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A cat state localized in the right Rindler wedge is employed to study the violation of the Bell-Clauser-
Horne-Shimony-Holt (Bell-CHSH) inequality in a relativistic scalar-free quantum field theory. By means
of the bounded Hermitian operator signðφðfÞÞ, where φðfÞ stands for the smeared scalar field, it turns out
that the Bell-CHSH correlator can be evaluated in closed analytic form in terms of the imaginary error
function. Being the superposition of two coherent states, cat states allow for the existence of interference
terms, which give rise to a violation of the Bell-CHSH inequality. As such, the present setup can be
considered as an explicit realization of the results obtained by Summers-Werner.
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I. INTRODUCTION

In a series of seminal papers [1–3], Summers-Werner
have provided a rigorous framework for the Bell-Clauser-
Horne-Shimony-Holt (Bell-CHSH) inequality [4,5] in rela-
tivistic quantum field theory, for both Bose and Fermi
fields. They have been able to establish a set of theorems
stating that the Bell-CHSH inequality achieves maximal
violation already at the level of free fields, for judicious
observables located in complementary wedge regions as
well as in double tangent cones. These results were
established first for the vacuum state [1,2] and later on
extended to a broader class of states [3].1

The aforementioned theorems rely on fundamental
aspects of quantum field theory, such as the Haag-Kastler
algebraic formulation [8], the Reeh-Schlieder [9] and
Bisognano-Wichmann [10] theorems, the theory of von
Neumann algebras [8,11], and the modular theory of
Tomita-Takesaki [11–15].
Nevertheless, it seems fair to state that addressing the

Bell-CHSH inequality in quantum field theory is a rather
challenging topic. The effective implementation of the

Summers-Werner results into a computational framework
still deserves much work. For instance, in the case of a
scalar field, the explicit construction of the bounded
operators whose correlation functions saturate Tsirelson’s
bound [16] has not yet been worked out.
In recent years we have devoted efforts toward a

realization of the Summers-Werner theorems, searching
for an example that could enable an evaluation of the
Bell-CHSH correlator in closed analytic form. Before going
any further, a short overview of what we have been able to
obtain is in order. In [17,18] a numerical setup for the Bell-
CHSH inequality has been outlined for both wedge regions
and tangent double cones. In [19], the modular theory of
Tomita-Takesaki has been used to study the properties of the
correlation functions of unitary Weyl operators. Finally, in
[20,21], we have looked at the difficult issue of constructing
a set of bounded Hermitian operators useful to investigate
the Bell-CHSH inequality.
In this new contribution, we present a concrete example

of a Bell-CHSH correlation function that can be evaluated in
closed form by making use of the Summers-Werner
theorems, while exhibiting a clean violation of the classical
bound, i.e., 2.
In order to illustrate the salient points of the work, let us

recall the expression of the Bell-CHSH correlator of a
scalar quantum field theory, namely,

hCiψ ¼ hψ jðAðfÞþAðf0ÞÞBðgÞþ ðAðfÞ−Aðf0ÞÞBðg0Þjψi;
ð1Þ

where ðAðfÞ; Aðf0Þ; BðgÞ; Bðg0ÞÞ is a shorthand notation for
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1See [6,7] for recent reviews of the Bell-CHSH inequality in
quantum mechanics and quantum field theory.
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AðfÞ ¼ AðφðfÞÞ; Aðf0Þ ¼ Aðφðf0ÞÞ;
BðgÞ ¼ BðφðgÞÞ; Bðg0Þ ¼ Bðφðg0ÞÞ; ð2Þ

with φðt; x⃗Þ denoting the scalar field and φðfÞ its smearing
[8], see Appendix A,

φðfÞ ¼
Z

d4xφðxÞfðxÞ; ð3Þ

where fðt; x⃗Þ is a smooth, compactly supported test
function.
The operators ðAðfÞ; Aðf0ÞÞ and ðBðgÞ; Bðg0ÞÞ are

Hermitian bounded operators,

kAðfÞk≤1; kAðf0Þk≤1; kBðgÞk≤1; kBðg0Þk≤1; ð4Þ

fulfilling the following conditions:

½AðfÞ;BðgÞ�¼0; ½AðfÞ;Bðg0Þ�¼0; ½AðfÞ;Aðf0Þ�≠0;

½Aðf0Þ;BðgÞ�¼0; ½Aðf0Þ;Bðg0Þ�¼0; ½BðgÞ;Bðg0Þ�≠0;

ð5Þ

meaning that ðAðfÞ; Aðf0ÞÞ are spacelike separated with
respect to ðBðgÞ; Bðg0ÞÞ. According to [1–3], the Bell-
CHSH inequality is said to be violated whenever

2 < jhCiψ j ≤ 2
ffiffiffi
2

p
: ð6Þ

As one can see from Eq. (1), three key ingredients are
required for the Bell-CHSH correlator in quantum field
theory: the state jψi, the test functions ðf; f0Þ and ðg; g0Þ,
and the operators ðAðfÞ; Aðf0Þ; BðgÞ; Bðg0ÞÞ. These issues
will be addressed in the following way:

