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We investigate Nielsen’s geometric approach to quantum complexity in the presence of multiple cost
factors, extending the standard framework where a single penalty distinguishes easy from hard directions of the
group manifold. By introducing a hierarchy of penalties associated with different degrees of nonlocality, we
develop a generalized right-invariant complexity geometry and analyze its implications for geodesic evolution.
We derive the modified Euler-Arnold and Jacobi equations and study how multiple cost factors reshape the
structure and scaling of conjugate points, where geodesic optimality breaks down. The formalism is illustrated
in two settings: a single-qubit system with two cost factors, where we develop a semianalytic approach to
investigate complexity growth and its dependence on penalty hierarchies, and Sachdev-Ye-Kitaev-type
models, where we analyze both free and chaotic regimes. In these many-body systems, we show that distinct
nonlocal sectors generate multiple families of conjugate points whose occurrence depends on both the cost
hierarchy and the system size. Our results highlight how refining the penalty structure provides a richer and

more realistic description of quantum complexity and its dynamical behavior.

DOI: 10.1103/bf4j-b7sm

I. INTRODUCTION

Quantifying the “difficulty” of performing a given task is
one of the central goals of computer science, leading to the
proposal of numerous notions of computational complexity
[1]. In recent years, this goal has found its way into
quantum physics, since quantum evolution itself can be
thought as a computational task, where an initial quantum
state or operator are transformed into given targets, see [2]
for a recent review. As a result, ideas based on complexity
have been applied across several areas of physics, from
many-body systems—where complexity has been proposed
as a probe for phases of matter, including topological ones
[3—10]—to high-energy physics—where it is conjectured to
play an essential role in quantum gravity and black hole
physics [11-14].

Despite the explosion of work on quantum complexity in
recent years, there is still no consensus about a precise
definition of quantum complexity, see for example [15,16].
In fact, depending on the physical setting, it can be more
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convenient to work with one notion of complexity rather
than another. This lack of a single definition has become a
recurring subject in the recent literature [17].

Among the various proposals, Nielsen’s geometric
approach [18-20] is particularly interesting, as it provides
a very concrete formulation of complexity in terms of
geodesics on the group manifold associated with the
quantum system at hand. In this framework, the complexity
of a given quantum operation is defined as the length of the
shortest path connecting an initial and a target unitary, seen
as two points of the group manifold. This length is measured
with a right-invariant Finsler metric that assigns different
costs to different directions in the Lie algebra, favoring
propagation along so-called easy (or local) directions of the
manifold compared to the hard (or nonlocal) directions. A
key advantage of Nielsen’s formalism, often referred to as
complexity geometry, is that it can be formulated in both
discrete and continuous settings [21,22], see Fig. 1.

The geometric features of the manifold are directly related
to the physical content of complexity. For instance, negative
curvature is often regarded as desirable [21,23]. At the same
time, positive curvature is inevitable in some scenarios
[5,24] and it can lead to geodesic focusing phenomena and
the occurrence of so-called conjugate points. It is crucial to
study these, because a geodesic fails to be locally minimiz-
ing after crossing its first conjugate point, thus ceasing to
represent the true complexity. Consequently, understanding
the location and scaling of conjugate points is essential for
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FIG. 1. Schematic representation of a unitary manifold and a
quantum circuit as a sequence of elementary gates. A geodesic
path (black) is depicted from the identity to some target unitary U.
The red straight segments represent the construction of a circuit
using some elementary gates g;. In this example, the final unitary
is U = g39,9,- The geodesic is parametrized by a parameter s and
it approximates the circuit smoothly by varying a control velocity
V(s), analogous to an infinitesimal elementary gate.

describing the growth of complexity as a geodesic length,
including possible obstructions. In previous works [5,6], a
metric that separates easy and hard directions through a
large cost factor  was adopted to study the emergence and
location of conjugate points associated with these directions.
In particular, conjugate points associated with hard direc-
tions typically scale as ¢, ~ u, while in chaotic systems local
obstructions are expected to be absent until exponen-
tial times.

In this work, we investigate Nielsen’s complexity geom-
etry in the presence of multiple cost factors, i.e., a family of
right-invariant complexity metrics in which distinct classes
of hard directions are assigned different penalties
U1 < pp < .... Although ideas of penalty structures have
been explored in other contexts [24—32], our focus here is on
how the internal structure among hard directions reshapes
both the geodesic dynamics and the conjugate points. We
generalize the analysis of the Euler-Arnold and Jacobi
equations to multiple penalties and provide both analytical
and numerical checks of the resulting effects. We then
illustrate the framework in two examples. First, we study a
one-qubit model with two cost factors, where the Euler-
Arnold equations can be solved exactly, while the corre-
sponding Dyson equation is treated numerically to recon-
struct the geodesics and determine the complexity. Then we
analyze the emergence and scaling of local and nonlocal
conjugate points in Sachdev-Ye-Kitaev (SYK)-type models,
and show how their first occurrences depend on the
hierarchy of penalties and on the growth of nonlocal
directions with system size.

The paper is organized as follows. In Sec. 11, after a brief
review of Nielsen’s geometric complexity with a single cost
factor, we analyze how the Euler-Arnold equations and the
conjugate points get modified by the introduction of
multiple penalties. In Sec. III, we apply the formalism to
a single qubit, which we study in detail introducing two
different cost factors and considering three sample
Hamiltonians. In Sec. 1V, we study SYK models, with

both quadratic (or free) and cubic and quartic (or chaotic)
Hamiltonians, again in the presence of two different cost
factors. Finally, we conclude with some outlook, while a
few cumbersome expressions needed for the analysis in
Sec. IV are relegated to the Appendix.

II. COMPLEXITY WITH MULTIPLE COST
FACTORS

A. Review of the single cost factor case

To put things into context and to set up notation, we start
with a brief review of Nielsen’s geometric complexity in the
usual case in which a single cost factor is contemplated. We
follow closely [19].

Let us consider a system of N qubits and its Hilbert space
H = (C?)®VN. The relevant symmetry group is SU(2V),
with generators given by tensor products of the Pauli
matrices and the identity, the so-called generalized Pauli
matrices:

T1:01] ®012®...®01N. (21)
Here [ is a collective index 1,1, - - - Iy, where for any qubit
we have 6, 1,3 = (1,6). These matrices are Hermitian
and, apart from the identity T, = 1®V, traceless. They
satisfy the algebra
(1175 = if T, (2.2)
with structure constants fX,.

Each point of the SU(2") group manifold is associated
with a unitary operator U and the relative complexity of two
different operators U and U, denoted as c(U, U), can be
interpreted as the distance in SU(2") between their corre-
sponding points. To understand what is precisely meant by
“distance,” one first has to define a path in SU(2") between
(the points corresponding to) U and U as a family of unitary
operators V(s) parametrized by s € [0, 1] and governed by
the Dyson equation

dv
d(sS) = —ih(s)V(s), (2.3)
with initial and final conditions
V() =U, V(1) = U. (2.4)

This depends on the local Hamiltonian /(s), which should
be a linear combination of the Lie algebra elements, thus
admitting a decomposition in terms of the generalized Pauli
matrices

h(s) = 7(s)T}, (2.5)
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where the y!(s) are called control functions, collected in a
vector y(s) with 4V — 1 components.

Finding the “optimal” values of the control functions is
equivalent to finding the relative complexity C(U, U). This
optimality is achieved by first defining a cost function
associated with the control functions

e(r) = / Lds f(r(s). (2.6)

0

where f: R*'~! - R is a functional mapping the space in
which y(s) lives into the real set. We also define the relative
cost associated with the reference operator U and the target
operator U as

c;(U,U) =mincs(y).
: v

(2.7)

We would like c((y) to capture the notion of complexity
associated with y(s), and therefore with A(s), and c;(U, U)

to be related to the complexity C(U, U).

Notice that all these definitions depend on the function f,
that needs to obey certain properties in order for (2.6) and
(2.7) to be good definitions of measure:

(1) Continuity is required for obvious reasons, since we
do not expect a small perturbation on the control
function to produce a large change in its cost.

(i) Homogeneity is also a good requirement because,
when one rescales /(s), one would like the cost to
behave in the same way, i.e., f(ay) = af(y) for
any 7.

(iii) Positivity is also required, then f(y) > 0 with the
equality holding if and only if y = 0.

