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Parc Científic de Paterna. C/ Catedrático José Beltrán, 2 E-46980 Paterna (Valencia), Spain
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We propose a novel scale-invariant model with the 3-3-1-1 gauge symmetry featuring a universal
seesaw mechanism for all fermion masses, which, through the inclusion of additional vectorlike quarks,
provides a partial explanation for the observed fermion mass hierarchies. A discrete remnant of the
gauge group, the matter parity (PM), stabilizes a fermionic dark matter candidate, and the scalar sector
includes two triplets (minimal for 3-3-1 breaking) and two scalar singlets. We identify the lightest
PM-odd fermion, fd, as a viable dark matter candidate. Our analysis shows that fd satisfies the observed
relic density constraint within the mass range 220 GeV≲mfd ≲ 555 GeV, primarily due to resonant
annihilation via the new scalar H2. While this mass range depends on the symmetry-breaking scale vχ ,
which has a lower bound of vχ ≳ 3.6 TeV from LEP constraints on the ρ0 parameter, we adopt a more
conservative lower bound of vχ > 10 TeV. This choice is made to ensure that the Z0 boson mass remains
above approximately 4 TeV, and is motivated by recent LHC results and future projections for Z0 boson
searches, which provide more stringent constraints than previous bounds or those from the ρ0 parameter.
Spin-independent (SI) interactions dominate the direct detection phenomenology of fd. We calculate the
SI elastic scattering cross section and find that parameter points satisfying the relic density constraint
are consistent with current experimental limits from LZ and PandaX-4T for certain parameter choices,
particularly depending on the α12 angle. Some regions of the viable parameter space lie below the
neutrino floor. Prospects for detection by future experiments like XLZD and PandaX-xT are also
presented and discussed.
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I. INTRODUCTION

The enormous success of the Standard Model (SM) has
still left unanswered quite a few questions, such as neutrino

mass, dark matter (DM), and the number of fermion
families. The last question finds an answer in the family
of 3-3-1models, which have been extensively studied in the
literature [1–10]. One of the most notable features of these
models is that the number of fermion families must be a
multiple of three due to the nontrivial nature of anomaly
cancellation. Additionally, these models exhibit a rich
structure enabling the incorporation of new particles that
can address other open problems of the SM, such as the
dark matter puzzle, the strong CP problem, and the origin
of neutrino masses [11–17].
Motivated by the potential of 3-3-1 models to

address these shortcomings, we propose a model with
dynamical symmetry breaking based on the gauge group
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SUð3ÞC ⊗ SUð3ÞL ⊗ Uð1ÞX ⊗ Uð1ÞN that extends the
3-3-1 gauge group by an additional Uð1Þ symmetry
[12–16]. The SUð3ÞC represents the color symmetry of
the Standard Model, SUð3ÞL extends the left-handed
chirality symmetry, and Uð1ÞX and Uð1ÞN are a combina-
tion of charge and B − L. Building on this symmetry
framework, this work presents a new model that, while
sharing the same gauge symmetry as the framework of [18],
departs significantly from it in both scalar and fermionic
field content, as well as in phenomenological structure. The
extended gauge sector leaves remnant symmetries after the
spontaneous symmetry breaking, which allow us to eco-
nomically implement the universal seesaw mechanism and
to stabilize dark matter.
One of the driving forces behind the proposed model

is the reduction in the number of scalar fields in high
representations of the gauge group and the free parameters
in the scalar potential, especially those with mass dimen-
sion, when compared to the original 3-3-1 models. These
parameters tend to make the models less predictive and
introduce scalar complexity that, in some cases, becomes
excessive compared to other extensions of the SM, such as
the two-Higgs-doublet model (see [19]) and the minimal
supersymmetric standard model (see [20]). For instance, in
the original 3-3-1 models, the scalar sector includes an
enlarged set of nontrivial SUð3ÞL multiplets of scalar fields,
such as three triplets [1,4–10] and, in some cases, three
triplets plus a sextet [3].
In order to achieve a very compact and more predictive

scalar sector, we follow the same strategy as in [18].
Specifically, we introduce the minimal number of triplets
required to dynamically break the gauge symmetry to
SUð3ÞC ⊗ Uð1ÞQ via the Coleman-Weinberg mechanism
[21] in the Gildener-Weinberg approximation [22]. The
minimal number of triplets needed to achieve this is two.
However, as first discussed in [11], despite these two
triplets breaking the gauge symmetry, accidental chiral
symmetries typically remain. These symmetries are usually
associated with generators that are combinations of the
diagonal generators of SUð3ÞL and a Peccei-Quinn-like
symmetry, as shown in [23].
As it happens, this symmetry is also chiral in the quark

sector (and occasionally in the lepton sector), leaving some
particles massless. This situation is inconsistent with
experimental observations. Therefore, the accidental sym-
metry must be broken to generate mass terms for these
particles. To address this issue, we introduce new vectorlike
quarks and leptons.
At first glance, this might seem like a mere translation of

the complexity from the scalar sector to the fermion sector.
However, there are several advantages to this approach.
The first is that these new fermions can be used to imple-
ment a universal seesaw mechanism [24], which partially
addresses the hierarchy of fermion masses–an unresolved
issue in the Standard Model. In our construction, the

seesaw truly deserves the qualifier “universal”: a single
set of vectorlike partners simultaneously generates predic-
tive mass matrices for quarks, charged leptons, and
neutrinos—whereas earlier 3-3-1 approaches handled each
sector in isolation or relied on ad hoc extensions.
Moreover, these new fermions acquire masses at an

energy scale related to scale invariance, which in this
model is significantly higher than the electroweak and
3-3-1 scales due to the requirements of the seesaw
mechanism. As a result, the number of physical degrees
of freedom at the TeV scale becomes smaller and more
manageable, making the model more feasible for phe-
nomenological studies.
As a benefit of the extended gauge group, the matter

parity that stabilizes DM arises as a discrete remnant sym-
metry from the symmetry breaking [12,14,18,25–30].
While we have several potential dark matter candidates,
only a dark Majorana fermion fd can satisfy the direct
detection constraints. Its stability is protected by a residual
Z2 symmetry that naturally remains unbroken due to the
representation content and gauge charge assignments,
without the need to impose any additional discrete sym-
metry. Furthermore, radiative corrections involving fd
contribute significantly to the stabilization of the scalar
potential, establishing a nontrivial connection between the
dark matter sector and vacuum dynamics.
We systematically explore the key aspects of the pro-

posed model. In Sec. II, we define the field representations,
charge assignments, and symmetry-breaking pattern,
emphasizing the role of the scalar triplets η and χ in
inducing a distinct vacuum structure. Section III is devoted
to the scalar sector, where we analyze the full scalar
potential and express the quartic couplings in terms of
parameters such as scalar masses, VEVs, and mixing
angles, which provide a more physically transparent and
intuitive parametrization. In Sec. IV, we derive perturbative
unitarity constraints at tree level, which prove to be highly
constraining: several regions of parameter space, especially
those with large scalar mixings, are excluded due to
violations of unitarity bounds.
Section V provides a complete analysis of the gauge

boson spectrum. We derive analytical expressions for the
masses of the charged and neutral gauge bosons and
perform the diagonalization of the neutral gauge boson
mass matrix, which has a particularly nontrivial structure.
This allows for the identification of the physical states and
the isolation of the heavy neutral boson Z00, whose presence
is essential to ensuring vacuum stability. Section VI is
devoted to the generation of fermion masses via a universal
seesaw mechanism, elegantly yielding the observed hier-
archical pattern across all fermionic sectors.
In Sec. VII, we examine phenomenological constraints

from lepton flavor-violating processes. Section VIII is
devoted to the dark matter sector, demonstrating that the
model successfully reproduces the observed relic density
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and features parameter regions within the projected sensi-
tivity of future experiments. Our main results and con-
clusions are summarized in Sec. IX.

II. THE SCALE-INVARIANT 3-3-1-1 MODEL

Although we follow the same general strategy as in [18],
there are some important differences in both the sym-
metry structure and the field content. To be more specific,
we choose to introduce the η triplet [instead of ρ ¼
ðρþ1 ; ρ02; ρþ3 ÞT ∼ ð1; 3; 2=3Þ] and the χ triplet, which trans-
form under the SUð3ÞC ⊗ SUð3ÞL ⊗ Uð1ÞX ⊗ Uð1ÞN
group as ð1; 3;−1=3; 1=3Þ and ð1; 3;−1=3;−2=3Þ,
respectively.
In other words,

η ¼
�
η01 ≡

vη þ Sη1 þ iAη1ffiffiffi
2

p ; η−2 ; η
0
3

�
T
;

χ ¼
�
χ01; χ

−
2 ; χ

0
3 ≡

vχ þ Sχ3 þ iAχ3ffiffiffi
2

p
�

T
: ð1Þ

Note that η and χ transform differently under the
Uð1ÞN symmetry. This is an important point because we
require that η01 and χ03 acquire vacuum expectation values
(VEVs) in order to break the gauge symmetry down to
SUð3ÞC ⊗ Uð1ÞQ. If these fields transformed identically
under all the gauge groups, a gauge rotation could be
performed to set one of the VEVs to zero.
As usual, we also embed the SM quarks and leptons in

the representations

LiL ¼ ðνi; ei; fiÞTL; QaL ¼ ðda;−ua;DaÞTL;
Q3L ¼ ðu3; d3; U3ÞTL; ð2Þ

where a ¼ 1, 2, i ¼ 1, 2, 3, and LiL, QaL, and Q3L
transform under the gauge group SUð3ÞC ⊗ SUð3ÞL ⊗
Uð1ÞX ⊗ Uð1ÞN as ð1; 3;−1=3;−2=3Þ, ð3; 3̄; 0; 0Þ, and
ð3; 3; 1=3; 2=3Þ, respectively. As previously mentioned,
the two scalar triplets η and χ in Eq. (1) are not enough
to generate masses for all the quarks and leptons. Thus, we
introduce vectorlike fermions F iL;R, KaL;R, and K3L;R

F iL;R ¼ ðEi;−f0i; E0
iÞTL;R;

KaL;R ¼ ðUa;Da;U 0
aÞTL;R;

K3L;R ¼ ðD3;−U3;D0
3ÞTL;R; ð3Þ

in order to allow terms such as LiLη
�F jR, F iLχ

�ejR,
QaLηKbR, and Q3Lη

�K3R which ensure that all the
SM fermions become massive, the fields F iL;R, KaL;R,
and K3L;R have to belong to ð1; 3̄;−2=3;−1=3Þ,
ð3; 3; 1=3;−1=3Þ and ð3; 3̄; 0; 1Þ representation of the
3-3-1-1 gauge group.

