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We investigate the total scattering cross section (σ), the differential cross section
�

dσ
dQ2

�
, the longitudinal

[ALðEe;Q2Þ] and perpendicular [APðEe;Q2Þ] spin asymmetries of the polarized target proton, as well as the
longitudinal [PLðEe;Q2Þ], perpendicular [PPðEe;Q2Þ], and transverse [PTðEe;Q2Þ] polarization compo-
nents of the final neutron, in the weak charged current induced electron-proton scattering relevant to the
future experiments at the Thomas Jefferson National Accelerator Facility (JLab) and Mainz Microtron
(MAMI). The analysis is performed assuming time-reversal (T) invariance as well as without assuming T
invariance, allowing for a nonvanishing transverse polarization component of the final nucleon,
perpendicular to the production plane. Numerical results are presented for the above mentioned observables,
and their sensitivities to the various parametrizations of the axial vector form factor g1ðQ2Þ and a nonzero
weak electric form factor g2ðQ2Þ are examined. We find that the cross section depends strongly on the
parametrizations used for the axial vector form factor. Moreover, the dipole parametrization of g1ðQ2Þwith a
higher value of the axial dipole mass MA simulates the apparent enhancement in σ obtained using the
nondipole parametrizations like the z-expansion and Faddeev equation form. The cross sections are found to
depend only weakly on the weak electric form factor g2ðQ2Þ, which is associated with the violation of
G-invariance. On the contrary, the spin observables both AL;PðEe;Q2Þ and PL;PðEe;Q2Þ are found to be
strongly dependent on g2ðQ2Þ. This study may be useful in the analysis of the neutrino oscillation
experiments to provide an alternative constrain on the parametrization of axial vector form factor, which
currently has large uncertainties.

DOI: 10.1103/bffn-fzgx

I. INTRODUCTION

Electron scattering on the polarized proton targets con-
stitutes a powerful and uniquely sensitive probe of the weak
interactions, nucleon structure, and fundamental sym-
metries. High-precision electron-proton scattering from
nucleon and nuclear target experiments conducted at the
Thomas Jefferson National Accelerator Facility (JLab) [1]
and MIT-Bates [2,3] in the United States, and Mainz
Microtron (MAMI) [4] in Germany have played a pivotal
role in providing stringent low-energy tests of the Standard
Model, while continuously advancing the frontiers of
electroweak physics. Unlike strong and electromagnetic
interactions, weak interactions violate parity, thereby ena-
bling access to observables that are otherwise inaccessible
in scattering experiments where parity is conserved. In

particular, the parity-violating asymmetries measured in
polarized electron-proton scattering allow the isolation of
weak neutral current effects with exceptional sensitivity. In
the region of low electron energies, the experiments at
MAMI and MIT-Bates and the experiments at JLab in the
higher energy region of electrons employing highly polar-
ized electron beams have made significant contributions to
precision measurements in low-energy electroweak physics
through dedicated parity-violation studies. In recent times,
efforts at JLab and MAMI have further strengthened
these investigations by achieving unprecedented control
over systematic uncertainties. Looking ahead, forthcoming
experiments such as the upgraded facilities at JLab and the
P2 experiment at MAMI promise substantial improvements
in precision, offering enhanced sensitivity to possible
deviations from Standard Model predictions and opening
new windows for the discovery of physics beyond the
Standard Model [5].
In describing the weak interactions of electrons and

neutrinos with nucleon targets, nucleon form factors are
fundamental quantities that are used to describe the internal
structure of the nucleon and play a central role in our
understanding of nonperturbative QCD dynamics. The
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vector component of the weak processes is constrained
using the isovector combination of the proton and neutron
electromagnetic form factors, based on the isospin sym-
metry and the conserved vector current (CVC) hypothesis
[6], and are obtained through the experimental measure-
ments of electric [GEðQ2Þ] and magnetic [GMðQ2Þ] Sachs’
form factors. In contrast, the axial vector contribution,
parametrized by the axial vector [g1ðQ2Þ] and induced
pseudoscalar [g3ðQ2Þ] form factors, is comparatively less
well determined. The isovector axial vector form factor of
the nucleon occupies a particularly important position as the
pseudoscalar form factor g3ðQ2Þ is generally expressed in
terms of g1ðQ2Þ using the hypothesis of partially conserved
axial vector current (PCAC) and pion pole dominance of the
divergence of the axial vector current. The value of the axial
vector form factor at zero momentum transfer defines the
nucleon axial charge, which is primarily determined from
neutron beta decay to be g1ð0Þ ¼ 1.267� 0.0030 [7], and is
one of the most precisely measured quantities in hadronic
physics [7,8]. Moreover, the momentum-transfer depend-
ence of the axial vector form factor is of crucial importance
for a wide range of weak interaction processes at higher
energies (momentum transfers), most notably for the qua-
sielastic neutrino-nucleon scattering. In recent years, several
studies have emphasized that uncertainties in the measure-
ment of the axial vector form factor directly propagate into
systematic errors in the extraction of neutrino oscillation
parameters, making a precise theoretical understanding of
g1ðQ2Þ indispensable for the current and future neutrino
oscillation experiments [9].
Traditionally, the axial vector form factor has been

extracted using a combination of neutrino-induced charged-
current quasielastic scattering on the nuclear targets
including light nuclei like deuterium [10], threshold pion
electroproduction data from proton [11], and weak proc-
esses such as muon capture in hydrogen [12–14]. While
these methods have provided valuable insights, they suffer
from experimental limitations, nuclear corrections, and
model-dependent assumptions, leading to persistent uncer-
tainties and tensions among different datasets [15]. In
general, the axial vector form factor is parametrized to be
of the dipole form, where the choice of the numerical value
of the axial dipole mass MA plays a crucial role in
determining the neutrino-nucleon quasielastic (QE) cross
section and has been a subject of intense and sustained
debate within the neutrino physics community over the past
several years. A remarkably wide range of values for MA,
has been reported and discussed in literature, reflecting both
experimental and theoretical uncertainties as well as
differences in data interpretation [6,16].
The early measurements of MA were performed using

neutrino and antineutrino beams incident on heavy nuclear
targets [17]. These experiments were primarily carried out
in the 1970s and 1980s and relied on bubble chambers and
early tracking detectors using freon (CF3Br), freon-propane

mixtures (CF3Br − C3H8), iron (Fe), neon (Ne), and
aluminum (Al), which were exposed to wide-band neutrino
beams at CERN and other facilities. CERN experiments
[18–20] provided early values around MA ¼ 1.0 GeV but
suffered from large systematic errors due to limited sta-
tistics. SKAT data [21–23] analyzed primarily high-Q2

regions to reduce nuclear uncertainties. In order to reduce
the large uncertainty arising due to the nuclear medium, the
experiments at ANL [24,25], BNL [26,27] using hydrogen
and deuterium targets, determined the value ofMA by using
a dipole form of the axial vector form factor. A reanalysis of
these classic datasets by Bodek et al. [10] yielded a
relatively precise value of MA ¼ 1.014� 0.014 GeV. In
contrast, Meyer et al. [28], analyzing the same experimental
data from the ANL [24,25] and BNL [26,27] experiments,
reported a broader range of values, MA ¼ 1.02–1.17 GeV,
depending on which dataset was included in the fit. An
earlier comprehensive study by Bernard et al. [17], which
combined neutrino and antineutrino scattering data on
hydrogen and deuterium with threshold pion electropro-
duction data from proton, obtained the best fit at
MA ¼ 1.026� 0.021 GeV.
With the advent of modern high-statistics experiments, a

large body of new QE neutrino-nucleus scattering data have
become available, covering both low- and intermediate-
energy regimes and involving a variety of nuclear targets.
Analyses of data from the NOMAD [29] and MINERvA
[30,31] experiments, performed at relatively higher neu-
trino energies, continue to favor a lower value ofMA, close
to 1.03 GeV, consistent with the earlier free-nucleon results.
In sharp contrast, several experiments operating predomi-
nantly in the few hundreds of MeV to GeV energy range
and using nuclear targets, including MiniBooNE [32],
MINOS [33], K2K [34], T2K [35], and SciBooNE [36],
report significantly larger effective values of MA, typically
in the range 1.2–1.35 GeV. This apparent discrepancy
between low energy and high energy measurements has
emerged as one of the central puzzles in the interpretation
of QE neutrino scattering data. One possible explanation
for the larger values ofMA extracted at lower energies is the
inadequate treatment of nuclear medium effects, such as
multinucleon correlations, meson-exchange currents, and
final-state interactions, which can enhance the observed
QE-like cross section and mimic the effect of a larger axial
mass. Since the NOMAD and MINERvA experiments
operate at comparatively higher energies, where such
nuclear effects are expected to be less pronounced, their
consistency with the lower MA value lends support to this
interpretation. This issue has been actively discussed in
recent literature [6].
A major recent advance in this area has been achieved by

the MINERvA collaboration [37], which performed the first
high-statistics determination of g1ðQ2Þ from free-nucleon
data using antineutrino scattering on hydrogen embedded in
a plastic scintillator detector. This measurement represents a
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significant milestone in the study of g1ðQ2Þ. MINERvA
measured the differential cross section as a function of the
squared four-momentum transfer, Q2, and from these data
extracted both the axial vector form factor g1ðQ2Þ and the
axial radius rA, which characterizes the spatial distribution
of axial charge. By minimizing nuclear effects, this work
provides a cleaner experimental benchmark for nucleon
axial structure.
On the theoretical side, there have been many calcula-

tions for the determination of g1ðQ2Þ by studying the total

[σðEÞ] and the differential
�
dσðEÞ
dQ2

�
cross sections and their

dependence on the axial dipole massMA in the scattering of
(anti)neutrinos from the nucleons and nuclei [6,38–42]. In a
recent study, Alvarez-Ruso et al. [43] employed a Bayesian
neural-network framework to extract the nucleon axial
vector form factor in a model-independent way from
neutrino-deuteron ANL data. They revealed a striking
sensitivity to low-Q2 data and deuteron corrections, leading
to tensions in the extracted axial radius, and underscored the
need for high-precision neutrino quasielastic measurements
on hydrogen and deuterium. The possibility of determining
MA by studying the various spin observables of the nucleons
in the (anti)neutrino scattering from nucleons induced by
the weak charged and neutral currents has been explored
earlier by Block [44] and later by Bilenky and Christova
[45,46]. In recent years, Tomalak [47] investigated the
neutrino scattering on the polarized and unpolarized nucle-
ons, including the recoil polarization observables, and
demonstrated that the parity-violating weak interaction
induces sizable spin asymmetries at the leading order.
Such measurements provide an independent access to the
proton axial structure, enabling, in particular, the first direct
extraction of the pseudoscalar form factor from neutrino
data without relying on the PCAC ansatz or pion-pole
dominance assumptions. Graczyk and Kowal [48] demon-
strated that single-, double-, and triple- spin asymmetries in
quasielastic charged current (anti)neutrino scattering are
highly sensitive probes of the nucleon axial vector form
factor. In particular, the target-recoil and lepton-target-recoil
asymmetries exhibit a strong dependence on the axial dipole
mass, while all asymmetries, except the lepton polarization,
provide observables for probing the second class current
contributions.
In parallel, substantial progress has been made on the

theoretical front through lattice QCD, which offers a
powerful and systematically improvable framework for
computing nucleon axial properties directly from the
underlying theory of the strong interaction. Over the past
two decades, lattice determinations of the axial charge
g1ð0Þ have improved dramatically. Recent simulations
employ near-physical pion masses, large lattice volumes,
and advanced analysis techniques such as multistate
fits and variational methods, leading to results that are
increasingly consistent with experimental determinations.