(iv) Triangle inequality is a crucial property for a good
measure. Then the cost function must satisfy
Flx+y) < flx) +f()

The cost functions can be now reformulated in geometric
terms, which is something very common in Hamiltonian
control problems [33]. First of all, let us introduce the
notion of metric on SU(2") as a map on the tangent bundle
T[SU(2V)], represented by the pair (x,y), where x is an
element of the group manifold and y belongs to the
corresponding tangent space. Then F:T[SU(2V)] -» R*
is defined such that, for any x € SU(2"), the function is
positive definite F(x,y) > 0, homogeneous in the second
variable F(x,ay) = aF(x,y) for a > 0, and satisfies the
triangle inequality F(x,y+z) < F(x,y) + F(x,z). This
metric function is known as the Finsler metric and it
generalizes the Riemannian metric, as it accounts for other
types of functional measure beyond the usual quad-
ratic form.

Given a metric F, we can introduce the notion of the
length of a curve u(s):I CR — SU(2Y) as follows:

£r() = /1 ds F(u(s), i(s)), (2.8)

where i(s) is a tangent vector to u(s). It is easy to show that
the length is invariant under reparametrizations and we can
then always take I = [0, 1]. The distance d(U, U) between
two points U and U € SU(2V) is defined as the minimum
length between them

_ 1
d(U,U) :min/ ds F(u(s),u(s)), (2.9)

u 0
where the minimum is evaluated over all curves u(s)
subject to
u(0)=U, u(l)=0. (2.10)
Finally, we motivate the connection between the cost
function and the Finsler metric. We can define a metric in
SU(2N) by F(x,y) = f(y), where f is a cost function and y
is the vector control function. This is a good definition,
since f satisfies all required conditions for a Finsler metric.
Moreover, this identification of tangent vectors with control
functions ensures that the coordinates on the tangent space
are just the control functions y’. Therefore, it justifies that
the complexity defined by (2.7) be expressed in geometric
terms through the distance between operators

C(U,U)= mvin/)] ds F(V(s),h(s)).  (2.11)

The metric discussed so far is a special type of metric,
called the right-invariant metric, meaning that it is invariant
under right-multiplication

F(x,y) = Flxz, (), (2.12)

where r_(y) is a right-multiplication pushforward that con-
nects the tangent spaces 7, [SU(2")] and T',.[SU(2")]. The
right-invariant property naturally extends to complexity,
thus it follows that

C(U,U)=Cc(UW,UW), VY WesSu(2V). (2.13)
Due to this property, the distance between two points U and
U can be reduced to the distance from the identity to the
point TU!.

It is a standard result in the calculus of variations [34]
that any curve V(s) which is an extreme of the functional
¢ r(u) must satisfy the Euler-Lagrange equations. However,
it is convenient for us to work with a different form of those
equations, called the Euler-Arnold equations [5]. In a
coordinate basis, these take the form
dy’

G
1

= f5y' Giuy", (2.14)
where y’ () are the components of the tangent vector to the

curve V(s), defined by expanding iV(s)V'(s) in a fixed
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basis as iV(s)V'(s) =Y,/ (s)T;, G, is the Finsler
metric tensor and ffj are the structure constants of the
Lie algebra associated with the group manifold. The Finsler
metric tensor is related to the metric function F through

1 &*F?
U= ooy (2.15)
The important point here is that G;; should describe an
anisotropic space. The reason for this is quite simple: some
directions in the tangent space Ty[SU(2V)] are easier to
follow than others. In general, we can assume that the
directions associated with fewer Pauli matrices are simpler
than those involving many Pauli matrices. In fact, this
reflects an arbitrariness that arises in various ways in
studies of complexity, when trying to classify what is
considered easy and what is considered hard. In real
physical systems, a pragmatic approach is to identify the
largest number of Pauli matrices appearing in a given
Hamiltonian, say k, and to classify operators or directions
with a number of Pauli matrices n < k as easy or local
directions, while those with n > k as hard or nonlocal
directions. This is called k -locality. To encode this differ-
ence between easy and hard direction we work with the
metric
Gy =0y, (2.16)
where there is no summation on the repeated indices on the
right-hand side and Q; is given by

for I € easy directions

~{! )
14+ pu for I €hard directions
In the following we are going to denote indices corre-
sponding to easy direction with undotted Greek letters,
a, f, ..., while indices corresponding to hard directions
are going to be denoted by dotted Greek indices, @, fj....
The constant y is called the cost or penalty factor because it
discourages propagation in nonlocal directions. This
respects the right-invariant property of the Finsler metric
(2.12) and when g =0 we recover the so-called bi-
invariant case.

The geodesic equation (2.14) produces a path on SU(2V)
that follows the Dyson equation (2.3) and whose formal
solution is given by the path ordered exponential

V(s) = Pexp <—i A Sds’y’(s’)T,). (2.18)

The relative complexity of its boundary points V(0) = U
and V(1) = U is given by the length of the geodesics
connecting them, namely

(2.19)

CU.0) = Al dS\/m-

Next, we move on to reviewing conjugate points,
following [5,6]. These are essentially intersection points
of different geodesics and characterize the loss of local
minimality of a geodesic. Although their existence does not
by itself determine the loss of global minimality, they
provide an important local diagnostic of geodesic optimal-
ity. The loss of global minimality is instead associated with
the so-called cut locus, which can in general be reached
before the first conjugate point, as stressed in [35].

The idea is to start with a geodesic V:[0,1] —» SU(2V)
with endpoints' V(0) = U and V(1) = U, together with a
family of e-deformed geodesics, V,: [0,1] — SU(2V),
defined as V.(s) = V(s) +edV(s) + O(e*), where the
variation 6V (s) is known as a Jacobi field. The e-deformed
geodesics are generated by an e-deviation in the velocities,
y! = yI + €8y’. One can find 8y’ by solving the linearized
Euler-Arnold equations which, in this context, are called
Jacobi equations. We say that U is conjugate to U with
respect to the geodesic V if there exists a nontrivial Jacobi
field that satisfies

sV (0) =0, V(1) = O(e?). (2.20)

We then need to check if there exist conjugate points on a
geodesic between two points on SU(2V), say an origin U
and a target operator U. If the answer is yes, then beyond
the first conjugate point this geodesic ceases to be locally
minimizing. To find the location of conjugate points, we
need to translate the conditions (2.20) in terms of velocities.

Consider a generic geodesic V(s) generated by the local
Hamiltonian h(s) = y/(s)T;. A small deviation from it
produces an e-deformed geodesic that satisfies the follow-
ing Dyson equation

dv,
—= = —i(h+ €dy)V,,

- (2.21)

where we omitted the s-dependence. The key point here is
that we can obtain a simple equation for the Jacobi field at
first order in e. It reads

asv
—— = —ihdV — isyV + O(e?),

o (2.22)

which can be solved easily, by multiplying on the left by an
integrating factor F(s), to get

SV(s) = —iF~!(s) /S ds'F(s")oy(sHhV(s').  (2.23)

0

'We can always reparametrize the interval to get the endpoint
at s = 1.
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Here F(s) satisfies the equation F = iFh, which has
a formal solution in terms of the antipath-ordered expo-

nential’
F(s) = Pexp <i/s ds’h(s’)).
0

Note that our expression for the Jacobi fields (2.23) already
satisfies the first requirement in (2.20). The second require-
ment follows if

(2.24)

Al ds F(s)8y(s)V(s) =0. (2.25)

Finding conjugate points is mapped into finding deformed
velocities Sy(s) that satisfy the constraint above and are
specified by an initial condition 8y(0) (since the equations
are first order). This motivates one to consider a Jacobi
(super)operator Y, T[SU(2V)] — T[SU(2V)], defined by

Y, [5y(0)] = A LdsF(s)oy(s)V(s),  (2.26)

with the conjugate points being the zero modes of this
operator
sV(1) = O(e?) Y, [6y(0)] = 0. (2.27)
In principle, this formalism can be applied to any
geodesic. However, solving the Jacobi equations can be
a challenging task. For this reason, in this work we focus on
exponential geodesics, which are generated by constant
solutions. Moreover, let us consider a local solution, which
means that the only nonzero components are the easy/local
ones
vy =68lv* = V(s) = e, v=1"T,. (2.28)
The separation of easy/hard directions leads to two different
sectors in the linearization procedure of the Jacobi equa-
tions:

dsy®

B d5y(z U
as

@y By — TN
fﬁa vroy”, dS 1+ﬂfaﬁ v7oy

(2.29)

As an illustration of how to find the location of conjugate
points using this formalism, we consider the bi-invariant
case p = 0. In this limit, the solutions are simply constants
6y(s) = 8y(0) and the conjugate points are determined by
the following constraint:

*This is nothing but the Hermitian conjugate of the standard
path-ordered exponential.

