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Quantization of black hole entropy for black holes in subtracted geometry
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We carefully examine the exact analytic spectrum of quasinormal modes of general black holes in the so-
called subtracted geometry of maximally supersymmetric supergravity. These black holes have the same
area and surface gravity at both the outer and inner horizons as asymptotically flat Kerr black holes. We
proceed to explore the relationship with conformal field theories that describe horizon physics of these
black holes. As a consequence, we show that it is consistent to view the horizon area of these black holes as

being quantized in units of 8x/3,.
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Fifty years ago, Hawking [1] showed that the entropy of
a stationary black hole is determined solely by the area A of
its event horizon. To be precise,

kA

5= 4" ()
where /p, is the Planck length defined by /3, = Gh/c>. Such
a formula had previously been conjectured by Bekenstein
[2,3] although he was not able to find the constant of
proportionality in (1). That this is a nonperturbative quantum
gravity result can be seen from the appearance of a factor of
I3, in the denominator of (1). The Boltzmann view of entropy
[4] is that it is the logarithm of the density of states of a
system. Taking this to be universally true, (1) should yield
information about the fundamental nature of both black
holes and quantum gravity. The observation that the horizon
area determines the entropy led to the idea that the quantum
information about the state of a black hole is stored, perhaps
holographically, in pixels on the horizon, [5-7]. In [8—11],
it was speculated that these pixels should have an area
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proportional to /3. For the Schwarzschild metric, some
evidence in favor of this conjecture was found by
Maggiore, [12]. He studied the quasinormal modes of the
Schwarzschild metric and concluded that pixels had a
fundamental area of 87[[%,1. Subsequently, Medved [13]
studied the Kerr metric, but there the situation was less
clear. One therefore wonders if it is possible to find more
evidence in favor of this kind of pixelation. The problem is
that for Kerr black holes, it is not possible to carry out exact
calculations of the quasinormal modes owing to the well-
known complexity of the Teukolsky equations. Furthermore,
it is not clear what result one should be looking for.

We study the quasinormal modes of black holes in
subtracted geometry. Black holes in subtracted geometry
are in many ways similar to Kerr black holes. However,
they have the clear advantage that the analogs of the
Teukolsky equations can be solved exactly, which leads
to a complete understanding of the quasinormal modes. Our
analysis reveals that it is consistent with the spectrum of
quasinormal modes to suppose that the area of the event
horizon is quantized in units of 8z/3,. Similar results can be
obtained for the Kerr metric in the regime where the
wavelength of excitations is large compared to the mass
of the black hole. This is the limit is which the hidden
conformal symmetry becomes manifest, [14]. Perhaps this
is an indication that the kind of simple picture of area
quantization that we find is not universal but rather holds
only in a particular limit. Subtracted geometry arises in a
particular supergravity theory and should be viewed as a
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toy model amenable to exact calculation. It would be
satisfying to show that these considerations allow us to find
all of the states of a black hole. However, this is not possible
with the current techniques to investigate quantum gravity.

From now on, we will use natural units such that
G =c=nh=k=1. One way of exploring the spectrum
of black hole states is through resonance scattering. In
many ways, one can view a black hole as a gravitational
analog of the atomic nucleus. In nuclear physics, informa-
tion about nuclear structure can be obtained through
resonance scattering. It is therefore plausible to suppose
the same is true for black holes. Resonances can be found
by looking at solutions of the differential equation that
governs perturbations of the black hole. Physically, one is
interested in waves that are ingoing at infinity and bounded
on the outer horizon. It is these waves that will put the black
hole into some excited state which will then decay. Waves
obeying these boundary conditions are termed quasinormal
modes. In general, they will form a discrete set with time
dependence of the form e~ with w lying in the lower half
of the complex plane and where @ determines both the
energy of the excited state and the timescale for its decay.
Ideally, one would like a complete analysis of the quasi-
normal modes of the Kerr black hole. Kerr quasinormal
modes have been studied extensively but are only known
numerically at present. However, there is a family of black
holes that in many ways resemble the Kerr black hole.
These black holes are however not solutions of the vacuum
field equations for general relativity but rather solutions in
N = 2 supergravity to which has been added three vector
supermultiplets. In this theory, there are black holes that,
rather than living in an asymptotically flat spacetime, live in
an asymptotically conical spacetime. Thus the environment
of these black holes is different to those described by the
Kerr metric. The spacetime of these black holes is conven-
tionally referred to as subtracted geometry. These space-
times were introduced in [15] and further analyzed in
[16-20]. For black holes in subtracted geometry, all the
quasinormal modes can be found analytically which allows
us to explore the excited states these black holes. We then
relate the spectrum of quasinormal modes for black holes in
subtracted geometry to the conformal field theory (CFT)
description of horizon physics. The properties of a black
hole should not depend on its environment and so we hope
our results will have general applicability.

