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We investigate the energy-momentum tensor of pseudoscalar charmonium and bottomonium within the
framework of the self-consistent light-front quark model. The gravitational form factors (GFFs), namely the
A and D-terms, are evaluated in terms of the light-front wave functions. The corresponding spatial
mechanical distributions in the transverse plane are obtained through the Fourier transform of these GFFs.
To examine the sensitivity of the results to the internal quark-antiquark distribution inside the meson, two
distinct Gaussian forms are employed for the spatial part of the wave function. We analyze several
mechanical properties in the transverse plane, including the momentum density, pressure distribution, shear
stress, force density, and internal energy density. The pressure distribution exhibits a node where it changes
sign from positive (repulsive) to negative (attractive) with increasing transverse distance. The force
distribution remains positive throughout the transverse plane, supporting the stability condition proposed in
earlier studies. Most of the spatial distributions, except for the shear stress, are found to be sensitive to the
choice of the spatial wave function near the center of the meson, while they become nearly insensitive
toward the periphery. In contrast, the shear stress distribution exhibits noticeable sensitivity to the choice of
wave function in the intermediate transverse region.
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I. INTRODUCTION

The study of mechanical distributions inside hadrons has
recently gained significant attention, particularly following
the extraction of the proton pressure from experimental data
[1]. The internal pressure and force distributions of hadrons
are closely related to the so-called D-term (or D-form
factor), also referred to as the Druck term [2,3], which has
been described as the “last global unknown” of hadron
structure [3]. The electromagnetic form factors (EMFFs) are
well established. They are obtained from matrix elements of
the electromagnetic current between hadronic states. These
form factors encode information about the spatial distribu-
tions of charge and current inside hadrons. In contrast, the
mechanical properties of hadrons are determined from
matrix elements of the energy-momentum tensor (EMT).
These matrix elements give rise to gravitational form factors
(GFFs), which remain comparatively less explored. The

GFFs provide access to fundamental properties of hadrons,
including their mass, energy, angular momentum, and
internal stress distributions [3,4]. From the experimental
perspective, the expected tools to measure GFFs are the hard
exclusive processes like the deeply virtual Compton scatter-
ing (DVCS) [5], which probes the generalized parton
distributions (GPDs) [6–9]. The future Electron-Ion
Collider (EIC) [10–12] with its larger kinematic range
and high luminosity is expected to significantly advance
the experimental determination of GPDs.
While considerable progress has been achieved in under-

standing the gravitational structure of the nucleons
[2,13–44] and pions [39,40,45–55] (also see Ref. [56]),
studies of the heavy mesonic sector remain relatively
limited [57–59]. In particular, pseudoscalar quarkonia—
such as charmonium and bottomonium—offer a unique
framework to probe the gravitational structure of hadrons in
the heavy-quark sector. Due to the large masses of the
constituent quarks, these systems are well-suited for inves-
tigating the interplay between nonperturbative QCD
dynamics and heavy-quark effects. Therefore, exploring
the GFFs of pseudoscalar charmonium and bottomonium
states can provide valuable insights into confinement and
the internal mechanical properties of heavy hadrons.
Calculation of the GFFs, as well as other quark-

quark correlations inside the hadron from the fundamental
QCD lagrangian, is a formidable task because of the
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nonperturbative nature of the problem. Low-energy effective
models are useful in this respect and have been widely used
in studies of hadronic properties [33,45,46,60]. One such
model is the light-front constituent quark model (LFQM)
[60]. In LFQM, a meson state is expanded in the Fock basis
containing the valence quark-antiquark pair as well as sea
quarks and gluons. In the model scale (taken as of the order
of the mass of the constituent quarks), it is customary to
truncate these infinitely many Fock terms into the valence
sector consisting of only a valence quark-antiquark pair. In
this valence Fock state approximation, the meson states can
be expressed as a two-body light-front wave function
(LFWF) consisting of relative momenta of the quark-
antiquark pair and their helicities. The hadronic properties
are then readily obtained as the overlap of the LFWFs. In the
LFQM, GFFs are expressed as the matrix element of the
hadronic EMT tensor and subsequently expressed as
the overlap integrals of LFWFs. However, it is worth noting
that evaluating the D-term in this approach poses a consid-
erable challenge, as it inevitably involves the so-called “bad”
current components, which are sensitive to LF zero modes
[61]. Over the years, a self-consistent LFQM has been
developed that successfully addresses this zero-mode con-
tamination in light-front (LF) dynamics in a variety of
hadronic observables [61–68]. This approach gives a way of
calculating physical observables in a current-component
independent manner (including the “bad” current compo-
nents), which are otherwise hindered in standard LFQM.
Within this approach, in particular, Ref. [66] obtained the
pseudoscalar and vector meson decay constants in a current-
component- and polarization-independent manner. In
Refs. [62,63], it has been discussed how this approach is
consistent with the chiral symmetry of QCD in the context of
pion and kaon distribution amplitudes and EMFFs. More
recently, the EMFFs [68] and GFFs [55] of the pion were
calculated within this approach, demonstrating the inde-
pendence of the extracted form factors from the choice of
current component. This approach, in particular, is appli-
cable to symmetric-mass mesons, and it is followed here to
extract the GFFs of ηc and ηb.
In the present work, we calculate the GFFs, i.e., A and D-

terms of the ηc and ηb mesons by evaluating the matrix
element of the EMT operator containing only the

noninteracting quark fields. Various spatial mechanical dis-
tributions in the transverse plane are related to the Fourier
transforms of these GFFs. We define these distributions in a
completely relativistically invariant way, respecting the
uncertainty principle, following the Refs. [21,69–71].
These distributions are subsequently evaluated in the trans-
verse plane at a constant LF time. In particular, we determine
the longitudinal momentum density, pressure distribution,
shear stresses, force distribution, and internal energy distri-
bution in the transverse plane. To check the sensitivity of the
results on the quark-antiquark distribution inside the mesons,
we use two sets of spatial wave functions in the present work,
differing by the so-called “Jacobi factor” [72,73].
The present work is organized as follows. In Secs. II A––

II C, we present the LFQM framework, the evaluation of
the GFFs within the LFQM, and the spatial distributions
inside the mesons, respectively. Section III contains the
numerical results for the GFFs and the corresponding
spatial distributions obtained using two different choices
of wave functions. Finally, we summarize our findings and
conclude in Sec. IV. Additional details and intermediate
derivations are provided in Appendixes A–D. Appendix A
covers the LF conventions and spinors, Appendix B the
EMT matrix elements, Appendix C the BT construction
and equivalent GFF expressions, and Appendix D the
associated spatial densities and useful formulas.

II. FORMALISM

A. Description of pseudoscalar quarkonia in light-front
quark model

We begin by describing the valence Fock sector of scalar
quarkonia (QQ̄) in the LFQM. At fixed LF time zþ ¼ tþ
z ¼ 0 [74], the valence Fock state jQQ̄ðxiPþ;k⃗⊥iþxiP⃗⊥;λiÞi
for a pseudoscalar quarkonium with total four-momentum
Pμ ≡ P ¼ ðPþ; P⃗⊥; P−Þ is expressed in terms of the internal

variables xi ¼ kþi
Pþ ; k⃗⊥i, and λi, which represent the boost-

invariant longitudinal momentum fraction, transverse internal
momentum, and helicity carried by the ith constituent parton,
respectively.1 These variables satisfy the momentum-conser-
vation conditions

P
i xi ¼ 1 and

P
i k⃗⊥i ¼ 0. The valence

state of the quarkonium is expressed as

jMðPþ; P⃗⊥Þi ¼
X
λq;λq̄

Z
dxqdxq̄d2k⃗q⊥d2k⃗q̄⊥
2ð2πÞ32ð2πÞ3 ffiffiffiffiffiffiffiffiffixqxq̄

p 2ð2πÞ3δð1 − xq − xq̄Þδ2ðk⃗q⊥ þ k⃗q̄⊥ÞΨðxq; xq̄; k⃗q⊥; k⃗q̄⊥; λq; λq̄Þ

× jxqPþ; xq̄Pþ; xqP⃗⊥ þ k⃗q⊥; xq̄P⃗⊥ þ k⃗q̄⊥λq; λq̄i

where the subscripts q and q̄ are used for the quark and antiquark, respectively. Simplifying the above integral by integrating over
xq̄ and k⃗q̄⊥ we have

1The index i in our case would belongs to either (c; c̄) for charmonium or (b; b̄) for bottomonium. We generically call them (q; q̄).
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jMðPþ; P⃗⊥Þi ¼
X
λq;λq̄

Z
dxd2k⊥

16π3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 − xÞp Ψðx; k⃗⊥; λq; λq̄ÞjxPþ; k⃗⊥; λq; λq̄i: ð1Þ

where we redefine

xq ≡ x; k⃗q⊥ ≡ k⃗⊥ and jxqPþ; ð1 − xqÞPþ; xqP⃗⊥ þ k⃗q⊥; ð1 − xqÞP⃗⊥ − k⃗q⊥; λq; λq̄i≡ jxqPþ; xqP⃗⊥ þ k⃗q⊥; λq; λq̄i:

The quark and anti quark momentum can be identified
as: p⃗q¼ðpþ

q ≡xqPþ; p⃗q⊥≡xqP⃗⊥þ k⃗q⊥Þ and p⃗q̄ ¼ ðpþ
q̄≡

xq̄Pþ; p⃗q̄⊥ ≡ xq̄P⃗⊥ þ k⃗q̄⊥Þ. The total wave function Ψ is
written as a product of the space wave function φ and
spin wave function S, i.e., Ψðx; k⃗⊥; λq; λq̄Þ ¼ φðx; k⃗⊥Þ
Sλqλq̄ðx; k⃗⊥Þ. The spin wave functions are obtained from
the instant from spin states via Melosh-Wigner trans-
formation [75,76] or equivalently by the choice of the
appropriate quark-meson vertex [77]

Sλqλq̄ ¼
1ffiffiffi
2

p
M0

ūλqðpqÞγ5 vλq̄ðpq̄Þ; where M2
0 ¼

k⃗2⊥ þm2
q

xð1 − xÞ
ð2Þ

is the squared invariant mass of the quarkonium. The
detailed form of the spin wave functions along with the
definitions of the LF spinors are provided in Appendix A.
The instant form momentum space wave function in the
quarkonium rest frame or center-of-momentum (CM)
frame can be assumed to be of the harmonic oscillator
form, i.e.,

φCM ¼ 1

π3=4β3=2
e−ðp⃗CMÞ2=2β2 ; ð3Þ

where β is the harmonic scale parameter determining the
width of the wave function. In order to obtain the
momentum-space wave function in the front form,
φðx; k⃗⊥Þ, from the CM frame wave function in the instant
form, φCMðp⃗CMÞ, one employs the Brodsky-Huang-Lepage
(BHL) prescription [78–80]. According to this prescription,
the correspondence between the CM and LF momentum
variables is given by p⃗CM⊥ ¼ k⃗⊥ and pCM

z ¼ ðx − 1
2
ÞM0.

Therefore, in the BHL prescription, we have

φðx; k⃗⊥Þ ∝ φCM

�
ðp⃗CMÞ2 ¼ k⃗2⊥ þm2

q

4xð1 − xÞ −m2
q

�
: ð4Þ

In the current paper, two sets of momentum-space wave
functions have been chosen for analysis, which mainly
differ from φCM by a product of ðx; k⃗⊥Þ dependent factor
(known as the “Jacobi factor” [72,73]). The first set we use
has been abundantly used in the LFQM studies of heavy
mesons [60,77,81,82]

φCJðx; k⃗⊥Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2πÞ3

p
π3=4β3=2

ffiffiffiffiffiffiffiffiffiffiffi
∂pCM

z

∂x

r
exp

�
m2

q

2β2

�

× exp

�
− m2

q þ k⃗2⊥
8xð1 − xÞβ2

�

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2πÞ3

p
π3=4β3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M0

4xð1 − xÞ

s
exp

�
m2

q

2β2

�

× exp

�
− m2

q þ k⃗2⊥
8xð1 − xÞβ2

�
; ðSET − IÞ: ð5Þ

This form was introduced by Chung-Coester-Polyzou [81]
and has been extensively used by C.R. Ji and collaborators
[83–89] to describe the properties of hadrons in LF models.
The Jacobian factorM0=4xð1 − xÞ comes from relating the
instant form differentials d3p⃗CM to d2k⃗⊥dx. Another set
which we use is introduced in Refs. [90,91] and further
used in the LF analysis [72] (also see the review [92]),

φTKðx; k⃗⊥Þ ¼ ATK

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2xð1 − xÞ

s
exp

�
m2

q

2β2

�

× exp

�
− m2

q þ k⃗2⊥
8xð1 − xÞβ2

�
; ðSET − IIÞ: ð6Þ

The jacobian factor 1=2xð1 − xÞ in Eq. (6) comes from
relating the instant form differentials d3p⃗CM=pCM

0

to d2k⃗⊥dx.
One can observe that the spin wave functions in

Eq. (A10) satisfy the following normalization relation,

X
λqλq̄

S�
λqλq̄

ðx; k⃗⊥ÞSλqλq̄ðx; k⃗⊥Þ ¼ 1: ð7Þ

Since the total wave function (space and spin) has to
be normalized, this gives the following normalization
condition for the space part of the wave function:

X
λqλq̄

Z
dxd2k⃗⊥
2ð2πÞ3 Ψ�ðx; k⃗⊥; λq; λq̄ÞΨðx; k⃗⊥; λq; λq̄Þ

¼
Z

dxd2k⃗⊥
2ð2πÞ3 jφðx; k⃗⊥Þj2 ¼ 1: ð8Þ
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B. Gravitational form factors in the self-consistent
light-front quark model

We consider a process in which a pseudoscalar quarko-
nia undergoes a transition from an initial state with
momentum P to a final state with momentum P0. The
GFF of the quakonia can be obtained from the expression
of the following matrix element of the EMT operator [55]:

Tμν ≡ hT̂μνð0Þi ¼ hMðP0ÞjT̂μνð0ÞjMðPÞi; ð9Þ

where jMðPÞi and jMðP0Þi correspond to initial and final
state of the meson. For our purpose, we choose the
following form of the EMT operator, ignoring the gluon
gauge fields [55]

T̂μν ¼ 1

4
ψ̄qðzÞðiγμ ∂

↔
ν þ iγν ∂

↔
μÞψqðzÞ; ð10Þ

where, q stands for either charm (c) or bottom (b). Lorentz
symmetry gives the decomposition of the matrix element
containing Lorentz structures and the corresponding GFF
[3,55],

Tμν ¼ AΓμν
A þDΓμν

D ; ð11Þ

where A describes the quark and antiquark contribution to
the energy and momentum densities, while D characterizes
the quark and antiquark contribution to the internal pressure
and shear stress distributions. Both the A and D-terms can
be written down as a sum of quark and antiquark con-
tributions as A ¼ Aq þ Aq̄ and D ¼ Dq þDq̄. One usually
expresses the Lorentz structure with the help of the average
momentum P̄ ¼ PþP0

2
and momentum transfer Δ ¼ P0 − P

as, Γμν
A ¼ 2P̄μP̄ν and Γμν

D ¼ 1
2
ðΔμΔν − gμνΔ2Þ.

