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We investigate the partonic origin of the proton longitudinal spin using spin-dependent energy
correlators measured in lepton-hadron collisions with longitudinally polarized proton beams. These
observables encode angular correlations in energy flow and are sensitive to the spin-momentum structure of
confined partons. Using soft-collinear effective theory, we analyze the correlation patterns in both nearly
back-to-back and forward limits, which establishes a direct correspondence with longitudinally polarized
transverse momentum-dependent distributions (TMDs) and nucleon energy correlators (NECs). The TMDs
and NECs allow consistent matching onto hard radiation regions and provide a comprehensive description
of the transition from perturbative parton branching to nonperturbative confinement. Using renormalization
group evolution, we obtain joint next-to-next-to-next-to-leading and next-to-next-to-leading logarithmic
quantitative predictions for spin-dependent energy correlation patterns in the current and target
fragmentation regions. The framework provides new theoretical insight into how the internal motion
and spin of partons contribute to the formation of the proton longitudinal spin and offers an experimental
paradigm for probing the interplay between color confinement and spin dynamics at the forthcoming
Electron-Ion Collider.
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I. INTRODUCTION

The origin of the proton spin has long been a central
puzzle in QCD. In polarized deep inelastic scattering (DIS),
the key observable is the first moment of the spin-
dependent structure function

ΓP
1 ðQ2Þ ¼

Z
1

0

g1ðx;Q2Þdx: ð1Þ

Ellis and Jaffe, assuming vanishing strange-quark polari-
zation, predicted a large positive value, ΓP

1 ≈ 0.186 [1]. The

European Muon Collaboration measurement in 1988 [2,3],
however, reported a much smaller value, ΓP

1 ≈ 0.126, in
striking disagreement with the prediction, thereby igniting
the “proton spin crisis.”
To address this problem,major progress has beenmade on

both theoretical and experimental fronts; see Ref. [4] for an
overview. On the experimental side, semi-inclusive DIS
(SIDIS) has provided access to the flavor dependence of
polarized quark distributions [5,6], while polarized pp
scattering at the Relativistic Heavy Ion Collider has con-
strained gluon and sea-quark helicities [7–9]. These data
have been incorporated into recent global analyses of
polarized parton distribution functions (PDFs) [10–12].
Looking ahead, the Electron-Ion Collider (EIC) [13,14] will
provide unprecedented sensitivity to the quantitative deter-
mination of the partonic contributions to the proton spin.
On the theory side, two complementary decompositions

of the proton spin have been established: the frame-
independent “Ji sum rule” [15,16] and the partonic Jaffe-
Manohar sum rule [17] in the infinite momentum frame
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1

2
¼ 1

2
ΔΣþ ΔGþ lq þ lg; ð2Þ

where the first two terms are the first moments of quark and
gluon helicity distributions, whose scale evolution is
known to next-to-next-to-leading order (NNLO) accuracy
[18–23]. The last two terms, lq and lg, denote higher-twist
quark and gluon orbital angular momentum contributions.
For example, it has been proposed in quark models that lq

is related to the transverse momentum-dependent (TMD)
pretzelosity distribution h⊥q

1T [24–26].
Significant progress has been made in addressing the

proton spin puzzle from the lattice QCD perspective. The
theoretical foundation was established in Ref. [15] through
gauge-invariant decomposition of the nucleon spin, sub-
sequent developments [27,28] have made it possible to
connect this framework with lattice simulations, and recent
studies [29–31] have reported direct numerical results for
the quark and gluon contributions to the proton spin.
On the small-x front, helicity evolution equations derived

by Kovchegov-Pitonyak-Sievert resum the single and
double logarithms, leading to quantitative predictions for
the small-x asymptotics of the quark/gluon helicity dis-
tributions and the potential spin carried at very low x
[32–35].
Perturbative QCD, in addressing the proton spin puzzle

through factorization and global analyses that solve the
“inverse problem” of determining uncountably many low-
energy constants, has now reached the NNLO frontier with
the inclusion of higher-order radiative corrections [20,36–
41]. While these approaches rely primarily on polarized
DIS and pp scattering cross sections, it is natural to seek
complementary observables offering additional insight into
the spin structure. Energy-energy correlators (EECs),
originally proposed in [42–45] as a means to investigate
QCD dynamics, provide precisely such an opportunity.
Over the years, EECs have emerged as a versatile tool for
exploring QCD dynamics across different regimes. In
particular, they probe transverse-momentum-dependent
dynamics through back-to-back jets [46–60] and reveal
detailed jet substructure information in the collinear limit
[61–81]. EECs have been generalized to the DIS frame-
work [82–86]. As collinear-safe observables, they provide a
robust probe of QCD dynamics at both perturbative and
nonperturbative levels. Their versatility makes them a
promising tool for testing the Standard Model with high
precision, constraining parton distribution functions, and
studying QCD factorization in new kinematic regimes. A
comprehensive review can be found in Ref. [87].
In this work, we extend the EEC formalism to the case of

a polarized proton target in DIS, defined as follows:

hEðn̂ÞiN ¼
Z

d4xeiq·xhPN; SkjJðxÞEðn̂ÞJð0ÞjPN; Ski; ð3Þ

where N denotes the proton target and n̂ is the generic
radial unit vector where the energy weight is applied.
Compared to conventional qT-based observables, energy
correlators offer several distinct advantages. First, owing to
their strict operator definition, they provide a promising
way to probe the nonperturbative spin structure of the
proton from first principles. Second, as collinear-safe
observables, EECs can be consistently defined across the
full kinematic regime, from the hard radiation region to the
current and target fragmentation regions. This seamless
definition enables consistent matching across the dynami-
cal domains, thereby offering a unique opportunity to
investigate the transition from perturbative parton branch-
ing to nonperturbative confinement.
The remainder of this paper is organized as follows. In

Sec. II, we review the definition of Bjorken-x weighted
energy correlators (ECs). Section III discusses the factori-
zation and resummation in the current region, while Sec. IV
presents the corresponding analysis in the target region.
The matching of polarized nucleon energy correlators
(NECs) to polarized PDFs is carried out in Sec. V.
Finally, we summarize our findings in Sec. VI.

II. CONSTRUCTING EC IN DEEP INELASTIC
SCATTERING

In this paper, we consider the polar angular θ distribution
in lepton-hadron colliders with a polarized high-energy
lepton beam scattering off a longitudinally polarized
nucleon target,

lðpl; λlÞ þ NðPN; SkÞ → l0ðpl0 ; λl0 Þ þ XðPXÞ; ð4Þ

where XðPXÞ denotes all the possible hadrons in the final
states. We will parametrize the events by the angular
variable θ, defined to be the polar angle between the
detected particles (jets) with respect to proton velocity. The
leptonic momentum transfer and the invariant mass of the
virtual photon are given by q ¼ pl − pl0 and Q2 ¼ −q2,
respectively. Additionally, λl=Sk denotes the chirality of
the incoming lepton/target. The standard set of kinematic
invariants is given by

x ¼ Q2

2PN · q
y ¼ PN · q

PN · pl
; z ¼ PN · Ph

PN · q
: ð5Þ

The energy correlator is defined in the Breit frame, where
the proton carries the momentum

PN ¼ Q
2x

¼ Q
2x

ð1; 0; 0; 1Þ; ð6Þ

and the virtual photon carries momentum in its z
component
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q ¼ Q
2
ðn̄ − nÞ ¼ Qð0; 0; 0;−1Þ: ð7Þ

We are interested in energy-weighted angular θ correlations

dσEC ¼ 16π2α2

2E2
c.m.Q4

d3pl0

ð2πÞ32El0
Lμνðpl; pl0 ÞWμν

ECðq; PN; θÞ

¼ 2πα2e
Q4

y
dQ2

E2
c.m.

