on experimental data. However, higher-twist fragmentation functions present
significant challenges for their determination due to power suppression. In this paper, we propose an
asymmetry to study twist-3 fragmentation functions. This asymmetry is defined as the transverse
momentum asymmetry of the fragmenting quark and/or the produced jet with respect to the observed
hadron direction within the semi-inclusive electron positron annihilation process. As a twist-3 effect, this
asymmetry is sensitive to the distribution of the jet relative to the produced hadron direction during
hadronization. Furthermore, it is closely related to twist-3 transverse momentum dependent fragmentation
functions and provides a set of measurable quantities for their determination.
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I. INTRODUCTION

Quantum chromodynamics (QCD) is a fundamental
non-Abelian gauge theory of strong interaction whose
Lagrangian dealswith quarks, gluons, and their interactions.
It is characterized by two key features: asymptotic freedom
and color confinement. Due to color confinement, isolated
quarks and gluons are not experimentally observable; only
color-singlet hadrons can be detected. The process in which
free quarks and/or gluons combine to form color singlet
hadrons is known as hadronization. Hadronization is inher-
ently nonperturbative and cannot be calculated from first
principles. Nevertheless, it can be described by phenom-
enological models, such as the Feynman-Field model [1],
the LUND model [2], the Webber model [3,4], and the
recombination model [5–8]. While these models provide a
global perspective on hadronization, they often lack detailed

insights. To address this, one can study the behaviors of the
single hadron or the double hadron during the hadronization
process. They respectively correspond to the single-hadron
fragmentation functions (FFs) [9,10] and the double-hadron
fragmentation functions (diFFs) [11–13]. Both FFs and
diFFs are nonperturbative quantities; a systematic introduc-
tion to them can be found in Ref. [14].
In addition to understanding behaviors of the single

hadron or the double hadron, it is also very important to
study the collective behavior of multiple hadrons during the
hadronization process. An ensemble of hadrons clustered
within a phase space defined by specific parameters
constitutes a jet. Jets originating from quarks (or gluons)
have received increasing attention in recent years as
effective probes of hadronization. Theoretical formulations
for jet production in high-energy collisions exhibit simpler
forms and avoid introducing additional uncertainties asso-
ciated with (di)FFs. This is helpful to improve the accuracy
of measurements. Theoretical studies of jet production in
high-energy collisions encompass two approaches: one
focuses on higher-twist calculations up to leading order
[15–25], while the other focuses on higher-order calcu-
lations [26–33]. Furthermore, the introduction of jet frag-
mentation functions (JFFs) [34–44], designed to study
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hadron distributions within a jet, has significantly broad-
ened the research area. An observed hadron carries not
only a longitudinal momentum fraction relative to the jet
but also a transverse momentum relative to the jet axis.
Consequently, JFFs encode a set of angular modulations of
the hadron distributions within the jet, providing valuable
insights into the hadronization process. Conversely, in the
hadron collinear frame, the jet axis acquires transverse
momentum (j⃗T) relative to the direction of the observed
hadron. Under the approximation that the jet axis aligns
with the direction of the initial parton (quark or antiquark),
the intrinsic transverse momentum of the parton satisfies

k⃗0T ¼ j⃗T . Therefore, unlike JFFs, which probe the distri-
butions of a hadron within the jet, j⃗T serves as an effective
probe for studying jet distributions relative to the observed
hadron direction.
To investigate the transverse momentum effects associ-

ated with the jet during hadronization, we provide a general
theoretical framework for the jet production semi-inclusive
electron positron annihilation process in this paper. Semi-
inclusive implies a back-to-back jet is also measured in
addition to the observed hadron. Our method is consistent
with that of Refs. [18,21], which focused on leading-order
higher-twist calculations. This approach is motivated by the
fact that transverse momenta typically manifest as higher-
twist effects relative to the momentum of the observed
hadron. We first present a detailed calculation for the
differential cross section up to twist-3 and express it in
terms of transverse momentum dependent fragmentation
functions (TMD FFs) [45]. Subsequently, we calculate the
asymmetry, defined as the transverse momentum asymme-
try of the fragmenting quark and/or the produced jet with
respect to the observed hadron direction in the semi-
inclusive annihilation process. We note that this asymmetry
reveals intrinsic transverse momentum effects and also
provides insights into jet distributions relative to the
observed hadron. Crucially, this asymmetry is intimately
related to twist-3 TMD FFs and offers a set of measurable
quantities for their determination.
To be explicit, we organize this paper as follows. In

Sec. II, we present an introduction of the reference frame
used in this paper and show the definition of the transverse
momentum asymmetry in this frame. In Sec. III, we present
the general theoretical framework for calculating the
hadronic tensor and the differential cross section up to
twist-3. In Sec. IV, we perform the numerical estimates for
the transverse momentum asymmetry. Finally, we give a
brief summary in Sec. V.