It is noteworthy that, while Eq. (11) provides the Lorentz
decomposition of the matrix elements of the physical EMT
and preserves complete Poincaré symmetry, a practical
model calculation does not necessarily retain this property
[91]. In practice, the left-hand side of Eq. (11) is evaluated
within LF dynamics using a suitable QCD-motivated
model, typically with a truncated Fock space. In the
LFQM considered in Sec. II A, for example, we restrict
the Fock space to the valence sector. Such a truncation can
give rise to several issues that require careful consideration,
including zero-mode contributions [93], violation of
Lorentz covariance [91], and frame dependence [94].
These issues are not unique to the calculation of GFFs,
but also arise in the evaluation of other partonic observ-
ables, such as distribution amplitudes [61] and EMFF [62].
A common strategy for mitigating these issues in LF
approaches is to identify the so-called “good components”
of the relevant currents and use them to extract the physical
observables. Accordingly, the identification of the good
current components and the characterization of spurious
contributions associated with the “bad components” have

been investigated for various partonic observables. In
particular, to account for the loss of Lorentz covariance
in LF calculations, a lightlike four-vector ω can be
introduced into the Lorentz decomposition of the hadronic
matrix element [91,95]. Its presence allows the genuine
Lorentz structures, and hence the physical form factors, to
be distinguished from spurious contributions induced by
the LF formulation. For the hadronic EMT, this issue has
been investigated in Refs. [96–98], where the appropriate
current components for extracting the physical form factors
and isolating the spurious contributions were identified
within a strongly coupled scalar theory in the LF
Hamiltonian formalism.
A complementary approach to the treatment of spurious

contributions was developed by Jaus [93], who established
a connection between covariant Bethe-Salpeter calculations
and LFQMs. This framework was subsequently modified
and extended by Choi and Ji [61–65] and further developed
in Refs. [66–68]. In this approach, the LF vertex function
obtained in the covariant Bethe-Salpeter approach was
mapped onto a typical Gaussian trial wave function, with a
consistent replacement of the meson mass by its invariant
mass. A remarkable finding of this analysis was that both
the zero-mode and instantaneous contributions, which are
present in the covariant Bethe-Salpeter model, are absent in
the LFQM when the constituent quark and antiquark are
treated as LF on-mass-shell degrees of freedom. Readers
interested in the details of the method are referred to the
original works [61–68], which collectively establish the
framework known as the self-consistent LFQM to obtain
the physical observables in a manner independent of the
current components. In what follows, we briefly describe
this method and discuss the extraction of the GFFs of
quarkonia within this framework.
In the standard LFQM described in Sec. II A, one

describes the meson state in a noninteracting QQ̄ Fock
state. As a result, the total four momentum P ¼ pq þ pq̄ is
required to be conserved at a meson-quark vertex. In

particular, the LF energy conservation P− ¼ p−
q þ p−

q̄ ;⇒

M2
0
þP⃗2⊥
Pþ ¼ m2

qþp⃗2
q⊥

pþ
q

þ m2
q̄þp⃗2

q̄⊥
pþ
q̄

necessitate the use of invariant

mass M0 in place of the physical meson mass M in a
meson-quark vertex [68]. In accordance with this, the spin
wave function is obtained by interaction-independent
Melosh rotation of on-mass-shell quarks and antiquarks.
One can notice that the spin wave function as specified in
Eq. (2) contains the invariant mass of the systemM0 and is
automatically normalized [see Eq. (7)]. The effect of
interaction is introduced only in the mass operator M
through the phenomenological VQQ̄ potential [99], i.e.,
M ¼ M0 þ VQQ̄ to be consistent with the Bakamjian-
Thomas (BT) construction [100,101] and preserve the
group structure or the commutation relation of the oper-
ators. The interaction in turn fixes the radial wave function
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parameters, mq and β through variational analysis
[60,86,102,103].
The traditional LFQMs [77,104,105] use BT construc-

tion (the replacement M → M0) only in evaluating the
matrix element, e.g., on Eq. (9) or the left-hand side of
Eq. (11), while leaving the Lorentz structure [right-hand
side of Eq. (11)] intact. The selective application of BT
construction only to the matrix elements yields LF zero
modes that affect physical observables [55,61–68]. This
results in different values for the same observables when
extracted from different current components (particularly
when “bad current components” are used). We have
demonstrated this fact, in connection with EMT, in
Appendix C [see Eqs. (C9)–(C15)]. Therefore, it is also
important to apply the BT construction to both the Lorentz
factors and matrix elements [55,61–68] to realize a con-
sistent application of the BT construction up to the level of
computation. The consistent application of BT construction
within LFQM yields a self-consistent LFQM that can
extract physical observables in a current-component-inde-
pendent manner, including the so-called “bad components.”
As noted in Ref. [55], the Lorentz structure Γμν

A must be
modified to properly implement the BT construction in
LFQM studies, and the physical meson mass M should be
replaced with the invariant mass M0 within both the
Lorentz structures Γμν

A and Γμν
D . Following Ref. [55], we

modify the form of Lorentz structure Γμν
A as

Γμν
A ¼ 2½P̄μP̄ν − P̄·Δ

Δ2 ðΔμP̄ν þ ΔνP̄μ − P̄ · ΔgμνÞ�. Within
the BT framework, the invariant masses of the initial
and final quarkonia entering the Lorentz structure are

generally different, i.e., M2
0 ≠ M02

0 ¼ k⃗02⊥þm2
q

xð1−xÞ. Keeping this

in mind, the different components of the Lorentz structures
in the BT framework can be worked out easily and are
provided in Table III of Appendix C. The extraction of the
GFFs of quarkonia in the self-consistent LFQM from
different current components is illustrated in detail in
Appendix C. Particularly, we numerically establish in
Appendix C that different ways (using þþ;þi;−i; ij-
EMT components2 and two different radial wave functions,
CJ and TK) of extracting the GFFs lead to the same result in
self-consistent LFQM, while the traditional LFQM results
predict different values when different current components
are used.
For the sake of illustration, we write the following

expression for Aq and Dq extracted from (þþ) and
(þ−) components using Eq. (9) along with Eq. (11),

Aq ¼
�
Tþþ
q

Γþþ
A

�
BT

ð12Þ

Dq ¼
�
Γþþ
A Tþ−

q − Γþ−
A Tþþ

q

Γþ−
D Γþþ

A

�
BT
: ð13Þ

As emphasized in the Appendix C, the Lorentz structures,
which now depend on the internal quark momenta, have to
be integrated along with the matrix element Tþþ

q and Tþþ
q

in the self-consistent LFQM. We provide the details of the
evaluation of the matrix element of Tμν

q in the Appendix B.
Here, we briefly outline the steps needed to get the
final expression for GFFs. The individual meson momen-
tum in terms of the average momentum and momentum
transfer is given by P ¼ P̄ − Δ

2
and P0 ¼ P̄þ Δ

2
. We would

select an asymmetric frame with zero skewness (no
longitudinal momentum transfer Δþ ¼ 0). The choice of
the frame render us with P0þ ¼ Pþ ¼ P̄þ, P⃗ ¼ ðPþ; 0⃗Þ,
P⃗0 ¼ ðPþ; Δ⃗⊥Þ, and ⃗P̄ ¼ ðPþ; Δ⃗⊥

2
Þ.

The GFFs of the quarkonia can be obtained by calculat-
ing the matrix element of the EMToperator and substituting
in the expressions (12) and (13). It is worth mentioning that
being a symmetric mass system, both the quark and
antiquark contribute equally to the GFFs, i.e., A ¼ 2Aq

and D ¼ 2Dq (see Appendix B 2 for a formal derivation).
The matrix element of the EMToperator can be expressed as

Tμν
q ≡ hT̂μν

q ð0Þi ¼ hMðP0ÞjT̂μν
q ð0ÞjMðPÞi

¼
Z

dxd2k⃗⊥
2ð2πÞ3 φ�ðx; k⃗0⊥Þφðx; k⃗⊥ÞTr½SS0†Uμν�; ð14Þ

where Sðx; k⃗⊥Þ and S0 ≡ Sðx; k⃗0⊥Þ are the 2 × 2 matrices
(in the helicity space) representing the initial and final state
spin wave functions of the quarkonia. Uμν ≡Uμν

λ0qλq
¼

1
4x ūλ0qðp0

qÞ½γμpν
sq þ γνpμ

sq�uλqðpqÞ is a specific Dirac struc-
ture which determines the spin trace of the tensor current
Sμνq ≡ Tr½SS0†Uμν�.3 The momentum variables of the
LF Dirac spinors occurring in the definition of the Uμν

represent the momentum of the active quark. The momenta
of the incoming quark and the outgoing quark are, respec-

tively, pq ¼ ðp−
q ; pþ

q ; p⃗q⊥Þ ¼ ðp⃗
2
q⊥þm2

q

pþ
q

; xPþ; k⃗⊥Þ and p0
q ¼

ðp0−
q ;p0þ

q ; p⃗0
q⊥Þ¼ ðp⃗

02
q⊥þm2

q

p0þ
q

;xPþ;xP⃗0⊥þ k⃗0⊥Þ. As the momen-

tum of the spectator antiquark remains unchanged, we have
k⃗⊥þ Δ⃗⊥ ¼ xP⃗0⊥þ k⃗0⊥ which implies k⃗0⊥ ¼ k⃗⊥ þ ð1 − xÞΔ⃗⊥.
The total quark momentum is denoted by psq ¼ pq þ p0

q.

C. Distributions in transverse plane

The distribution of the spatial densities inside the
hadrons, as the Fourier transformation of the corresponding

2We also see that (−−)-EMT component leads to different
results in the self-consistent LFQM as found in Ref. [55] for pion
and should be discarded in studying the GFFs within the present
framework.

3While the spin indices (λ) are explicitly shown in the
derivation provided in the Appendix, here we are only keeping
the Dirac indices and ignoring the helicity or the spin indices.
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form factors, is tempting, and, in fact, has been defined in
this way in the past. In this definition, one takes a 3D
Fourier transformation of the form factors in the Breit frame
P̄ ¼ ðE; 0; 0; 0Þ and obtains the full 3D instant form spatial
densities of the hadron [3,106]. However, as pointed out in
several references [107–109], these densities suffer from
relativistic and quantum delocalization effects [109].
Properly defined 3D densities can be obtained in the full
nonrelativistic limits as mentioned in the Ref. [70].
However, this field is active, and readers can consult
Ref. [110] for further discussion.
In this section, we discuss the transverse plane 2D

densities obtained in the LF formalism, which are fully
consistent with relativity. These 2D distributions for the
EMT were introduced in Ref. [18] in the Wigner function
formalism and later confirmed in Refs. [21,69–71]. We
follow the Refs. [21,69–71] where the LF 2D density have
been defined as the expectation value of the relevant
operator in a localized hadron state (spatially localized
in the transverse plane). In Refs. [21,69–71], starting from
the expectation value of the EMT operator in a localized
wave function, the authors have shown that the internal
momentum, stress, and energy distribution can be obtained
from the 2D Fourier transformation of the matrix element
of the EMT operator. Appendix D contains a brief dis-
cussion along these lines, along with derivations of some
useful formulas to which readers may refer. Once the A and
D-terms of the quarkonia are known one can express the
matrix element of the EMT as

Tμν ¼ 2P̄μP̄νAþ ΔμΔν − gμνΔ2

2
D: ð15Þ

The pure stress tensor is associated with the following
Fourier transformation,

Sij ¼ 1

4Pþ

Z
d2Δ⃗⊥
ð2πÞ2 e

−iΔ⃗⊥·z⃗⊥ðΔi⊥Δ
j
⊥ − Δ⃗2⊥δijÞDð−Δ⃗2⊥Þ:

ð16Þ

While the pure stress tensor is dependent on the state of the
quarkonia via Pþ, an internal stress tensor defined by Sij ≡
PþSij is not. Drawing an analogy from continuum mechan-
ics, we can define the pure stress tensor as the decom-
position,

Sij ¼
�
zi⊥z

j
⊥

z2⊥
−
1

2
δij
�
sðz⊥Þ þ δijpðz⊥Þ; ð17Þ

where p and s are the LF static pressure and shear function
(give rise to shear stresses), respectively, with jz⃗⊥j ¼ z⊥ is
the distance in the transverse plane. The shear function and
pressure can be obtained by comparing the fundamental
definition (16) with the tensor decomposition (17) as (see

Appendix D),

sðz⊥Þ ¼ −z⊥
d

dz⊥

�
1

z⊥
dD̃
dz⊥

�
; ð18Þ

pðz⊥Þ ¼
1

2z⊥
d

dz⊥

�
z⊥

dD̃
dz⊥

�
; ð19Þ

where D̃≡ 1

4Pþ

Z
d2Δ⃗⊥
ð2πÞ2 e

−iΔ⃗⊥·z⃗⊥Dð−Δ⃗2⊥Þ: ð20Þ

By virtue of the relation obtained above and EMT con-
servation, the shear function and pressure obey certain
conditions [69],

dpðz⊥Þ
dz⊥

þ 1

z⊥
sðz⊥Þ þ

1

2

dsðz⊥Þ
dz⊥

¼ 0 ð21Þ

and
Z

d2z⃗⊥pðz⊥Þ ¼ 0: ð22Þ

Equation (21) is a direct result of ∂iSij ¼ 0, whereas the
second equality (22), known as the von Laue condition of
stability, is an implication of the expression of the pressure
stated in Eq. (19). The effective normal force density on a

1D surface4 is obtained as F i ¼ Sijnj ¼ zj⊥
z⊥ ðpþ 1

2
sÞ,

where nj is the normal to the surface. Apart from the
von Laue global stability condition, the local stability of the
matter implies an outward force at any point [69,111], i.e.,
pþ 1

2
s > 0. One defines the LF momentum (Pþ) and

energy (P−) densities in a similar manner as [71]