Extending beyond the axial charge, lattice QCD enables a
first-principles determination of the Q2 dependence of
g1ðQ2Þ over a range of spacelike momentum transfers,
providing direct input for neutrino-nucleon cross sections
without relying on phenomenological parametrizations
such as the dipole ansatz [16,49–51].
Recent studies have analyzed the axial vector form factor

using both traditional dipole fits as well as using lattice
QCD with the more general z-expansion [52], while the
extrapolation of lattice results to the physical limit has been
guided by expressions derived within the chiral perturbation
theory (ChPT) [53]. Moreover, lattice QCD has contributed
to the study of related axial vector parameters, including the
induced pseudoscalar form factor and the pion-nucleon
coupling through the axial Ward-Takahashi identity, thereby
reinforcing the internal theoretical consistency of the
framework [54]. Yao et al. [55] have considered both
the pion mass and momentum transfer dependences of
the nucleon axial vector form factor in baryon chiral
perturbation theory (BChPT) and investigated their depend-
ences by performing fits to the recent lattice QCD data
without and with explicit Δð1232Þ contribution. The syn-
ergy between high-precision experimental measurements by
MINERvA and first-principles lattice QCD calculations has
led to significant progress in the last one decade. In
particular, combined analyses of MINERvA data and lattice
QCD results have enabled meaningful and quantitative
comparisons between experiment and theory, shedding
new light on the momentum dependence of the nucleon
axial vector form factor and the value of the axial radius
[56,57]. These developments mark an important step toward
a unified and precise understanding of the nucleon axial
structure, with far-reaching implications for the hadron
structure studies and the precision physics goals of the
modern neutrino experiments.
An alternative and potentially more powerful approach

for extracting detailed information on theQ2 dependence of
the axial vector form factor g1ðQ2Þ may be provided by the
weak charged current interaction induced electron scattering
from both unpolarized and polarized proton targets. Unlike
neutrino induced processes, which suffer from broad energy
spectra, comparatively very low event rates, etc., and thus
containing large error bars, electron scattering experiments
benefit from highly monochromatic beams with exception-
ally high luminosity, several orders of magnitude larger than
those attainable in neutrino experiments, thereby providing
opportunity for the precise measurements with reduced
statistical uncertainties and improved control over kinematic
reconstruction. Furthermore, the availability of high-purity
hydrogen targets in electron scattering experiments offers a
clean experimental environment, in contrast to the neutrino
experiments where the use of free hydrogen or deuterium
targets is severely constrained by security related limita-
tions. These advantages make weak charged current elec-
tron proton scattering a particularly promising alternative
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for probing the nucleon axial structure. Recently, Klest [58],
and independently Yang and Kumar [59], have demon-
strated that at very high energies corresponding to the center
of energy

ffiffiffi
s

p ¼ 140 GeV, relevant to the proposed Electron
Ion Collider (EIC) at BNL, and Electron Ion Collider in
China (EIcC), the electron scattering on a longitudinally
polarized proton target induced by the weak charged
currents offers an avenue to constrain the nucleon axial-
vector form factor. They emphasize that target spin asym-
metries in the low-Q2 region, where the axial coupling
overwhelmingly dominates, constitute a sensitive probe.
However, in the region of moderately high energy corre-
sponding to a few GeV, an experimental proposal is already
under consideration at JLab [60] using polarized electron
beam of energy 1.1 and 2.2 GeV to determine the axial
vector form factor in the measurement of the differential
cross section dσ

dΩν
around Q2 ≈ 1 GeV2, where it has

maximum uncertainty. The experiment is feasible provided
the background due to the electromagnetic electron-proton
scattering and pion photoproduction could be kept under
control [60]. Moreover, a similar experiment using polarized
positron beam on the deuterium target to extract the axial
vector form factor is also under consideration at JLab [61].
The present work is motivated by the aforementioned

proposals [60,61] to extend our earlier works [62–68] on
the study of polarization observables of the final nucleon/
hyperon and lepton in the antineutrino [63,65–68] as well
as the electron [62,64] induced scattering from the free
nucleon and nuclear targets, to perform a comprehensive
study of the weak charged current induced electron-proton
scattering, focusing on a wide range of observables
relevant to the ongoing and future experiments at JLab,
which can also be done, in principle, at MAMI. In
Refs. [62,64], we developed the formalism, following
the works of Bilenky and Christova [45,46,69], to study
the electron induced hyperon/nucleon production from the
free nucleon target and the polarization observables of the
final hyperons/nucleon, assuming T invariance as well as
its violation. In this work, we have used the earlier
developed formalism to study the polarization observables
of the final nucleon in the weak electron-proton scattering,
specifically for the kinematical observables relevant for the
JLab proposals [60,61]. Furthermore, we have also stud-
ied, the spin asymmetries of the polarized target proton.
The sensitivity of the cross sections, spin asymmetries of
the polarized target, and the polarization observables of the
final nucleon to the axial vector form factor has been
studied by using the modern alternatives of the traditional
dipole parametrization like the Chen-Roberts [70] Faddeev
equation form and the four z-expansion fits of Meyer et al.
[57], namely old deuterium data fit, lattice QCD (LQCD)
calculation fit, MINERvA hydrogen data fit and the
combined MINERvA hydrogen and LQCD fit.
Weak electron-proton scattering experiments, which can

be done at MAMI and JLab would provide a high precision,

nuclear effect free, and theoretically clean avenue to study
the axial structure of the proton. By directly probing the
weak axial vector form factor through the electron scattering
experiments, one can significantly improve our knowledge
of the axial vector form factor g1ðQ2Þ, which would play a
decisive role in resolving long-standing discrepancies in
neutrino cross section measurements. Specifically, we
obtain the total scattering cross section (σ), differential
cross section (dσ=dQ2), the longitudinal [ALðEe;Q2Þ] and
perpendicular [APðEe;Q2Þ] spin asymmetries of the polar-
ized proton target, as well as the longitudinal [PLðEe;Q2Þ],
perpendicular [PPðEe;Q2Þ], and transverse [PTðEe;Q2Þ]
components of the final nucleon polarization. These polari-
zation observables provide additional and independent
sensitivity to the underlying weak form factors. Most of
the calculations are done assuming time-reversal (T) invari-
ance. However, we have also studied the effect of T
violation on the polarization of the final nucleon for which
the transverse component of the polarization, i.e.,
PTðEe;Q2Þ in a direction perpendicular to the reaction
plane is nonzero, provided theweak coupling constant g2ð0Þ
is purely imaginary.
In view of the difficulty in preparing the transversely

polarized proton target in lab, we have performed the
numerical calculations for spin asymmetries of the polar-
ized proton assuming T invariance. Numerical results are
presented for all observables across the relevant kinematic
ranges, and their sensitivities to the axial vector form factor
g1ðQ2Þ, as well as the weak electric form factor g2ðQ2Þ are
systematically examined. Our results demonstrate that the
combination of cross section measurements of the high-
luminosity electron beams on the hydrogen target and
polarization measurements may offer a relatively better
framework, in comparison to using the wide energy band
neutrino beam on moderate to heavy nuclear targets, for
studying the axial structure of the nucleon and a feasible
experiment using electron beam may provide a better
insight to determine g1ðQ2Þ [6,9].
In Sec. II, we present the formalism to calculate the cross

section for the weak charged current interaction induced
electron scattering on the proton target. Section III discusses
very briefly the formalism to calculate the spin asymmetries
of the polarized target proton and the polarization compo-
nents of the final nucleon assuming T invariance as well
as its violation and the detailed derivation is given in
Appendix B. The results for the total scattering cross
section and the Q2 distribution of the differential scattering
cross section dσ

dQ2 at Ee ¼ 1.1 GeV, which is relevant for the

JLab experiment are presented and discussed in Sec. IVA.
Sections IV B and IV C, respectively, present the results and
discussion for the longitudinal and perpendicular spin
asymmetries of the initial polarized proton, and the polari-
zation components of the final nucleon. In Sec. IV C 2, we
also discuss the transverse polarization of the final nucleon,
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which is nonzero in the case T invariance is violated. We
have also performed the numerical calculations for dσ

dQ2,

ALðQ2Þ, APðQ2Þ, PLðQ2Þ, PPðQ2Þ, and PTðQ2Þ at
Ee ¼ 855 MeV, relevant for the MAMI experiment and
at Ee ¼ 2.2 GeV, relevant for the JLab experiment, which
are qualitatively of the similar nature as the results at
Ee ¼ 1.1 GeV and therefore are presented in
Supplemental Material [71]. Finally, in Sec. V, we conclude
our findings.

II. CROSS SECTION

The general expression of the differential cross section
for the scattering of unpolarized electron from unpolarized
proton target, i.e.,

e−ðkÞ þ pðpÞ ⟶ νeðk0Þ þ nðp0Þ; ð1Þ

which is diagrammatically shown in Fig. 1, in the rest frame
of the initial proton, is written as

dσ ¼ 1

ð2πÞ2
1

4EeM
δ4ðkþ p − k0 − p0Þ

×
d3k0

2Ek0

d3p0

2Ep0

XX
jMj2; ð2Þ

where the quantities in the brackets of Eq. (1) represent the
four momenta of the corresponding particles, Ee is the
electron energy, and the transition matrix element squared
is expressed as

XX
jMj2 ¼ G2

F cos
2 θC

2
LαβJ αβ; ð3Þ

where GF is the Fermi coupling constant and θC is the
Cabibbo mixing angle. The leptonic and the hadronic
tensors are given by

Lαβ ¼ 1

2
Tr½γαð1 − γ5ÞΛðkÞγβð1 − γ5ÞΛðk0Þ�; ð4Þ

J αβ ¼
1

2
Tr½Λð=p0ÞJαΛð=pÞJ̃β�; ð5Þ

where the factor of 1
2
in the above equations comes due to

the spin averaging of the initial particles (if both the beam
and the target are unpolarized), J̃β ¼ γ0J†βγ

0 with Jβ being
the weak hadronic current.
In Eqs. (4) and (5), ΛðPÞ ¼ ð=PþMPÞ is the projection

operator of an unpolarized particle with momentum P and
mass MP. To take into account the spin polarization of a
particle, the projection operator ΛðPÞ in Eqs. (4) and (5)
is replaced by the spin projection operator ΛðP; sPÞ,
defined as

ΛðP; sPÞ ¼ ð=PþMPÞ
�
1þ γ5=sP

2

�
; ð6Þ

where sP is the spin 4-vector. Moreover, for the polarized
initial particle scattering, one has to drop the factor of 1

2
in

Eqs. (4) and (5) and use ΛðP; sPÞ instead of ΛðPÞ. Since
the electron becomes highly relativistic at Ee ≥ 150 MeV,
therefore, for the electron energies considered in the
present work, the electron is fully longitudinally polarized.
In this work, we have studied the total and differential
scattering cross sections of the polarized electron from the
unpolarized proton target and the results are presented in
Sec. IVA.
The hadronic current Jμ is expressed in terms of the

vector (Vμ) and the axial vector (Aμ) currents as [72]

Jμ ¼ ūðp0ÞðVμ − AμÞuðpÞ ð7Þ

with

Vμ ¼ γμf1ðQ2Þ þ iσμν
qν

2M
f2ðQ2Þ þ qμ

M
f3ðQ2Þ; ð8Þ

Aμ ¼ γμγ5g1ðQ2Þ þ iσμνγ5
qν

2M
g2ðQ2Þ þ qμ

M
g3ðQ2Þγ5; ð9Þ

where M is the mass of the nucleon. qμð¼ kμ − k0μ ¼
p0
μ − pμÞ is the four momentum transfer with Q2 ¼ −q2;

Q2 > 0. f1ðQ2Þ, f2ðQ2Þ and f3ðQ2Þ are the vector, weak
magnetic and scalar form factors, and g1ðQ2Þ, g2ðQ2Þ and
g3ðQ2Þ are the axial vector, weak electric (or induced
tensor) and pseudoscalar form factors, respectively and are
discussed briefly in Appendix A.