dx
x
Lμνðpl; pl0 ÞWμν

ECðq; PN; θÞ; ð8Þ

where α ¼ e2R=ð4πÞ denotes the electromagnetic coupling,
and instead of the conventional DIS hadronic tensor, the
energy-flow operator is inserted between the electromag-
netic currents

Wμν
ECðq; PN; θÞ ¼

Y
X

d3PX

ð2πÞ32EX
ð2πÞ4δð4Þðqþ PN − PXÞ

× hPN; SkjJ†μÊðθÞjXihXjJνjPN; Ski;

¼
Z

d4xeiq·xhPN; SkjJ†μðxÞÊðθÞJνjPN; Ski:

ð9Þ
The cumulant energy correlation operator quantifies the
energy deposited in the detector for radiation within a radial
angle bounded above by θ,

ÊðθÞjXi ¼
X
h∈X

Eh

EN
Θðθ − θhÞjXi: ð10Þ

From Poincaré covariance and parity symmetry, the energy
correlation hadronic tensor allows decomposition into
independent hadronic structure functions [88]

Wμν
ECðq; PN; θÞ ¼ fμνT xWT þ fμνL xWL þ Δfμνxg1; ð11Þ

where the tensor bases are explicitly given in Appendix B.
We adopt the commonly used notation in which WT
denotes the contribution from transverse modes of the
virtual photon, while WL represents the longitudinal con-
tribution. The polarized hadronic function g1 contributes to
single spin asymmetry 1=2ðσðSk ¼ þÞ − σðSk ¼ −ÞÞ.
Combining the hadronic tensor with the lepton current

Lμν ¼ 2δλlλl0

��
pμ
lp

ν
l0 þ pν

lp
μ
l0 −

Q2

2
gμν

�
þ iλlϵμνll

0
�
;

ð12Þ

we have decomposition as follows:

dσEC

dQ2
¼ δλlλl0

2πα2e
Q4

dxðσTWT þ σLWL þ λlSkΔσg1Þ; ð13Þ

where the Born-level form factors are given by

σT ¼ 1þ ð1 − yÞ2; σL ¼ 2 − 2y;

Δσ ¼ 1 − ð1 − yÞ2: ð14Þ

We will also investigate Bjorken-x weighted ECs, defined
as the Mellin transform of the x space ECs,

dσECðN; θ; μÞ
dQ2

¼
X
h

Z
xN−1dσðx;Q; PhÞ

Eh

EN
Θðθ − θhÞ

¼
Z

xN−1 dσ
ECðx;Q; θÞ
dQ2

: ð15Þ

The DIS energy correlation exhibits remarkable simplicity
in specific kinematic limits, offering novel insights into the
mechanisms of color confinement and origin of nucleon
spin. For instance, the small-x limit with x → 0 should
probe Regge asymptotics of QCD governed by Balitsky-
Fadin-Kuraev-Lipatov evolution [89,90] and beyond. The
study presented here is devoted to two complementary
angular limits: the back-to-back limit θ → π and the
collinear limit θ → 0, where we establish all-order factori-
zation theorems in terms of universal nonperturbative
objects. Reliable theoretical predictions are then obtained
through renormalization group evolution.

III. CURRENT FRAGMENTATION AND TMD
FACTORIZATION

In this section, we are concerned with back-to-back
limit θ → π where the outgoing quark fragments into
QCD jets, see Fig. 1. This kinematic region is also
referred to as the current fragmentation region (CFR),
and the appropriate theoretical framework for describing
it is TMD factorization. To derive the factorization
formulas, it is useful to identify a hadron inside the
leading jet in the first place. To this end, we consider
differential cross section with one identified hadron in
the final states

dσlþN→l0þhþX

dq⃗⊥dxydyzdz
¼ 2πα2

4Q4
LμνðPl; Pl0 ÞWμνðq; PN; PhÞ; ð16Þ

where q⃗⊥ is the transverse momentum of the virtual
photon in the hadron-hadron frame or is a parametriza-
tion of the transverse momentum of the detected leading
jet q⃗⊥ ¼ −P⃗⊥

h =z in the photon-hadron frame [88]. The
hadronic tensor with h being resolved is given by

Wμνðq; PN; PhÞ ¼
Y
X

d3PX

ð2πÞ32EX
δð4Þðqþ PN − Ph − PXÞ

× hSk; PN jJ†μjh; Xihh; XjJνjNi: ð17Þ

Kinematic constraints in CFR require that all final-state
radiation in X be collimated, with momenta either
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collinear to the incoming target N or the observed hadron
h, and the hadronic amplitude is factorized through [91]

hh;XNh;XsjJμjNi ≃ CðQ2; μÞhXsjT
h
Y†
n̄Yn

i
j0i

× hh; Xhjχ̄n̄j0iγμhXN jχnjNi; ð18Þ

where XNh ¼ XN ⊗ Xh denotes the collinear states and
Xs denotes the soft states emitted from the Wilson lines
Y†
n̄ or Yn [91]. We have absorbed the soft zero-bin

subtraction into the normalization of the collinear fields,
since the matrix element computed with zero-bin sub-
tracted soft-collinear effective theory (SCET) Lagrangian
is equivalent to dividing the naive matrix element by
vacuum expectation values of zero-bin Wilson lines
[91,92]. The hard amplitude CðQ2; μÞ is insensitive to
the infrared (IR) dynamics of soft and collinear degrees
of freedom and thus can be computed at the partonic
level. It is advantageous to consider qþ γ� → q, with no
soft radiation present,

hqjJμjqi ¼ CðQ2; μÞhqjχ̄n̄j0iγμh0jχnjqi: ð19Þ

In this case, the leading-power collinear expansion is
exact (¼ instead of ≃), as each collinear trajectory
contains just one particle—taking the collinear limit
simply does nothing. By construction, the IR divergences
of the partonic amplitude hqjJμjqi is reproduced by the
UV divergences of the hard scattering operators in SCET
[93–96]. Indeed, the right-hand side of Eq. (19) is

hqjOλ⃗
scetjqi ¼ hqjOλ⃗

scetjqitreeð1þ δZλ⃗
ðϵIRÞÞ; ð20Þ

where Oλ⃗
scet ∼ χ̄�̄n γμχ�n ; λ ¼ �. The result is proportional

to tree-level ’t Hooft–Veltman [97] bases because pure
virtual-loop corrections in SCET are scaleless and vanish
identically. As a result, the IR poles of a helicity
amplitude is reproduced by UV renormalization counter-
term diagrams provided by δZλ⃗ ¼ Zλ⃗ − 1 [98].
In qT factorization, several subtleties need to be

addressed. The main issue concerns the validity of factori-
zation itself, namely, demonstrating that Glauber effects
drop out at the cross section level, thereby justifying the
separation of modes. Once the hard- and soft-collinear
degrees of freedom are disentangled, the next issue is to
consistently account for soft-collinear particles in a manner

free of double counting. Since these modes have the same
invariant mass, they are distinguished by their rapidity, and
the phase space integral must be regulated with a rapidity
cutoff ν [99]. Additionally, a zero-bin subtraction is
performed to remove the overlapping between collinear
and soft sectors, yielding genuine collinear beam functions
[100]. With these ingredients in place, we obtain the
factorization formula [88,101–105]