P ¼ Pþ
Z

d2Δ⃗⊥
ð2πÞ2 e

−iΔ⃗⊥·z⃗⊥Að−Δ⃗2⊥Þ ð23Þ

E ¼ 1

2Pþ

Z
d2Δ⃗⊥
ð2πÞ2 e

−iΔ⃗⊥·z⃗⊥
��

M2 þ Δ⃗2⊥
4

�

× Að−Δ⃗2⊥Þ þ
Δ⃗2⊥
2

Dð−Δ⃗2⊥Þ
�
: ð24Þ

The mean squared radius associated with momentum and
force is given by

hz2⊥iP ¼ 1

Pþ

Z
d2z⃗⊥z2⊥Pðz⊥Þ ð25Þ

hz2⊥iF ¼
R
d2z⃗⊥z2⊥ðpðz⊥Þ þ 1

2
sðz⊥ÞÞR

d2z⃗⊥ðpðz⊥Þ þ 1
2
sðz⊥ÞÞ

: ð26Þ

4This is basically a line in 2D. We choose it to be a circular
section.
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III. RESULTS AND DISCUSSIONS

In this section, we describe the results of the GFFs and the
corresponding spatial densities in the transverse plane using
the expressions provided in Secs. II B and II C. Specifically,
for Aq and Dq-terms, we use Eqs. (12) and (13), respec-
tively, where the components of the EMT tensor given in
Eq. (14) are evaluated using the spin trace of the tensor
current provided in Table II. Two different sets of wave
functions, i.e., SET-I corresponding to φCJ (Eq. (5) and
SET-II corresponding to φTK [Eq. (6)], are used for each
result. It should be noted that the wave functions are
characterized by two parameters, the mass of the quark
(or antiquark) mq and the harmonic parameter β. In the
following results and discussion, we use a common set of
parameters for both wave functions to isolate the differences
arising from their shapes. The parameters are adopted
from Ref. [102]: mc ¼ 1.68 GeV, mb ¼ 5.10 GeV, βηc ¼
0.699 GeV and βηb ¼ 1.376 GeV.
To begin with, we display the A-term as a function of the

momentum transfer. From Fig. 1, we observe that Að−Δ⃗2⊥Þ
satisfies the momentum sum rule [69], namely Að0Þ ¼ 1,
for both charmonium and bottomonium. We also find that
the A-term decreases with increasing momentum transfer
for both quarkonia. For charmonium, a clear difference
between the results obtained from different wave functions
appears at high momentum transfer. In contrast, this
difference is only marginal for bottomonium. The slope
of the momentum form factor at zero momentum transfer
provides a measure of the longitudinal momentum distri-
bution in the transverse plane [69] (We discuss more
regarding this at the end of this section, also see
Eq. (D15) of Appendix D). From the slopes shown in
Fig. 1, it is evident that the longitudinal momentum in
bottomonium is distributed over a smaller transverse area
compared to charmonium.
In Fig. 2, we display the so-called Druck term or D-term

for quarkonia. Unlike the A-term, there are no established

values or constraints for the magnitude of the D-term at
zero momentum transfer except for the pion. For the pion,
low-energy theorems can be used to dictate the value to be
−1 in the chiral limit, i.e.,Dπð−Δ⃗2⊥ ¼ 0Þ ¼ −1 formπ → 0
with corrections terms at finite pion mass (See Ref. [112]
and also articles cited there in). For heavy mesons made up
of heavy quarks, the magnitude of Dð−Δ⃗2⊥ ¼ 0Þ can be
different from one while still staying negative. We notice in
Fig. 2 that the magnitude of the Dð−Δ⃗2⊥ ¼ 0Þ is far from
the value −1 predicted for the Goldstone bosons. For
bottomonium, which is heavier than for charmonium, the
value of Dπð−Δ⃗2⊥ ¼ 0Þ is even farther away from −1. Our
results for the D-term are found to be consistent with the
contact-interaction approach [57], while they deviate from
the results reported in Refs. [58,59]. At zero transverse
momentum transfer, we observe the Dð−Δ⃗2⊥ ¼ 0Þ values
are obtained as

DCJ
ηc ¼ −0.291; DCJ

ηb ¼ −0.134;

DTK
ηc ¼ −0.268; DTK

ηb ¼ −0.127: ð27Þ

We also see a clear dependence of the space wave function
on the behavior of the D as a function of momentum
transfer. The magnitude of the D decreases as the momen-
tum transfer increases for both the quarkonia, and the wave
function dependence is pronounced for ηc than ηb.
For completeness, we also show the EMFFs of the

quarkonia as a function of momentum transfer in Fig. 3 as
well as a unified comparison in Fig. 4 for both the choices
of wave functions. The expression of the EMFF in terms of
an integral over the LFWFs is well established and can be
found in Refs. [113,114]. We notice a slight variation of the
EMFF with the wave function for the case of ηc and
marginal variations in ηb. We compare our results for the
EMFF with lattice simulations for the meson ηc. Our results
are in good agreement with the lattice data of the
Refs. [115–117]. In Fig. 4 we present all the form factors

FIG. 1. Variation of the A-term with squared momentum
transfer.

FIG. 2. Variation of the D-term with squared momentum
transfer.
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as a function of momentum transfer. This shows nicely all
the form factors relative momentum dependence as well as
the dependence on the spatial wave functions. The nor-
malized value of the D-term, i.e., D=Dð0Þ as a function
of momentum transfer, provides a measure of force

distribution inside the meson. The mechanical radius is
inversely proportional to the value of D=Dð0Þ (see
Eq. (D14) of Appendix D). From the Fig. 4, one reckons
that the transverse radius associated with ηb is less than ηc,
which in turn implies that the force distribution is more
concentrated for ηb than ηc. These facts would become
clear as we display the mechanical distributions in the
transverse plane in the next paragraphs.
In Fig. 5, we show the LF longitudinal momentum

distribution (upper panel) and pressure in the transverse
plane (lower panel), respectively. The distribution corre-
sponding to the ηc is shown on the left, and that of ηb is
shown on the right. For the momentum distribution, we use
the normalization factor Pþ so that the normalized dis-
tribution P=Pþ integrated over the transverse plane would
give one. Note that the momentum distribution is sensitive
to the choice of wave function in the region near the center.
This is a manifestation of the sensitivity of the A-term to the
wave function for large momentum transfer (see Fig. 1).
Particularly, we notice that the CJ wave function gives
higher momentum density for both the quarkonia. For ηc
and ηb, both the wave functions give approximately similar
momentum density as the transverse distance increases
further from 0.10 fm and 0.05 fm, respectively. We see for
the heavier meson ηb, the momentum distribution is more
concentrated on the central region than that of ηc. Turning
our attention to the pressure inside the mesons, we note that
it is obtained by taking appropriate spatial derivatives of the
Fourier transform of the D-term [Eq. (20)]. Therefore, the
pressure inside the meson is determined by the variation of
the D̃ with the transverse distance. In the transverse plane,
we observe a node at a finite distance for each meson,
where the pressure turns from positive (i.e., attractive) to
negative (i.e., repulsive), and finally vanishes as one moves
toward the periphery. This effect is a result of the von Laue
stability condition [3], which states that

R
dz⊥z⊥pðz⊥Þ ¼ 0

(see Eq. (D10) of Appendix D for derivation). We have
numerically verified the validity of the von Laue stability
condition for different transverse distances, thereby ensur-
ing the consistency of the numerical analysis. Although
pressure in general is observed to depend on the chosen
wave function type, at least in the central region, the
position of the nodes is seen to be mostly independent. The
nodes in the ηc and ηb mesons are located approximately at
0.14 fm and 0.07 fm, respectively. To facilitate a direct
comparison of numerical magnitudes, we also include
pressure bands corresponding to the QGP, proton, and
pion obtained in Refs. [1,47,51,55,118], alongside the
pressure distributions of the quarkonia. For a thermalized
system pressure depends on both the temperature and
chemical potential. For the QGP, the band is derived
from the thermodynamic pressure calculated using lattice
QCD simulations [118] for temperatures in the range
T ≈ 0.200–0.240 GeV at vanishing baryon chemical poten-
tial, μB ¼ 0. For the proton, we display the pressure

FIG. 3. Variation of the EMFFs with squared momentum
transfer. For the case of ηc the data points of lattice 1 [115], 2
[116], and 3 [117] are also put for comparison.

FIG. 4. Variation of all the form factors (GFFs and EMFFs) as a
function of momentum transfer is shown for ηc (upper panel) and
ηb (lower panel). Note that the normalized D-term, Dð−Δ⃗2⊥Þ=
Dð−Δ⃗2⊥ ¼ 0Þ is shown for a meaningful comparison.
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at r ¼ 0.25 fm together with its associated uncertainty,
motivated by Ref. [1], where r2PðrÞ reaches its maximum
near this radius. The pion band is constructed from the peak
pressure values reported in Refs. [47,51,55]. We observe
that the peak pressures of both the quarkonia are substan-
tially larger than the corresponding values for the QGP,
proton, and pion.
We analyze the shear function, force density, and internal

energy density inside the quarkonia in Fig. 6 in the upper,
middle, and lower panels, respectively. The distribution of
the shear function shows a spike around the point where we
observe the nodes in the pressure distribution. Interestingly,
in the shear function, we see sensitivity to the wave
function at intermediate distances, whereas at the center
and periphery, the shear functions for the two sets of wave
functions merge. Apart from the von Laue condition, which
provides a global condition of stability, one can have the
local stability condition, which states that force density

should point radially outward, i.e., F ≡ pþ 1
2
s > 0, as

postulated in Ref. [111]. As a local stability condition, it
provides a stronger stability criterion. The force density
displayed in the middle panel of Fig. 6 verifies this local
stability criterion for both the mesons, irrespective of the
choice of the wave functions. The internal energy density of
the quarkonia, as defined in Eq. (24), contains the Fourier
transformation of both the GFFs in its expression. As
pointed out in Ref. [71], this internal energy density
includes kinetic energy of the constituents (including rest
mass energies) relative to the center-of-momentum, and the
potential energy. We observe that this internal energy is
positive for both the quarkonia and decreases with distance
from the center. For ηb, we notice that the energy density is
very large at the center, which drops rapidly when one
approaches the surface of the quarkonium. We also observe
that the energy density is sensitive to the choice of the wave
function in the central region.

(b)

(a)

FIG. 5. Dependence of spatial distributions of mechanical properties (momentum and pressure) of mesons on their wave functions.
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We close the discussion by giving several useful length
scales that define the spread of the mechanical properties of
the quarkonia in the transverse plane. One can then
compare it with the length associated with the EMFF,
which decides the spread in the charge distribution. A
useful quantity is the slope of the corresponding form

factors at zero momentum transfer, from which one defines
the length scale [55]

hr2F i ¼ −
6

Fð0Þ
dF

dΔ⃗2⊥
; ð28Þ

(a)

(b)

(c)

FIG. 6. The wave function dependence of the mechanical distributions (shear, force, and energy) inside ηc and ηb.
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where F can be the GFFs or the EMFFs. The generic
radius associated with the A and F-terms is the length
associated with the mass and charge distributions.
Similarly, we also provide the length associated with the
D-term by finding the slope at zero momentum transfer as
provided in Ref. [55] for pions. As described in
Appendix D, the radii obtained with Eq. (28) correspond
to the length scale associated with 3D distributions.
Similarly, 2D mean radii associated with the momentum
and force distribution in the transverse plane are defined in
Sec. II C in Eqs. (25) and (26). We provide a comparison of
these radii for different choices of wave functions in the
Table I. We should mention that the 2D and 3D radius

associated with the A-term are related by
ffiffiffiffiffiffiffiffiffi
hr2Ai

p
¼ffiffi

3
2

q ffiffiffiffiffiffiffiffiffi
hz2⊥i

p
P (see Eq. (D15) of Appendix D). One can

see that this equality holds to a good extent in our numerical
evaluation of the radius parameters provided in Table I.
Moreover, we see that similar to the pion case reported in

Refs. [55,119] for charmoinium, the ranking
ffiffiffiffiffiffiffiffiffiffiffi
hr2Aηc

i
q

<ffiffiffiffiffiffiffiffiffiffiffiffi
hr2Fηc

i
q

<
ffiffiffiffiffiffiffiffiffiffiffiffi
hr2Dηc

i
q

hold. However, for the heavier meson,

the bottomonium, it no longer holds. In the 2D plane, we
notice that the momentum and force are distributed almost
equally with

ffiffiffiffiffiffiffiffiffi
hz2⊥i

p
P ≈

ffiffiffiffiffiffiffiffiffi
hz2⊥i

p
F for both the quarkonia.

The mechanical properties for the bottomonium are spread
in a region which is almost half of that of the charmonium,
i.e.,

ffiffiffiffiffiffiffiffiffi
hz2⊥i

p
ηb
≈ 1

2

ffiffiffiffiffiffiffiffiffi
hz2⊥i

p
ηc
.

IV. SUMMARY

To summarize the work, we have investigated the
mechanical properties and internal force distributions of
the heavy pseudoscalar mesons by solving the EMTs within
the self-consistent LFQM. This study provides insight into
the spatial distributions of energy, pressure, and shear forces
inside heavy quarkonia by extracting the gravitational form
factors associated with the EMT. In order to properly account
for the zero-mode contributions that arise in the light-front
dynamics, we adopted the BT constructionmethod following
the Ref. [55]. This implementation of the BT framework
ensures the restoration of covariance and consistency
between different current components for meson systems
composed of equal-mass quark and antiquark.