III. SPIN OBSERVABLES

Traditionally, the spin asymmetries are obtained using the
spin projection operator formalism, for example as done by
Graczyk et al. [73,74] and Tomalak et al. [75,76], in the case
of neutrino scattering processes from the nucleon. We have
used the covariant density matrix formalism following
Bilenky and Christova [45,46,69], which has earlier been
used by us [62–66] for calculating the polarization compo-
nents of the target as well as the recoil nucleon. Though

FIG. 1. Feynman diagram for the process e−ðkÞ þ pðpÞ →
νeðk0Þ þ nðp0Þ. The quantities in the bracket represent four
momenta of the corresponding particles.
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these are two different approaches, they lead to same results
for the target asymmetries of the initial polarized nucleon
and the polarization observables of the final nucleon. In this
work, we follow the same formalism to calculate the spin
asymmetries of the polarized target and the polarization
observables of the final nucleon, as developed by us earlier
in Refs. [62–66]. The diagrammatic representation of the
longitudinal, perpendicular, and transverse components of
the polarized target proton as well as the polarized final
nucleon is given in Fig. 2. In the following, we have given
the explicit expressions for the spin asymmetries of the
polarized target and polarization components of the final
nucleon while the derivation is given in Appendix B for
completeness.

A. Spin asymmetry of the polarized proton target

The polarization 4-vector (ζτ) of the initial nucleon is
written as [69]

ζτ ¼
�
gτσ −

pτpσ

M2

�
LαβTr½γσγ5Λðp0ÞJαΛðpÞJ̃β�
LαβTr½Λðp0ÞJαΛðpÞJ̃β�

: ð10Þ

The expressions for the longitudinal and perpendicular
components of the spin asymmetry, i.e., ALðQ2Þ and
APðQ2Þ are obtained, using the formalism given in
Appendix B, as

ALðQ2Þ ¼ 1

Ee

αðEe;Q2Þjk⃗j2 þ βðEe;Q2Þk⃗ · q⃗
NðEe;Q2Þ ; ð11Þ

APðQ2Þ ¼ βðEe;Q2Þ½jq⃗j sin βk�
NðEe;Q2Þ ; ð12Þ

where βk is the angle between k⃗ and q⃗ and the expressions
for NðEe;Q2Þ ¼ LαβJ αβ, αðEe;Q2Þ, and βðEe;Q2Þ are
given in Appendix C.

B. Polarization components of the final nucleon

Assuming T-invariance, the expressions for the longi-
tudinal and perpendicular components of the final neutron
polarization i.e., PLðQ2Þ and PPðQ2Þ, obtained in the
covariant density matrix formalism as discussed in
Appendix B, are expressed as

PLðQ2Þ ¼ M
E0

AðEe;Q2Þk⃗ · p̂0 þ BðEe;Q2Þjp⃗0j
NðEe;Q2Þ ; ð13Þ

PPðQ2Þ ¼ AðEe;Q2Þ½ðk⃗:p̂0Þ2 − jk⃗j2�
NðEe;Q2Þjp̂0 × k⃗j

: ð14Þ

The expressions for AðEe;Q2Þ and BðEe;Q2Þ are given in
Appendix D.
In the case of T-violation, the explicit expressions for

PLðQ2Þ and PPðQ2Þ are the same as given in Eqs. (13) and
(14), except that the coefficients AðEe;Q2Þ and BðEe;Q2Þ
are now replaced with A0ðEe;Q2Þ and B0ðEe;Q2Þ. The
expression for the transverse component of the neutron
polarization PTðQ2Þ, which is nonzero in this case, is
expressed as

PTðQ2Þ ¼ C0ðEe;Q2ÞMjp⃗0j½ðk⃗:p̂0Þ2 − jk⃗j2�
NðEe;Q2Þjp̂0 × k⃗j

: ð15Þ

The expressions for A0ðEe;Q2Þ, B0ðEe;Q2Þ, andC0ðEe;Q2Þ
are given in Appendix E.

IV. RESULTS AND DISCUSSION

A. Total and differential scattering cross sections

In Fig. 3, we have presented the results for the total
scattering cross section [σðEeÞ] as a function of incoming
electron energy ðEeÞ for the longitudinally polarized elec-
tron induced scattering off the unpolarized proton target.

FIG. 2. Diagrammatic representation of the process e−ðk⃗Þ þ pðp⃗ ¼ 0Þ → νeðk0
!Þ þ nðp⃗0Þ, and the longitudinal and perpendicular

directions of the polarized proton (left panel). The longitudinal, perpendicular and transverse directions with respect to the momentum of
the final nucleon (right panel).
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The left panel of the figure shows the results obtained using
the different parametrizations of the axial vector form
factor g1ðQ2Þ available in the literature and discussed in
Appendix A. The cross section is calculated using the
traditional dipole parametrization for g1ðQ2Þ with MA ¼
1.026 GeV and compared with the results obtained using
the lattice parametrization of Chen and Roberts [70,77], and
the z-expansion fit done by Meyer et al. [56,57] for the
combined LQCD calculations of RQCD 2020 [78], NME
[79], Djukanovic et al. [80], ETM [81], and PNDME [50],
along with fitting for the experimental data of MINERvA
hydrogen [37] and earlier deuterium experiments which has
been recently reanalyzed [28] and for the combined LQCD
and MINERvA hydrogen data [57]. It may be observed
from the figure that the lattice parametrization of Chen and
Roberts [70] yields the largest value of the cross section
when compared with the cross sections predicted by the
other parametrizations of g1ðQ2Þ considered in this work.
This cross section is almost 27% larger than the dipole
parametrization at Ee ¼ 700 MeV, and increases further
with increase in electron energy to become 35% and 43% at
Ee ¼ 1 GeV, and 2 GeV, respectively. The results obtained
with the parametrization using the z-expansion fit of the
deuterium data are quite consistent with the results obtained
with the predictions assuming the dipole parametrization
and show a small decrement of about 3%–5% in the entire
range of electron energies considered in this work. In the
low electron energy region, Ee ∼ 700 MeV, the results
obtained with the z-expansion fit of MINERvA hydrogen
data are consistent with the dipole results, however, as the
electron energy increases, the MINERvA fit yields a larger
value for σ, which is about 5% at Ee ¼ 1 GeV and becomes
∼10% at Ee ¼ 2 GeV. The results obtained with the
z-expansion fit of the LQCD calculations and combined
MINERvA hydrogen-LQCD [57] are consistent with each

other and are larger than the dipole results in the entire range
of electron energy considered in this work. Quantitatively,
they are larger by about 15% at Ee ¼ 700 MeV, which
becomes 20% and 25% at Ee ¼ 1 and 2 GeV, respectively.
The middle panel of Fig. 3 shows the dependence of the

total cross section on the axial dipole mass MA. The results
for σðEeÞ are obtained for the four different values of MA
(1.026 GeV to 1.35 GeV). We find an appreciable depend-
ence on the cross section σðEeÞ, whenMA is varied and this
dependence is, quantitatively, not the same at all the incident
electron energies. With the increase inMA, σðEeÞ increases.
For example at Ee ¼ 1 GeV, when MA is changed from
1.026 GeV to 1.1 GeV, the cross section increases by about
7%, in the region of Ee ¼ 1–2 GeV, while when MA is
changed from 1.1 GeV to 1.35 GeV, the cross section
increases by 20% at Ee ¼ 1 GeV, and becomes 25%
at Ee ¼ 2 GeV.
The right panel of Fig. 3 shows the effect of the second

class current assuming T invariance on the total cross
section. The results are obtained using a nonzero value
of gR2 ð0Þ in Eq. (A6), in the range −2 ≤ gR2 ð0Þ ≤ þ2, with a
dipole massMA ¼ 1.026 GeV in g1ðQ2Þ. It must be pointed
out that the cross section obtained using the positive as well
as the negative values for gR2 ð0Þ are exactly the same.
Moreover, if one takes into account the imaginary values of
the weak electric form factor, the results obtained for the
cross sections are exactly the same as those obtained for
gR2 ð0Þ. It is evident from the expression of NðEe;Q2Þ given
in Appendix C, that the cross section depends only on the
square of g2ðQ2Þ, thus, the results obtained using the
positive or negative values of gR2 ð0Þ, or gI2ð0Þ are exactly
the same. We find that the cross section increases with the
increase in gR2 ð0Þ, although this increase is only marginal as
compared to the increase in cross section when a larger

