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We provide a set of general tools to study the problem of stellar equilibrium in any gravitational theory in
which spherically symmetric spacetimes satisfy master field equations taking the form of an equality
between an identically conserved tensor, with derivatives of up to second order in the metric, and an
identically conserved matter tensor. We derive the most general expression for the Tolman-Oppenheimer-
Volkoff equation of stellar equilibrium that is compatible with these minimal requirements. A general
discussion of the conditions that guarantee geodesic completeness at the center of symmetry is also
presented. The equations of stellar equilibrium are integrated in a subset of the space of allowed
deformations of general relativity proposed by Ziprick and Kunstatter, allowing us to illustrate universal
aspects associated with the weakening of the strength of gravity, such as the mitigation of the Buchdahl
limit obtained in general relativity or the existence of static solutions describing regular black holes with
perfect fluid cores.
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I. INTRODUCTION

The search for alternative theories of gravity has been the
focus of numerous research works and programs. The
motivations underlying such a search are diverse, from the
more pragmatic to the more ideological. On the pragmatic
side, developing alternative theories to general relativity is an
important step in the deployment of precision tests of
Einstein’s theory [1–6]. Fromamore ideological perspective,
finding theories that combine the principles of quantum
mechanics with the geometric description of gravity char-
acteristic of general relativity is expected to provide a deeper
understanding of the fabric of our Universe [7–14].
Black holes have been receiving increasing attention due

to playing an important role in several of these approaches
and being a convergence point for motivations of diverse
nature. Being a paradigmatic example of a gravitational
system displaying strong gravity effects puts them at the
center ofmany approaches aiming at testinggeneral relativity
[15–21]. At the same time, the incompleteness of black hole
interiors in general relativity is expected to be remediable

only in theories beyond general relativity, thus signaling
the need for new physics in order to achieve a complete
description of these gravitational systems [22–24].
It is therefore common to consider black hole physics as

a testing ground for the development of alternative theories
to general relativity. Doing so allows trying out proposals
for the behavior of gravity in extreme conditions in simpler
settings in which symmetries (spherical symmetry or
axisymmetry) are present, and in which the matter content
can be taken as trivial (vacuum) in a first instance, as the
gravitational structure of a black hole does not require
the presence of matter fields for its definition. Once the
modified behavior of gravity in black hole interiors result-
ing from one of these proposals is understood and verified
to satisfy some consistency criteria, it may then be
interesting to study the implications of the same underlying
principles to other situations and determine any resulting
deviations with respect to general relativity (GR).
In this paper, we will be working with a formalism that

relies mostly on symmetry arguments and that follows a
bottom-up approach, similar to effective field theory in
particle physics, for the study of gravitational systems with
symmetries. In practice, this approach involves using
lower-dimensional field theories to describe the dynamics
of higher-dimensional spacetimes with symmetries. Ziprick
and Kunstatter [25] first developed simulations of the
formation of spherically symmetric regular black holes
using a two-dimensional dilaton gravity as an effective
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theory. This phenomenological two-dimensional approach
was then further developed in Refs. [26,27] (see related
numerical explorations in recent works [28,29]). More
recently, a set of explicitly four-dimensional field equations
has been constructed by coupling two-dimensional
Horndeski theory to additional matter fields, providing
the most general form of the field equations for spherically
symmetric gravitational fields in which the Einstein tensor
is deformed into a conserved tensor constructed from up to
second-order derivatives of the metric [30]. Here, we will
be exploring the implications of these equations for the
problem of stellar equilibrium.
This paper is organized as follows. We review the

formalism and field equations to be used in the rest of
the paper in Sec. II. The general equations of stellar
equilibrium in this setup are derived in Sec. III, together
with a discussion of conditions that guarantee geodesic
completeness. The properties of solutions of the equations
of stellar equilibrium for specific subfamilies of theories are
presented in Sec. IV. Some final remarks and consider-
ations are collected in Sec. V.

II. EFFECTIVE GEOMETRODYNAMICS
OF SPHERICAL SPACETIMES

In this section we shall set up and analyze the most
general second-order differential equations relevant to
describing the dynamics of spherically symmetric space-
times [30,31].

A. Master field equations

We will be working with spherically symmetric space-
times presented in so-called “warped product” form [32]:

gμνðyÞdyμdyν ¼ qabðxÞdxadxb þ r2ðxÞγijðθÞdθidθj: ð1Þ

Here fyμgD−1
μ¼0 are D-dimensional coordinates, whereas

qabðxÞ and rðxÞ are the 2-metric and a scalar field,
respectively, on the two-dimensional radial-temporal
spacetime equipped with coordinates fxa ¼ x0; x1g.
The function rðxÞ is called the “warping factor,” since
setting rðxÞ → 1 results in the considerably simpler
“direct product” spacetime. Furthermore the fθigD−2

i¼1

are angular coordinates, and dΩ2
ðD−2Þ ¼ γijðθÞdθidθj

is the line element on the unit (D − 2)-sphere.
Explicitly, dΩ2

ðD−2Þ ¼
P

D−2
i¼1 ½Πi−1

j¼1 sin
2ðθjÞ�dθ2i .

In matrix form we can write this as

gμνðyÞ ¼
"
qabðxÞ 0

0 r2ðxÞγijðθÞ

#
: ð2Þ

The most general field equations governing dynamics of
spherically symmetric spacetimes in which the Einstein
tensor is deformed into an identically conserved tensor

containing up to second-order derivatives of the fields
qabðxÞ and rðxÞ can be written as [30]

G μνðq; rÞ ¼ 8πTμν; ð3Þ

where

G μνðq; rÞ ¼ r2−DE abðq; rÞδaμδbν
−

r5−D

2ðD − 2ÞFðq; rÞγijðθÞδiμδjν; ð4Þ

that is,

G μνðq; rÞ ¼
"
r2−DE abðq; rÞ 0

0 − r5−D
2ðD−2ÞFðq; rÞγijðθÞ

#
:

ð5Þ

Here E abðq; rÞ and Fðq; rÞ are obtained as the variations,
with respect to qabðxÞ and rðxÞ, respectively, of the two-
dimensional Horndeski action [33,34]:

L2DH ¼ H2ðr; χÞ −H3ðr; χÞ□rþH4ðr; χÞR
− 2∂χH4ðr; χÞ½ð□rÞ2 −∇a∇br∇a∇br�; ð6Þ

where R is the Ricci scalar of a two-dimensional metric
qab, fHiðr; χÞg4i¼2 are generic functions of two variables,
and the convention χ ¼ ð∇rÞ2 is used. Specifically:

E abðq; rÞ ¼
1ffiffiffiffiffiffi−qp δL

δqab
¼ β∇a∇br − qab

�
1

2
αþ β□r

�

þ ð∂χα − ∂rβÞ∇ar∇br; ð7Þ

Fðq; rÞ ¼ 1ffiffiffiffiffiffi−qp δL
δr

¼ −βRþ 2∂rβ□rþ ∂rα

þ 2∂χβ½ð□rÞ2 −∇a∇br∇a∇br�
− 2∂rð∂χα − ∂rβÞχ − 2ð∂χα − ∂rβÞ□r

− 2∂χð∂χα − ∂rβÞ∇ar∇aχ: ð8Þ

Here αðr; χÞ ¼ H2 þ χ∂rðH3 − 2∂rH4Þ and βðr; χÞ ¼
χ∂χðH3 − 2∂rH4Þ − ∂rH4 are externally specified and
essentially arbitrary functions of r and χ (that only two
functions arise in the field equations indicates that the
Lagrangian in Eq. (6) is overparametrized, which is a
conscious choice to simplify making contact with the
literature on Horndeski theory). Note that both
α½rðxÞ; χðxÞ� and β½rðxÞ; χðxÞ� carry both explicit depend-
ence on r and χ, and implicit dependence on the coor-
dinates x, which becomes an implicit dependence on rðxÞ
whenever the latter scalar field is used as one of the
coordinates.
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These two functions control all the features of the
gravitational interaction in these theories. In particular,
we will see more explicitly that, for the static solutions
studied in this paper, β can be directly related to the strength
of gravity. While in this paper we will be working explicitly
with α and β, it is straightforward to calculate the functions
fHig4i¼2 for the different examples below by using the
relations H2 ¼ α, H3 ¼ −2β, H4 ¼ −

R
drβ [31].