By evaluating the matrix elements of the EMT (T̂μν) using
the appropriate mesonic Fock-state expansion and quark-
field operators, we derived the A- and D-term GFFs, which
primarily encode the internal energy, momentum, pressure,
and shear-force distributions inside the meson. The A-term,
which is calculated from the good current components of the
EMT, is associated with the momentum and mass-energy
distribution carried by the constituents, while the D-term
characterizes the mechanical properties of the hadron,
including the internal pressure and stability conditions.
With two distinct light-front wave functions, we have
provided a comprehensive description of the mechanical
distributions of heavy quarkonia. The A-term is found to
satisfy the corresponding sum rule, and the calculated
longitudinal momentum density exhibits positive distribu-
tions throughout the transverse position space. The pressure
distribution, obtained from the D-term, shows positive
values in the low-z⊥ region, indicating a strong repulsive
force among the constituents, while it becomes negative at
larger z⊥, suggesting the presence of an attractive force
among the constituents. The stress distribution is found to
exhibits the positive distribution all over the z⊥. Similarly,
the force density and internal energy density are also found
to exhibit positive distributions throughout the transverse
plane. In the case of heavy bottomonium, the D-term is
found to be of smaller magnitude than the charmonium case.
The longitudinal momentum density, internal energy density,
pressure, force density, and shear distributions for the
bottomonium are found to be larger in magnitude in the
central region than those of charmonium in both model wave
functions. The mechanical and momentum radii of quarko-
nia are found to be the same, which are less than their charge
radii. All the distributions in this paper are calculated using
the 2D Fourier transformation rather than choosing the 3D
transformations to avoid the quantum delocalization effects.
Overall, this study provides a comprehensive description

of the internal mechanical distributions of heavy quarko-
nium systems within the framework of light-front dynamics
with two distinct light-front wave functions. These findings
may serve as useful theoretical inputs for future inves-
tigations of gravitational form factors, generalized parton
distributions, and lattice QCD studies of heavy hadronic
systems. The present work can also be extended to excited
states, higher Fock sectors, and spin-dependent mechanical
properties in future studies.
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APPENDIX A: LIGHT-FRONT SPINORS AND
LIGHT FRONT SPIN WAVE FUNCTIONS OF

PSEUDOSCALAR MESONS

We follow the Lepage-Brodsky (LB) convention
[74,120] in our analysis. The LF position coordinates zLF ≡
z ¼ ðzþ; z1; z2; z−Þ and the instant from coordinates x ¼
ðx0; x1; x2; x3Þ are related by zþ ¼ x0 þ x3, z1 ¼ x1,
z2 ¼ x2 and z− ¼ x0 − x3. This transformation leads to a
nondiagonal metric

gμν ¼

0
BBBB@

0 0 0 1
2

0 −1 0 0

0 0 −1 0

1
2

0 0 0

1
CCCCA; gμν ¼

0
BBBB@

0 0 0 2

0 −1 0 0

0 0 −1 0

2 0 0 0

1
CCCCA:

ðA1Þ

The inner product between two vectors is defined with the
help of the metric as A ·B≡gμνAμBν¼ 1

2
ðAþB−þA−BþÞ−

A⃗⊥ · B⃗⊥. We use the Dirac matrices in the Dirac represen-
tation, i.e.,

γ0 ≡ β ¼
�
I 0

0 −I

�
; γk ¼

�
0 σk

−σk 0

�
;

γ5 ¼
�
0 I

I 0

�
; αk ≡ βγk ¼

�
0 σk

σk 0

�
; ðA2Þ

where I and σk are the two dimensional identity and Pauli
matrices. The LF Dirac matrices γ� are defined as γ0 � γ3.
The LF Dirac spinors are defined as

uλq¼�1ðpqÞ ¼
1ffiffiffiffiffiffi
pþ
q

p ðpþ
q þ βmq þ α⃗⊥ · p⃗q⊥Þχ�; ðA3Þ

vλq̄¼�1ðpq̄Þ ¼
1ffiffiffiffiffiffi
pþ
q̄

q ðpþ
q̄ − βmq̄ þ α⃗⊥ · p⃗q̄⊥Þχ∓; ðA4Þ

where χTþ¼1=
ffiffiffi
2

p ð1010Þ and χT− ¼ 1=
ffiffiffi
2

p ð0 1 0 − 1Þ. Upon
simplification, we can get the following four Dirac spinors:

uλq¼þ1ðpqÞ ¼
1ffiffiffiffiffiffiffiffiffi
2pþ

q

p
0
BBBB@

pþ
q þmq

pR
q

pþ
q −mq

pR
q

1
CCCCA; ðA5Þ

uλq¼−1ðpqÞ ¼
1ffiffiffiffiffiffiffiffiffi
2pþ

q

p
0
BBBB@

−pL
q

pþ
q þmq

pL
q

−ðpþ
q −mqÞ

1
CCCCA ðA6Þ

vλq̄¼þ1ðpq̄Þ ¼
1ffiffiffiffiffiffiffiffiffi
2pþ

q̄

q
0
BBBB@

−pL
q̄

pþ
q̄ −mq̄

pL
q̄

−ðpþ
q̄ þmq̄Þ

1
CCCCA; ðA7Þ

vλq̄¼−1ðpq̄Þ ¼
1ffiffiffiffiffiffiffiffiffi
2pþ

q̄

q
0
BBBB@

pþ
q̄ −mq̄

pR
q̄

pþ
q̄ þmq̄

pR
q̄

1
CCCCA; ðA8Þ

where we use the notation pR
qðq̄Þ ≡ px

qðq̄Þ þ ipy
qðq̄Þ and

pL
qðq̄Þ ≡ px

qðq̄Þ − ipy
qðq̄Þ. For a meson traveling with

momenta P⃗ ¼ ðPþ; P⃗⊥Þ, the momentum of the quark
and antiquark comprising the valence state of the meson
in the LF is expressed as, p⃗q ¼ ðpþ

q ≡ xqPþ; p⃗q⊥ ≡
xqP⃗⊥ þ k⃗q⊥Þ and p⃗q̄ ¼ ðpþ

q̄ ≡ xq̄Pþ; p⃗q̄⊥ ≡ xq̄P⃗⊥ þ k⃗q̄⊥Þ
such that P⃗ ¼ p⃗q þ p⃗q̄. The last condition renders the
possibility of only two independent variables characteriz-
ing the longitudinal and transverse motion, i.e., x≡ xq and

k⃗⊥ ≡ k⃗q⊥. The antiquark momentum is constrained to be

p⃗q̄ ¼ðpþ
q̄ ¼ð1−xÞPþ; p⃗q̄⊥ ¼ð1−xÞP⃗⊥− k⃗⊥Þ. One writes

the total valence state wave functionΨ as a product of space
φ and spin wave functions S, i.e., Ψλqλq̄ðx; k⃗⊥Þ ¼
φðx; k⃗⊥ÞSλqλq̄ðx; k⃗⊥Þ. The spin wave function of a pseu-
doscalar meson is obtained by the choice of an appropriate
vertex in terms of the quark and antiquark spinors as

Sλqλq̄ ¼
1ffiffiffi
2

p ūλqðpqÞγ5vλq̄ðpq̄Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

0 − ðmq −mq̄Þ2
q ;

where M2
0 ¼

k⃗2⊥ þm2
q

x
þ k⃗2⊥ þm2

q̄

1 − x
: ðA9Þ

Upon explicitly performing the spinor multiplications in
Eq. (A9) using Eqs. (A5)–(A8) we get
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Sλqλq̄ ¼
1ffiffiffi

2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k⃗2⊥ þ ðð1 − xÞmq þ xmq̄Þ2
q

×
� −kR −ðð1 − xÞmq þ xmq̄Þ
ðð1 − xÞmq þ xmq̄Þ −kL

�
;

ðA10Þ

where we label the row (column) starting from λqðq̄Þ ¼ −1
to ending at λqðq̄Þ ¼ 1. It is worth pointing out that in the
spin wave functions given in Eq. (A10) the dependence on
the total meson momenta P⃗ ¼ ðPþ; P⃗⊥Þ cancels out.

APPENDIX B: EVALUATION OF MATRIX
ELEMENTS OF EMT OPERATOR

To get the EMT operator, we first write down the free
quark fields and their derivatives. The field operators and
their derivatives are given by

ψqðzÞ¼
Z

dpþ
q d2p⃗q

2pþ
q ð2πÞ3

X
λq

uλqðpqÞbqðpq;λqÞe−ipq·z

þ
Z

dp0þ
q̄ d2p⃗0̄

q

2p0þ
q̄ ð2πÞ3

X
λ0q̄

vλ0q̄ðp0̄
qÞd†q̄ðpq̄0 ;λ0̄qÞeip

0
q̄·z; ðB1Þ

ψ̄qðzÞ¼
Z

dp0þ
q d2p⃗0

q

2p0þ
q ð2πÞ3

X
λ0q

ūλ0qðp0
qÞb†qðp0

q;λ0qÞeip0
q·z

þ
Z

dpþ
q̄ d

2p⃗q̄

2pþ
q̄ ð2πÞ3

X
λq̄

v̄λq̄ðpq̄Þdq̄ðpq̄;λq̄Þe−ipq̄·z; ðB2Þ

∂
νψqðzÞ¼−i

Z
dpþ

q d2p⃗q

2pþ
q ð2πÞ3

pν
q

X
λq

uλqðpqÞbqðpq;λqÞe−ipq·z

þ i
Z

dp0þ
q̄ d2p⃗0̄

q

2p0þ
q̄ ð2πÞ3p

0ν
q̄

X
λ0q̄

vλ0q̄ðp0̄
qÞd†q̄ðpq̄0 ;λ0̄qÞeip

0
q̄·z;

ðB3Þ

∂
νψ̄qðzÞ ¼ i

Z
dp0þ

q d2p⃗0
q

2p0þ
q ð2πÞ3 p

0ν
q

X
λ0q

ūλ0qðp0
qÞb†qðp0

q; λ0qÞeip0
q·z

− i
Z

dpþ
q̄ d

2p⃗q̄

2pþ
q̄ ð2πÞ3

pν
q̄

X
λq̄

v̄λq̄ðpq̄Þdq̄ðpq̄; λq̄Þe−ipq̄·z:

ðB4Þ

The EMT operator, in terms of the quark field operators,
is given by

T̂μν ¼ 1

4
ψ̄qðzÞðiγμ ∂

↔
ν þ iγν ∂

↔
μÞψqðzÞ

⇒ T̂μν ¼ 1

4
ψ̄qðzÞiγμ∂νψqðzÞ þ

1

4
ψ̄qðzÞiγν∂μψqðzÞ

−
1

4
∂
νψ̄qðzÞiγμψqðzÞ −

1

4
∂
μψ̄qðzÞiγνψqðzÞ;

Substituting the quark field operators and their derivative
from Eqs. (B1)–(B4) we have

⇒ T̂μν ¼ 1

4

�Z
dp0þ

q d2p⃗0
q

2p0þ
q ð2πÞ3

X
λ0q

ūλ0qðp0
qÞb†qðp0

q;λ0qÞeip0
q·zþ

Z
dpþ

q̄ d
2p⃗q̄

2pþ
q̄ ð2πÞ3

X
λq̄

v̄λq̄ðpq̄Þdq̄ðpq̄;λq̄Þe−ipq̄·z

�

×

�Z
dpþ

q d2p⃗q

2pþ
q ð2πÞ3

γμpν
q

X
λq

uλqðpqÞbqðpq;λqÞe−ipq·z−
Z

dp0þ
q̄ d2p⃗0̄

q

2p0þ
q̄ ð2πÞ3 γ

μp0ν
q̄

X
λ0q̄

vλ0q̄ðp0̄
qÞd†q̄ðpq̄0 ;λ0̄qÞeip

0
q̄·z
�
þðμ↔ νÞ

þ 1

4

�Z
dp0þ

q d2p⃗0
q

2p0þ
q ð2πÞ3

X
λ0q

ūλ0qðp0
qÞb†qðp0

q;λ0qÞeip0
q·zp0ν

q γ
μ−
Z

dpþ
q̄ d

2p⃗q̄

2pþ
q̄ ð2πÞ3

X
λq̄

v̄λq̄ðpq̄Þdq̄ðpq̄;λq̄Þe−ipq̄·zpν
q̄γ

μ

�

×

�Z
dpþ

q d2p⃗q

2pþ
q ð2πÞ3

X
λq

uλqðpqÞbqðpq;λqÞe−ipq·zþ
Z

dp0þ
q̄ d2p⃗0̄

q

2p0þ
q̄ ð2πÞ3

X
λ0q̄

vλ0q̄ðp0̄
qÞd†q̄ðpq̄0 ;λ0̄qÞeip

0
q̄·z
�
þðμ↔ νÞ

¼ 1

4

X
λq; λ0q

Z
dpþ

q d2p⃗q

2pþ
q ð2πÞ3

dp0þ
q d2p⃗0

q

2p0þ
q ð2πÞ3 ūλ0qðp

0
qÞ½γμðpν

qþp0ν
q Þþ γνðpμ

qþp0μ
q Þ�uλqðpqÞb†qðp0

q;λ0qÞbqðpq;λqÞe−iðpq−p0
qÞ·z

−
1

4

X
λq̄; λ0q̄

Z
dpþ

q̄ d
2p⃗q̄

2pþ
q̄ ð2πÞ3

dp0þ
q̄ d2p⃗0̄

q

2p0þ
q̄ ð2πÞ3 v̄λq̄ðpq̄Þ½γμðpν

q̄þp0ν
q̄ Þþ γνðpμ

q̄þp0μ
q̄ Þ�vλ0q̄ðp0̄

qÞdq̄ðpq̄;λq̄Þd†q̄ðp0̄
q;λ

0̄
qÞe−iðpq̄−p0

q̄Þ·z:

ðB5Þ
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In the above expression, we ignore terms that do not contribute to the matrix elements. We reexpress Eq. (B5) by normal
ordering the 2nd term,

⇒ T̂μν ¼ 1

4

X
λq; λ0q

Z
dpþ

q d2p⃗q

2pþ
q ð2πÞ3

dp0þ
q d2p⃗0

q

2p0þ
q ð2πÞ3 ūλ0qðp

0
qÞ½γμðpν

qþp0ν
q Þþ γνðpμ

qþp0μ
q Þ�uλqðpqÞb†qðp0

q;λ0qÞbqðpq;λqÞe−iðpq−p0
qÞ·z

þ 1

4

X
λq̄; λ0q̄

Z
dpþ

q̄ d
2p⃗q̄

2pþ
q̄ ð2πÞ3

dp0þ
q̄ d2p⃗0̄

q

2p0þ
q̄ ð2πÞ3 v̄λq̄ðpq̄Þ½γμðpν

q̄þp0ν
q̄ Þþ γνðpμ

q̄þp0μ
q̄ Þ�vλ0q̄ðp0̄

qÞd†q̄ðp0̄
q;λ

0̄
qÞdq̄ðpq̄;λq̄Þe−iðpq̄−p0

q̄Þ·z:

ðB6Þ

From Eq. (B6) it is clear that in the matrix element the first term would correspond to the quark contribution (T̂μν
q ) and the

second would correspond to the antiquark contribution (T̂μν
q̄ ). The pseudoscalar quarkonia states in the LFQM are expressed as

hMðP0Þj ¼ h0j
Z

dx0d2k⃗0⊥
2ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x0ð1 − x0Þp X
λ0
1
;λ0

2

Ψ�
λ0
1
λ0
2
dq̄ðð1 − x0ÞP0þ;−k⃗0⊥ þ ð1 − x0ÞP⃗0⊥; λ02Þbqðx0P0þ; k⃗0⊥ þ x0P⃗0⊥; λ01Þ ðB7Þ

jMðPÞi ¼
Z

dxd2k⃗⊥
2ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp X
λ1;λ2

Ψλ1λ2b
†
qðxPþ; k⃗⊥ þ xP⃗⊥; λ1Þd†q̄ðð1 − xÞPþ;−k⃗⊥ þ ð1 − xÞP⃗⊥; λ2Þj0i ðB8Þ

Using Eqs. (B6)–(B8) we can write down the matrix element as the sum of quark and antiquark contributions

hT̂μν
q i ¼ h0j

Z
dx0d2k⃗0⊥

2ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0ð1 − x0Þp X

λ0
1
;λ0

2

Ψ�
λ0
1
λ0
2
dq̄ðð1 − x0ÞP0þ;−k⃗0⊥ þ ð1 − x0ÞP⃗0⊥; λ02Þbqðx0P0þ; k⃗0⊥ þ x0P⃗0⊥; λ01Þ

