PHYSICAL REVIEW D 113, 065008 (2026)

Cat states and violation of the Bell-Clauser-Horne-Shimony-Holt inequality
in relativistic quantum field theory
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A cat state localized in the right Rindler wedge is employed to study the violation of the Bell-Clauser-
Horne-Shimony-Holt (Bell-CHSH) inequality in a relativistic scalar-free quantum field theory. By means
of the bounded Hermitian operator sign(¢(f)), where ¢(f) stands for the smeared scalar field, it turns out
that the Bell-CHSH correlator can be evaluated in closed analytic form in terms of the imaginary error
function. Being the superposition of two coherent states, cat states allow for the existence of interference
terms, which give rise to a violation of the Bell-CHSH inequality. As such, the present setup can be
considered as an explicit realization of the results obtained by Summers-Werner.
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I. INTRODUCTION

In a series of seminal papers [1-3], Summers-Werner
have provided a rigorous framework for the Bell-Clauser-
Horne-Shimony-Holt (Bell-CHSH) inequality [4,5] in rela-
tivistic quantum field theory, for both Bose and Fermi
fields. They have been able to establish a set of theorems
stating that the Bell-CHSH inequality achieves maximal
violation already at the level of free fields, for judicious
observables located in complementary wedge regions as
well as in double tangent cones. These results were
established first for the vacuum state [1,2] and later on
extended to a broader class of states [3].1

The aforementioned theorems rely on fundamental
aspects of quantum field theory, such as the Haag-Kastler
algebraic formulation [8], the Reeh-Schlieder [9] and
Bisognano-Wichmann [10] theorems, the theory of von
Neumann algebras [8,11], and the modular theory of
Tomita-Takesaki [11-15].

Nevertheless, it seems fair to state that addressing the
Bell-CHSH inequality in quantum field theory is a rather
challenging topic. The effective implementation of the
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Summers-Werner results into a computational framework
still deserves much work. For instance, in the case of a
scalar field, the explicit construction of the bounded
operators whose correlation functions saturate Tsirelson’s
bound [16] has not yet been worked out.

In recent years we have devoted efforts toward a
realization of the Summers-Werner theorems, searching
for an example that could enable an evaluation of the
Bell-CHSH correlator in closed analytic form. Before going
any further, a short overview of what we have been able to
obtain is in order. In [17,18] a numerical setup for the Bell-
CHSH inequality has been outlined for both wedge regions
and tangent double cones. In [19], the modular theory of
Tomita-Takesaki has been used to study the properties of the
correlation functions of unitary Weyl operators. Finally, in
[20,21], we have looked at the difficult issue of constructing
a set of bounded Hermitian operators useful to investigate
the Bell-CHSH inequality.

In this new contribution, we present a concrete example
of a Bell-CHSH correlation function that can be evaluated in
closed form by making use of the Summers-Werner
theorems, while exhibiting a clean violation of the classical
bound, i.e., 2.

In order to illustrate the salient points of the work, let us
recall the expression of the Bell-CHSH correlator of a
scalar quantum field theory, namely,

(Cy = (Wl(A(f) +A(F))B(9) + (A(S) = AS)B(S) lw),
(1)

where (A(f),A(f"), B(g), B(¢)) is a shorthand notation for
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A(f) = Ap(f)),
B(g) = B(¢(9)),

A(f") = Alp(f"),
B(d) = B(e(d)), (2)

with ¢(z, X) denoting the scalar field and ¢(f) its smearing
[8], see Appendix A,

o(f) = / dxp(0)f(x). (3)

where f(7,X) is a smooth, compactly supported test
function.

The operators (A(f),A(f’)) and (B(g),B(d)) are
Hermitian bounded operators,

AN [AU<1, [[B(gll<t, [B(F)]<1, (4)

fulfilling the following conditions:

[A(f).B(9)]
[A(f).B(9)]

. [A().B(9)] =0,
. [A().B(g)] =0,

[A(f).A(f)]#0.