Two specific special cases are of particular interest:
(1) If ∂χα ¼ ∂rβ, implying the existence of a potential

function Ωðr; χÞ satisfying both α ¼ ∂rΩ and
β ¼ ∂χΩ, then we have a significant number of
simplifications:

E abðq; rÞ ¼
1ffiffiffiffiffiffi−qp δL

δqab
¼ ∂χΩ∇a∇br

− qab

�
1

2
∂rΩþ ∂χΩ□r

�
; ð9Þ

Fðq; rÞ ¼ 1ffiffiffiffiffiffi−qp δL
δr

¼ −∂χΩRþ ∂r∂χΩ□rþ ∂
2
rΩ

þ 2∂2χΩ½ð□rÞ2 −∇a∇br∇a∇br�: ð10Þ

(2) The spherically symmetric Einstein field equations
are recovered as the particular case

αGR ¼ ðD − 2ÞðD − 3ÞrD−4ð1 − χÞ;
βGR ¼ −ðD − 2ÞrD−3;

ΩGR ¼ ðD − 2ÞrD−3ð1 − χÞ; ð11Þ

for which Eqs. (7)–(10) are greatly simplified. In
particular, the last term in the first line of Eq. (8)
vanishes because ∂χβGR ¼ 0, while all the terms in
the second line of Eq. (8) vanish due to the fact that
∂χαGR ¼ ∂rβGR. That is, for D-dimensional general
relativity one has

E abðq; rÞ

¼ 1ffiffiffiffiffiffi−qp δL
δqab

¼ −ðD − 2Þ
�
rD−3∇a∇br

− qab

�
1

2
ðD − 3ÞrD−4ð1 − χÞ − rD−3

□r

��
;

ð12Þ

Fðq; rÞ ¼ 1ffiffiffiffiffiffi−qp δL
δr

¼ ðD − 2ÞfrD−3R − ðD − 3ÞrD−4
□r

− ðD − 3ÞðD − 4ÞrD−5ð1 − χÞg: ð13Þ

Unsurprisingly, general relativity completely trivi-
alizes in D ¼ 2 dimensions and almost trivializes
in D ¼ 3 dimensions. Even D ¼ 4 general rela-
tivity is somewhat simpler than the higher-dimen-
sional case.

On the other hand, the most general matter source
compatible with these symmetries is

TðDÞ
μν ¼ Tabδ

a
μδ

b
ν þ ptr2γijδiμδ

j
ν; ð14Þ

that is,

TðDÞ
μν ¼

�Tab 0

0 ptr2ðxÞγijðθÞ
�
: ð15Þ

Here Tab contains information about the energy density,
radial pressure, and fluxes in the two-dimensional sector,
while pt is the tangential pressure.

III. STELLAR EQUILIBRIUM

In this section we shall derive a generalization of the
equations of stellar equilibrium, in particular the Tolman-
Oppenheimer-Volkoff equation, and analyze the conditions
that guarantee geodesic completeness at the center of
symmetry r ¼ 0.

A. Equilibrium equations

As the starting point in the analysis of the problem of
stellar equilibrium, we consider a geometric ansatz
accommodating the spacetimes of interest. Aside from
these spacetimes being static, using the scalar field rðxÞ
as one of the coordinates simplifies the resulting equa-
tions. The static two-dimensional line element is then
written as

qabðxÞdxadxb ¼ −e2νðrÞdt2 þ dr2

χðrÞ : ð16Þ

In order to make contact with the existing literature, we
can rewrite the function χðrÞ in terms of the D-dimen-
sional Misner-Sharp quasilocal mass,

χðrÞ ¼ 1 −
2mðrÞ
rD−3 ; ð17Þ

so that Eq. (16) becomes

qabðxÞdxadxb ¼ −e2νðrÞdt2 þ dr2

1 − 2mðrÞ=rD−3 : ð18Þ

The only nonzero Christoffel symbols for the 2-metric
qab are then
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Γt
tr ¼ ν0; Γr

tt ¼ e2νð1 − 2m=rD−3Þν0; Γr
rr ¼ −

ðD − 3Þm=rD−2 −m0=rD−3

1 − 2m=rD−3 : ð19Þ

Further useful relations are

∇t∇tr ¼ −Γr
tt; ∇r∇rr ¼ −Γr

rr; □r ¼ −e−2νΓr
tt − ð1 − 2m=rD−3ÞΓr

rr: ð20Þ

On the other hand, the matter source (14) has components

Ttt ¼ ρqtt; Ttr ¼ 0; Trr ¼ prqrr; Tij ¼ ptgij: ð21Þ

The following two differential equations are obtained
from Eq. (3):

2ðD − 3Þβr2−Dmþ α − 2βr3−Dm0 ¼ 16πrD−2ρ; ð22Þ

−βν0 −
α

2ð1 − 2m=rD−3Þ þ ∂χα − ∂rβ ¼ 8πrD−2pr

1 − 2m=rD−3 :

ð23Þ

Note that these equations are valid for generic functions
αðr; χÞ and βðr; χÞ. To be more precise about this, observe
that αðr; χÞ ¼ αðr; 1− 2m=rD−3Þ ¼ α̃ðr;mÞ → α̃ðr;mðrÞÞ.
Likewise βðr; χÞ ¼ βðr; 1 − 2m=rD−3Þ ¼ β̃ðr; mÞ →
β̃ðr; mðrÞÞ, and similarly the functional derivatives ∂χα
and ∂rβ exhibit the same behavior. Keeping this in mind, for
brevity we often suppress the explicit arguments and
implied functional form for the functions α, β and their
derivatives.
Instead of explicitly writing the angular equation (8), the

equation proportional to Fðq; rÞ, we can use the con-
servation equation for the fluid:

2ðpr − ptÞ þ rp0
r þ rðρþ prÞν0 ¼ 0: ð24Þ

We thus have a closed system of equations, Eqs. (22)–(24),
for mðrÞ, pðrÞ, and νðrÞ once αðr; χÞ and βðr; χÞ are
specified as functions of r and χ ¼ 1–2m=rD−3.
This system of equations satisfies several remarkable

properties. The first one is that it can be solved as a
sequence of first-order ordinary differential equations for
each of the unknown functions, as is the case in general
relativity. Indeed, Eq. (22) is a first-order ordinary differ-
ential equation for mðrÞ, which we can rearrange as

α − 2β
d
dr

	
m=rD−3



¼ 16πrD−2ρ: ð25Þ

That is, for once being totally explicit regarding all func-
tional dependencies, we wish to solve the first-order non-
linear ordinary differential equation

α̃ðr;mðrÞÞ− 2β̃ðr;mðrÞÞ d
dr

	
mðrÞ=rD−3



¼ 16πrD−2ρðrÞ:

ð26Þ
Once mðrÞ is determined, we can combine Eqs. (23) and
(24) to yield the generalized Tolman-Oppenheimer-Volkoff
(TOV) differential equation, relevant to any spherically
symmetric body in any extension of general relativity in
which the Einstein tensor is deformed into an identically
conserved tensor constructed solely from up to second
derivatives of the metric:

p0
r ¼

ρþ pr

2β

�
16πrD−2pr þ α

1 − 2m=rD−3 − 2ð∂χα − ∂rβÞ
�

−
2ðpr − ptÞ

r
: ð27Þ

This differential equation can be solved to obtain pðrÞ for
specific theories (or families of theories). The remaining
metric function νðrÞ is then obtained by solving Eq. (24).
It is remarkable that the minimal assumptions on the

symmetries of the problem and the differential order of the
equations of motion, which are behind the construction of
the master field equations in Eq. (3), also result in such a
simple generalization of this well-known TOV equation
describing stellar equilibrium in general relativity.
It is straightforward to check that Eqs. (25)–(27) include