×
1

4

X
λq; λ0q

Z
dpþ

q d2p⃗q

2pþ
q ð2πÞ3

dp0þ
q d2p⃗0

q

2p0þ
q ð2πÞ3 ūλ0qðp

0
qÞ½γμðpν

q þ p0ν
q Þ þ γνðpμ

q þ p0μ
q Þ�uλqðpqÞb†qðp0

q; λ0qÞbqðpq; λqÞ

×
Z

dxd2k⃗⊥
2ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp X
λ1;λ2

Ψλ1λ2b
†
qðxPþ; k⃗⊥ þ xP⃗⊥; λ1Þd†q̄ðð1 − xÞPþ;−k⃗⊥ þ ð1 − xÞP⃗⊥; λ2Þj0i

¼ 1

4

Z
dx0d2k⃗0⊥dpþ

q d2p⃗qdp0þ
q d2p⃗0

qdxd2k⃗⊥
ð2ð2πÞ3Þ4 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0ð1 − x0Þp

pþ
q p0þ

q

X
fλg

Ψ�
λ0
1
λ0
2
Ψλ1λ2 ūλ0qðp0

qÞ½γμðpν
q þ p0ν

q Þ þ γνðpμ
q þ p0μ

q Þ�uλqðpqÞ

× h0jdq̄ðð1 − x0ÞP0þ;−k⃗0⊥ þ ð1 − x0ÞP⃗0⊥; λ02Þbqðx0P0þ; k⃗0⊥ þ x0P⃗0⊥; λ01Þb†qðp0
q; λ0qÞbqðpq; λqÞ

× b†qðxPþ; k⃗⊥ þ xP⃗⊥; λ1Þd†q̄ðð1 − xÞPþ;−k⃗⊥ þ ð1 − xÞP⃗⊥; λ2Þj0i; ðB9Þ

hT̂μν
q̄ i ¼ h0j

Z
dx0d2k⃗0⊥

2ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0ð1 − x0Þp X

λ0
1
;λ0

2

Ψ�
λ0
1
λ0
2
dq̄ðð1 − x0ÞP0þ;−k⃗0⊥ þ ð1 − x0ÞP⃗0⊥; λ02Þbqðx0P0þ; k⃗0⊥ þ x0P⃗0⊥; λ01Þ

×
1

4

X
λq̄;λ0q̄

Z
dpþ

q̄ d
2p⃗q̄

2pþ
q̄ ð2πÞ3

dp0þ
q̄ d2p⃗0̄

q

2p0þ
q̄ ð2πÞ3 v̄λq̄ðpq̄Þ½γμðpν

q̄ þ p0ν
q̄ Þ þ γνðpμ

q̄ þ p0μ
q̄ Þ�vλ0q̄ðp0̄

qÞd†q̄ðp0̄
q; λ

0̄
qÞdq̄ðpq̄; λq̄Þ

×
Z

dxd2k⃗⊥
2ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp X
λ1; λ2

Ψλ1λ2b
†
qðxPþ; k⃗⊥ þ xP⃗⊥; λ1Þd†q̄ðð1 − xÞPþ;−k⃗⊥ þ ð1 − xÞP⃗⊥; λ2Þj0i

¼ 1

4

Z
dx0d2k⃗0⊥dpþ

q d2p⃗qdp0þ
q d2p⃗0

qdxd2k⃗⊥
ð2ð2πÞ3Þ4 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x0ð1 − x0Þp

pþ
q̄ p

0þ
q̄

X
fλ̄g

Ψ�
λ0
1
λ0
2
Ψλ1λ2 v̄λq̄ðpq̄Þ½γμðpν

q̄ þ p0ν
q̄ Þ þ γνðpμ

q̄ þ p0μ
q̄ Þ�vλ0q̄ðp0̄

qÞ

× h0jdq̄ðð1 − x0ÞP0þ;−k⃗0⊥ þ ð1 − x0ÞP⃗0⊥; λ02Þbqðx0P0þ; k⃗0⊥ þ x0P⃗0⊥; λ01Þd†q̄ðp0̄
q; λ

0̄
qÞdq̄ðpq̄; λq̄Þ

× b†qðxPþ; k⃗⊥ þ xP⃗⊥; λ1Þd†q̄ðð1 − xÞPþ;−k⃗⊥ þ ð1 − xÞP⃗⊥; λ2Þj0i: ðB10Þ
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For the sum over helicity indices we choose the short hand fλg≡ ðλ1; λ2; λ01; λ02; λq; λ0qÞ for quark contribution and
fλ̄g ¼ ðλ1; λ2; λ01; λ02; λq̄, λ0̄q) for antiquark contribution.
To evaluate the quark contribution to the EMT matrix element, we have to simplify the following vacuum expectation

value,

h0jdq̄ðð1 − x0ÞP0þ;−k⃗0⊥ þ ð1 − x0ÞP⃗0⊥; λ02Þbqðx0P0þ; k⃗0⊥ þ x0P⃗0⊥; λ01Þb†qðp0
q; λ0qÞbqðpq; λqÞ

b†qðxPþ; k⃗⊥ þ xP⃗⊥; λ1Þd†q̄ðð1 − xÞPþ;−k⃗⊥ þ ð1 − xÞP⃗⊥; λ2Þj0i: ðB11Þ

This expectation value can be simplified by adhering to the LF commutation relations involving the creation and
annihilation operators: fbqðp; λÞ; b†qðp0; λ0Þg ¼ 2ð2πÞ3pþδðpþ − p0þÞδ2ðp⃗⊥ − p⃗0⊥Þδλλ0 and fdq̄ðp; λÞ; d†q̄ðp0; λ0Þg ¼
2ð2πÞ3pþδðpþ − p0þÞδ2ðp⃗⊥ − p⃗0⊥Þδλλ0 with all other anticommutators being zero. One can now calculate the expectation
value using Wick’s theorem; nevertheless, we work it out explicitly. Let us evaluate the vacuum expectation value by
collectively defining the arguments in the operators as dq̄ðð1 − x0ÞP0þ; −⃗k0⊥ þ ð1 − x0ÞP⃗0⊥; λ02Þbqðx0P0þ; ⃗k0⊥ þ x0P⃗0⊥; λ01Þ
b†qðp0

q; λ0qÞbqðpq; λqÞb†qðxPþ; ⃗k⊥ þ xP⃗⊥; λ1Þd†q̄ðð1 − xÞPþ; −⃗k⊥ þ ð1 − xÞP⃗⊥; λ2Þ ≡ dq̄ð1Þbqð2Þb†qð3Þbqð4Þb†qð5Þd†q̄ð6Þ.
The expectation value becomes

h0jdq̄ð1Þbqð2Þb†qð3Þbqð4Þb†qð5Þd†q̄ð6Þj0i ¼ h0jdq̄ð1Þbqð2Þb†qð3Þbqð4Þb†qð5Þd†q̄ð6Þj0i
¼ h0jdq̄ð1Þd†q̄ð6Þbqð2Þb†qð3Þbqð4Þb†qð5Þj0i
¼ h0jðδð16Þ − d†q̄ð6Þdq̄ð1ÞÞðδð23Þ − b†qð3Þbqð2ÞÞðδð45Þ − b†qð5Þbqð4ÞÞj0i
¼ h0jðδð16Þ − d†q̄ð6Þdq̄ð1ÞÞðδð23Þδð45Þ − δð23Þb†qð5Þbqð4Þ − δð45Þb†qð3Þbqð2Þ
þ b†qð3Þbqð2Þb†qð5Þbqð4ÞÞj0i

¼ h0jðδð16Þ − d†q̄ð6Þdq̄ð1ÞÞðδð23Þδð45Þ − δð23Þb†qð5Þbqð4Þ − δð45Þb†qð3Þbqð2Þ
þ b†qð3Þðδð25Þ − b†qð5Þbqð2ÞÞbqð4ÞÞj0i

¼ h0jðδð16Þ − d†q̄ð6Þdq̄ð1ÞÞðδð23Þδð45Þ − δð23Þb†qð5Þbqð4Þ − δð45Þb†qð3Þbqð2Þ
þ b†qð3Þbqð4Þδð25Þ − b†qð3Þb†qð5Þbqð2Þbqð4ÞÞj0i

¼ h0jðδð16Þδð23Þδð45Þ − δð16Þδð23Þb†qð5Þbqð4Þ − δð16Þδð45Þb†qð3Þbqð2Þ
þ δð16Þδð25Þb†qð3Þbqð4Þ − δð16Þb†qð3Þb†qð5Þbqð2Þbqð4ÞÞ
þ ð−δð23Þδð45Þd†q̄ð6Þdq̄ð1Þ − δð23Þd†q̄ð6Þb†qð5Þdq̄ð1Þbqð4Þ
− δð45Þd†q̄ð6Þb†qð3Þdq̄ð1Þbqð2Þ þ δð25Þd†q̄ð6Þb†qð3Þdq̄ð1Þbqð4Þ
þ d†q̄ð6Þb†qð3Þb†qð5Þdq̄ð1Þbqð2Þbqð4ÞÞj0i

¼ h0jδð16Þδð23Þδð45Þj0i
¼ δð16Þδð23Þδð45Þ: ðB12Þ

Substituting it in the Eq. (B11) we have

h0jdq̄ðð1 − x0ÞP0þ;−k⃗0⊥ þ ð1 − x0ÞP⃗0⊥; λ02Þbqðx0P0þ; k⃗0⊥ þ x0P⃗0⊥; λ01Þb†qðp0
q; λ0qÞbqðpq; λqÞ

× b†qðxPþ; k⃗⊥ þ xP⃗⊥; λ1Þd†q̄ðð1 − xÞPþ;−k⃗⊥ þ ð1 − xÞP⃗⊥; λ2Þj0i
¼ ð2ð2πÞ3Þ3ð1 − xÞPþδðð1 − x0ÞP0þ − ð1 − xÞPþÞδ2ð−k⃗0⊥ þ ð1 − x0ÞP⃗0⊥ þ k⃗⊥ − ð1 − xÞP⃗⊥Þδλ2λ02
× p0þ

q δðx0P0þ − p0þ
q Þδ2ðk⃗0⊥ þ x0P⃗0⊥ − p⃗0

q⊥Þδλ01λ0qpþ
q δðxPþ − pþ

q Þδ2ðk⃗⊥ þ xP⃗⊥ − p⃗q⊥Þδλqλ1 : ðB13Þ

Integrating over the variables x0, k⃗0⊥, p0þ
q , p⃗0

q⊥, pþ
q , and p⃗q⊥ and summing over λ1, λ01, and λ02 in Eq. (B9) with the use of

Eq. (B13) we have
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hT̂μν
q i ¼

Z
dx d2k⃗⊥
2ð2πÞ3 φ�ðx; k⃗0⊥Þφðx; k⃗⊥Þ

X
λq;λ0q;λ2

S�
λ0qλ2

ðx; k⃗0⊥ÞUμν
λ0qλq

Sλqλ2ðx; k⃗⊥Þ

¼
Z

dx d2k⃗⊥
2ð2πÞ3 φ�ðx; k⃗0⊥Þφðx; k⃗⊥ÞSμνq ; ðB14Þ

where the following definitions are used

Uμν
λ0qλq

≡ 1

4x
ūλ0qðp0

qÞ½γμpν
sq þ γνpμ

sq�uλqðpqÞ;

Sμνq ≡ X
λq;λ0q;λ2

S�
λ0qλ2

ðx; k⃗0⊥ÞUμν
λ0qλq

Sλqλ2ðx; k⃗⊥Þ;

pq ¼ ðp−
q ; pþ

q ; p⃗q⊥Þ ¼
�
p⃗2
q⊥ þm2

q

pþ
q

; xPþ; k⃗⊥
�
;

p0
q ¼ ðp0−

q ; p0þ
q ; p⃗0

q⊥Þ ¼
�
p⃗02
q⊥ þm2

q

p0þ
q

; xPþ; k⃗⊥ þ Δ⃗⊥
�
;

psq ¼ pq þ p0
q

k⃗0⊥ ¼ k⃗⊥ þ ð1 − xÞΔ⃗⊥: ðB15Þ

For the evaluation of the antiparticle contribution to the matrix element provided in Eq. (B10), we need to evaluate the
following vacuum expectation value:

h0jdq̄ðð1 − x0ÞP0þ;−k⃗0⊥ þ ð1 − x0ÞP⃗0⊥; λ02Þbqðx0P0þ; k⃗0⊥ þ x0P⃗0⊥; λ01Þd†q̄ðp0̄
q; λ

0̄
qÞdq̄ðpq̄; λq̄Þ

b†qðxPþ; k⃗⊥ þ xP⃗⊥; λ1Þd†q̄ðð1 − xÞPþ;−k⃗⊥ þ ð1 − xÞP⃗⊥; λ2Þj0i
≡ h0jdq̄ð1Þbqð2Þd†q̄ð3Þdq̄ð4Þb†qð5Þd†q̄ð6Þj0i
¼ h0jbqð2Þb†qð5Þdq̄ð1Þd†q̄ð3Þdq̄ð4Þd†q̄ð6Þj0i
¼ h0j∶bqð2Þb†qð5Þdq̄ð1Þd†q̄ð3Þdq̄ð4Þd†q̄ð6Þ∶þ δð25Þδð13Þδð46Þj0i
¼ δð25Þδð13Þδð46Þ
¼ ð2ð2πÞ3Þ3xPþδðx0P0þ − xPþÞδ2ðk⃗0⊥ þ x0P⃗0⊥ − k⃗⊥ − xP⃗⊥Þδλ0

1
λ1

× 2p0þ
q̄ δðp0þ

q̄ − ð1 − x0ÞP0þÞδ2ð−k⃗0⊥ þ ð1 − x0ÞP⃗0⊥ − p⃗0
q̄⊥Þδλ02λ0q̄

× 2pþ
q̄ δðpþ

q̄ − ð1 − xÞPþÞδ2ð−k⃗⊥ þ ð1 − xÞP⃗⊥ − p⃗q̄⊥Þδλq̄λ2 : ðB16Þ

Integrating over the variables x0, k⃗0⊥, p0þ
q̄ , p⃗0

q̄⊥, pþ
q̄ , and p⃗q̄⊥ and summing over λ2, λ01, and λ02 in Eq. (B10) with the use of