[B(9).B(¢)]#0,
(5)

meaning that (A(f),A(f’)) are spacelike separated with

respect to (B(g),B(¢')). According to [1-3], the Bell-
CHSH inequality is said to be violated whenever

0
0

2 <|(0),| <2V2. (6)

As one can see from Eq. (1), three key ingredients are
required for the Bell-CHSH correlator in quantum field
theory: the state |y), the test functions (f, f') and (g,¢'),
and the operators (A(f),A(f"), B(g), B(¢')). These issues
will be addressed in the following way:
(i) The state |yp) will be chosen to be a cat state
localized in the right wedge Ox = {(t,x,y,2),
x> e}

W) = el 4 emeieo).(7)

where |0) is the vacuum state, \ is a normalization
factor, o is an arbitrary phase, and / is a suitable test
function supported in Of. The state |y) is the
superposition of two coherent states obtained by
applying the Weyl operator W, = ¢?() to the
vacuum state |0). Being a superposition, the cat
state |y) gives rise to interference terms in the
correlation function (1) which, as we shall see, will
play a crucial role for the violation of the Bell-CHSH
inequality.

(i) The two sets of spacelike test functions (f,f”)
and (g,¢) will be specified by strictly following

*Similarly, the left wedge is defined by O, = {(.x.y.z2).
—x > |1}

the original construction outlined in 21, relying
on the Tomita-Takesaki modular theory as well as
on the knowledge of the spectrum of the modular
operator in the wedge regions (Og, O;) [10]. As
such, (f,f’) and (g,¢) encapsulate fundamental
aspects of both modular theory and of the type III
nature of the von Neumann algebras of quantum
field theory [11,14,15].

(iii) Concerning now the choice of operators, we shall
rely on the construction outlined in [20,21] and
consider operators obtained as continuous super-
positions of Weyl operators. In particular, we shall
focus on the operator sign(¢(f)), defined through
the functional extension of the Dirichlet integral
representation of the sign function,

A) = signlof) = [ diesintio)
L al (ko) — g=iko(r). 8)
T Jo k
Analogously, we set
A(f') =sign(e(f).  Blg) =sign(e(g)),
B(g) = sign(p(g)) 9)

The operators (8) and (9) fulfill the conditions (4)
and (5), being eligible for the Bell-CHSH inequality.
The usefulness of employing the operators (8) and
(9) relies on the fact that the Bell-CHSH correlator,
Eq. (1), can be evaluated in analytic closed form, a
rare feature in quantum field theory.
The paper is organized as follows. In Sec. II we evaluate
the correlation function of the operators (8) and (9) needed
for the Bell-CHSH inequality. The computation will be
done for a generic choice of the test functions (f,f),
(9,4), and h, Egs. (7)—(9). In Sec. III we specialize to the
Summers-Werner test functions and discuss the ensuing
violation of the Bell-CHSH inequality. Section IV sum-
marizes our conclusion. For the benefit of the reader and in
order to present the material in a self-contained way, in
Appendix A we recall a few basic notions of the canonical
quantization of the scalar field and of the Tomita-Takesaki
modular theory. Finally, Appendix B contains details of the
numerical setup employed to estimate the integral J in
expression (28).

II. EVALUATION OF THE CORRELATION
FUNCTIONS OF THE SIGN OPERATORS

Let us proceed by evaluating the correlation function of
the sign operators, Egs. (8) and (9),

3See Proposition 3.1 of [2].
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(wlA(F)B(9)lw) = (wlsign(p(f))sign(e(9)) ), (10)

where ¢(f) is the smeared field, see Appendix A, and |y) is the cat state of Eq. (7). The normalization factor N is easily
computed from (y|y) = 1, being given by

1
N = 2(1 + cos(o)e2IHP) (1)

where ||h||*> = (h|h) is the norm of the test function &, Egs. (A4)—(A7). Therefore,