D-dimensional general relativity as a particular case [35],
which can be shown using Eqs. (11) and (17) to write

αGR ¼ ðD − 2ÞðD − 3Þ 2m
r

¼ −2ðD − 3ÞβGRr2−Dm;

βGR ¼ −ðD − 2ÞrD−3: ð28Þ
Whence in D-dimensional general relativity the (aniso-
tropic) TOV becomes

m0 ¼ 8π

D − 2
ρrD−2;

p0
r ¼ −

ρþ pr

rD−2
ðD − 3Þmþ 8πrD−1pr=ðD − 2Þ

1 − 2m=rD−3

−
2ðpr − ptÞ

r
: ð29Þ
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The anisotropic part of this equation is generic to arbitrary
dimensionality. The isotropic part of the D-dimensional
TOV can be checked against many published references,
among which we mention [35–38].
In particular, for D ¼ 4 have

αGR ¼ 4m
r

; βGR ¼ −2r; ð30Þ

and so we recover the well-known expressions [39]

m0 ¼ 4πr2ρ;

p0
r ¼ −

ρþ pr

r2

�
mþ 4πprr3

1 − 2m=r

�
−
2ðpr − ptÞ

r
: ð31Þ

B. Geodesic completeness

Let us now formulate some general observations on the
sort of consistency conditions one might wish to impose in
order to guarantee that the lower-dimensional fields qabðxÞ
and rðxÞ can be used to reconstruct a D-dimensional metric
[30]. Appealing to “local flatness” of the manifold, any
sufficiently small ball (of coordinate radius r0 say) around
the origin should locally approximate a ball in flat
Minkowski space to arbitrary accuracy. In particular, this
means that pressure, density, and other local observables
should be arbitrarily smooth—mathematically that can be
phrased as being C∞ on the entire ball. In contrast,
quasilocal observables such as the Misner-Sharp quasilocal
mass need not be C∞ on the entire ball, but it would still be
a good idea to impose C∞ behavior on r∈ ð0; r0Þ.
Now mathematically “analyticity” (Cω) is stronger than

“infinitely smooth” (C∞), the distinction being that analy-
ticity requires the Taylor series to have a nonzero radius of
convergence. For example:
(1) For a > 0 the function e−a=r is C∞ on ð0;∞Þ, but is

not Cω at r ¼ 0.
(2) For a ≠ 0 the function e−a

2=r2 is C∞ on ð−∞;∞Þ,
but is not Cω at r ¼ 0.

(3) Many generalizations possible.
Smooth functions of this type were used in developing
various “Minkowski core” regular black holes [40–42].
In the following, we will assume analyticity and, there-

fore, the existence of a Taylor series expansion. If physical
observables (density, pressure, etc.) are analytic then they
must be described by even parity Taylor series:

pðrÞ ¼
X∞
n¼0

pð2nÞjr¼0

ð2nÞ! r2n; ρðrÞ ¼
X∞
n¼0

ρð2nÞjr¼0

ð2nÞ! r2n:

ð32Þ

This even parity property must be true regardless of
dimensionality and regardless of the dynamics. Note that
once one goes above the surface of the star p → 0 and

ρ → 0, and zero is an even function. We can construct a
direct and explicit proof of this statement by demanding
invariance of scalar functions with respect to the Killing
vectors that generate rotations:

ξx ¼ y∂z − z∂y; ξy ¼ z∂x − x∂z; ξz ¼ x∂y − y∂x:

ð33Þ

For a scalar function ψðt; x; y; zÞ that is invariant under
rotation, we should have

Lξxψ ¼ Lξyψ ¼ Lξzψ ¼ 0: ð34Þ

Let us take the first equation, for instance. We then have:

Lξxψ ¼ y∂zψ − z∂yψ ¼ 0: ð35Þ

The derivatives of the expression above in terms of ψ and
its first-order derivatives must also vanish, which allows us
to write:

∂yLξxψ ¼ y∂y∂zψ − z∂2yψ þ ∂zψ ¼ 0;

∂zLξxψ ¼ y∂2zψ − z∂y∂zψ − ∂yψ ¼ 0;

∂
2
yLξxψ ¼ y∂2y∂zψ − z∂3yψ þ 2∂y∂zψ ¼ 0;

∂z∂yLξxψ ¼ y∂y∂2zψ − z∂2y∂zψ þ ∂
2
zψ − ∂

2
yψ ¼ 0;

∂
2
zLξxψ ¼ y∂3zψ − z∂y∂2zψ − 2∂y∂zψ ¼ 0: ð36Þ

This procedure can be implemented up to any arbitrary
order in the derivatives.
Evaluating these at x ¼ y ¼ z ¼ 0, we obtain

∂yψ jx¼y¼z¼0
¼ ∂zψ jx¼y¼z¼0 ¼ ∂y∂zψ ¼ 0jx¼y¼z¼0

;

∂
2
yψ jx¼y¼z¼0

¼ ∂
2
zψ jx¼y¼z¼0; ð37Þ

which in particular constrain the form of the Taylor
expansion of ψ up to quadratic order. Combining these
with similar relations obtained by considering the remain-
ing Lie derivatives, it follows that the Taylor expansion up
to quadratic order must depend on x2 þ y2 þ z2 ¼ r2.
The same analysis for scalar functions involving Lie

derivatives can be applied to tensors, including in particular
the metric tensor (see, e.g., [43] for a treatment of the
axisymmetric case). Alternatively, we can use some other
relation to obtain regularity conditions. Consider, for
instance, the conservation equation for the fluid (24):

2ðpr − ptÞ þ rp0
r þ rðρþ prÞν0 ¼ 0: ð38Þ

Both pr and pt must be even parity, so rp0
r is also even

parity, and so likewise rν0 is even parity, implying ν itself
must be even parity (independent of dimensionality and
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dynamics). This makes sense because νðrÞ is in principle
directly observable as the gravitational redshift.
Having thus determined that one of the metric coef-

ficients in Eq. (16) must be even parity, it is reasonable to
expect that all metric coefficients would satisfy this
property. We will not complete a full formal proof of this
statement, referring instead to a recent reference focusing
on this issue [44] (see also [45] for a discussion of the
geodesic incompleteness that results from these conditions
not being satisfied in specific models). For the Misner-
Sharp quasilocal mass defined in Eq. (17), this implies that
mðrÞ=rD−3 must be even parity. Hence, the parity of mðrÞ
required for regularity is dimension dependent.
Indeed, consider χ ¼ 1 − gab∇ar∇br ¼ 1 − ð1−

2mðrÞ=rD−3Þ ¼ 2mðrÞ=rD−3. Since in curvature coordi-
nates gab∇ar∇br ¼ grr, regularity at the origin implies it
must be even parity, so χ must be even parity and
mðrÞ=rD−3 must be even parity.
Let us now see how this relates to the parities of α and β,

using in particular the ordinary differential equation for
mðrÞ, Eq. (25). Consider two cases, each with two
subcases:
(1) Inside the star (assuming an analytic core):

(a) D even: αþβ×ðoddÞ¼ðevenÞ⇒α¼ðevenÞand
β¼ðoddÞ.

(b) D odd: αþβ× ðoddÞ¼ ðoddÞ⇒α¼ðoddÞand
β¼ðevenÞ.

(c) Overall, α has parity ð−1ÞD, while β has par-
ity ð−1ÞD−1.

(d) In either case α and β have opposite parity.
(2) In the vacuum region outside the star (ρ → 0):

(a) D even: αþβ× ðoddÞ¼ ðzeroÞ⇒αandβ have
opposite parity.

(b) D odd: αþ β × ðoddÞ ¼ ðzeroÞ ⇒ α and β have
opposite parity.

(c) In either case α and β have opposite parity,
regardless of the dimensionality.