II. TRANSVERSE MOMENTUM ASYMMETRY

As mentioned in the Introduction, we consider the semi-
inclusive electron positron annihilation process. We denote
this process as

e−ðl1Þ þ eþðl2Þ → hðpÞ þ jetðk0Þ þ X; ð1Þ

where the momenta of the relevant particles are given in
parentheses. To define the transverse momentum asymme-
try, we need to establish a reference frame and determine
the transverse direction. We begin by introducing the
center-of-mass frame of the leptons, where the observed
hadron travels along the þz direction and the momenta of
leptons lie in the x-z plane, also referred to as the reaction
plane (see Fig. 1). The transverse direction is then defined
as the direction perpendicular to the z axis, lying within the
x-y plane. In this frame, we can introduce the light-cone
unit vectors, n̄μ ¼ ð1; 0; 0⃗TÞ and nμ ¼ ð0; 1; 0⃗TÞ, which
satisfy n̄2 ¼ n2 ¼ 0 and n̄ · n ¼ 1. These vectors allow
us to define the transverse tensors for further analysis,

gμνT ¼ gμν − n̄μnν − n̄νnμ; ð2Þ

εμνT ¼ εμναβn̄αnβ: ð3Þ
Themomenta of the relevant particles can be parametrized as

pμ ¼ zQffiffiffi
2

p n̄μ þ M2ffiffiffi
2

p
zQ

nμ; ð4Þ

qμ ¼ Qffiffiffi
2

p n̄μ þ Qffiffiffi
2

p nμ; ð5Þ

lμ1 ¼
ð1 − yÞQffiffiffi

2
p n̄μ þ yQffiffiffi

2
p nμ þ lμT; ð6Þ

lμ2 ¼
yQffiffiffi
2

p n̄μ þ ð1 − yÞQffiffiffi
2

p nμ − lμT: ð7Þ

Neglecting the hadron massM yields pμ ∼ zQn̄μ=
ffiffiffi
2

p
. Here

Q2 ¼ q2 ¼ ðl1 þ l2Þ2. The commonly used variables are
defined as

z ¼ 2p · q
Q2

; y ¼ p · l1
p · q

: ð8Þ

To decompose the leptonic tensor illustrated in the
following section, we also introduce the timelike vector
t̂μ and the spacelike vector v̂μ,

FIG. 1. The center-of-mass frame of leptons of the semi-
inclusive electron positron annihilation process.
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t̂μ ¼ qμ

Q
; v̂μ ¼ 2pμ

zQ
− t̂μ: ð9Þ

They satisfy the orthogonal relation t̂ · v̂ ¼ 0. From the
previous introduction, we notice that ðn̄; nÞ and ðt̂; v̂Þ are
equivalent,

t̂μ ¼ 1ffiffiffi
2

p ðn̄μ þ nμÞ; ð10Þ

v̂μ ¼ 1ffiffiffi
2

p ðn̄μ − nμÞ: ð11Þ

Under this circumstance, the dimensionless tensors can be
defined in terms of t̂ and v̂,

gμν⊥ ¼ gμν − t̂μt̂ν þ v̂μv̂ν; ð12Þ

εμν⊥ ¼ −εμναβ t̂αv̂β; ð13Þ

and they satisfy gμν⊥ ¼ gμνT and εμν⊥ ¼ εμνT .
In the center-of-mass frame of the leptons illustrated in

Fig. 1, the quark and antiquark are produced back-to-back
at tree level without higher-order gluon radiations (two-jet
event). Their momenta are labeled as k and k0, respectively.
In the jet production semi-inclusive annihilation considered
in this paper, we take k⃗0 as the momentum of the jet under
the approximation that the jet axis direction coincides with
that of the antiquark. The hadron is detected in the back-to-
back hemisphere. Given that the transverse momentum is
defined in the x-y plane, the transverse momentum asym-
metry can be expressed as a difference of the jet transverse
momentum (k0⊥). Therefore, we have

Ax ¼ k0x⊥ðx < 0Þ − k0x⊥ðx > 0Þ
k0x⊥ðx < 0Þ þ k0x⊥ðx > 0Þ ; ð14Þ

Ay ¼ k0y⊥ðy < 0Þ − k0y⊥ðy > 0Þ
k0y⊥ðy < 0Þ þ k0y⊥ðy > 0Þ : ð15Þ

We can see that asymmetry AxðAyÞ reveals the difference of
the transverse momenta in the xðyÞ direction. It thus
provides insights into transverse momentum effects or
jet distributions relative to the observed hadron direction.
Since k⃗0⊥ ¼ −k⃗⊥, Ax and Ay can be rewritten in terms of
the intrinsic transverse momentum of the fragmenting
quark (k⊥)

Ax ¼ kx⊥ðx > 0Þ − kx⊥ðx < 0Þ
kx⊥ðx > 0Þ þ kx⊥ðx < 0Þ ; ð16Þ

Ay ¼ ky⊥ðy > 0Þ − ky⊥ðy < 0Þ
ky⊥ðy > 0Þ þ ky⊥ðy < 0Þ : ð17Þ

The definitions in Eqs. (16) and (17) provide a convenient
way to study the intrinsic transverse momentum of the
fragmenting quark and twist-3 TMD FFs. It is helpful for
understanding the hadronization process. In the following,
we only consider the definitions in Eqs. (16) and (17).