Eq. (B16) we have

hT̂μν
q̄ i ¼

Z
dx d2k⃗⊥
2ð2πÞ3 φ�ðx; ⃗k̃⊥Þφðx; k⃗⊥Þ

X
λq̄;λ0q̄;λ1

Sλ1λq̄ðx; k⃗⊥ÞVμν
λq̄λ

0
q̄
S�
λ1λ

0
q̄
ðx; ⃗k̃⊥Þ

¼
Z

dx d2k⃗⊥
2ð2πÞ3 φ�ðx; ⃗k̃⊥Þφðx; k⃗⊥ÞSμνq̄ ; ðB17Þ

where we use the following definitions:
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Vμν
λq̄λ

0
q̄
≡ 1

4ð1 − xÞ v̄λq̄ðpq̄Þ½γμpν
sq̄ þ γνpμ

sq̄�vλ0q̄ðp0̄
qÞ;

Sμνq̄ ≡ X
λq̄;λ0q̄;λ1

Sλ1λq̄ðx; k⃗⊥ÞVμν
λq̄λ

0
q̄
S�
λ1λ

0
q̄
ðx; ⃗k̃⊥Þ;

pq̄ ¼ ðp−
q̄ ; p

þ
q̄ ; p⃗q̄⊥Þ ¼

�
p⃗2
q̄⊥ þm2

q̄

pþ
q̄

; ð1 − xÞPþ;−k⃗⊥
�
;

p0
q ¼ ðp0−

q̄ ; p0þ
q̄ ; p⃗0

q̄⊥Þ ¼
�
p⃗02
q̄⊥ þm2

q̄

p0þ
q̄

; ð1 − xÞPþ;−k⃗⊥ þ Δ⃗⊥
�
;

psq̄ ¼ pq̄ þ p0̄
q

⃗k̃⊥ ¼ k⃗⊥ − xΔ⃗⊥: ðB18Þ

1. Evaluation of the quark contribution

Using Eqs. (B14) and (B15) we write the quark contribution as

hT̂μν
q i ¼

Z
dxd2k⃗⊥
2ð2πÞ3 φ�ðx; k⃗0⊥Þφðx; k⃗⊥ÞSμνq ; Sμνq ¼

X
λq;λ0q;λ2

S�
λ0qλ2

ðx; k⃗0⊥ÞUμν
λ0qλq

Sλqλ2ðx; k⃗⊥Þ: ðB19Þ

Apart from space wave functions (which are model dependent), this contribution is directly proportional to the spin trace for
the tensor current Sμνq . The spin trace of the tensor current can be performed as follows:

Sμνq ¼ Tr½SS0†Uμν�; where S are matrices corresponding to spin wave functions: ðB20Þ

The spin wave function S is the same as Eq. (A10) whereas the spin wave function S0 ¼ Sðx; k⃗0⊥ ¼ k⃗⊥ þ ð1 − xÞΔ⃗⊥Þ. The
multiplication of the spin wave functions can be obtained as

SS0† ¼ N

 
−kR −ðð1 − xÞmq þ xmq̄Þ

ðð1 − xÞmq þ xmq̄Þ −kL

! 
−k0L ðð1 − xÞmq þ xmq̄Þ

−ðð1 − xÞmq þ xmq̄Þ −k0R

!

¼ N

 
kRk0L þ ðð1 − xÞmq þ xmq̄Þ2 ðð1 − xÞmq þ xmq̄Þðk0R − kRÞ
ðð1 − xÞmq þ xmq̄ÞðkL − k0LÞ kLk0R þ ðð1 − xÞmq þ xmq̄Þ2

!
; ðB21Þ

where the shorthand N ≡ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk⃗2⊥ þ ðð1 − xÞmq þ xmq̄Þ2Þðk⃗02⊥ þ ðð1 − xÞmq þ xmq̄Þ2Þ

q
. Substituting the results

kRk0L¼ k⃗⊥ · k⃗
0
⊥þiðk⃗0⊥× k⃗⊥Þz¼k2⊥þð1−xÞΔ⃗ · k⃗⊥þið1−xÞðΔ⃗⊥× k⃗⊥Þz, k0R−kR ¼ð1−xÞΔR⊥, and kL−k0L ¼−ð1−xÞΔL⊥,

the product of spin matrices in Eq. (B21) becomes

SS0†¼N

 
k⃗2⊥þð1−xÞΔ⃗ · k⃗⊥þ ið1−xÞðΔ⃗⊥× k⃗⊥Þzþ m̃2 m̃ð1−xÞΔR⊥

−m̃ð1−xÞΔL⊥ k⃗2⊥þð1−xÞΔ⃗ · k⃗⊥− ið1−xÞðΔ⃗⊥× k⃗⊥Þzþ m̃2

!
; ðB22Þ

where m̃ ¼ ð1 − xÞmq þ xmq̄ which becomes equal to the quark masses in a symmetric mass system such as quarkonia, i.e.,
m̃ ¼ mq̄ ¼ mq. For our purpose, we need the explicit evaluation of the components of Uμν. Multiplying the appropriate
spinors (with the help of the spinor multiplication table provided in Ref. [120]), these components are given by

Uþþ
λ0qλq

¼ 1

4x
ūλ0qðp0

qÞ½γþpþ
sq þ γþpþ

sq�uλqðpqÞ ¼ Pþūλ0qðp0
qÞγþuλqðpqÞ ¼ 2xPþ2I; ðB23Þ

MECHANICAL DISTRIBUTION OF THE PSEUDOSCALAR … PHYS. REV. D 114, 074052 (2026)

074052-17



Uþ−
λ0qλq

¼ 1

4x
ūλ0qðp0

qÞ½γþp−
sq þ γ−pþ

sq�uλqðpqÞ

¼ 2k⃗2⊥ þ Δ⃗2⊥ þ 2k⃗⊥ · Δ⃗⊥ þ 2m2
q

2x
I þ 1

x

 
k⃗2⊥ þ k⃗⊥ · Δ⃗⊥ þm2

q − iðΔ⃗⊥ × k⃗⊥Þz −mqΔR⊥
mqΔL⊥ k⃗2⊥ þ k⃗⊥ · Δ⃗⊥ þm2

q þ iðΔ⃗⊥ × k⃗⊥Þz

!

¼ 4k⃗2⊥ þ Δ⃗2⊥ þ 4k⃗⊥ · Δ⃗⊥ þ 4m2
q

2x
I þ 1

x

 
−iðΔ⃗⊥ × k⃗⊥Þz −mqΔR⊥

mqΔL⊥ þiðΔ⃗⊥ × k⃗⊥Þz

!
ðB24Þ

Uþi
λ0qλq

¼ 1

4x
ūλ0qðp0

qÞ½γþpi
sq þ γipþ

sq�uλqðpqÞ ¼
Pþ

2
ð2ki⊥ þ Δi⊥ÞI þ

Pþ

2

�
2ki⊥ þ Δi⊥ þ iϵijΔj

⊥ 0

0 2ki⊥ þ Δi⊥ − iϵijΔj
⊥

�

¼ Pþð2ki⊥ þ Δi⊥ÞI þ
Pþ

2

�þiϵijΔj
⊥ 0

0 −iϵijΔj
⊥

�
; ðB25Þ

Uij
λ0qλq

¼ 1

4x
ūλ0qðp0

qÞ½γipj
sq þ γjpi

sq�uλqðpqÞ

¼ 1

4x

�
pj
sq

�
2ki⊥ þ Δi⊥ þ iϵikΔk⊥ 0

0 2ki⊥ þ Δi⊥ − iϵikΔk⊥

�
þ pi

sq

�
2kj⊥ þ Δj

⊥ þ iϵjkΔk⊥ 0

0 2kj⊥ þ Δj
⊥ − iϵjkΔk⊥

��

¼ 1

4x

�
2ð2ki⊥ þ Δi⊥Þð2kj⊥ þ Δj

⊥ÞI þ pj
sq

�
iϵikΔk⊥ 0

0 −iϵikΔk⊥

�
þ pi

sq

�
iϵjkΔk⊥ 0

0 −iϵjkΔk⊥

��
; ðB26Þ

U−i
λ0qλq

¼ 1

4x
ūλ0qðp0

qÞ½γ−pi
sq þ γip−

sq�uλqðpqÞ

¼ 1

4x

"
2pi

sq

xPþ

 
k⃗2⊥ þ k⃗⊥ · Δ⃗⊥ þm2

q − iðΔ⃗⊥ × k⃗⊥Þz −mqΔR⊥
mqΔL⊥ k⃗2⊥ þ k⃗⊥ · Δ⃗⊥ þm2

q þ iðΔ⃗⊥ × k⃗⊥Þz

!

þ p−
sq

 
2ki⊥ þ Δi⊥ þ iϵikΔk⊥ 0

0 2ki⊥ þ Δi⊥ − iϵikΔk⊥

!#

¼ 1

4x

"
2ki⊥ þ Δi⊥

xPþ ð4k⃗2⊥ þ Δ⃗2⊥ þ 4k⃗⊥ · Δ⃗⊥ þ 4m2
qÞI þ

2ð2ki⊥ þ Δi⊥Þ
xPþ

 
−iðΔ⃗⊥ × k⃗⊥Þz −mqΔR⊥

mqΔL⊥ þiðΔ⃗⊥ × k⃗⊥Þz

!

þ p−
sq

 
þiϵikΔk⊥ 0

0 −iϵikΔk⊥

!#
; ðB27Þ

U−−
λ0qλq

¼ 1

4x
ūλ0qðp0

qÞ½γ−p−
sq þ γ−p−

sq�uλqðpqÞ

¼ p−
sq

x2Pþ

 
k⃗2⊥ þ k⃗⊥ · Δ⃗⊥ þm2

q − iðΔ⃗⊥ × k⃗⊥Þz −mqΔR⊥
mqΔL⊥ k⃗2⊥ þ k⃗⊥ · Δ⃗⊥ þm2

q þ iðΔ⃗⊥ × k⃗⊥Þz

!

¼ ð2k⃗2⊥ þ Δ⃗2⊥ þ 2k⃗⊥ · Δ⃗⊥ þ 2m2
qÞðk⃗2⊥ þ k⃗⊥ · Δ⃗⊥ þm2

qÞ
x3ðPþÞ2 I þ 2k⃗2⊥ þ Δ⃗2⊥ þ 2k⃗⊥ · Δ⃗⊥ þ 2m2

q

x3ðPþÞ2

×

 
−iðΔ⃗⊥ × k⃗⊥Þz −mqΔR⊥

mqΔL⊥ þiðΔ⃗⊥ × k⃗⊥Þz

!
: ðB28Þ

The “I” in the above result is the identity matrix and ϵij is the antisymmetric tensor. These forms of Uμν are particularly
useful in calculating the spin trace of the tensor current Sμνq . Substituting the results of (B23)–(B28) in Eq. (B20), different
components of Sμνq are obtained and provided in the Table II.
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2. Connecting the antiquark contribution to the quark
contribution

In this section, we connect the antiquark contribution to
the matrix element of the EMT operator provided in
Eqs. (B16) and (B17) to the quark contribution provided
in Eqs. (B14) and (B15). Even though we are only dealing
with a symmetric mass system (quarkonia), we keep the
discussion more general. To see the connection, wewrite the
integral in Eq. (B14) in terms of the transformed variables,
x → ð1 − xÞ and k⃗⊥ → −k⃗⊥ and with a real replacement
mq ↔ mq̄. The replacement of the mass only matters
when mq ≠ mq̄. Under these transformations, the space

wave function transforms as, φð−k⃗⊥; 1 − x;mq̄; mqÞ ¼
φðk⃗⊥; x; mq;mq̄Þ. Similarly, the spin trace part Sμνq , will
undergo a change. The transformed spin matrices S → S̃
and S0† → S̃0† are

S ¼ 1ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗2⊥ þ m̃2

q �
−kR −m̃
m̃ −kL

�
→ S̃ ¼ 1ffiffiffi

2
p

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k⃗2⊥ þ m̃2

q �
kR −m̃
m̃ kL

�
; S̃0† ¼ 1ffiffiffi

2
p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

⃗k̃
2

⊥ þ m̃2

q

×

�
k̃L m̃

−m̃ k̃R

�
; such that their product

S̃S̃0† ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗2⊥ þ m̃2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
⃗k̃
2

⊥ þ m̃2

q �
C m̃ΔR⊥x

−m̃ΔL⊥x C�

�
;

ðB29Þ

where we use the shorthand Cðx; k⃗⊥Þ≡ k⃗⊥ · ⃗k̃⊥ − ixðΔ⃗ ×

k⃗⊥Þz þ m̃2 and ⃗k̃ ¼ k⃗⊥ − xΔ⃗⊥ is defined in the same way as

in Eq. (B18). The matrix Uμν transforms as

Uμν
λ0qλq

→
1

4ð1 − xÞ ūλ0qðp
0̄
qÞ½γμpν

sq̄ þ γνpμ
sq̄�uλqðpq̄Þ

¼ 1

4ð1 − xÞ v̄λqðpq̄Þ½γμpν
sq̄ þ γνpμ

sq̄�vλ0qðp0̄
qÞ ¼ Vμν

λqλ
0
q
;

ðB30Þ

where to get the last line we use the spinor identity [74]
ūλ0qðp0̄

qÞγμuλqðpq̄Þ ¼ v̄λqðpq̄Þγμvλ0qðp0̄
qÞ. The transformed

quark contribution to the matrix element with the renaming
of the dummy summation variables λq → λq̄, λ0q → λ0̄q, and
λ2 → λ1 becomes

hT̂μν
q ðmq ↔ mq̄Þi ¼

Z
dx d2k⃗⊥
2ð2πÞ3 φ�ðx; ⃗k̃⊥Þφðx; k⃗⊥ÞX

λq̄;λ0q̄;λ1

S̃�
λ0q̄λ1

ðx; ⃗k̃⊥ÞVμν
λq̄λ

0
q̄
S̃λq̄λ1ðx; k⃗⊥Þ

¼
Z

dx d2k⃗⊥
2ð2πÞ3 φ�ðx; ⃗k̃⊥Þφðx; k⃗⊥Þ

× Tr½S̃�0STVμν�: ðB31Þ

The antiquark contribution to the matrix element from
Eqs. (B17) and (B18) is expressed as,

hT̂μν
q̄ i ¼

Z
dx d2k⃗⊥
2ð2πÞ3 φ�ðx; ⃗k̃⊥Þφðx; k⃗⊥Þ × Tr½S̄0†SVμν�;

ðB32Þ

where we have S̄0 ¼ Sðx; ⃗k̃⊥ ¼ k⃗⊥ − xΔ⃗⊥Þ. Now, writing
explicitly the product of the spin wave functions occurring

TABLE II. The spin traces for the tensor current Sμνq ¼ Tr½SS0†Uμν� is given below for easy reference. We use the

following definition k2⊥ ≡ k⃗2⊥ þ k⃗⊥ · Δ⃗⊥ þm2
q.