2
N / KAG 11 (eivt) 4 gmio in(h) (ko) _ g=ikpl1)) (piolh) - gio it (giaols) — g=iar())[0),

WiANBOIW) = =" | 0

(12)
where use has been made of the fact that (f, f', h) are supported in the right wedge Oy while (g, ¢) in the left one O,

[p(f), 0(9)] = [p(f'), 0(9)] = [p(h), p(9)] =0,
[p(f). 0(d)] = [o(f). 0(g)] = [@(h). @(g)] = 0. (13)

Using then the properties of the Weyl operators, Eq. (A13), it follows that, after some algebra,

2
N / dkdq (0] (£14919) — ¢=iav(o))

A(f)B =-
(W|A(f)B(9)lw) p k7
X [eik¢(f>e lkAPj(fvh) + eiggi(k¢(f)_2(p(h)) —_ e_ik[/)(f)gikAPl(fvh> —_ eio-e_i(kq}(f)"'z”}(h))

_|_ eik(p(f) eikAPJ(f-,h> + e—io‘ei(k(p(f)+2(p(h)) - e_ik¢<f)e_ikAPJ(f’h) e_lg _l(k(ﬂ< ] |0> (14)

where Ap;(f,h) stands for the smeared Pauli-Jordan distribution, Egs. (A5) and (A6). Therefore, from Egs. (A15) and
(A16), it follows that

2 dkd 204112 .
WIAGIB) = =255 [ s con(ktpy 1, )0 190 sint kgt (7. )
+ 4 cos(o)e 2k +a9lP ¢=21HIP cosh(H (kf 4 qg. b)) — 4 cos(c)e 21k =49l ¢=2I1I1 cosh(H (kf — g, h))),

(15)

where H(f, g) is the smeared Hadamard distribution, Egs. (A5) and (A6).
Finally, for the Bell-CHSH correlation function, one has

2 1 o dkdg 2
VIOW) = oo T 7 (2costhksgy (7, m)e V1) sinh kg (. )

+2cos(kAp; (f', h))e3E I P+ 19 sinh(kqH (£, g))
—2cos(kApy(f, h))e 2 EII1P+a191") sinh (kgH (f, g))
— cos(o)e 2kt adlP o =21HP cosh(H (kf + qg. h)) + cos(c)e 2k =49l =2 cosh(H (kf — qg. h))
el 4 a0l g=210IP cosh(H (kf! 4 qg. h)) + cos(c)e2lk~49lP ¢=2I1IF cosh(H (kf' — qg. h))
—3llkf+ag|* p=2lnII* cosh(H(kf + qg. h)) + cos(c)e™ sllkf=ad|I? g=2Ilnl1? cosh(H(kf — qg. h))

- 2cos(kApy(f. 1) e FIFH101P) sinh(kgH (1. )

— cos(o)
—cos(o)e

+ cos(c)e 2k +ad 1P =211 cosh(H (kf! + g4, h)) — cos(o)e 2k =49 1P e=2I1IF cosh(H (k! — ¢4, h))) (16)
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III. THE SUMMERS-WERNER INNER PRODUCTS
AND THE VIOLATION OF THE BELL-CHSH
INEQUALITY

Having evaluated the correlation functions of the sign
operators in the cat state |y), Egs. (8) and (9), we can now
face the violation of the Bell-CHSH inequality. The first
task is that of specifying the test functions (f, f'), (9,¢'),
and h. Here, we shall rely on the construction of [2]. From
Proposition 3.1 of [2], it follows that the test functions
(f,f',9,9) can be chosen in such a way that

S B 1+
A2 = 17112 =gl = gII* = T
(flg) = =(f"ld") :13—/112’
(flg) = (f'lg) =0,
(fIf) = {gld) =i, (17)

where the parameter 1 belongs to the spectral interval
[0, 1] of the Tomita-Takesaki modular operator [2], see
Appendix A for more details. Looking at expression (17), a
few words when 1 is approaching the value 1 are in order.
As pointed out in [2], this limiting value should be under-
stood always as A> = 1 — &2, where £ is an arbitrarily small,

however nonvanishing, parameter. In other words, A can be
arbitrarily close to 1 but not exactly 1. This conceptual
remark has no practical consequences on the value of the
Bell-CHSH violation, as £ can be kept arbitrarily small.
Actually, according to [2], the value ~1 allows us to obtain
the best violation. Concretely, for our purposes, it will be
sufficient to set ¢ = 107, leaving our numerics completely
unaffected.