Note that, while the individual parities of α and β are
determined inside matter, in the vacuum region the only
statement that can be made at this stage is that α and βmust
have opposite parity as a necessary condition for geodesic
completeness.
Let us consider general relativity in D ¼ 4 as a con-

sistency check. The Misner-Sharp quasilocal mass (at least
inside the star) would then be

mðrÞ ¼
X∞
n¼0

mð3þ2nÞjr¼0

ð3þ 2nÞ! r3þ2n: ð39Þ

This is an odd-parity function of r. But once one goes
above the surface of the star ρ → 0 and mðrÞ → M, a
constant (even parity). On the other hand,

α ¼ 2ð1 − χÞ → 4m
r

; β ¼ −2r: ð40Þ

So inside the star m ¼ ðoddÞ, α ¼ ðevenÞ, and β ¼ ðoddÞ
(which is necessary for geodesic completeness, according
to our discussion above), while outside the star mðrÞ →
M ¼ ðevenÞ, α ¼ ðoddÞ, and β ¼ ðoddÞ which, in view of
our discussion above, would become incompatible with
geodesic completeness if the vacuum region were to extend
all the way down to r ¼ 0.

IV. SOLUTIONS OF THE EQUATIONS
OF STELLAR EQUILIBRIUM

In this section we shall solve the equations of stellar
equilibrium for specific families of theories in order to
illustrate general features of these equations.

A. Overview

The TOVequation (27) is valid for any theory of gravity
satisfying the master field equations, characterized by the
spherically symmetric Einstein tensor being deformed into
an identically conserved tensor containing up to second
derivatives of the metric [30]. It allows us to describe in a
unified formalism a wide range of frameworks discussed
before, such as Lovelock gravities [46–50] and quasitopo-
logical gravities in higher dimensions [51–58] (for which
the problem of stellar equilibrium has been recently studied
[38]), related theories in four dimensions [59–61], as well
as effective descriptions of quantum gravity corrections
[62]. In practice, these different theories or frameworks
enter through the definition of the functions αðr; χÞ
and βðr; χÞ.
In this section, our aim is extracting some physical

implications of Eqs. (27). Solving these equations explic-
itly requires making choices along the way, although some
properties can be derived invoking general arguments.
Hence, we will be treading a fine line between generality
and concreteness, using a specific but broad family of
theories to illustrate general results.

B. Specific families of theories

Before starting to break down the study of the equations
of stellar equilibrium, we specify the subset of theories we
will be using in our exploration.
In particular, all expressions explicitly given below will

be particularized for theories satisfying the integrability
condition

∂χα − ∂rβ ¼ 0; ð41Þ

in which case there exists a potential function Ωðr; χÞ such
that

α ¼ ∂rΩ; β ¼ ∂χΩ: ð42Þ

As discussed above, this family includes general relativity
as a particular case. Note also that, for regular geometries, α
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and β have opposite parity, with the latter having the same
parity of Ω.
Within this subset of theories, it is useful to define two

disjoint families of theories [31], which is useful from a
mathematical standpoint but is also rooted in historical
developments. The first of these two families is the
Ziprick-Kunstatter (ZK) family for which, following the
definition in [31], the potential takes the simple form

Ωðr; χÞ ¼ −ð1 − χÞβðrÞ; ð43Þ

and, as a consequence,

αðr; χÞ ¼ −ð1 − χÞ dβðrÞ
dr

; βðr; χÞ ¼ βðrÞ: ð44Þ

These theories were introduced, from a different perspec-
tive and using a different formalism, by Ziprick and
Kunstatter [25]. These theories can describe well-known
regular black holes, in particular the Bardeen regular
black hole [63] (which will be discussed explicitly below)
and the Fan-Wang regular black hole [64], as vacuum
solutions.
However, the ZK family does not include the well-

known Hayward black hole [65]. This was part of the
motivation that led Kunstatter, Maeda, and Taves to
generalize the construction in [25] for vacuum black holes
to a broader class of dilaton theories [27]. The latter
construction is equivalent to Horndeski theory (as shown
later in, e.g., [66]), and thus the discussion of vacuum
solutions therein can be directly incorporated in the
formalism used here by constructing a suitable dictionary
between both approaches. We define the Kunstatter-
Maeda-Taves (KMT) family as having a potential function
of the form

Ωðr; χÞ ¼ ΩGRðr; χÞη
�
1 − χ

r2

�
; ð45Þ

with η a general function of the indicated argument. The
functions α and β can be directly calculated using
Eq. (42).
The problem of stellar equilibrium in specific instances

of the KMT family obtained from the spherically sym-
metric reduction of polynomial quasitopological gravities
has been recently studied [38]. Hence, here we focus on the
disjoint ZK family to provide a complementary exploration
of the space of theories included in the field equations (4).
Note that both families are treated evenly in the description
above in terms of the master field equations. Both families
can be lifted to nonpolynomial gravitational actions, in
particular in the most interesting case of four dimensions
[60,61], which further further supports that neither of these
families is preferred over the other based on our current
knowledge. It is thus important to study both families either

to find aspects which may mark a substantial difference or
to corroborate that both families should be treated evenly.

C. Vacuum solutions for ZK theories

For the ZK class of theories the vacuum equations,
Eqs. (22) and (23), become

α − 2β
d
dr

ðr3−DmÞ ¼ 0; ð46Þ

−βν0 −
α

2ð1 − 2r3−DmÞ ¼ 0: ð47Þ

One way of combining these two equations results in

−βν0 −
β

2ð1 − 2r3−DmÞ
d
dr

	
1 − 2r3−Dm



¼ 0; ð48Þ

which can be integrated to yield

νðrÞ ¼ ν0 −
1

2
ln
	
1 − 2r3−Dm



; ð49Þ

where ν0 is a positive constant that can be absorbed in a
redefinition of the t coordinate. Hence, the two-dimen-
sional line element in Eq. (18) becomes

qabðxÞdxadxb ¼ −½1 − 2r3−DmðrÞ�dt2 þ dr2

1 − 2r3−DmðrÞ ;

ð50Þ
where mðrÞ is determined by Eq. (46).
Note that all of the resulting metrics satisfy the constraint

gttgrr ¼ −1. This is a natural D-dimensional generalization
of a phenomenon that often occurs in (3þ 1) dimensions
[67]—for instance many of the standard regular black holes
(Bardeen, Dymnikova, Hayward) are explicitly of this type.
This assumption makes the tt and rr Einstein equations
degenerate, and hence the metric only exhibits one degree
of freedom. This illustrates the meaning of the constraint
∂χα − ∂rβ ¼ 0 and shows that more complicated metrics
with gttgrr ≠ −1 are not compatible with this constraint
without the inclusion of matter. This is the reason why, for
simplicity, we will restrict ourselves to this subset of
theories and geometries, although the calculations below
can be generalized to situations in which ∂χα − ∂rβ ≠ 0.
Another way of combining Eqs. (22) and (23) for ZK

theories in vacuum is to note

−
d
dr

	
2βr3−Dm



¼ 0: ð51Þ

This integrates to

β ¼ KrD−3

2m
: ð52Þ
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This implies that any spacetime metric of the general form

ds2 ¼ −½1 − 2r3−DmðrÞ�dt2 þ dr2

1 − 2r3−DmðrÞ þ r2dΩ2

ð53Þ

can be interpreted as the vacuum solution of some specific
nontrivial ZK model with dynamics governed by

βðrÞ ¼ KrD−3

2mðrÞ ; αðr; χÞ ¼ ð1 − χÞ∂rβ;

Ωðr; χÞ ¼ −ð1 − χÞβðrÞ: ð54Þ

Note that the function βðrÞ above has even parity by
construction.
These expressions allow us to make explicit how the ZK

family of theories includes solutions describing regular
black holes and, in particular, a suitable D-dimensional
generalization of the Bardeen black hole, for the choice

βðDÞ
B ðrÞ ¼ −

D − 2

r2ðD−3Þ

�
r2 þ l2

�
3ðD−3Þ=2

; ð55Þ

which, integrating Eq. (46), results in the expression

fðDÞ
B ðrÞ ¼ 1 −

4Mr2ðD−3Þ

ðD − 2Þðr2 þ l2Þ32ðD−3Þ : ð56Þ

It is straightforward to show that this reduces, forD ¼ 4, to
the well-known Bardeen spacetime [63], while for l → 0 it
reduces to the Tangherlini (D-dimensional Schwarzschild)
spacetime. Other D-dimensional generalizations of the
Bardeen space are possible (see for instance [68]), and
we are choosing the one above following the parity criteria
that, as described in Sec. III, guarantee geodesic
completeness.
Note the somewhat subtle nature of the construction: We

have explicitly built a particular ZK dynamical model
whose “vacuum solution” is the Bardeen regular black
hole—a spacetime that is certainly not a “vacuum solution”
if viewed through the lens of standard general relativity.
This process can be interpreted as an example of “reverse
engineering” the dynamics to generate, as a “vacuum”
spacetime, a model originally developed for quite different
reasons [25,27,30].