Yo[5y(0)] = A Ldsetsy(0)e = 0. (2.30)

We can choose the initial velocity as the outer product of
eigenstates {|z;) } of the operator v, that is, 5y(0) = |z;)(z;].
This means that |z;)(z;| is an eigenstate of the Jacobi
operator Y, leading to a straightforward integration of
(2.30)

Yo[lz:i)(zl] = d(Az;j)|7:) (7],

where Ar;; =17, —7; and ¢(x) = (™ —1)/ix. The zero
modes of the Jacobi operator occur whenever the eigen-
value is null, namely Ar;; = 2, otherwise the conjugate
points associated with that specific direction never occur.

To recast these results in more physical terms, we can

think of the following identifications:

(2.31)

geodesic V(s) <> unitary time evolution U(1),

generator v <> physical Hamiltonian H, (2.32)
where by H we mean the actual Hamiltonian of the system
considered. For constant solutions of the Euler-Arnold
equations, this is implemented in practice as

v tH, 7; = Ejt, (2.33)
so that Az;; = AE;;t. This time-rescaling introduces the
physical notion of conjugate time for E; # Ej,

2nn
f, =——!, e”z.
<~ ag; "

(2.34)

In this context, the quantum time evolution e~ is no

longer the least complex evolution from ¢, onward.
When the cost factor is nonzero, we get a more

complicated scenario, which we discuss in the next section,

generalizing it at the same time to multiple cost factors.

B. Introducing multiple cost factors

Typically, in an N-qubit system the number of nonlocal
generators is much larger than the number of local ones.
For a specific choice of k-locality, the number of easy
directions scales in fact like N*, while the number of hard
ones scales like 4V. Moreover, there is a sense in which not
all local directions should be treated equally, and the same
applies to the nonlocal ones. For example, one could want
to distinguish between easy directions with k = 2 in which
a gate acts on neighboring sites from the ones in which the
two sites are far away from each other [36]. With this
distinction, based on the extra requirement of adjacency of
the sites on which an easy gate acts, the number of easy
directions becomes linear in N. These “not-so-easy”
directions corresponding to non-neighboring sites become
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then part of the nonlocal directions. Similarly, it should be
easier to act on 3 gates at the same time than to act on, say, 9
gates, so that there should also be a hierarchy of hard
directions.

These considerations motivate the introduction of multi-
ple degrees of nonlocality and multiple associated cost
factors. A geometry that captures these different notions of
nonlocality is a simple generalization of the right-invariant
metric (2.16), this time with the proportionality factor Q;,

1
91:{
1 +u,

where the cost factors ,, can be taken to be different. This
allows one to parameterize different degrees of nonlocality,
by appropriately tuning the values of these cost factors.

We analyze now the implications of this generalization,
starting from the geodesics. The right-invariant metric with
(2.35) reads explicitly

for I € easy directions
., (235
for I € p-hard directions

Sap 0 0
0 (1+m)5) 0

Gy =
0 0 (1+ 1p)3s

(2.36)

As above, undotted Greek indices represent local direc-
tions, while dotted ones the nonlocal ones. In addition, the
nonlocal directions have now another index p =1,...,D
representing the degree of nonlocality (D is the number of
nonlocal subspaces). Therefore, Ty, €NL, represents one
direction within the nonlocal subspace NL,,.

The geodesic equation can be easily obtained from the
Euler-Arnold equation (2.14). For the local directions, we
get

dy* )
s I,y + Z(l + Mp)fp’apayﬁya”
P
D Fa g Py £ (1 + pg)fa .
P P
(2.37)

We can take advantage of the antisymmetry of the structure
constant to rewrite this as

Zﬂpfﬂal, yﬁ a4 + = Z

p#q

ar»ﬁq aydl) yﬁq :
(2.38)

Similarly, for a p-hard direction we get

dya @y,
(1t pp) === Zﬂqfa,;q vyl

300

q#r

—Hg)f 3, ¥y (2.39)

Here it is clear that the differences of penalties allow hard
directions to act as sources for the easy sector.

As done above, we consider now perturbations around
the constant solution as

YA(s) = 0"+ 8y*(s), ¥ (s) =6y*(s). (2.40)

The linear equations for the perturbed solutions are the
Jacobi equations, which in this case can be written as

zzﬂpca "y,
= — Z—Caljaqéyap

with p =1, ..., D. The coefficients on the right-hand sides
are the matrix elements of the (super)operator
C:T[SU(2")] = T[SU(2")] defined as

d 5}7(1

d5y {

(2.41)

C(X)=[v,X], v =0T, (2.42)

which reads explicitly

CJI = anfaJI. (243)

As a sanity check, notice that if all cost factors are taken to
be equal, we recover the previous case (2.29).

1. Solution for D=2

To keep things simple we focus here on the case of two
degrees of nonlocality. We get a set of two coupled
equations for the nonlocal velocities:

d(Sydl _ —iy i g B ity Coilléyﬂz
} 9
ds 1+ﬂ1 h 1—|—/41 P2
déy™  —ip

= g _ M2, 2.44

ds Lty h Ltp, 7 g (2.44)

It is now convenient to introduce a new basis {7’ > Taz}

in the hard directions to diagonalize Cj “ and Gy, N
resulting i in®

C/),ldl(sj;ﬁl = @) ggan

Cj, o3P = @)y, (2.45)

*Here and in the following there is no sum over repeated
indices involving the eigenvalues A(@).
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where the matrix elements in the new basis are given by

o —iTr(TT )

- = (2.46)

We are now in the position to solve the Jacobi equations
exactly. The velocities associated with the second level of
nonlocality can be formally expressed in terms of the first-
level velocities as

3y (s) = 85 (0)e™w
iﬂl . /
_ C. az/ ds’éyﬂ' e —iMg, (5= 5)’
1+ u, ; 14 ( )

(2.47)

where M, = M) g/ (1 4 pu,). Substituting the expression
above in (2.44) yields the following integro-differential
equation

dsy®
ds

= —iM 4, 65" [;Za‘ 55/ (0)e™™Mis

Hiko
- N,
(14 p1)(1+ p2) Z "

X /‘Y ds' 559 (s’)e_iM/’z(s_S/).

0

(2.48)

This equation can be handled more easily in Laplace space
[37], since the integral term is a convolution. Thus, let us
consider the Laplace transform L(6y(s)) = 6Y(x), which
satisfies the following algebraic equation:
ips Cy @552 (0)
Sy —ovn0) =S S
T Xt iMy,

’

(2.49)
where
Dy, = (x +iM,, )35 + 2,

Y., 0= Hik2 Zcﬁzalcﬂlﬂz
g (U ) (1 ) 5= x o+ i,

(2.50)

The equation (2.49) is algebraic and it admits a formal
solution, provided that the matrix Dﬁl % g invertible:

57 (x) = (D), )"
b

o ify
X | O i 0 —
(y() P

Cﬁzﬁ] 55/2(0)
x+iMpy

). (2.51)

The term Zﬂ]"" encodes the influence of the Jacobi fields
associated with the most nonlocal subspace, NL,, on the
subspace NL,. To obtain the explicit solution, one must
invert the Laplace transform. Depending on the form of
Zﬁlf", this can be a challenging task.

The equation for the local components can be easily
integrated, since it depends only on the nonlocal projec-
tions. The final solution is the sum of the components from
each subspace

8y (s) = yL(s) + ynr, () + Oyni, (5),  (2.52)
where
Sy (s N ZTr 6y(s
OYNL, (s) = %ZTTQ}’(S)TaI )Tal’
a
5)’NL2(S) = 2—NZTY(5y(S)Ta2)Ta2- (2.53)

The traces in the expressions above act as projectors to the
respective spaces, as a consequence of the orthogonality
condition Tr(T,;T;) = 2V§;; satisfied by the generators.

2. Location of conjugate points

Now we investigate the occurrence and location of
conjugate points in some simple situations when two
different cost factors are present.