(i) The state jψi will be chosen to be a cat state
localized in the right wedge OR ¼ fðt; x; y; zÞ;
x ≥ jtjg,2

jψi ¼ N ðeiφðhÞ þ eiσe−iφðhÞÞj0i; ð7Þ

where j0i is the vacuum state, N is a normalization
factor, σ is an arbitrary phase, and h is a suitable test
function supported in OR. The state jψi is the
superposition of two coherent states obtained by
applying the Weyl operator Wh ¼ eiφðhÞ to the
vacuum state j0i. Being a superposition, the cat
state jψi gives rise to interference terms in the
correlation function (1) which, as we shall see, will
play a crucial role for the violation of the Bell-CHSH
inequality.

(ii) The two sets of spacelike test functions ðf; f0Þ
and ðg; g0Þ will be specified by strictly following

the original construction outlined in [2],3 relying
on the Tomita-Takesaki modular theory as well as
on the knowledge of the spectrum of the modular
operator in the wedge regions ðOR;OLÞ [10]. As
such, ðf; f0Þ and ðg; g0Þ encapsulate fundamental
aspects of both modular theory and of the type III
nature of the von Neumann algebras of quantum
field theory [11,14,15].

(iii) Concerning now the choice of operators, we shall
rely on the construction outlined in [20,21] and
consider operators obtained as continuous super-
positions of Weyl operators. In particular, we shall
focus on the operator signðφðfÞÞ, defined through
the functional extension of the Dirichlet integral
representation of the sign function,

AðfÞ ¼ signðφðfÞÞ ¼ 2

π

Z
∞

0

dk
1

k
sinðkφðfÞÞ

¼ 1

iπ

Z
∞

0

dk
1

k
ðeikφðfÞ − e−ikφðfÞÞ: ð8Þ

Analogously, we set

Aðf0Þ ¼ signðφðf0ÞÞ; BðgÞ ¼ signðφðgÞÞ;
Bðg0Þ ¼ signðφðg0ÞÞ: ð9Þ

The operators (8) and (9) fulfill the conditions (4)
and (5), being eligible for the Bell-CHSH inequality.
The usefulness of employing the operators (8) and
(9) relies on the fact that the Bell-CHSH correlator,
Eq. (1), can be evaluated in analytic closed form, a
rare feature in quantum field theory.

The paper is organized as follows. In Sec. II we evaluate
the correlation function of the operators (8) and (9) needed
for the Bell-CHSH inequality. The computation will be
done for a generic choice of the test functions ðf; f0Þ,
ðg; g0Þ, and h, Eqs. (7)–(9). In Sec. III we specialize to the
Summers-Werner test functions and discuss the ensuing
violation of the Bell-CHSH inequality. Section IV sum-
marizes our conclusion. For the benefit of the reader and in
order to present the material in a self-contained way, in
Appendix Awe recall a few basic notions of the canonical
quantization of the scalar field and of the Tomita-Takesaki
modular theory. Finally, Appendix B contains details of the
numerical setup employed to estimate the integral J in
expression (28).

II. EVALUATION OF THE CORRELATION
FUNCTIONS OF THE SIGN OPERATORS

Let us proceed by evaluating the correlation function of
the sign operators, Eqs. (8) and (9),

2Similarly, the left wedge is defined by OL ¼ fðt; x; y; zÞ;
−x ≥ jtjg. 3See Proposition 3.1 of [2].
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hψ jAðfÞBðgÞjψi ¼ hψ jsignðφðfÞÞsignðφðgÞÞjψi; ð10Þ

where φðfÞ is the smeared field, see Appendix A, and jψi is the cat state of Eq. (7). The normalization factor N is easily
computed from hψ jψi ¼ 1, being given by

N 2 ¼ 1

2ð1þ cosðσÞe−2khjj2Þ ; ð11Þ

where khjj2 ¼ hhjhi is the norm of the test function h, Eqs. (A4)–(A7). Therefore,

hψ jAðfÞBðgÞjψi ¼ −
N 2

π2

Z
∞

0

dkdq
kq

h0jðe−iφðhÞ þ e−iσeiφðhÞÞðeikφðfÞ − e−ikφðfÞÞðeiφðhÞ þ eiσe−iφðhÞÞðeiqφðgÞ − e−iqφðgÞÞj0i;

ð12Þ

where use has been made of the fact that ðf; f0; hÞ are supported in the right wedge OR while ðg; g0Þ in the left one OL,

½φðfÞ;φðgÞ� ¼ ½φðf0Þ;φðgÞ� ¼ ½φðhÞ;φðgÞ� ¼ 0;