I. SUBTRACTED GEOMETRY

The metric of our black holes in Boyer-Lindquist type
coordinates is

ds* = —A™:G(dt + A)?

dar X
A <7’" +de® + Esinzed(/)z) . (2)

where

A = 4m?(2mr(I12 — 112) + 4m*112 — a®(11, — I1,)*cos?d),

G = r? = 2mr + a*cos?0, X =12 =2mr—+ a3,

2masin?@

A="5

[(Hc - Hs)r + 2mHS]d¢,

and depends on four parameters, m, a, 1., and l'IS.1

To be a nonextremal black hole requires m > |a| > 0 and
I1, > I > 0. The subtracted Kerr geometry corresponds to
taking I1. = 1 and II; = O in the expressions above. The
geometry of the Kerr metric differs from the subtracted
geometry only by the simple replacement of A by Ay,
with

Ager = (r* + a* cos? 0)2.

Just like the Kerr metric, these black holes are stationary
and axisymmetric, that is to say independent of both ¢ and
¢. Also, just as in Kerr, the zeros of X at

ry =m+vVm?-a’,

are the inner and outer horizons with the same value of the
area and surface gravity as for the Kerr black hole.

II. THERMODYNAMICS

The subtracted black holes are completely characterized
by a set of charges determined by the parameters of the
solution. We give explicit formulas for these charges [20];
the black hole mass M is

1 a’
M = Zm(ng + H%) - 8_m (Hc - Hs)z’
its angular momentum J is
J = —ma(11, —11,),

and in addition the gauge fields yield both an electric
charge Q(°) and a magnetic charge Q")

'Note that the corresponding asymptotically flat black holes,
first found in [21,22], are parametrized by six parameters,
m, a, and §; with i ={1,2,3,4} which specify the mass
M =%%"%  cosh2§;, angular momentum J = —ma(Il, —II,)
and four charges Q; =% sinh26;. Here I, = IT} cosh§; and
I, = I1{ sinh ;. The Kerr black hole corresponds to &; =0
and thus II. = 1 and II; = 0. The Kerr-Newman black hole to
6; =& and II, = cosh*§ and II; = sinh* 5. The geometry of
asymptotically flat black holes differs from the subtracted geom-
etry (2) only in that is has a more complicated warp-factor A. The
asymptotically flat black holes therefore have the same area and
surface gravity on both the inner and outer horizons as those in
subtracted geometry.
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2m*11 10 + a®(T1, — T1,)?
4m '

Q(e) =

The entropy S of the outer and inner horizons is given by
the area formula (1). Thus,

Sy =2mm(Ilry +Irs).

Knowledge of the entropy motivates a complete explora-
tion of the black hole thermodynamics. The temperatures of
the outer and inner horizons are determined, as usual, by
the surface gravity on the horizons and are given by

(M2 —T2)Vm? — a®

T, =+
* dzm(Morye +Tre)

It should be noted that 7_ < O which is perhaps a bit
surprising. :

However, this comes about because < 0. An explan-
ation of why this is not paradoxical can be found in [23,24].
On each of the two horizons, there are potentials conjugate
to J, Q<e), and Q(’”). The angular velocities Q. are

L (Hc - Hs)(ncr¥ + Hsri)

Q =
= am? Mery +1re

and electric and magnetic potentials on the outer and inner
horizons are

cD(e) _ Hcr:F —+ Hsr:t
+ Mory +1re
and
o T =TI, I
QL =
8m?> (I,ry+ Irs)
x ((ng — I12)(—4m? + 6ma®)

F (T2 + 112)V m? — a*(4m? + 24°)
F I,V m? — a®(8m?* — 4a2)).

From these thermodynamic relationships, we can deduce
that both the Smarr relations,

M =2T.S. +2Q,J+ Y0 +d"om (3)
and the first law of thermodynamics
dM = T.dS, + Q*dJ] + ®Vd0 + ®(agm,  (4)

holds for subtracted black holes.

2 .

Again, the entropy and temperature formulas are the same as
those for the corresponding asymptotically flat black holes. The
negative temperature for these geometries was first derived in [23].