III. THEORETICAL FRAMEWORK

Precise measurements of differential cross sections are
essential for investigating higher-twist effects. In this
section, we present the theoretical framework for the jet
production semi-inclusive electron positron annihilation
process. For completeness, we incorporate both electro-
magnetic interaction and weak interaction.
The differential cross section of this process can be

written in a unified form,

dσ
dzdyd2k0⊥

¼ α2

Q4

z
4π

ArL
μν
r ðl1; l2ÞWr

μνðq; k0⊥; pÞ; ð18Þ

where α is the fine structure constant. The kinematic factors
Ar (r ¼ γγ; γZ; ZZ) are given by

Aγγ ¼ e2l e
2
q; ð19Þ

AγZ ¼ 2eleqQ2ðQ2 −M2
ZÞ

½ðQ2 −M2
ZÞ2 þ Γ2

ZM
2
Z� sin2 2θW

; ð20Þ

AZZ ¼ Q4

½ðQ2 −M2
ZÞ2 þ Γ2

ZM
2
Z� sin4 2θW

: ð21Þ

Here, el and eq are electric charges of relevant leptons and
quarks,MZ and ΓZ are, respectively, the mass and width of
the Z0 boson, and θW is the weak mixing angle.
The leptonic tensors for the electromagnetic term, the

interference term, and the weak term are given by

Lμν
γγ ðl1; l2Þ¼ 2ðlμ1lν2þ lν1l

μ
2−gμνl1 · l2Þþ2iλeεμνl1l2 ; ð22Þ

Lμν
γZðl1; l2Þ ¼ ðceV − ceAλeÞLμν

γγ ðl1; l2Þ; ð23Þ

Lμν
ZZðl1; l2Þ ¼ ðce1 − ce3λeÞLμν

γγ ðl1; l2Þ; ð24Þ

where λe is the helicity of the initial electron, and ceV and ceA
are defined in the weak current Jμ ¼ ψ̄γμðceV − ceAγ

5Þψ
with ce1 ¼ ðceVÞ2 þ ðceAÞ2 and ce3 ¼ 2cevceA. We can rewrite
the leptonic tensor in terms of vectors t̂ and v̂ as follows:

Lμν
γγ ¼ Q2

�
−AðyÞgμν⊥ þ BðyÞv̂μv̂ν − BðyÞ

�
x̂μx̂ν þ 1

2
gμν⊥

�

− 2CðyÞDðyÞv̂fμx̂νg
�

þ iλeQ2
h
CðyÞεμν⊥ − 2DðyÞερ½μ⊥ v̂ν�x̂ρ

i
; ð25Þ
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where the unit vector x̂μ is defined as x̂μ ¼ lμT=QDðyÞ. For
simplicity, the functions of y are written as

AðyÞ ¼ 2y2 − 2yþ 1; ð26Þ

BðyÞ ¼ 4yð1 − yÞ; ð27Þ

CðyÞ ¼ 1 − 2y; ð28Þ

DðyÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yð1 − yÞ

p
: ð29Þ

The expression for the leptonic tensor in Eq. (25) can
greatly simplify the contraction with the hadronic tensor in
the framework of the parton model.
The k0⊥ dependent hadronic tensor is obtained by

integrating over k0z,

Wr
μνðq; k0⊥; pÞ ¼

Z
dk0z

ð2πÞ2E0 W
r
μνðq; k0; pÞ; ð30Þ

where WZZ
μν ðq; k0; pÞ is defined as

WZZ
μν ðq; k0; pÞ ¼

X
X

ð2πÞ3δ4ðq − p − k0 − pXÞ

× h0jJZμ ð0Þjpk0Xihpk0XjJZν ð0Þj0i: ð31Þ

The hadronic tensors for the electromagnetic term, Wγγ
μν,

and the interference term, WγZ
μν , are defined similarly and

can be obtained by replacing ZZ with γγ and γZ, respec-
tively. We note that the complete results should include the
electromagnetic term, the interference term, and the
weak term.

A. Hadronic tensor in the parton model

The hadronic tensor contains nonperturbative informa-
tion and can be calculated in terms of the structure
functions [18,46]. Given that our focus is on transverse
momentum effects and twist-3 FFs, we do not introduce
structure functions and instead restrict the analysis to
calculation within the parton model framework.
At the tree level of perturbative QCD, the hadronic tensor

can be expressed as

Wμνðq; k0⊥Þ ¼
X
i;c

Wðj;cÞ
μν ðq; k0⊥Þ ð32Þ

after using collinear expansion [17]. Here j and c denote

the number of gluons and cut positions, respectively.Wðj;cÞ
μν

can be expressed by a trace of the collinear-expanded hard
part and gauge invariant quark-j-gluon-quark correlator.
The explicit expressions up to twist-3 are given by

Wð0Þ
μν ¼ 1

2
Tr½ĥð0Þμν Ξ̂ð0Þ�; ð33Þ

Wð1;LÞ
μν ¼ −

1

4ðp · qÞTr½ĥ
ð1Þρ
μν Ξ̂ð1Þ

ρ �; ð34Þ

where arguments ðq; k0⊥Þ have been omitted for simplicity.
The hard parts are universal and written as

ĥð0Þμν ¼ 1

pþ Γq
μnΓq

ν ; ð35Þ

ĥð1Þρμν ¼ Γq
μnγρ=̄nΓq

ν ; ð36Þ
with Γq

μ ¼ γμðcqV − cqAγ
5Þ. The corresponding correlators

are defined as

Ξ̂ð0Þ ¼
X
X

Z
pþdξ−d2ξ⃗⊥

2π
e−ip

þξ−=zþik⃗⊥ ξ⃗⊥h0jL†ð0;∞Þ

× ψð0ÞjhXihhXjψ̄ðξ−ÞLðξ−;∞Þj0i; ð37Þ

Ξ̂ð1Þ
ρ ¼

X
X

Z
pþdξ−d2ξ⃗⊥

2π
e−ip

þξ−=zþik⃗⊥ ξ⃗⊥h0jL†ð0;∞Þ

×Dρð0Þψð0ÞjhXihhXjψ̄ðξ−ÞLðξ−;∞Þj0i: ð38Þ
We note that Lð0; yÞ is the gauge link while Dρ ¼
i∂ρ − gAρ is the transverse covariant derivative.