½φðfÞ;φðg0Þ� ¼ ½φðf0Þ;φðg0Þ� ¼ ½φðhÞ;φðg0Þ� ¼ 0: ð13Þ

Using then the properties of the Weyl operators, Eq. (A13), it follows that, after some algebra,

hψ jAðfÞBðgÞjψi ¼ −
N 2

π2

Z
∞

0

dkdq
kq

h0jðeiqφðgÞ − e−iqφðgÞÞ

× ½eikφðfÞe−ikΔPJðf;hÞ þ eiσeiðkφðfÞ−2φðhÞÞ − e−ikφðfÞeikΔPJðf;hÞ − eiσe−iðkφðfÞþ2φðhÞÞ

þ eikφðfÞeikΔPJðf;hÞ þ e−iσeiðkφðfÞþ2φðhÞÞ − e−ikφðfÞe−ikΔPJðf;hÞ − e−iσe−iðkφðfÞ−2φðhÞÞ�j0i; ð14Þ

where ΔPJðf; hÞ stands for the smeared Pauli-Jordan distribution, Eqs. (A5) and (A6). Therefore, from Eqs. (A15) and
(A16), it follows that

hψ jAðfÞBðgÞjψi ¼ −
N 2

π2

Z
∞

0

dkdq
kq

ð−8 cosðkΔPJðf; hÞÞe−1
2
ðk2kfjj2þq2kgjj2Þ sinhðkqHðf; gÞÞ

þ 4 cosðσÞe−1
2
kkfþqgjj2e−2khjj2 coshðHðkf þ qg; hÞÞ − 4 cosðσÞe−1

2
kkf−qgjj2e−2khjj2 coshðHðkf − qg; hÞÞÞ;

ð15Þ

where Hðf; gÞ is the smeared Hadamard distribution, Eqs. (A5) and (A6).
Finally, for the Bell-CHSH correlation function, one has

hψ jCjψi ¼ 2

π2
1

1þ cosðσÞe−2khjj2
Z

∞

0

dkdq
kq

�
2 cosðkΔPJðf; hÞÞe−1

2
ðk2kfjj2þq2kgjj2Þ sinhðkqHðf; gÞÞ

þ 2 cosðkΔPJðf0; hÞÞe−1
2
ðk2kf0jj2þq2kgjj2Þ sinhðkqHðf0; gÞÞ þ 2 cosðkΔPJðf; hÞÞe−1

2
ðk2kfjj2þq2kg0jj2Þ sinhðkqHðf; g0ÞÞ

− 2 cosðkΔPJðf0; hÞÞe−1
2
ðk2kf0jj2þq2kg0jj2Þ sinhðkqHðf0; gÞÞ

− cosðσÞe−1
2
kkfþqgjj2e−2khjj2 coshðHðkf þ qg; hÞÞ þ cosðσÞe−1

2
kkf−qgjj2e−2khjj2 coshðHðkf − qg; hÞÞ

− cosðσÞe−1
2
kkf0þqgjj2e−2khjj2 coshðHðkf0 þ qg; hÞÞ þ cosðσÞe−1

2
kkf0−qgjj2e−2khjj2 coshðHðkf0 − qg; hÞÞ

− cosðσÞe−1
2
kkfþqg0jj2e−2khjj2 coshðHðkf þ qg0; hÞÞ þ cosðσÞe−1

2
kkf−qg0jj2e−2khjj2 coshðHðkf − qg0; hÞÞ

þ cosðσÞe−1
2
kkf0þqg0jj2e−2khjj2 coshðHðkf0 þ qg0; hÞÞ − cosðσÞe−1

2
kkf0−qg0jj2e−2khjj2 coshðHðkf0 − qg0; hÞÞ

�
: ð16Þ
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III. THE SUMMERS-WERNER INNER PRODUCTS
AND THE VIOLATION OF THE BELL-CHSH

INEQUALITY

Having evaluated the correlation functions of the sign
operators in the cat state jψi, Eqs. (8) and (9), we can now
face the violation of the Bell-CHSH inequality. The first
task is that of specifying the test functions ðf; f0Þ, ðg; g0Þ,
and h. Here, we shall rely on the construction of [2]. From
Proposition 3.1 of [2], it follows that the test functions
ðf; f0; g; g0Þ can be chosen in such a way that

kfjj2 ¼ kf0jj2 ¼ kgjj2 ¼ kg0jj2 ¼ 1þ λ2

1 − λ2
;

hfjgi ¼ −hf0jg0i ¼ 2λ

1 − λ2
;

hfjg0i ¼ hf0jgi ¼ 0;

hfjf0i ¼ hgjg0i ¼ i; ð17Þ

where the parameter λ belongs to the spectral interval
[0, 1] of the Tomita-Takesaki modular operator [2], see
Appendix A for more details. Looking at expression (17), a
few words when λ is approaching the value 1 are in order.
As pointed out in [2], this limiting value should be under-
stood always as λ2 ¼ 1 − ε2, where ε2 is an arbitrarily small,