FIG. 3. Total cross section σ as a function of Ee for the process e− þ p ⟶ νe þ n, when the initial electron is polarized. (Left panel)
shows the results for the different parametrizations of g1ðQ2Þ viz. the dipole parametrization withMA ¼ 1.026 GeV shown by solid line,
the lattice gauge parametrization of Robert and Chen [70,77] shown by the dash-dotted line, the z-expansion for the MINERvA
hydrogen, LQCD, deuterium, and combined hydrogen-LQCD fits are represented by double-dot-dashed line, double dash-dotted line,
dashed line and dotted line, respectively. (Middle panel) shows the results for σ using the different values of the axial dipole mass MA
viz.MA ¼ 1.026 GeV (dashed line), 1.1 GeV (dash-dotted line), 1.2 GeV (double-dot-dashed line), and 1.35 GeV (double-dash-dotted
line). (Right panel) shows the results for σ obtained using the different values of g2ð0Þ assuming T-invariance viz. gR2 ð0Þ ¼ 0 (solid line),
þ1 (dashed line), þ2 (dash-dotted line), −1 (double-dot-dashed line), and −2 (double-dash-dotted line).
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value of MA is used in the parametrization of g1ðQ2Þ. For
example, at Ee ¼ 1 GeV, when gR2 ð0Þ is taken as 1 instead
of zero, the increase is 1%, which becomes 2% at
Ee ¼ 2 GeV. And when gR2 ð0Þ is taken as 2, instead of
1, there is a further increase of 4% at Ee ¼ 1 GeV, which
becomes 8% at Ee ¼ 2 GeV. However, a nonzero gR2 ð0Þ
may mimic the effect of a larger value of MA. This needs
further study. Therefore, we show in Fig. 4, a correlation
plot for gR2 ð0Þ vs. MA for the total cross section at the three
different values of electron energy viz., Ee ¼ 855 MeV,
1.1 GeV, and 2.2 GeV, relevant for the JLab and MAMI
experiments. The figure shows a strong MA dependence on
the cross section, which is about 30% whenMA is varied in
the range [0.9, 1.35] GeV. However, the cross section shows
little dependence to the choice of gR2 ð0Þ in the range ½−2; 2�.
Therefore, one may conclude, from this figure, that the
presence of a nonzero value of gR2 ð0Þ, provided jgR2 ð0Þj ≤ 1,
is not going to affect the determination of MA or g1ðQ2Þ at
JLab and MAMI experiments using the total cross section
measurements.
To show the dependence of the different parametrization

of g1ðQ2Þ on the differential scattering cross section dσ
dQ2,

we have presented in the left panel of Fig. 5, the results of
dσ
dQ2 vs Q2 at Ee ¼ 1.1 GeV, relevant for the JLab

experiment, using the different parametrizations of g1ðQ2Þ
like the dipole parametrization with MA ¼ 1.026 GeV, z-
expansion [57] for the MINERvA hydrogen data, LQCD,
deuterium data, and combined hydrogen-LQCD fits, and
the LQCD calculation by Chen and Roberts [70,77]. We
have also studied the effect of g1ðQ2Þ on dσ

dQ2 at other

electron energies relevant for JLab andMAMI experiments
viz. Ee ¼ 855 MeV and 2.2 GeV, and the results are
presented in Ref. [71]. It may be noticed from the left panel
of Fig. 5 that the cross section is quite sensitive to the
choice of g1ðQ2Þ at all values of Ee and Q2 considered in
the present work. Quantitatively, at Q2 ¼ 1 GeV2 the
results obtained with deuterium data fit are smaller than
the results obtained using the dipole parametrization by
about 10% at all values of electron energies. The results
obtained using the z-expansion fit of the MINERvA data
and combined MINERvA-LQCD are larger than the
results obtained with the dipole parametrization by about
20% and 45%, respectively, at Q2 ¼ 1 GeV2. The LQCD
calculations by Chen and Roberts [70,77] yield the largest
value of cross section as compared to the dipole para-
metrization, which is about 80% at Q2 ¼ 1 GeV2.
The middle panel of Fig. 5 depicts the results for Q2

distribution using different values of the axial dipole mass
MA in the range 1.026–1.35 GeV, in the axial vector form

FIG. 4. gR2 ð0Þ −MA correlation for σ for the process e− þ p ⟶ νe þ n, when the initial electron is polarized at Ee ¼ 855 MeV (left
panel), 1.1 GeV (middle panel), and 2.2 GeV (right panel). The solid contour lines are drawn for constant σ (×10−38 cm2) and their
values being quoted in the plot.

FIG. 5. dσ
dQ2 as a function of Q2 at Ee ¼ 1.1 GeV for the process e− þ p ⟶ νe þ n, when the initial electron is polarized for the

different parametrizations of g1ðQ2Þ (left panel), different values of MA (middle panel), and the different values of gR2 ð0Þ (right panel).
Lines and points have the same meaning as in Fig. 3.
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factor [Eq. (A2)] at Ee ¼ 1.1 GeV. We find a strong
dependence of Q2 on the differential cross section when
MA is varied between 1.026 and 1.35 GeV. For example,
the cross section increases by about 35% atQ2 ¼ 0.5 GeV2

when MA is varied from 1.026 GeV to 1.35 GeV, which
further increases with the increase in Q2 and becomes
larger by 60% at Q2 ¼ 1 GeV2.
The right panel of Fig. 5 depicts the results for Q2

distribution using the different values of gR2 ð0Þ, which is
associated with the second class current form factor, in the
range ½−2; 2� in Eq. (A6) at Ee ¼ 1.1 GeV. Unlike the
dependence of g1ðQ2Þ andMA on the cross section, we find
that, the Q2 distribution is not much sensitive to the
variation in the value of gR2 ð0Þ.

B. Spin asymmetries of the polarized proton target

In Figs. 6–10, we have presented the results for the
longitudinal and perpendicular spin asymmetries for the
polarized target proton in the reaction e− þ p⃗ ⟶ νe þ n.
The effect of the different parametrizations for g1ðQ2Þ, MA

variation,M2 variation, and the effect of the nonzero g2ðQ2Þ

on the Q2 and Ee dependent spin asymmetries is studied.
We show in Fig. 6 (top panel) the dependence of the
different parametrizations of g1ðQ2Þ on the energy depen-
dent longitudinal [ALðEeÞ] and perpendicular [APðEeÞ] spin
asymmetries of the initial polarized proton. It may be
noticed from the figure that the spin asymmetries are not
much affected by the choice of the parametrization for
g1ðQ2Þ except for the parametrization given by Chen and
Roberts [70] which predicts a smaller value (< 2–3%) for
ALðEeÞ as compared to the results obtained using the other
parametrizations, especially in the region of Ee ≥ 1.5 GeV.
In the case of APðQ2Þ, the dependence on the choice of the
axial vector form factor is even smaller.
In the bottom panel of Fig. 6, the results are presented for

the longitudinal [ALðEeÞ] and perpendicular [APðEeÞ] spin
asymmetries by varying MA in the range 1.026–1.35 GeV.
Not much dependence has been observed specially at low
Ee, and for APðEeÞ, when MA is varied from 1.026 GeV to
1.35 GeV. Moreover, it is worth mentioning that the spin
asymmetries depend very weakly on the axial vector form
factor g1ðQ2Þ, unlike the cross section, which depends quite
strongly on g1ðQ2Þ.

FIG. 6. ALðEeÞ (left panel) and APðEeÞ (right panel) as a function of Ee for the process e− þ p ⟶ νe þ n, when the
initial proton is polarized for the different parametrizations of g1ðQ2Þ (top panel) and MA (bottom panel). Lines and points have
the same meaning as in Fig. 3.
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It may be observed from Figs. 3 and 6 that the results
obtained using a higher value of MA for both the cross
section and spin asymmetries mimic the results obtained
using the nondipole g1ðQ2Þ parametrizations. To show this
explicitly, in Fig. 7, we have presented the results for σ,
ALðEeÞ, and APðEeÞ vs Ee using the different nondipole
parametrizations of g1ðQ2Þ and the band corresponds to the
dipole parametrization of g1ðQ2Þ with MA in the range
1.026–1.35 GeV. The results for σ, ALðEeÞ, and APðEeÞ
obtained using the lattice parametrization of Chen and
Roberts [70] are higher than the dipole band while the
results obtained with the z-expansion fit of the deuterium
data are smaller than the dipole band. The results obtained
with the z-expansion fit of the LQCD, MINERvA-hydro-
gen data and the combined hydrogen data and LQCD lie
within the dipole band for all the three observables.
Interestingly, it may be observed from the left panel of

Fig. 7 that adopting a larger axial mass, for instance MA ¼
1.4 GeV within the conventional dipole parametrization,
effectively reproduces the results obtained from the para-
metrization of Chen et al. [70] based on lattice QCD

calculations. Likewise, choosing MA ¼ 1.3 GeV in the
dipole form closely mimics the outcomes derived from
the z-expansion fit to the combined MINERvA hydrogen
data and lattice QCD inputs [57]. This correspondence is
quite revealing. It suggests that the apparent enhancement
in the cross section or the associated modifications in
polarization observables- can be phenomenologically inter-
preted, within the dipole framework, as arising from a
larger effective value of MA. In other words, the impact of
more sophisticated form-factor parametrizations can, to a
significant extent, be encapsulated by an upward shift in the
axial dipole mass when using the traditional dipole fit.
In Fig. 8, we have presented the results for the longi-

tudinal and perpendicular spin asymmetries as a function of
Ee by varying gR2 ð0Þ in the range ½−2; 2�. We observe a
significant dependence of gR2 ð0Þ on both ALðEeÞ and
APðEeÞ in the entire electron energy range considered in
the present work, unlike the results for the cross sections,
which depend only weakly on the variation in gR2 ð0Þ.
Moreover, the positive and negative values of gR2 ð0Þ yield
different values for ALðEeÞ and APðEeÞ, which is evident

FIG. 7. σ (left panel), ALðEeÞ (middle panel) and APðEeÞ (right panel) as a function of Ee for the process e− þ p ⟶ νe þ n, when the
initial proton is polarized for the different parametrizations of g1ðQ2Þ. Lines and points have the same meaning as in Fig. 3 and the band
corresponds to the dipole parametrization with MA in the range 1.026–1.35 GeV.

FIG. 8. ALðEeÞ (left panel) and APðEeÞ (right panel) as a function of Ee for the process e− þ p ⟶ νe þ n, when the initial proton is
polarized for the different values of gR2 ð0Þ. Lines and points have the same meaning as in Fig. 3.
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from the expressions of αðEe;Q2Þ and βðEe;Q2Þ given in
Appendix-C. However, we observe opposite trends for
ALðEeÞ and APðEeÞ, when positive and negative values of
gR2 ð0Þ are used in the numerical calculations, i.e., ALðEeÞ
increases when gR2 ð0Þ is increased from 0 to þ2, while
APðEeÞ decreases. Likewise, when gR2 ð0Þ is decreased from
0 to −2, the values of ALðEeÞ decreases while the values of
APðEeÞ increases. Quantitatively, when gR2 ð0Þ is varied
from 0 to þ2, ALðEeÞ changes by about 10% at
Ee ¼ 1 GeV, which becomes 20% at Ee ¼ 2 GeV, while
when gR2 ð0Þ is varied from 0 to −2, ALðEeÞ changes by
about 15% at Ee ¼ 1 GeV, which becomes almost 30%
at Ee ¼ 2 GeV. Furthermore, the effect of gR2 ð0Þ is
more pronounced on APðEeÞ, which is about 60% at
Ee ¼ 1 GeV, and becomes 50% at Ee ¼ 2 GeV, when
gR2 ð0Þ is taken asþ2 instead of 0. This enhancement further
increases when negative values of gR2 ð0Þ are considered and
we find an enhancement of about 65% at Ee ¼ 1 GeV,
which becomes 50% at Ee ¼ 2 GeV.
To study the effect of the axial dipole mass associated

with the second class current form factorM2 on σ, ALðEeÞ,
and APðEeÞ, in Fig. 9, the results are presented using a fixed
value of gR2 ð0Þ viz. gR2 ð0Þ ¼ �1 and �2, while varying M2