However, it is still necessary to introduce a new real
singlet scalar,

φ ¼ vφ þ Sφffiffiffi
2

p ∼ ð1; 1; 0; 0Þ; ð4Þ

to give masses for the F iL;R, KaL;R, and K3L;R through
terms such as φF iLF jR, φKaLKbR, and φK3LK3R.
Although the lepton triplet LiL in Eq. (2) contains νiL,

the gauge symmetries do not allow neutrino masses as in
the Standard Model. To address this, we introduce right-
handed neutrinos νiR ∼ ð1; 1; 0;−1Þ, motivated by current
oscillation experiments, which require at least two neu-
trinos to be massive and necessarily nondegenerate.
Together with the introduction of a complex scalar field

σ ¼ vσ þ Sσ þ iAσffiffiffi
2

p ∼ ð1; 1; 0; 2Þ; ð5Þ

this allows the implementation of a type-I seesaw mecha-
nism [31–35]. Note that σ is the only field responsible for
breaking the Uð1ÞN symmetry and for giving mass to the
neutral gauge boson associated with that symmetry.
Regarding gauge symmetries, this model shares most

of its features with the rest of the 3-3-1 models.
Specifically, the choice of the field representations under
the SUð3ÞC ⊗ SUð3ÞL ⊗ Uð1ÞX symmetry is determined
by anomaly cancellation, the allowance of tree-level mass
generation, and ensuring that the SM fermions have the
correct electric charges. It is also important to note that the
Uð1ÞX charges are chosen such that no quarks possess
exotic electric charges. The electric charge operator Q is
defined as

Q ¼ T3 −
1ffiffiffi
3

p T8 þ X13×3; ð6Þ

where T3 and T8 are the diagonal generators of SUð3ÞL.
Moreover, the representation of the fields under Uð1ÞN is

chosen such that the SM fermions have the conventional
B − L charges, and a discrete symmetry

PM ¼ ð−1Þ3ðB−LÞþ2s; ð7Þ

where s is the spin of the fields, remains after spontaneous
symmetry breaking [12,14,18,25–30]. Here, B − L is
defined as

B − L ¼ −
2ffiffiffi
3

p T8 þ N13×3; ð8Þ

For example, in the particular case of the Uð1ÞN charge for
the LiL triplet, it should be chosen as −2=3. A summary of
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all the fields and their representations under the gauge
group is provided in Table I.
The PM symmetry stabilizes several neutral fields that

can, in principle, serve as candidates for dark matter.
Finally, we note that a neutral fermion charged under
the PM symmetry, fiR ∼ ð1; 1; 0; 0Þ, is introduced to
also implement a seesaw mechanism in the DM leptonic
sector.

III. SCALAR SECTOR

In this section, we study the scalar sector at tree level, as
it plays a crucial role in understanding dynamical symmetry
breaking. Additionally, it allows us to determine the mass
eigenstates in different sectors, which we primarily classify
as CP-even and CP-odd. In this model, the CP-odd sector
is also PM-odd. The PM-odd sector refers to scalars that
are nontrivially charged under the PM symmetry, which, in
principle, stabilizes the dark matter sector. Due to our
consideration that all quartic coupling constants and
vacuum expectation values are real, these sectors do not
mix with each other. The charged scalar sector in this
model is rather straightforward, as all charged fields,
ðη−2 ; χ−2 ; ηþ2 ; χþ2 Þ, exhibit a mass matrix that is identically
zero. Consequently, these fields correspond to Nambu-
Goldstone bosons, which are subsequently absorbed by the
respective charged gauge fields.

A. Scalar potential

Let us consider the most general renormalizable, scale-
invariant scalar potential that preserves the gauge symmetry
of the model

V0 ¼ λχðχ†χÞ2 þ ληðη†ηÞ2 þ ληχðχ†χÞðη†ηÞ
þ λ0ηχðχ†ηÞðη†χÞ þ λχφðχ†χÞφ2

þ λχσðχ†χÞðσ�σÞ þ ληφðη†ηÞφ2

þ λησðη†ηÞðσ�σÞ þ λφφ
4 þ λσðσ�σÞ2

þ λφσðσ�σÞφ2: ð9Þ

Since the potential V0 is biquadratic in the fields, it can
be conveniently expressed as

V0 ¼ ðΦ ∘ 2ÞTΛðθÞΦ ∘ 2; ð10Þ

where the vector of field norms ðΦ ∘ 2ÞT≡
ðjηj2; jχj2; jσj2; jφj2Þ ≥ 0, the symmetric matrix

ΛðθÞ ¼

0
BBBBB@

λη
1
2
ðληχ þ λ0ηχθÞ 1

2
λησ

1
2
ληφ

⋆ λχ
1
2
λχσ

1
2
λχφ

⋆ ⋆ λσ
1
2
λφσ

⋆ ⋆ ⋆ λφ

1
CCCCCA ð11Þ

contains quartic couplings, and the orbit parameter θ≡
ðχ†ηÞðη†χÞ=ðjηj2jχj2Þ∈ ½0; 1� due to the Cauchy-Schwartz
inequality. Notice here that we are using the Hadamard
product, defined as the element-wise product, e.g.,
½ðAÞ ∘ 2�ij ¼ a2ij for a matrix A with elements aij.

B. Potential minimum and PM-even mass matrix

We proceed to calculate the mass eigenvalues and
eigenstates of the CP-even sector. To do this, we must

TABLE I. Summary of fermion and scalar fields, their representations under the gauge group
SUð3ÞC ⊗ SUð3ÞL ⊗ Uð1ÞX ⊗ Uð1ÞN , electric charges (Q), B − L charges, and their transformations under the
dark parity PM symmetry.

Fields 3-3-1-1 Q B − L PM-Parity

LiL ð1; 3;−1=3;−2=3Þ ð0;−1; 0ÞT ð−1;−1; 0ÞT ðþ;þ;−ÞT
eiR ð1; 1;−1;−1Þ −1 −1 þ
QaL ð3; 3̄; 0; 0Þ ð−1=3; 2=3;−1=3ÞT ð1=3; 1=3;−2=3ÞT ðþ;þ;−ÞT
Q3L ð3; 3; 1=3; 2=3Þ ð2=3;−1=3; 2=3ÞT ð1=3; 1=3; 4=3ÞT ðþ;þ;−ÞT
uiR ð3; 1; 2=3; 1=3Þ 2=3 1=3 þ
diR ð3; 1;−1=3; 1=3Þ −1=3 1=3 þ
νiR ð1; 1; 0;−1Þ 0 −1 þ
fiR (1, 1, 0, 0) 0 0 −
F iL;R ð1; 3̄;−2=3;−1=3Þ ð−1; 0;−1ÞT ð0; 0;−1ÞT ð−;−;þÞT
U3R ð3; 1; 2=3; 4=3Þ 2=3 4=3 −
DaR ð3; 1;−1=3;−2=3Þ −1=3 −2=3 −
KaL;R ð3; 3; 1=3;−1=3Þ ð2=3;−1=3; 2=3ÞT ð−2=3;−2=3; 1=3ÞT ð−;−;þÞT
K3L;R ð3; 3̄; 0; 1Þ ð−1=3; 2=3;−1=3ÞT ð4=3; 4=3; 1=3ÞT ð−;−;þÞT
η ð1; 3;−1=3; 1=3Þ ð0;−1; 0ÞT ð0; 0; 1ÞT ðþ;þ;−ÞT
χ ð1; 3;−1=3;−2=3Þ ð0;−1; 0ÞT ð−1;−1; 0ÞT ð−;−;þÞT
σ (1, 1, 0, 2) 0 2 þ
φ (1, 1, 0, 0) 0 0 þ
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first find the minimum of the scalar potential. Following
standard procedures, we expand V0 in terms of the fields
ðΦ ∘ 2ÞT ¼ 1

2
ðS2η1; S2χ3; S2σ; S2φÞ, which acquire VEVs, while

setting all other fields to zero. Additionally, we work within
the Gildener-Weinberg approximation [22], which allows
us to calculate the effective potential perturbatively along
the flat direction, as this method is convenient for models
with multiple scalar fields. Moreover, as we will see in
Eq. (25), λ0ηχ is positive, ensuring that, at the minimum of
the potential, the orbit parameter θ equals zero. In other
words, at the minimum V0ðΦÞ ¼ ðΦ ∘ 2ÞTΛðθ ¼ 0ÞΦ ∘ 2≡
ðΦ ∘ 2ÞTΛΦ ∘ 2, where, for simplicity, we denote Λ≡ Λð0Þ.
To explicitly determine the flat direction, described by

Φ ¼ ξn, where ξ represents the radial degree of freedom
(the dilaton) and n is a unit vector, we proceed following
[36]. The central idea is to minimize the potential V0ðΦÞ ¼
ðΦ ∘ 2ÞTΛΦ ∘ 2, subject to the condition V0ðnÞ ¼ 0. As
shown in detail in Ref. [36], the Hadamard square of the
unit vector n is an eigenvector of the quartic coupling
matrix Λ with a null eigenvalue, given by

n ∘ 2 ¼ adjðΛÞe
eTadjðΛÞe : ð12Þ

Here, adjðΛÞ is the adjugate matrix of Λ, defined as
ΛadjðΛÞ ¼ detðΛÞI, the vector e ¼ ð1;…; 1ÞT on the
respective space has all elements equal to unity, and I is
the identity matrix. The condition V0ðnÞ ¼ 0 is guaranteed
by taking detðΛÞ ¼ 0, as seen by inserting Eq. (12)
in Eq. (10).
The 1-loop effective potential along the flat direction is

given by (see [18,21,36,37])