D. Curvature regularity conditions

Not every choice of β in the ZK family will be
compatible with a regular spacetime. The only nonzero
components of the D-dimensional Riemann tensor are

Rabcd ¼ Rabcd;

Raibj ¼ −rγij∇a∇br;

Rijkl ¼ r2½1 − ð∇rÞ2�ðγikγjl − γilγjkÞ; ð57Þ

where Rabcd is the two-dimensional curvature tensor.1 The
D-dimensional Kretschmann scalar K can be written as

K ¼ 2R2 þD − 2

r2
∇a∇br∇a∇br

þ 2ðD − 2ÞðD − 3Þ
r4

½1 − ð∇rÞ2�2: ð58Þ

We take the line element (18) and the mass function (52),
i.e.,

m ¼ −
ðD − 2ÞrD−3

β
m0; ð59Þ

where K ¼ −ðD − 2Þm0=2 so the Misner-Sharp mass
reduces to the Arnowitt-Deser-Misner (ADM) mass at
infinity. The Kretschmann scalar becomes

K ¼ 8ðD − 2Þ3ðD − 3Þm2
0

r4β2
þ 4ðD − 2Þ3β02m2

0

r2β4

þ 4ðD − 2Þ½2ðD − 2Þm0 þ β�2ν02
r2β2

þ 4f½2ðD − 2Þm0

þ β�ðν02 þ ν00Þβ − ðD − 2Þm0ν
02β0g2β−4: ð60Þ

From the Kretschmann scalar, we can deduce, by
looking at the terms that depend separately on m and ν,
that, provided m0 ≠ 0, the conditions required for regular-
ity are as follows: Assuming the following r → 0 expan-
sions for β and ν

βðrÞ ¼
X∞
m

biri; νðrÞ ¼
X∞
0

μjrj; ð61Þ

and inserting them in (60), we find r ¼ 0 is regular (for
vacuum ZK theories) if m ≤ −2 and μ1 ¼ 0. Note that m ≥
−1 and m ≥ 0 correspond to spacetimes with so-called
integrable singularities [70,71], in which the Misner-Sharp
mass vanishes at r ¼ 0 but the Kretschmann scalar still
diverges.
As it was discussed in detail in Sec. II, to guarantee

geodesic completeness on top of the finiteness of curvature
invariants, the spacetime metric needs to be symmetric
under jrj → −jrj transformations. In vacuum, the β func-
tion needs to obey an even-parity expansion near r ¼ 0,
while in the presence of matter it needs to be odd. A
sensible theory of gravity must be compatible with dilute

1We have made use of the expressions in the Appendix of [69],
adapted to our notation.
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fluid spheres in equilibrium before imposing any regularity
condition on its vacuum solutions. Hence, the rest of our
discussion will be focused on matter configurations and the
odd-parity β functions compatible with them. The exterior
metrics to these stars will not generally correspond to
known regular black hole spacetimes but will share most of
their properties.

E. Mass function for ZK theories and constant density

Let us now turn our attention to the simplest model with
matter, namely isotropic stars with constant density, the
generalization of Schwarzschild’s four-dimensional gen-
eral-relativistic constant-density star. In the presence of
matter, we can write Eq. (25) as

−
d
dr

ð2βr3−DmÞ ¼ 16πrD−2ρ: ð62Þ

For constant-density stars, ρ → ρ0, this equation can be
integrated explicitly to give

m ¼ −
ðD − 2ÞrD−3

β
m0 −

8πr2ðD−2Þ

ðD − 1Þβ ρ0; ð63Þ

where the integration constant m0 has been again chosen to
reduce to the ADM mass for ρ0 ¼ 0 and β → βGR but is
otherwise a free parameter that might in principle take
values other thanM. Notice that the term proportional to ρ0
always decays near r ¼ 0 faster than the term proportional
to m0, so the m0 term, if present, will dominate the
contribution to the Misner-Sharp mass at small distances.
For completeness, we show the D-dimensional TOV

equation for the ZK family of functions

p0 ¼ ρ0 þ p
rβ

�
8πβrDp −m0r2β0 þ 8πβ0rDþ1ρ0=ðD − 1Þ

rβ − 2m0 þ 16πrDρ0=ðD − 1Þ
�

ð64Þ

which cannot be analytically solved for the cases that we
will consider below. Note that this is the isotropic TOV
appropriate for a perfect fluid introduced into a dynamical
ZK model with nontrivial “vacuum” solutions.
From here onward, we will restrict our discussion to

D ¼ 4. In most situations, we will want solutions to the
TOV equation to have a smooth limit to general relativity.
Hence we will impose m0 ¼ 0 in the region containing the
perfect fluid. The resulting TOVequation admits the simple
form

p0 ¼ ρ0 þ p
rβ

�
8πr3p −mβ0

1 − 2m=r

�
: ð65Þ

We have shown previously in our general discussion on
parity requirements in Sec. III B that the geodesic com-
pleteness of stars at r ¼ 0 requires β to have odd parity.

This is made explicit for the ZK family by Eq. (63) (with
m0 ¼ 0). Hence, we will focusing on specific examples
satisfying this parity requirement below.

F. A family of ZK theories with regular
four-dimensional matter configurations

For our analysis of stars, we restrict ourselves only to β
functions that obey odd expansions at the origin in four
dimensions. This choice guarantees that the Misner-Sharp
mass has the required odd-parity behavior in matter at the
expense of making vacuum solutions incomplete. Since we
have complete freedom to select such a family of functions,
we propose the following illustrative example:

βodd ¼ −2r −
2l2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ l2

p
�
l
r

�
2nþ1

; ð66Þ

where the index n controls the power of the divergence in
βodd at r ¼ 0. This function has the appealing properties of
reducing to the appropriate form in general relativity
(βGR ¼ −2r) in the l → 0 and r=l ≫ 1 limits, diverging
at the origin as βodd ∝ −2l2nþ2=r2nþ1, and being bounded
from above by βGR. These are all rather generic properties
shared by all β functions that regularize the vacuum
solutions of general relativity. Figure 1 shows a plot of
the βodd function for n ¼ 1 and different values of l.
The Misner-Sharp mass associated to this choice (assum-

ing a constant-density fluid) is

modd ¼
m0r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ l2

p

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ l2

p
þ l2ðl=rÞ2nþ1

þ 4πρ0r4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ l2

p

3
h
r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ l2

p
þ l2ðl=rÞ2nþ1

i : ð67Þ

FIG. 1. Plot of the βodd function with n ¼ 1 in terms of r. This
function is constructed to always have a global maximum for
l > 0. As l → 0, this function approaches its general relativity
behavior from below. As n is increased, the r → 0 divergence
becomes stronger, but the r=l ≫ 1 behavior is unaffected.
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For n ¼ 0, we get a Misner-Sharp mass that contains an
integrable singularity in vacuum (ρ0 ¼ 0), while for n
greater than 1 and m0 ¼ 0, the Misner-Sharp mass contains
only odd powers of r and has a finite Kretschmann
invariant. Increasing n causes a faster vanishing of the
Misner-Sharp mass as r ¼ 0 is approached, which, in turn,
will influence the behavior of the pressure through the TOV
equation (65). In the next subsections, we will analyze
some generic properties of the fluid pressure in these
models.