in the range 1.026–1.35 GeV, chosen in analogy with MA

variation in the axial vector form factor g1ðQ2Þ. The
calculations are performed using the world average value
ofMA i.e.MA ¼ 1.026 GeV in g1ðQ2Þ. It may be observed
from the figure that, in the case of σ and APðEeÞ, the band
width of theM2 band increases with increase in the value of
gR2 ð0Þ. For example, in the case of σ, at gR2 ð0Þ ¼ 1, we find
hardly any change in the results whenM2 is varied between
1.026 and 1.35 GeV, while at gR2 ð0Þ ¼ 2, we find some
dependence of σ onM2, which is ∼3% at Ee ¼ 1 GeV and
increase with increase in Ee to become 10% at
Ee ¼ 2 GeV. Moreover, in the case of ALðEeÞ, we find
that the positive values of gR2 ð0Þ results in broaderM2 bands
as compared to the positive value of gR2 ð0Þ, which is in

contrast to APðEeÞ, where we find broader bands for the
positive values of gR2 ð0Þ.
To study the dependence of g1ðQ2Þ on the spin asym-

metries of the initial nucleon, we have presented, in the left
panel of Fig. 10, the results for ALðQ2Þ and APðQ2Þ vsQ2 at
Ee ¼ 1.1 GeV, using different parametrizations of g1ðQ2Þ
available in the literature and discussed in Appendix A. It
may be noticed from the figure that the longitudinal
asymmetry shows small variation in the peak region of
Q2 when the different parametrizations for g1ðQ2Þ are used.
The largest difference in ALðQ2Þ is observed when the
calculations are performed using the parametrization of
Chen and Roberts [70,77], which is about 2% in the peak
region of Q2 as compared to the dipole parametrization.
Moreover, the variation in APðQ2Þ is even smaller as
compared to the results obtained for ALðQ2Þ.
The middle panel of Fig. 10 shows the results for

the longitudinal and perpendicular spin asymmetries of
the initial nucleon at Ee ¼ 1.1 GeV, by varying MA in the
range 1.026–1.35 GeV. As observed in the case of the
different parametrizations of g1ðQ2Þ, here also the longi-
tudinal and perpendicular spin asymmetries are not much
sensitive to the choice of MA, except in the peak region
of Q2.
To study the dependence of gR2 ð0Þ variation on the

longitudinal and perpendicular spin asymmetries of the
initial polarized proton, we have presented in the right
panel of Fig. 10, the results for ALðQ2Þ and APðQ2Þ vs Q2

at Ee ¼ 1.1 GeV, by taking gR2 ð0Þ in the range ½−2; 2�. It
may be observed from the figure that the spin asymmetries
show strong dependence on the choice of gR2 ð0Þ, which is
larger in the case of the perpendicular asymmetry APðQ2Þ
than in the case of the longitudinal asymmetry ALðQ2Þ.
Quantitatively, in the peak region of Q2, ALðQ2Þ increases
by about 15% at Ee ∼ 1 GeV, which further increases and
becomes 20% at Ee ¼ 2.2 GeV, when gR2 ð0Þ is increased
from 0 to þ2, while when gR2 ð0Þ is decreased from 0 to −2,
ALðQ2Þ decreases by about 25% at Ee ∼ 1 GeV, which

FIG. 9. σ (left panel), ALðEeÞ (middle panel) and APðEeÞ (right panel) as a function of Ee for the process e− þ p ⟶ νe þ n, when the
initial proton is polarized. Lines and points have the same meaning as in Fig. 3 and the band corresponds to theM2 variation in the range
1.026–1.35 GeV.
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further decreases with increase in Ee and becomes 50% at
Ee ¼ 2.2 GeV. In the case of perpendicular asymmetry, in
the peak region of Q2, APðQ2Þ decreases by about 60% at
Ee ¼ 1.1 GeV, which becomes 66% at Ee ¼ 2.2 GeV,
when gR2 ð0Þ is increased from 0 to þ2, while APðQ2Þ
increases by about 60% at Ee ¼ 1.1 GeV, which becomes
50% at Ee ¼ 2.2 GeV, when gR2 ð0Þ is decreased from 0
to −2.

C. Polarization observables of the final nucleon

In this section, we present the results for the polarization
observables of the final nucleon considering the two cases
viz. T invariance and its violation. In Sec. IV C 1, the results
are presented, assuming T invariance, for the polarization
observables of the final nucleon in the reaction
e− þ p ⟶ νe þ n, where we have studied the effect of
the different parametrizations of g1ðQ2Þ as well as MA,
gR2 ð0Þ, and M2 variations on the polarization components.
To study the effect of T violation on the polarization
observables, in Sec IV C 2, we have presented the results
for the polarization observables of the final nucleon by
varying gI2ð0Þ in the range 0–2 and M2 in the range 1.026–
1.35 GeV.

1. Polarization observables in the case of T invariance

Figure 11 shows the results obtained using the different
parametrizations of g1ðQ2Þ, available in the literature, for

the longitudinal and perpendicular components of the
neutron polarization. In the electron energy region of
Ee > 0.3 GeV, we find some dependence of the choice
of g1ðQ2Þ on the polarization observables, which is more
pronounced in the case of PPðEeÞ. At Ee ¼ 0.5 GeV,
PLðEeÞ obtained using the parametrization of Chen and
Roberts [70,77] is almost 2% smaller than that obtained
using the dipole parametrization with MA ¼ 1.026 GeV,
and this difference further increases with the increase
in electron energy, for example, it becomes 4% at
Ee ¼ 2 GeV. In the case of perpendicular component of
the neutron polarization, at Ee ¼ 0.5 GeV, the result
obtained with the parametrization of Chen and Roberts
[70,77] is almost 15% larger than the result obtained with
the dipole parametrization with MA ¼ 1.026 GeV, and
becomes 18% larger at Ee ¼ 2 GeV.
To show the dependence of the polarization observables

onMA, in Fig. 12, we have presented the results for PLðEeÞ
and PPðEeÞ using the value of MA in the range 1.026–
1.35 GeV. It may be noticed from the figure that the MA

variation is more pronounced in PPðEeÞ as compared to
PLðEeÞ. Quantitatively, we find that in the energy range of
Ee ¼ 1–2 GeV, the value of PLðEeÞ decreases by about
2%–3% when MA is increased from 1.026 GeV to
1.35 GeV, while we observe an increase of about 13%–
15% in the value of PPðEeÞ whenMA is increased from 1.0
to 1.35 GeV for Ee ¼ 1–2 GeV.

FIG. 10. ALðQ2Þ (top panel) and APðQ2Þ (bottom panel) as a function of Q2 at Ee ¼ 1.1 GeV for the process e− þ p ⟶ νe þ n,
when the initial proton is polarized for the different parametrizations of g1ðQ2Þ (left panel), different values of MA (middle panel), and
different values of gR2 ð0Þ (right panel). Lines and points have the same meaning as in Fig. 3.
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In Fig. 13, the results are presented for PLðEeÞ and
PPðEeÞ using the different nondipole parametrizations of
g1ðQ2Þ and compared with the results obtained using the
dipole parametrization of g1ðQ2Þ with MA being varied in
the range 1.026–1.35 GeV. We find similar trends as
observed in the case of σ, ALðEeÞ, and APðEeÞ in
Fig. 9, that the results obtained with z-expansion fits except
the deuterium data fit lie within the dipole band while the
results obtained with the lattice parametrization of Chen
et al. (deuterium data fit) are larger (smaller) than the dipole
band for both PLðEeÞ and PPðEeÞ.
In Fig. 14, we present the results for PLðEeÞ and PPðEeÞ

as a function of electron energy Ee for different values of
gR2 ð0Þ. It is evident that when gR2 ð0Þ is varied from 0 to þ2,
PLðEeÞ changes by only about 10%, whereas varying gR2 ð0Þ
from 0 to −2 leads to a much larger change of

approximately 25%. In contrast, for PPðEeÞ, the trend is
reversed: increasing gR2 ð0Þ from 0 to þ2 results in a
significant change of about 25%, while decreasing it from
0 to −2 produces a comparatively smaller change of around
10%. This clearly highlights that PLðEeÞ and PPðEeÞ
exhibit opposite sensitivities to the variation of gR2 ð0Þ.
To study the effect of M2 variation on PLðEeÞ and

PPðEeÞ, the results are presented in Fig. 15 for the fixed
values of gR2 ð0Þ, namely gR2 ð0Þ ¼ �1 and �2 while M2

being varied in the range 1.026–1.35 GeV. In the case of
PLðEeÞ, we find that the negative values of gR2 ð0Þ yield
broader M2 bands than those obtained for the positive
values of gR2 ð0Þ. Moreover, there is almost no effect of M2

variation for gR2 ð0Þ ¼ 1 in PLðEeÞ. On the contrary, for
PPðEeÞ, we find that the positive values of gR2 ð0Þ lead to
broader M2 bands.

FIG. 12. PLðEeÞ (left panel) and PPðEeÞ (right panel) for the process e− þ p → νe þ n, when the final nucleon is polarized, using the
different values of MA. Lines and points have the same meaning as in Fig. 3.

FIG. 11. PLðEeÞ (left panel) and PPðEeÞ (right panel) vs. Ee for the process e− þ p → νe þ n, when the final nucleon is polarized,
using the different parametrizations of the axial vector form factor. Lines and points have the same meaning as in Fig. 3.
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The left panel of Fig. 16 shows the results for the neutron
polarization components PLðQ2Þ and PPðQ2Þ vs. Q2 at
Ee ¼ 1.1 GeV, by using the different parametrizations of
g1ðQ2Þ, as discussed in Appendix A. It may be observed
from the figure that the neutron polarization components
show almost no dependence on the choice of the axial
vector form factor at all values of Ee and Q2 considered in
the present work.
To study the effect of MA variation on the polarization

components, in the middle panel of Fig. 16, we have
presented the results for PLðQ2Þ and PPðQ2Þ at
Ee ¼ 1.1 GeV, by varying MA in the range 1.026–
1.35 GeV. For both PLðQ2Þ and PPðQ2Þ, the different
values of MA yield similar results for the polarization
components at all values of Ee and Q2.

In the right panel of Fig. 16, we present the results for
PLðQ2Þ and PPðQ2Þ as function of Q2 at Ee ¼ 1.1 GeV,
for a range of values of gR2 ð0Þ (i.e., −2 ≤ gR2 ð0Þ ≤ 2). It is
clearly observed that the variation is more pronounced in
PPðQ2Þ than in PLðQ2Þ. For instance, when gR2 ð0Þ is varied
from 0 to 2, in the peak region of Q2, PLðQ2Þ changes by
only about 5%, whereas varying it from 0 to −2 results in a
significantly larger change of nearly 20%. This percentage
change further increases with increasing Ee. Moreover, the
behavior of PLðQ2Þ itself is altered at high Q2 for
gR2 ð0Þ ¼ 1–2. In contrast, for PPðQ2Þ, varying gR2 ð0Þ from
0 to 2 or from 0 to −2 leads to changes in opposite
directions, while the magnitude of the percentage variation
remains comparable for equal values of jgR2 ð0Þj. For
example, the changes are about 10% and 15%, respectively,

FIG. 14. PLðEeÞ (left panel), PPðEeÞ (middle panel), and PTðEeÞ (right panel) vs. Ee for the process e− þ p → νe þ n, when the final
nucleon is polarized, using the different values of gR2 ð0Þ. Lines and points have the same meaning as in Fig. 3.