B. Fragmentation functions

Correlators shown in Eqs. (37) and (38) are 4 × 4
matrices that can be decomposed by Dirac matrices. To
satisfy the helicity conservation, we only need to consider
the chiral-even terms, γα, and the γ5γα terms, when

decomposing the correlators. For example, Ξ̂ð0Þ ¼ γαΞð0Þ
α þ

γ5γαΞ̃ð0Þ
α . Here Ξð0Þ

α and Ξ̃ð0Þ
α are coefficient functions,

which can be obtained by

Ξð0Þ
α ¼ 1

4
Tr½γαΞ̂ð0Þ�; ð39Þ

Ξ̃ð0Þ
α ¼ 1

4
Tr½γαγ5Ξ̂ð0Þ�: ð40Þ

Coefficient functions can be further decomposed in terms
of TMD FFs. For Ξ̂ð0Þ we have

zΞð0Þ
α ¼ pþn̄α

�
D1 þ

εkS⊥
M

D⊥
1T

�
− k⊥αD⊥ −MεS⊥αDT

− εk⊥α

�
λhD⊥

L þ k⊥ · ST
M

D⊥
T

�
; ð41Þ

zΞ̃ð0Þ
α ¼ −pþn̄α

�
λhG1L þ k⊥ · ST

M
G⊥

1T

�
− εk⊥αG

⊥

þMSTαGT þ k⊥α

�
λhG⊥

L þ k⊥ · ST
M

G⊥
T

�
: ð42Þ
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Here pþ ¼ p · n and λh is the helicity of the produced
hadron, and ST is the transverse component of its polari-
zation. The latter can be parametrized as

SμT ¼ jS⃗T jð0; cosϕS; sinϕS; 0Þ: ð43Þ

For Ξ̂ð1Þ
ρ we have

zΞð1Þ
ρα ¼ −pþn̄αk⊥ρD⊥

d − pþn̄α

�
MεS⊥ρDdT

þ εk⊥ρ

�
λhD⊥

dL þ k⊥ · ST
M

D⊥
dT

��
; ð44Þ

zΞ̃ð1Þ
ρα ¼ ipþn̄αεk⊥ρG

⊥
d − ipþn̄α

�
MSTρGdT

þ k⊥ρ

�
λhG⊥

dL þ k⊥ · ST
M

G⊥
dT

��
: ð45Þ

Here subscript d is used to denote TMD FFs obtained from

correlator Ξ̂ð1Þ
ρ .

C. Calculations up to twist-3

The contribution of the leading twist comes only from
the quark-quark correlator Ξ̂ð0Þ. To calculate it, we use
Eqs. (41) and (42), and the following relations:

Tr½ĥð0Þμν =̄n� ¼ −
4

pþ ðcq1g⊥μν þ icq3ε⊥μνÞ; ð46Þ

Tr½ĥð0Þμν γ5=̄n� ¼ 4

pþ ðcq3g⊥μν þ icq1ε⊥μνÞ: ð47Þ

Substituting them into Eq. (33) yields the leading twist
contribution to the hadronic tensor,

zWt2μν ¼ −2½cq1g⊥μν þ icq3ε⊥μν�
�
D1 þ

εkS⊥
M

D⊥
1T

�

− 2½cq3g⊥μν þ icq1ε⊥μν�
�
λhD1L þ k⊥ · ST

M
G⊥

1T

�
:

ð48Þ

Nevertheless, twist-3 contributions have two sources,
one is the quark-quark correlator Ξ̂ð0Þ and the other is the

quark-gluon-quark correlator Ξ̂ð1Þ
ρ . We first calculate these

contributions from the quark-quark correlator Ξ̂ð0Þ. Here we
use the following traces:

Tr½ĥð0Þμν γα�k⊥α ¼
4

pþ ðcq1k⊥fμnνg − icq3ε
k⊥½μnν�Þ; ð49Þ

Tr½ĥð0Þμν γ5γα�k⊥α ¼ −
4

pþ ðcq3k⊥fμnνg − icq1ε
k⊥½μnν�Þ; ð50Þ

where AfμBνg ¼ AμBν þ AνBμ and A½μBν� ¼ AμBν − AνBμ.
Using Eqs. (41) and (42) and substituting them into
Eq. (33), we obtain

zWð0Þ
t3μν ¼ −

2

pþ ½cq1k⊥fμnνg − icq3ε
k⊥½μnν��D⊥ −

2M
pþ ½cq1εS⊥fμnνg þ icq3ST½μnν��DT

−
2

pþ ½cq1εk⊥fμnνg þ icq3k⊥½μnν��
�
λhD⊥

L þ k⊥ · ST
M

D⊥
T

�

þ 2

pþ ½cq3εk⊥fμnνg þ icq1k⊥½μnν��G⊥ −
2M
pþ ½cq3STfμnνg − icq1ε

S⊥½μnν��GT

−
2

pþ ½cq3k⊥fμnνg − icq1ε
k⊥½μnν��

�
λhG⊥

L þ k⊥ · ST
M

G⊥
T

�
: ð51Þ

For the twist-3 contribution from the correlator Ξ̂ð1Þ
ρ , we use the following traces:

Tr½ĥð1Þρμν =̄n�k⊥ρ ¼ −8ðcq1k⊥μn̄ν − icq3ε
k⊥μn̄νÞ; ð52Þ

Tr½ĥð1Þρμν γ5=̄n�k⊥ρ ¼ −8ðicq1εk⊥μn̄ν − cq3k⊥μn̄νÞ; ð53Þ

and obtain the following result:
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zWð1;LÞ
t3μν ¼ þ 2

p · q

�
cq1k⊥μ

pν

z
− icq3ε

k⊥μ

pν

z

�
D⊥ þ 2M

p · q

�
cq1ε

S⊥μ

pν

z
þ icq3STμ

pν

z

�
DT

þ 2

p · q

�
cq1ε

k⊥μ

pν

z
þ icq3k⊥μ

pν

z

��
λhD⊥

L þ k⊥ · ST
M

D⊥
T

�

−
2

p · q

�
cq3ε

k⊥μ

pν

z
þ icq1k⊥μ

pν

z

�
G⊥ þ 2M

p · q

�
cq3STμ

pν

z
− icq1ε

S⊥μ

pν

z

�
GT

þ 2

p · q

�
cq3k⊥μnν − icq1ε

k⊥μ

pν

z

�
×
�
λhG⊥

L þ k⊥ · ST
M

G⊥
T

�
: ð54Þ

We have provided the detailed calculation for obtaining this expression in Appendix.

The complete twist-3 hadronic tensor is the sum of all the twist-3 contributions, i.e.,Wt3μν ¼ Wð0Þ
t3μν þWð1ÞL

t3μν þ ðWð1ÞL
t3νμ Þ�.

Finally, the explicit expression is given by

zWt3μν ¼ −
2

p · q
½cq1k⊥fμq̄νg − icq3ε

k⊥½μq̄ν��D⊥ −
2M
p · q

½cq1εS⊥fμq̄νg þ icq3ST½μq̄ν��DT

−
2

p · q
½cq1εk⊥fμq̄νg þ icq3k⊥½μq̄ν��

�
λhD⊥

L þ k⊥ · ST
M

D⊥
T

�

þ 2

p · q
½cq3εk⊥fμq̄νg þ icq1k⊥½μq̄ν��G⊥ −

2M
p · q

½cq3STfμq̄νg − icq1ε
S⊥½μq̄ν��GT

−
2

p · q
½cq3k⊥fμq̄νg − icq1ε

k⊥½μq̄ν��
�
λhG⊥

L þ k⊥ · ST
M

G⊥
T

�
; ð55Þ

where q̄μ ¼ qμ − 2pμ=z. It can be shown that Wt3μν satisfies the current conservation qμWt3μν ¼ qνWt3μν ¼ 0.

D. Differential cross section

In the previous subsection, we obtained the complete
hadronic tensor up to twist-3. Contracting it with the
leptonic tensor (25), one can obtain the differential cross
section of the jet production semi-inclusive electron posi-
tron annihilation process. We first give the form of the
contraction results. For the leading twist case, we have

Lμν
γγ · ½cq1g⊥μν þ icq3ε⊥μν� ¼ −2Q2ðcq1AðyÞ þ λec

q
3CðyÞÞ;

ð56Þ

Lμν
γγ · ½cq3g⊥μν þ icq1ε⊥μν� ¼ −2Q2ðcq3AðyÞ þ λec

q
1CðyÞÞ:

ð57Þ

For the twist-3 case, we have

Lμν
γγ · ½cq1k⊥fμq̄νg − icq3ε

k⊥½μq̄ν��
¼ 4Q3ðcq1CðyÞDðyÞ þ λec

q
3DðyÞÞjk⃗⊥j cosϕ; ð58Þ

Lμν
γγ · ½cq1εS⊥fμq̄νg þ icq3ST½μq̄ν��
¼ 4Q3ðcq1CðyÞDðyÞ þ λec

q
3DðyÞÞjS⃗T j sinϕS: ð59Þ

Other contractions for twist-3 terms can be obtained
similarly. We do not show them here for simplicity.

For clarify, we divide the differential cross section into
the leading twist part and the twist-3 part. For the leading
twist one, we have

dσ̃2 ¼
αAZZ

πQ2
f½Tq

0ðyÞ − λeT̃
q
0ðyÞ�D1

þ ½Tq
1ðyÞ − λeT̃

q
1ðyÞ�λhG1L

− ½Tq
0ðyÞ − λeT̃

q
0ðyÞ�k⊥MjS⃗T j sinðϕ − ϕSÞD⊥

1T

− ½Tq
1ðyÞ − λeT̃

q
1ðyÞ�k⊥MjS⃗T j cosðϕ − ϕSÞG⊥

1Tg;
ð60Þ

where dσ̃ ¼ dσ=dzdyd2k0⊥, k⊥M ¼ jk⃗⊥j=M, and

Tq
0ðyÞ ¼ ce1c

q
1AðyÞ − ce3c

q
3CðyÞ; ð61Þ

T̃q
0ðyÞ ¼ ce3c

q
1AðyÞ − ce1c

q
3CðyÞ; ð62Þ

Tq
1ðyÞ ¼ ce1c

q
3AðyÞ − ce3c

q
1CðyÞ; ð63Þ

T̃q
1ðyÞ ¼ ce3c

q
3AðyÞ − ce1c

q
1CðyÞ: ð64Þ

The sum of the differential cross section for electromag-
netic, interference, and weak terms is understood. The
twist-3 differential cross section can be expressed as
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dσ̃3 ¼ −
αAZZ