Re calling that, as (f, ), the test function / is supported
in the right wedge region O, we shall set

|

a V1-)2

:\ﬁ\/1+,12

with a an arbitrary parameter, to be chosen at the best
convenience. Expression (18) implies that

h

(f+17. (18)

1A]|* = o. (19)

Plugging Eqgs. (17) and (18) into the correlation function
(16), one gets

(w[Cly) = (C)o + R, (20)

where (C), denotes the expectation value of the operator C
in the vacuum state, namely,

2 4

(Cho = (O1(AL) + A(F)B(g) + (L) — AU)B)0) = > /0 dkdq 4 sinh( kgl ) (21)

For the remaining term R one has

1+ 4%

T kq

1 8 © dkdq 1112, .2 1 - /12 . kCI/I 2 . kqﬁ
e baat S ((on ') k h(——_) -1 —2a h( —
I+ cos(o)e2® QA k7 e (cos ( o] +/12> sin (1 +12> (1 4 cos(o)e™*) sin (1 yr
2 2
+ cos(o)e2 (cosh(ka) cosh <#a/1/12> sinh <%) — sinh(ka) sinh (%) cosh (%) > . (22)

As it is easily figured out, the term R arises from the interference terms showing up from the superposition of the two
coherent states, e/?(")|0) and e~*#(")|0), which give rise to the cat state [y).
Moreover, recalling that the imaginary error function erfi(w) can be represented as

2 [edt 2 |
erfi(w) = —/ e sinh(wt), (23)
TJo ¢t
it turns out that (C), can be cast in closed form as
4 2
<C>O = ;arcsin <m> . (24)

Unfortunately, this expression is bounded by the classical value 2, as it can be seen from Fig. 1. Notice that, according to [2],

the maximum value of (C), occurs for A= 1.

It remains now to work out the contribution of the term R in Eq. (22). Setting 1= 1, one obtains
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(C)_0
20/
151
1.0 -
05|
1‘ ; ; i A
FIG. 1. Behavior of the correlator (C), as a function of the

spectral parameter 4. Although 4 belongs to the spectral interval
[0, 1], the plot has been extended over a larger interval to show
that (C),, is bounded by 2. Different colors have been employed to
show the two intervals.

-2a?

“ 8 [eodkd 20

R, = oslo)e _ 2_2/ 1 -4+g?)
1 + cos(o)e™* kq

« (sinh <"2‘1) (=1 + cosh(ka) cosh(qa))
_ sinh (%") sinh (k) sinh(qa)) . (25)

Again, making use of the imaginary error function, the final
expression for the Bell-CHSH correlation function sim-
plifies to

2 cos(c)e 2
Cly) =24+ 299~ 7). (26
WiCly) =2+ T cos(o) e J(a),  (26)

with

— o dk —% _ * E —ka ]_(
j(a)—A = < 2erf1<2>+e erﬁ(z—i—a)
k : | k
-+ cosh(ak)erfi <§ - a> — sinh(ak)erfi <—§ —+ a> > .
(27)

Expressions (26) and (27) represent our final result. They
provide a very concise expression for the Bell-CHSH
correlator depending on the parameters (a,c) of the cat
state |y). The integral 7 () in Eq. (27) can be investigated
through numerical tools, being a negative function of the
parameter . Though, it is worth discussing in detail the
behavior at large k as the integrand in Eq. (27). Making use
of the property erfi(—w) = —erfi(w), expression (27) sim-
plifies to