V1-loopðξnÞ ¼ BðnÞξ4
�
ln
ξ2

v2ξ
−
1

2

�
; ð13Þ

where ξ is the dilaton field, vξ ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2η þ v2χ þ v2σ þ v2φ

q
its

VEV, and

BðnÞ ¼ 1

64π2v4ξ

�X
S

m4
S þ 3

X
V

m4
V − 4

X
F

m4
F

�
ð14Þ

is the sum over all degrees of freedom.
The mass matrix for the CP-even fields that get VEVs

can be written as [38]

M2
Φ ¼ v2ξ∇T

N∇NVðNÞjN¼n ¼ 2Λ ∘ ðnnTÞv2ξ ; ð15Þ

whereN is a unit vector in theΦ direction. Solving Eq. (15)
for the quartic coupling matrix Λ, we get

Λ ¼ 1

2v2ξ
M2

Φ ∘ ðnnTÞ ∘−1; ð16Þ

where ðnnTÞ ∘−1 means the element-wise inverse, i.e.,
½ðnnTÞ ∘−1�ij ¼ 1=ðninjÞ in Hadamard notation.
Equation (16) is particularly useful as it enables us to

express the quartic couplings in terms of the tree-level
scalar masses, the VEVs, and mixing angles. To illustrate
this, let us define the diagonal mass matrix M2

CP-even for
the CP-even fields that acquire VEVs as M2

CP-even ¼
diagðm2

H1
; m2

H2
; m2

H3
; m2

H4
Þ, which is related to M2

Φ by

M2
Φ ¼ OM2

CP-evenO
T; ð17Þ

where the orthogonal matrix O is given by [39,40]

O ¼ O34O24O14O23O13O12: ð18Þ

Each Oij defines a rotation in the ij-plane; we denote the
mixing angle in Oij as αij and also abbreviate sij ≡ sin αij
and cij ≡ cos αij.
Considering mH4

¼ mξ ¼ 0 as the dilaton mass at tree
level, we have the last column of O as the flat direction

n ¼ � s14 c14s24 c14c24s34 c14c24c34
�
T: ð19Þ

Thus, the quartic couplings can be expressed in terms of the
VEVs, CP-even scalar masses, and mixing angles using
Eq. (16). Here, we note that the angles in Eq. (19), α14, α24,
α34, can be easily written in terms of the VEVs as

α14 ¼ arctan

0
B@ vηffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2χ þ v2σ þ v2φ
q

1
CA;

α24 ¼ arctan

0
B@ vχffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2σ þ v2φ
q

1
CA;

α34 ¼ arctan

�
vσ
vφ

�
: ð20Þ

The remaining angles in Eq. (18), α12, α13, and α23, cannot
be expressed only in terms of the VEVs. However, they are
strongly constrained by the perturbative unitarity condi-
tions and the hierarchy in the VEVs, vη ≪ vχ ≪ vσ; vφ
arising from the imposition of the seesaw mechanism
throughout the fermion sector. In this model, it is natural
to identify vη with the Standard Model VEV, vSM ¼
246.22 GeV, since the W� mass, as shown in Eq. (37),
is entirely determined by vη. Thus, we identify the mass
eigenstate H1 as the SM-like Higgs with mass mH1

¼
125.11 GeV. The H2 eigenstate acquires a mass at the
331-breaking scale, vχ . Finally, theH3 eigenstate acquires a
mass at the scale of vσ and vϕ, leading to the hierarchy
mH1

≪ mH2
≪ mH3

. The dilaton H4 obtains a mass at one-
loop level: it is given by
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m2
H4

¼ 8BðnÞv2ξ : ð21Þ

For the SM-like Higgs H1 ≈ Sη1, it is required that α12 ≈ 0. Additionally, to keep the couplings within the perturbative
regime, the angles α13 and α23 must be small. To derive useful expressions for the CP-even eigenstates, we set these angles
to zero. Under this approximation, we have

H1 ¼
ðv2χ þ v2σ þ v2φÞSη1 − vηðvχSχ3 þ vφSφÞ − vηvσSσffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðv2σ þ v2φÞðv2η þ v2σ þ v2φÞ
q ≈ Sη1;

H2 ¼
ðv2σ þ v2φÞSχ3 − vχðvσSσ þ vφSφÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2η þ v2σ þ v2φÞðv2η þ v2χ þ v2σ þ v2φÞ

q ≈ Sχ3;

H3 ¼
vφSσ − vσSφffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðv2σ þ v2φÞ
q ;

H4 ¼
vηSη1 þ vχSχ3 þ vσSσ þ vφSφffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðv2η þ v2χ þ v2σ þ v2φÞ
q ≈

vσSσ þ vφSφffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2σ þ v2φÞ

q : ð22Þ

Actually, we need to have small nonzero values for the
angles α12, α13, and α23 to allow nonzero couplings of the
fermion DM candidate to scalar field in order to ensure
the correct relic density.

C. PM-odd sector

Finally, we focus our attention on the calculation of the
PM scalar sector. In the basis, Bd ¼ ðη3; χ�1ÞT , the PM-odd
mass matrix is

M2
d ¼

 
1
2
λ0ηχv2χ 1

2
λ0ηχvηvχ

1
2
λ0ηχvηvχ 1

2
λ0ηχv2η

!
: ð23Þ

The matrix Md is diagonalized by the orthogonal trans-
formation OT

dM
2
dOd ¼ diagðmGd

;mSdÞ, where

Od ¼

0
B@− vηffiffiffiffiffiffiffiffiffi

v2χþv2η
p vχffiffiffiffiffiffiffiffiffi

v2χþv2η
p

vχffiffiffiffiffiffiffiffiffi
v2χþv2η

p vηffiffiffiffiffiffiffiffiffi
v2χþv2η

p

1
CA: ð24Þ

Its eigenvalues are m2
Gd

¼ 0 for a dark Goldstone and
m2

Sd
¼ 1

2
ðv2η þ v2χÞλ0ηχ for a physical dark mass eigenstate

Sd. We can now find the λ0ηχ parameter

λ0ηχ ¼
2m2

Sd

ðv2η þ v2χÞ
: ð25Þ

The dark scalar mass eigenstates are given by

Gd ¼ −
vηffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2χ þ v2η
q η3 þ

vχffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2χ þ v2η

q χ�1;

Sd ¼
vχffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2χ þ v2η
q η3 þ

vηffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2χ þ v2η

q χ�1: ð26Þ

Note that the scalar Sd can, in principle, act as a dark matter
candidate.

IV. PERTURBATIVE UNITARITY

Perturbative unitarity constraints arise from the require-
ment that the scattering matrix be unitary, ensuring the
conservation of probability in particle interactions, and are
explored by analyzing the tree-level two-to-two scattering
amplitudes dominated by quartic interactions in the high-
energy limit

ffiffiffi
s

p
→ ∞. In this context, the eigenvalues

T ba of the scattering matrix must satisfy the condition
ℜðT ba

0 Þ ≤ 1
2
for the theory to remain perturbatively unitary.

At the zeroth partial wave order, in the high-energy limit,
the matrix element can be expressed as [41]

T ba
0 ¼ 1

16π

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2δS1 ;S2 2δS3 ;S4

p ∂V0

∂S1∂S2∂S�3∂S
�
4

����
n
≤
1

2
; ð27Þ

where a corresponds to the initial state S1 þ S2 and b to the
analogous final state S3 þ S4 for the two-to-two scattering
process.
By calculating the scattering matrix for all possible two-

to-two initial and final states, including Goldstone bosons,
we derive constraints on the quartic couplings. These
constraints are given by
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jληj ≤ 4π; jλησj ≤ 8π; jληφj ≤ 8π; jλσj ≤ 4π; jλχ j ≤ 4π;

jλη −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2η − 2ληλχ þ λ02ηχ þ λ2χ

q
þ λχ j ≤ 8π;

jλη þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2η − 2ληλχ þ λ02ηχ þ λ2χ

q
þ λχ j ≤ 8π;

jληχ − λ0ηχ j ≤ 8π; jλχσj ≤ 8π; jλχφj ≤ 8π;

jληχ j ≤ 8π; jλ0ηχ þ ληχ j ≤ 8π; j3λ0ηχ þ ληχ j ≤ 8π: ð28Þ

Additionally, the four solutions λi to the following quartic equation must satisfy jλij ≤ 4π

λ4 þ λ3Aþ λ2Bþ λCþD ¼ 0; ð29Þ

with coefficients explicitly given as

A ¼ −
1

2
ð8λη þ 4λσ þ 3λφ þ 8λχÞ; ð30Þ

B ¼ 1

8

�
−64ληλσ − 48ληλφ − 128ληλχ þ 6λ2ησ þ 3λ2ηφ þ 2λ02χη þ 12λ0χηλχη − 24λσλφ − 64λσλχ

− 48λφλχ þ λ2φσ þ 18λ2χη þ 6λ2χσ þ 3λ2χφ
�
; ð31Þ

C ¼ 1

8

�
9λ2ησλφ − 96ληλσλφ þ λ02χηð4λσ þ 3λφÞ þ 4ληλ

2
φσ þ 24λ2ησλχ − 256ληλσλχ − 192ληλφλχ − 96λσλφλχ þ 4λ2φσλχ

þ 6λ2ηφðλσ þ 2λχÞ þ 36λσλ
2
χη þ 27λφλ

2
χη − 18λησλχηλχσ þ 24ληλ

2
χσ þ 9λφλ

2
χσ − 3λφσλχσλχφ þ 12ληλ

2
χφ þ 6λσλ

2
χφ

þ 3λ0χηð8λσλχη þ 6λφλχη − 2λησλχσ − ληφλχφÞ − 3ληφðλησλφσ þ 3λχηλχφÞ
	
; ð32Þ

D ¼ 1

32

�
λ02χηð−24λσλφ þ λ2φσÞ − 96λ2ηφλσλχ − 144λ2ησλφλχ þ 1536ληλσλφλχ þ 48λησληφλφσλχ − 64ληλ