It has been widely conjectured that this data encodes the
thermodynamics of a pair of two-dimensional conformal
field theories, CFT; and CFTg, [14,15,25-30]. The rel-
evant thermodynamic quantities are

T, T T+,
T, =
T, +T_ 8mm
T T-T, (I -T)Vm?* —a?
R=T -1, 8m> ’
SL E(S+—|—S ) = 2am?(T1, +11;),
1
SRZE(SJF—S ) = 2amV m? — a*(I1, —I1,).

It should be noted that unlike the horizon temperatures 7',
neither 7'; nor T, originate from any geometric periodicity
coming from Euclideanization of the spacetime [31].

The angular momentum and charges are universal but the
corresponding potentials for CFT; are

(HC - Hs)’ (D(Le) ==

+10 )2—“—2(n
c s 82\ ¢

a 1
8m? 2’

m 1
)" =~ (0 ~ I,

and for CFTy

a(Hc - Hs)
8m?

q)Sem) = (Hc - Hs)2 <_

L=

1_'_3a2
4 8m?)’

Similarly to the horizons, there are Smarr-type formulas
and first laws for both CFT; and CFTy. Let the energy of
these CFTs be E; and Ejp. Then®

QR:

Epp = 2T gSpx +2Qp xJ + K0 + ™0, (5)

and

dE, g = Ty gdSy g + Q gd] + B Rd0 + ®)")dQ™
(6)

for both CFT; and CFTy. E;, = Ex = M/2. These for-
mulas relate to the changes in these holographic CFTs in
response to dynamical change in the black hole geometry.

*It turns out that both the Smarr formula and the first law of
thermodynamics for the asymptotically flat black holes can also
be cast in a similar form for both of the L and R sectors where
now M is the mass of the asymptotically flat black hole and each
of the four charges Q; is accompanied by its corresponding gauge
potential.
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II1. QUASINORMAL MODES

The wave equation for minimally coupled massless
scalars that carry no charge has solutions y of the form

X~ e_i“)[+ik{/)Plk(COS e)lew(r)'

For the Kerr metric, both the polar functions and radial
functions are confluent Heun functions which lead to
complications in their evaluation. [32-47]. For subtracted
geometry, the polar functions are just the associated
Legendre polynomials P’l‘ and the radial functions are
hypergeometric functions. The radial equation has two
independent solutions. One is

R (r) ~ (r=r_)P(r— r+)qF<a, byer— r*),

r—r_
where
w—kQ, Lo —kQ,
=i—=(l+1 =—i—,
p=1 4nT I+ a : 4nT
0] kQ @
=141 i— . b=1+1- ,
“ + l47rTR + l27zT+ + l47rTL
and
kQ
A e
22T, 27T |

and which represents waves that are ingoing on the future
outer horizon. The second solution represents waves that
are outgoing on the past outer horizon and are therefore not
relevant to the present discussion [17,18].

To find the form of Ry, (r) for large r, we can use the
connection formula,

F(a,b;c;r_r+>
r—r_

()l (c—a—-b) 0 ba RN Sl
_F(c—a)F(c—b)F< brat+h +1’r—r—)

- { <r+ - r—)""‘"’ L(c)l(a+b~c)

r—r_ ['(a)l(b)
xF(c—a,c—b;c—a—b+1;?::_‘)}. (7)

As r — oo the first term in (7) results in a contribution to
Ry, (r) that scales like r~/=! whereas the second term
scales like r'. Requiring Ry, (r) to be bounded as r — co
requires the second term to have vanishing coefficient. It is
this condition that determines the complex frequencies of
the quasinormal modes. Since the I'-function has poles at
negative integers and zero, we require either a or b to be a
negative integer or zero. There are then two families of

quasinormal modes remarkably corresponding precisely to
the two CFTs. We term these two families of quasinormal
moq‘es the L family and the R family. For the left family, we
find

% = —4ni(n+ 1), (8)
L
and for the right

()3 kQ+

“R_ _4 [+ —+

T, ri(n+1) + T, 9)

where n € Z". Note that in both cases, the imaginary part of
@ is negative as one would expect for a mode that is damped.
It represents the width or lifetime of the state that is being
excited.