ðμνÞ Sμνq

(þþ) 2xðPþÞ2ðk⃗⊥ ·k⃗0⊥þm2
qÞffiffiffiffiffiffiffiffiffiffiffi

k⃗2⊥þm2
q

p ffiffiffiffiffiffiffiffiffiffiffi
k⃗02⊥þm2

q

p
(þ−) 2ðk⃗⊥·k⃗0⊥þm2

qÞðk2⊥þ
Δ⃗2⊥
4
Þþm2

qð1−xÞΔ⃗2⊥þð1−xÞðΔ⃗⊥×k⃗⊥Þ2z
x
ffiffiffiffiffiffiffiffiffiffiffi
k⃗2⊥þm2

q

p ffiffiffiffiffiffiffiffiffiffiffi
k⃗02⊥þm2

q

p
(þi) Pþð2ki⊥þΔi

⊥Þðk⃗⊥ ·k⃗0⊥þm2
qÞffiffiffiffiffiffiffiffiffiffiffi

k⃗2⊥þm2
q

p ffiffiffiffiffiffiffiffiffiffiffi
k⃗02⊥þm2

q

p − PþϵijΔj
⊥ð1−xÞðΔ⃗⊥×k⃗⊥Þz

2

ffiffiffiffiffiffiffiffiffiffiffi
k⃗2⊥þm2

q

p ffiffiffiffiffiffiffiffiffiffiffi
k⃗02⊥þm2

q

p
ðijÞ ðk⃗⊥·k⃗0⊥þm2

qÞð2ki⊥þΔi
⊥Þð2kj⊥þΔj

⊥Þ
2x

ffiffiffiffiffiffiffiffiffiffiffi
k⃗2⊥þm2

q

p ffiffiffiffiffiffiffiffiffiffiffi
k⃗02⊥þm2

q

p − ð1−xÞðΔ⃗⊥×k⃗⊥ÞzΔk
⊥ðϵikð2kj⊥þΔj

⊥Þþϵjkð2ki⊥þΔi
⊥ÞÞ

4x
ffiffiffiffiffiffiffiffiffiffiffi
k⃗2⊥þm2

q

p ffiffiffiffiffiffiffiffiffiffiffi
k⃗02⊥þm2

q

p
(−i) ð2ki⊥þΔi

⊥Þðm2
qð1−xÞΔ⃗2⊥þðk⃗⊥·k⃗0⊥þm2

qÞð2k2⊥þ
Δ⃗2⊥
2
Þþð1−xÞðΔ⃗⊥×k⃗⊥Þ2zÞ

2x2Pþ
ffiffiffiffiffiffiffiffiffiffiffi
k⃗2⊥þm2

q

p ffiffiffiffiffiffiffiffiffiffiffi
k⃗02⊥þm2

q

p − ð2k2⊥þΔ⃗2⊥Þð1−xÞðΔ⃗⊥×k⃗⊥ÞzϵikΔk
⊥

4x2Pþ
ffiffiffiffiffiffiffiffiffiffiffi
k⃗2⊥þm2

q

p ffiffiffiffiffiffiffiffiffiffiffi
k⃗02⊥þm2

q

p
(−−) ð2k2⊥þΔ⃗2⊥Þð2m2

qð1−xÞΔ⃗2⊥þ2ð1−xÞðΔ⃗⊥×k⃗⊥Þ2zþ2k2⊥ðk⃗⊥·k⃗0⊥þm2
qÞÞ

2x3ðPþÞ2
ffiffiffiffiffiffiffiffiffiffiffi
k⃗2⊥þm2

q

p ffiffiffiffiffiffiffiffiffiffiffi
k⃗02⊥þm2

q

p
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in the right-hand side of the Eq. (B32),

S̄0†S¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗2⊥þ m̃2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
⃗̃k
2

⊥þ m̃2

q ×

�
C −m̃ΔL⊥x

m̃ΔR⊥x C�

�
;

where ; S̄0†¼ 1ffiffiffi
2

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
⃗̃k
2

⊥þ m̃2

q �
−k0L m̃

−m̃ −k0R

�
: ðB33Þ

Using Eqs. (B29) and (B33) we get ½S̃S̃0†�T ¼
S̃�0S̃T ¼ S̄0†S, which along with Eqs. (B31) and (B32)
proves hT̂μν

q̄ i ¼ hT̂μν
q ðmq ↔ mq̄Þi. In the case of the sym-

metric mass system we have hT̂μν
q̄ i ¼ hT̂μν

q i.

APPENDIX C: BT CONSTRUCTION AND
DIFFERENT EXPRESSION OF A AND D TERM

The Lorentz decomposition of the matrix element of
EMT for the spin-0 mesons is given by

Tμν ¼ Γμν
A Aþ Γμν

D D; ðC1Þ

where we have Γμν
A ¼ 2P̄μP̄ν and Γμν

D ¼ ΔμΔν−gμνΔ2

2
. While

Eq. (C1) as it stands is generally valid, as we have
discussed in Sec. II B, the manifest Lorentz covariance
is lost in the phenomenological LFQM used in the present
work. This, in turn, means that one can extract the GFFs
from different components of Tμν, and their expression may
differ depending on the component of EMT used to extract
them. The Eq. (C1) gives us the following seven indepen-
dent equations in a frame with Δþ ¼ 0 [55],

Tþþ ¼ Γþþ
A A; ðC2Þ

Tþ− ¼ Γþ−
A Aþ Γþ−

D D; ðC3Þ

Δi⊥Tþi ¼ Δi⊥Γþi
A A; ðC4Þ

Δi⊥Δ
j
⊥Tij ¼ Δi⊥Δi⊥Γ

ij
AA; ðC5Þ

Tii ¼ Γii
AAþ Γii

DD; ðC6Þ

Δi⊥T−i ¼ Δi⊥Γ−i
A Aþ Δi⊥Γ−i

D D; ðC7Þ

T−− ¼ Γ−−
A Aþ Γ−−

D D; ðC8Þ

where we used Γþþ
D ¼ Γþi

D ¼ Δi⊥Δ
j
⊥Γ

ij
D ¼ 0. One sees that

A-term can be obtained in three independent ways using
Eqs. (C2), (C4), or (C5) irrespective of D. Moreover,
once one determines A, then D can be evaluated inde-
pendently using either Eqs. (C3), (C6), (C7) or (C8). Let
us write down the expressions of the A-term evaluated
in this way with the BT construction applied only to

the matrix element,

AðþþÞ ¼ Tþþ

Γþþ
A

¼ 1

2ðPþÞ2
Z
ϕ
Sþþ; ðC9Þ

AðþiÞ ¼ Δi⊥Tþi

Δi⊥Γþi
A

¼ 1

PþΔ⃗2⊥

Z
ϕ
Δi⊥Sþi; ðC10Þ

AðijÞ ¼ Δi⊥Δi⊥Tij

Δi⊥Δ
j
⊥Γ

ij
A

¼ 2

Δ⃗4⊥

Z
ϕ
Δi⊥Δ

j
⊥Sij; ðC11Þ

where the integral
R
ϕ≡

R dxd2k⃗⊥
2ð2πÞ3 φ

�ðx; k⃗0⊥Þφðx; k⃗⊥Þ. One can
also define the integrands that lead to the corresponding
expression of A-term in Eqs. (C9)–(C11) as,
Að��Þ ¼ Rϕ Að��Þ, where ð��Þ∈ fþþ;þi; ijg. Now, since
D can be evaluated in four independent ways, and each of
the Eqs. (C3), (C6)–(C8) contains A, we obtain twelve
independent expressions for D,

Dðþ−Þ
ð��Þ ¼Tþ−

Γþ−
D

−
Γþ−
A

Γþ−
D

Að��Þ ¼ 1

Δ⃗2⊥

Z
ϕ
Sþ−−

2M2þ Δ⃗2⊥
Δ⃗2⊥

Z
ϕ
Að��Þ;

ðC12Þ

DðiiÞ
ð��Þ ¼

Tii

Γii
D
−
Γii
A

Γii
D
Að��Þ ¼ −

2

Δ⃗2⊥

Z
ϕ
Sii þ

Z
ϕ
Að��Þ; ðC13Þ

Dð−iÞ
ð��Þ ¼

Δi⊥T−i

Δi⊥Γ−i
D
−
Δi⊥Γ−i

A

Δi⊥Γ−i
D
Að��Þ

¼ 2Pþ

Δ⃗4⊥

Z
ϕ
Δi⊥S−i −

2M2 þ Δ⃗2⊥
Δ⃗2⊥

Z
ϕ
Að��Þ; ðC14Þ

Dð−−Þ
ð��Þ ¼ T−−

Γ−−
D

−
Γ−−
A

Γ−−
D

Að��Þ

¼ 2ðPþÞ2
Δ⃗4⊥

Z
ϕ
S−− −

ð2M2 þ Δ⃗2⊥Þ2
Δ⃗4⊥

Z
ϕ
Að��Þ; ðC15Þ

where M is the physical mass of the meson. In arriving at
Eqs. (C12)–(C15) we used the explicit expression of the
Lorentz structures Γμν

A and Γμν
D .

Within the ambit of the BT construction, as discussed in
Sec. II B, the form of the Γμν

A changes and the physical
meson mass is replaced with the invariant mass. Therefore,
the meson mass associated with in the initial P and final
momentum P0 differs, i.e., P2 ¼ M2

0 and P02 ¼ M02
0 . The

modification of the Lorentz structures is provided in
Table III. We write the different expressions of A and
D-terms within the BT framework using Eqs. (C2)–(C8)
and Table III as
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AðþþÞjBT ¼ Tþþ

Γþþ
A

				
BT

¼
Z
ϕ

Sþþ

2ðPþÞ2 ; ðC16Þ

AðþiÞjBT¼
Δi⊥Tþi

Δi⊥Γþi
A

				
BT

¼
Z
ϕ

Δi⊥Sþi

PþðM02
0 −M2

0þ Δ⃗2⊥Þ
; ðC17Þ

AðijÞjBT ¼ Δi⊥Δi⊥Tij

Δi⊥Δ
j
⊥Γ

ij
A

jBT

¼
Z
ϕ

2Δi⊥Δ
j
⊥Sij

Δ⃗4⊥ þ ðM02
0 −M2

0ÞðM02
0 −M2

0 þ 2Δ⃗2⊥Þ
;

ðC18Þ

Dðþ−Þ
ð��Þ jBT ¼ Tþ−

Γþ−
D

−
Γþ−
A

Γþ−
D

Að��ÞjBT

¼
Z
ϕ

Sþ−

Δ⃗2⊥
−
Z
ϕ

2M02
0 þ Δ⃗2⊥
Δ⃗2⊥

Að��ÞjBT; ðC19Þ

DðiiÞ
ð��ÞjBT¼

Tii

Γii
D
−
Γii
A

Γii
D
Að��ÞjBT

¼−
Z
ϕ

2Sii

Δ⃗2⊥
þ
Z
ϕ
Að��ÞjBT

×
Δ⃗4⊥þ2ðM02

0 −M2
0ÞðΔ⃗2⊥þM02

0 −M2
0Þ

Δ⃗4⊥
; ðC20Þ

Dð−iÞ
ð��ÞjBT ¼ Δi⊥T−i

Δi⊥Γ−i
D
−
Δi⊥Γ−i

A

Δi⊥Γ−i
D
Að��ÞjBT

¼
Z
ϕ

2PþΔi⊥S−i

ðM02
0 −M2

0 þ Δ⃗2⊥ÞΔ⃗2⊥

−
Z
ϕ

2M02
0 þ Δ⃗2⊥
Δ⃗2⊥

Að��ÞjBT; ðC21Þ

Dð−−Þ
ð��Þ jBT ¼ T−−

Γ−−
D

−
Γ−−
A

Γ−−
D

Að��ÞjBT

¼
Z
ϕ

2ðPþÞ2S−−
ðM02

0 −M2
0 þ Δ⃗2⊥Þ2

−
Z
ϕ
Að��ÞjBT

�ðM02
0 þM2

0 þ Δ⃗2⊥Þ2
ðM02

0 −M2
0 þ Δ⃗2⊥Þ2

þ 2ðM02
0 −M2

0ÞðM02
0 þM2

0 þ Δ⃗2⊥Þ
Δ⃗2⊥ðM02

0 −M2
0 þ Δ⃗2⊥Þ

�
: ðC22Þ

In Fig. 7, we show the different extraction of the A-term
using Eqs. (C9)–(C11) (shown by scattered points) and
Eqs. (C16)–(C18) (shown in continuous lines).
Interestingly, we observe that the results of the five
extractions merge, while one extraction, AðijÞ, shows a
divergent trend at low momentum transfer. This demon-
strates that the ðijÞ component should be avoided in
extracting the A-term without a proper implementation
of the BT construction in LFQM. Similarly, we show
different extractions of the D-term sector-wise (we are
identifying the superscripts of D in Eqs. (C12)–(C15) or
Eqs. (C19)–(C22) as sectors) in Figs. 8–10, for (þ−), (−i),
and ðiiÞ sectors, respectively. In all these plots, we observe
that after BT implementation, the D-term results for
quarkonia with two different wave functions remain the
same. An improper application of BT construction, i.e.,
only for the matrix elements, leads to different magnitudes
forD-terms, which not only depend upon the sector chosen
but also on the A used to extract them. For the sector (−−)
(not shown in the paper), we verified that even BT
construction cannot cure the zero-mode contribution, and
the extracted D differs. This extends the conclusion of
Ref. [55] in reference to the pion for the quarkonia.

APPENDIX D: DIFFERENT SPATIAL DENSITIES
FROM EMT

Here we collect some of the formulas that are discussed
in several references [3,69] for the sake of completeness.

TABLE III. The modifications of the Lorentz structure in the presence of BT construction.