2
φσλχ − 216λσλφλ

2
χη

þ 9λ2φσλ
2
χη þ 108λησλφλχηλχσ − 18ληφλφσλχηλχσ þ 9λ2ηφλ

2
χσ − 144ληλφλ

2
χσ þ 72ληφλσλχηλχφ − 18λησλφσλχηλχφ

− 18λησληφλχσλχφ þ 48ληλφσλχσλχφ þ 9λ2ησλ
2
χφ − 96ληλσλ

2
χφ − 6λ0χηð24λσλφλχη − λ2φσλχη − 6λησλφλχσ þ ληφλφσλχσ

− 4ληφλσλχφ þ λησλφσλχφÞ
	
: ð33Þ

V. GAUGE SECTOR

The gauge sector spectrum arises from the kinetic terms
of the scalar bosons, which are given by

L ⊃ ðDμηÞ†ðDμηÞ þ ðDμχÞ†ðDμχÞ þ ðDμσÞ�ðDμσÞ; ð34Þ
where the covariant derivative for triplets is defined as

Dμ ¼ ∂μ − igWa
μTa − igXXBμ − igNNNμ: ð35Þ

Here, Ta ¼ λa
2

are the generators of SUð3ÞL, with λa
(a ¼ 1;…; 8) being the Gell-Mann matrices. The param-
eters X and N represent the charges of the fields under the
Uð1ÞX and Uð1ÞN symmetries, respectively. Note that the φ
field is a gauge singlet and, therefore, its kinetic term is not
included in Eq. (34). The covariant derivative for the σ field
only involves the Nμ gauge boson, as σ carries a charge of
two under the Uð1ÞN symmetry.

Since SUð2ÞL ⊂ SUð3ÞL, the gauge coupling g is the
same as in the SM. The gauge bosons associated with the
SUð3ÞL, Uð1ÞX, and Uð1ÞN symmetries areWa

μ, Bμ, andNμ,
respectively, with their corresponding gauge couplings
denoted as g, gX, and gN .
The charged (including the non-Hermitian) gauge

bosons are straightforwardly calculated, as they arise from
the nondiagonal generators of the SUð3ÞL group. The
charged gauge eigenstates are given by

W�
μ ¼ W1μ ∓ iW2μffiffiffi

2
p ;

V0ð†Þ
μ ¼ W4μ ∓ iW5μffiffiffi

2
p ;

V�
μ ¼ W6μ � iW7μffiffiffi

2
p ; ð36Þ
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with masses

m2
W� ¼ g2v2η

4
;

m2
V0ð†Þ ¼ g2

4
ðv2η þ v2χÞ;

m2
V� ¼ g2v2χ

4
: ð37Þ

Note that the fields V�
μ and V0ð†Þ

μ are PM-odd, or dark,
under the PM symmetry defined in Eq. (7). However, since

the neutral gauge boson is heavier than the charged one,
i.e., m2

V0ð†Þ ¼ m2
W� þm2

V� , the dark gauge sector does not
provide a suitable DM candidate.
On the other hand, diagonalization of the squared

mass matrix of the neutral gauge bosons is more intricate.
In the basis

BNG ¼ ðW3μ;W8μ; Bμ; NμÞ;

the mass matrix is given by

M2
NG ¼ g2

4

0
BBBBBBB@

v2η
v2ηffiffi
3

p − 2gXv2η
3g

2gNv2η
3g

v2ηffiffi
3

p v2ηþ4v2χ
3

− 2gXðv2η−2v2χÞ
3
ffiffi
3

p
g

2gNðv2ηþ4v2χÞ
3
ffiffi
3

p
g

− 2gXv2η
3g − 2gXðv2η−2v2χÞ

3
ffiffi
3

p
g

4g2Xðv2ηþv2χÞ
9g2 − 4gNgXðv2η−2v2χÞ

9g2

2gNv2η
3g

2gNðv2ηþ4v2χÞ
3
ffiffi
3

p
g

− 4gNgXðv2η−2v2χÞ
9g2

4g2Xðv2ηþ4ð9v2σþv2χÞÞ
9g2

1
CCCCCCCA
: ð38Þ

For simplicity, we are neglecting the kinetic mixing term
between the Abelian fields Bμ and Nμ.
Since there is a hierarchy between the VEVs, at leading

order, the mass matrix M2
NG is diagonalized by the

orthogonal transformation matrix UNG, such that

UT
NGM

2
NGUNG ¼ diagð0; m2

Z;m
2
Z0 ; m2

Z00 Þ;

where UNG is approximately

UNG ≃

0
BBBBBBB@

sin θW cos θW −
ffiffi
3

p
g tan2 θWv2η

2gX tan 2θWv2χ

gv2η
24gNv2σ

− sin θWffiffi
3

p sin2 θWffiffi
3

p
cos θW

− g tan θW
gX

gv2χ
6
ffiffi
3

p
gNv2σ

g sin θW
gX

− g sin2 θW
gX cos θW

− tan θWffiffi
3

p gXv2χ
18gNv2σ

0 − g tan2 θWv2η
24 cos θWgNv2σ

gXv2χ
6
ffiffi
3

p
gN tan θWv2σ

1

1
CCCCCCCA
:

ð39Þ

Here, the Weinberg angle θW is defined as

sin2 θW ¼ g2Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 4

3
g2X

q : ð40Þ

Since g can be approximately set to 0.652, based on theW�

mass, and using sin2 θW ≈ 0.231 [42], the value of gX is
found to be approximately 0.377.
The UNG matrix allows expressing the gauge symmetry

bosons, W3μ;W8μ; Bμ; Nμ, in terms of the physical gauge
bosons, Aμ; Zμ; Z0

μ; Z00
μ. That is,

0
BBBB@

W3μ

W8μ

Bμ

Nμ

1
CCCCA ¼ UNG

0
BBBB@

Aμ

Zμ

Z0
μ

Z00
μ

1
CCCCA: ð41Þ

Besides the fact that the photon mass is zero, we can obtain
the masses of the Z, Z0, and Z00 bosons

m2
Z ≃



9g2v2ηv2χ cos2 θW

�
=


sin4 θW

�
v2ηð36þ v2χÞ þ 36v2χ

�
− 36 sin2 θWðv2η þ 2v2χÞ þ 9ðv2η þ 4v2χÞ

�
; ð42Þ

m2
Z0 ≃

g2Xv
2
χ

3 tan2 θW
; ð43Þ

m2
Z00 ≃ 4g2Nv

2
σ: ð44Þ

The massesmZ0 andmZ00 were computed at leading order,
while mZ was computed at the next order, where it deviates
from its SM counterpart. However, at leading order,
mZ coincides with the SM Z boson mass, as expected.
Additionally, the parameter gN, together with vσ, deter-
mines the mass of the Z00, as given in Eq. (44). For vσ on the
order of 103 TeV and Yukawa couplings of order 1, the
potential remains stable [i.e., BðnÞ > 0, as defined in
Eq. (14)] if gN ≳ 0.598.
The Z boson properties in our model deviate from the

SM predictions due to the (small) mixing between Z and
the other massive vector fields. For example, we can obtain
a lower bound on vχ by imposing that the new contribution
to the ρ0 parameter, defined as ρ0 ≡ ð MW

MZ cos θW
Þ2, remain
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within the experimental limits [43]. This parameter, which
is exactly equal to unity in the SM, is modified in our
model as

Δρ0 ¼ ρ0 − 1 ≈
v2η cos2 2θW sec4 θW

4v2χ
: ð45Þ

Using sin2 θW ≈ 0.231 and the allowed experimental
deviation Δρ0 ≲ 5.8 × 10−4 [43], we find that

vχ ≳ 3571.35 GeV; ð46Þ

setting the lower bound for the symmetry breaking scale of
the 331 model.

VI. YUKAWA SECTOR: SEESAW-SUPPRESSED
FERMION MASSES

In this section, we derive the fermion mass spectrum,
demonstrating how seesaw mechanisms emerge across all
sectors as a result of the VEV hierarchy vη ≪ vχ ≪ vφ; vσ.
The electroweak VEV, vη, is fixed at vSM ¼ 246 GeV,
while the 3-3-1 breaking VEV, vχ , is significantly larger,
approximately 3.6 TeV. An even larger VEV, vφ, is required
to enable the seesaw mechanism for charged fermions, with
vφ typically around 106 GeV. Finally, the B − L symmetry-
breaking VEV, vσ, must also be large, satisfying vσ ≫ vη,
to justify the seesaw mechanism for neutrinos. This
hierarchical structure plays a crucial role in shaping the
Yukawa sector.
These seesaw mechanisms not only provide a partial

explanation for the flavor puzzle but also help identify the
fermionic dark matter candidate in our model. By incor-
porating this hierarchy, the model successfully reproduces
the observed fermion mass spectrum and offers a natural
framework to address open questions in particle physics,
such as the flavor puzzle and the nature of dark matter.

A. Lepton spectrum

The renormalizable Yukawa Lagrangian for the lepton
sector is expressed as

−Ll ¼ Yν
ijLiLηνjR þ Yf

ijLiLχfjR

þ hνij
2
σðνiRÞcνjR þ hfij

2
φðfiRÞcfjR

þ yFijLiLη
�F jR þ yeijF iLχ

�ejR

þ hFijφF iLF jR þ H:c: ð47Þ

Following spontaneous symmetry breaking, all leptons
acquire mass, as will be demonstrated in the subsequent
analysis. It is also noteworthy that all Yukawa couplings
in the lepton sector are represented by 3 × 3 matrices.

For simplicity, we omit explicit indices and work directly
with the couplings in matrix form.
Moreover, to ensure compatibility with stringent exper-

imental constraints on CP violation, we assume all Yukawa
matrices to be real at leading order. The current 90%
confidence level limits, jdej < 4.1 × 10−30e · cm from the
ACME III experiment [44], and jdnj < 1.8 × 10−26e · cm
from neutron EDM searches [45], already exclude Oð1Þ
CP phases in many extensions of the Standard Model. In
3-3-1 frameworks, even a single physical phase in the scalar
or Yukawa sector typically drives the predicted de;n close
to–or above—these bounds [46–48]. Our choice aligns
with the paradigm of additive CP violation, where tiny
(≲10−3) imaginary perturbations can reproduce CKM/
PMNS observables while naturally suppressing EDMs
[49]. Since the central aim of this work is to present a
classically scale-invariant SUð3ÞC ⊗ SUð3ÞL ⊗ Uð1ÞX ⊗
Uð1ÞN model that addresses the fermion mass hierarchy
through a universal seesaw mechanism and provides a
naturally fermion dark matter candidate, introducing gen-
eral complex phases would enlarge the parameter space
without altering these core results. A comprehensive study
of CP-violating effects, including renormalization group
running and a SMEFT analysis of dipole operators, will be
presented elsewhere [50].