The cross section for absorption by the black hole
contains a factor of

IC(a)C(b)P. (10)

This last term should be compared to a corresponding term
in the absorption cross section for a CFT; ® CFT; where
the waves have frequencies @w; and wg and the CFT’s have
temperatures of 7; and T,

ia)L i(l)R 2
I'i1 I'f1 . 11
' < Jr47TTL> < Jr47TTR)‘ (1

We see now that there is a precise match up between the
absorption cross section of the black hole and the absorp-
tion cross section of a pair of conformal field theories at
temperatures 7; and T, provided that no angular momen-
tum is added so that kK = 0. Our relations show that at fixed
J, Q(e), and Q(’”) the energy levels of the black hole,
or equivalently CFT; and CFTj, are evenly spaced.
Elsewhere, we will explain how to remove the constraint
of fixed angular momentum without changing our results.
Also, we will explain how to extend these ideas to five-
dimensional black holes. Our results reveal a remarkable
correspondence in that they give considerable weight to the
idea that these conformal field theories are holographic
avatars of the true degrees of freedom of a black hole..

IV. OSCILLATORS

It may seem strange that the L family of quasinormal
modes has a frequency that is purely imaginary. One should
not find this to be a matter of concern for black hole physics
as was first clearly explained by Maggiore [12,13].
Consider a classical damped oscillator that we take to be
a model of the states of the black hole. Such a system is

*These results agree with the calculation in [18]. In [17] the
results are unfortunately missing a factor of 2.
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governed by a familiar second-order ordinary differential
equation. Modeling the black hole in a way similar to the
liquid drop model of the nucleus, the amplitude of its
oscillation will be f(z) and governed by

f 4 2yf + wif = forcing term. (12)

Suppose the system is initially stationary with f(f) = 0 for
t < 0 and the forcing term is just §(¢). The solution is then,
i

f([) — [e—inurt _ e—ia),t]’ (13)

0, —w_

where

oy = T/ w2 —y* —iy. (14)

Thus we see the damping factor is just y but the frequency

of oscillation is /@’ —y*>. We therefore see that an
apparently purely damped quasinormal mode does indeed
correspond to a natural frequency of oscillation. We
conclude that the spectrum of quasinormal modes, even
if resulting in a purely imaginary o, does indeed reflect the
modes of excitation of the black hole and these in turn
reflect the spectrum of excitations of CFT; ® CFTp.

V. PERTURBATIONS

Suppose we now add to the black hole a quantum of
energy oM whilst keeping the angular momentum J, and
the charges 0 and Q™ constant. One should note that
since our quasinormal modes do not vanish on the horizon,
these modes will backreact on the black hole geometry,
inducing a physical change in the state of the black hole.
A transformation of this kind could be the result of the
absorption of a quantum by either the left family or the right
family of quasinormal modes. If from the right family, then
we are looking at the case where k = 0. The energy added
will be either |, | or |@wg| as can be seen from Eq. (14) In
either case, one can use the first law for the left family or the
right family as appropriate to see that the change in S; or Si
is 27 x (some integer). Since S| = S; + Sk, we conclude
that it is consistent for the area of the outer horizon is
quantized in units of 8z/3. A similar observation holds for
the inner horizon.

At this point we need to resolve a puzzle. In [23] it was
shown that in the Smarr law for CFT; and CFTg,
E; = Er = M/2. To deduce horizon quantization, we
used the first law for CFT; and CFTy and took dE; =
dM = |w;| or dEr = dM = |wg|. This is a reasonable
thing to do since the first law describes infinitesimal
changes, something that is consistent with adding a single

quantum in perturbation theory. However, there is now
tension with the Smarr formulas. However, the Smarr
formulas, constitutive relations, relate to macroscopic
quantities and one expects them to be true only on average
after some degree of equilibrium has been achieved. Of
course, if the black hole absorbs a random collection of
quanta over an extended period, then at each step, we
expect the first law to hold. However, we expect the Smarr
formulas to hold only on average over the extended
period.5

It also possible that beyond perturbation theory more
complicated things happen, but it is remarkable that such
simplicity as we have found appears. Elsewhere, we will
explain how to remove the constraint of fixed angular
momentum without changing our results. Also, we will
explain how to extend these ideas to five-dimensional black
holes. Our results reveal a remarkable correspondence.
They give considerable weight to the idea that these
conformal field theories are holographic avatars of the true
degrees of freedom of a black hole. We also intend to
carefully examine the cases of Kerr and Kerr-Newman to
investigate possible similar correspondences. Of course, we
do not know if our approach can account for all of the black
hole degrees of freedom. Nevertheless, we believe our
results do provide some illumination of the information
paradox [48]. In particular, although supergravity theories
have prescribed matter content, we do not seem to see any
progress towards an understanding of the species problem.
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and TI;, =0 and for Kerr-Newman with II, = cosh*§ and
I, = sinh*§.
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