πQ2

4κM
z

�
½Tq

2ðyÞ − λeT̃
q
2ðyÞ�k⊥M cosϕD⊥ þ ½Tq

2ðyÞ − λeT̃
q
2ðyÞ�k⊥M sinϕλhD⊥

L

þ ½Tq
2ðyÞ − λeT̃

q
2ðyÞ�jS⃗T j sinϕS

�
DT −

k2⊥M

2
D⊥

T

�
− ½Tq

2ðyÞ − λeT̃
q
2ðyÞ�jS⃗T j sinð2ϕ − ϕSÞ

k2⊥M

2
D⊥

T

− ½Tq
3ðyÞ − λeT̃

q
3ðyÞ�k⊥M sinϕG⊥ þ ½Tq

3ðyÞ − λeT̃
q
3ðyÞ�k⊥M cosϕλhG⊥

L

þ ½Tq
3ðyÞ − λeT̃

q
3ðyÞ�jS⃗T j cosϕS

�
GT −

k2⊥M

2
G⊥

T

�
− ½Tq

3ðyÞ − λeT̃
q
3ðyÞ�jS⃗T j cosð2ϕ − ϕSÞ

k2⊥M

2
G⊥

T

�
; ð65Þ

where κM ¼ M=Q and T functions are defined as

Tq
2ðyÞ ¼ ce1c

q
1CðyÞDðyÞ − ce3c

q
3DðyÞ; ð66Þ

T̃q
2ðyÞ ¼ ce3c

q
1CðyÞDðyÞ − ce1c

q
3DðyÞ; ð67Þ

Tq
3ðyÞ ¼ ce1c

q
3CðyÞDðyÞ − ce3c

q
1DðyÞ; ð68Þ

T̃q
3ðyÞ ¼ ce3c

q
3CðyÞDðyÞ − ce1c

q
1DðyÞ: ð69Þ

Up to now, we have presented the results of the differ-
ential cross section using the weak interaction term as an
example. To obtain the results for the electromagnetic term,
we need to set ce=q3 ¼ 0 and ce=q1 ¼ 1. For the interference

term, we need to set ce=q3 ¼ ce=qA and ce=q1 ¼ ce=qV . The
kinematic factors are also different. To make it transparent,
we can get the electromagnetic and interference cross
sections by replacing the parameters in the weak interaction
cross section according to Table I.

IV. NUMERICAL ESTIMATES OF THE
TRANSVERSE MOMENTUM ASYMMETRY

As introduced in Sec. II, the transverse momentum
asymmetry is defined through the difference of the trans-
verse momenta [see Eqs. (16) and (17)]. Note that the
transverse momentum of the fragmenting quark lies in the
x-y plane, and it can be decomposed as

kx⊥ ¼ jk⃗⊥j cosϕ; ð70Þ

ky⊥ ¼ jk⃗⊥j sinϕ: ð71Þ

We notice that

kx⊥ðx > 0Þ →
Z

π=2

−π=2
jk⃗⊥j cosϕdϕ; ð72Þ

kx⊥ðx < 0Þ →
Z

3π=2

π=2
jk⃗⊥j cosϕdϕ: ð73Þ

Therefore, kx⊥ðx > 0Þ and kx⊥ð< 0Þ can be related to the
differential cross section via the following equations:

kx⊥ðx>0Þ→
Z
x>0

k⃗⊥d2k⊥
dσ
d2k⊥

¼
Z
x>0

k2⊥cosϕdk⊥dϕ
dσ
d2k⊥

¼
Z

π=2

−π=2
k2⊥cosϕdk⊥dϕ

dσ
d2k⊥dzdy

dzdy; ð74Þ

kx⊥ðx>0Þ→
Z
x>0

k⃗⊥d2k⊥
dσ
d2k⊥

¼
Z
x>0

k2⊥cosϕdk⊥dϕ
dσ
d2k⊥

¼
Z

3π=2

π=2
k2⊥cosϕdk⊥dϕ

dσ
d2k⊥dzdy

dzdy; ð75Þ

where dσ
d2k⊥dzdy

is the complete differential cross section

shown in Eqs. (60) and (65). For the production of the
unpolarized hadron, we therefore have

kx⊥ðx > 0Þ ¼ 2αAZZ

Q2
½Tq

0ðyÞ − λeT̃
q
0ðyÞ�k2⊥D1

−
αAZZ

Q2

2

zQ
½Tq

2ðyÞ − λeT̃
q
2ðyÞ�k3⊥D⊥; ð76Þ

kx⊥ðx < 0Þ ¼ 2αAZZ

Q2
½Tq

0ðyÞ − λeT̃
q
0ðyÞ�k2⊥D1

þ αAZZ

Q2

2

zQ
½Tq

2ðyÞ − λeT̃
q
2ðyÞ�k3⊥D⊥: ð77Þ

According to the definitions shown in Eqs. (16) and (17)
and the results shown above, four kinds of asymmetries are
expressed as

Ax
U ¼ −

κMk⊥M

z
AZZ

AZZ

½Tq
2ðyÞ − λeT̃

q
2ðyÞ�

½Tq
0ðyÞ − λeT̃

q
0ðyÞ�

D⊥
D1

; ð78Þ

Ay
U ¼ þ κMk⊥M

z
AZZ

AZZ

½Tq
3ðyÞ − λeT̃

q
3ðyÞ�

½Tq
0ðyÞ − λeT̃

q
0ðyÞ�

G⊥
D1

; ð79Þ

TABLE I. Relations of kinematic factors between weak,
electromagnetic, and interference interactions.