As a first example, let us consider elements of the
nonlocal subspaces, w; € NL; and w, €NL, such that

[U, W]] = /11W1, [1), W2] = lez. (254)
In other words, there exists a p-hard direction that
diagonalizes the operator C(X) = [v, X|. This implies that
the off-diagonal blocks vanish, C/;q‘j‘v =0 for p # ¢q and

that 2, @ = (. It then follows that the Jacobi equations
decouple in this limit, and their solutions are given by

i'u”/l(p)s>
I+u, )

(2.55)

5y*(s) =const., 8y*(s) =35y (0)exp (—

Once the Jacobi equations are solved, one can demon-
strate that the direction w), is an eigenvector of the Jacobi
operator Y,. To see this, take the initial variation
5yNLp(O) = w,. Then

Y, [w,] /1 ds e ' < —ﬂpﬂ(p) ) (2.56)
w,| = se'w,e " exp | —i s . .
H 14 0 P 1+/’lp
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Using the assumption in (2.54), we get a nice simplification
for the integral above, which evaluates to

Ap)
Y” [Wp] = ¢ (m) Wp.

The conjugate points associated with the p-hard direction
Ap)
Tuy

geometric analysis to evolution in physical time, we use the
dictionary in (2.32). Under this identification, the constant
geodesic generator is mapped to a time-independent
physical Hamiltonian, and the geodesic is mapped to the
unitary time evolution U(t) = e~ while the geometric
spectral quantities are promoted to their time-rescaled
counterparts, A(?) — tAP). This provides a natural defini-
tion of conjugate times in the physical setting:

(2.57)

are determined by the zeros of ¢(-2-——). To connect this

nez. (2.58)

—(1 +/"p)’

The conjugate times are shifted by the cost factor y,, and are
inversely proportional to the eigenvalue A(?). In particular,

there are no conjugate points when A(?) = 0. Moreover, for

fixed A and n, larger cost factors delay conjugate times: if

Hp > Hys then tﬁ,p) > tﬁ,q).

As a second example, we assume mixing between hard
directions, that is,
[, w,] = 0, w,, p#q=12. (2.59)

q q

The coefficients w,” > 0 couple the directions w,, and w,,
which belong to different subspaces. Due to the Hermiticity
of the matrices C,/, the couplings are symmetric,

®,> = w,' = w. In fact, we have Cai/”i =0 and Zal/" =

(Kz/x)égll. Therefore, the Laplace transform in (2.51)
becomes

85y"1(0) s _ i 85y (0) W

() — _ :
oY l(x)_)c—I—Kz/x Bio 14 x>+ KB

(2.60)

It can be inverted to find the velocities. It is worth noting
that, in the above equation, the indices ¢, 3, should be
understood as fixed indices in the nonlocal subspace. Thus,
the Jacobi equations decouple into independent pairs. With
appropriate initial conditions and applying the dictionary
(v,w) — (Ht, tw) in (2.33), the solution can be written as

Sy = §y*1(0) cos (tKs) — i5y"‘2 (0) sin (¢Ks),
€
by = 6y%(0) cos (1K) — icoy™ (0) sin (iKs),  (261)

with

Hikr
(1 + ) (1 + )

(2.62)

1
c— pr (1 + py) K=o

Ho(1 4 )

With these definitions, it is possible to evaluate the integral
form of the Jacobi operator. In fact, we obtain a mixing of
the two nonlocal subspaces. Schematically, we have

p#q=12,
(2.63)

Y/l {Wp] = YNL1 [Wp]wp + YNLz [WP}WII’

where Yy, [w,] denotes the components of Y, [w,] along
the g-hard subspace. This means that the subspace spanned
by {w;,w,} is invariant. Therefore, the spectrum can be
identified with the eigenvalues of the matrix

(Y,) g = Yo, [wg)- (2.64)

To obtain the conjugate times we impose detY, =0,

resulting in
. ((K+ o)t
sin ( 5

This equation has a discrete set of solutions {7, }. Notice
that the presence of two degrees of nonlocality introduces
two frequencies, K + @, producing a richer structure of
conjugate times. We parametrize the cost factors in polar
coordinates:

(1-€)(K - o)
(1+¢€)(K+ )

1y = pcoso, Uy = psiné, (2.66)
where 4 €R™T measures the overall cost scale, while
0 € [n/4,7/2] controls the anisotropy between the two
nonlocal sectors, with y, > u;. In these coordinates, the
symmetric case is obtained at & = /4, for whiche = 1. In
this limit, (2.65) reduces to the well-known single cost

factor behavior:

_ 2nn
"TK—w

:tw:u+wd¢®%?. (2.67)

In the general case, the conjugate-time structure is
depicted in Fig. 2, where we show the evolution of the
minimum eigenvalue of the Jacobi operator. Each zero
corresponds to one conjugate time. The effect of multiple
cost factors is clear: increasing the anisotropy angle leads to
earlier conjugate times, whereas increasing u shifts con-
jugate points to later times. In the limit & — z/2, when NL,;
effectively approaches the local sector L, the first conjugate
time becomes approximately independent of .
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min eigenvalue Y
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FIG. 2. Left: time evolution of the minimum eigenvalue of the Jacobi operator for three anisotropy angles at fixed 4y = 3 and w = 1.
Conjugate times are identified by zero crossings. As 6 increases, the oscillatory frequency increases and zero crossings appear earlier.
Right: first conjugate time 7,;, as a function of @ with @ = 1. Larger values of i delay conjugate times in the symmetric regime, while

near @ — /2 the curves approach t,;, ~ 6.4.

III. COMPLEXITY OF A QUBIT WITH
TWO COST FACTORS

We now apply the generic results obtained above to the
simplest possible system: a single qubit. The associated
group manifold is SU(2), it is generated by the three Pauli
matrices T; = o; (i = 1, 2, 3) and can be split into one easy
direction, o, and two hard directions, ¢, and o3 with cost
factors p, and usz(# u,), respectively.

The geodesic equations (2.38) in this case are given by

dy!
=2 _ 2 3’
5 = 2y —ma)y%y
dy? __ 2u3 yiy!
dS ] +'Ll2 ’
dy3 2uy 1.2
— = . 3.1
ds 1+ M3 vy ( )

Notice that if y, = p3, the first equation becomes trivial,
resulting in a linear system for the velocities in the hard
direction, y? and y*. This is a qubit with just one cost factor,
which is equivalent, up to redefinitions, to the case
considered in [5,21].

On the other hand, when u, # u3, the Euler-Arnold
equations for the single-qubit case form a genuinely non-
linear, but still integrable, system. Notice that the derivative
of each quadratic term (y?)? is proportional to y'y*y3. This
suggests looking for a quadratic quantity of the form

I=a,(y")?+a(y")?*+a;(y*)?. g eR. (32)

Requiring this quantity to be s-independent and using the
Euler-Arnold equations, we obtain the following algebraic
condition on the coefficients a;:

aa, + fa, +yaz =0, (3.3)
with
2u 2u
a=2(u3 — i), ﬁ:_rilz’ :Ti%.
(3.4)

Since (3.3) is a single linear constraint on three coefficients,
its solution space is two-dimensional. Hence, there are two
linearly independent conserved quadratic quantities. For
instance, setting a; = 0 and a; = 1, we obtain

- 1
ay=—2 = (13 — po)( +M2)’ (3.5)
p H3
which yields the first conserved quantity
12 _ %22
I =) =207) (3.6)
p
Similarly, setting @, =0 and a; =1 gives a3 = —a/y,
leading to the second conserved quantity
2 _ %32
L=07)"=-207) (3.7)

Geometrically, these conserved quantities define two
surfaces in the three-dimensional space (y!,y?,y%), and
the dynamics is confined to their intersection. Assuming
3 > iy, > 0, we have @ > 0 and f < 0, and therefore the
first conserved quantity satisfies /; > 0 and defines an
elliptic cylinder. On the other hand, the second conserved
quantity /, defines a hyperbolic cylinder, with the case I, =0
corresponding to its degenerate limiting surface.
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FIG. 3.

Geometric classification of the level sets of the conserved quantity 7, in the (y',y*) plane. The blue curves correspond to

I, > 0 and define the o,-like sector, whereas the red curves correspond to /, < 0 and define the o3-like sector. Solid and dashed curves
represent different values of |/, |, namely I, = 41 and I, = +5, respectively. The black lines correspond to I, = 0 and separate the two
sectors. We use the polar parametrization y, = prcos(6) and p3 = usin(@), with u = 50 and 6 = 1.4.