G. Integrating the pressure: Regular solutions

Let us analyze how the contribution form β will affect
hydrostatic equilibrium configurations and their compact-
ness limits. We stress that the bounds obtained below are
generic and satisfied by any β function that regularizes
curvature singularities in vacuum. For the choice (66), we
have

βodd ≤ βGR ð68Þ

and

jβoddj ≥ jβGRj: ð69Þ

Therefore, it follows that

modd ≤ mGR ¼ 4πr3

3
ρ0: ð70Þ

A star with constant density ρ0 and same radius R has
therefore less mass when β ¼ βodd than in the general
relativity case. Hence,

1 − 2r−1moddðrÞ ≥ 1 − r−1mGR ¼ 1 −
8πr2

3
ρ0: ð71Þ

On the other hand, we have

β0odd > β0GR: ð72Þ
Putting all of this together in the TOV equation (65), we
have

p0 ¼ ρ0 þ p
rβodd

�
8πr3p −moddβ0odd

1 − 2modd=r

�

≥
ρ0 þ p
rβGR

�
8πr3p −mGRβ0GR

1 − 2mGR=r

�
: ð73Þ

We see that, at the star’s surface r ¼ R [where pðRÞ ¼ 0],
pressure initially tends to grow inward more slowly than in
general relativity (i.e., with a less negative gradient). As
the TOV equation is integrated to smaller radii, its depar-
ture from the solution in general relativity grows due
to the change in sign of the mβ0 term when r=l < 1.
Summarizing, we have

dpodd

dr

����
r¼R

≥
dpGR

dr

����
r¼R

ð74Þ

and

podd ≤ pGR: ð75Þ
We can understand this result as an indication that, at least
for static situations, β dictates the strength of the gravita-
tional interaction. For the theories we are considering, the
constraint Eq. (68) indicates that this strength is weaker
everywhere (thus resulting in a weaker pressure profile).
Now let us show this explicitly by numerically integrat-

ing the TOV equation (65) which, for n ¼ 1, results in

p0 ¼ 4πrðρ0 þ pÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ l2

p

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ l2

p
ð8πr2ρ0 − 3Þ − 3l5=r4

×

�
3pþ ρ0

�
1 −

l5ð5r2 þ 4l2Þ
ðr2 þ l2Þðr4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ l2

p
þ l5Þ

��
;

ð76Þ
where one can clearly see that the β0odd term contributes
negatively to the numerator. This equation can be checked
to have the correct general relativity limit for l → 0, i.e.,

p0 ¼ 4πrðρ0 þ pÞð3pþ ρ0Þ
ð8πr2ρ0 − 3Þ þOðl2Þ: ð77Þ

We want to integrate (76) from a surface of vanishing
pressure at r ¼ R inward. The Misner-Sharp mass takes the
form

mðrÞ ¼ M

"
r4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ l2

p

r4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ l2

p
þ l5

#
; r > R;

mðrÞ ¼ 4

3
πρ0r3

"
r4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ l2

p

r4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ l2

p
þ l5

#
; r ≤ R: ð78Þ

The junction conditions for the field equations (3) result
in the following relations (see Appendix):

lim
r→Rþ

mðrÞ − lim
r→R−

mðrÞ ¼ 0; lim
r→Rþ

ν0ðrÞ − lim
r→R−

ν0ðrÞ ¼ 0:

ð79Þ

Continuity of the mass function at r ¼ R requires

ρ0 ¼
3M
4πR3

: ð80Þ

The conservation relation (24) can be directly integrated for
the constant-density star

pðrÞ ¼ −ρþ e−νðrÞþμ0ðp0 þ ρÞ; ð81Þ
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where p0 is an integration constant that selects the pressure
at r ¼ 0.
We can assume expansions for β and p that are consistent

with geodesic completeness at r ¼ 0 (i.e., strictly odd and
even functions, respectively),

βðrÞ ¼
X∞
m

b2iþ1r2iþ1; p ¼
X∞
j¼0

pjrj: ð82Þ

Replacing them in the TOVequation, we obtain, expanding
for small r,

2p2rþOðr3Þ

¼ −
8πr2ðρ0 þ p0Þ½ð2mþ 1Þρ0 þ 3p0� þOðr3Þ
3½b2mþ1 þ b2mþ3r2 þOðr4Þ�r2mþ1 þOðr3Þ ; ð83Þ

where m is now a negative integer denoting the power of
the strongest divergent term in β ∝ b2mþ1r2mþ1. We see that
for m ≤ −1 the denominator has a divergent contribution
proportional to r2mþ1. The stronger the divergence in β, the
faster the pressure will approach a constant value p0 as
r → 0. Particularizing for the βodd function with n ¼ 1

[equivalent to taking m ¼ −2 and b−3 ¼ −2l4 in (82)], we
have

2p2rþ 4p4r3 þ 6p6r5 þOðr6Þ

¼ 4πr5

l4
ðρ0 þ p0Þðρ0 − p0Þ þOðr7Þ: ð84Þ

We see that, in this case, the TOVequation further enforces
p2 ¼ p4 ¼ 0, and the first nonzero coefficient is

p6 ¼
2π

3l4

	
ρ20 − p2

0



: ð85Þ

The remaining p2j coefficients are straightforward to obtain
order by order. This is a direct consequence of the

divergence in β (66), which tends to “flatten” the
pressure near r ¼ 0. The left panel in Fig. 2 shows
some example numerical integrations showing how
increasing l decreases the central pressure, even to
negative values.

H. Behavior of solutions with divergent pressure

This taming effect on the growth of the pressure does not
prevent its eventual divergence if the star is compact
enough. Solutions with divergent pressures at r ¼ 0 still
exist. For constant-density stars in GR, these solutions act
as the separatrix between regular and singular stars,
indicating the presence of a maximum compactness limit
[72–74]. We can find the leading-order contributions to the
pressure assuming now expansions of the form

βðrÞ ¼
X∞
m

b2iþ1r2iþ1; pðrÞ ¼
X∞
k

pjrj: ð86Þ

Replacing them in the TOV equation we find the leading-
order divergence in the pressure to be

pk ¼
ðm − 1Þ

4π
b2mþ1; k ¼ 2ðm − 1Þ: ð87Þ

The general relativity result, p2 ¼ 1=2πr2, is recovered by
setting m ¼ 0 and b1 ¼ −2. For m ¼ −2 and b−3 ¼ −2l4

(corresponding to βodd with n ¼ 1), hence the leading
term is

p−6 ¼
3l4

2π
; k ¼ −6: ð88Þ

This is the dominant behavior of the pressure near r ¼ 0
when the compactness of the star is equal to the
l-dependent Buchdahl limit. Beyond that value, the diver-
gence in the pressure appears at some r > 0 surface that
will move outward as the star is compressed. Assuming that

FIG. 2. Left panel: Pressure profile of constant-density stars withM ¼ 1 and R ¼ 3. As l is increased, the central pressure decreases.
All solutions lie below the general relativity one. Right panel: Pressure profiles of constant-density stars with varying compactness and
M ¼ 1. The dashed lines correspond to the general relativity solutions and the continuous ones to l ¼ 1=5. The general relativity
Buchdahl limit corresponds to 2M=R ¼ 8=9. At the Buchdahl compactness, the general relativity pressure diverges at r ¼ 0, while
l ¼ 1=5 solution is regular.
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β takes a constant value at some r ¼ rDiv, we find a solution
of the form

βðrÞ ¼
X∞
i¼0

biðr − rDivÞi; pðrÞ ¼
X∞
j¼−1

qjðr − rDivÞj;

ð89Þ

with

q−1 ¼ −
2rDivρ0

3
−

b0
8πr2Div

; ð90Þ

which is positive as long as b0 < −16πr3Divρ0=3. For βodd
case, we obtain

q−1 ¼ −
2rDivρ0

3
þ 1

4πrDiv
þ 1

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2Div þ l2

q
�
l
r

�
3þ2n

;

ð91Þ

which reduces to the general relativity result in the
l → 0 limit.
The divergence in the pressure as p ∝ ðr − rDivÞ−1 is

almost independent of the behavior of β. This divergence is
ruled by the large-pressure regime of the TOVequation (64)
at some rDiv > 0, where β just corrects the general relativity
solution perturbatively. The divergence at r ¼ 0 obtained in
(87), however, is very sensitive to β since this function
dramatically affects the short-r behavior of the equations of
motion. The right panel in Fig. 2 shows how divergence is
reached for a family of stars with l ¼ 1=5. The corrected
solution always lies below its general relativity counterpart
(in dashed lines). The yellow curve shows how there are
regular solutions that exceed the Buchdahl compactness
once corrections due to l are present.