Ar Lμν
r Wμν

r

ZZ AZZ ce1; c
e
3 cq1; c

q
3

γZ AZZ → AγZ ce1 → ceV; c
e
3 → ceA cq1 → cqV; c

q
3 → cqA

γγ AZZ → Aγγ ce1 → 1; ce3 → 0 cq1 → 1; cq3 → 0

TRANSVERSE MOMENTUM ASYMMETRY IN THE SEMI- … PHYS. REV. D 112, 116023 (2025)

116023-7



Ax
L ¼ −

κMk⊥M

z
AZZ

AZZ

½Tq
3ðyÞ − λeT̃

q
3ðyÞ�

½Tq
0ðyÞ − λeT̃

q
0ðyÞ�

G⊥
L

D1

; ð80Þ

Ay
L ¼ −

κMk⊥M

z
AZZ

AZZ

½Tq
2ðyÞ − λeT̃

q
2ðyÞ�

½Tq
0ðyÞ − λeT̃

q
0ðyÞ�

D⊥
L

D1

; ð81Þ

where the subscripts U and L denote unpolarized and the
longitudinally polarized hadrons, respectively. We note that
these transverse momentum asymmetries are all twist-3
measurable quantities. We note again that only weak
interaction results are shown in Eqs. (78)–(81). For the
complete results, electromagnetic and interference terms
should be included.
If only the electromagnetic interaction is considered, the

resulting asymmetries are given by

Ax
U ¼ −

κMk⊥M

z

e2q
e2q

CðyÞDðyÞ
AðyÞ

D⊥
D1

; ð82Þ

Ay
U ¼ −

κMk⊥M

z

e2q
e2q

λeDðyÞ
AðyÞ

G⊥
D1

; ð83Þ

Ax
L ¼ þ κMk⊥M

z

e2q
e2q

λeDðyÞ
AðyÞ

G⊥
L

D1

; ð84Þ

Ay
L ¼ −

κMk⊥M

z

e2q
e2q

CðyÞDðyÞ
AðyÞ

D⊥
L

D1

: ð85Þ

To have an intuitive impression of the transverse
momentum asymmetries introduced before, we present
the numerical estimates of Ax

U in Figs. 2–5 with respect
toQ, k⊥, y, and z, respectively. We take the Gaussian ansatz
for the TMD FFs, i.e.,

D1ðz; k⊥Þ ¼
1

πΔ02D1ðzÞe−k⃗
2⊥=Δ02

; ð86Þ

D⊥ðz; k⊥Þ ¼
z

2πΔ2
D1ðzÞe−k⃗

2⊥=Δ2

; ð87Þ

where D1ðzÞ are taken from NPC23 [47,48] for the πþ
meson. We only take the light flavors (u, d, s) into account.
To determine D⊥ðz; k⊥Þ, we have used the Wandzura-
Wilczek approximation (neglecting the quark-gluon-quark
correlation function, g ¼ 0) [49] and the massless QCD
equation of motion Dψ ¼ 0. The mean squared transverse
momenta of TMD FFs are taken as Δ02 ¼ 0.17 GeV2 and
Δ2 ¼ 0.17 GeV2 for all flavors [50–55].
Under the condition of Gaussian ansatz for the TMD

FFs, numerical estimates lead to three observations illus-
trated below.

(i) From Fig. 2, we notice that the absolute values of the
transverse momentum asymmetry, Ax

U, decreases
with increasing energy Q due to the power sup-
pression of the twist-3 effects. Nevertheless, the
absolute values of the asymmetry increases with
respect to the transverse momentum k⊥. To be more
precise, jAx

Uj is proportional to k⊥, as illustrated
in Fig. 3.

(ii) From Fig. 4, we notice that Ax
U exhibits periodic

characteristics. It is also fixed at y ¼ 0, 0.5, 1,

Ax
Uðy¼ 0Þ¼Ax

Uðy¼ 0.5Þ¼Ax
Uðy¼ 1Þ¼ 0: ð88Þ
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0.014

0.012

0.010

0.008

0.006

0.004

0.002

0.000

Q

A Ux

FIG. 2. Numerical estimates of transverse momentum asym-
metry Ax

U with respect to Q. In this case z ¼ 0.2 and y ¼ 0.4.
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0.015

0.010

0.005
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0.015
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FIG. 4. Numerical estimates of transverse momentum asym-
metry Ax

U with respect to y. In this case z ¼ 0.2 andQ ¼ 10 GeV.
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FIG. 3. Numerical estimates of transverse momentum asymme-
try Ax

U with respect to k⊥. In this case z ¼ 0.2 and Q ¼ 10 GeV.
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Note that y ¼ p · l1=p · q ∼ ð1þ cos θÞ=2, where θ
is the angle between the positron (l2) and the
observed hadron (p). This indicates that, according
to our conventions, the asymmetry is positive when
the observed hadron is in the electron-beam hemi-
sphere and negative when it is in the positron-beam
hemisphere.

(iii) Figure 5 shows that asymmetry Ax
U is not sensitive to

fraction z. From Eqs. (16) and (17), we notice that
the asymmetry is defined through the difference of
the transverse momenta, and it should therefore be
independent of the longitudinal momentum fraction
z. Certainly, this conclusion strongly depends on the
parametrized form of D⊥ in Eq. (87), which implies
that D⊥ may be proportional to zD1.