Wμν ≃
4

z

X
f

HfðQ2; μÞ
Z

d2b⃗⊥
ð2πÞ2 e

−ib⃗⊥·q⃗⊥Snn̄ðb⊥; μ; νÞ

× Tr

�
Bf=NðSk; x; b⊥; En; μ; νÞγμ

×Fh=f

�
z;
b⊥
z
; En̄; μ; ν

�
γν
�
: ð21Þ

By applying SCET Fierz identity

1 ⊗ 1 ¼ 1

2

�
=̄n
2
⊗

=n
2
−
=̄nγ5
2

⊗
=nγ5
2

−
=̄nγμ⊥
2

⊗
=nγ⊥μ

2

�
; ð22Þ

the resulting SIDIS TMD factorization formula is

xyz
dσlþN→l0þhþX

d2q⃗⊥dxdydz
≃
X
f

HfðQ2;μÞ

×
Z

d2b⃗⊥
ð2πÞ2e

−ib⃗⊥·q⃗⊥Snn̄ðb⊥;μ;νÞ

×zF h=f

�
z;
b⊥
z
;En̄;μ;ν

�
×ðσU0 ×xBf=Nðx;b⊥;En;μ;νÞ
þλlSk×σL0 ×xΔBf=Nðx;b⊥;En;μ;νÞÞ;

ð23Þ

where HfðQ2; μÞ ¼ jCfðQ; μÞihCfðQ; μÞj represents the
square of the hard matching coefficient [106–112], and
En (En̄) are the energies of struck (fragmented) partons.
The born-level unpolarized cross section σU0 and its
asymmetry counterpart σL0 are

σU0 ¼2πα2
1þð1−yÞ2

Q2
; σL0 ¼2πα2

1−ð1−yÞ2
Q2

: ð24Þ

The TMD beam and fragmentation functions are the
genuine collinear contributions with zero-bin subtraction

Bq=Nðx; b⊥; En; μ; νÞ≡ lim
ν→∞

B0
q=Nðx; b⊥; En; μ; νÞ
S0
nn̄ðb⊥; μ; νÞ

; ð25Þ

the superscript 0 denotes UV-renormalized but unsub-
tracted collinear beam functions. With an exponential

FIG. 1. Current fragmentation.
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rapidity regulator [99], the zero-bin soft function is identical to the SIDIS TMD soft function, the latter is related to back-to-
back EEC soft function [113] by a boost

Snn̄ðb⊥; μ; νÞ ¼ SEEC

�
Lb þ ln

n · n̄
2

; μ; ν

�
: ð26Þ

The explicit expression of the TMD soft function can be found in Refs. [48,113,114]. In this work we are concerned with
energy correlations between the proton and the backward leading jets. To this end, we have already weighted SIDIS TMD
factorization formula in Eq. (23) with energy weight Eh=EN ≃ xz and, subsequently, summed over all possible hadrons

dσEClþN→l0þX

d2q⃗⊥dxdy
¼

X
h

Z
dzxz

dσlþN→l0þhþX

d2q⃗⊥dxdydz
; ð27Þ

to obtain

y
dσEClþN→l0þX

d2q⃗⊥dxdy
≃
X
f

Z
d2b⃗⊥
ð2πÞ2 e

ib⃗⊥·q⃗⊥ ½HfðQ2; μÞSnn̄ðb⊥; μ; νÞ�J fðb⊥; En̄; μ; νÞ

× ðσU0 × xBf=Nðx; b⊥; En; μ; νÞ þ λlSk × σL0 × xΔBf=Nðx; b⊥; En; μ; νÞÞ; ð28Þ

where we perform the twist-2 matching, namely the small-b
operator product expansion (OPE), of the TMD fragmen-
tation function (FF) onto collinear FFs

F h=f

�
z;
b⊥
z
; En̄; μ; ν

�
¼

X
i

dh=i ⊗ Cif þOðb2TΛ2
QCDÞ;

ð29Þ
and use FF sum rules to obtain the EEC TMD jet function
J f [48],

J fðb⊥;En̄;μ;νÞ≡
X
h

Z
1

0

dzzFOPE
h=f

�
z;
b⊥
z
;En̄;μ;ν

�

¼
X
i

Z
1

0

dξξCif

�
ξ;
b⊥
ξ
;En̄;μ;ν

�
; ð30Þ

where FOPE
h=f denotes the first term on the right-hand side of

Eq. (29). Nonperturbative corrections to this function have
been recently analyzed in Refs. [58,115].
For the experimental extraction of the TMDs, we express

the factorization formula in terms of physical TMDs and jet
functions, which are obtained by multiplying the former by
the square root of the TMD soft function

fq1ðx; b⊥; ξn; μÞ ¼ Bq=Nðx; b⊥; En; μ; νÞ
ffiffiffiffiffiffiffi
Snn̄

p
;

Dq
1

�
z;
b⊥
z
; ξn̄; μ

�
¼ F h=q

�
z;
b⊥
z
; En̄; μ; ν

� ffiffiffiffiffiffiffi
Snn̄

p
: ð31Þ

As a result, the rapidity divergences lnð4E2
i =ν

2Þ cancel
between collinear and soft sectors, leaving behind
physical rapidity logarithms lnðξi=μ2bÞ with μb ¼ b0=bT;
b0 ¼ 2e−γE , and ξi are the Collins-Soper (CS) scales
[88,116,117] for SIDIS

ξn ¼ Q2
x

xþ y − xy
; ξn̄ ¼ Q2

xþ y − xy
x

: ð32Þ

The μ evolution of the hard matrix and the TMDs is linear
in ln μ to all-loop orders, as can be proved by renormaliza-
tion group (RG) consistency

d
d ln μ

ln fiðxi; b⊥; ξi; μÞ ¼ −γicusp ln
ξi

μ2
− γiH: ð33Þ

The rapidity evolution of the TMDs is referred to as the CS
kernels,

Kiðb⊥; μÞ≡ d

d ln
ffiffiffiffi
ξi

p ln fiðxi; b⊥; ξi; μÞ; ð34Þ

again by RG consistency, the μ evolution of Kiðb⊥; μÞ is
controlled by the cusp anomalous dimension

dKiðb⊥; μÞ
d ln μ

¼ 2γicuspðαsðμÞÞ: ð35Þ

From above we can solve the RG equation to give

Kiðb⊥; μÞ ¼ −2Ai
cuspðμ; μbÞ þ γiRðμbÞ: ð36Þ

The solution has a evolution factor Ai
cuspðμ; μbÞ [see

Eq. (57)] controlled by the cusp anomalous dimension
γicusp; it also leaves a residual boundary term γiRðμbÞ known
as QCD rapidity anomalous dimension. While the cusp
anomalous dimension γicusp is a purely perturbative object
which originates from the UV renormalization of the
cusped Wilson loops [118,119], the rapidity anomalous
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dimension γiRðμbÞ, on the other hand, has both perturbative
part as bT → 0 and genuine nonperturbative part as
bT → ∞. The perturbative accuracy for the CS kernel
has reached up to N4LL [49,113,114], and there has been
tremendous progress toward lattice calculation for the
nonperturbative part as well [120–127]. Equations (33),
(34), and (36) are referred to as Collins-Soper equations
[88,116,117], they are fully equivalent to the modern
language of SCET rapidity RGs [128,129] in the context
of qT factorization. Solving the CS equation, we will have
the following RG-improved factorization using physical
TMDs,

y
dσEClþN→l0þX

d2q⃗⊥dxdy
≃
X
q

Z
d2b⃗⊥
ð2πÞ2 e

−ib⃗⊥·q⃗⊥HqðQ2;μÞJqðξn̄0;μn̄0Þ

×
�
σU0 × xfq1ðx;b⊥;ξn0;μn0Þþ λlSkσL0

× xgq1ðx;b⊥;ξn0;μn0Þ
�

×
Y
i

e−2K
i
cuspðμi0;μÞþAi

Hðμi0;μÞ×
�

ξi

μi0
2

�
Ai
cuspðμi0;μÞ

×

�
ξi

ξi0

�−Ai
cuspðμi0;μbÞþ1

2
γiRðμbÞ

: ð37Þ

Equations (28) and (37) capture the back-to-back limit of
the energy correlations observable defined in Eq. (15),
upon performing an appropriate change of variables from
ðx; y; qTÞ to ðx;Q; ln τÞ. The relation between the jet
transverse momentum qT and the hadron rapidity Y is
given by

sin θ ¼ qT
Q=2

; Y ¼ − ln τ ¼ − ln tanðθ=2Þ; ð38Þ

while y is related to the hard scaleQ throughQ2 ¼ xyE2
c.m..