Bell-CHSH

2012+

2.010+

2.008 -

2.006 -

2.004 -

2.002 -

L L L n a
0.5 1.0 1.5 20

FIG. 2. Behavior of the correlator (C),, as a function of the

parameter @, showing the violation of the Bell-CHSH inequality.
The value 2 is asymptotically recovered for very large values of a.

wdk o R\ [k
j(a)—/) = ¢ <Zerf1<§>+e erﬁ<2+a)
A k
+ e*erfi 5-a)) (28)

Moreover, from

2

erfi(w) ~ \jz_rw , large w, (29)
one gets that the integrand converges at large k as kl_2
namely,

J(a) /Oodk k), n(k)~—s (~4+4e?) atlargek
a)= , RN—(— e .

A n n N g
(30)

We then choose ¢ = 7, so that the second term on the right-
hand side of (26) becomes positive, yielding a clean proof
of the violation of the Bell-CHSH inequality,

[(w|Cly)| > 2. (31)

The size of the violation is of about 2.012, as one can see
from Fig. 2, where the behavior of |{(y|C|y)| as a function of
a is reported. In particular, the integral in Eq. (28) has been
estimated by using Mathematica, with the Monte Carlo
method. The precision has been set by working with
Maxpoints = 10° and with Accuracygoal = 6, as well as
Precisiongoal = 6, giving an error of the order of 107°.
Further details about the stability of the numerical setup can
be found in Appendix B.

IV. CONCLUSION

Elaborating on the seminal work of Summers-Werner
[1-3], we have been able to construct a setup for the
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violation of the Bell-CHSH inequality in a relativistic scalar
quantum field theory.

Three key ingredients have been employed, as enlisted

below:

(i) The state |yr) has been chosen to be a cat state, i.e., a
superposition of two coherent states, Eq. (7). As
such, cat states enable the existence of interference
terms, which play a primary role for the violation of
the Bell-CHSH inequality.

(ii) The test functions (f, f’), (g,¢), and h have been
selected by strictly relying on the theorems estab-
lished by Summers-Werner. These test functions
follow from the knowledge of the properties of
the Tomita-Takesaki modular operator in wedge
regions [1-3].

(iii) As bounded Hermitian operators, the sign operators
of Egs. (8) and (9) have been employed. These
operators fulfill the conditions (4) and (5), being
eligible for the Bell-CHSH inequality.

These three ingredients have made it possible to cast the
Bell-CHSH correlation function in closed concise form, as
shown by Egs. (26) and (27), exhibiting a violation of the
Bell-CHSH inequality in relativistic quantum field theory.

Let us conclude by emphasizing the fact that, despite our
efforts, the size of the violation is still rather small when
compared to Tsirelson’s bound. So far, the quest for the
construction of a bounded Hermitian operator leading to a
more robust violation is still to be considered an
open issue.
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APPENDIX A: CANONICAL QUANTIZATION,
WEYL OPERATORS, AND TOMITA-TAKESAKI
MODULAR THEORY

1. The real massive scalar field in (1+3)
Minkowski spacetime

We consider a free real scalar field of mass m in (1 4 3)-
dimensional Minkowski spacetime. Its quantized form,
expressed via plane wave decomposition, reads

¥ d3k 1 —ik, x* ik, x*
0(09) = [ G (e ),

kx”:a)kt—k 56,

" (A1)

where @w; = V > + m?, and the annihilation and creation
operators satisfy the canonical commutation relations

lax. aj) = (27)* 20,8 (k — q).
[a};, ajﬂ =0. (A2)

[ak’ aq}

In a rigorous quantum field theory framework, the scalar
field is treated as an operator-valued distribution [8], and
thus must be smeared out with smooth, compactly sup-
ported test functions to yield well-defined operators in the
Hilbert space. Given a smooth, compactly supported test
function f(x) € CP(R*), with x = (1, %), the correspond-
ing smeared field operator is defined as

o(f) = / o) f(x). (A3)

The vacuum expectation value of two smeared field
operators, given by the two-point Wightman function,
defines the Lorentz invariant inner product (f|g),

(fl9) = Olp(N)e(@)]0) = - Aps(F.g) + H(S.g).