Using these conserved quantities, we can reduce the
system (3.1) to a single equation for the component y',
which reads

dy'

<Eﬁ2:ﬁm—@WXMV—b%

Hol3

=AU Ty

(3.8)

We can plot I, in the (y',y?) plane, see Fig. 3. There are
three different cases, corresponding to the possible different
signs of I, which we denote as follows:

12 >0: Gl-like,
I, = 0: null-like,

I, < 0: oy-like.

Depending on the sign of I,, the integral associated with
(3.8) can be expressed in terms of different Jacobi elliptic
functions. A convenient way to organize the solutions for
both regimes, I, $0, is to introduce the projectors
p+ = (1 £sign(l,))/2. The solution can then be written
in compact form

yi(s) = Alp, dn(u.e) + p_ecn(u.e)],

u = uy+ AAs, (3.9)
where the choice = in the first term reflects the fact that for
o,-like motion we have two possible disconnected hyper-
bolic trajectories in the o direction, see Fig. 3. Moreover
ug € R is the initial elliptic phase, and the amplitude .4 and
the eccentricity ¢ of the motion are given by

A=/, =p-I.

We stress that /; and [, remain constant throughout the
motion. Therefore, once y'(s) is known from (3.9), the
remaining components y*(s) and y*(s) can be recon-
structed from the conserved quantities.

Finally, we can express the complexity in (2.19) directly
in terms of the conserved quantities. For a metric with two
cost factors, the complexity reads

e=(1-1/1)%)/2 (3.10)

C [ Utarget]

- minAl dS\/(yl)z + (14 1) () + (1 + p3) ()2

(3.11)

The quadratic form inside the square root can be rewritten
in terms of the constant of motion, leading to the following
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convenient expression for the complexity of an arbitrary
single-qubit target gate

. paly —poly
ClUrget] = oo (e (3.12)

Here, minimization is performed on the set of admissible
integration constants for which the corresponding geodesic
satisfies U(1) = Ulypee- The reconstruction of the path on
SU(2) is discussed in the next subsection.

A. Numerical scheme for the Dyson equation

As explained in Sec. II, the geodesic connecting the
identity to the target operator must satisfy the Dyson
equation

du 4
) _ i ()T U s), (3.13)
ds
together with the boundary conditions
Uu) =1, U(1) = Upyger(1) = €71, (3.14)

The generator along the geodesic is determined by the
Euler-Arnold solution y'(s). Even though the functions
yi(s) are known analytically from the previous section, the
corresponding Dyson equation can be complicated to solve
analytically. We therefore integrate (3.13) numerically
using the exact Euler-Arnold solution as input.

It is sufficient to consider only the first column in the
matrix U(s). Indeed, a generic element of SU(2) can be
written in terms of only two complex components, since
Uy, = U7, and U, = —Uj3,. Therefore, the Dyson equa-
tion (3.13) reduces to the coupled system

d;]s“ = —iy’Uy —i(y' = iy*)Uy,
d;];l = —i(y' + iy?)Uy; + iy’ Uy, (3.15)
with the initial conditions
U(0)=1, U, (0) =0. (3.16)

This initial-value problem is numerically integrated over
the interval s € [0, 1] using the solve_ ivp routine from
SciPy. For a given target and time ¢, the remaining boundary
condition at s = 1 is imposed through a numerical mini-
mization procedure. In particular, the integration constants
obtained from the Euler-Arnold solution, which may be
taken as (I,I,,ug), together with the corresponding
discrete branch labels, are varied so as to satisfy

Uy(1) = U (1),

Un(1) = USE(0). (3.17)

Numerically, this is implemented by minimizing the
residual®

RES = \/|U1,(1) — U (1) + Uy (1) = Ui (1)
(3.18)

Since the boundary-value problem may admit multiple
geodesics connecting the identity to the same target
operator, the minimization of (3.18) is performed using
multiple initial guesses for the integration constants. The
procedure is carried out independently in the three dynami-
cal sectors corresponding to the different signs of /,. For
each target time f, the complexity is then taken to be the
minimum among all admissible geodesics found.

B. Time evolution of complexity

So far, we have developed a numerical strategy to
determine geodesics in SU(2) by combining the Euler-
Arnold solutions with the boundary conditions in (3.14).
We now consider three different one-qubit Hamiltonians in
order to investigate how the time evolution of complexity
depends on the multiple cost factors. We compare three
qualitatively different situations: evolution purely along the
easy direction, evolution generated by a mixture of an easy
and a penalized direction, and evolution entirely along the
hardest direction.

We first consider the case of an Hamiltonian along the
easy direction’:

HA :Jlglv UA(t) = e_i‘llglt. (319)
In this case, the evolution of complexity shown by the
dashed black line in Fig. 4 can be understood easily. Notice
that the s-independent solution

Y2 (s) =y(s) =0

satisfies the Euler-Arnold equations. In fact, this simple
solution is contained in the 7, > 0 family, which corre-
sponds to the degenerate elliptic limit with € = 0. Since the
geodesic lies entirely along the easy direction, its length
does not depend on either penalty factor. Taking into
account the compactness of SU(2), the complexity
(3.12) can be rewritten as

y'(s) = Jut, (3.20)

Ca(r) = min|J 1 + 2mn). (3.21)
ne

Hence, C,(t) displays the usual sawtooth behavior that
grows linearly until the target reaches the antipodal point,

*The minimization is performed using the least squares
from SciPpy.

We thank the anonymous referee for spotting an inconsistency
in the previous treatment of this case and for prompting us to
revisit the computations of this section.
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uafup = 1.1 uslpz =2

w3lup =4 u3/up =10
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FIG. 4. Time evolution of the complexity for the target in (3.22) with J, = 1, J, = 0.2, for different ratios y3/p, with u =~ 200. The
dashed line represents the complexity (3.21), corresponding to a time evolution generated only by the easy direction (J, = O case).

after which the geodesic with the opposite orientation
becomes shorter [6].

Next, we introduce a contribution from the first penal-
ized direction

HB = J10'1 +120'2, UB(t) = €_it(1161+‘]262>. (322)

In contrast to the previous case, the constant solution
y'2(s) = Jy»t, with y*> = 0, is not an exact solution of the
Euler-Amold equations. Therefore, in this case, the geo-

desics can explore the hardest direction. The numerical
results are displayed in Fig. 4 and show linear growth at

early times
Cp(t) =17/ J3 + (1 + up)J5.

After that, the complexity presents a pronounced deforma-
tion for smaller values of the ratio us/u,. In particular, we
observe a change in monotonicity, with the appearance of a
local maximum for p3/u, < 2. The minimizing geodesics
remain in the /, > 0 sector throughout the evolution,
corresponding to the o;-like family. However, at inter-
mediate times, the ratio /,/1; becomes very small, indicat-
ing that the geodesics approach the null-like family 7, = 0
without crossing it. Moreover, close to the antipodal point,
all curves converge to the value associated with the target
solely along the easy direction H,. This can be easily
understood, since this point can be reached using only the
easy direction ;. Therefore, the influence of multiple cost
factors is more evident at intermediate times.

(3.23)

Finally, we consider a Hamiltonian entirely aligned

along the hardest direction

HC = J3G3, Uc(t> = e‘”»*"’»*. (324)

In this case, the constant solution y*(s) = J3z, with

y! =y? =0, is an exact solution of the Euler-Arnold

equations and belongs to the o3-like family. Using
(3.12), the corresponding complexity is

Cc(t) =/ 1 +/43.I3[.

However, this linear growth fails to be the global minimum
at early times. The numerical results shown in Fig. 5
present a qualitatively different behavior from the previous
cases, with a crossing between the different geodesic
sectors given by the signs of 7,. After the initial linear
growth along the constant o3 geodesic, the easy directions
start to compete strongly in determining the minimizing
geodesic, producing a complexity profile with a pro-
nounced dependence on the cost factors. As a consequence,
the complexity develops a pronounced maximum at inter-
mediate times and then decreases as the target approaches
the antipodal point, where the minimizing geodesic
becomes o;-like, similarly to the previous case.

(3.25)

IV. CONJUGATE POINTS IN THE SYK MODEL

So far we have considered a one-qubit system. Now we
move on to systems with more qubits and we do so in the
context of the SYK model [38—40]. This model describes N
Majorana fermions y; (i = 1,2, ..., N) with Hamiltonian
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FIG. 5. Evolution of the complexity for the target (3.24), for different ratios usz/u,, with J3 = 1 and p ~ 50.