The Mellin-N space results are obtained by Mellin trans-
forming the x space expressions.
Figure 2 displays the N3LL-resummed Bjorken-x

weighted energy correlators for both unpolarized and
polarized cases. In Figs. 2(a) and 2(b), we present

Mellin space results by weighting Eq. (37) with Bjorken
weight xN−1, we choose N ¼ 5 to suppress the small-x
contributions, and we have implemented BLNY18 [130]
nonperturbative model therein. Specifically, we approxi-
mate the initial-state TMDs by their twist-2 matchings onto
collinear PDFs [23,131–135], while the higher-twist con-
tributions are modeled using the BLNY18 parametrizations
given below

SBEAMNP ¼ g1
2
b2 þ 1

2
g2 ln

�
b
b�

�
ln

�
Q
Q0

�
; ð39Þ

together with the b� prescription [136] to avoid the Landau
poles

b → b� ¼ bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b2=b2max

p ; bmax ¼ 1.5 GeV−1: ð40Þ

We also quote here the parameter space in the model

g1 ¼ 0.212; g2 ¼ 0.84; Q0 ¼ 1.55 GeV: ð41Þ

For the nonperturbative corrections to the final-state EEC
jet function, we follow the prescription of Ref. [84].
Reference [58] uses slightly different b� prescriptions,
but the resulting numerical differences are small. In
Fig. 2(c), we show the ratio of polarized and unpolarized
energy-weighted cross sections.
For energy correlations in the back-to-back limit, only

the collinear twist-2 contributions are known [23,131–135],
within uncertainties that reflect the propagation of collinear
PDF uncertainties into the global fits of TMD distributions
[137]. We use throughout this paper the LHAPDF6 [138]
PDF sets CT14nlo [139] and NNPDFpol1.1 [140] as the
collinear twist-2 inputs.
The remaining dominant sources of uncertainty and

model dependence arise from nonperturbative higher-twist
effects of orderOðbTΛQCDÞ, which become relevant at large
bT (or, equivalently,whenqT isoforderΛQCD),aswell as from
subleading-power corrections in θ ∼OðqT=ðQ=2ÞÞ, corre-
sponding to deviations of the observation angle from π. In the

(a) (b) (c)

FIG. 2. (a),(b) Back-to-back limit of Bjorken-x weighted (N ¼ 5) ECs using BLNY18 nonperturbative model functions [130]. (c) The
ratio between polarized (b) and unpolarized (a) energy-weighted cross sections.
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BLNY18 fit, the twist-2 singular contribution is treated at
next-to-leading logarithmic (NLL) accuracy. However, this
level of accuracy is not well justified in light of the large
radiative corrections observed when going from NLL to
N3LL accuracy. On the other hand, the nonsingular con-
tribution (referred to as the Y-term therein) is not system-
atically included in their analysis due to the lack of
theoretical control over power corrections. It therefore
remains an open question over which kinematic range
the parameters in Eq. (41) can be reliably applied.
To this end, we consider energy correlations with a qT

cut and choose qcutT ¼ 3 GeV. As shown in Fig. 3, the result
is stable under variations of ðμ; ffiffiffi

ξ
p Þ and of the upper limit

bmax
T of the bT integral in Eq. (37), which is varied between

3 and 10 GeV−1. This stability indicates that contributions
from modes with bT > 3 GeV−1 are effectively suppressed
by the qT cut. As a result, the observable is dominated by
collinear twist-2 contributions, and theb� prescription canbe
dropped; the corresponding result is shownas the dashed line
in Fig. 3. From the figure, we observe that the solid and
dashed curves coincide for ln τ > 2 (corresponding to angles
larger than approximately 165°), where the dynamics are
dominated by perturbative resummation effects. In contrast,
in the range 1 < ln τ < 2 (corresponding to angles between
roughly140° and165°), theBLNY18nonperturbativemodel
introduces additional modifications. This intermediate
region corresponds to the transition from the perturbative
resummation regime to thehard-radiation-dominated region.
These observations suggest that the BLNY18 fit requires

further improvement, potentially through the inclusion of
higher-order radiation corrections, both in the Sudakov
region (extending from NLL to N3LL accuracy) and in
the transition region (the Y-term). In this work, we extend the
resummation to N3LL accuracy, and we also validate the
factorization formula in Eq. (28) against leading-order (LO)

fixed-order QCD calculations in Appendix A. The calcu-
lations are carried out with the FMNLO program [141,142]
and summed over all possible hadrons using toy FFs, since
the results are independent of the exact choice of FFs giving
constraint from the momentum sum rule. However, the
current QCD computation has not been optimized for this
specific observable, so residual numerical instabilities
remain. We defer a detailed next-to-leading-order (NLO)
QCD analysis of the transition region to future work. This is
important, as earlier TMD extractions that ignored these
contributions might have overestimated or misattributed
some effects to TMD smearing that were actually due to
omitted Y-term pieces.

IV. TARGET FRAGMENTATION AND NUCLEON
ENERGY CORRELATORS

In this section, we are concerned with collinear limit
θ → 0 where the spectator partons fragment into forward
QCD jets; see Fig. 4. This kinematic region is also referred
to as the target fragmentation region (TFR), and the
appropriate theoretical framework for describing it is
through fracture functions [143–148]. Fracture functions
provide a joint description of the struck parton distribution
and the fragmentation of spectator partons into an identified
hadron. In Refs. [149,150], the NEC is proposed as an
inclusive version of fracture functions by integrating over
the momentum fraction of the identified hadrons and
summing over all possible species of them; the sum rule
is discussed in Ref. [151]. The NEC has been evaluated at
NLL accuracy in Refs. [85,149,150]. In the present work,
we extend the calculation to next-to-next-to-leading loga-
rithmic (NNLL) accuracy and, additionally, include proton
longitudinal spin. We will first briefly review the factori-
zation formulas to the leading power of the limit θ → 0.
The complete set of effective operators is obtained in

FIG. 3. Back-to-back limit of Bjorken-x weighted (N ¼ 1) ECs. A transverse-momentum cut on qT is imposed to veto contributions
from nonperturbative modes, and a hadronic invariant-mass cutW ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPþ qÞ2

p
> 10 GeV is applied to ensure a hard virtual-photon–

nucleon collision. The solid line (with scale uncertainty) is obtained by implementing the b� prescription together with the BLNY18
nonperturbative model functions [130], while the dashed line is obtained without applying either the b� prescription or any
nonperturbative model. The ratio is obtained from a comparison of the central value of the solid line and dashed line at N3LL level.