however nonvanishing, parameter. In other words, λ can be
arbitrarily close to 1 but not exactly 1. This conceptual
remark has no practical consequences on the value of the
Bell-CHSH violation, as ε2 can be kept arbitrarily small.
Actually, according to [2], the value ≈1 allows us to obtain
the best violation. Concretely, for our purposes, it will be
sufficient to set ε ¼ 10−6, leaving our numerics completely
unaffected.
Re calling that, as ðf; f0Þ, the test function h is supported

in the right wedge region OR, we shall set

h ¼ αffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ2

p ðf þ f0Þ; ð18Þ

with α an arbitrary parameter, to be chosen at the best
convenience. Expression (18) implies that

khk2 ¼ α2: ð19Þ

Plugging Eqs. (17) and (18) into the correlation function
(16), one gets

hψ jCjψi ¼ hCi0 þR; ð20Þ

where hCi0 denotes the expectation value of the operator C
in the vacuum state, namely,

hCi0 ¼ h0jðAðfÞ þ Aðf0ÞÞBðgÞ þ ðAðfÞ − Aðf0ÞÞBðg0Þj0i ¼ 8

π2

Z
∞

0

dkdq
kq

e−
k2
4 e−

q2

4 sinh

�
kqλ

1þ λ2

�
: ð21Þ

For the remaining term R one has

R ¼ 1

1þ cosðσÞe−2α2
8

π2

Z
∞

0

dkdq
kq

e−
1
4
ðk2þq2Þ

�
cos

�
kα

1 − λ2

1þ λ2

�
sinh

�
kqλ

1þ λ2

�
− ð1þ cosðσÞe−2α2Þ sinh

�
kqλ

1þ λ2

��

þ cosðσÞe−2α2
�
coshðkαÞ cosh

�
2qαλ
1þ λ2

�
sinh

�
kqλ

1þ λ2

�
− sinhðkαÞ sinh

�
2qαλ
1þ λ2

�
cosh

�
kqλ

1þ λ2

��
: ð22Þ

As it is easily figured out, the term R arises from the interference terms showing up from the superposition of the two
coherent states, eiϕðhÞj0i and e−iϕðhÞj0i, which give rise to the cat state jψi.
Moreover, recalling that the imaginary error function erfiðwÞ can be represented as

erfiðwÞ ¼ 2

π

Z
∞

0

dt
t
e−

t2
4 sinhðwtÞ; ð23Þ

it turns out that hCi0 can be cast in closed form as

hCi0 ¼
4

π
arcsin

�
2λ

1þ λ2

�
: ð24Þ

Unfortunately, this expression is bounded by the classical value 2, as it can be seen from Fig. 1. Notice that, according to [2],
the maximum value of hCi0 occurs for λ ≈ 1.
It remains now to work out the contribution of the term R in Eq. (22). Setting λ ≈ 1, one obtains
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Rλ¼1 ¼
cosðσÞe−2α2

1þ cosðσÞe−2α2
8

π2

Z
∞

0

dkdq
kq

e−
1
4
ðk2þq2Þ

×

�
sinh

�
kq
2

�
ð−1þ coshðkαÞ coshðqαÞÞ

− sinh

�
kq
2

�
sinhðkαÞ sinhðqαÞ

�
: ð25Þ

Again, making use of the imaginary error function, the final
expression for the Bell-CHSH correlation function sim-
plifies to

hψ jCjψi ¼ 2þ 2

π

cosðσÞe−2α2
1þ cosðσÞe−2α2 J ðαÞ; ð26Þ

with

J ðαÞ¼
Z

∞

0

dk
k
e−

k2
4

�
−2erfi

�
k
2

�
þe−kαerfi

�
k
2
þα

�

þ coshðαkÞerfi
�
k
2
−α

�
− sinhðαkÞerfi

�
−
k
2
þα

��
:

ð27Þ

Expressions (26) and (27) represent our final result. They
provide a very concise expression for the Bell-CHSH
correlator depending on the parameters ðα; σÞ of the cat
state jψi. The integral J ðαÞ in Eq. (27) can be investigated
through numerical tools, being a negative function of the
parameter α. Though, it is worth discussing in detail the
behavior at large k as the integrand in Eq. (27). Making use
of the property erfið−wÞ ¼ −erfiðwÞ, expression (27) sim-
plifies to

J ðαÞ ¼
Z

∞

0

dk
k
e−

k2
4

�
−2erfi

�
k
2

�
þ e−kαerfi

�
k
2
þ α

�

þ ekαerfi

�
k
2
− α

��
: ð28Þ

Moreover, from

erfiðwÞ ≈ ew
2

ffiffiffi
π

p
w
; largew; ð29Þ

one gets that the integrand converges at large k as 1
k2,

namely,

J ðαÞ¼
Z

∞

0

dkηðkÞ; ηðkÞ≈ 1ffiffiffi
π

p
k2
ð−4þ4eα

2Þ at largek:

ð30Þ

We then choose σ ¼ π, so that the second term on the right-
hand side of (26) becomes positive, yielding a clean proof
of the violation of the Bell-CHSH inequality,

jhψ jCjψij > 2: ð31Þ

The size of the violation is of about 2.012, as one can see
from Fig. 2, where the behavior of jhψ jCjψij as a function of
α is reported. In particular, the integral in Eq. (28) has been
estimated by using Mathematica, with the Monte Carlo
method. The precision has been set by working with
Maxpoints ¼ 109 and with Accuracygoal ¼ 6, as well as
Precisiongoal ¼ 6, giving an error of the order of 10−6.
Further details about the stability of the numerical setup can
be found in Appendix B.

IV. CONCLUSION

Elaborating on the seminal work of Summers-Werner
[1–3], we have been able to construct a setup for the

0.5 1.0 1.5 2.0

2.002

2.004

2.006

2.008

2.010

2.012

Bell–CHSH

FIG. 2. Behavior of the correlator hCiψ as a function of the
parameter α, showing the violation of the Bell-CHSH inequality.
The value 2 is asymptotically recovered for very large values of α.

FIG. 1. Behavior of the correlator hCi0 as a function of the
spectral parameter λ. Although λ belongs to the spectral interval
[0, 1], the plot has been extended over a larger interval to show
that hCi0 is bounded by 2. Different colors have been employed to
show the two intervals.

CAT STATES AND VIOLATION OF THE … PHYS. REV. D 113, 065008 (2026)

065008-5



violation of the Bell-CHSH inequality in a relativistic scalar
quantum field theory.
Three key ingredients have been employed, as enlisted

below:
(i) The state jψi has been chosen to be a cat state, i.e., a

superposition of two coherent states, Eq. (7). As
such, cat states enable the existence of interference
terms, which play a primary role for the violation of
the Bell-CHSH inequality.

(ii) The test functions ðf; f0Þ, ðg; g0Þ, and h have been
selected by strictly relying on the theorems estab-
lished by Summers-Werner. These test functions
follow from the knowledge of the properties of
the Tomita-Takesaki modular operator in wedge
regions [1–3].

(iii) As bounded Hermitian operators, the sign operators
of Eqs. (8) and (9) have been employed. These
operators fulfill the conditions (4) and (5), being
eligible for the Bell-CHSH inequality.

These three ingredients have made it possible to cast the
Bell-CHSH correlation function in closed concise form, as
shown by Eqs. (26) and (27), exhibiting a violation of the
Bell-CHSH inequality in relativistic quantum field theory.
Let us conclude by emphasizing the fact that, despite our

efforts, the size of the violation is still rather small when
compared to Tsirelson’s bound. So far, the quest for the
construction of a bounded Hermitian operator leading to a
more robust violation is still to be considered an
open issue.
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APPENDIX A: CANONICAL QUANTIZATION,
WEYL OPERATORS, AND TOMITA-TAKESAKI

MODULAR THEORY

1. The real massive scalar field in (1 + 3)
Minkowski spacetime

We consider a free real scalar field of mass m in (1þ 3)-
dimensional Minkowski spacetime. Its quantized form,
expressed via plane wave decomposition, reads

φðt; x⃗Þ ¼
Z

d3k
ð2πÞ3

1

2ωk
ðe−ikμxμak þ eikμx

μ
a†kÞ;

kμxμ ¼ ωkt − k⃗ · x⃗; ðA1Þ

where ωk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗2 þm2

p
, and the annihilation and creation

operators satisfy the canonical commutation relations

½ak; a†q� ¼ ð2πÞ32ωkδ
3ðk − qÞ;

½ak; aq� ¼ ½a†k; a†q� ¼ 0: ðA2Þ

In a rigorous quantum field theory framework, the scalar
field is treated as an operator-valued distribution [8], and
thus must be smeared out with smooth, compactly sup-
ported test functions to yield well-defined operators in the
Hilbert space. Given a smooth, compactly supported test
function fðxÞ∈C∞

0 ðR4Þ, with x ¼ ðt; x⃗Þ, the correspond-
ing smeared field operator is defined as

φðfÞ ¼
Z

d4xφðxÞfðxÞ: ðA3Þ

The vacuum expectation value of two smeared field
operators, given by the two-point Wightman function,
defines the Lorentz invariant inner product hfjgi,

hfjgi ¼ h0jφðfÞφðgÞj0i ¼ i
2
ΔPJðf; gÞ þHðf; gÞ; ðA4Þ

where f; g∈C∞
0 , and ΔPJðf; gÞ and Hðf; gÞ denote the

smeared Pauli-Jordan and Hadamard distributions, respec-
tively. These are defined by

ΔPJðf; gÞ ¼
Z

d4xd4yfðxÞΔPJðx − yÞgðyÞ;