I. Regular black holes with fluid cores

By the above analysis we conclude that, quite generi-
cally, gravity theories whose vacuum solutions are regu-
larized by the introduction of some length scale will lead to
a relaxation of the bounds imposed by general relativity on
the compactness of fluid spheres, in accordance with the
complementary analysis in [38]. Another generic conse-
quence of regularizing the vacuum solutions of the theory is
the introduction of a second, inner horizon whose radial
position is controlled by the scale l. Beyond this inner
horizon lies a region where it is possible to place fluid
spheres in equilibrium just as we can do in the region
outside the outer horizon. This phenomenon is already
present in general relativity for situations in which a charge
Q is present [75], as the latter induces the existence of an
inner horizon as well [76–80]. These solutions were
described for the KMT family in [38], and that these exist
also for the ZK family is consistent with the existence of the

inner horizon being the critical necessary ingredient. As
described below, the features of the solutions with perfect
fluid cores of theories with l ≠ 0 are similar to the features
solutions with Q ≠ 0 in general relativity.
Since vacuum solutions belonging to the family specified

by βodd are not jrj → −jrj symmetric at r ¼ 0, only
geometries where the center r ¼ 0 is covered by a perfect
fluid are consistent, even if said fluid lies deep inside the
inner horizon and is invisible to outside observers. One
might interpret these configurations as possible end states
of gravitational collapse. However, the known instability of
inner horizons, which would be Cauchy horizons in this
case, must be contemplated in this picture [76–85].
Figures 3 and 4 display the redshift function and pressure

profiles of constant-density stars placed both outside the
outer horizon (in blue) and inside the inner horizon (in red)
for a βodd function with l ¼ 1 and n ¼ 1. Darker blue (red)
lines correspond to stars closer to the outer (inner) horizons.
In Fig. 3, the thick gray curve is the vacuum redshift
function, which needs to be matched with one of the
colored lines in order to construct a well-defined spacetime.
The region in between the horizons, where no static fluid
sphere can be placed, has been shaded in gray.
Let us start by considering fluid spheres placed outside

the outer horizon. For convenience, we recall here the TOV
equation

p0 ¼ ρ0 þ p
rβ

�
8πr3p −mβ0

1 − 2m=r

�
: ð92Þ

Just below the surface, these stars have inward-increasing
pressures. We can sketch the behavior of the pressure just
from the various terms appearing in (92) and by realizing
that

d
dr

�
e2νðrÞ


 ¼ d
dr

�
1þ 4m0

β

�
¼ −

4m0β0

β2
; ð93Þ

that is, the sign of β0 is minus the sign of ν0, which further
implies that, at the surface pðRÞ ¼ 0 of stars outside the
outer horizon (where ν0 > 0, i.e., β0 < 0) the numerator of
the TOVequation is always negative due to the −mβ0 term,
and pressure will always grow inward. However, it will do
so with less slope than in general relativity, due to the fact
that β0 ≥ β0GR ¼ −2. This is shown in the right panel
of Fig. 4.
As we take stars of increasing compactness, the 1 −

2m=r term in the denominator of (65) becomes smaller, and
the gradient of the pressure increases accordingly.
Eventually, the TOV equation is dominated by the regime
p0 ∝ p2, reaching a solution like (87), which denotes an
upper compactness bound. In the particular case depicted in
Fig. 3, the bound is given by 2M=R ≈ 0.956, appreciably
above the Buchdahl limit 2M=R ¼ 8=9.
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Let us now consider fluid spheres placed inside the inner
horizon. The term −mβ0 in the TOV equation (65) is now
negative, and the pressure initially decreases inward.
Since this term cannot further change sign for r < R and
pðrÞ < 0, an inward-decreasing pressure cannot diverge
nor change monotonicity, as it could only reach a turning
point if it acquires the value p ¼ −ρ0. However, this value
cannot be intersected at a nonzero radius as it would be
inconsistent with the TOV equation itself. Hence, stars
placed inside the inner horizon can have a surface compact-
ness lying between zero (arbitrarily small surface) and
unity (surface arbitrarily close to the inner horizon from
below). In the limit of compactness unity, these solutions
approach a constant-pressure interior with p ¼ −ρ0 joined

smoothly to its exterior, closely resembling the gravastar
model [38,86–91] but without the need of thin shells or
anisotropic pressures. These profiles are shown in the left
panel of Fig. 4. Given that p∈ ½−ρ0; 0� for all these
solutions, the dominant energy condition is thus satisfied
while the strong energy condition does not hold in general
(see [92–96] for definitions); such behavior is also
observed in the analogous case with nonzero charge in
general relativity [75].
In summary, the maximum compactness bound for

exterior stars depends on l, while interior stars can take
any compactness from 0 to 1. What happens when l is
increased beyond the value that makes the horizons dis-
appear in the vacuum solution? In that case, it is possible to

FIG. 4. Further details concerning the solutions shown in Fig. 3. Left panel: Pressure profiles for stars with their surfaces placed inside
the inner horizon of the vacuum solution. Stars attached closer to the inner horizon (from inside) have pressures that decrease faster
toward the interior, approaching p ¼ −ρ0 in the limit in which the surface becomes coincident with the inner horizon. Right panel:
Pressure profiles for stars with their surfaces placed outside the outer horizon. Stars attached closer to the outer horizon (from outside)
have pressures that become divergent in the limiting solution with compactness given by the Buchdahl-like limit, which in the theories
we are working depends on l.

FIG. 3. Redshift functions of families of constant-density stars of varying compactness for a fixed value of l and M ¼ 1. The dark
gray curve is the redshift function from the vacuum solution with β ¼ βodd with n ¼ 1 and l ¼ 1, and the region in between horizons
shaded in light gray. The surface of constant-density stars, defined by the condition pðRÞ ¼ 0, can be placed outside the outer horizon
(in blue) or inside the inner horizon (in red). Stars with their surface outside the inner horizon have an inward-decreasing redshift that, in
the limiting case corresponding to the Buchdahl limit, vanishes at r ¼ 0 (darkest blue curve) for 2mðRÞ=R ≈ 0.935 (its surface is
indicated by the dashed, vertical line). Stars with their surface inside the inner horizon have an inward-increasing redshift that is always
finite for any compactness between 0 and 1. In our units, the radial positions of the outer and inner horizons are rout ≈ 1.936 and
rin ≈ 0.874, respectively.
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construct fluid spheres of any radius. The resulting redshift
and pressure profiles are shown in Fig. 5.
Stars placed at the region where ν0 > 0 (for radius larger

than the radius of the turning point for the redshift function)
will now have finite pressure everywhere. This is because,
if l is large enough, the numerator of (93) can change sign
due to the term −mβ0 becoming positive. Thus, pressure
reaches a maximum and it is guaranteed to be regular
everywhere. It is possible to place stars across the turning
point of the redshift function and beyond.
Note that there is a particular case where the compact-

ness of stars placed at the exterior is equal to 1. This case
describes a vacuum solution where there is a single,
degenerate horizon, that is, when the minimum in the
redshift happens for zero redshift. In that case, we have, at
the surface of the star, that

p0ðRÞ ¼ −
ρ0mβ0

ðr − 2mÞβ ¼ 0; ð94Þ

and

p00ðRÞ ¼ −
ρ0mβ00

ðr − 2mÞβ < 0; ð95Þ

so pressure starts from a maximum value of 0 at the surface
and decreases inward toward negative values. As it is
negative and decreasing, it is finite everywhere, and the
solution is regular.
Figure 6 shows the various regions of the space of stellar

solutions and how they are modified by the value of l.
These regions correspond to solutions with finite pressures
in blue, infinite pressures in pink, and inaccessible (they do
not match the vacuum solution smoothly) in yellow. For
l < lextr, this limit grows monotonically as the outer
horizon in the vacuum solution shrinks. The continuous
blue line denotes the stellar solution with infinite central
pressure, above which we find no stars with finite pressure.
For l ¼ lextr, the vacuum solution has a single, extremal
horizon, and the compactness of stars can reach values
arbitrarily close to 2M=R ¼ 1 both from inside and outside
the horizon. For l > lextr, there is a maximum compact-
ness bound in the vacuum solution given by the minimum
of the redshift function. This compactness limit is not of
infinite pressure; thus, we have represented it by a dashed
blue line.