1. Charged leptons

The charged lepton sector consists of PM-even fields
(ei and E0

i), which mix to produce the SM charged leptons
and three heavy charged leptons, as well as PM-odd fields
(Ei), where i ¼ 1, 2, 3.
In the basis EL;R ¼ ðeL;R; E0

L;RÞ, the mass terms are
expressed as ELMeER, where the mass matrix Me is
given by

Me ¼
 

0 −yFvη
yevχ hFvφ

!
: ð48Þ

This mass matrix exhibits a type-I Dirac seesaw structure in
the limit vη ≪ vχ ≪ vφ. To leading order, the matrix Me

can be block-diagonalized using two unitary matrices, Ve
L

and Ve
R. The diagonalization matrices are given by

Ve
L ¼

0
@ 1 − vη

vφ
yF ðhF Þ−1

vη
vφ
ðhF†Þ−1yF† 1

1
A;

Ve
R ¼

0
@ 1

vχ
vφ
ye†ðhF†Þ−1

vχ
vφ
ðhF Þ−1ye 1

1
A; ð49Þ

such that

Ve†
L MeVe

R ¼ diagðMe;ME0 Þ; ð50Þ
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where the mass matrices are given by

Me ¼
vηvχffiffiffi
2

p
vφ

yF ðhF Þ−1ye; ME0 ¼ vφffiffiffi
2

p hF : ð51Þ

The mass matrix of PM-odd fields, Ei, is

ME ¼ vφffiffiffi
2

p hF ; ð52Þ

that is they are essentially degenerate with PM-even
fields E0

i.
For simplicity, we assume yF ¼ hF equal to the identity

matrix and ye to be diagonal. This allows us to express the
matrix elements in terms of the masses of the charged
leptons e, μ, and τ. The diagonal Yukawa coupling matrix is
then given by

ye ¼ diagðye1; ye2; ye3Þ: ð53Þ

By solving for the matrix elements, we find the following
relations:

ye1 ¼
ffiffiffi
2

p
vφ

vηvχ
me; ye2 ¼

ffiffiffi
2

p
vφ

vηvχ
mμ; ye3 ¼

ffiffiffi
2

p
vφ

vηvχ
mτ:

ð54Þ

Considering the masses given in [43], with vη ¼ vSM,
vχ ¼ 5 × 103 GeV, and vφ ¼ 106 GeV, the Yukawa
parameters ye are of the orders

ye1 ∼ 10−4; ye2 ∼ 10−2; ye3 ∼ 1: ð55Þ

2. Neutrinos

The neutral lepton spectrum can be divided into the
PM-even (visible) and PM-odd (dark) sectors. The PM-even
sector corresponds to neutrinos. We define the basis NL ¼
ðνL; ðνRÞcÞ and write the mass term as ð1=2ÞNLMνðNLÞc,
where the mass matrix Mν is given by

Mν ¼
1ffiffiffi
2

p
�

0 Yνvη

YνTvη hνvσ

�
: ð56Þ

Since vσ ≫ vη, the matrix Mν exhibits the structure of a
type-I seesaw mechanism [51]. To leading order, it can be
block-diagonalized by the matrix Vν, given by

Vν ¼
0
@ 1

vη
vσ
Yν�ðhν�Þ−1

− vη
vσ
ðhνTÞ−1YνT 1

1
A; ð57Þ

such that

VνTMνVν ¼ diagðmν; mNÞ; ð58Þ

where the mass matrices are

mν ¼ −
v2ηffiffiffi
2

p
vσ

YνðhνÞ−1YνT; mN ¼ vσffiffiffi
2

p hν: ð59Þ

For simplicity, we assume hν to be diagonal, as sterile
neutrino oscillations are not considered in this work. Using
the Casas-Ibarra parametrization ([52,53]), and considering
the R matrix as the identity matrix, we obtain the solution
for Yν

Yν ¼ −i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p
vσ

q
vη

�
mdiag

ν

�
1=2U−1

2ν

¼ −i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

p
vσ

q
vη

�
mdiag

ν

�
1=2ðUPMNSÞT: ð60Þ

In the last equality, we use U2ν ¼ U�
PMNS [54], as the

charged lepton mass matrix is diagonal under our assump-
tions. Hence, this result expresses the elements of the
Yukawa matrix Yν in terms of the neutrino masses mνi
(for i ¼ 1, 2, 3), which correspond to the physical neutrinos
νiL, and the neutrino mixing angles in UPMNS.

3. Dark leptons

The PM-odd, or dark, neutral leptons are arranged in the
basis FL ¼ ðfL; ðfRÞc; ðf0LÞ; ðf0RÞcÞ, such that their mass
matrix, ð1=2ÞFLMfðFLÞc, is expressed as

Mf ¼
0
@ 0½3×3� mf

D½3×9�

ðmf
DÞT½9×3� mf

R½9×9�

1
A; ð61Þ

where

mf
D ¼ 1ffiffiffi

2
p
�
Yfvχ 0 −yFvη

	
;

mf
R ¼ 1ffiffiffi

2
p

0
B@

hfvφ 0 0

0 0 hFvφ

0 hFTvφ 0

1
CA: ð62Þ

The structure corresponds to a type-I seesaw, as the
eigenvalues of mf

R are proportional to vφ, while the entries

of mf
D are at most proportional to vχ , with vφ ≫ vχ ≫ vη.

Therefore, the same procedure applied to neutrinos can be
repeated. In this case, however, block diagonalization
requires two matrices, Vf

1 and Vf
2 . The transformation is

given by
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VfT
2 VfT

1 MfV
f
1V

f
2 ¼ diagðmf;mf0

1
; mf0

2
; mf0

3
Þ;

where the block matrices on the diagonal are

mf ¼ −
v2χffiffiffi
2

p
vφ

YfðhF Þ−1YfT;

mf0
1
¼ vφffiffiffi

2
p hf;

mf0
2
¼ vφffiffiffi

2
p hF ;

mf0
3
¼ −

vφffiffiffi
2

p hF : ð63Þ

The matrices Vf
2 and Vf

1 are explicitly given by

Vf
2 ¼

0
BBBBB@

1 0 0 0

0 1 0 0

0 0 1ffiffi
2

p − 1ffiffi
2

p

0 0 1ffiffi
2

p 1ffiffi
2

p

1
CCCCCA: ð64Þ

Vf
1¼

0
BBBBB@

1
vχ
vφ
Yf�ðhf�Þ−1 −vη

vφ
yF�ðhF�Þ−1 0

−vχ
vφ
ðhfTÞ−1YfT 1 0 0

−vη
vφ
ðhFTÞ−1yFT 0 1 0

0 0 0 1

1
CCCCCA;

ð65Þ

As a result, three of the dark neutral leptons acquire
seesaw-suppressed masses originating from the mf matrix
and are significantly lighter than the others. The lightest of
these fermions serves as the DM candidate.

B. Quark spectrum

We now proceed to apply a similar analysis to the quark
sector, detailing the corresponding Yukawa interactions.
The general Yukawa Lagrangian for the quarks is written as

−Lq ¼ Yd
ajQaLη

�djR þ YD
abQaLχ

�DbR

þ Yu
3jQ3LηujR þ YU

33Q3LχU3R

þ yKabQaLηKbR þ yK33Q3Lη
�K3R

þ yuajKaLχujR þ yd3iK3Lχ
�diR

þ hKabφKaLKbR þ hK33φK3LK3R þ H:c:; ð66Þ

where a, b ¼ 1, 2 and i, j ¼ 1, 2, 3.

1. Up-type quarks

Starting with the PM-even up-type quarks, we obtain the
following mass matrix when written in the basis u¼ ðui;U 0

aÞ:

Mu ¼
1ffiffiffi
2

p

0
BB@

0½2×3� yK½2×2�vη
Yu
½1×3�vη 0½1×2�

yu½2×3�vχ hK½2×2�vφ

1
CCA: ð67Þ

For the sake of clarity, since the quark Yukawa couplings
have different dimensions, we explicitly write their dimen-
sions in the mass matrices throughout this section.
The hierarchy between the blocks allows us to employ

the seesaw approximation used in the previous section.
We do not provide all the details here, as the procedure is
quite similar to the one applied in the lepton sector. After
performing the block-diagonalization, we obtain the
following two matrices:

ðm2
uÞlight ≃

v2η
2

 
κ2χA½1 − Yu†ðYuYu†Þ−1Yu�A† 0½2×1�

0½1×2� YuYu†

!
;

ð68Þ

and

ðM2
uÞheavy ≃

v2φ
2
hKhK†; ð69Þ

where A½2×3� ¼ yKhK−1yu and κχ ¼ vχ=vφ.
Consequently, two of the three light up-type quarks

acquire seesaw-suppressed masses, proportional to vηκχ .
Meanwhile, the remaining quark has a mass proportional to
the electroweak scale, vη, and is identified as the top quark.
We can determine a constraint on the Yu matrix related

to the top quark. According to [42], the top quark mass is
172.57� 0.29 GeV. Thus, we have

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2η
2
YuðYuÞ†

s
¼ vηffiffiffi

2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Yu2
1 þ Yu2

2 þ Yu2
3

q
∼ 172.57; ð70Þ

from which we obtain

Yt ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Yu2
1 þ Yu2

2 þ Yu2
3

q
∼ 1: ð71Þ

The Yukawa coupling is constrained to be less than 1.67 at
95% confidence level (CL) [55].
Regarding the PM-odd up-quarks, we choose U ¼

ðU3;U3;UaÞ as the basis. In this framework, the mass
matrix for the dark up-type quarks is given by

Mdark
u ¼ 1ffiffiffi

2
p

0
BB@

YU
33vχ −yK33vη 0½1×2�
0 hK33vφ 0½1×2�

0½2×1� 0½2×1� hK½2×2�vφ

1
CCA: ð72Þ

It is clear that Ua does not mix with the other quarks, and
their mass matrix corresponds to the bottom-right block
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of Mdark
u . For the remaining two states, there is a small

mixing of order Oðvη=vφÞ, and their masses are approx-
imately given by the upper diagonal entries of Mdark

u .