ENERGY CORRELATORS RESOLVING PROTON SPIN PHYS. REV. D 113, 034028 (2026)

034028-7



Refs. [85,149] by integrating out hard off-shell modes and
is identified as twist-2 operators with the insertion of
energy-flow operators

Oi;Γ
n ðω�; θÞ ¼

1

ωþ

�
χ̄ðiÞn;ω1

ΓÊðθÞχðiÞn;ω2

�
;

Og;Γ
n ðω�; θÞ ¼

−1
ω2þ

�
B⊥μ
n;ω1

ΓμνÊðθÞB⊥ν
n;ω2

�
; ð42Þ

where Γ’s denote the quark/gluon spin projectors for an
unpolarized/longitudinally polarized nucleon target

Γ∈
	
=̄n
2
;
=̄nγ5
2



; Γμν ∈ fgμν⊥ ; iϵμν⊥ g; ð43Þ

and the gauge-invariant collinear building blocks with label
energy ω (ω� ¼ ω1 � ω2) is defined by χn;ω ≡
½δðω − P̄Þχn� and gB⊥μ

n;ω ≡ ½gB⊥μ
n δðω − P̄†Þ�. The hadronic

scalar functions in Eq. (13) are then matched onto the twist-
2 operator bases [152], for instance,

g1ðx;Q; θÞ →
X
i

Z
dωþdω−

2
C Γ

i ðω�; x; Q; μÞOi;Γ
n ðω�; θÞ;

ð44Þ
where C Γ

i are the matching coefficients of structure
function g1, and the spin index Γ should take the right-
hand side of Eq. (43) as antisymmetric tensors. To proceed,
we use the relation between label operators and the
conventional NECs, for example,D
PN ; Skjχ̄n;ω

=̄nγ5
2

ÊðθÞχn;ωjPN ; Sk
E

¼ 4n̄ · PNSk

Z
1

−1
dξδðω−Þδðωþ − 2ξn̄ · PNÞΔFEC

i=Nðξ; θÞ;

ð45Þ
and charge conjugation symmetries of both the NECs and
the Wilson coefficients

FEC
{̄=Nðξ; θÞ ¼ −FEC

i=Nð−ξ; θÞ;
ΔFEC

{̄=Nðξ; θÞ ¼ ΔFEC
i=Nð−ξ; θÞ; ð46Þ

to obtain the matching conditions for the unpolarized
structure function WTðx;Q; θÞ, WLðx;Q; θÞ and the

spin-asymmetry counterpart g1ðx;Q; θÞ. For instance, the
leading-power expansion for the spin-asymmetry part is
given by a convolution between perturbatively calculable
coefficient functions and the nonperturbative NECs

g1ðx;Q;θÞ ¼
XNf

i¼1

C Γ
i ⊗ ðΔFEC

i=N þΔFEC
{̄=NÞþC Γ

g ⊗ΔFEC
g=N:

ð47Þ
It proves useful to rewrite the above factorization formula
through singlet and nonsinglet combinations of the NECs,
for instance,

FEC
q=Nðξ; θÞ ¼

XNf

i¼1

FEC
i=Nðξ; θÞ þ FEC

{̄=Nðξ; θÞ;

FEC;NS
i=N ðξ; θÞ ¼ FEC

i=Nðξ; θÞ þ FEC
{̄=Nðξ; θÞ −

1

Nf
FEC
q=Nðξ; θÞ:

ð48Þ
Finally, we gather our factorization formulas as follows:

dσEC

dQ2
¼ δλlλl0

2πα2e
Q4

dxðσTWT þ σLWL þ λlSkΔσg1Þ; ð49Þ

where the scalar structure functions admit the following
leading-power expansion as θ → 0:

WΓðx;Q;θÞ≃
X
i

Q2
iC

Γ
i;NSðQ;μÞ⊗FEC;NS

i=N ðθ;μÞ

þ
�

1

Nf

XNf

i¼1

Q2
i

�h
C Γ

qðQ;μÞ⊗FEC
q=Nðθ;μÞ

þC Γ
g ðQ;μÞ⊗FEC

g=Nðθ;μÞ
i
: ð50Þ

The NEC provides a joint description of the struck parton
distribution and the energy flows of forward QCD jets
originating from spectator fragmentations. The associated
energy-flow operator ÊðθÞ acts only on the collinear sector,
thus, if ÊðθÞ were set to the identity, i.e., in the absence of
detectors in the forward region, NECs reduce to standard
PDFs and the resulting factorization formula coincides with
that of inclusive DIS. From this perspective, the Wilson
coefficients C Γ

i are identical to the DIS coefficient func-
tions [20,153–159], and the UV renormalization of NECs
matches that of the conventional PDFs, for instance,

"
FEC
q=NðEN sin θ; μÞ

FEC
g=NðEN sin θ; μÞ

#
¼ ẐPDF

S ⊗

"
FEC0
q=NðEN sin θ; μÞ

FEC0
g=NðEN sin θ; μÞ

#
;

where the NECs are and must be parametrized by hadronic
logarithm lnEN sin θ=μ, with EN being the energy of the
incoming target N, in DIS EN ¼ Q=ð2xÞ. The multiplica-
tive renormalization factor ẐPDF

S is the standard PDF UV

FIG. 4. Target fragmentation.
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renormalization factor for the singlets, and the associated
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
[160–162] evolution kernel reads

P̂Sðx; αsÞ ¼
�
Pqq Pqg

Pgq Pgg

�
: ð51Þ

Alternatively, one could consider the Bjorken-x weighted
energy correlation in Mellin space, defined in Eq. (15). To
this end, we first introduce the Mellin moment of NECs,

FEC
i=N

�
N; ln

Ea sin θ
μ

�
¼

Z
1

0

dzzN−1

×FEC
i=N

�
z; ln

Ea sin θ
μ

�
; ð52Þ

where we reparametrize the NECs by partonic logarithm

FEC
i=N

�
z; ln

Ea sin θ
μ

; μ

�
¼ FEC

i=N

�
z; ln

EN sin θ
μ

; μ

�
; ð53Þ

with Ea ¼ zEN as z denotes the momentum fraction of the
struck parton. In DIS, the energy of the active parton is
Ea ¼ Q=2=x̂, where x̂ ¼ x=z. The NECs, when parame-
trized in terms of a partonic logarithm rather than hadronic
variables, obey a modified DGLAP evolution equation,

dFEC
i=N

d ln μ2

�
N; ln

Ea sin θ
μ

; μ

�

¼
X
j

Z
1

0

dξξN−1Pijðξ; μÞFEC
j=N

�
N; ln

Ea sin θ
ξμ

; μ

�
: ð54Þ

The modified DGLAP RG equation can be solved within
perturbation theory, and the solution consists of a linear
term, identical to that of the standard DGLAP evolution,
and a nonlinear residual term

FEC
i=N

�
N; ln

Ea sinθ
μ

;μ

�

¼
X
j

DN
ijðμ;μ0ÞFEC

j=N

�
N; ln

Ea sinθ
μ0

;μ0

�
þRN

i ðμ;μ0Þ;

ð55Þ

where DN
ijðμ; μ0Þ is the standard DGLAP evolution

DNðμ; μ0Þ ¼ exp

�Z
μ

μ0

d ln μ̄2PðN; μ̄Þ
�

¼ exp ½−2APðNÞðμ; μ0Þ�; ð56Þ

expressed through the conventional evolution factor [106]

Aγðμ0; μÞ ¼ −
Z

αsðμÞ

αsðμ0Þ
dαs

γðαsÞ
βðαsÞ

: ð57Þ

The nonlinear modification term is given by

RN
i ðμ; μ0Þ ¼

X∞
m¼1

Z
μ

μ0

d ln μ̄2DNðμ; μ̄ÞPðmÞðN; μ̄Þ

×DNðμ̄; μ0Þ ×F
ECðmÞ
i=N

�
N; ln

Ea sin θ
μ0

; μ0

�
;