Hðf; gÞ ¼
Z

d4xd4yfðxÞHðx − yÞgðyÞ; ðA5Þ

with distributional kernels given explicitly by

ΔPJðxÞ ¼ −
Z

d3p
ð2πÞ3

1

ωk
sin ðpμðx − x0ÞμÞ;

HðxÞ ¼
Z

d3p
ð2πÞ3

1

2ωk
cos ðpμðx − x0ÞμÞ: ðA6Þ

Both ΔPJðxÞ and HðxÞ are Lorentz invariant. The Pauli-
Jordan distribution ΔPJðxÞ encodes the principle of cau-
sality, vanishing outside the light cone. Moreover, it is odd
under x → −x, whereas the Hadamard function HðxÞ is
even. The commutator of the field operators is thus
½φðfÞ;φðgÞ� ¼ iΔPJðf; gÞ, ensuring that ½ϕðfÞ;ϕðgÞ� ¼ 0,
whenever the supports of f and g are spacelike separated.

GUIMARAES, RODITI, and SORELLA PHYS. REV. D 113, 065008 (2026)

065008-6



This compactly encodes the principle of microcausality in
relativistic field theory.
The inner product hfjgi can be rewritten in momentum

space as

hfjgi ¼
Z

d4p
ð2πÞ4 ð2πÞθðp

0Þδðp2 −m2Þf�ðpÞgðpÞ; ðA7Þ

where fðpÞ and gðpÞ stand for the Fourier transform of
fðxÞ and gðxÞ,

fðpÞ ¼
Z

d4xeipμxμfðxÞ: ðA8Þ

2. Basics of the Tomita-Takesaki modular theory

The Tomita-Takesaki modular theory is a powerful
framework for analyzing the Bell-CHSH inequality in
quantum field theory [1–3]. To set the stage, it is worth
briefly reviewing some of the basic features of this elegant
theoretical structure.
Let O stand for an open region of the Minkowski

spacetime and let MðOÞ be the space of test functions
with support contained in O,

MðOÞ ¼ ff; such that suppðfÞ ⊆ Og: ðA9Þ

One introduces the symplectic complement of MðOÞ as

M0ðOÞ ¼ fg;ΔPJðg; fÞ ¼ 0 ∀ f∈MðOÞg: ðA10Þ

In other words, M0ðOÞ is given by the set of all test
functions for which the smeared Pauli-Jordan expression
defined by Eq. (A5) vanishes. The usefulness of the
symplectic complement M0ðOÞ relies on the fact that it
allows us to rephrase causality as

½φðgÞ;φðfÞ� ¼ 0; ∀ g∈M0ðOÞ; and f∈MðOÞ: ðA11Þ

The next step is that of introducing a von Neumann algebra
F ðMÞ of bounded operators supported in O, equipped
with a cyclic and separating state. As a concrete example of
such an algebra, one may consider the von Neumann
algebra generated by the Weyl operators, namely,

F ðMÞ ¼ span fWh; suppðhÞ∈Mg; ðA12Þ

whereWh stands for the unitary Weyl operatorWh ¼ eiφðhÞ.
Using the relation eAeB ¼ eAþBþ1

2
½A;B�, valid for two oper-

ators ðA; BÞ commuting with ½A;B�, one finds that the Weyl
operators give rise to the following algebraic structure:

WhW0
h ¼ e−

1
2
½φðhÞ;φðh0Þ�Wðhþh0Þ ¼ e−

i
2
ΔPJðh;h0ÞWðhþh0Þ;

W†
h ¼ Wð−hÞ; ðA13Þ

whereΔPJðh; h0Þ is the smeared causal Pauli-Jordan expres-
sion (A5). Setting φðhÞ ¼ ah þ a†h, with ðah; a†hÞ being the
smeared annihilation and creation operators

ah ¼
Z

d3k
ð2πÞ3

1

2ωk
h�ðωk; k⃗Þak;

a†h ¼
Z

d3k
ð2πÞ3

1

2ωk
hðωk; k⃗Þa†k; ½ah;a†h0 � ¼ hhjh0i; ðA14Þ

it follows that the vacuum expectation value of the operator
Wh turns out to be

h0jWhj0i ¼ e−
1
2
khk2 ; ðA15Þ

where khk2 ≡ hhjhi, and the vacuum state j0i is defined
by akj0i ¼ 0; ∀ k. In particular, if suppf and suppg are
spacelike separated, causality ensures that the Pauli-Jordan
function vanishes. Thus, from the above properties, it
follows the useful relation

h0jWfWgj0i ¼ h0jWðfþgÞj0i ¼ e−
1
2
kfþgk2 : ðA16Þ

A very important property of the von Neumann algebra
F ðMÞ, Eq. (A12), generated by the Weyl operators is that,
due to the Reeh-Schlieder theorem [8,11], the vacuum state
j0i is both cyclic and separating, meaning that (i) the set of
states fWhj0i, Wh ∈F ðMÞg are dense in the Hilbert
space, and (ii) the condition fWhj0i ¼ 0;Wh ∈F ðMÞg
implies Wh ¼ 0.
In such a situation, one can apply the modular theory of