2. Down-type quarks

For the PM-even down-type quarks, we choose d ¼
ðdi;D0

3Þ as the basis and derive the mass matrix as follows:

Md ¼
1ffiffiffi
2

p

0
BB@

Yd
½2×3�vη 0½2×1�

0½1×3� −yK33vη
yd½1×3�vχ hK33vφ

1
CCA: ð73Þ

Following the seesaw procedure, the diagonalization
of MdM

†
d proceeds analogously to the lepton case. The

masses are approximately given by

ðm2
dÞlight ≃

v2η
2

 
YdYd† 0½2×1�
0½1×2� κ2χB½1 − Yd†ðYdYd†Þ−1Yd�B†

!
;

ðM2
dÞheavy ≃

v2φ
2
jhK33j2; ð74Þ

where B½1×3� ¼ yK
33

hK
33

yd. As a result, among the down-type

quarks, only one acquires a seesaw-suppressed mass.
Finally, we considered the PM-odd down-quarks. To

analyze this, we fix the basis for the dark down-type
quarks as D ¼ ðDa;Da;D3Þ. The resulting mass matrix is
given by

Mdark
d ¼ 1ffiffiffi

2
p

0
BB@

YD
½2×2�vχ yK½2×2�vη 0½2×1�

0½2×2� hK½2×2�vφ 0½2×1�

0½1×2� 0½1×2� hK33vφ

1
CCA: ð75Þ

The diagonal entries provide the approximate masses.
While D3 remains unmixed, the fields Da and Da exhibit
a small mixing suppressed by κη ¼ vη=vφ.
In summary, this section demonstrated that all fermions

acquire mass through a consistent application of the seesaw
mechanism, highlighting its universality across the entire
fermion sector.

3. LHC phenomenology

The vectorlike quarks Ua;U3;U 0
3;Da;D3, and D0

3 have
masses proportional to vφ and are therefore far too heavy to
be produced at the LHC. The 331-like exotic quarksU3 and
Da, however, are relatively light, with masses proportional
to vχ . They are therefore within the reach of LHC searches.
The main LHC production channel for the exotic quarks is
the gluon-gluon fusion, the exotic quarks being produced
in pairs, gg → JJ̄, or in association with an exotic gauge

boson gg → V�J; V0J, where J ¼ U3; Da. The decay
modes of exotic quarks differ from 331 models [56], due
to the matter parity PM. The exotic quarks U3 and Da are
odd under the matter parity and therefore ultimately
decay into dark matter and SM particles. The main decay
channels are: U → bVþ� → bfdX and Da → ðu=cÞV−� →
ðu=cÞfdX, where X are leptonic SM final states. The LHC
searches of exotic up- and down-type quarks impose the
following tentative bound on their masses: mU > 1.6 TeV
and mDa

> 1.1 TeV [57,58].

VII. BOUNDS FROM CHARGED LEPTONS

The flavor-violating Yukawa couplings are obtained
from Eq. (47). After the block-diagonalization, keeping
the leading order, the charged lepton Yukawa couplings can
be divided into pure SM lepton couplings

LSM ¼
ffiffiffi
2

p

vη
ēLMeeRη0�1 þ

ffiffiffi
2

p

vχ
ēLMeeRχ0�3

−
ffiffiffi
2

p

vφ
ēLMeeRφþ H:c:; ð76Þ

and couplings containing exotic charged leptons

Lexotic ¼ −ēLyFE0
Rη

0�
1 þ ēLyFERη

0�
3

þ ĒLyeeRχ0�1 þ Ē0
Ly

eeRχ0�3
þ ĒLhFERφþ Ē0

Lh
FE0

Rφþ H:c: ð77Þ

The charged lepton mass matrices in Eqs. (52) and (51)
are diagonalized in the form Ul†

LMlUl
R ¼ Mdiag

l and physi-
cal coupling constants in Eq. (77) become

yF → ỹF ¼ Ue†
L yFUE

R; ye → ỹe ¼ UE†
L yeUe

R;

hF → h̃F ¼ UE†
L hFUE

R: ð78Þ

One can see that the Yukawa couplings of SM charged
leptons are proportional to their mass matrix and are
therefore diagonalized simultaneously with the SM lepton
mass matrix. Therefore the neutral scalars do not have
flavor-changing neutral currents at the tree level. This also
avoids the LHC bounds on the lepton flavor-violating coup-
lings of Higgs. The SM lepton couplings are all suppressed
by heavy VEVs, except the first one in Eq. (76). The
muon and tau Yukawa couplings have been measured at
LHC to be close to the SM values. Therefore the real part
of η01 needs to be identified with 125 GeV Higgs. The
lepton masses are suppressed by vχ=vφ. This imposes
vχ=vφ ≳ 10−2, in order to keep Yukawa coupling smaller
than 1.
Even though scalars do not have flavor-changing cou-

plings to a pair of SM charged leptons, the flavor-violating
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effects appear at the loop level due to the mixing between
SM leptons and the charged exotic leptons. The most
constraining charged lepton flavor-violating (CLFV) proc-
ess is μ → eγ, where all neutral scalars and massive gauge
bosons mediate it at loop level. The most constraining
CLFV diagrams are presented in Fig. 1 and subleading
diagrams in Fig. 2. Note that the photon vertex is always
flavor conserving. The couplings between scalars, SM
charged leptons and E0

i are not suppressed by the mixing
between SM leptons and exotic leptons, as can be seen in
Eq. (77). The scalar mediated diagrams are, however,
heavily suppressed by large masses of E0

i and Ei, as well
as the relation

ỹF ðMdiag
E0 Þ−1ỹe ¼ 2

vηvχ
Mdiag

e ; ð79Þ

which originates from the seesaw mechanism. The leading
contribution to the scalar diagrams is canceled due to this
relation, providing further suppression. The most relevant
scalar diagram is mediated by H3, corresponding to the
branching ratio

BRðμ → eγÞ ¼ e2α213α
2
23m

3
μm4

H3

64ð4πÞ5Γtot
μ

×
�����X3

i¼1

ỹeieỹ
F
μi

m3
E0
i

����
2

þ
����X3
i¼1

ỹeiμỹ
F
ei

m3
E0
i

����
2�

; ð80Þ

where Γtot
μ is the total muon decay width. We can obtain a

conservative bound by setting the mH3
; mE0

i
∼ vφ and the

flavor-violating couplings to unity

�
GeV
vφ

�
α13α23 < 1.55 × 10−10; ð81Þ

which is satisfied for vφ > 106 GeV and α13;α23 < 10−2.
So even with large,Oð1Þ, flavor-violating couplings, bound
from this diagram can be avoided.
The diagrams mediated by the exotic gauge bosons are

suppressed by their heavy masses. The couplings involved
are also tiny, ∼vη=vφ, due to them being a result of mixing
between SM leptons and exotic ones. These diagrams
provide an insignificant contribution to μ → eγ. The dia-
grams mediated by W boson are suppressed due to tiny νi
masses or small mixing between heavy and light neutrinos.
The only relevant diagram mediated by gauge bosons is the
Z boson mediated one in Fig. 1. It is suppressed only by
one flavor-violating coupling and is not mass suppressed
due to the Z boson being relatively light. It provides
contribution comparable toH3 mediated diagram. The μ →
eγ branching ratio corresponding to Z boson mediated
diagram is

BRðμ→ eγÞ ¼ e2g4m5
μv4χsin2θW tan2θW

144ð4πÞ5Γtot
μ m4

z

����3g23g2x
Λ�
μe þ 3Λeμ

����2;
ð82Þ

where

Λ ¼ ỹe†
��

mdiag
E0
�−1	2ỹe: ð83Þ

We can obtain a conservative bound by setting Λ ∼ 1=v2φ

vχ
vφ

< 7.7 × 10−3: ð84Þ

Besides μ → eγ, our setup induces μ → 3e and coherent
μ − e conversion once the heavy states are integrated out.
The electromagnetic dipole controlling μ → eγ receives
contributions from both the H3–E0

i loop [Eqs. (80), (81)]
and the Z penguin [Eqs. (82), (83)], while the seesaw
relation [Eq. (79)] cancels the leading scalar pieces. In the
dipole-dominance limit one finds the standard relation

FIG. 1. The dominant diagrams contributing to μ → eγ.

FIG. 2. Subleading diagrams contributing to μ → eγ.
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BRðμ → 3eÞ ≃ α

3π

�
ln
m2

μ

m2
e
−
11

4



BRðμ → eγÞ

≈ 6.13 × 10−3 BRðμ → eγÞ; ð85Þ

in agreement with Eq. (117) of Ref. [59]. This implies that
current μ → 3e bounds are weaker than those from μ → eγ.
Coherent μ − e conversion probes the same dipole coef-
ficients together with vector/scalar operators generated by
Z; Z0; Z00 penguins and neutral-scalar exchange; in the
parameter region analyzed here (heavy Z0; Z00 and H1;2;4,
seesaw-suppressed e − E0 mixing) the present limits are not
more restrictive than μ → eγ. We stress that the dark-matter
benchmarks used in Sec. VIII adopt diagonal Yukawa
textures, further suppressing new LFV sources and render-
ing our benchmark points conservative.
In conclusion the CLFV constraints are easily avoided,

even with large flavor-violating couplings. As mentioned in
Sec. VI A 1, in our numerics for the dark matter phenom-
enology we made the simplifying assumptions of making
the Yukawa couplings diagonal. In that case the CLFV
effects are absent.