ð58Þ

where the boundary value of NECs at renormalization scale
μ0 are reorganized into a power expansion in ln ξ,

FEC
i=N

�
N; ln

Ea sin θ
ξμ0

; μ0

�
¼ FEC

i=N

�
N; ln

Ea sin θ
μ0

; μ0

�

þ
X∞
m¼1

lnmξ ×F
ECðmÞ
i=N�

N; ln
Ea sin θ

μ0
; μ0

�
; ð59Þ

and the modified splitting functions are defined as

PðmÞðN; μÞ ¼
Z

1

0

dxxN−1 lnm xPðx; μÞ: ð60Þ

Using the Mellin space NECs, we obtain the factorization
formula as follows:

dσECðN;θ;μÞ
dQ2

≃ δλlλl0
2πα2e
Q4

	Z
1

0

dx̂x̂N−1−n
X
Γ¼T;L

X2
n¼0

σnΓðQ2Þ
�X

i

Q2
i ×C Γ

i;NSðx̂;Q;μÞFEC;NS
i=N

�
N − n; ln

Q=2 sinθ
x̂μ

�

þ 1

Nf

XNf

i¼1

Q2
i ×

�
C Γ

qðx̂;Q;μÞFEC
q=N

�
N − n; ln

Q=2 sinθ
x̂μ

�
þC Γ

g ðx̂;Q;μÞFEC
g=N

�
N − n; ln

Q=2 sinθ
x̂μ

���

þ λlSk
X2
n¼0

ΔσnðQ2Þ
�X

i

Q2
i ×ΔC i;NSðx̂;Q;μÞΔFEC;NS

i=N

�
N − n; ln

Q=2 sinθ
x̂μ

�
þ 1

Nf

XNf

i¼1

Q2
i

×

�
ΔC qðx̂;Q;μÞΔFEC

q=N

�
N − n; ln

Q=2 sinθ
x̂μ

�
þΔC gðx̂;Q;μÞΔFEC

g=N

�
N − n; ln

Q=2 sinθ
x̂μ

���

: ð61Þ
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Note that the Born-level form factors in Eq. (14) are
decomposed according to the weight of Bjorken x:
σΓðyÞ ¼

P
2
0 σ

n
ΓðQ2Þx−n; this step is necessary because

the variable y ¼ ðQ=Ec.m.Þ2=x ¼ ðQ=Ec.m.Þ2=ðx̂zÞ.

Precise predictions based on the factorization formula in
Eq. (61) require both perturbative and nonperturbative
inputs. The perturbative inputs are the DIS coefficient
functions computed in Refs. [20,153–159]. The NECs are
intrinsically nonperturbative, but in the perturbative regime
Qθ ≫ ΛQCD, they can be approximated by their twist-2
matching onto collinear PDFs, as given in Eq. (62). The
computation of the corresponding matching coefficients I ij

is presented in the next section. The NNLO DGLAP
splitting functions [18–23,163] are also required to solve
the RG evolution in Eq. (55).1 Using these ingredients, we
validate the factorization formula by comparing to the
fixed-order predictions at leading order in QCD in
Appendix A. Again good agreements are found for both
the unpolarized cross section and the spin asymmetry in the
small-angle limit.
We compute the NNLO twist-2 matching of NECs onto

collinear PDFs using Eq. (62). Using this result together
with the NNLO DGLAP splitting functions from
Refs. [18–23], we determine the shape of the NECs in
the perturbative regionQθ ≫ ΛQCD, as shown in Fig. 5. By
combining the NNLL-resummed NECs with DIS coeffi-
cient functions as in factorization formula (61), we can
predict the NNLL energy correction pattern in the forward
direction, as shown in Fig. 6. The scale uncertainties there
are estimated by varying the initial and factorization scales
around ðμ0; μfÞ ∼ ðQ=2 sin θ; QÞ. Unlike the CFR, where
Sudakov suppression arises due to the recoil of soft gluons,
the energy correlator in the forward region is inclusive over
soft modes, and soft radiation is suppressed in the TFR due
to energy weight. As a result, the distribution at small
angles is not suppressed. Together with the back-to-back
N3LL prediction in Fig. 2, the spin-dependent energy
correlator has provided state-of-the-art precision for prob-
ing internal structures of the proton across the full range of
kinematic regimes, from the hard radiation region to the
current and target fragmentation regions.

(a) (b) (c) (d)

FIG. 5. Mellin moments of NEC singlets renormalized at a perturbative scale with struck parton energy Ea ¼ 100 GeV. Panels (a) and
(b) show the shape of the unpolarized quark and gluon NECs,FEC

q;g=N , while panels (c) and (d) show the corresponding polarized NECs.
The scale band indicates the variation with respect to the boundary scale μ0 ∼ Ea sin θ.

FIG. 6. Unpolarized and polarized energy correlations to
NNLL accuracy in the collinear limit. The last plot shows the
ratio of polarized to unpolarized energy correlations in the
forward region. The zigzag structure appearing at extremely
forward angles reflects the enhanced sensitivity of this region to
higher-twist contributions, which are not included in the present
analysis.

1For the polarized splitting functions, a minor discrepancy in
the color-cubic terms exists between Refs. [19,23], with the latter
independently confirmed in Ref. [163]. This discrepancy orig-
inates from the treatment of γ5 in dimensional regularization, as
discussed in the next section.
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V. MATCHING WITH COLLINEAR FACTORIZATION

The factorization formulas in the CFR (23) and TFR (50) and (61) do not require a strict scale hierarchy between
qT ∼Q=2 sin θ and ΛQCD. Nevertheless, in the perturbative regime Q ≫ qT ≫ ΛQCD, consistency between the CFR/TFR
factorization and the standard collinear factorization implies that the TMDs and NECs admit matching onto conventional
PDFs. The N3LO twist-2 matching of the TMDs is obtained in [23,131–135]. On the other hand, it was shown in
Refs. [149,150] that the NECs allow OPE onto energy-weighted collinear PDFs as follows:

FEC
i=N

�
z; ln

Ea sin θ
μ

; μ

�
¼ fiðz; μÞ −

Z
1

z

dξ
ξ
I ij

�
z
ξ
; ln

Ea sin θ
μ

; αsðμÞ
�
ξfjðξ; μÞ þO

�
ΛQCD

qT

�
: ð62Þ

The matching coefficient I ij is insensitive to the hadronic state N and thus can be computed from partonic NECs and
renormalized according to Eq. (51). After UV renormalization, the NECs are reparametrized by the partonic logarithm
through replacement ln EN

μ → ln Ea
μ − ln z and matched onto energy densities ξfjðξ; μÞ. The renormalization group equation

governing the coefficient function follows directly from Eqs. (54) and (62),

dI ij

d ln μ2

�
z; ln

Ea sin θ
μ

�
¼

Z
1

z

dξ
ξ

�
PikðξÞIkj

�
z
ξ
; ln

Ea sin θ
ξμ

�
− I ik

�
z
ξ
; ln

Ea sin θ
μ

�
ξPkjðξÞ

�
: ð63Þ

The first term in Eq. (63) originates from RG flow with respect to the UV cutoff from above, while the second term arises
from RG flow toward the IR. The solution up to NNLO reads