(4.1)

H:cq Z

i1 >0>...>1

Ji,iz--~qui, Viy---Wi,»
q

where ¢ < N and the random couplings J iiy...i, €R are
totally antisymmetric and the overall phase ¢, is chosen in
each case to ensure Hermiticity of the Hamiltonian. If we
introduce the collective index Z = ijiy...i,, these cou-
plings are drawn from a Gaussian ensemble with zero mean
and variance

J (g —1)!

e (4.2)

(JzJ 1) = 61y
for some constant J.

A. Free SYK model

We start by analyzing the emergence of conjugate points
in the quadratic (¢ = 2) SYK model, which we call free in
the following:

Hiee = iZJijWin- (4-3)

i>j

We consider the case in which two different cost factors are
included. We first compute the explicit solution for the
Jacobi fields and then we numerically investigate the
spectrum of the Jacobi operator to determine the location
of the conjugate points. Having more than one cost factor
introduces an internal structure within the nonlocal sub-
space, affecting the form of the Jacobi fields, as various
nonlocal components interact through a set of coupled
differential equations.

In Sec. II, we discussed the general solution using
Laplace transforms for the first level of nonlocality and
an integral equation for the most nonlocal components of
the Jacobi fields. Following [6], we compute here the
Jacobi fields explicitly, using the Hamiltonian above. We
start with the matrix elements

it
Cl = WTr(T; (Hiree: T1)). (4.4)

where the indices I, J run over both local (with indices
a,f,...) and nonlocal subspaces NL; (with indices
a,pB;....) and NL, (with indices @,,f,,...). In the

{T,, po: ., } basis, the matrix (4.4) becomes block diagonal
c, 0 0
Cl=—it| 0 A™& 0 (4.5)
0 0 ,1((‘12)5/;2

The Jacobi equations decouple and the solutions for the two
nonlocal subspaces take the same functional form

i) g

5y%r (s) = 8y% (0)e” ", p=1,2, (4.6)
while the local components remain constant
Sy*(s) = 6y*(0) (4.7)

As a result, the explicit form of the Jacobi operator Y, is
particularly simple and given by
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1 .
Y, [6y(0)] —/0 ds eHieets <5yL(0)
!!;4,;/1
D IPIO

ap)g
Tup T{’I >e_inreem_
P
p=12 «a,

(4.8)

As discussed in Sec. II B 2, the location of the conjugate
points is given by the zero modes of Y,, which we
determine next.

In the same generator basis, the Jacobi operator Y, takes
the block-diagonal form

Yh, 00
Y ), =T(TiY, [T, N=| 0 Y 0 4.9
( ;4)1] r( 1 /4[ J]) a By ( . )
o o0 YW
s

The nonlocal blocks are also diagonal, that is,
t,{(ﬁ"]) M(ﬂz)

= | —— )B4, =¢(——
1+ 1+ p,

while the local contribution is nondiagonal. However, it can
be computed by expanding the generators 7, in the
eigenbasis {|m)}, obtaining

NL,
a1 p

NL,
a /32

) 50’2/"2 ’

(4.10)

Yig= > Tr / dscly) ciin|q) (pleies|m) (|~ Hinets

m,n,p.q

= chmcimp(B). (4.11)

m,n

— =2

Min A

Jt

FIG. 6. Time evolution of the minimum eigenvalue of the Jacobi operator Y, for different values of y; at fixed u, =

— =

with the coefficients c\%) = (m|T4|n) and A, = E,, — E,,,
with Hfree|n> = En|n>'

Due to the partially diagonal structure of (4.9), we can
compute the entire spectrum, which can be organized into
an array of 4Y¥/2 — 1 entries in the following schematic

form:
thl@)
. 4.12
1>’¢(1 +ﬂ2>} (4.12)

A zero mode occurs at ¢, whenever A, (t,) = 0 for some
component a among the 4"/2 — | entries of (4.12). In our
numerical calculation, we set N = 6 and 8, which corre-
spond to three and four qubits, respectively. We choose the
operators y; and y;; as the local/easy ones. When N = 6,
the most nonlocal directions (with cost factor y,) consist of
operators with four, five, and six Majorana fields, while the
less nonlocal ones (with cost factor y;) are built from three
fields. For N = 8§, we set the three- and four-body fermionic
operators as the least nonlocal directions, and the others as
the most nonlocal directions. One can see from (4.12) that
the nonlocal conjugate points occur at times

talan)
I+u

A) = {zmlc),qﬁ(

i = 2mn(1 + ) (A%)71, (4.13)
where 7 is an integer that counts the order of the conjugate
points. Since p, > p;, the nth conjugate point associated
with the least nonlocal directions appears parametrically
earlier—if we suppose that all eigenvalues have the same
magnitude—than the one associated with the most nonlocal
directions, as shown in Figs. 6 and 7. The first conjugate
point associated with the subspace NL; is determined by the
largest value of A(4), For the realization shown in Fig. 6, we
have 1/ max{4(®)} ~0.16 for N = 8. This yields the first
nonlocal conjugate times JNM ~3, 6.1, and 11.1 for

5 — =10

T T T T T T T T T T T T T T T T T T T T T

121 0.10 v 007
[ f 0.06

h J
kL b H 4
L ' 0.05 ¥ ]
1.0+ 0.06 p 0.04 ! i
[ 0.04 ) 0.03 1
0.02
r 0.02 1
0.8F 001 ]
t 0.00 0.00 4

82 84 86 88 90 92 94

Min A

0.6
04

021

0,0:1

Jt

15. The left panel

corresponds to N = 8, while the right panel corresponds to N = 6. The insets mark the first visible nonlocal conjugate times associated

with the NL, directions.
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Jt

Time evolution of the minimum eigenvalue of the Jacobi operator Y, for N = 8 and different values of u, at fixed y; = 5. The

inset shows the first visible nonlocal conjugate time associated with the NL, directions, located at J:N2 ~ 8.3.

different values of y;. The first two are visible in Fig. 6
(left), while the third is outside the plotted time window. We
observe the same pattern for the harder directions shown in
Fig. 7: since max{A(®)} ~ max{1(®)}, the first conjugate
point associated with NL, for u, = 7 occurs at J{N ~ 8.3,
These results show that penalty factors shift nonlocal
conjugate points to later times, in quantitative agreement
with (4.13). By contrast, the first zeros in both Figs. 6 and 7
do not depend on p; or p,, indicating that they originate
from the local sector.

B. Chaotic SYK

After analyzing the occurrence of conjugate points in the
quadratic SYK model, let us now consider SYK
Hamiltonians with three- and four-body interaction terms.
We call them chaotic. With the appropriate ¢, phases, these
Hamiltonians read

Hgyks = iz JijW i W

i>j>k

Hgyka = Z Jijka i W1 (4.14)

i>j>k>1

We set N =8, which corresponds to 4 qubits.” The
associated group manifold is SU(16), which has 255
distinct directions. We consider a definition of k-locality
with k = 4, which implies that the easy/local directions are

The case N =6 (3 qubits) does not accommodate an
approximately equal number of directions in both NL; and
NL, subspaces, so it is not a good choice in our setup.

given by generators with at most four fermions [5]:

To = Wi Wi Wy Wi, W Wi}

fori>j>k>1=1,2,..,8, (4.15)
resulting in 162 easy directions in total. Next, we define the
set of five-fermion operators as the least nonlocal directions
on the group manifold (56 of them)

Ty = Wiy Wi},

fori>j>k>1>m=1,2,...,8, (4.16)
with associated cost factor u, while the terms with six or
more fermions are the hardest/most nonlocal directions,
with cost factor p, (37 of them).

1. Three-body Hamiltonian

First, let us consider the Hamiltonian in (4.14) with three
fermions, Hgygs. The corresponding Jacobi equations take
the form

dsy™ . M Py
— it M2 gy,
ds ! 1+//l] b Y
dsy™ . M W ) Ty
= —it C2syP — it L= CR5yP, 4.17
ds T #” T, R (4.17)

This system can be reduced to a single second-order
differential equation for the component of the most non-
local directions:
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25y . ds b
Ve P i 4y
ds® L4+p P ds
M1k P e By
tz—C 2C 15yP = 0. 4.18
T ) () 0B (4.18)

For k = 4, the system admits a nonlocal basis for NL,, in
which the coupling matrices in the last two terms above can
be diagonalized simultaneously. In this new basis, the
equations decouple and the evolution of the velocity
69% is governed by

2oy dsy®
752 + itM, s

554 = 0,

(4.19)

a

where

H2 ;
ﬂ‘(a@)7 g :—p
2 (L) (1 + pp)

“ 14

Here, A(®)

a:
ey,

Instead of solving (4.19) directly, we notice that there is
only one case in which {,, # 0, which we take to be when,
say, &, = D. The appearance of this special dlrectlon
can be understood from the fermion-parity operator’
I' =y w5 - - - g, which satisfies

and p®) denote the eigenvalues of CZ; and

respectively.