VIII. DARK MATTER

As previously mentioned, after the symmetry breaking of
the 3-3-1-1 gauge symmetry, the PM symmetry naturally
emerges within the model. This discrete symmetry plays a
crucial role in stabilizing the lightest PM-odd particle,
which, being electrically neutral, serves as a compelling
DM candidate. This particle could account for the DM relic
abundance measured by the Planck satellite [60], given by

ΩDMh2 ¼ 0.1200� 0.0012:

The model predicts the existence of neutral PM-odd
particles across all sectors: scalar, fermion, and gauge.
Specifically, these include the scalar Sd in Eq. (26), the
gauge boson V0 in Eq. (36), and the leptons, which are the
eigenstates of the mass matrices defined in Eq. (63).
However, as PM is a Z2 discrete symmetry, the model
does not support a multicomponent DM sector.
The V0 gauge boson is not a suitable DM candidate

because its mass, given by m2
V0ð†Þ ¼ m2

W� þm2
V�, allows it

to decay into W� and V∓. Since V� is also a PM-odd
particle, this decay renders V0 unstable, disqualifying it as a
viable DM candidate. As for the scalar candidate, Sd, while
it could theoretically provide the correct relic density, it is
completely ruled out by current experimental constraints on
the spin-independent direct detection cross section, which
exclude all regions of its parameter space. Consequently,
we will not consider it further in this work.
On the other hand, the dark fermion sector offers a

promising candidate for DM. Specifically, the lightest
eigenstate of the mass matrix mf in Eq. (63), which we
denote as fd, emerges as a viable DM candidate. The

remaining dark leptons, i.e., the eigenstates of mf0
1
, mf0

2
,

and mf0
3
, are extremely heavy, with masses proportional to

vφ ∼ 106 GeV. Consequently, they do not contribute to the
DM phenomenology and are integrated out in the effective
Lagrangian.
In fact, not only are the heavy dark leptons integrated

out, but all particles with masses on the order of vσ and vφ
are as well, as they do not play a significant role in the DM
analysis. This is because the focus is on DM candidates
with masses in the range of 10 GeV to 1.5 TeV, a range that
aligns with the sensitivity of current and upcoming accel-
erator experiments.
Before detailing the parameter scan, an important meth-

odological clarification is in order. Although one could in
principle integrate out heavy states sequentially and run the
RGEs between the four breaking scales vη, vχ , vσ and vφ,
we deliberately adopt a single one-loop potential evaluated
at a single renormalization scale. The justification is
twofold

(i) The fields that gain masses at the highest scales, vσ
(associated with Uð1ÞN breaking) and vφ (scale-
invariance breaking), lie in the Oð102–103Þ TeV
range and therefore decouple completely from TeV
phenomenology and from the dark-matter freeze-out
epoch. We integrate them out at tree level and keep
their leading loop effects through the Gildener-
Weinberg formalism.

(ii) The residual hierarchy vχ=vη ≲ 102 generates at
most

1

16π2
lnðv2χ=v2ηÞ ≲ 0.06;

so evenOð1Þ couplings shift the light-sector quartics
by only a few per cent. This shift in the light-
sector quartics, by only a few per cent (≲0.06), is
below our scan granularity. It is also modest when
compared to the broader theoretical and phenom-
enological uncertainties inherent in dark matter cal-
culations, which can often significantly exceed the
∼1% numerical precision typically targeted by tools
like MicrOMEGAs for standard computations [61].

Hence the single-step approach provides accuracy suffi-
cient for the dark-matter analysis, while a full multithres-
hold RG study—though feasible—would add substantial
technical overhead without altering our conclusions and is
deferred to future work.
To analyze the phenomenology of DM, we begin by

fixing certain parameters of the model. We first focus
on the lepton Lagrangian, where the relevant parameters are
Yν, Yf, hν, hf, yF , ye, and hF . All these quantities are
3 × 3 matrices.
Furthermore, throughout the dark matter analysis, we

maintain the CP-conserving setup: all Yukawa couplings
and scalar potential parameters are real. This ensures that
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relic density predictions are free from additional CP-phase
dependencies and automatically satisfy current EDM bounds,
while remaining robust against the anticipated two-orders-
of-magnitude sensitivity improvements from forthcoming
molecular-lattice experiments such as BaOH [62].
The matrices hF , hν, and hf are required to be of order

one to preserve the validity of the seesaw mechanism in
both the charged and neutral lepton sectors. For simplicity,
we assume hν and hf matrices to be equal to the identity
matrix and hF to be 0.5 times the identity matrix. Similarly,
the yF matrix is also taken as the identity matrix. The ye

matrix, in contrast, is diagonal, with its elements specified
by Eq. (54), ensuring compatibility with the SM charged
leptons. The Yν matrix is derived using Eq. (60) to
reproduce the active neutrino masses and mixings, con-
sistent with neutrino oscillation data [54].
Finally, the Yukawa coupling matrix Yf, assumed to be

diagonal for simplicity, is constrained by Yf <
ffiffiffiffiffiffi
4π

p
1 to

maintain the perturbative regime. The diagonal elements of
this matrix are directly linked to the masses of the dark
leptons, mf, as specified in Eq. (63).
In a similar manner, we fixed the parameters in the quark

sector, which include the matrices Yd
aj, YD

ab, Yu
3j, YU

33,

yKab, y
K
33, y

u
aj, y

d
3i, h

K
ab, and hK33, where a, b ¼ 1, 2 and

i, j ¼ 1, 2, 3. Among these, Yd and Yu are determined to
reproduce the SM quark masses. For simplicity, the
remaining matrices are chosen to be equal to the identity.
This assumption is consistent with the seesaw mechanism,
which is also present in the quark sector. It is important to
emphasize that exotic quarks, with masses on the order of
vχ , do not significantly influence the DM analysis.
At this point, we have fixed the parameter space in the

scalar sector. Equation (16) enables all quartic couplings to
be expressed in terms of the scalar masses and rotation
angles, as defined in Eq. (18). Additionally, three of these
angles have been reformulated in terms of the VEVs, as
shown in Eq. (20). Based on the previous discussion, the
free parameters used in our DM analysis are: α12, α13, α23,
mH2

, mH3
, vχ , vσ, and vφ. Specifically, the ranges and

relationships are defined as follows. For the mixing angles,
the allowed intervals are

10−4 ≤ jα12j ≤ 10−1;

10−4 ≤ jα13j ≤ 10−3;

10−4 ≤ jα23j ≤ 10−2: ð86Þ

The angles, expressed in radians, are, in principle, selected
to ensure that all quartic couplings comply with the
perturbative unitarity constraints discussed in Sec. IV.
However, the maximum value of α12 ¼ 0.32 is already
excluded by direct detection bounds. Therefore, we adopt a
more conservative upper limit of 10−1.

The vacuum expectation values are constrained by

10 TeV ≤ vχ ≤ 20 TeV;

102 TeV ≤ vσ ≤ 1.5 × 103 TeV;

103 TeV ≤ vφ ≤ 2.5 × 103 TeV: ð87Þ

Here it is important to note that although the minimum vχ
value allowed by Eq. (46) is approximately 3.6 TeV, we
conservatively adopt a minimum value of 10 TeV, guided
by the conservative Z0 mass lower bounds established in
recent studies [63]. While those studies focused on specific
331 models distinct from ours, their results (exceeding
4 TeV from current LHC data, and projected above 5.8 TeV
at HL-LHC, 9.9 TeV at HE-LHC, and 27 TeV at FCC,
considering exotic/invisible decays) provide strong support
for our conservative choice.
Finally, the masses of the scalar particles are given by

100 GeV ≤ mH2
≤ 2 TeV; 10 TeV ≤ mH3

≤ 100 TeV:

ð88Þ

At this point, an important clarification regarding our
choice of scanning variables is in order. Our analysis
rigorously preserves classical scale invariance. The scalar
quartic couplings λi, the fundamental dimensionless inputs
of the theory, are reparametrized via Eq. (16) in terms of
(i) the dimensionless mixing angles αij, (ii) the physical
CP-even scalar masses mHi

, and (iii) the vacuum-
expectation values (vevs) vi. This change of variables is
bijective within the stable, perturbative region of the
potential, hence it is mathematically equivalent to scanning
directly over the λi.
Crucially,mHi

and vi are not free inputs: at each sampled
point they satisfy the minimization and flat-direction condi-
tions required by the Coleman-Weinberg mechanism. The
reparametrization therefore serves only to make the scan
outputs more transparent, because αij, mHi

, and vi map
directly onto observables such as Higgs masses and electro-
weak vevs. All other dimensionless couplings—Yukawas
ðhF ; Yf;…Þ and gauge couplings ðg; gX;…Þ—are scanned
explicitly as fundamental inputs. Hence the procedure
remains fully consistent with scale invariance while stream-
lining the connection to experimental constraints.
With all parameters established, we now proceed to

calculate the DM relic density, ΩDMh2, resulting from the
freeze-out of fd. To achieve this, we follow the standard
procedures outlined in Refs. [64,65]. These procedures
involve solving the Boltzmann equation for the DM yield
Y, defined as Y ≡ n=s (the ratio of number density to
entropy density), which is expressed as

dY
dx

¼ −
�
45

π
G

�
−1=2 g1=2� mfd

x2
hσviannðY2 − Y2

eqÞ: ð89Þ
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Here, x ¼ mfd=T represents the dimensionless temperature
variable, G denotes the gravitational constant, and Yeq ¼
neq=s is the equilibrium yield. The equilibrium number
density, neq, and the effective number of relativistic degrees
of freedom, g�, are defined following the formalism out-
lined in Ref. [64]. Finally, hσviann corresponds to the
thermally averaged annihilation cross section, a key quan-
tity in the freeze-out calculation. Once the Boltzmann
equation is solved and the DM yield Y is determined at
the present time (Y0), the relic density is computed as