I ij

�
z; ln

Ea sin θ
μ

�
¼ δijδð1 − zÞ þ asðμÞ

�
I ð1Þ
ij ðzÞ þ Lq

�
pð0Þ
ij ðzÞ − Pð0Þ

ij ðzÞ
��

þ a2sðμÞ
�
I ð2Þ
ij ðzÞ þ L2

q

×

�
pð0Þ
ik ⊗ pð0Þ

kj ðzÞ
2

þ Pð0Þ
ik ⊗ Pð0Þ

kj ðzÞ
2

− Pð0Þ
ik ⊗ pð0Þ

kj ðzÞ

−
1

2
β0

�
pð0Þ
ij ðzÞ − Pð0Þ

ij ðzÞ
��

þ Lq

�
I ð1Þ
ik ⊗ pð0Þ

kj ðzÞ − Pð0Þ
ik ⊗ I ð1Þ

kj ðzÞ − β0I
ð1Þ
ij ðzÞ þ pð1Þ

ij ðzÞ − Pð1Þ
ij ðzÞ

þ 2P̃ð0Þ
ik ⊗

�
pð0Þ
kj − Pð0Þ

kj

�
ðzÞ

��
þOða3sðμÞÞ; ð64Þ

where asðμÞ ¼ αsðμÞ=ð4πÞ and Lq ¼ 2 ln Ea sin θ
μ . The modi-

fied splitting functions are given by

pðmÞ
ij ðzÞ ¼ zPðmÞ

ij ðzÞ; P̃ð0Þ
ij ðzÞ ¼ ln zPð0Þ

ij ðzÞ: ð65Þ

The computation of polarized NECs requires careful treat-
ment of the genuinely four-dimensional objects γ5 and the
Levi-Civita tensor ϵμνρσ, whose definitions must be con-
sistently extended toD ¼ 4 − 2ϵ dimensions. However, the
anticommutativity of γ5 and the cyclicity of the Dirac trace
cannot be simultaneously preserved in dimensional regu-
larization. One approach is to retain the four-dimensional
Dirac algebra of γ5 by evaluating the trace from a
prescribed “reading point” [164,165], thereby avoiding
ambiguities associated with noncyclic traces. This method
is employed in Refs. [166,167] to obtain the polarized DIS
coefficient functions and DGLAP splitting functions in MS
scheme. The reading point prescription is reexamined in the
course of computing helicity TMDs [23], where we
reproduce the two-loop scheme transformation factor

Zð2Þ
ps , introduced below. Another approach is to abandon

the anticommutativity of γ5 and, instead, read in γ5 from the
effective vertex. This leads to the use of the ’t Hooft–
Veltman-Breitenlohner-Maison (HVBM) scheme [97,168],
or the closely related Larin prescription [169–171], for the
consistent treatment of γ5 in dimensional regularization. In
the HVBM scheme, one proceeds as [36]
(1) Evaluate integrals first.

(a) Use multilinear property Tr½l1l2…γ5� ¼
lμ11 l

μ2
2 ×…Tr½γμ1γμ2…γ5�.

(b) Evaluate tensorlike Feynman integrals and phase
space integrals in D dimensions.

(2) Begin with the explicit definition of γ5.
(a) Replace the γ5 matrix by

γμγ5¼
i
6
ϵμρστγ

ργσγτ or γ5 ¼
i
24

ϵμρστγ
μγργσγτ:

(b) Compute trace of Dirac matrix in D dimensions.
(c) Contract the Levi-Civita tensors in four

dimensions.
In computing polarized NECs, we employ a novel γ5
scheme—the Larinþ prescription introduced by the authors
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of Ref. [172]. This particular scheme is well suited when
computing TMD-like objects, as it avoids the explicit
appearance of the Levi-Civita tensor ϵμνρσ, where one
replaces the γ5 matrix by

γþγ5 →
iϵαβ⊥
2

γαγβ; ð66Þ

and supplement it by the D-dimensional relation

ϵα1β1⊥ ϵα2β2⊥ ¼ −gα1α2⊥ gβ1β2⊥ þ gα1β2⊥ gβ1α2⊥ : ð67Þ

As a matter of fact, we have verified that the HVBM and
Larinþ prescriptions yield identical results for helicity
TMDs at N3LO [23]. Both the HVBM and Larinþ schemes
break the anticommutativity of the γ5 matrix, which, in
turn, leads to a violation of the Adler-Bardeen theorem for
the nonrenormalization of the axial anomaly beyond one
loop [173]. Therefore, renormalization in the prescribed γ5
scheme requires additional evanescent counterterms. To
extract the required evanescent counterterms, it is necessary
to renormalize physical quantities consistently within both
Kreimer’s approach and the HVBM or Larinþ schemes to
the same perturbative order, and define scheme trans-
formations as ratios between them. This procedure also
allows one to fix the scheme transformation factors, whose
matrix elements are nontrivial only in the q → q entry,

Z5 ¼ 1þ
X
n

�
αs
4π

�
n
ZðnÞ
5 ;

ðZðnÞ
5 Þik ¼ δiqδkqZ

ðnÞ
qq ¼ δiqδkq

	
ZðnÞ
ns;þ þ ZðnÞ

ps



: ð68Þ

Through two loops we have

Zs
ik ¼ δikþδiqδkq

��
αs
4π

�
Zð1Þ
ns;þþ

�
αs
4π

�
2
	
Zð2Þ
ns;þþZð2Þ

ps


�
:

ð69Þ

An alternative treatment of γ5 in dimensional regularization
is discussed in [174].
Owing to the factorization structure, the polarized NECs

are expected to be subjected to a scheme transformation as
follows:

ΔIMSð·; LqÞ ¼ ½Z5 ⊗ ΔIHVBMð·; LPÞ� ⊙ z−15 ; ð70Þ

where IHVBMðz; LPÞ is the matching coefficient parame-
trized by the hadronic logarithm LP ¼ 2 ln EN sin θ

μ and
z5ðzÞ ¼ z × Z5ðzÞ. The modified convolution algebra is
defined by

Ið·;LPÞ⊙z−15 ≡Ið·;LqÞ⊗z−15 ; Iðz;LqÞ¼Iðz;LPÞ: ð71Þ

Given that Z5 has nontrivial components exclusively in the
q → q channel, Eq. (70) implies

ΔIMS
qq ¼ ½Z5 ⊗ ΔIHVBMqq � ⊙ z−15 ;

ΔIMS
qg ¼ Z5 ⊗ ΔIHVBMqg

ΔIMS
gq ¼ ΔIHVBMgq ⊙ z−15 ; ΔIMS

gg ¼ ΔIHVBMgg : ð72Þ

After applying the scheme transformations, we confirm

that ΔIMS obeys the RG solution of Eq. (64) with NLO
splitting functions in the MS scheme [156,175,176]. The
complete analytic expression for the polarized coefficient
functions are provided as computer-readable files in the
Supplemental Material [177], with numerical routines
implemented in PolyLogsTools [178]. The logarithmic
enhancements in the Regge limit z → 0 are collected in
Appendix C. There, it is found that the polarized coefficient
functions scale as z0, in contrast to the unpolarized
coefficient functions, which exhibit a 1=z scaling behavior
in the high-energy limit.