: (a4)

where f,g€CZ, and Ap;(f,g) and H(f,g) denote the
smeared Pauli-Jordan and Hadamard distributions, respec-
tively. These are defined by

Apy(f.9) = /d4xd4y (x)Apy(x = y)g(y),

H(.g) = [ dxdyf@HG-y)gb).  (A9)
with distributional kernels given explicitly by
&dp 1 |
Aue) = = [ S Essin (p,(x =),
& p
He) = [ S cos =X (a0

Both Apy(x) and H(x) are Lorentz invariant. The Pauli-
Jordan distribution Apy(x) encodes the principle of cau-
sality, vanishing outside the light cone. Moreover, it is odd
under x — —x, whereas the Hadamard function H(x) is
even. The commutator of the field operators is thus

[p(f), @(g)] = iApy(f, g), ensuring that [¢(f), p(g)] = O,

whenever the supports of f and g are spacelike separated.
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This compactly encodes the principle of microcausality in
relativistic field theory.

The inner product (f|g) can be rewritten in momentum
space as

p (2m)0(p®)5(p* = m?)f*(p)g(p).

(2m)* (A7)

(flg) =

where f(p) and g(p) stand for the Fourier transform of
f(x) and g(x),

f(p) = / drxeine f(x). (A8)

2. Basics of the Tomita-Takesaki modular theory

The Tomita-Takesaki modular theory is a powerful
framework for analyzing the Bell-CHSH inequality in
quantum field theory [1-3]. To set the stage, it is worth
briefly reviewing some of the basic features of this elegant
theoretical structure.

Let O stand for an open region of the Minkowski
spacetime and let M(QO) be the space of test functions
with support contained in O,

M(O) = {f; such that supp(f) C O}.  (A9)

One introduces the symplectic complement of M(QO) as

M(O) = {g: An(9. f) =0 ¥ FEM(O)}.  (A10)
In other words, M'(O) is given by the set of all test
functions for which the smeared Pauli-Jordan expression
defined by Eq. (AS5) vanishes. The usefulness of the
symplectic complement M’(QO) relies on the fact that it
allows us to rephrase causality as

[0(9),0(f)]=0, ¥YgeM'(O), and feM(O). (All)

The next step is that of introducing a von Neumann algebra
F (M) of bounded operators supported in O, equipped
with a cyclic and separating state. As a concrete example of
such an algebra, one may consider the von Neumann
algebra generated by the Weyl operators, namely,

F (M) = span {W,,, supp(h) € M}, (A12)

where W), stands for the unitary Weyl operator W, = ("),

Using the relation e?e® = ¢A+B+2AB valid for two oper-
ators (A, B) commuting with [A, B], one finds that the Weyl

operators give rise to the following algebraic structure:

Wy W), = eloto()] Winiwy = e_%A”(h’h/)me’)’

Wi =W, (A13)

where Apy(h, h') is the smeared causal Pauli-Jordan expres-
sion (A5). Setting ¢(h) = a, + a}, with (a,, a}) being the
smeared annihilation and creation operators

Pk 1 =
= —_h* ’k )
ah /(27[)3 260k (wk )ak

. &Pk o1 - .
a;',:/ h(wy. k)ay,

(2n) 20, [ay.aj,] = (h|IY).