ðμνÞ Γμν
A jBT Γμν

D jBT
(þþ) 2ðPþÞ2 0
(þ−) 2M02

0 þ Δ⃗2⊥ Δ⃗2⊥
(þi) PþΔi⊥ð1þ M02

0
−M2

0

Δ⃗2⊥
Þ 0

ðijÞ 1
2
½Δi⊥Δ

j
⊥ð1þ 2ðM02

0
−M2

0
Þ

Δ⃗2⊥
Þ þ ðM02

0
−M2

0
Þ2

Δ⃗2⊥
δij� 1

2
ðΔi⊥Δ

j
⊥ − δijΔ⃗2⊥Þ

(−i) ð2M02
0
þΔ⃗2⊥ÞðM02

0
−M2

0
þΔ⃗2⊥ÞΔi

⊥
2Δ⃗2⊥Pþ

M02
0
−M2

0
þΔ⃗2⊥

2Pþ Δi⊥
(−−) ðM02

0
þM2

0
þΔ⃗2⊥ÞðΔ⃗2⊥ðM02

0
þM2

0
þΔ⃗2⊥Þþ2ðM02

0
−M2

0
ÞðM02

0
−M2

0
þΔ⃗2⊥ÞÞ

2ðPþÞ2Δ⃗2⊥
ðM02

0
−M2

0
þΔ⃗2⊥Þ2

2ðPþÞ2
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Before doing so, we will briefly explain how the light front
densities are defined with the help of wave packets closely
following Ref. [69]. Let us start with the definition of the
spatial densities as provided in Ref. [69],

Z
dz−hψ jT̂μνðzþ ¼ 0; z−; z⃗⊥Þjψi ¼ 2πð2σÞ2

Z
d2 ⃗P̄⊥
ð2πÞ2

e−2σ
2 ⃗P̄

2
⊥
Z

d2Δ⃗⊥
ð2πÞ22Pþ hT̂μνð0Þie−iΔ⃗⊥·z⃗⊥e−σ

2Δ⃗2⊥=2: ðD1Þ

The left-hand side of Eq. (D1) gives the definition of the
spatial density associated with an operator (in our case, the
EMT operator) in a localized meson state jψi. Note that
the jψi here is different from the Ψ defined in Sec. II A; Ψ
was used for the distribution of the quarks inside a plane
wave state of the meson, whereas the jψi here is the meson
wave packet made up of the plane wave states. To get the
right-hand side of Eq. (D1), the wave packet is chosen in
the momentum space so that it has a given momentum in
the longitudinal direction, i.e., Pþ, but is localized (spa-
tially) in the perpendicular direction with a finite width σ
[69]. Note that a spatially localized wave packet is needed
to make the description of density meaningful. To get the
density in an arbitrarily localized wave packet in the

transverse plane, one needs to take the limit σ → 0 after
all the integrals in the right-hand side of Eq. (D1) are
performed. Since one has to get rid of the width of the wave
packet to have meaningful internal density, the matrix
elements between the plane wave states hT̂μνð0Þi should not
have ⃗P̄⊥ dependence [69]. From Eq. (15) we notice that

only the matrix element hT̂þþð0Þi and hT̂ijð0Þi has no ⃗P̄

dependence. For such matrix elements the ⃗P̄⊥ integral in
Eq. (D1) can be done resulting,

Z
dz−hψ jT̂μνðzþ ¼ 0; z−; z⃗⊥Þjψi

¼
Z

d2Δ⃗⊥
ð2πÞ22Pþ hT̂μνð0Þie−iΔ⃗⊥·z⃗⊥e−σ

2Δ⃗2⊥=2: ðD2Þ

Now it is trivially seen that the shear tensor defined in
Eq. (16) and the LF momentum density defined in Eq. (23)
are actually the density associated with hT̂ijð0Þi and
hT̂þþð0Þi, respectively, in the limit σ → 0. We proceed
from here to prove Eqs. (19) and (18), which define the
pressure and shear function. The LF pure stress tensor is
given by

(a)

(c)

(b)

(d)

FIG. 7. Different extraction of A-term for ηc (upper panel) and ηb (lower panel) with different radial wave functions CJ (left) and TK
(right). Figures in the upper panel [(a) and (b)] share the same legend [the same is true for Figs. (c) and (d)].
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Sij ¼ 1

4Pþ

Z
d2Δ⃗⊥
ð2πÞ2 e

−iΔ⃗⊥·z⃗⊥ðΔi⊥Δ
j
⊥ − Δ⃗2⊥δijÞD

¼ 1

4Pþ

Z
d2Δ⃗⊥
ð2πÞ2 Dð−∂i∂j þ δij∂2Þe−iΔ⃗⊥·z⃗⊥

¼ ð−∂i∂j þ δij∂2ÞD̃; ðD3Þ

where we define ∂i ¼ ∂=∂zi⊥, ∂2 ¼ ∂i∂i and δij is the usual
Kronecker delta. Note that we only assume that all the
repeated indices are summed over and not following the
known covariant-contravariant index prescription. It is
useful to notice that the D̃ is only a function of z⊥ ¼
jz⃗⊥j since D-term is isotropic, i.e., D ¼ Dð−Δ⃗2⊥Þ. In fact,
any Fourier transform of this type can be cast as an
integration over the Bessel function of the first kind. To
see this, let us recall that the generating function of the
Bessel function of the first kind is given by e

x
2
ðt−1

tÞ ¼P
n¼∞
n¼−∞ JnðxÞtn and identifying x ¼ Δ⊥z⊥ and

t ¼ −ieiϕ, where Δ⃗⊥ · z⃗⊥ ¼ Δ⊥z⊥ cosϕ, we have

D̃ ¼ 1

4Pþ ×
1

2π

Z
∞

0

DJ0ðΔ⊥z⊥ÞΔ⊥dΔ⊥: ðD4Þ

By exploiting the isotropic nature of D̃, Eq. (D3) can be
further simplified by converting the transverse plane
derivatives to radial derivatives in the transverse plane,

∂i∂j ¼ −
�
zi⊥z

j
⊥

z2⊥
− δij

�
1

z⊥
d

dz⊥
þ zi⊥z

j
⊥

z2⊥
d2

dz2⊥
; ðD5Þ

∂
2 ¼ 1

z⊥
d

dz⊥
þ d2

dz2⊥
: ðD6Þ

Substituting the Eqs. (D5) and (D6) in Eq. (D3) with a bit of
rearrangement we have

Sij ¼
��

zi⊥z
j
⊥

z2⊥
−
1

2
δij
��

1

z⊥
d

dz⊥
−

d2

dz2⊥

�

þ δij
�

1

2z⊥
d

dz⊥
þ 1

2

d2

dz2⊥

��
D̃: ðD7Þ

Comparing Eq. (D7) with Eq. (17), we obtain the pressure
and shear function as defined in Eqs. (19) and (18). Since
pressure and shear function are obtained from the same
function D̃, they are not independent. One can straightfor-
wardly show from the definition (D3) of the shear stress

(a)

(c)

(b)

(d)

FIG. 8. Different extraction ofD-term in the (þ−) sector for ηc (upper panel) and ηb (lower panel) with different radial wave functions
CJ (left) and TK (right). Figures in the upper panel [(a) and (b)] share the same legend [the same is true for Figs. (c) and (d)].
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that it is conserved, i.e., ∂iSij ¼ ∂ið−∂i∂j þ δij∂2ÞD̃ ¼ 0.
Equation (21) can be shown to hold directly from the
definitions of pressure and shear functions provided in
Eq. (D7) or from the shear stress conservation. From the
conservation of the shear stress, we have

∂i

��
zi⊥z

j
⊥

z2⊥
−
δij

2

�
sðz⊥Þ þ δijpðz⊥Þ

�
¼ 0

or;

�
zi⊥z

j
⊥

z2⊥
−
δij

2

�
∂isðz⊥Þ þ sðz⊥Þ∂i

�
zi⊥z

j
⊥

z2⊥
−
δij

2

�
þ δij∂ipðz⊥Þ ¼ 0

or; s0
zi⊥
z⊥

�
zi⊥z

j
⊥

z2⊥
−
δij

2

�
þ sðz⊥Þ

zj⊥
z2⊥

þ p0 z
j
⊥
z⊥

¼ 0

or;
1

2
s0
zj⊥
z⊥

þ sðz⊥Þ
zj⊥
z2⊥

þ p0 z
j
⊥
z⊥

¼ 0

or;
1

2
s0 þ sðz⊥Þ

1

z⊥
þ p0 ¼ 0; ðD8Þ

where we used ∂

∂zi
¼ zi⊥

z⊥
d

dz⊥, p0 ≡ dp
dz⊥ and s0 ≡ ds

dz⊥.
Equation (D8) is in agreement with Eq. (21). To obtain
the second equality [Eq. (22)], which is the von Laue

stability criterion, we first rewrite the pressure in a different
way using Eq. (D3),

pðz⊥Þ ¼
1

2
Sijδij ¼ −1

8Pþ

Z
d2Δ⃗⊥
ð2πÞ2 Δ

2⊥De−iΔ⃗⊥·z⃗⊥ : ðD9Þ

From Eq. (D9), we get the von Laue stability condition by
directly integrating in the transverse space as follows

Z
d2z⃗⊥ pðz⊥Þ ¼

−1
8Pþ

Z
d2Δ⃗⊥Δ2⊥D

Z
d2z⃗⊥
ð2πÞ2 e

−iΔ⃗⊥·z⃗⊥

¼ −1
8Pþ

Z
d2Δ⃗⊥Δ2⊥Dδ2ðΔ⃗⊥Þ

¼ 0; ðD10Þ

where we use limΔ⃗⊥→0
Δ2⊥Dð−Δ2⊥Þ ¼ 0. We can also find

out the moment of the pressure and shear function by
using their definitions in Eq. (20) and repeatedly applying
integration by parts,

(a)

(c)

(b)

(d)

FIG. 9. Different extraction of D-term in the (−i) sector for ηc (upper panel) and ηb (lower panel) with different radial wave functions
CJ (left) and TK (right). Figures in the upper panel [(a) and (b)] share the same legend [the same is true for Figs. (c) and (d)].
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Z
z2⊥pðz⊥Þd2z⃗⊥ ¼ 2π

Z
z2⊥
2

d
dz⊥

�
z⊥

dD̃
dz⊥

�
dz⊥

¼ −2π
Z

z2⊥
dD̃
dz⊥

dz⊥ ¼ 2

Z
D̃d2z⃗⊥

¼
Z

d2Δ⃗⊥
2Pþ Dð−Δ⃗2⊥Þ

Z
d2z⃗⊥
ð2πÞ2 e

−iΔ⃗⊥·z⃗⊥

¼ Dð0Þ
2Pþ ; ðD11Þ

where we assume that owing to the property of the D̃, the
integrated part always vanishes at spatial infinity.
Equation (D11) suggest that for any system having
Dð0Þ < 0, the z2⊥-weighted moment of pressure is negative.
Similarly, it can be easily seen following the similar steps
that lead to Eq. (D11),

Z
z2⊥sðz⊥Þd2z⃗⊥ ¼ −2Dð0Þ

Pþ : ðD12Þ

Equation (D12) states that for any system havingDð0Þ < 0,
the z2⊥-weighted moment of shear function is positive.
Similarly, one can obtain the shear function integrated over
the space,

Z
sðz⊥Þd2z⃗⊥ ¼ −1

4Pþ

Z
0

−∞
DðtÞdt; ðD13Þ

where t≡ −Δ⃗2⊥. Combining Eqs. (D10)–(D12), and (D13)
the squared average mechanical radius defined in Eq. (26),

hz2⊥iF ¼
R
d2z⃗⊥z2⊥ðpðz⊥Þ þ 1

2
sðz⊥ÞÞR

d2z⃗⊥ðpðz⊥Þ þ 1
2
sðz⊥ÞÞ

¼ 4Dð0ÞR
0
−∞ DðtÞdt : ðD14Þ

The squared average momentum radius defined in
Eq. (25) is,

(a) (b)

(d)(c)

FIG. 10. Different extraction of D-term in the (ii) sector for ηc (upper panel) and ηb (lower panel) with different radial wave functions
CJ (left) and TK (right). Figures in the upper panel [(a) and (b)] share the same legend [the same is true for Figs. (c) and (d)].

MECHANICAL DISTRIBUTION OF THE PSEUDOSCALAR … PHYS. REV. D 114, 074052 (2026)

074052-25



hz2⊥iP¼
1

Pþ

Z
d2z⃗⊥z2⊥Pðz⊥Þ¼

Z
d2Δ⃗⊥
ð2πÞ2A

Z
d2z⃗⊥z2⊥e−iΔ⃗⊥·z⃗⊥

¼−
Z

d2Δ⃗⊥Aδij
∂
2

∂Δi⊥∂Δ
j
⊥

Z
d2z⃗⊥
ð2πÞ2e

−iΔ⃗⊥·z⃗⊥

¼−
Z

d2Δ⃗⊥Aδij
∂
2δ2ðΔ⃗⊥Þ
∂Δi⊥∂Δ

j
⊥

¼−
Z

d2Δ⃗⊥δij
∂
2Að−Δ⃗2⊥Þ
∂Δi⊥∂Δ

j
⊥

δ2ðΔ⃗⊥Þ

¼−4
dA

dΔ⃗2⊥

				
Δ⃗2⊥¼0

¼4
dA
dt

				
t¼0

ðD15Þ

where we integrated by parts to remove the derivatives from
the delta function and used the identity δij ∂

2A
∂Δi⊥∂Δ

j
⊥
¼

4 dA
dΔ⃗2⊥

þ 4Δ⃗2⊥ d2A
d2Δ⃗2⊥

. The LF longitudinal momentum density

integrated over all space, we get,

Z
Pd2z⃗⊥ ¼ Pþ

Z
d2Δ⃗⊥Að−Δ⃗2⊥Þ

Z
d2z⃗⊥
ð2πÞ2 e

−iΔ⃗⊥·z⃗⊥

¼ Pþ
Z

d2Δ⃗⊥Að−Δ⃗2⊥Þδ2ðΔ⃗⊥Þ

¼ PþAð0Þ ðD16Þ

From which we can ascertain the sum rule Að0Þ ¼ 1. The
energy density on the LF turns out to be a compound
density consisting of two parts: the barycentric kinetic
energy density and the internal energy density [71].
Readers can see Ref. [71] to learn about compound density
and their derivation. In Eq. (24) we have provided only the
internal energy density. One can also express the internal
energy density as

E ¼ 1

2Pþ

�
M2Ã −

1

4
∂
2Ã −

1

2
∂
24PþD̃

�

¼ 1

2Pþ ½M2Ã −
1

4

�
1

z⊥
dðÃþ 4PþD̃Þ

dz⊥
þ d2ðÃþ 4PþD̃Þ

dz2⊥

��
:

ðD17Þ

We close the discussion by commenting on the fact that if
one assumes a 3D density obtained from the Fourier
transformation and an associated form factor Fð−Δ⃗2Þ
following the similar steps as performed to obtain
Eq. (D15), the mean squared radius is given
by, hr2iF ¼ −6 dF

dΔ2 jΔ2¼0.
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