VI. SUMMARY AND OUTLOOK

In this work, we investigate spin-dependent energy
correlations in DIS from the current to target fragmentation
region. In the CFR, where the dynamics are governed by
TMDs, we showed that energy correlators provide a clean
and model-independent probe of TMD physics. Indeed, by
employing a perturbative qT ≃ 3 GeV cutoff, we have
obtained N3LL renormalization-group-improved predic-
tions for the wide-angle correlations without relying on
a b� prescription, and we argue subleading-power correc-
tions in bTΛQCD can be systematically restored by lowering
the qT cut accordingly. In the TFR, where the dynamics are
controlled by NECs, we computed the twist-2 matching at
NNLO and achieved NNLL level description for spectator
fragmentation. Altogether, our study delivers state-of-the-
art precision for spin-dependent energy correlation patterns
across a broad range of kinematic regimes, offering an
alternative approach to the proton spin decomposition and
proton three-dimensional tomography at the forthcoming
EIC, ideally if one can measure the ECs with arbitrary N
and θ.
Looking ahead, several further improvements are worth

pursuing. First, we assume Glauber effects drop out for the
establishment of factorization. Although there were sub-
stantial arguments [179] for this to be correct, the mecha-
nism responsible for factorization within effective field
theories is still missing. For example, Glauber gluons
mediate spectator-active interactions, such as the H dia-
gram in Fig. 7. Depending on the observable, their
contributions may be absorbed into collinear Wilson lines

]180 ], remain as genuine Glauber contributions [60], or
they cancel out between cut and uncut diagrams [181]. A
full picture is still unfolding.
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Second, the unpolarized NECs exhibit divergences at the
Mellin moment N ¼ 1 ∼ x−1 ln x; accessing the small-x
regime therefore requires an all-order resummation of the
corresponding logarithms, a program which, in turn,
demands a precise definition of the Glauber gluons. In
contrast, the polarized NECs diverge at the Mellin moment
N ¼ 0 ∼ x0 ln x. We expect the polarized Regge dynamics
to be dominated by subleading fermionic Glauber operators
[182,183], since the leading t-channel Reggeon/Glauber
exchanges are insensitive to the proton spin and they
cancel in spin asymmetries. Consequently, contributions
that are subleading in the unpolarized case become the
leading effects in the polarized small-x regime. It is also
instructive to relate the EFT perspective to the shock-wave
formalism with polarized Wilson lines [33,35,184], which
provides a complementary framework for small-x helicity
evolution.
Third, the present framework can be extended to T-odd

operators, thereby enabling dedicated probes of the process
dependences of the TMDs and NECs [185]. For instance, the T-odd Boer-Mulders [186] and the Sivers functions

[187], whose existence is attributed to initial- or final-state
interactions between the active partons and the spectators,
are known to exhibit a sign reversal when crossing from
SIDIS to the Drell-Yan process [188–192]. A precise study
of these phenomena once again requires a careful definition
of the Glauber gluons.
Addressing these points will pave the way toward

extending our framework into multi-Regge kinematics
and higher-twist domains. We expect this to substantially
broaden the phenomenological reach of energy correlators,
particularly for EIC kinematics.
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FIG. 7. Spectator-active interactions through Glauber modes,
with Lipatov vertex off of the Glauber ladders.

FIG. 8. QCD fixed-order results by Eq. (15) versus SCET
prediction in the large-angle limit by Eq. (28).

FIG. 9. QCD fixed-order results by Eq. (15) versus SCET
prediction in the small-angle limit by Eq. (61).
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APPENDIX A: FIXED-ORDER QCD CROSS-
CHECK OF SCET FACTORIZATION

In this appendix, we provide the fixed-order QCD cross-
check of our factorization formulas (28) and (61). The
calculations are carried out with the FMNLO program
[141,142] and summed over all possible hadrons using
toy FFs, since the results are independent of the exact choice
of FFs giving constraint from the momentum sum rule. A
comparison of the fixed-order results in QCD and SCET is
presented in Fig. 8 for the large-angle limit and in Fig. 9 for
the small-angle limit, demonstrating qualitative agreement
between the two calculations. However, the current QCD
computation has not been optimized for this specific
observable, so residual numerical instabilities remain.

APPENDIX B: FORM FACTORS

To isolate contributions from each of the photon polari-
zation modes, the following bases are chosen for the
decomposition of the hadronic tensor

fμνT ¼ 1

2x

�
−gμν þ qμqν

q2

�

þ
�
Pμ
N þ 1

2x
qμ
��

Pν
N þ 1

2x
qν
�

1

PN · q
; ðB1Þ

Δfμν ¼ iϵμναβ
qαSβ

xPN · q
;

fμνL ¼
�
Pμ
N þ 1

2x
qμ
��

Pν
N þ 1

2x
qν
�

x
PN · q

; ðB2Þ

ε0μðε0νÞ�fμνT ¼ 0; ε0μðε0νÞ�fμνL ¼ 1

2
;

X
ε�μ ðε�ν Þ�fμνT ¼ 1

x
;

X
ε�μ ðε�ν Þ�fμνL ¼ 0; ðB3Þ

Lμνf
μν
T ¼ Ec.m.

2

y
σTδλlλl0 ; Lμνf

μν
L ¼ Ec.m.

2

y
σLδλlλl0 ;

LμνΔfμν ¼ λlSk
Ec.m.

2

y
Δσδλlλl0 : ðB4Þ

Note that λl; Sk ¼ � denotes the helicity index of the
lepton and proton beams.

APPENDIX C: REGGE LIMIT

The NECs coefficient functions in Eq. (64) exhibit
logarithmic divergences in the small-z limit, collected
below:

ΔI ð1Þ
qq ðzÞ≃−2CFð1−2 lnzÞ; ΔI ð1Þ

qg ðzÞ≃−4Nfð1þ lnzÞ;
ΔI ð1Þ

gq ðzÞ≃4CFð1þ2 lnzÞ; ΔI ð1Þ
gg ðzÞ≃8CAð1þ2 lnzÞ;

ðC1Þ
ΔI ð2Þ

qq ðzÞ ≃
�
22

3
CACF − 19C2

F þ 26

3
CFNf

�
ln3zþ

�
79

2
CACF − 17C2

F þ 68CFNf

�
ln2z

þ
�
CACF

�
656

9
− 32ζ2

�
þ CFNf

�
1375

9
− 16ζ2

�
þ C2

Fð−24þ 24ζ2Þ
�
ln z

þ CACF

�
332

27
− 44ζ2 − 28ζ3

�
þ C2

F

�
110

3
þ 100

3
ζ2 þ 12ζ3

�
þ CFNf

�
3805

27
−
16

3
ζ2

�
; ðC2Þ

ΔI ð2Þ
qg ðzÞ ≃

�
74

3
CANf þ

13

3
CFNf

�
ln3zþ

�
131CANf −

23

2
CFNf

�
ln2z

þ
�
CANfð276 − 32ζ2Þ þ CFNfð−72þ 8ζ2Þ

�
ln z

þ CANf

�
716

3
−
92

3
ζ2 þ 4ζ3

�
þ CFNf

�
−
239

3
þ 68

3
ζ2 þ 12ζ3

�
; ðC3Þ

ΔI ð2Þ
gq ðzÞ ≃

�
−
148

3
CACF −

26

3
C2
F

�
ln3zþ

�
−
472

3
CACF þ 6C2

F −
32

3
CFNf

�
ln2z

þ
�
−
160

9
CFNf þ C2

Fð49 − 48ζ2Þ þ CACF

�
−
3266

9
þ 96ζ2

��
ln z

−
272

27
CFNf þ C2

Fð115 − 80ζ2 − 64ζ3Þ þ CACF

�
−
10612

27
þ 100ζ2 þ 32ζ3

�
; ðC4Þ
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ΔI ð2Þ
gg ðzÞ ≃

�
−
296

3
C2
A þ 26

3
CFNf�ln3zþ

�
−
701

3
C2
A −

46

3
CANf þ 29CFNf

�
ln2z

þ
�
−
142

3
CANf þ CFNfð74 − 16ζ2Þ þ C2

A

�
−
1349

3
þ 64ζ2

��
ln z

þ C2
A

�
−
20285

54
þ 20

3
ζ2 − 64ζ3

�
þ CANf

�
−
2653

54
þ 40

3
ζ2

�
þ CFNfð88þ 8ζ2Þ: ðC5Þ
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