(A14)
it follows that the vacuum expectation value of the operator
W, turns out to be
(0[W4]0) = eI"IF, (A15)
where ||h||? = (h|h), and the vacuum state |0) is defined
by a;|0) =0, V k. In particular, if supp; and supp, are
spacelike separated, causality ensures that the Pauli-Jordan
function vanishes. Thus, from the above properties, it
follows the useful relation
O|w,W,|0) = (0|W /. [0) = el (A16)
A very important property of the von Neumann algebra
F (M), Eq. (A12), generated by the Weyl operators is that,
due to the Reeh-Schlieder theorem [8,11], the vacuum state
|0) is both cyclic and separating, meaning that (i) the set of
states {W,|0), W, e F (M)} are dense in the Hilbert
space, and (ii) the condition {W,|0) =0, W, € F(M)}
implies W, = 0.

In such a situation, one can apply the modular theory of
Tomita-Takesaki [11-15], which will be presented for a
generic von Neumann algebra F (M) with a cyclic and
separating state |w). To begin, it is helpful to recall the
notion of commutant F'(M) of the von Neumann algebra
F (M), namely,

F'(M)={Wwiww=ww VweFM)}, (Al7)
i.e., F'(M) contains all elements that commute with each
element of F(M). Let us also state the so-called Haag’s
duality [8,11], /(M) = F(M’), namely, the commutant
F'(M) coincides with the elements of F (M) obtained by
taking elements belonging to the symplectic complement
M’ of M. This duality, to our knowledge, has only been
proven in the case of free fields [8,11].

The Tomita-Takesaki construction makes use of an
antilinear unbounded operator S [13] acting on the von
Neumann algebra W(M) as

Swlw) = w'lw), V weF(M), (A18)
from which it follows that S|@) = |@) and S? = 1. Making
use of the polar decomposition [13]

S=JA2, (A19)
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where J is the antilinear modular conjugation operator and
A is the self-adjoint and positive modular operator, the
following properties hold [11-15]:

Ji=J, =1,
JAV2) — A—1/2’
St =JA"12, Stst =1,
A =SS, A~ = SST. (A20)

We can now state the renowned Tomita-Takesaki theorem
[11-15], namely:
i) JFM)J=F'(M)aswellas JF' (M)J = F(M);
(ii) there is a one-parameter family of operators A" with
t€R, which leave F (M) invariant, that is,

Al F(M)A™" = F(M).

This theorem has far-reaching consequences and finds
applications in many areas [l14]. As far as the Bell-
CHSH inequality is concerned, it provides a powerful
way of obtaining Bob’s operators from Alice’s ones by
means of the antiunitary operator J. The construction goes
as follows: one picks up two test functions (f, f’) € M(O)
and considers the two Alice’s operators (W,, W),

Wp=eol),  Wp=el) (A21)
Thus, for Bob’s operators, we write
JWJ, JWpd. (A22)

From the Tomita-Takesaki theorem, it follows that the two
sets of operators (W, W) and (JW,J,JWJ) fulfill the
necessary requirements, since (JWJ,JW,J) belong to
the commutant F'(M). Also, it is worth underlining that
the action of the operators J and A may be lifted directly
into the space of the test functions [15], giving rise to an
analog of the Tomita-Takesaki construction, namely,

Wl = Je?N) ] = e~ielil), (A23)
where the test function jf € M’. Analogously,
AW A2 = 03, (A24)
The operators (j,§) are such that [2,15]
s = jo'/2, s?=1,
512 =512,
st = js=1/2, stst = 1. (A25)

The operator j is antiunitary, while 6 is self-adjoint and
positive. Moreover, from [2], one learns that, in the case in

which the region O is a wedge region of the Minkowski
spacetime, the spectrum of the operator ¢ is the whole
positive real line, i.e., log(§) = R. This result follows from
the analysis of Bisognano-Wichmann [10] of the Tomita-
Takesaki modular operator for wedge regions (Og, O, ),

Or={(t.x.y,2)x2 1}, Op={(t,x,y,2),—x 2 rl}.

(A26)

The wedge regions (Og, O;) are causal complements of
each other and are left invariant by Lorentz boosts. In what
follows, we shall always consider the region O to be a
wedge region. For instance, one may figure out that Alice is
located in the right wedge Op, while Bob is in the left
one O;.