FIG. 13. PLðEeÞ (left panel) and PPðEeÞ (right panel) vs. Ee for the process e− þ p → νe þ n, when the final nucleon is polarized,
using the different parametrizations of the axial vector form factor. Lines and points have the same meaning as in Fig. 3 and the band
corresponds to the dipole parametrization with MA in the range 1.026–1.35 GeV.
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in the peak region of Q2 and remain of similar order
for gR2 ð0Þ ¼ 1–2.

2. Polarization observables in the case of T violation

In Fig. 17, we have presented the results for PLðEeÞ,
PPðEeÞ, and PTðEeÞ vs Ee using gI2ð0Þ in the range 0–2.
The negative values of gI2ð0Þ yield the same results for
PLðEeÞ and PPðEeÞ as obtained for positive values of

gI2ð0Þ, while for PTðEeÞ, the negative values of gI2ð0Þ
changes sign keeping the magnitude same, therefore, the
results obtained using gI2ð0Þ < 0 are not depicted in the
figure. It should be noted from the figure that the longi-
tudinal and perpendicular components of the final nucleon
polarization are not much sensitive to the variation in gI2ð0Þ,
while the transverse component of polarization, which
arises due to the T-violating effect, is quite sensitive to
the variation in gI2ð0Þ. The longitudinal and perpendicular

FIG. 16. PLðQ2Þ (top panel) and PPðQ2Þ (bottom panel) as a function of Q2 for the process e− þ p ⟶ νe þ n, when the final
nucleon is polarized, for the different parametrizations of g1ðQ2Þ (left panel), different values ofMA (middle panel), and different values
of gR2 ð0Þ (right panel) at Ee ¼ 1.1 GeV. Lines and points have the same meaning as in Fig. 3.

FIG. 15. PLðEeÞ (left panel) and PPðEeÞ (right panel) vs. Ee for the process e− þ p → νe þ n, when the final nucleon is polarized,
using the different values of gR2 ð0Þ. Lines and points have the same meaning as in Fig. 3 and the band corresponds to M2 in the range
1.026–1.35 GeV.
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components of the neutron polarization show an increment
of about 2% when gI2ð0Þ is increased from 0 to 2, at
Ee ¼ 0.5 GeV, which increases with increasing electron
energy and becomes 4% and 8%, respectively, at Ee ¼ 1
and 2 GeV. While PTðEeÞ shows an increment of about
20% at Ee ¼ 0.5 GeV, which becomes 30% and 35%,
respectively, at Ee ¼ 1 and 2 GeV.
To study the effect of M2 variation on PLðEeÞ, PPðEeÞ,

and PTðEeÞ, the results are presented in Fig. 18 for fixed
values of gI2ð0Þ ¼ 1 and 2, while M2 is varied in the range
1.026–1.35 GeV. The polarization observables of the final
nucleon are quite sensitive to variation in M2, especially in
the energy region Ee > 0.5 GeV. Moreover, for PLðEeÞ
and PPðEeÞ, the width of the band increases with increasing
gI2ð0Þ, whereas for PTðEeÞ, the width of the M2 band
remains almost unchanged as gI2ð0Þ increases.
Figure 19 shows the results for the neutron polarization

components PLðQ2Þ, PPðQ2Þ, and PTðQ2Þ as a function of
Q2 at Ee ¼ 1.1 GeV, obtained using different values of
gI2ð0Þ in the range 0–2 in Eq. (A6). It may be observed from
the figure that PLðQ2Þ exhibits some dependence on the
choice of gI2ð0Þ, especially when gI2ð0Þ ¼ 2 is used in the
numerical calculations. This dependence increases with
increasing electron energy. However, there is almost no

effect of the different choice of gI2ð0Þ (0 ≤ gI2ð0Þ ≤ 2) on
PPðQ2Þ for all values ofQ2 andEe considered in the present
work. In contrast, PTðQ2Þ shows a significant dependence
on gI2ð0Þ, particularly in the peak region of Q2. The
transverse polarization component PTðQ2Þ increases by
about 30% at Ee ¼ 855 MeV, when gI2ð0Þ is increased
from 0 to 2. This increase becomes more pronounced with
increasing electron energy, reaching approximately 35%
and 45% at Ee ¼ 1.1 GeV and 2.2 GeV, respectively.
Therefore, studying PTðQ2Þ for a polarized neutron pro-
duced in the scattering of electron from the free proton
target could be a promising alternative to investigate the
second class current.

V. SUMMARY AND CONCLUSION

In this work, we have investigated the total scattering
cross section (σ), the differential cross section (dσ=dQ2),
the longitudinal [ALðEe;Q2Þ] and perpendicular
[APðEe;Q2Þ] spin asymmetries of the initial polarized
proton as well as the longitudinal [PLðEe;Q2Þ],
perpendicular [PPðEe;Q2Þ], and transverse [PTðEe;Q2Þ]
polarization components of the final neutron, in the weak
charged current induced electron-proton scattering. This

FIG. 17. PLðEeÞ (left panel), PPðEeÞ (middle panel), and PTðEeÞ (right panel) vs. Ee for the process e− þ p → νe þ n, when the final
nucleon is polarized, using the different values of gI2ð0Þ viz., gI2ð0Þ ¼ 0 (solid line), 1 (dashed line), and 2 (dash-dotted line).

FIG. 18. PLðEeÞ (left panel), PPðEeÞ (middle panel), and PTðEeÞ (right panel) vs. Ee for the process e− þ p → νe þ n, when the final
nucleon is polarized, using the different values of gI2ð0Þ. Lines and points have the same meaning as in Fig. 17 and the band corresponds
to M2 in the range 1.026–1.35 GeV.
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study is motivated by experiments being planned at the
Thomas Jefferson National Accelerator Facility (JLab).
The calculations have been performed both under the
assumption of time-reversal (T) invariance and without
imposing T invariance. Numerical results are presented for
all the above mentioned observables, and their sensitivities
to the axial vector and weak electric form factors are
examined.
Our main observations are as follows:
(1) Total and differential scattering cross section

(a) The choice of g1ðQ2Þ used in the literature
results in substantial change in the total cross
section (σ). Specifically, the combined hydro-
gen-LQCD fit and the lattice fit by Chen et al.
[70] result in an increase of about 40% and 50%,
respectively, in the cross section from the results
obtained using the dipole fit with the world
average value of MA.

(b) The recommendation for the different values of
MA obtained in the recent experiments like
MINERvA, MicroBooNE, MiniBooNE, K2K,
T2K, NOMAD, etc., varying in the range
1.026 GeV to 1.35 GeV, results in an increase
in the total cross section by about 40%
(MA ¼ 1.026 GeV vs. 1.35 GeV).

(c) A nonzero value of the weak electric form factor
g2ðQ2Þ, associated with the second class cur-
rents, irrespective of whether g2ð0Þ is purely real
or purely imaginary, results in an increase in the
total cross section, which is about 10% for
g2ð0Þ ≈ 2 and is small around 2% for g2ð0Þ ≈
1 for electron energy above 1 GeV, considered in
this work.

(d) In the case of the Q2 dependence of the differ-
ential scattering cross section dσ

dQ2, we observe
similar results as in the case of σ for the different
parametrizations of g1ðQ2Þ as well as for the
choice of the value of MA and g2ð0Þ.

(2) Spin asymmetry of the initial nucleon

(a) The choice of the different parametrizations for
g1ðQ2Þ to obtain ALðEeÞ and APðEeÞ results in
not very significant change (< 2–3%) in these
observables.

(b) When the different values of MA are considered
to obtain ALðEeÞ and APðEeÞ, we observe hardly
any variation except for MA ¼ 1.35 GeV vs.
MA ¼ 1.026 GeV, which is also <2%.

(c) For a nonzero gR2 ð0Þ, we find strong dependence
for both ALðEeÞ and APðEeÞ, specially at high
electron energies considered in this work.

(d) TheQ2 dependent spin asymmetries of the initial
nucleon show very little dependence on the
choice of g1ðQ2Þ parametrization or on the value
of MA considered in this work.

(e) When a nonzero value of gR2 ð0Þ is taken into
account, both ALðQ2Þ and APðQ2Þ show strong
dependence on the choice of gR2 ð0Þ at all values
of Q2 and Ee considered in the present work.

(3) Polarization observables of the final nucleon
(a) In the case of the perpendicular polarization

PPðEeÞ vs. Ee, we find some dependence on the
choice of g1ðQ2Þ, like PPðEeÞ increases by
15%–18% when LQCD prescription of Chen
et al. [70] is used in comparison to the results
obtained using the dipole parametrization, while
this dependence is small around 2%–4% in the
case of the longitudinal polarization PLðEeÞ.

(b) When the different values for MA are used to
obtain PLðEeÞ and PPðEeÞ, we find that the
results in the case of PPðEeÞ change by about
13–15%, whereas in the case of PLðEeÞ,
the results change by about 2%–3% when MA
is changed to MA ¼ 1.35 GeV from MA ¼
1.026 GeV.

(c) In the case of gR2 ð0Þ variation assuming T
invariance, PLðEeÞ and PPðEeÞ show a strong
dependence on the second class current form
factor, when a nonzero value of gR2 ð0Þ is taken in
the numerical calculations.

FIG. 19. PLðQ2Þ (left panel), PPðQ2Þ (middle panel), and PTðQ2Þ (right panel) as a function of Q2 for the process e−þ
p ⟶ νe þ n, when the final nucleon is polarized, for the different values of gI2ð0Þ at Ee ¼ 1.1 GeV. Lines and points have the same
meaning as in Fig. 17.
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(d) In the case of gI2ð0Þ variation assuming T
violation, PLðEeÞ and PPðEeÞ show a mild
dependence, which is about 4%–8% in the
electron energy region considered in the present
work, while the transverse component of polari-
zation PTðEeÞ shows a considerable enhance-
ment, which is about 30%–35% for gI2ð0Þ ¼ 2
vs. 0 at Ee ¼ 1 − 2 GeV.

(e) In the case of M2 variation in gR2 ðQ2Þ, we find
both PLðEeÞ and PPðEeÞ to be sensitive to the
choice of M2.

(f) In the case of M2 variation in gI2ðQ2Þ, we find
that in the case of PLðEeÞ and PPðEeÞ, the width
of the M2 band increases with increase in gI2ð0Þ,
while PTðEeÞ shows constant bands for the
different gI2ð0Þ values.

(g) When PLðQ2Þ and PPðQ2Þ are obtained at
different electron energies, using the different
parametrizations for g1ðQ2Þ or using the differ-
ent values for MA, we hardly find any change in
the numerical results.

(h) We find a strong dependence of both PLðQ2Þ
and PPðQ2Þ on gR2 ð0Þ variation at all values of
Q2 and Ee considered in the present work.