V. CONCLUSIONS

In this paper, we have constructed the most general form
of the D-dimensional Tolman-Oppenheimer-Volkoff equa-
tion obtained under the assumption that the spherically
symmetric Einstein tensor is deformed into an identically
conserved tensor containing up to second derivatives of the
metric [30].
In this construction, fields defined in a lower-dimensional

spacetime are interpreted as the building blocks of a

FIG. 5. Left panel: Redshift functions of stars placed outside (in blue) and inside (in red) the global minimum of the redshift. We have
taken M ¼ 1 and l ¼ 1.374. When the vacuum solution (dark gray) does not exhibit horizons, regular fluid spheres can be placed
anywhere in the spacetime. Their maximum compactness will be given by 1 − e2νðrminÞ, and can tend to 1 in the limit where rmin → 0.
Right panel: Pressure profiles of these stars. As stars are compressed, their internal pressures eventually reach a maximum value.

FIG. 6. Space of stellar solutions in theories corrected by a
length scale l. The blue and pink regions represent stars with
finite and infinite pressures, respectively, while the yellow region
is an inaccessible region of the parameter space with no stellar
solutions. The maximum compactness of stars (blue line) grows
with l until the vacuum solution becomes horizonless, after
which the maximum compactness of stars is bounded by and
equal to the maximum compactness 2mðrÞ=r of the vacuum
metric.
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higher-dimensional spherically symmetric spacetime in
warped-product form [27]. Additional conditions are thus
required to guarantee the geodesic completeness of the
reconstructed spherically symmetric spacetime [30], which
we have determined explicitly.
We have solved the TOV equation for constant density

and specific families of deformations of general relativity,
focusing mostly on the D ¼ 4 case for concreteness. The
deformations considered belong to the ZK family, exam-
ples of which were considered more than a decade ago by
Ziprick and Kunstatter for the study of the dynamical
formation of regular black holes [25]. However, in this
paper we have focused on deformations that do not
regularize vacuum solutions, motivated both by the con-
ditions associated to geodesic completeness and the goal of
considering situations that can serve to illustrate universal
features. Our analysis is thus complementary to the recent
analysis of stellar equilibrium in quasitopological gravities
[38], as the theories considered in both works are disjoint.
One of the universal features highlighted is the depend-

ence of the Buchdahl limit on the new parameters character-
izing the deformations with respect to general relativity. The
family of deformations considered here is characterized by a
single parameterl, and the dependence of theBuchdahl limit
on the latter has been illustrated numerically. Due to the
deformations resulting in a weakening of gravity, the result-
ing Buchdahl limit increases continuously with l from its
value in general relativity (l ¼ 0).
Another universal feature,whichhas been also observed in

quasitopological theories [38], is the existence of solutions
with an inner fluid core, the radius ofwhichmust not be larger
than the corresponding radius of the inner horizon of the
vacuum solutions associated with the deformation. These
configurations are characterized by negative pressures
(although satisfying the dominant energy condition).
Interestingly, this is also the case in general relativity when
charged fluids are considered, although in the current context
this phenomenon arises due to the repulsive effects induced
by the deformations of general relativity we are considering.
The existence of solutions with inner fluid cores seems thus
to rely only on the existence of inner horizons.
Going beyond the present equilibrium analysis to deter-

mine the stability properties of the configurations studied
here is a clear direction to consider next, for which the
master field equations provide an appropriate framework. It
would be interesting to determine whether equilibrium
solutions are generically stable for all possible deforma-
tions of general relativity (e.g., both the ZK and KMT
families), or whether differences arise there. The stability of
solutions with inner fluid cores is also an open question due
to the well-known instability of inner horizons [85]. It is
likely that said instability will also show up in an unstable
behavior of the inner fluid core itself, which could be
revealed by studying fluid perturbations in a similar way as
in general relativity.
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APPENDIX: JUNCTION CONDITIONS

Here we sketch the derivation of the junction conditions
for the field equations (3) in static situations, using a proper
distance radial coordinate x1 ¼ z in which q11 ¼ 1, so that
the two-dimensional line element in Eq. (16) becomes

qabðxÞdxadxb ¼ −q00ðzÞdt2 þ dz2: ðA1Þ

In these coordinates, possible distributional components
arise from q00ðzÞ and rðzÞ at the surface of the star zR ¼
zðRÞ [97]. We will also restrict the discussion here to the
ZK family of theories in four dimensions.
Using these special coordinates, the first junction con-

dition implies the continuity of the metric functions, ½q00� ¼
qþ00 − q−00 ¼ 0 and ½r� ¼ rþ − r− ¼ 0. On the other hand, the
derivatives along z can be discontinuous, and thus ½∂zq00� ¼
∂zq

þ
00 − ∂zq−00 and ½∂zr� ¼ ∂zrþ − ∂zr− can be nonzero in

principle. These discontinuities have a clear physical inter-
pretation in terms of a (singular) surface stress-energy tensor.
Hence, the tensor G μν and F defined in Eq. (4) has a
distributional component 8πδðz − zRÞS μν [78,98], which
can be calculated explicitly using Eqs. (7) and (8):

S 00 ¼
1

8πr2
½∂zr�β; S 01 ¼ S 11 ¼ 0;

S ij ¼ −
r

32π
γij

�
−
½∂zq00�
q00

βþ 2½∂zr�∂rβ
�
: ðA2Þ

These expressions reduce to the ones in general relativity
(see, e.g., [99]) for β ¼ βGR ¼ −2r:

S 00 ¼
½∂zr�
4πr

; S 01 ¼ S 11 ¼ 0;

S ij ¼ γij

�½∂zr�r
8π

−
½∂zq00�r2
16πq00

�
: ðA3Þ

All these components are zero at the surface of a constant-
density star, since ½∂zq00� ¼ ½∂zr� ¼ 0 at the boundary.
Furthermore, we observe there is no choice of β function
that can make all components of this distributional stress-
energy tensor vanish. The only effect of β is to modify the
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coefficients in the components of the stress-energy tensor of
the shell.
The following relations are useful to make the connec-

tion between the discussion here and the coordinates used
in Sec. III. Direct comparison between Eqs. (16) and (A1)
shows that e2ν ¼ q00 and χ ¼ ð∂zrÞ2, so that

ν0 ¼ ∂zq00ð∂zrÞ−1
2q00

; ∂zr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2mðrÞ
r

r
: ðA4Þ

The condition ½∂zr� ¼ rþ − r− ¼ 0 implies, then, ½m� ¼ 0

and, together with ½∂zq00� ¼ ∂zq
þ
00 − ∂zq−00 ¼ 0,

½ν0� ¼ 1

2q00

�
∂zq

þ
00

∂zrþ
−
∂zq−00
∂zr−

�
¼ ∂zq

þ
00∂zr

− − ∂zq−00∂zr
þ

2q00∂zrþ∂zr−
¼ 0:

ðA5Þ

We thus obtain the conditions in Eq. (79).
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