The operators (s,s") have the physical meaning of
projecting into the space M and its symplectic complement
M, namely, one can show [2,15] that a test function f
belongs to M if and only if

sf=f. (A27)
Analogously, a test function g belongs to the symplectic
complement M’ if and only if

stg=g. (A28)
These properties enable us to construct a useful set of test
functions for Alice and Bob. Following [1,2], Alice’s test
functions (f, f’) can be specified as follows: picking up the
spectral subspace of & specified by [1> —&,4> + ¢] C (0,1)
and introducing the normalized vector ¢ belonging to this
subspace, one writes

1
1-12

f= (1+s5)p. f'= (1+5)igp. (A29)

1
V1-42

According to the setup outlined above, Eq. (A29) ensures
that sf = f and s/’ = f'. Moreover, one checks that j¢ is
orthogonal to ¢, i.e., (¢|jp) = 0. In fact, from

5 (jp) = j(j5~" )b = j(6¢). (A30)
it follows that the modular conjugation j exchanges the
spectral subspace [4> — ¢,4> + ¢] into [1/4> — &, 1/2% + €],
ensuring that ¢ and j¢ are orthogonal.

Concerning now the pair of Bob’s test functions (g, ¢'),
they are given by

(14s%), (1+5%)ig,

(A31)

Q
|

2
g=-
V112

meaning that, as required by the relativistic causality, (g, ¢')
belong to the symplectic complement M’(O).

1-22
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TABLE L.  (C,) for different values of the cutoff A.

A Ca

10* 2.01293
10° 2.01293
100 2.01293
107 2.01293
108 2.01313
10° 2.01313
1010 2.01313

Finally, it follows that [1,2,7] in the limit € — 0,

. B 1+ 2
A1 = 117 = gl = g1 = 1~z
o) = ~l) = 1o
1) = (7ls) = 0.
(fIf) = (glg) = i. (A32)

APPENDIX B: NUMERICAL STABILITY
AND BOUNDS

We give here further details on the analysis of expression
(28), focusing, in particular, on the numerical stability of
our framework. Let us rewrite the integral 7 (a) as

T(a) = AW%F(k, a),

F(k.a)= e <—2erﬁ @ T eHaerfi (’5‘ " a>
+ ekaerﬂ (g - (l) ) .

The function F(k, «) turns out to be a bounded function of
k € [0, o], behaving as ~k for k — 0 and as ~ 1 for large k,
Egs. (29) and (30).

Further, we introduce the regularized integral

(B1)

@, = [ Pk (B2

and evaluate it for bigger and bigger values of A, while
comparing the two expressions, Eqs. (B1) and (B2). We

D
——[<C>=<Cp>|
A

0.0010
0.0008
0.0006

0.0004

0.0002

I I I T LA
20000 40000 60000 80000 100000

FIG. 3. Behavior of the quantity %") — | T (@) = Ta(a))], for
D =10, a=0.2, and A€ [10% 10°).

speak about numerical stability if the values of [J,(a)
undergo very small changes starting from a certain A. We
have spanned the interval A € [10*,10'°] and checked that
the stability holds, as reported in Table I, where the values of
the Bell-CHSH correlator, Eq. (26), are compared with
expression (B2) for different A, for a given value of the
parameter a, chosen, for illustration purposes, to be @ = 0.2,
yielding
(C) =2.01293. (B3)

For (C,), one gets the results of Table 1.

From Table I, one observes that quite small changes take
place when varying the cutoff A.

Moreover, one can also derive a bound for

|J (@) = T a())|. One has

(@ -Ts@) < [TEIFkRal (B4

Recalling that, for large k, F(k, @) behaves as %, we get the
estimate

T (@) = Ta(a))] < 2

K (B3)

for some suitable factor D(a). In order to grasp the meaning
of the bound (B5), Fig. 3 shows the plot of the quantity

(@ —|J(a) = T a(a))|), which is seen to be positive.
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