(i) When a nonzero value of gI2ð0Þ is considered, we
find small change in PLðQ2Þ, which becomes
almost negligible for PPðQ2Þ, whereas in the
case of PTðQ2Þ, there is a substantial depend-
ence on the choice of gI2ð0Þ, which is about
30%–40% in the peak region of Q2 (gI2ð0Þ ¼ 2

vs. 0).
Thus, to conclude the electron beam facilities at Jefferson

Lab (JLab), Mainz Microtron (MAMI), and the upcoming
Electron-Ion Collider (EIC) offer a uniquely powerful
opportunity to explore the weak nucleon form factors.
With their monochromatic energy beams, precisely con-
trolled kinematics, and exceptionally high luminosity, these
facilities can deliver clean and systematically robust mea-
surements that are difficult to achieve in neutrino experi-
ments. Ultimately, these advances would directly empower
the neutrino physics community to extract oscillation
parameters with substantially improved precision and reli-
ability, strengthening the overall scientific reach of next-
generation neutrino experiments.
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APPENDIX A: WEAK FORM FACTORS

The weak vector and axial vector form factors are
constrained by well-established symmetry considerations
of the vector and axial vector weak currents like
T-invariance, G-invariance, CVC and PCAC hypotheses,
etc. [44,72,82–86]. In the following, we give the explicit
expressions of the vector and axial vector form factors:

(i) The vector form factors are expressed as

fiðQ2Þ ¼ fpi ðQ2Þ − fni ðQ2Þ; i ¼ 1; 2 ðA1Þ

where fp;ni ðQ2Þ are the electromagnetic form factors
of the nucleon, which, in turn, are expressed in
terms of the Sachs' electric and magnetic form
factors Gp;n

E ðQ2Þ and Gp;n
M ðQ2Þ of the nucleons.

ForGp;n
E ðQ2Þ andGp;n

M ðQ2Þ various parametrizations
are available in the literature and in our numerical
calculations, we have used the parametrization given
by Bradford et al. [87], known in the literature as
BBBA05.

(ii) For the axial vector form factor g1ðQ2Þ, traditionally
a dipole parametrization has been used

g1ðQ2Þ ¼ gAð0Þ
�
1þ Q2

M2
A

�−2
; ðA2Þ

where MA is the axial dipole mass and gAð0Þ is the
axial charge. For the numerical calculations, we have
used the world average value of MA ¼ 1.026 GeV
[17] unless stated, and the value of gAð0Þ ¼ 1.267 is
determined from the neutron beta decays [7].

(iii) Recently, in the literature, the axial vector form
factor is determined using the z-expansion [52],
which provides a conformal mapping that trans-
formsQ2 into a small expansion variable z across the
entire kinematic region relevant to quasielastic
scattering. The conformal variable z is defined as

z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tc þQ2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
tc − t0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tc þQ2

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffi

tc − t0
p ; ðA3Þ

where the parameter tc ≤ ð3mπÞ2, with mπ being the
mass of the pion, is fixed by the particle production
threshold for the axial vector current interaction, and
the variable t0 ¼ −0.5 GeV2 fixes the value of Q2

for which z ¼ 0 is satisfied.
Within this framework, the axial vector form factor

is expressed as a power series in the variable z

g1ðzÞ ¼
X∞
k¼0

akzk: ðA4Þ

In general, the sum over k is truncated at a finite order
kmax, which is determined by the fit range and data
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accuracy. In this work, we have followed Ref. [56,57]
for this fitting, where the authors concluded that the
best fit is obtained with kmax ¼ 6 [57].
The values of the parameters ak; ðk ¼ 0–6Þ for the

MINERvA hydrogen, LQCD, previous deuterium,
and combined MINERvA hydrogen and LQCD fits
as obtained in Ref. [57] are tabulated in Table I.

(iv) Chen and Roberts [70] used lattice gauge formalism
to determine the axial vector form factor and para-
metrized it as a function of x, where x ¼ Q2=m2

N ,
with mN ¼ 1.18 GeV

g1ðxÞ ¼
1.248þ 0.039x

1þ 1.417xþ 0.318x2 þ 0.071x3
: ðA5Þ

To study the dependence of the parametrizations
of the axial vector form factor on Q2, in Fig. 20, we
show the results of g1ðQ2Þ as a function of Q2 using
(i) the dipole parametrization with two values ofMA
viz. MA ¼ 1.026 and 1.35 GeV, (ii) the z-expansion
parametrization [57] using (a) MINERvA hydrogen
data, (b) LQCD, (c) deuterium, and (d) combined
hydrogen-LQCD fits, and (iii) the lattice gauge
parametrization given by Chen and Roberts [70].
It may be observed from the figure that the

parametrization of Chen and Roberts [70] yields
the largest value of g1ðQ2Þ, while the results for the
z-expansion of deuterium data yields the smallest
value of g1ðQ2Þ at all values of Q2. The results of
the MINERvA hydrogen data for g1ðQ2Þ are con-
sistent with the dipole parametrization with MA ¼
1.026 GeV in the region of Q2 ≤ 0.4 GeV2, how-
ever, with the increase in Q2, the MINERvA data
shows a larger value for g1ðQ2Þ as compared to the
dipole parametrization with MA ¼ 1.026 GeV. The
results obtained with z expansion of the LQCD
calculations and combined MINERvA and LQCD
calculations overlap in the entire range of Q2

considered in this work, and these results are
comparable with the results obtained with the dipole
parametrization of g1ðQ2Þ with MA ¼ 1.35 GeV.

Thus, the results obtained with the z-expansion of
combined LQCD and MINERvA data are almost
30% larger than the results obtained with the
traditional dipole parametrization with MA ¼
1.026 GeV in the entire region of Q2 considered
in the present work.

(v) The weak electric form factor g2ðQ2Þ is taken to be
of dipole form, i.e.,

g2ðQ2Þ ¼ g2ð0Þ
�
1þ Q2

M2
2

�−2
; ðA6Þ

where M2 is the axial dipole mass corresponding to
the weak electric form factor g2ðQ2Þ. For simplicity,
in the numerical calculations, we have taken M2 ¼
MA ¼ 1.026 GeV [65]. Moreover, throughout this
paper, whenever the variation in MA is studied, we

FIG. 20. g1ðQ2Þ vs. Q2 using the dipole parametrization with
MA ¼ 1.026ð1.35Þ GeV shown by solid lines with circle
(square). The results obtained using the lattice gauge paramet-
rization of Chen and Roberts [70] are shown by the dash-dotted
line. The results obtained using the z-expansion [56,57] for the
MINERvA hydrogen, LQCD, deuterium, and combined hydro-
gen-LQCD fits are represented by double-dot-dashed line, double
dash-dotted line, dashed line and dotted line, respectively.

TABLE I. Values of the parameters ak; ðk ¼ 0–6Þ as obtained in Ref. [57].

MINERvA hydrogen fit LQCD fit deuterium fit Combined hydrogen-LQCD fit

a0 0.61490770 0.71742019 0.54264533 0.71070233
a1 −1.64778080 −1.72089706 −2.08493637 −1.74307738
a2 0.94181417 0.30982708 1.89831616 0.37944565
a3 0.41239729 1.62125837 2.40319245 1.69894456
a4 0.36611559 −0.27506993 −5.88979056 −0.60326876
a5 −1.18722194 −1.25297945 4.14554900 −0.95690585
a6 0.49976799 0.60044079 −1.01497601 0.51415945
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have fixed M2 to be 1.026 GeV and used the
different values for MA in the range 1.026–
1.35 GeV. Similarly, to studyM2 variation, we fixed
MA to be 1.026 GeV and varied M2 in the range
1.026–1.35 GeV.
There exists limited experimental information on

g2ð0Þ, which has been extracted from the analyses of
nuclear β decays [88–91], muon capture [92] and the
(anti)neutrino quasielastic scattering performed at
BNL [26,93] and SKAT [21]. While the nuclear β
decay and muon capture experiments obatined a
small value of g2ð0Þ namely g2ð0Þ ¼ ð0.504�
1.134Þ [92] and g2ð0Þ ¼ 0� 0.075 [88–91,94], the
neutrino experiments reported limits on g2ð0Þ, which
are quite large. For example, the neutrino induced
quasielastic scattering using bubble chamber detector
[26] and antineutrino quasielastic scattering using
scintillator detector [93] recommended, respectively,
the real values of g2ð0Þ to be −3.69� 1.26 and
−1.008. Furthermore, Belikov et al. [21] at SKAT
used neutrino and antineutrino quasielastic scattering
data to estimate the upper limit for g2ð0Þ to be −1.63
at 90% CL. Some of the earlier theoretical calcu-
lations for the (anti)neutrino-nucleon/nucleus scatter-
ing were performed assuming real as well as
imaginary values of g2ð0Þ. For example; Fujii and
Yamaguchi [95,96] considered both the real as well
as imaginary values of g2ð0Þ taken as 1.92, while
Berman and Veltman [97] used Im g2ð0Þ to be 3.7
and 6. The best fit value for the transverse polari-
zation calculated by Rujula and Rafael [98] corre-
sponds to the range 2 ≤ g2ð0Þ ≤ 3. Day and
McFarland [94] have used Reg2ð0Þ taken as ∼0.2
in their calculations. Therefore, following our earlier
works [62,65,66], we have used g2ð0Þ in the range
½−2; 2� both for real and imaginary values, corre-
sponding to T invariance and its violation, respec-
tively.

APPENDIX B: SPIN OBSERVABLES

1. Spin asymmetry of the polarized target nucleon

In the rest frame of the initial nucleon, the nucleon spin
vector ζτ ¼ ð0; ζ⃗Þ, where ζ⃗ is expressed in terms of the
orthogonal vectors êiði ¼ L; P; TÞ, i.e.,

ζ⃗ ¼ ζLêL þ ζPêP þ ζTêT; ðB1Þ

where êL, êP, and êT are chosen to be the set of orthogonal
unit vectors corresponding to the longitudinal, perpen-
dicular, and transverse directions with respect to the
momentum of the initial electron, shown in Fig. 2, and
are written as [74]

êL ¼ k⃗

jk⃗j
; êT ¼ q⃗× k⃗

jq⃗× k⃗j
; êP ¼ k⃗

jk⃗j
×

q⃗× k⃗

jq⃗× k⃗j
: ðB2Þ

Since the transverse component lies perpendicular to the
reaction plane and vanishes when T invariance is assumed,
therefore, the spin vector ζτ is expressed only in terms of êL
and êP.
The longitudinal and perpendicular components of the

polarization vector ζ⃗L;PðQ2Þ using Eqs. (B1) and (B2) may
be written as

ζL;PðQ2Þ ¼ ζ⃗ · êL;P: ðB3Þ

In the rest frame of the initial nucleon, the polarization
vector ζ⃗ is expressed as

ζ⃗ ¼ αðEe;Q2Þk⃗þ βðEe;Q2Þq⃗; ðB4Þ

and is explicitly obtained using Eq. (10). The expressions
for the coefficients αðEe;Q2Þ, and βðEe;Q2Þ are given in
the Appendix C.
The longitudinal [ALðQ2Þ] and perpendicular [APðQ2Þ]

spin asymmetries of the initial nucleon are written as

ALðQ2Þ ¼ ζLðQ2Þ; APðQ2Þ ¼ ζPðQ2Þ: ðB5Þ

The expressions for ALðQ2Þ and APðQ2Þ are calculated
using Eqs. (B3) and (B4) in Eq. (B5) and the explicit
expressions are given in Eqs. (11) and (12).