ΩDMh2 ¼ 2.82 × 108 × Y0 ×
mfd

GeV
: ð90Þ

Due to the complexity of the model and the extensive
parameter space fixed by Eqs. (86)–(88), solving the
Boltzmann equation (89) is computationally demanding.
The main difficulty lies in evaluating the thermally averaged
annihilation rate hσviann, which, in our setup, is governed by
two leading channels illustrated in Fig. 3: (i) Vector-portal
processes: fdf̄d → Z� → WþW− (s-channel) and fd; f̄d →
eþe− (t-channel V� exchange); (ii) a scalar-portal process,
fdf̄d → H1;2 → eþe−; bb̄;WþW−. These channels domi-
nate the relic abundance by determining the value of hσviann
that enters the Boltzmann analysis. To address this, we
employ the packages Feynrules [66,67], Calchep [68], and
MicrOMEGAs [61], which are widely used tools in phenom-
enological studies of dark matter. Specifically, we used the
MicrOMEGAs package to scan over the DM mass in the range
10 GeV ≤ mfd ≤ 1500 GeV and varied the remaining
parameters within the ranges defined in Eqs. (86)–(88).
Our results are presented in Fig. 4, where we show the

relic density (green region) obtained from a logarithmic
random scan over the parameters defined in Eqs. (86)–(88).
The horizontal band in this figure represents the measured
relic density, ΩDMh2, at the 3σ level, as reported by the
Planck collaboration [60]. It is evident that the fermionic
dark matter candidate in this model satisfies the relic

density constraint within the range 220 GeV≲mfd≲
555 GeV. For mfd < 100 GeV, the relic density exhibits
typical resonant behavior, showing the Z-boson resonance
around 45 GeVand the Higgs resonance around 62.5 GeV.
However, while these resonance regions can yield para-
meter points satisfying the relic density constraint, none
of them manage to simultaneously satisfy the current
direct detection limits. This is primarily because, to satisfy
direct detection constraints, fd must be sufficiently
decoupled from Standard Model particles. In the explored
mass range for fd, the Z0 gauge boson does not play a
significant role because, as mentioned, its mass is set above
4 TeV. Specifically, within the range 220 GeV≲mfd≲
555 GeV, the annihilation cross section hσviann is signifi-
cantly enhanced around the H2 resonance mass, becoming
large enough to lower the relic density to the observed
value and thus allowing for viable dark matter candidates.
For mfd masses larger than approximately 555 GeV, the
relic density falls below the observed value, leading to
underabundant dark matter. In this mass region, the dark
matter phenomenology in the presented model is predomi-
nantly determined by the presence of the new scalar H2.
Another important set of constraints on DM candidates

comes from contemporary direct detection experiments
[69,70], which aim to detect WIMP DM by measuring
the kinetic energy transferred to a nucleus during its inter-
action with a DM particle. These experiments have estab-
lished upper bounds on the WIMP-nucleus scattering
cross section. In general, WIMP-nucleus interactions
are classified as either spin-independent (SI) or spin-
dependent (SD). Currently, the most stringent limit for
spin-independent scattering is set at 36 GeV=c2, rejecting

FIG. 3. Dominant annihilation channels for the DM fermion fd
into Standard Model particles include: fdf̄d → Z� → WþW−;
fd; f̄d → eþe− (t-channel V� exchange); and fdf̄d → H1;2 →
eþe−; bb̄;WþW−.

FIG. 4. Relic densityΩDMh2 as a function of the fermionic dark
matter mass mfd . The green points represent the results obtained
from a logarithmic random scan over the model parameters.
The blue horizontal band shows the measured relic density at
the 3σ confidence level by the Planck collaboration [60]. The
figure illustrates the regions of parameter space satisfying
the relic density constraint, particularly the viable mass
window 220 GeV ≲mfd ≲ 555 GeV primarily driven by the
H2 resonance.
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cross sections above 2.1 × 10−48 cm2 at the 90% confi-
dence level, as reported by the LUX-ZEPLIN (LZ) col-
laboration [70]. In this work, we analyse the DM candidate
fd and find that spin-independent (SI) interactions domi-
nate. Using the MicrOMEGAs package, we compute the SI
elastic scattering cross section per nucleon, σSI, for the
parameter region that satisfies the relic density constraint.
Figure 5 presents the results for this region, showing
different areas corresponding to varying values of the α12
angle, as this parameter plays a critical role in direct detec-
tion within the explored parameter space. It is clear that
values of α12 greater than 10−3 are excluded by current direct
detection limits, and a considerable region of the parameter
space with α12 values in the range 10−4 < jα12j ≤ 10−3 is
already eliminated by LZ [70]. Meanwhile, other significant
region all into the neutrino floor, rendering them inaccessible
to current direct detection experiments [71]. Additionally, we
present the sensitivity curves for the LZ [72] and PandaX-4T
experiments [69], along with the projected sensitivity curves
for the near-future XLZD [73] and PandaX-xT [74] experi-
ments, shown as dashed lines. SD interactions are not
considered in this analysis, as they are, in this model, several
orders of magnitude weaker than the current experimental
constraints on SD scattering.

IX. CONCLUSIONS

In this work, we propose a scale-invariant model based
on the gauge group SUð3ÞC ⊗ SUð3ÞL ⊗ Uð1ÞX ⊗ Uð1ÞN ,
with the Uð1ÞN symmetry chosen such that a natural PM

discrete symmetry emerges after the dynamical symmetry
breaking. As part of the 3-3-1 family, this construction has
the potential to tackle several unresolved challenges of the
SM, such as the origin of neutrino masses, the determi-
nation of the number of lepton and quark families, and the
nature of dark matter.
One of the significant advances of the proposed frame-

work is the reduction in the number of scalar fields in high
representations of the gauge group, simplifying the scalar
potential while preserving the ability to break the gauge
symmetry to SUð3ÞC ⊗ Uð1ÞQ. This optimized scalar
sector, combined with the imposition of scale invariance,
enhances predictability compared to earlier 3-3-1 construc-
tions, which often suffered from excessive scalar complex-
ity. In Sec. III, we analyse the scalar sector in detail,
following the Gildener-Weinberg approximation, and dem-
onstrate that, in addition to the SM-like Higgs, H1, and the
dilaton, H4, the model contains two CP-even scalars, H2;3,
and one complex scalar, Sd.
We found that the perturbative unitarity constraints,

discussed in Sec. IV, impose critical bounds on the quartic
couplings and other parameters of the model, ensuring
the theoretical consistency of the framework. By analyzing
two-to-two scattering amplitudes at high energy, we
derived explicit conditions that all quartic couplings and
eigenvalues of the scalar coupling matrix must satisfy.
These constraints play a vital role in limiting the parameter
space, directly influencing the scalar masses, mixing
angles, and VEVs within the model. In particular, these
conditions require the mixing angles α12, α13, and α23 to be
small [see Eq. (86)].
Furthermore, in analogy to Ref. [18], the introduction of

vectorlike quarks and leptons, together with a natural
choice of the different VEVs, partially addresses the
hierarchy among the charged lepton and quark masses
through a universal seesaw mechanism, facilitating the
generation of masses for all SM particles as well as new
exotic states at energy scales compatible with scale invari-
ance. This framework surpasses the model proposed in
Ref. [18], as it also provides an explanation for the
hierarchy among the charged lepton masses, as shown in
Sec. VI. Charged lepton flavor-violating effects are present
in the model due to mixing between SM charged leptons
and the exotic leptons. For scalar mediated charged lepton
flavor-violating processes the constraints are avoided due to
heavy mass of exotic particles, as well as relations between
the couplings due to seesaw mechanism. The gauge
mediated charged lepton flavor-violating processes, on
the other hand, are avoided due to small couplings.
The gauge sector in the scale-invariant 3-3-1-1 model,

treated in Sec. V, features a rich structure derived from the
kinetic terms of the scalar bosons and their interactions with
the gauge bosons. The charged (non-Hermitian) bosons
arise from the nondiagonal generators of SUð3ÞL and
acquire masses proportional to vη (which in this model

FIG. 5. Spin-independent direct detection results for the dark
matter fermion fd. The figure shows the elastic scattering cross
section per nucleon, σSI, versus dark matter mass mfd . Parameter
points satisfying the relic density constraint are shown, with
different regions illustrating results corresponding to varying
values of the α12 angle, as discussed in the text. Current
experimental limits (PandaX-4T [69], LZ [70]), projected future
sensitivities (XLZD [73], PandaX-xT [74]; dashed lines), and the
neutrino floor [71] are also displayed for comparison.
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is equal to vSM) in the case of W�, and proportional to the
3-3-1 energy scale, vχ . In the neutral boson sector, mixing
among gauge fields produces four physical states: the
massless photon and the Z, Z0, and Z00 bosons, whose
masses are linked to the VEVs of the η, χ, and σ fields.
Among these, the Z00 boson is particularly important as it
stabilizes the scalar potential, enabling dynamical sym-
metry breaking and ensuring the model’s theoretical con-
sistency at high energy scales. Furthermore, experimental
bounds on the ρ0 parameter, which measures the ratio of
W� and Z boson masses, impose a lower limit on the
SUð3ÞL symmetry-breaking scale, vχ ≳ 3.6 TeV. This
result underscores the model’s compatibility with current
data and its potential for future experimental validation.
However, in our analysis, we adopted a more conservative
value of 10 TeV for vχ, motivated by the experimental
limits on the Z0 boson mass.
A key strength of the proposed model lies in its ability to

naturally explain dark matter phenomenology. The model
incorporates a dark matter candidate stabilized due to the
PM symmetry, which emerges after symmetry breaking.
Among the possible PM-odd neutral particles, the fermion
fd is identified as a viable dark matter candidate. Our
analysis shows that fd satisfies the relic density constraint
within the mass range 220 GeV≲mfd ≲ 555 GeV, as
shown in Fig. 4. This result primarily depends on the
scalar mixing parameters α12 and the vχ . Spin-independent
scattering cross sections for fd are consistent with exper-
imental limits from LZ and PandaX-4T in certain regions of
the parameter space (see Fig. 5). Moreover, some parts of
the parameter space lie below the neutrino floor, making
them inaccessible to current detection technologies.

Other dark matter candidates, such as the vector boson
V0 and the scalar Sd, are excluded due to their instability or
incompatibility with direct detection constraints. Further-
more, a substantial portion of the parameter space can be
probed in upcoming experiments, such as XLZD and
PandaX-xT, offering opportunities for further validation
of the model’s predictions.
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