[HSYK.’wF] = 2Hgygsl'. (421)

For N = 8, the right-hand side is a linear combination of
five-fermion operators and therefore lies entirely in NL;.
Hence, its projection onto NL, vanishes, implying
Mp = 0. Moreover, since there exists only one eight-
fermion direction, namely I, this is the unique direction
in NL, that couples to NL;, explaining why only one ¢, is
nonzero. Therefore, we can split the most nonlocal direc-
tions into these two cases, obtaining

5ydz(s) oV (0) —llMaz.S‘ for dz ;é D,
55 (s) = 69 (0) cos(18ps)
ng 1 f: 0 D 6y/1(0)sin(1Cps).  (4.22)

The other components involve long expressions and are
omitted here. However, the first level of nonlocality can be
recovered by integrating the first line in (4.17).

"We thank the anonymous referee for pointing out this
observation.

2. Four-body Hamiltonian

In this case, the superoperators [Hgygy, T/,p]NLp, with

p =1, 2, are null. Thus, the Jacobi equations in the hard
subspaces can be written as

[ )

= —it iy,
ds ! 1 + Uy Y
déy™ iy
Co sy, 4.23
ds 1 + Ho B Y ( )

At this point, we introduce a new basis for the first level of
nonlocality, Tﬁ’u’ leading to the eigenvalue equation:
[Hsykas [Hsyka T/}’I]NLZ]NLI = ﬂ(ﬁ‘)Tﬁl' (4.24)
The reason for this will become clear later. The strategy for
solving the system of differential equations (4.23) is
straightforward. Taking the derivative of the first equation

and using (4.23), we obtain a second-order equation for the
least nonlocal directions:

dzéydl o 2 Hi1k2 Calcﬁ25 /}l

Ay S i B— 4.25
s~ T T () B (4:23)

The new basis introduced in (4.24) can be used to decouple
the dynamics in the first nonlocal directions. For the new
components 55 (), we obtain the solutions

85 (s) = 65%(0) cos(tZ4, s)
i

Ch5yP2(0)sin(2l, ), (4.26
éV{l|1+mﬂ7y() (Ca5),  (4.26)
where
,{(fll)
Lo = a2l (4.27)

(1) (1 + po)

With this in hand, we easily obtain the solution for the most
nonlocal subspace

¢ ’ ; ; sin(7;
By*(s) = 8y™(0) =ity f CLs5%1(0) sin(tC, 5)

My P 1y
cos(tlj ) =1
<,
(4.28)

Hiko aQCﬁl

TTRI 0T ChCho” O

Finally, the local part of the Jacobi field is obtained from
the differential equation:

doy”*
ds

= —iwlc;layﬂl - iwzcgzayﬂz, (4.29)
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— m=0

— =5

Min A

0 1 2 3 4
Jt

— m=10

FT T T T T T T T T T T T T T T T T T T T =

Min A

FIG. 8. Time evolution of the smallest eigenvalue of the Jacobi operator for N = 8 and p, = 15, for selected values of the parameter
1. The left panel shows the Hamiltonian with three fermions, while the right panel shows the one with four fermions.

with solution

cos(tfj ) — 1
<,

af) — sy HiIH2 o i sy
5y*(s) = 6y*(0) + t T Cé, Cj0y (0)
sin(5 )

— ity C% 551 (0)
A B,

— itu,C§ 6y (0)s.
(4.30)

Note that the only contribution to the local part coming
from (4.28) is the constant term, since the other terms are

proportional to Cg ng, which can be written in terms of the
2 1

Hamiltonian and the new basis as

j 1 -
C3 Cﬁz = 575 T0(To[Hsyka, [Hsyka Tj Int,))-

2 Ok =37 (4.31)

— =7

Min A

2.0 22 24

Lol s S

0 1 2 3
Jt

— u2=10

It is not hard to see that this term vanishes if (4.24) is
satisfied.

3. Spectral analysis

Here we present the numerical results for the spectrum of
the Jacobi operator Y,[6y(0)]. We follow the same pro-
cedure as in Sec. IVA, constructing its matrix representa-
tion in a convenient basis. For the Hamiltonian Hgygs, we
choose the basis {7, Ty, T4, }, where the bases for L and
NL, are given by (4.15) and (4.16), respectively. The new

basis T{-,z for the hardest subspace is chosen to satisfy
[Hsyks. Taz]NLz = ,1({'12)]”"!}2‘ (4.32)
In contrast, in the four-body case we choose
{T,, le,Taz}, keeping the local basis T, and the basis
T,,, while choosing a new basis for the least nonlocal

— =15

FT T T T T T T T T T T T T T T T T T T T =

Min A

FIG.9. Time evolution of the smallest eigenvalue of the Jacobi operator for N = 8 and y; = 5, for selected values of the parameter u,.
The left panel shows the Hamiltonian with three fermions, while the right panel shows the one with four fermions.
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—— Non-local

2.8F

2.6

Jt,

241

22r

2

FIG. 10. Behavior of the first conjugate times, both local and nonlocal, for the four-body (top) and three-body (bottom) Hamiltonians.
The left panels show the variation with u, at fixed y; = 5, while the right panels show the variation with y, at fixed y, = 15. Each curve
corresponds to a single conjugate time ¢, and shows how its occurrence time changes as the corresponding cost factor is varied. The
nonlocal conjugate times are shifted to later times as the cost factors increase, whereas the local conjugate times remain approximately
fixed. The three-body case displays a denser and less symmetric pattern, especially under variations of the cost factors.

subspace satisfying Eq. (4.24). The individual matrix
elements are given by

(Y,)1y = Te(T7Y,[T))) (4.33)

and the explicit form of the Jacobi operator is presented in
the Appendix.

To determine the location of conjugate times, we
compute the time evolution of the smallest Jacobi operator
eigenvalue for different values of the cost factors, as shown
in Figs. 8 and 9. In both the three- and four-body
Hamiltonians, the conjugate times split into two qualita-
tively distinct families. The first family is essentially p;-
independent and remains fixed as the cost factors vary. This
family can be interpreted as local conjugate points. The
second family depends on the cost factors and is naturally
associated with the nonlocal sectors. These nonlocal con-
jugate times are shifted to later times as the corresponding
cost factors are increased.

The three-body Hamiltonian exhibits a richer structure
than the four-body case. This difference comes from the
dynamics in the hardest sector. In the three-body case, the
equation for the components §y”> €NL, contains an
internal contribution governed by the parameter M,,. As
a result, varying p, changes not only the coupling between
the hard subspaces, NL; and NL,, but also the internal
evolution within NL,. This produces an asymmetry
between the variations with respect to y; and p,, and leads
to a denser pattern of early-time conjugate points than in the
four-body Hamiltonian, as shown in Fig. 10. By contrast,
the four-body Hamiltonian displays a more symmetric
behavior under variations of y; and p,, since the nonlocal
dynamics is mainly controlled by the parameter ¢ .

V. CONCLUSIONS

In this work, we have extended Nielsen’s geometric
framework for quantum complexity by introducing a
hierarchy of cost factors to distinguish between different
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classes of nonlocal operations, yielding a more refined and
realistic description of complexity geometry. Within this
setup, we have derived the corresponding extensions of the
Euler-Arnold and Jacobi equations and analyzed how the
presence of multiple penalties modifies both geodesic
dynamics and the structure of conjugate points.

A key result of our analysis is that the introduction of
multiple cost factors leads to a richer pattern of conjugate
points, reflecting the internal structure of the nonlocal
sectors. In particular, the modified Euler-Arnold equations
explicitly show that different hard sectors are dynamically
coupled through coefficients controlled by the correspond-
ing penalties. The Jacobi equations inherit this structure
and become a coupled system for perturbations along the
nonlocal directions. For the case of two hard sectors, we
have shown that the system can be treated in Laplace space,
where the effect of the most nonlocal sector on the least
nonlocal one appears as an effective self-energy term X" in
Eq. (2.50). Moreover, we have found that different classes
of hard directions generate distinct families of conjugate
points, whose locations depend both on the hierarchy of
penalties and on the spectral properties of the underlying
Hamiltonian. For instance, when the hard sectors do not
mix, the result reduces to a simple decoupled generalization
of the usual single-penalty case, with the conjugate times
associated with a p-hard direction being shifted by
(14 pu p). When different hard sectors mix, however, the
Jacobi operator develops a richer zero-mode structure. In
this case, the location of conjugate points depends not
only on the size of the penalties, but also on the relative
hierarchy between them.