Tomita-Takesaki [11–15], which will be presented for a
generic von Neumann algebra F ðMÞ with a cyclic and
separating state jωi. To begin, it is helpful to recall the
notion of commutant F 0ðMÞ of the von Neumann algebra
F ðMÞ, namely,

F 0ðMÞ ¼ fw0;w0w ¼ ww0 ∀ w∈F ðMÞg; ðA17Þ

i.e., F 0ðMÞ contains all elements that commute with each
element of F ðMÞ. Let us also state the so-called Haag’s
duality [8,11], F 0ðMÞ ¼ F ðM0Þ, namely, the commutant
F 0ðMÞ coincides with the elements of F ðM0Þ obtained by
taking elements belonging to the symplectic complement
M0 of M. This duality, to our knowledge, has only been
proven in the case of free fields [8,11].
The Tomita-Takesaki construction makes use of an

antilinear unbounded operator S [13] acting on the von
Neumann algebra WðMÞ as

Swjωi ¼ w†jωi; ∀ w∈F ðMÞ; ðA18Þ

from which it follows that Sjωi ¼ jωi and S2 ¼ 1. Making
use of the polar decomposition [13]

S ¼ JΔ1=2; ðA19Þ
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where J is the antilinear modular conjugation operator and
Δ is the self-adjoint and positive modular operator, the
following properties hold [11–15]:

J† ¼ J; J2 ¼ 1;

JΔ1=2J ¼ Δ−1=2;

S† ¼ JΔ−1=2; S†S† ¼ 1;

Δ ¼ S†S; Δ−1 ¼ SS†: ðA20Þ

We can now state the renowned Tomita-Takesaki theorem
[11–15], namely:

(i) JF ðMÞJ¼F 0ðMÞ as well as JF 0ðMÞJ ¼ F ðMÞ;
(ii) there is a one-parameter family of operators Δit with

t∈R, which leave F ðMÞ invariant, that is,

Δit F ðMÞΔ−it ¼ F ðMÞ:
This theorem has far-reaching consequences and finds
applications in many areas [14]. As far as the Bell-
CHSH inequality is concerned, it provides a powerful
way of obtaining Bob’s operators from Alice’s ones by
means of the antiunitary operator J. The construction goes
as follows: one picks up two test functions ðf; f0Þ∈MðOÞ
and considers the two Alice’s operators ðWf;Wf0 Þ,

Wf ¼ eiφðfÞ; Wf0 ¼ eiφðf0Þ: ðA21Þ

Thus, for Bob’s operators, we write

JWfJ; JWf0J: ðA22Þ

From the Tomita-Takesaki theorem, it follows that the two
sets of operators ðWf;Wf0 Þ and ðJWfJ; JWf0JÞ fulfill the
necessary requirements, since ðJWfJ; JWf0JÞ belong to
the commutant F 0ðMÞ. Also, it is worth underlining that
the action of the operators J and Δ may be lifted directly
into the space of the test functions [15], giving rise to an
analog of the Tomita-Takesaki construction, namely,

JWfJ ¼ JeiφðfÞJ ≡ e−iφðjfÞ; ðA23Þ

where the test function jf∈M0. Analogously,

Δ1=2WfΔ−1=2 ≡ eiφðδ1=2fÞ: ðA24Þ

The operators ðj; δÞ are such that [2,15]

s ¼ jδ1=2; s2 ¼ 1;

jδ1=2j ¼ δ−1=2;

s† ¼ jδ−1=2; s†s† ¼ 1: ðA25Þ

The operator j is antiunitary, while δ is self-adjoint and
positive. Moreover, from [2], one learns that, in the case in

which the region O is a wedge region of the Minkowski
spacetime, the spectrum of the operator δ is the whole
positive real line, i.e., logðδÞ ¼ R. This result follows from
the analysis of Bisognano-Wichmann [10] of the Tomita-
Takesaki modular operator for wedge regions ðOR;OLÞ,

OR ¼fðt;x;y;zÞ;x≥ jtjg; OL ¼fðt;x;y;zÞ;−x≥ jtjg:
ðA26Þ

The wedge regions ðOR;OLÞ are causal complements of
each other and are left invariant by Lorentz boosts. In what
follows, we shall always consider the region O to be a
wedge region. For instance, one may figure out that Alice is
located in the right wedge OR, while Bob is in the left
one OL.
The operators ðs; s†Þ have the physical meaning of

projecting into the spaceM and its symplectic complement
M0, namely, one can show [2,15] that a test function f
belongs to M if and only if

sf ¼ f: ðA27Þ

Analogously, a test function g belongs to the symplectic
complement M0 if and only if