2. Polarization components of the final nucleon

Using the covariant density matrix formalism, the
polarization 4-vector (ξτ) of the final nucleon produced
in the reaction, given in Eq. (1) is written as [69]

ξτ ¼
�
gτσ −

p0τp0σ

M2

�
LαβTr½γσγ5Λðp0ÞJαΛðpÞJ̃β�
LαβTr½Λðp0ÞJαΛðpÞJ̃β�

: ðB6Þ

One may write the polarization vector ξ⃗ in terms of the
three orthogonal vectors êiði ¼ L;P; TÞ, i.e.,

ξ⃗ ¼ ξLêL þ ξPêP þ ξTêT; ðB7Þ

where êL, êP and êT are chosen to be the set of orthogonal
unit vectors corresponding to the longitudinal, perpen-
dicular and transverse directions with respect to the
momentum of the final nucleon, shown in Fig. 2(b), and
are written as

êL ¼ p⃗0

jp⃗0j ; êP ¼ êL × êT ; êT ¼ p⃗0 × k⃗

jp⃗0 × k⃗j
: ðB8Þ
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The longitudinal, perpendicular and transverse components
of the polarization vector ξ⃗L;P;TðQ2Þ using Eqs. (B7) and
(B8) may be written as

ξL;P;TðQ2Þ ¼ ξ⃗ · êL;P;T: ðB9Þ

In the case of final nucleon polarization, we have
considered two cases: (i) when time reversal invariance
is assumed, and (ii) when time reversal is violated. As
already discussed in Appendix A, the assumption of T
invariance implies all the form factors to be real, therefore,
in the first case we have taken into account purely real
values of g2ð0Þ and represent it by gR2 ð0Þ. Moreover, in the
second case, when time reversal is violated, the numerical
calculations are performed by taking into account purely
imaginary values for g2ð0Þ and represent it by gI2ð0Þ.

a. T invariance

In the rest frame of the initial nucleon, assuming T
invariance, the polarization vector ξ⃗ is expressed as

ξ⃗ ¼ AðEe;Q2Þk⃗þ BðEe;Q2Þp⃗0 ðB10Þ

and is explicitly calculated using Eq. (B6). The expressions
for the coefficients AðEe;Q2Þ and BðEe;Q2Þ, obtained
using the real values of the weak electric form factor,
associated with the second class currents, i.e., g2ðQ2Þ ¼
gR2 ðQ2Þ, are given in Appendix D.
The longitudinal [PLðQ2Þ] and perpendicular [PPðQ2Þ]

components of the polarization vector in the rest frame of
the final nucleon is then obtained by performing a Lorentz
boost and is written as [65]

PLðQ2Þ ¼ M
E0 ξLðQ2Þ; PPðQ2Þ ¼ ξPðQ2Þ; ðB11Þ

where E0 is the energy of the outgoing nucleon. The
expressions for PLðQ2Þ and PPðQ2Þ are then obtained
using Eqs. (B8), (B9) and (B10) in Eq. (B11) and are given
in Eqs. (13) and (14).

b. T violation

To study the effect of T violation on the polarization
observables of the final nucleon, the polarization vector ξ⃗,
in the rest frame of the initial nucleon, is expressed as

ξ⃗ ¼ A0ðEe;Q2Þk⃗þ B0ðEe;Q2Þp⃗0 þ C0ðEe;Q2ÞMðk⃗ × p⃗0Þ
ðB12Þ

and is explicitly calculated using Eq. (B6). The expressions
for the coefficients A0ðEe;Q2Þ, B0ðEe;Q2Þ and C0ðEe;Q2Þ
are given in Appendix E.
The longitudinal [PLðQ2Þ] and perpendicular [PPðQ2Þ]

components of the polarization vector in the rest frame of
the final nucleon are given in Eq. (B11) and the transverse
[PTðQ2Þ] component of polarization is written as [65]

PTðQ2Þ ¼ ξTðQ2Þ: ðB13Þ

In the case of T violation, the explicit expressions for
PLðQ2Þ and PPðQ2Þ are the same as given in Eqs. (13) and
(14), except that the coefficients AðEe;Q2Þ and BðEe;Q2Þ
are now replaced with A0ðEe;Q2Þ and B0ðEe;Q2Þ. The
expression for PTðQ2Þ is given in Eq. (15).

APPENDIX C: EXPRESSION FOR NðEe;Q2Þ,
αðEe;Q2Þ, AND βðEe;Q2Þ

The expressions for NðEe;Q2Þ, αðEe;Q2Þ, and
βðEe;Q2Þ are given in terms of the four form factors;
f1;2ðQ2Þ and g1;2ðQ2Þ as

NðEe;Q2Þ ¼ 2f21ðQ2Þ½8E2
eM2 − 4EeMQ2 − 2M2Q2 þQ4� þ f22ðQ2Þ

�
4E2

eQ2 −
2EeQ4

M
þQ4

�

þ 2g21ðQ2Þ½8E2
eM2 − 4EeMQ2 þ 2M2Q2 þQ4� þ jg2ðQ2Þj2

�
4E2

eQ2 −
2EeQ4

M
−Q4

�

þ 4f1ðQ2Þf2ðQ2ÞQ4 þ 4f1ðQ2Þg1ðQ2Þ½4EeMQ2 −Q4� þ 4f2ðQ2Þg1ðQ2Þ½4EeMQ2 −Q4� ðC1Þ

αðEe;Q2Þ ¼ 8f21ðQ2ÞMQ2 −
2Q4

M
f22ðQ2Þ þ 2f1ðQ2Þf2ðQ2Þ

�
4MQ2 −

Q4

M

�
þ 8f1ðQ2Þg1ðQ2ÞM½4EeM −Q2�

þ 2f1ðQ2ÞgR2 ðQ2Þ
�
4EeQ2 −

Q4

M

�
þ 2f2ðQ2Þg1ðQ2Þ

�
Q4

M
− 4EeQ2

�

− 2f2ðQ2ÞgR2 ðQ2Þ
�
Q4

M
− 4EeQ2

�
þ 2g1ðQ2ÞgR2 ðQ2Þ

�
Q4

M
þ 4MQ2

�
ðC2Þ
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βðEe;Q2Þ ¼ −4f21ðQ2ÞMQ2 þ 4f22ðQ2ÞEeQ2 þ 4g21ðQ2ÞMð4EeM −Q2Þ þ 4f1ðQ2Þf2ðQ2ÞQ2½Ee −M�
þ 8f1ðQ2Þg1ðQ2ÞMðQ2 − 2EeMÞ þ 4f1ðQ2ÞgR2 ðQ2Þ½−4E2

eM þ EeQ2 þMQ2�
þ 4f2ðQ2Þg1ðQ2Þ½4E2

eM − EeQ2 þMQ2� − 4f2ðQ2ÞgR2 ðQ2ÞEeQ2

− 4g1ðQ2ÞgR2 ðQ2ÞQ2ðEe þMÞ ðC3Þ

APPENDIX D: EXPRESSIONS FOR AðEe;Q2Þ AND BðEe;Q2Þ
Assuming T invariance, the expressions for the coefficients AðEe;Q2Þ and BðEe;Q2Þ are given by

AðEe;Q2Þ ¼ 8f21ðQ2ÞMQ2 − 2f22ðQ2ÞQ
4

M
þ 2f1ðQ2Þf2ðQ2Þ

�
4MQ2 −

Q4

M

�

þ 8f1ðQ2Þg1ðQ2ÞM½4EeM −Q2� þ f1ðQ2ÞgR2 ðQ2Þ
�
2Q4

M
− 8EeQ2

�

þ 2f2ðQ2Þg1ðQ2Þ
�
2Q4

M
− 8EeQ2

�
þ 2f2ðQ2ÞgR2 ðQ2Þ

�
2Q4

M
− 8EeQ2

�

− g1ðQ2ÞgR2 ðQ2Þ
�
2Q4

M
þ 8MQ2

�
ðD1Þ

BðEe;Q2Þ ¼ 2f21ðQ2Þ
�
Q2ð−4EeM − 2M2 þQ2Þ

M

�
þ f22ðQ2Þ

�
2Q4

M
− 4EeQ2

�

− 2g21ðQ2Þ
�ð2M2 þQ2Þð4EeM −Q2Þ

M

�
− 4f1ðQ2Þf2ðQ2Þ

�
Q2ð3EeM þM2 −Q2Þ

M

�

− 4f1ðQ2Þg1ðQ2Þ
�ð8E2

eM2 þ 4EeðM3 −MQ2Þ þQ4Þ
M

�

þ 4f1ðQ2ÞgR2 ðQ2Þ½−4E2
eM þ 3EeQ2 þMQ2�

þ 4f2ðQ2Þg1ðQ2Þ
�
−4E2

eM þ 3EeQ2 −
4Q2ðM2 þQ2Þ

M

�

þ 2f2ðQ2ÞgR2 ðQ2Þ
�
Q2ð4E2

eM þ 2EeðM2 −Q2Þ −MQ2Þ
M2

�
þ 4Q2g1ðQ2ÞgR2 ðQ2Þ½Ee þM� ðD2Þ

APPENDIX E: EXPRESSIONS FOR A0ðEe;Q2Þ, B0ðEe;Q2Þ, AND C0ðEe;Q2Þ
In the case of T violation, the expressions for the coefficients A0ðEe;Q2Þ, B0ðEe;Q2Þ, and C0ðEe;Q2Þ are given by

A0ðEe;Q2Þ ¼ 8f21ðQ2ÞMQ2 − 2f22ðQ2ÞQ
4

M
þ 2f1ðQ2Þf2ðQ2Þ

�
4MQ2 −

Q4

M

�

þ 8f1ðQ2Þg1ðQ2ÞM½4EeM −Q2� þ f2ðQ2Þg1ðQ2Þ
�
2Q4

M
− 8EeQ2

�
ðE1Þ
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B0ðEe;Q2Þ ¼ 2f21ðQ2Þ
�
Q2ð−4EeM − 2M2 þQ2Þ

M

�
þ f22ðQ2Þ

�
2Q4

M
− 4EeQ2

�

− 2g21ðQ2Þ
�ð2M2 þQ2Þð4EeM −Q2Þ

M

�
− 4f1ðQ2Þf2ðQ2Þ

�
Q2ð3EeM þM2 −Q2Þ

M

�

− 4f1ðQ2Þg1ðQ2Þ
�ð8E2

eM2 þ 4EeðM3 −MQ2Þ þQ4Þ
M

�
þ 4f2ðQ2Þg1ðQ2Þ

�
−4E2

eM þQ2ð3Ee −MÞ −Q4

M

�

ðE2Þ

C0ðEe;Q2Þ ¼ −
4Q2

M
f1ðQ2ÞgI2ðQ2Þ − 4Q2

M
f2ðQ2ÞgI2ðQ2Þ þ 4g1ðQ2ÞgI2ðQ2Þ

�ðQ2 − 4EeMÞ
M

�
ðE3Þ
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