We have illustrated the formalism in two concrete
settings: a single-qubit system with two cost factors and
SYK-type models in both free and interacting regimes. For
the single-qubit case, the Euler-Arnold equations form a
nonlinear but integrable system, allowing us to obtain exact
solutions in terms of two conserved quadratic quantities.
These solutions were then used to reconstruct the corre-
sponding geodesics numerically and to determine the
complexity for different target Hamiltonians. We found
that the effect of the penalty hierarchy depends strongly on
the direction of the target evolution. In particular, evolution
entirely along the easy direction is insensitive to the cost
factors, while targets involving penalized directions exhibit
a nontrivial competition between different geodesic sectors
and a pronounced dependence on the relative penalties. In
the SYK examples, multiple cost factors generate distinct
families of conjugate points associated with the different
nonlocal sectors, whose locations are controlled by both the
penalty hierarchy and the algebraic structure encoded in the
action of the superoperator in (2.42).

A more detailed analysis of the conjugate-time structure
in the SYK models reveals that, in the free SYK case, the

Jacobi operator becomes block diagonal in a suitable basis,
allowing us to separate the spectrum into local and nonlocal
contributions. The local conjugate times remain essentially
independent of the cost factors, while the nonlocal con-
jugate times are shifted to later times as the corresponding
penalties are increased. This provides an important con-
sistency check of the generalized formalism. In the inter-
acting SYK cases, we again find a separation between cost-
independent local conjugate times and cost-dependent
nonlocal ones. However, the detailed pattern depends on
the structure of the Hamiltonian. For the four-body
Hamiltonian, the response to variations of y; and p, is
comparatively symmetric, since the nonlocal dynamics is
mainly controlled by the coupling between the two hard
sectors. For the three-body Hamiltonian, on the other hand,
the hardest sector also exhibits an internal evolution
governed by the corresponding block of the Jacobi equa-
tions. This produces a denser distribution of early conjugate
points and a more asymmetric response to variations of the
cost factors.

Recently, conjugate points in the SYK model with ¢ = 4
and N = 8 were also analyzed in [32] using a different
penalty structure. Although that work adopts a different
organization of the generators in the algebra, splitting the
operator space into even and odd sectors, the authors found
a qualitatively similar behavior under variations of the
relative penalty between the two sectors. In particular, the
conjugate points are shifted to larger values of the geodesic
parameter as the relative penalty is increased, in qualitative
agreement with the behavior found here. From this per-
spective, our results provide a complementary indication
that the location of conjugate points is controlled by the
interplay between the algebraic structure of the operator
space and the choice of complexity metric.

Overall, our results emphasize that incorporating multi-
ple cost factors enriches the geometric approach to quan-
tum complexity, revealing new dynamical features that are
not present in simpler single-penalty models and that are
worthy of further study.
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APPENDIX: THE SYK JACOBI OPERATOR:
EXPLICIT MATRIX ELEMENTS

The final expressions for the matrix components (Y,);,

In the Hamiltonian eigenstate basis, the matrix elements
C/ read

1 x (J
Ch = WZAMC;L i, (A1)

and the local part of the Jacobi operator is given, for both
Hgyks and Hgyky, by

Ly _ (N (J)
of the Jacobi operator in the SYK case discussed in Sec. IV (Yi) = ;C’"" Crmdh (1A ). JeL. (A2)
are quite involved. We collect them in this appendix to ’
avoid cluttering the main text.
|
1. Three-body case
The first nonlocal submatrix consists of five different terms
(), =Y + 7D + v+ v+ v, JenL, (A3)
with
A, sin () — t Bt
Yﬁ]) _ 73 M1 Z qu pq) Cr(nn Cpq Cmn CD (l mn Sln( CD) é:é) COS( gD))e i
2 CD( +Iu2)mnpq t(Amn CD)
5= (18 ,,),
e P(tA,,) — €"om
1] = 2N/ZZ Z qucpq Cmn C;q)csnr)t—,
a mn,p.q mn
4) Hik2 ol (@)x (D)« (Dx (J) (D) (@) (a)
Y, =- A A Dy Cpg Crs'’ Cxy’ Cmn Cxy Crs Cpg’ Cmn
TPV ) (4 ) Zm;q: o ’ e
P(18,,) = €™ (il 8in (6p) = Ep cos (tp)]e™m +Cp
S CD + . 2 2 5
Amn lt(Amn - CD)
(5) Hipo (D)x (D)x (J) (D) (&)
Y;/ =— A A”c ers ) Cn €8s Cog Cron
2N (14 ) 1+ﬂ2);mn;” pelncri "
ilpsin (tlp) — A,,, cos (tEp)]e™bm + A,

The second level of nonlocality splits into two parts: when J # D and when J = D. The first part is composed by a

summation of two different terms, namely
NL 6 7
(Yu )y = ng) + Ygl)’

where

v :WZZ ST Ak e

a mn,p.q

Ygz) = ZC%Z,*C&Q(b(Z‘(Amn - Mj))

JENL,, with J#D, (AS)
* (J )C( )¢(t(Amn - MJ)) B ¢(tAmn)
pq Cmn M s
J
(A6)
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The second part is composed by three other terms:
(YY), =v® + v 4 v jeNL, with J=D,

where

8 Mlﬂz ) D

El

A itA,, . _A
X (q’)(tAmn) _Bmte [lif(zgl(_fi)%n) mn cos(%)])

YED - 2N/2§ +M1 z Z AMCPq cpq CSn}z*CSnn>

(ll m,n,p.,q
o (S F 8 sin(Cpt) = £p cos(Cpr)]e®m
[(g% - A2mn) ’
vip) =i e Ay + [iCp sin(Ept) = A,y c0OS(Ept) et |

mn mn

m,n Z(A%nn - gzD)

2. Four-body case

A similar analysis for the Hqygs case leads to this least nonlocal submatrix
NL 1 2 3
(Yu I)I.I:Y§J>+Y§J)+ng), JENL,,

where

vy) o [ c0s(tL)) = iA,,,, sin(1,)]eitBm — ¢,
” :2N/2Z Z APq P‘I mn pq mn mn

a mn,p.q ll‘é’J(Azm _4’3) s
Yg) — ’ZC%*C%BL [il;sin(tL)) — A, cos(28,)]e™m + A, |
e ( mn Cj)
() _ M )+ () (o) [€€0S(1)) = i,y Sin(iC )] — ¢,
e 2N/2 1+ ) Z Z AP‘I pq Cpq sz% itC (A5, = &7) .

& m,n,p.q

On the other hand, the most nonlocal contributions read
(i) =Y + Y3 + V) + ¥ + Y. JeNL,

with

085018-21

(A7)

(A9)

(A10)

(A11)



MARCOS RIOS RIBEIRO and DIEGO TRANCANELLI

PHYS. REV. D 114, 085018 (2026)

Y(4)__ Hik2
1J — N
2 (1—‘;-/,1 a,q mn,p.q.r.s

Amn + eztA,,m [iCa Sin(tCa])

Z Z quArstq CE’? C}(11))1 C%)c;q%gmz

o ($m),

{211 ltCa] (A%m - (1])

- Amn COS(ZC(X] )])

<o) (@) P(1h,,,) — eBm

e
IJ :ZN/zz Z ApyCpe pq chn Cpq Cmn

a mn,p.q

© _
Y
1J 21\1/2 +ﬂ1

a] m,n,p.q

v =3 el i (ia,,).

Y(s) __ Hiko
Y V(14 ) (1 + pa)

By MTDGTsS

&) [Sa, cos(1s)
720 D Ay e el =

’

mn

= iy Sin(184, )€™ = 4
llCa, (A%m - (21])

’

() (Br) (&)

Z Z quArs Pq) <rs 2k <[l)1 Crs' Cpg Cmn

¢(tAmn) Apn + e'thmn [ZCﬂ] sm(té’/;l) — Ay COS(IC}E] )]
“ ? 2 (8, - 02 ) (A12)
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