s†g ¼ g: ðA28Þ

These properties enable us to construct a useful set of test
functions for Alice and Bob. Following [1,2], Alice’s test
functions ðf; f0Þ can be specified as follows: picking up the
spectral subspace of δ specified by ½λ2 − ε; λ2 þ ε� ⊂ ð0; 1Þ
and introducing the normalized vector ϕ belonging to this
subspace, one writes

f¼ 1ffiffiffiffiffiffiffiffiffiffiffi
1−λ2

p ð1þ sÞϕ; f0 ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
1−λ2

p ð1þ sÞiϕ: ðA29Þ

According to the setup outlined above, Eq. (A29) ensures
that sf ¼ f and sf0 ¼ f0. Moreover, one checks that jϕ is
orthogonal to ϕ, i.e., hϕjjϕi ¼ 0. In fact, from

δ−1ðjϕÞ ¼ jðjδ−1jÞϕ ¼ jðδϕÞ; ðA30Þ

it follows that the modular conjugation j exchanges the
spectral subspace ½λ2 − ε; λ2 þ ε� into ½1=λ2 − ε; 1=λ2 þ ε�,
ensuring that ϕ and jϕ are orthogonal.
Concerning now the pair of Bob’s test functions ðg; g0Þ,

they are given by

g¼ λffiffiffiffiffiffiffiffiffiffiffi
1−λ2

p ð1þs†Þϕ; g0 ¼−
λffiffiffiffiffiffiffiffiffiffiffi
1−λ2

p ð1þs†Þiϕ; ðA31Þ

meaning that, as required by the relativistic causality, ðg; g0Þ
belong to the symplectic complement M0ðOÞ.
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Finally, it follows that [1,2,7] in the limit ε → 0,

kfk2 ¼ kf0k2 ¼ kgk2 ¼ kg0k2 ¼ 1þ λ2

1 − λ2
;

hfjgi ¼ −hf0jg0i ¼ 2λ

1 − λ2
;

hfjg0i ¼ hf0jgi ¼ 0;

hfjf0i ¼ hgjg0i ¼ i: ðA32Þ

APPENDIX B: NUMERICAL STABILITY
AND BOUNDS

We give here further details on the analysis of expression
(28), focusing, in particular, on the numerical stability of
our framework. Let us rewrite the integral J ðαÞ as

J ðαÞ ¼
Z

∞

0

dk
k
Fðk; αÞ;

Fðk; αÞ ¼ e−
k2
4

�
−2erfi

�
k
2

�
þ e−kαerfi

�
k
2
þ α

�

þ ekαerfi

�
k
2
− α

��
: ðB1Þ

The function Fðk; αÞ turns out to be a bounded function of
k∈ ½0;∞�, behaving as ∼k for k → 0 and as ∼ 1

k for large k,
Eqs. (29) and (30).
Further, we introduce the regularized integral

J ðαÞΔ ¼
Z

Δ

0

dk
k
Fðk; αÞ ðB2Þ

and evaluate it for bigger and bigger values of Δ, while
comparing the two expressions, Eqs. (B1) and (B2). We

speak about numerical stability if the values of J ΔðαÞ
undergo very small changes starting from a certain Δ. We
have spanned the interval Δ∈ ½104; 1010� and checked that
the stability holds, as reported in Table I, where the values of
the Bell-CHSH correlator, Eq. (26), are compared with
expression (B2) for different Δ, for a given value of the
parameter α, chosen, for illustration purposes, to be α ¼ 0.2,
yielding

hCi ¼ 2.01293: ðB3Þ

For hCΔi, one gets the results of Table I.
From Table I, one observes that quite small changes take

place when varying the cutoff Δ.
Moreover, one can also derive a bound for

jJ ðαÞ − J ΔðαÞÞj. One has

jJ ðαÞ − J ΔðαÞÞj ≤
Z

∞

Δ

dk
k
jFðk; αÞj: ðB4Þ

Recalling that, for large k, Fðk; αÞ behaves as 1
k, we get the

estimate

jJ ðαÞ − J ΔðαÞÞj ≤
DðαÞ
Δ

ðB5Þ

for some suitable factorDðαÞ. In order to grasp the meaning
of the bound (B5), Fig. 3 shows the plot of the quantity

ðDðαÞ
Δ − jJ ðαÞ − J ΔðαÞÞjÞ, which is seen to be positive.

20000 40000 60000 80000 100000
Δ

0.0002

0.0004

0.0006

0.0008

0.0010

D

Δ
–|<C>–<CΔ>|

FIG. 3. Behavior of the quantity DðαÞ
Δ − jJ ðαÞ − J ΔðαÞÞj, for

D ¼ 10, α ¼ 0.2, and Δ∈ ½104; 105�.

TABLE I. hCΔi for different values of the cutoff Δ.

Δ CΔ

104 2.01293
105 2.01293
106 2.01293
107 2.01293
108 2.01313
109 2.01313
1010 2.01313
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