We also check that asymmetry Ax
U is not sensitive to the

mean squared transverse momenta of TMD FFs.
Furthermore, the use of NNFF10 [56] for πþ, MAPFF10
[57] for πþ, and NPC23 [47,48] for Kþ yields consistent
results. These findings suggest that the transverse momen-
tum asymmetry is very likely a universal physical quantity
that appears to be independent of the identity of the
observed hadronic state. It reveals the transverse momen-
tum effects and does not depend on the longitudinal
momentum fraction.

V. SUMMARY

Hadronization, being a nonperturbative QCD process,
cannot be calculated from first principles and is typically
described through phenomenological models. Within the
framework of the QCD parton model, one can study the
hadronization process through the behaviors of the single
hadron and the double hadron or through FFs and diFFs.
However, higher-twist FFs present significant challenges
for determination due to power suppression. We notice that
the transverse momentum of the produced jet or the
intrinsic quark in the semi-inclusive electron positron
annihilation process exhibits twist-3 effects. Under this
circumstance, we propose a novel observable: the

transverse momentum asymmetry of the fragmenting quark
with respect to the observed hadron direction. This asym-
metry is defined as the difference between the transverse
momentum components of the fragmenting quark relative
to the observed hadron, especially in the x and y directions
in the center-of-mass frame of leptons. It is a twist-3 effect
and provides direct access to twist-3 TMD FFs.
To investigate the transverse momentum effects, we

develop a general theoretical framework up to twist-3 at
leading order for the jet production semi-inclusive annihi-
lation process in this paper. Higher-order gluon radiations
are not considered. We derive the differential cross section
by incorporating both electromagnetic and weak inter-
actions and express the resulting asymmetries in terms
of twist-3 TMD FFs. Taking the Gaussian ansatz for the
TMD FFs, we present numerical estimates of the asym-
metry Ax

U. The results show that the absolute values of the
asymmetry decreases with increasing center-of-mass
energy Q but increases linearly with respect to the trans-
verse momentum k⊥. Furthermore, the asymmetry exhibits
periodic behavior with respect to fraction y and does not
depend on the longitudinal momentum fraction z.
The transverse momentum asymmetry serves as a

measurable and sensitive probe for studying jet dynamics
in the annihilation process. It also offers valuable insights
into the relative distributions between the observed hadron
and the fragmenting quark during hadronization. This
provides a new approach to understand the hadronization
mechanism. Based on the definitions and calculations, we
notice that the asymmetry is very likely to be a universal
physical quantity that is insensitive to the type of hadron
and the longitudinal momentum fraction. Furthermore, it
provides a pathway (D⊥ ∼ zD1) to determine twist-3 TMD
FFs from future experimental data.
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APPENDIX: Ξð1Þ
ρ CONTRIBUTIONS

It is worthwhile to illustrate that the twist-3 fragmenta-
tion functions given in Eqs. (41), (42) and (44), (45) are not
independent. Their relationships can be derived by apply-
ing the QCD equation of motion, =Dψ ¼ 0. Eliminating
the longitudinal components of the correlators yields the
relationships among the transverse components. For the
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FIG. 5. Numerical estimates of transverse momentum asymme-
try Ax

U with respect to z. In this case Q ¼ 10 GeV and
k⊥ ¼ 0.7 GeV.
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two transverse components Ξð0Þρ
⊥ and Ξ̃ð0Þρ

⊥ , we have [18]

kþΞð0Þρ
⊥ ¼ −gρσ⊥ ReΞð1Þ

σþ − ερσ⊥ Im Ξ̃ð1Þ
σþ; ðA1Þ

kþΞ̃ð0Þρ
⊥ ¼ −gρσ⊥ ReΞ̃ð1Þ

σþ − ερσ⊥ ImΞð1Þ
σþ: ðA2Þ

Equations (A1) and (A2) lead to a set of relationships
between twist-3 TMD FFs

D⊥ − iG⊥ ¼ −zðD⊥
d −G⊥

d Þ; ðA3Þ

DT − iGT ¼ −zðDdT −GdTÞ; ðA4Þ

D⊥
L − iG⊥

L ¼ −zðD⊥
dL −G⊥

dLÞ; ðA5Þ

D⊥
T − iG⊥

T ¼ −zðD⊥
dT −G⊥

dTÞ: ðA6Þ

Substituting Eqs. (44) and (45) into Eq. (34), we obtain

zWð1;LÞ
t3μν ¼ −

2

p · q
½cq1k⊥μpν − icq3ε

k⊥μpν�D⊥
d −

2M
p · q

½cq1εS⊥μpν þ icq3STμpν�DdT

−
2

p · q
½cq1εk⊥μpν þ icq3k⊥μpν�

�
λhD⊥

dL þ k⊥ · ST
M

D⊥
dT

�

þ 2

p · q
½cq3εk⊥μpν − icq1k⊥μpν�G⊥

d þ 2M
p · q

½cq3STμpν þ icq1ε
S⊥μpν�GdT

þ 2

p · q
½cq3k⊥μnν þ icq1ε

k⊥μpν�
�
λhG⊥

dL þ k⊥ · ST
M

G⊥
dT

�
: ðA7Þ

Subsequently, we employ the relationships given in Eqs. (A3)–(A7) to express the functionsDd andGd in terms ofD andG.
This substitution leads us to the final result presented in Eq. (54).
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